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ADVERTISEMENT. 


The  Committee  appointed  by  tlie  Royal  Society  to  dnect  the  publication  of  the 
Philosophical  Transactions  take  this  opportunity  to  acquaint  the  public  that  it  fully 
appears,  as  well  from  the  Council-books  and  Journals  of  the  Society  as  from  repeated 
declarations  which  have  been  made  in  several  former  Transactions,  that  the  printing  of 
them  was  always,  from  time  to  time,  the  single  act  of  the  respective  Secretaries  till 
the  Forty- seventh  Volume;  the  Society,  as  a  Body,  never  interesting  themselves  any 
further  in  their  pubhcation  than  by  occasionally  recommending  the  revival  of  them  to 
some  of  their  Secretaries,  when,  from  the  particular  circumstances  of  their  affairs,  the 
Transactions  had  happened  for  any  length  of  time  to  be  intermitted.  And  this  seems 
principally  to  have  been  done  with  a  view  to  satisfy  the  public  that  their  usual 
meetings  were  then  continued,  for  the  improvement  of  knowledge  and  benefit  of 
mankind  :  the  gTeat  ends  of  their  first  institution  by  the  Royal  Charters,  and  which 
they  have  ever  since  steadily  pursued. 

But  the  Society  being  of  late  years  greatly  enlarged,  and  their  communications  more 
numerous,  it  was  thought  advisable  that  a  Committee  of  their  members  should  be 
appointed  to  reconsider  the  papers  read  before  them,  and  select  out  of  them  such  as 
they  should  judge  most  proper  for  publication  hi  the  future  Transactions ;  which  was 
accordingly  done  upon  the  26th  of  March,  1752.  And  the  grounds  of  their  choice  are, 
and  will  continue  to  be,  the  importance  and  singularity  of  the  subjects,  or  the 
advantageous  manner  of  treating  them ;  without  pretending  to  answer  for  the 
certainty  of  the  facts,  or  propriety  of  the  reasonings  contamed  in  the  several  papers 
so  published,  which  must  still  rest  on  the  credit  or  judgment  of  their  respective 
authors. 

It  is  likewise  necessaiy  on  this  occasion  to  remark,  that  it  is  an  established  rule  of 
the  Society,  to  which  they  will  always  adhere,  never  to  give  their  opinion,  as  a  Body, 
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upon  any  subject,  either  of  Nature  or  Art,  that  comes  before  them.  And  therefore  the 
thanks,  which  are  frequently  proposed  from  the  Chair,  to  be  given  to  the  authors  of 
such  papers  as  are  read  at  their  accustomed  meetings,  or  to  the  persons  through  whose 
hands  they  received  them,  are  to  be  considered  in  no  other  light  than  as  a  matter  of 
civihty,  in  return  for  the  respect  shown  to  the  Society  by  those  commmiications.  The 
Jike  also  is  to  be  said  with  regard  to  the  several  projects,  inventions,  and  curiosities  of 
various  kinds,  which  are  often  exhibited  to  the  Society ;  the  authors  whereof,  or  those 
who  exhibit  them,  frequently  take  the  liberty  to  report,  and  even  to  certify  in  the 
public  newspapers,  that  they  have  met  with  the  highest  applause  and  approbation. 
And  therefore  it  is  hoped  that  no  regard  wiU  hereafter  be  paid  to  such  reports  and 
pubhc  notices ;  which  in  some  instances  have  been  too  lightly  credited,  to  the 
dishonour  of  the  Society. 


1894. 


List  of  Institutions  entitled  to  receive  the  Philosophical  Transactions  or 

Proceedings  of  the  Royal  Society. 


Institutions  marked  a  are  entitled  to  receive  Philosophical  Transactions,  Scries  A,  and  Proceedings. 

„  „  B  „  „  ,,  „  Series  B,  and  Proceedings. 

„  ,,  AB  „  „  „  ,,  Series  A  and  B,  and  Proceedings. 

,,  „  p  ,,  „  Proceedings  only. 


America  (Central). 

Mexico, 

p.  Sociedad  Cientifica  “Antonio  Alzatc.” 
America  (North).  (See  Uxixed  States  and  Canada.) 
America  (South). 

Buenos  Ayres. 

AB.  Museo  Nacional. 

Caracas. 

B.  University  Library. 

Cordova. 

AB.  Academia  Nacional  de  Cieucias. 

Demerara. 

p.  Royal  Agricultural  and  Commercial 
Society,  British  Guiana. 

La  Plata. 

p.  Museo  de  La  Plata. 

Rio  de  Janeiro. 
p.  Observatorio. 

Australia. 

Adelaide. 

p.  Royal  Society  of  South  Australia. 

Brisbane. 

p.  Royal  Soeiety  of  Queensland. 

Melbourne. 
p.  Observatory. 
p.  Royal  Society  of  Victoria. 

AB.  University  Library. 

Sydney. 

p.  Geological  Survey. 

p.  Linnean  Society  of  New  South  Wales. 

AB.  Royal  Society  of  New  South  Wales. 

AB.  University  Library, 

Austria. 

Agram. 

p.  Jugoslavensba  Akademija  Znanosti  i  Um- 
jetuosti. 

p.  Societas  Historico-Natur  alis  Croatica. 
Brlinn. 

AB.  Naturforschender  Verein. 


Austria  (continued). 

Gratz. 

AB.  Naturwissenschaftlicher  Verein  fiir  Steier- 
mark. 

Hermannstadt. 

p.  Siebenburgischer  Verein  fiir  die  Nalur- 
Avissenschaften. 

Innsbruck. 

AB.  Das  Ferdinandeum. 

p.  Naturwissenschaftlich  -  Mcdicinischer 
Verein. 

Klairsenburg. 

AB.  Az  Erdelyi  Muzeum.  Das  Siebenbiirgisciie 
Museum. 

Prague. 

AB.  Konigliche  Bdhmische  Gesellschaft  der 
Wissenschafteir. 

Trieste. 

B.  Museo  di  Storia  Naturale. 
p.  Societa  Adriatica  di  Scienze  Natural!. 
Vienna. 

p.  Antliropologische  Gesellschaft. 

AB.  Kaiserliche  Akademie  der  WLssenscliaften. 
p.  K.K.  Geographische  Gesellschaft. 

AB.  K.K.  Geologische  Reicbsanstalt. 

B.  K.K.  Zoologisch-Botanische  Gesellschaft. 

B,  K.K.  Naturhistorisches  IIof-Mu.seum. 
p.  CBsteimeichischc  Gesellschaft  fiir  Meteoro- 
logie. 

A.  Von  Kuffner’sche  Steruwarte. 

Belgium. 

Brussels. 

B.  Academic  Roy  ale  de  Medeciue, 

AB.  Aeademie  Royale  des  Sciences. 

Ji.  Musee  Royal  d’Histoire  Naturelle  de 
Belgique. 

p.  Observatoire  Royal. 

p.  Societe  Maiacologique  de  Belgique. 
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Belgium  (continued). 

Ghent. 

AB.  Univei'sitj. 

Liege. 

AB.  Societe  des  Sciences. 
p.  Societe  Geologique  de  Belgique. 

Louvain. 

B.  Laboratoire  de  Microscopie  et  de  Biologie 
Cellulaire. 

AB.  Universite. 

Canada. 

Hamilton. 

p.  Hamilton  Association. 
j\Iontreal. 

AB.  McGill  University. 
p.  Natural  History  Society. 

0  ttawa. 

AB.  Geological  Survey  of  Canada. 

AB.  Royal  Society  of  Canada. 

Toronto. 

p.  Astronomical  and  Physical  Society. 
p.  Canadian  Institute. 

AB.  University. 

Cape  of  Good  Hope. 

A.  Observatory. 

AB.  South  African  Library. 

Ceylon. 

Colombo. 

E.  Museum. 

Cl'iina. 

Shanghai . 

p.  China  Branch  of  the  Royal  Asiatic  Society. 
Denmark. 

Copenhagen. 

AB.  Kongelige  Danske  Videuskabernes  Selskab. 

Egypt. 

Alexandi’ia. 

AB.  Bibliotheque  Municipale. 

England  and  Wales. 

Aberystwith. 

AB.  University  College. 

Bangor. 

AB.  University  College  of  North  Wales. 
Birmingham. 

AB.  Free  Central  Library. 

AB.  Mason  College. 
p.  Philosophical  Society. 

Bolton. 

p.  Public  Library. 

Bristol. 

p.  Merchant  Venturers’  School. 

Cambridge. 

AB.  Philosophical  Societ3^ 
p.  Union  Society. 


England  and  Wales  (continued). 

Cooper’s  Hill. 

AB.  Royal  Indian  Engineering  College. 

Dudley. 

p.  Dudley  aird  Midland  Geological  and 
Scientific  Society. 

Essex. 

p.  Essex  Field  Club. 

Greenwich. 

A.  Royal  Observatory. 

Kew. 

B.  Royal  Gardens. 

Leeds. 

p.  Philosophical  Society. 

AB.  Yorkshire  College. 

Liverpool. 

AB.  Free  Public  Library. 
p,  Literary  and  Philosophical  Society. 

A.  Observatory. 

AB.  University  College. 

London. 

AB.  Admiralty. 

p..  Anthropological  Institute. 

B.  British  Museum  (Nat.  Hist.). 

AB.  Chemical  Society. 

A.  City  and  Guilds  of  London  Institute. 
p.  “  Electrician,”  Editor  of  the. 

B.  Entomological  Society. 

AB.  Geological  Society. 

AB.  Geological  Survey  of  Great  Britain. 
p.  Geologists’  Associfition. 

AB.  Guildhall  Library. 

A.  Institution  of  Civil  Engineers. 

p.  Institution  of  Electrical  Engineers. 

A.  Institution  of  Mechanical  Engiucers. 

A.  Institution  of  Naval  Architects. 
p.  Iron  and  Steel  Institute. 

AB.  King’s  College. 

B.  Linnean  Society. 

AB.  London  Institution. 
p.  London  Library. 

A.  Mathematical  Society. 
p.  Meteorological  Office. 
p.  Odontological  Society. 
p.  Pharmaceutical  Society. 
p.  Physical  Society. 
p.  Quekett  Microscopical  Club. 
p.  Royal  Agricultui-al  Society. 
p.  Royal  Asiatic  Society. 

A.  Royal  Ash'onomical  Society. 

B.  Royal  College  of  Physicians. 

B.  Royal  College  of  Surgeons. 

p.  Royal  Engineers  (for  Libraries  abroad,  six 
copies). 
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England  and  Wales  (continued). 

London  (continued). 

AB. 

Royal  Engineers.  Head  Quarters  Library, 

P- 

Royal  Geographical  Society. 

P- 

Royal  Horticultural  Society. 

P- 

Royal  Institute  of  British  Architects. 

AB. 

Royal  Institution  of  Great  Britain. 

B. 

Royal  Medical  and  Chirurgical  Society. 

P- 

Royal  Meteorological  Society. 

P- 

Royal  Micro.scopical  Society. 

V- 

Royal  Statistical  Society. 

AB. 

Royal  United  Service  Institution. 

AB. 

Society  of  Arts. 

P- 

Society  of  Biblical  Archoeology. 

P- 

Society  of  Chemical  Industry  (London 

Section). 

P- 

Standard  Weights  and  Measures  Depart¬ 

ment. 

AB. 

The  Queen’s  Library. 

AB. 

The  War  Office. 

AB. 

University  College. 

P- 

Victoria  Institute. 

B. 

Zoological  Society. 

JJanchestei’. 

AB.  Free  Library. 

AB.  Literary  and  Philosophical  Society. 
p.  Geological  Society. 

AB.  Owens  College. 

Netley. 

p.  Royal  Victoria  Hospital. 

Newcastle. 

AB.  Free  Library. 

p.  North  of  England  Institute  of  Mining  and 
Mechanical  Engineers. 

p.  Society  of  Chemical  Industry  (Newcastle 
Section). 

Norwich. 

p.  Norfolk  and  Norwich  Literary  Institution. 
Oxford. 

p.  Ashmolean  Society. 

AB.  Radcliffe  Library. 

A.  Radcliffe  Observatory. 

Penzance. 

p.  Geological  Society  of  Cornwall. 

Plymouth. 

B.  Marine  Biological  Association. 
p.  Plymouth  Institution. 

Richmond. 

A.  “  Kew  ”  Observatory. 

Salford. 

p.  Royal  Museum  and  Library. 

Stonyhurst. 
p.  The  College. 
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England  and  Wales  (continued). 

Swansea. 

AB.  Rojml  Institution. 

\\'’oolwich. 

AB.  Royal  Artillery  Library. 

Finland. 

Helsingfors. 

p.  Societas  pro  Fauna  et  Flora  Fennica. 

AB.  Societe  des  Sciences. 

France. 

Bordeaux. 

p.  Academie  des  Sciences, 
p.  Faculte  des  Sciences. 
p.  Societe  de  Medecine  et  de  Chirurgie. 
p.  Societe  des  Sciences  Phj’-siques  et 
Natnrelles. 

Cherbourg. 

p.  Societe  des  Sciences  Natnrelles. 

Hijon. 

p.  Academie  des  Sciences. 

Lille. 

p.  Faculte  des  Sciences. 

Lyons. 

AB.  Academie  des  Sciences,  Belles-Lettres  et  Arts. 
p.  Universite. 
jMarseilles. 

p.  Faculte  des  Sciences. 

Montpellier. 

AB.  Academie  des  Sciences  et  Lettres. 

B.  Faculte  de  Medecine. 

Paris. 

AB.  Academie  des  Sciences  de  ITnstitut. 
p.  Association  Fran^aise  jrour  rAvancement 
des  Sciences. 

p.  Bureau  des  Longitudes. 

A.  Bureau  International  des  Poids  et  Mesures. 
p.  Commission  des  Annales  des  Pouts  et 
Chaussees. 

p.  Conservatoire  des  Arts  et  Metiers, 
p.  Cosmos  (M.  l’Abbe  Valette). 

AB.  Depot  de  la  Marine. 

AB.  Ecole  des  Mines. 

AB.  Ecole  Normale  Superieure. 

AB.  Ecole  Polytechnique. 

AB.  Faculte  des  Sciences  de  la  Sorbonne. 

AB.  Jardin  des  Plantes. 
p.  L’Electricien. 

A.  L’Observatoire. 

p.  Revue  Scientifique  (Mens.  II.  de  Vapjony). 
f.  Societe  de  Biologie. 

AB.  Societe  d’Encouragement  pour  ITndustrie 
Nationale. 

AB.  Societe  de  Geographic. 
p.  Societe  de  Physique. 

B.  Societe  Entomologique. 
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Prance  (continued) . 

Pa.i'is  (continned). 

AB.  Societe  Geologiqne. 
p.  Societe  Matliematique. 
p.  Societe  Meteoroiogique  de  France. 

Toulouse. 

AB.  Academic  des  Sciences, 

A.  Faculte  des  Science.s. 

Germany. 

Berlin. 

A.  Deutsclie  Chemisclie  Gesellscliaft. 

A.  Die  Sternwartc. 
p.  Gesellscliaft  fiir  Erdkunde. 

AB.  Konigliclie  Proussisclie  Akademie  der 
Wissenscliaften. 

A.  Plij^sikalische  Gesellscliaft. 

Bonn. 

AB.  Universitiit. 

Bremen. 

p,  Naturwissenscliaftliclier  "Verein. 

Breslau. 

p.  .Sclilesisclie  Gesellscliaft  fiir  Vaterliindisclie 
Kiiltur. 

Brunswick. 

p.  Vereiii  fiir  ISTatiirwissenschaft, 

Carlsriilie.  See  Karlsrulie. 

Danzig. 

AB.  Naturforscliende  Gesellscliaft. 

Dresden. 

p.  Verein  fiir  Erdkunde. 

Eniden. 

p.  Natiirforscliende  Gesellscliaft. 

Erlangen. 

AB.  Pliysikaliscli-Medicinisclie  Societiit. 

F  r  a  11  k  f  ur  t  -  am  -  M  ai  u . 

AB.  Senckenbergiscke  ISTaturforschende  Gesell-  | 
scliaft. 

p.  Zoologiscke  Gesellscliaft. 

Frankfurt-ain-Oder. 

p.  Naturwissenscliaftliclier  Verein. 
Freiburg-im-Breisgau. 

AB.  Universitiit. 

Giessen. 

AB.  Grossherzoglicbe  Universitiit. 

Giiiditz. 

p.  Naturforscliende  Gesellscliaft. 

Gottingen. 

AB.  Konigliclie  Gesellscbaft  der  Wisseii- 
scliaf  ten . 

Halle. 

AB.  Kaiserliclie  Leopoldino  -  Caroliniscbe 
Deiit.eehe  Akademie  der  Katurfovscliei-. 


Germany  (continued). 

Halle  (continned). 

p.  Katurwissenscliaftliclier  Verein  fiir  Sach¬ 
sen  iind  TliUringen. 

Hamburg. 

p.  Katurliistorisclies  Museum. 

AB.  Naturwissenschaftlicher  Verein. 
Heidelberg. 

p.  Katurliistoriscb-iledizinisclier  Verein. 

AB.  Uiiiversitat. 

Jena. 

AB.  Mediciuisch-Naturwissenschaftliclie  Gesoll- 
scbaft. 

Karlsruhe. 

A.  Grossherzoglicbe  Sternwarte. 
p.  Techiiische  Hochschule. 

Kiel. 

p).  Katurwissenschaftlicher  Verein  fiir 

Schleswig-Holstein. 

A.  Sternwarte. 

AB.  Uuiversitat. 

Kiinigsberg. 

AB.  Konigliclie  Physikalisch  -  Okonomische 
Gesellscbaft. 

Leipsic. 

p.  Annalen  der  Physik  und  Chemie. 

A.  Astronomische  Gesellscbaft. 

AB.  Kdiiigliche  Siichsische  Gesellscbaft  der 

Wissenscliaften. 

Magdeburg. 

p.  Katiirwisseiiscbaftlicber  Verein. 

Marburg. 

AB.  Universitiit. 

Munich. 

AB.  Koniglicbe  Bayeriscbe  Akademie  der 

Wissenscbaften. 
p.  Zeitscbrift  fiir  Biologic. 

Munster. 

AB.  Koniglicbe  Tbeologiscbe  und  Pbilo- 

sophiscbe  Akademie. 

Potsdam. 

A.  Astropbysikaliscbes  Observatoriiim. 
Rostock. 

AB.  Universitiit. 

Strasburg. 

AB.  Universitiit. 

Tubingen. 

AB.  Universitiit. 

W  tirzburg. 

AB.  Pbysikaliscb-Medicinische  Gesellscbaft. 

Greece. 

Athens. 

A.  National  Observatory. 

Holland.  (See  NExnEEL.vNDS.) 


IX 


Hungary. 

Pesth. 

'p.  Konigl.  TJngarische  Geologisclie  Anstalt. 
AB.  A  Magyar  Tiidds  Tarsasag.  Die  Ungarische 
Akademie  der  Wissensckaften. 
Scliemnitz. 

'p.  K.  Ungarisclie  Berg-  nncl  Forst-Akademic, 

India. 

Bombay. 

AB.  Elpbinstone  College. 
p.  Eoyal  Asiatic  Society  (Bombay  Braucli). 
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p.  Tbe  Meteorological  Reporter  to  tbe 
Government  of  India, 

Madras. 

B.  Central  l^Iuseum. 

A.  Observatory. 

Roorkee. 

p.  Roorkee  College. 

Ireland. 

Armagh. 

A.  Observatory. 

Belfast. 

AB.  Queen’s  College. 
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Adjudication  of  the  Medals  of  the  Royal  Society  for  the  year  1893, 

by  the  President  and  Council. 


The  Copley  Medal  to  Sir  George  Gabriel  Stokes,  Bart.,  F.R.S.,  for  his 
Researches  and  Discoveries  in  Physical  Science. 

A  Royal  Medal  to  Arthur  Schuster,  F.R.S.,  for  his  Spectroscopic  Inquiries, 
and  his  Researches  on  Disruptive  Discharge  through  Gases,  and  on  Terrestrial 
Magnetism. 


A  Royal  Medal  to  Harry  Marshall  Ward,  F.R.S.,  for  his  Researches  into  the 
Life  History  of  Fungi  find  Schizomycetes. 

The  Davy  Medal  to  J.  H.  van ’t  Hofe  and  J.  A.  Le  Bel,  in  recognition  of  their 
Introduction  of  the  Theory  of  Asymmetric  Carbon,  and  its  Use  in  Explaining  the 
Constitution  of  Optically  Active  Carbon  Compounds. 


The  Bakerian  Lecture,  “  The  Rate  of  Explosion  in  Gases,”  was  delivered  by 
Professor  Harold  B.  Dixon,  F.R.S. 

The  Croonian  Lecture,  “  The  Position  of  Patliology  among  Biological  Studies,” 
was  delivered  by  Professor  Rudolf  Virchow,  For.Mem.R.S. 
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PHILOSOPHICAL  TRANSACTIONS. 


I.  Transmission  of  Simlifit  through  the  Earth's  Atmosphere. 
By  Captain  W.  de  W.  Abney,  C.B.,  D.C.L.,  F.R.S. 


Eeceived  April  7, — Read  May  5,  1892. 


Part  II. — Loss  or  Light  at  different  Altitudes. 

Introductory. 

XXII. — In  a  previous  communication  (‘Phil.  Trans.,’  vol.  178,  1887,  A.,  pp.  251-283) 
the  results  of  the  absorption  of  sunlight  by  different  thicknesses  of  atmosphere  near 
sea  level  were  found  from  measurements  of  the  luminosity  of  the  entire  spectrum.  The 
method  used  was  that  devised  by  General  Festing  and  the  Author,  as  detailed  in  the 
Bakerian  Lecture  in  1886.  The  absorption  coefficient  for  the  different  thicknesses  of 
atmosphere  at  sea  level  was  found  by  measurements  made  principally  at  South 
Kensington,  and  these  were  compared  with  measures  taken  at  the  Eiffel,  above 
Zermatt,  at  a  height  of  about  8000  feet.  It  was  shown  that  when  the  air  thickness 
is  represented  by  x,  the  minimum  intensity  for  each  ray  of  the  spectrum  can  be  fairly 
represented  by  I'  =  jg--oi3.rA-*^  average  intensity  by  I'  =  I'  and  I 

being  the  transmitted  and  original  intensities,  and  \  the  wave  length. 

Further,  it  was  shown  that  even  if  the  absorption  of  each  ray  was  very  different 
from  the  above,  the  integral  absorption  was  very  accurately  expressed  by  a~~,  z  being 
the  air  thickness,  and  a  a  constant.  This  corresponds  to  corrected  for  refraction, 

when  9  is  the  zenith  distance. 

This  result  was  arrived  at  by  taking  the  areas  of  the  curves  of  luminosity  as  formed 
from  the  actual  observations  as  a  measure  of  the  luminosity  of  the  total  white  light 
which  was  decomposed  into  a  spectrum.  This  was  admissible,  for  in  the  paper  already 
referred  to,  it  was  proved  that  the  sum  of  luminosities  of  different  rays  is  ecpial  to 
their  luminosity  when  compounded. 

XXIII. — Ohjections  to  the  Use  of  the  Formula. 

The  formula  involving  is  the  formula  theoretically  deduced  by  Lord  Eayleigh 
for  the  scattering  of  light  by  small  particles,  and  its  adoption  in  this  researcli  is  open 
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to  criticism — one  being,  that  if  it  were  absolutely  applicable,  the  light  of  the  sky  should 
probably  exhibit  greater  polarisation  in  a  direction  perpendicular  to  the  sun’s  rays  than 
it  does.  There  is  reason  for  believing,  however,  that  the  higher  the  station  at  which 
such  observations  are  made  the  more  complete  is  the  polarisation.  In  any  case,  before 
this  can  be  considered  a  valid  objection,  we  have  to  know  more  than  we  do  at  present 
regarding  the  condition  of  the  light  reflected  back  from  the  earth  and  from  the  particles 
themselves. 

It  must  also  be  admitted  that  grosser  particles  exist  on  some  days,  and  that  for 
these  the  loss  of  light  must  be  in  the  form  of  I'  =  le"'^^.  They  would  prevent  a 
certain  portion  of  the  total  light  from  reaching  the  observer,  whilst  the  smaller  one 
would  selectively  reflect,  and  hence  the  law  would  not  hold  absolutely  good,  but  the 
small  number  of  gross  particles,  compared  with  the  fine  ones,  would  not  appreciably 
alter  the  formula  used  except  the  coefficient  k. 

Another  objection  which  has  been  advanced  by  Mr.  S.  P.  Langley  in  a  private 
letter  against  the  adoption  of  the  formula  is,  that  if  the  spectrum  were  observed  with 
a  large  dispersion,  it  will  be  seen  that  as  the  altitude  of  the  sun  diminishes  the  atmo¬ 
spheric  lines  increase  in  intensity,  and  that  these  must  obey  the  laws  of  ordinary 
absorption.  This  is  an  objection  which  at  first  sight  may  seem  fatal,  not  to  the 
correctness  of  the  observations,  but'  to  the  adoption  of  the  law  above  quoted ;  but  it 
must  be  remembered  that  these  special  absorptions  occupy  a  very  limited  area  com¬ 
pared  with  the  rest  of  the  spectrum,  and  that  they  would  practically  disappear  when 
the  whole  loss  of  light  is  under  consideration,  more  especially  as  they  would  themselves 
obey  the  ordinary  law  of  absorption.  At  any  rate,  the  formula  adopted  appears  to 
suit  the  case,  and  it  must  be  borne  in  mind,  that  the  results  obtained  by  the  inte¬ 
gration  of  the  spectrum  luminosities  bear  out  the  formula  which  has  been  universally 
adopted  by  astronomers  as  representing  the  corrections  to  be  made  in  star  magnitudes 
when  the  stars  are  observed  at  different  altitudes  above  the  horizon. 

XXIV. — The  Integration  of  the  Sjjectrum  Luminosities  at  different  Solar  Altitudes 
equivalent  to  the  Luminosity  of  Monochromatic  Light  at  the  same  Altitudes. 

In  Section  XVIII.  of  the  paper  of  which  this  is  a  continuation  it  was  shown  that 
the  areas  of  the  curves  obtained  from  the  formula  I'  =  being  capable  of  being 

represented  by  I'  =  Ie~'^-^  an  important  deduction  could  be  made. 

For  the  area  of  the  curve  is  e"""  {ad'^'  -f-  -j-  cd""'"  -f-  &c.).  a,  h,  c,  &c.,  being  the 

original  luminosities  of  the  different  rays,  must  then  be  represented  by  I  = 

where  A  is  some  one  ray,  that  is  p,  =  kA~^  or  -  =  A"'^ ;  -  is  a  constant  and  was 

K  K 

found  from  the  observations  to  be  105  (on  the  scale  used  for  A“^),  which  is  equivalent 
to  X  5770,  or  a  ray  near  the  place  of  maximum  luminosity.  Hence  the  visual 
observations  of  total  sunlight  at  different  zenith  distances  are  equivalent  to  observing 
the  alteration  in  intensity  of  one  single  ray  of  that  wave  length  in  its  spectrum,*  and, 

*  This,  of  coni’se,  is  only  true  within  certain  limits,  bat  it  holds  for  any  thickness  of  atmosphei’e 
through  which  observations  were  taken. 
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therefore,,  from  such  observations  k  could  be  at  once  determined.  It  was  similarly 
shown  that  when  a  photographic  silver  salt  was  employed  to  register  the  photo¬ 
graphic  spectrum  it  was  equivalent  to  measuring  the  integrated  spectrum  with  a 
coefficient  of  absorption  jx',  and  that  this  was  equivalent  to  observing  the  alteration 
in  intensity  of  a  ray  X  4540. 


XXV.  —  Application  to  the  foregoing  Results. 


This  being  the  case,  if  by  any  photographic  means  we  can  measure  the  total 
intensity  of  white  light  affecting  a  photographic  compound  after  passing  through 
various  air  thicknesses,  we  ought  to  be  able  to  find  the  value  of  /Tj  in  the  formula 
and  if  we  a,lso  observe  optically  the  value  of  light  transmitted  through  various  air 
thicknesses  we  shall  get  the  value  of  g  in  the  formula  As  already  stated  we 

know  that  g  =  105/c.  Similarly,  g  =  Xp‘^.K,  being  the  equivalent  ray  observed. 

Therefore 


g  105 


or 


and 


K 


jf 

Ay^’ 


that  is,  w'e  can  find  the  single  ray  which  is  the  equivalent  of  the  vhole  of  the  spec¬ 
trum  which  is  impressed  on  any  photographic  compound,  and  having  thus  found  A^“^ 
we  can  at  once  deduce  the  value  of  k — or  the  coefficient  of  scattering  by  the  fine 
particles. 

XXVI. — Sensitive  Compound  employed. 

The  question  which  presented  itself  was  as  to  the  best  form  of  sensitive  salt 
to  use  for  convenience  and  accuracy.  A  process  with  a  silver  salt  recjuiring 
development  was  almost  impracticable.  The  exposure  necessary  to  give  to  sunlight 
would  have  been  so  small  that  accuracy  in  timing  it  would  have  become  a  very 
difficult  problem.  The  chloride  of  silver  paper  v/hich  darkens  by  suidight  was  experi¬ 
mented  with,  but  it  had  a  very  serious  drawback,  Roscoe  and  Bunsen  have  shown 
that  chloride  of  silver  paper  may  be  prepared,  which,  when  exposed  to  the  same 
intensity  of  light  for  the  same  time,  will  always  give  the  same  blackness,  but  it  is 
impossible  to  keep  this  paper  for  more  than  a  few  hours,  and  it  would  often  be 
inconvenient  to  prepare  it.  Further  it  can  never  be  pi'edicted  when  a  day  will  be 
suitable  for  making  observations,  and  measurements  of  its  blackness  would  be  difficult 
except  at  a  fixed  observing  station.  There  were  also  two  other  desiderata  which 
had  to  be  taken  into  account ;  one  was  that  the  record  of  the  action  of  light  should 
be  as  permanent  as  possible,  and  the  other  that  it  should  be  easy  to  measure  the 
action  produced  by  the  light.  Chloride  of  silver  paper  fulfilled  neither  of  these 
desiderata,  since  fixing  the  chloride  altered  all  measurement  and  the  darkening  was 
liable  to  fade  even  when  the  paper  was  fixed,  and  it  was  not  easy  to  obtain  accurate 
measures  of  the  darkening  owing  to  its  ruddy  colour. 

In  the  comparatively  new  process  of  platinotype  we  have,  however,  a  process  which 
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is  in  every  way  suitable  for  the  purpose.  It  may  be  well  to  call  to  mind  the  principle 
on  which  it  is  based.  A  solution  of  ferric  oxalate  is  mixed  with  a  proportion  of  chloro- 
platlnlte  of  potassium  and  spread  over  a  sized  paper  and  dried.  When  light  acts  on 
this  mixture  it  reduces  the  iron  salt  to  the  ferrous  state  proportionately  to  the 
intensity  of  the  light  and  to  the  time  during  which  it  acts.  When  such  an  exposed 
paper  is  placed  on  a  hot  solution  of  potassium  oxalate  (neutral)  the  salt  reduces  the 
platinum  salt,  and  metallic  platinum  (platinum  black)  is  deposited.  The  black  or 
grey  produced  by  this  means  is  most  suitable  for  measuring  in  the  manner  which  will 
subsequently  be  described. 

The  other  desideratum  Is  also  found  in  this  process.  The  prints  are  absolutely 
permanent,  and  the  records  obtained  by  it  can  be  referred  to  at  any  time,  and 
re-measured  if  necessary.  Further,  the  paper  keeps  well  before  exposure,  and  after 
exposure  and  before  development.  When  kept  dry  In  an  air-tight  box  with  calcium 
chloride  in  contact  with  the  air.  In  fact,  it  will  keep  unaltered  in  sensitiveness  for 
several  months.  As  an  example  of  this  it  may  be  mentioned  that  two  pieces  of  paper 
cut  from  the  same  sheet  were  each  exposed  to  various  and  similar  intensities  of  light 
for  equal  times.  One  was  developed  on  the  potassium  oxalate  solution  immediately 
after  exposure,  and  the  other  was  not  developed  till  about  six  weeks  had  elapsed ;  on 
measuring  the  greys  on  the  two  papers  their  darkness  was  found  to  be  precisely  the 
same,  and  the  unexposed  parts  equally  white  in  the  two  cases. 

It  was,  for  these  reasons,  determined  to  use  the  platinum  process  for  the  experi¬ 
ments  detailed. 

XXVII. — Instrument  used  in  the  Observations. 

The  instrument  which  was  designed  for  use  with  this  sensitive  paper  was  of  the 
simplest  form  ;  one  of  the  conditions  which  it  had  to  fulfil  was  whilst  exposing 
the  paper  it  should  allow  but  a  small  amount  of  light  from  the  sky  to  reach  it.  The 
latter  light  is  anything  but  negligible,  for  absolute  measures,  in  some  cases,  show  that 
if  the  photographic  intensity  of  sunlight  be  called  100,  that  of  the  sky  might  be  as 
much  as  50. 

To  admit  only  a  practical  minimum  of  sky-light,  and  such  as  would  be  negligible  in 
proportion  to  the  sunlight,  the  instrument  was  constructed  so  that  only  about  10°  of 
skylight  fell  upon  the  paper  with  the  sunlight.  The  diagram,  fig.  1,  will  give  an 
idea  of  the  instrument.  B  is  a  frame,  in  the  back  and  front  of  the  sides  of  which  are 
cut  deep  continuous  grooves.  A  wooden  shutter,  D,  formed  of  narrow  laths,  glued 
on  to  a  leather  back,  runs  in  these  grooves  also  at  the  back  of  the  box.  This  flexible 
shutter  carries  an  oblong  block  A,  pierced  with  four  square  apertures,  as  shown,  which 
are  closed  by  covers,  Sj,  Sj,  S3,  S^.  The  covers  can  be  opened  by  turning  the  mill¬ 
headed  buttons,  Ej,  E^,  E3,  E^.,  which  are  connected  by  long  pins  with  the  covers. 

In  order  to  confine  the  photographically  active  spectrum  to  smaller  limits  than  would 
be  given  if  the  light  were  unchecked,  two  thicknesses  of  cobalt-blue  glass  were 
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placed  in  slots  running  through  the  length  of  A.  The  light  had  therefore  to  pass 
through  these  two  glasses  before  it  reached  the  paper  beneath  them. 

Experiment  has  shown  that  the  aperture  can  be  completely  uncovered  in  less  than 
i^th  of  a  second,  and  closed  in  the  same  time  ;  hence  no  appreciable  error  in  exposure 
arises  from  this  cause  when  the  exposure  lasts  several  seconds.  The  paper  is  placed 
on  a  grid,  running  the  whole  length  of  the  box  behind  the  flexible  shutter,  the  bars 
falling  between  the  aperture  and  different  portions  of  the  paper  are  exposed  by 
moving  the  block  A  into  different  positions.  These  positions  are  indicated  by  a 


scale  engraved  on  one  side  of  the  frame,  a  mark  engraved  on  the  shutter  being 
moved  successively  to  each  division  of  the  scale.  As  there  are  ten  divisions  of 
the  scale,  it  will  be  seen  that  forty  diflPerent  exposures  can  be  obtained  on  the  same 
paper,  ten  through  each  aperture.  The  frame  is  closed  by  a  wooden  back,  lined  with 
velvet,  which  is  pressed  against  the  paper  by  means  of  a  couple  of  brass  springs 
working  against  buttons  fixed  to  the  frame. 

XXVIII. — Comparison  of  Results. 

In  order  to  get  a  scale  of  blackness,  by  which  to  measure  the  intensity  of  light 
acting,  it  became  necessary  to  have  some  means  of  exposing  similar  paper  to  light  of 
different  known  intensities.  From  the  blackness  so  produced  a  curve  of  blackness 
could  be  constructed,  and  the  blackness  produced  by  the  sun  with  different  exposures 
could  be  read  off.  Now,  increase  in  time  of  exposure  is  equivalent  to  increase  in 
intensity  of  light  acting,  at  all  events,  when  the  exposures  are  as  prolonged  as  those 
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given,  that  is,  if  the  unit  time  of  exposure  be  doubled,  the  same  result  will  be 
obtained  if  the  intensity  of  light  acting  be  doubled.  This  is  not  a  mere  theoretical 
assumption,  but  one  which  the  writer  has  amply  proved  with  very  numerous 
experiments.  To  obtain  such  a  scale,  what  is  known  as  Spurge’s  sensitometer  was 
employed.  This  is  an  instrument  which  was  described  in  detail  before  the  Photo¬ 
graphic  Society  of  Great  Britain  by  the  inventor.  It  is  only  needful  to  say  that  it 
consists  of  thirty  small  chambers,  2  centims.  in  height  and  1  centim.  square  section, 
placed  in  six  rows,  of  five  chambers  each.  A  brass  plate  covers  one  end  of  these 
chambers,  and  in  it  holes  are  pierced,  of  such  dimensions  that  the  area  of  each  hole  is 
exactly  ^2  greater  than  that  of  the  next  to  it  in  one  row.  One  of  these  holes  is 
pierced  in  the  plate  exactly  over  the  centre  of  each  chamber.  Thus  we  have  a  series  of 
graduated  intensities  of  1,  2%  2%  2,  2^,  2*,  4,  &c.,  falling  on  the  bottom  of  these  cham¬ 
bers  when  the  liglit  falling  on  them  comes  from  a  large  and  equally  illuminated  surface. 

Paper  was  exposed  in  this  instrument  to  the  light,  reflected  from  a  large  flat  card, 
uniformly  illuminated  by  sun  and  sky  light,  and  after  development  the  blackness  was 
measured.  The  paper  used  was  cut  from  sheets  specially  prepared  by  the  kindness  of 
Mr.  W.  WiiiLis,  of  the  Platinotype  Company,  and  the  sensitiveness  of  various  parts 
was  tried,  and  if  found  to  be  constant,  the  rest  of  the  sheet  was  taken  to  be  com¬ 
parable  with  those  tried.  The  care  with  which  this  paper  is  prepared  is  shown  by 
the  fact  that  with  several  varieties  of  paper,  procured  at  intervals  of  several  months, 
the  sensitiveness  showed  no  variation  in  gradation  of  tints.  Latterly  the  formula 
seems  to  have  been  a  little  changed,  and  the  sensitometer  curve  has  slightly  varied 
from  that  found  at  first ;  but  this  is  unimportant,  as  the  results  are  so  reduced  as  to 
be  comparable. 

The  term  “  developing  ”  when  applied  to  this  paper  may  be  a  little  misleading.  It 
must  not  be  confounded  with  the  development  of  plates  containing  silver  salts.  In 
the  case  of  this  sensitive  paper  the  amount  of  platinum  deposited  is  exactly 
dependent  on  the  amount  of  the  ferric  oxalate  reduced  by  light,  and  if  it  be  exposed 
to  the  developing  solution  after  the  ferrous  salt  has  reduced  the  platinum  salt  in 
contact  with  it,  no  more  platinum  will  be  deposited.  Hence  the  deposit  of  platinum 
is  an  exact  ecjuivalent  of  the  iron  salt  reduced,  and  is  a  measure  of  the  intensity  of 
light  multiplied  by  the  time  of  exposure.  With  a  silver  salt  the  deposit  of  silver  is 
increased  according  to  the  time  during  which  the  developer  is  in  contact  with  it, 
and  there  would,  therefore,  be  a  necessity  of  exposing  and  developing  on  the  same 
plate  a  scale  of  density  together  with  that  produced  by  the  light  to  be  measured. 

It  is  evident  that  with  the  platinum  process  one  scale  will  suffice  for  a  batch  of 
paper  which  is  prepared  at  one  time. 

To  measure  the  blackness  of  the  paper  a  modified  Bumeord  method  of  photometry 
was  employed.  A  source  of  light  illuminated  a  small  square  of  white  paper  (the 
same  as  that  used  in  the  platinum  process  to  hold  the  sensitive  salt),  and  one  of  the 
blackened  squares  placed  alongside  it  as  in  fig.  2. 

A  rod  was  so  placed  that  its  shadow  fell  on  the  white  square.  A  mirror  was  placed 
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at  a  little  distance  to  one  side  of  the  source  of  light  and  the  reflected  beam  was 
made  to  illuminate  the  shadow  falling  on  the  white  square,  and  itself  to  cast  a  shadow 
on  the  dark  square.  Thus  each  square  was  illuminated  by  the  same  light,  but 
coming  from  different  points,  and  the  two  would  be  caused  to  be  of  equal  darkness 
by  placing  rotating  sectors  opening  and  closing  at  pleasure  in  front  of  one  or  other 
of  the  beams.  The  amount  of  light  cut  off  gave  a  measure  of  the  darkness.  Thus, 
in  one  case,  when  both  squares  were  white  the  sectors  had  a  total  aperture  of  80°  to 
make  them  equally  luminous  ;  when  a  grey  platinum  square  was  substituted  for  one  of 
them,  the  aperture  of  the  sectors  was  45°.  The  grey  surface,  therefore,  only  reflected 
of  the  light  that  the  white  surface  reflected.  The  light  to  these  squares  was  admitted 
through  an  aperture  in  the  front  of  a  closed  box,  the  illumination  being  judged  through 
an  aperture  fixed  at  one  corner.  The  whole  apparatus  was  placed  in  a  darkened  and 
blackened  room  in  which  the  sole  light  was  that  used  for  the  measures. 


Fig.  2. 


The  two  following  scales  of  blackness,  or,  perhaps  more  accurately,  of  whiteness, 
were  obtained  by  this  plan,  one  or  other  of  which  will  apply  to  all  the  measurements 
given  in  the  paper  : — 


Comparative 
intensities  of 
light. 

Curve  I. 

Curve  II. 

Amount  of  white 
reflected. 

Amount  of  white 
reflected. 

1 

100 

100 

2' 

99-3 

99 

2^ 

97-2 

96  1 

2 

93-9 

91  i 

2*- 

89-5 

84-5 

2^ 

84-6 

77 

4 

78 

69 

2^ 

71 

60-5  ! 

2"- 

64 

51-7  1 

8 

57 

43-2 

2 ’5- 

50 

35-5  I 

2” 

43 

28-5 

16 

37 

22-7 

2” 

31 

17-5 

2’^‘- 

.25-5 

13-3 

.82 

21 

9-8 

2- 

17 

2- 

13-5 

64 

10-5 

1 
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In  order  to  obtain  from  these  measures  a  scale  of  the  darkening  obtained  by 
arithmetical  progression  in  the  intensity  of  light,  we  have  only  to  recollect  that  each 
hole  admits  ^2  times  the  light  that  the  next  smaller  admits.  By  easy  calculation 
this  scale  can  be  obtained,  and  is  shown  in  the  diagram. 


Fig.  8. 


I  have  shown  elsewhere  that  the  curves  of  blackness  on  platinum  paper  can  be 
represented  by  the  formula,  A!  =  where  is  the  amount  of  reflected  white 

light,  and  A  the  amount  reflected  from  the  white  paper,  p  being  a  coefficient,  and  x 
any  power  of  2,  In  this  case,  for  curve  I.,  p  =  ‘00302,  and  for  curve  II.,  p  =  ‘0103. 

XXIX. — Method  of  finding  k. 

In  the  paper  on  Colour  Photometry  which  appeared  in  the  ‘  Phil.  Trans.,’  General 
Testing  and  myself  proved  that  a  turbid  medium  prepared  by  dropping  a  solution  of 
mastic  dissolved  in  alcohol  into  water,  obeyed  Lord  Batleigh’s  law,  as  given  above. 
If,  therefore,  one  part  of  a  piece  of  platinum  paper  were  exposed  for  a  certain  time  to 
sunlight  after  passing  through  a  cell  containing  pure  water,  and  a  simultaneous 
exposure  made  on  another  portion  of  the  jiaper  with  the  same  light  after  passing 
through  turbid  water  prepared  as  above,  the  measures  of  the  blackened  paper  would 
give  the  value  of  f,  the  photographic  coefficient  of  absorption  in  the  formula 
I^  =  where  y  is  the  thickness  of  the  turbid  medium  in  any  unit  we  please. 

Further,  if  the  optical  values  of  the  light  transmitted  were  compared  when  passing- 
through  the  same  media,  p,  could  be  found  and  the  value  of  y  be  reduced  to  atmo- 
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spheric  thicknesses.  Now,  as  the  ray  is  known  which,  if  observed,  would  give  the 
same  alteration  in  luminosity  as  that  of  the  whole  spectrum,  it  follows  that  with  these 
data  the  equivalent  ray  for  the  photograpliic  light  can  be  deduced  as  shown  in  §  XXY. 

Fig.  4. 


To  ensure  accuracy  several  sets  of  double  cells,  Co,  were  prepared,  as  shown  in  the 
figure  (fig.  4).  The  top  cell,  C|,  contained  turbid  water,  the  turbidity  being  caused  by 
suspended  mastic.  The  mastic  was  very  cautiously  precipitated  and  was  thus  held  in 
suspension.  As  a  matter  of  fact  turbid  water  of  different  turbidities  was  prepared 
nearly  two  years  before  it  was  employed  ;  and  thus  any  coarse  particles  had  ample 
time  to  settle ;  for  the  vessels  containing  it  were  kept  undisturbed  during  that  period 
and  the  liquid  was  syphoned  off  as  required.  The  bottom  cell,  C2,  contained  pure 
w’ater.  Behind  the  cell  the  exposing  box  (fig.  1),  already  described,  was  placed,  and 
in  front  of  C3  sectors  which  rotated  by  means  of  clock  work.  The  sectors  could  be 
clamped  at  any  desired  aperture.  The  apparatus,  as  shown,  was  then  placed  on  a 
stand  at  such  an  angle  that  the  sun’s  rays  fell  directly  on  the  platinum  paper  inside 
the  box  B,  when  the  exposing  apertures  were  open.  The  sectors  were  closed  to 
the  extent  which  it  was  judged  should  suffice  to  make  the  blackness  of  the  two 
exposed  squares  of  platinum  paper  approximately  the  same,  though  it  will  be  seen  by 
the  experiments  to  be  subsequently  described  that  this  was  not  always  attained. 
Exposures  for  different  lengths  of  time  were  given  in  each  experiment,  and  conse¬ 
quently  any  small  error  in  measurement,  or  from  any  other  cause,  became  insignificant 
when  the  mean  was  taken. 

XXX. — Examples  of  the  Method. 

The  following  are  examples  showing  the  accord  between  the  different  values  found 
for 

Experiment  I. — Sunlight — length  of  cell  (inside  measures),  3 '15  inches  ;  breadth 

MDCCCXCTTT. - A.  C 
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of  cell,  1'7  inches.  When  light  passed  through  length  of  cell  to  the  sensitive  paper  a 
double  sector  with  an  opening  of  12°  rotated  in  front  of  the  clear  cell.  When  light 
passed  through  the  breadth  of  the  cell,  the  sector  opening  was  36°‘13. 

For  the  cells  placed  lengthways,  the  value  obtained  for  the  light  after  passing 
through  the  clear  cell  had  to  be  multiplied  180/12  =  15.  When  the  cells  were  placed 
breadthways,  the  value  for  the  light  passing  through  the  clear  cell  had  to  be  multi¬ 
plied  by  180/36-13  =  4-982. 


1st  exposure. 

2nd  exposure. 

Cell. 

Mean  r 

eading. 

Mean  reading. 

Value 

Value 

from  scale. 

'  from  scale. 

White  =  45. 

White  =  100. 

White  =  45.  White  =  100.' 

3T5  in.,  clear  water 

23 

51 

98 

1 

33  73-5  i  47 

3T5  in.,  turbid  „ 

25 

55'5 

84 

35  78  1  40 

1st  Exposure 


action  through  clear  water 
action  through  turbid  water 


2nd 


3  J 


53 


98 

84 

47 

40 


Mean  = 


1T66  +  1-175 
o 


=  1-17. 


1-166. 

1-175. 


The  photographic  light  passing  through  the  clear  water  =  1-17  X  15  =  17-55  times 
that  passing  through  the  turbid  water. 


U-sing  the  formula  T  =  le 


log  17-55  =  2-86504  =  3-15/ri 

=  -911  for  each  inch  of  turbid  water. 


1st  exposure. 

2nd  exposure. 

1 

3rd  exposure. 

Mean  reading. 

Mean  reading. 

Mean  reading. 

Cell. 

Vidue. 

Value. 

Value. 

\Vhite 

White 

White 

White 

White 

White 

=45. 

=  100. 

=  45. 

=  100. 

=  45. 

11 

o 

p 

1 

1’7  in.,  clear  water 

37 

72-5 

147 

32 

63 

172 

26-5 

52 

204 

1 '7 in., turbid  „ 

36 

70-5 

152 

30-5 

60 

181 

25 

49 

212 
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action  through  clear  water 
1st  Exposure  j^^tion  through  turbid  water 


2nd 


3rd 


147  _  1 

152  ~  1-037  ’ 

172 _ ]_ 

181  “  1-052  ' 

204  _  1  ^ 

212  ~  1-055  ’ 


Mean  = 


1 

P05  ' 


4-982 


The  photographic  light  passing  through  the  clear  water  = =  4’70  times  that 
passing  through  the  turbid  water. 


Using  the  formula  I'  =  le 

log  4-7  =  1-54756  =  1-7/ri 

=  -910  for  each  inch  of  turbid  water. 

The  optical  measures  of  the  light  passing  through  the  clear  and  turbid  cells  in  the 
w’  o  directions  were 

3-15  inches  clear  water,  48-5  ;  turbid  water,  18-2. 

1-7  „  „  48-5  ;  „  28-5. 

Taking  the  measurement  of  the  light  passing  through  the  3-15-inch  cell  as  lying  on 
the  curve  in  the  formula  1'  = 

log  48-5  —  log  18-2  =  fx  X  3-15, 

/X  =  31 1. 

If  we  take  the  measure  of  the  1-7-inch  water,  w-e  have 

log  48-5  —  log  28-5  =  p,  X  1-7, 

p  =  -313. 

Mean  value  =  -312. 


Now  mean  value  of  pj  =  -9105.  Now 

_  A-"  _  105 

Pi  p  p  ’ 

•QOI  o 

Ai"^  =  -  -  N  =  306-6. 

c  2 


therefore 
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Experiment  II. — Sunlight,  June,  1890,  midday.  Length  of  cell  (inside  measures), 
8  inches  ;  breadth,  2‘1  inches. 

When  light  passed  through  ksngth  of  cell  to  the  sensitive  paper  a  double  sector, 
with  an  opening  36°,  rotated  in  front  of  clear  cell. 

When  light  passed  through  the  breadth,  the  sector  opening  was  67°. 

Thus,  with  cells  placed  lengthways,  the  value  obtained  had  to  be  multiplied  by 
180°/36°=  5.  When  the  cells  were  placed  breadthways,  the  light  passing  through 
the  clear  cell  had  to  be  multiplied  by  180/67  =  2 ‘6 8 6. 


1st  exposure. 

2nd  exposure. 

3rd  exposure.  t 

; 

Mean  reading. 

Mean  reading. 

Mean  reading. 

1 

1 

Cells. 

\ 

Value. 

Value. 

Value. 

White 

White 

White 

White 

White 

White 

=  78. 

=  100. 

=  78. 

=  100. 

=  78. 

=  100. 

.3  in.,  clear 

70 

89-5 

21 

68 

87 

23-5 

49 

63 

46 

3  in.,  turbid  . 

55 

70’ 5 

39 

51 

65-5 

44 

32 

41 

85  1 

i 

.  „  action  tlirougli  clear  water  21 

St  Exposure  j^gtion  through  turbid  water  “  39 


2nd 


3rd 


23-5 

44 

-  ^ 

-  85 


Mean  =  '538, 


•538. 

•534. 


•541. 


Photographic  light  passing  through  the  clear  water  —  •538  X  5  =  2^69  times  that 
passing  through  the  turbid  cell. 


Using  the  formula  as  before, 

log  2-69  -98954 

Pi  =  —X—  =  -X—  =  *330. 

o  o 


1st  exposur 

e. 

2nd  exposure. 

3rd  exjiosui’e. 

Cell. 

Mean  r 

eading. 

Mean  r 

eading. 

Mean  r 

eading. 

Value. 

V  alue. 

Value. 

White 

White 

White 

White 

White 

White 

=  78. 

=  100. 

=  78. 

=  100. 

=  78. 

=  100. 

21  in.,  clear 

57 

73 

36 

41 

52-5 

62 

27 

34-5 

106 

2  1  in.,  turbid  . 

1 

48 

61-5 

48 

32 

41 

85 

20 

26 

140 
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„  action  through  clear  water 

1st  Exposure  through  turbid  wsier 


2nd 


3rd 


48 

85 

140 

106 


•750. 

•729. 

•757. 


Mean  =  ^74  5. 


Photographic  light  passing  through  clear  water  =  ^745  X  2^686  =  2^00  times  that 
passing  through  turbid  water. 


Using  formula  as  before, 


log  2-00  -69315 

=  ^  =  —  = -330. 

Mean  of  /x^  =  -330. 


The  optical  measures  of  the  clear  and  turbid  cells  in  the  direction  of  tlie  length 
were — 

3  in.,  clear  water,  36^5  ;  turbid  water,  26. 

Clear  water 


Using  same  formula 


Turbid 
lo"  1-4  -33647 


=  1-4. 


[X  = 


=  •1121, 


The  mean  value  of  is  •SSO,  and  as 


therefore 


=  ^  X  105, 


A  -330 

X  105  =  309-1. 


Experiment  III. — Arc  electric  light ;  light  from  crater  of  positive  pole  alone  used 
— the  arc  being  cut  off  by  screens. 

Length  of  cell,  inside  measure,  3  inches;  breadth,  1-7  inch.  When  light  passed 
through  length  of  cells  a  double  sector  of  16^°  rotated  in  front  ot  the  cell  containing 
clear  water.  When  passed  through  the  breadth  of  the  cell  28“. 

For  the  cells  placed  lengthways  the  value  of  the  light  passing  through  the  clear 
cell  had  to  be  multiplied  by  180/16-5  =  10'91,  when  placed  breadthways  180/28  =  6-43 
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1st  exposure. 

2nd  exposure. 

Cell. 

Mean  reading. 

Mean  r 

eading. 

Value. 

Value. 

mite  =  78. 

White  =  100. 

White  =  78. 

White  =  100. 

3  in.,  clear  . 

40 

51-5 

63 

41 

53 

61 

3  in.,  turbid 

54 

69 

40 

53 

70-5 

39 

„  action  tlirougli  clear  water  6o  ,  -  _ 

1st  Exi30Sm'e  j^^tion  through  turbid  water  ■"  40  ~ 

61 

2nd  „  „  „  ~  39  ”  1’564. 


Mean  =  l’o7. 

Photographic  light  passing  through  clear  water  =  I’ 57  X  10 ’91  =  17‘1  times  that 
passing  through  the  turbid  water. 

Taking  the  formula  as  before 


/r  = 


log  17T 

3~^ 


9-8390 

—  =  -946. 


1st  exposure. 

2nd  exposui 

e. 

3rd  exposure. 

Cells. 

ISIean  reading. 

Mean  reading. 

Mean  reading. 

Value. 

Value. 

Value. 

White 

White 

White 

White 

White 

White 

=  78. 

=  100. 

=  78. 

=  100. 

=  78. 

=  100. 

1‘7  in.,  clear 

54 

69  40 

57 

73 

36 

68 

87 

22-5 

1’7  in.,  turbid  . 

47 

60  50 

50 

64 

45 

64 

82 

28 

1st  Exposure 


action  through  clear  water 
action  through  turbid  water 


2nd 


3rd 


3  3 


33  33 

Mean  =  ’800. 


40 

50 

45 

22-5 

28 


•800. 

•800. 

•800. 


b^hotographic  light  passing  through  clear  water  =  '8  X  =  5 •OSS  times  that 
passing  through  the  turbid  water. 
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Using  formula  as  before 


log  5 ‘06 


1-62136 

1-7 


•953. 


The  optical  measures  of  the  clear  and  turbid  cells — 

3  inches,  clear  water  59,  turbid,  22'5, 
1-7  inch,  ,,  59,  ,,  34. 


Taking  the  light  through  the  3-inch  length  of  the  cell  as  lying  on  the  curve  and 
using  the  formula 

log  59  -  log  22-5  1-77495  -  -81093  -96402 

= - - -  =  - ^ -  = 


=  -321. 


Taking  1-7-inch  breadth  of  the  cell 

log  59  —  log  34 

o  o 


1-77495  -  1-22377 
1-7 


55118 

rr 


•324. 


Mean  of  these  values  =  '3225. 
Mean  of  {j}  =  '950. 


=  -  X  105 


•950 


•3225 
=  309-3. 


X  105, 


From  these  three  experiments  we  may  derive  a  very  good  approximation  to  the 
true  value  of  A^.  The  following  are  the  values  obtained  for  A,^"^ — 


Therefore 


1st  experiment .  306-6 

2nd  „  .....  309-1 

3rd  „  309-3 

Mean  ....  308-3 


A  =  4244  wave  length. 


That  is,  the  variation  in  the  intensities  of  tbe  spectrum,  as  photographed  on  platinum 
paper,  is  the  same  as  would  be  observed  if  a  ray  of  X  4244  were  isolated  and  the 
variation  in  its  intensity  were  observed  optically  or  otherwise. 
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Further,  it  must  be  observed  that  if  we  find  from  the  photographs,  we  can  at 
once  find  /x  for  the  visual  intensity  ;  for  since 

fii  _  ^ 

^  “  105  ~  105  ’ 


therefore 

105  , 

^  —  308  ^ 

Now 

jj,  —  kA~^ 

and 

therefore 

=  •341  /x'  or  /X  =  /x'  nearly, 

in  Lord  Rayleigh’s  formula, 
p-i  = 


105  ~  308  ■ 


Thus  by  finding  either  /x  or  /x'  the  absorption  of  every  ray  of  the  spectrum  can  be 
determined. 


XXXI. — Absorption  of  the  Blue  Glass. 

As  the  platinum  paper  was  exposed  through  blue  glass,  it  becomes  necessary  to 
know  the  coeflicient  of  absorption  of  the  glass  for  the  photographically  active  rays. 
Experiments  have  been  made  with  this  view,  and  exposures  have  been  made  simul¬ 
taneously  through  the  blue  glass,  and  without  any  glass  intervening.  The  results 
obtained  were  that  the  same  blackness  would  be  produced  if  exposure  to  light  through 
blue  glass  to  that  without  were  as  2'15  to  1.  In  the  tables  ol  exposure,  which  are 
annexed,  it  follows  that  to  obtain  the  true  photographic  intensity  of  total  sunlight,  the 
values  given  must  be  multiplied  by  2 ’15. 


Table  of  Sensitiveness  of  Platinum  Paper  to  the  different  parts  of  the  Solar  Spectrum 
when  the  exposure  was  made  through  blue  glass,  as  used  in  the  apparatus  with 
which  the  observations  were  made. 


Scale  number. 

Relative  sensitiveness. 

Scale  number. 

Relative  sensitiveness. 

7 

0 

13 

86 

8 

4 

13-5 

70 

8-5 

10 

14 

56 

9 

20 

14’5 

42 

10 

50 

15 

30 

10-5 

66 

16 

16 

11 

84 

17 

6 

11-5 

95 

18 

2 

12 

100 

19 

1 

12-5 

97 

20 

0 

H  is  at  13 '8  ;  G  at  IPi  ;  Li  at  9  ;  and  D  at  4 ‘3. 
Scale  No.  1 2  has  a  wave  length  of  4260. 
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A  reference  to  the  spectrum  curve,  fig.  5,  will  show  that  this  wave  length  of  4244 
is  close  to  the  maximum  sensitiveness.  This  is  what  was  to  be  expected  when  it  is 
remembered  that  the  equivalent  ray  for  the  optically  observed  spectrum  was  close  to 
the  place  of  maximum  luminosity. 

We  are  now  in  a  position  to  reduce  all  the  photographically  measured  coefficients 
of  intensity  to  those  which  would  have  been  observed  optically. 

XXXII. — Places  of  Observation. 

It  has  been  the  object  of  these  observations  to  determine,  as  far  as  possible,  the 
different  coefficients  of  absorption  at  different  altitudes,  and  with  this  object  in 
view  the  instrument  has  been  taken  to  various  places  at  different  altitudes.  Thus, 
South  Kensington,  Wey bourne,  Oxford,  Derby,  which  may  be  taken  as  places  at  sea 
level.  Grindelwald,  in  the  valley,  and  on  the  various  hills  surrounding  it,  up  to 
8900  feet  on  the  Faulhorn. 

Como,  Perarola,  Cortina,  and  Interlaken,  also  Chamounix  and  Zermatt,  with  their 
surrounding  mountains,  have  also  been  observing  stations. 

Fig.  5. 


These  stations  are  at  various  altitudes  above  the  sea,  and  the  results  obtained  are 
such  as  to  show  that  the  loss  of  light  varies  enormously,  according  as  the  altitude  of 
the  observing  station  is  increased.  This  is  a  result  which  of  course  may  be  looked 
for.  The  observations  of  Langley  on  Etna,  and  at  Pike’s  Peak,  show  such  to  be  the 
case  ;  but  it  is  necessarily  more  marked  in  the  case  of  these  observations  owing  to 
the  part  of  the  spectrum  employed  being  that  which  suffers  most  loss  by  the 
scattering  action  of  small  particles.  The  blue  end  of  the  spectrum  for  this  purpose 
has  evidently  a  greater  advantage  over  the  red  end  and  darker  portions,  more  particu- 
MDCCCXCIII. — A.  B 
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larlj  over  the  latter,  for  in  it  the  water  absorptions  play  such  an  important  role  that  the 
law  of  scattering  could  hardly  be  taken  into  account  also.  It  will  be  noticed  that  obser¬ 
vations  have  been  made  at  all  times  of  the  year,  and  that  the  winter  observations,  when 
the  surface  of  the  ground  at  Grindelwald  has  been  covered  with  snow  and  the  air  has 
been  intensely  cold  (the  thermometer  sometimes  showing  as  much  as  40°  F.  of  frost), 
give  the  coefficients  of  least  absorption.  The  writer  has  held  that  most  of  the 
scattering  particles  are  water  in  an  extremely  fine  state  of  division,  and  that  there  is 
a  probability  that  such  is  the  case  is  shown  by  the  fact  that  the  most  transparent 
atmosphere  is  that  in  which  there  is  most  warm  aqueous  vapour  present.  A  change 
in  the  summer  to  what  artists  call  an  “  atmospheric  landscape  ”  invariably  shows  a 
higher  coefficient  of  absorption.  Whatever  these  particles  may  be,  there  is  no  doubt 
that  they  are  in  the  same  volume  fewer  in  number  at  high  altitudes  than  they  are 
at  lower  ones  ;  as  the  coefficient  of  absorption  is  so  much  less  in  the  former  case  than 
in  the  latter.  Any  one  who  has  observed  the  sky  at  these  higher  altitudes  will  have 
observed  that  when  the  sun  is  brightest  and  highest,  the  sky  is  blackest,  that  is, 
that  there  are  fewer  scattering  particles. 

XXXIIL— of  Light. 

It  is  somewhat  difficult  to  know  as  to  what  standard  of  light  to  refer  the  light  of 
the  sun.  The  Author  has  made  many  comparisons  between  it  and  an  amyl  acetate 
lamp,  and  has  come  to  the  conclusion  that  at  midday  at  sea  level,  and  in  the  clearest 
atmosphere,  the  brightness  of  the  sun  exactly  overhead  would  be  close  upon  7000  such 
standard  lights  at  1  foot  distant  from  the  screen,  which  would  be  equivalent  to  5600 
standard  candles  at  the  same  distance.  For  the  purpose  of  this  paper,  it  is,  however, 
unnecessary  to  refer  the  light  to  any  particular  standard,  since  all  that  was  sought  for 
was  to  obtain  a  comparison  of  the  losses  suffered  on  any  one  day  by  the  light  after 
passing  through  various  thicknesses  of  atmosphere.  It  wdll  be  noticed  in  the  various 
tables  that  the  calculated  brightness  at  the  zenith  varies  very  considerably  even  at  the 
same  altitudes.  This  must  be  laid  down  to  one  of  three  causes  :  (l)  either  an  error 
in  calculating  the  coefficients  ;  (2)  a  slight  haze  of  coarse  particles  intervening ;  or 
(3)  owing  to  a  varying  sensitiveness  in  the  paper  used.  Where  the  actual  observed 
intensities  throughout  a  day  do  not  vary  much  more  than  those  calculated,  it  may  be 
presumed  that  the  coefficient  is  not  very  far  from  the  truth,  and,  consequently,  the 
variation  will  in  all  probability  be  due  to  the  second  cause.  As  stated  before,  there 
was  a  change  made  in  the  paper  which  occurred  in  1889,  and  it  wull  be  found  that 
the  intensities  are  practically  the  same  before  and  after  the  above  year. 

XXXIV. — Descri'ption,  Tabulation,  and  Discussion  of  Residts. 

The  results  which  are  tabulated  do  not  show  by  any  means  all  the  observations 
made.  They  have  been  carried  on  for  four  years,  and  only  those  days  are  recorded 
in  this  paper  when  the  sky  has  been  practically  cloudless  whilst  the  observations  have 
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been  taken.  It  need  scarcely  be  said  that  the  observations  on  three  out  of  four  days 
have  been  incomplete  owing  to  atmospheric  conditions  not  remaining  constant.  Every 
one  of  these  has  been  tabulated,  however,  in  the  note  books,  and  a  check  has  thus 
been  introduced  in  estimating  the  relative  intensities  of  the  light  at  the  same  altitudes 
of  the  sun  above  the  horizon  at  the  same  observing  station,  for,  in  many  instances, 
two  or  three  observations  under  favourable  conditions  were  made,  the  remainder  being 
useless  for  the  purpose  of  obtaining  the  coefficients  of  absorption. 

Even  the  observations  which  are  recorded  are  apparently  so  discordant,  that  it  might 
appear  difficult  to  arrange  them  in  any  order  sufficient  to  get  any  empirical  law  which 
might  connect  barometric  pressure  with  the  exponential  coefficient  of  transparency. 
As  necessarily  any  approach  to  a  law  can  only  be  an  approximation,  it  has  not  been 
considered  necessary  to  enter  into  any  refinements  such  as  the  varying  distance  of  the 
sun  from  the  earth  at  different  seasons,  since  any  differences  due  to  difference  in 
atmospheric  condition  would  more  than  hide  any  alteration  due  to  that  cause. 

On  certain  days  remarks  are  made  that  the  atmosphere  is  exceptionally  clear,  and 
when  we  group  such  days  together  the  results  are  not  devoid  of  regularity. 

Taking  the  observations  at  Faulhorn  wlien  the  barometer  was  21 '5  inches,  and 
when  the  day  was  noted  as  excej)tionally  fine,  we  get  two  values,  '231  and  ’235  p'. 
These  are  winter  observations.  We  may  take  '233  as  the  mean  exponential  coefficient 
at  this  barometric  height  in  the  clearest  weather. 

We  also  have  on  similar  days — 


Bar. 

^1. 

At  Derby . 

29-6 

•437 

Above  Zweilutcliiiien  . 

26-6 

•356 

,,  Grinclehvalcl  .  . 

24-4 

•307  and  -307 

23 -3 

•275  „  -273 

Faulborn . 

21-5 

•231  „  -233 

In  addition  to  the  observations  given  in  the  tables  others  were  made  at  higher 
altitudes  up  to  12,000  feet  at  Zermatt  on  suitable  days.  It  was  not  practicable  to 
take  a  whole  series  of  readings  at  these  high  altitudes,  as  it  was  not  possible  under 
ordinary  circumstances  to  spend  sufficient  time  at  such  elevations  and  that  to  get 
a  difference  in  zenith  distance  sufficient  to  give  a  variation  in  air-thickness  of  such  a 
magnitude  as  would  give  a  reliable  coefficient.  As,  however,  the  expeditions 
were  made  at  such  a  time  of  the  day  as  enabled  a  return  to  a  station  where  the 
lapse  of  a  few  hours  in  the  afternoon  sufficed  to  obtained  a  large  variation  in  the  air¬ 
thickness,  it  became  possible,  by  calculating  first  the  coefficient  of  this  station,  and 
thence  calculating  the  readings  which  would  have  been  obtained  at  the  time  when  the 
observations  at  the  higher  altitudes  were  made,  to  calculate  the  coefficient  for  the  latter, 
assuming,  of  course,  that  no  alteration  in  the  general  condition  of  the  sky  had  taken 
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place.  Thus,  at  the  RifFel  house  it  was  calculated  that  the  coefficient  at  a  barometric 
pressure  of  21 ’2  inches,  was  ’222;  and  from  observations  made  with  the  barometer 
at  18 ’9,  it  was  calculated  the  coefficient  would  be  T82.  Similarly,  with  the  barometer 
at  19‘9,  it  was  calculated  to  be  T96, 

It  will  be  seen,  if  we  take  the  Faulhorn  observations  as  a  standard,  that  we  get 
what  appears  to  be  a  very  close  approximation  to  the  law  that  the  exponential 
coefficient  varies  as  the  square  of  the  barometric  pressure. 

The  following  is  a  table  calculated  on  this  assumption  : — 


30  inches 

29 

28 

}  ? 

27 

J5 

26 

?? 

25 

24 

33 

23 

33 

22 

33 

21 

33 

20 

33 

19 

5  3 

•453 

•423 

•394 

•367 

•340 

•314 

•289 

•266 

•244 

•222 

•201 

•182 


It  will  be  seen  that  the  coefficients  obtained  on  these  exceptionally  clear  days  fall 
extremely  close  to  the  calculated  values.  The  calculation  for 


29-6  is  441,  26-6  is  356,  24-4  is  299, 

23-4  is  276,  21-5  is  232. 


On  the  day  when  the  Faulhorn  observation  gave  a  value  to  the  coefficient  of  ^261, 
the  sky  was  fairly  good.  If  we  take  this  as  a  starting  point  and  calculate  as  before, 
we  find  the  following  table  : — 


30  inches 


29 

27 

26 

25 

24 

23 


21-5 


?5 


•509 

•477 

•412 

•381 

•353 

•325 

•297 

•261 
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The  following  coefficients  were  obtained  from  observations  made  on  days  which  were 

classed  as  ordinarily  bright. 


Barometer. 

Observed. 

Calculated. 

21-,5 

Faulliom . 

•261 

•261 

2.3-4 

Above  Grin  del  wald 

•290 

•306 

25-6 

Jlontanvert . 

•384 

•370 

26-6 

Grindelwald . 

•400 

•400 

29-7 

Derby . 

•514 

•497 

It  will  be  seen  that  on  such  days  the  same  order  of  change  in  the  coefficients  is  to 
be  found. 

Other  coefficients  were  obtained  on  moderately  bright  days,  which  are  higher  than 
the  above  for  the  varying  heights  of  the  barometer.  These  observations  are  given  to 
show  the  great  variations  which  may  occur  owing  to  atmospheric  conditions. 

It  thus  appears  that  the  light  acting  on  platinum  paper  at  any  altitude  up  to  those 
observed  can  be  expressed  by 

I'  —  Jg-|a,;i2jc/30 


where  h  is  the  height  of  the  barometer  and  is  the  coefficient  of  absorption. 

In  the  case  of  the  most  transparent  atmosphere  =  ’453  at  a  barometer  of 
30  inches  in  height. 

Therefore 

J'  _  Jg  — •0005033/i2 

The  coefficient  for  the  visual  absorption  is  ■341ja'. 

-0001716*2 

where  A  and  A'  are  the  original  and  transmitted  lights. 

We  thus  arrive  at  the  following  results  : — 


Barometer. 

/ 

M- 

a' 

a 

a 

30 

•453 

•639 

•154 

•853 

29 

•423 

•654 

•144 

•866 

28 

•344 

•671 

•134 

•875 

27 

•367 

•689 

•124 

•884 

26 

•340 

•708 

•115 

•891 

25 

•314 

•7.30 

•107 

•899 

24 

•289 

•746 

•098 

•908 

23 

•266 

•763 

•090 

•915 

22 

•244 

•787 

•083 

•922 

21 

•222 

•800 

•075 

•928 

20 

•201 

•819 

•068 

•934 

19 

•182 

•833 

•062 

•940 
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IX,'  and  jx  are  the  exponential  coefficients  as  before,  a  and  a  are  the  constants  in 
the  formula,  la®  =  I',  2  being  the  air  thickness,  and  I  and  T  the  intensities  before 
and  after  transmission. 

We  are  now  in  a  position  to  determine  the  constant  k  in  the  formula 

r  = 

at  seadevel  with  the  barometer  at  30  in.  and  in  a  very  clear  sky,  for  as 


therefore 


= 


•453 

308 


•00146  ; 


in  the  case  of  fairly  clear  skies, 

•497 
“  -308 


•00161 


In  Part  I.  of  this  paper  the  minimum  value  of  k  was  found  to  be  ’0013,  and  a 
mean  value'about  '0017,  so  that  these  observations  are  fairly  accordant. 

K  may  be  taken  to  be  a  measure  of  the  number  of  particles  the  rays  encounter, 
and  thence  it  may  be  concluded  that  the  number  of  particles  at  any  thin  layer  of  the 
atmosphere  is  all.  The  formula,  therefore,  for  the  scattering  of  a  ray  of  any  wave¬ 
length  at  any  altitude  becomes 

J/  _ 


where  c  is  a  constant,  h  the  height  of  the  barometer,  and  x  the  air  thickness,  those  of 
the  zenith  being  “  unity.” 

In  comparing  the  comparative  scattering  of  a  ray  at  the  same  zenith  distance,  but 
at  different  altitudes,  \ax  are  constants,  and 

r  = 


where  m  is  a  constant  and  h  the  variable.  This  formula  and  that  of  the  law  of  error 
are  identical. 


XXX  V. — -Conclusions. 

In  conclusion,  it  should  be  remarked  that  the  loss  of  light  as  light  from  trans¬ 
mission  through  the  atmosphere  is,  and  must  be,  very  different  to  that  of  the  heating 
effect  of  the  solar  radiation.  The  latter  is  not  principally  dependent  on  scattering 
by  small  ])articles,  but  on  the  absorption  of  aqueous  vapour,  Avhich  is  a  very  different 
matter.  Langley  has  shown  that  the  heating  effect  diminishes  much  more  rajjidly 
as  tlie  barometric  pressure  is  diminished  than  is  usually  supposed,  and  this  is  not  to 
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be  wondered  at.  For  it  must  be  recollected  that  the  absorption  by  aqueous  vapour 
takes  place  principally  in  the  infra-red  region  of  the  spectrum,  and,  if  it  were  entirely 
confined  to  that  region,  the  presence  or  absence  of  the  aqueous  vapour  would  have  no 
practical  effect  on  the  luminosity  of  the  visible  rays  transmitted. The  absorption  by 
this  vapour  where  it  takes  place  is  large  and  follows  the  ordinary  laws,  as  already 
stated,  being  principally  in  the  iufra-red  of  the  spectrum,  the  heating  effect  will 
therefore  diminish  much  more  rapidly  than  the  total  illuminating  value  of  sunlight  as 
increased  thickness  of  atmosphere  is  penetrated.  In  other  words,  the  amount  of  light 
transmitted  from  the  sun  bears  no  comparison  with  that  of  its  total  heating  effect. 

It  should  be  remarked  that  the  portion  of  the  spectrum  used  in  these  observations 
is  almost  free  from  any  absorption  by  aqueous  vapour,  and,  consequently,  the  scattering 
effect  of  the  small  particles  in  the  atmosphere  is  probably  almost  entirely  the  cause 
of  the  loss  of  light  from  it,  and  enables  a  factor  for  such  scattering  to  be  arrived  at 
without  much  difficulty.  The  measurement  of  the  amount  of  light  transmitted  through 
different  thicknesses  of  atmosphere  has  hitherto  been  almost  entirely  made  on  star  and 
moon  light,  and,  for  reasons  given  in  Part  I.  of  this  paper,  the  coefficients  arrived  at 
are  probably  slightly  too  large  for  the  transmission  of  sunlight. 

The  results  of  these  observations  made  at  different  altitudes,  combined  with  others 
made  in  the  laboratory,  point  to  a  probability  that  the  particles  which  selectively 
scatter  light  are  due  to  water.  Their  dimensions  are  probably  very  closely,  if  not 
exactly,  the  same,  and  the  “  mist”  particles  are  large  compared  with  them. 


*  See  a  paper  in  No.  224  of  tlie  ‘  Proceedings  of  the  Royal  Society,’  1883,  by  General  Fbsting 
and  the  Author. 
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II.  Tlie  Potential  of  an  Anchor  Ring. 

By  F.  W.  Dyson,  B.A.,  Fellow  of  Trinity  College,  Cambridge. 
Communicated,  by  Professor  J.  J.  Thomson,  F.R.S. 

Received  Marcli  19, — Read  May  5,  1892. 

Introduction. 

In  this  Paper  I  have  developed  a  method  of  dealing  with  questions  connected  with 
Anchor  Pings. 

If  r,  6,  (j)  be  the  coordinates  of  any  point  outside  an  anchor  ring,  whose  central 
circle  is  of  radius  c,  then 

_ d4 _ 

-  0  v/ +  d  —  2cr  sin  6  cos  f) 

is  a  solution  of  Laplace’s  equation,  finite  at  all  external  points  and  vanishing  at 
infinity.  Let  this  be  called  I.  Then  cTLjdz  is  another  solution  ;  and  two  sets  of 
solutions  may  be  found  by  differentiating  I  and  dljdz  any  number  of  times  with 
respect  to  c.  These  solutions  are  symmetrical  with  respect  to  the  axis  of  the  ring. 
In  the  first  set  «  is  involved  only  in  even  powers  ;  in  the  second  set  in  odd  powers. 

Take  a  section  through  the  axis  Oz  of  the  ring  and  the  point  P,  (r,  9)  cutting  the 
central  circle  of  the  ring  in  C. 

Z 


Let  CP  =  P  and  Z  OOP  =  y. 

When  R  is  less  than  c,  the  integral 

_ d4 _ 

0  \/{  d  +  c“  —  2ci‘  sin  6  cos  (/>) 
G  2 


21J.y3 
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is  expanded  in  ascending  powers  of  R/c,  and  the  expansions  of  the  integrals,  obtained 
by  differentiating  this  with  respect  to  c,  are  deduced.  Section  I.  is  devoted  to  the 
discussion  of  these  functions,  and  some  similar  ones,  needed  in  hydrodynamic 
apj)lication3. 

In  Section  IL  the  potential  of  an  anchor  ring  at  all  external  points  is  found  in  a 
very  convergent  series  of  integrals.  The  expansions  of  Section  I,  are  not  needed  ;  but 
the  first  few  terms  are  reduced  to  elliptic  integrals.  The  equipotential  surfaces  are 
drawn  for  the  ratios  y,  f,  |,  f ,  1  of  the  thickness  of  the  ring  to  its  mean  diameter. 

In  Section  III.  the  potential  of  a  conductor,  in  the  form  of  an  anchor  ring,  is  found 
at  external  points  ;  the  surface  density  at  any  point  of  the  ring  and  the  charge  are 
also  determined.  Section  IV.  consists  of  a  discussion  of  the  motion  of  an  anchor 
ring  in  an  infinite  fluid  ;  the  velocity  potential  or  stream  line  function  for  motion 
parallel  to  the  axis,  perpendicular  to  the  axis,  &c.,  being  first  determined.  The 
kinetic  energy  is  determined  in  the  several  cases ;  and  in  the  case  of  the  cyclic  motion 
through  the  ring,  the  linear  momentum.  In  this  last  case,  the  solid  angle  subtended 
by  a  circle  at  a  point  near  a  circumference,  is  incidentally  found. 

In  Section  V.  the  annular  form  of  rotating  fluid  is  discussed,  when  the  thickness  of 
the  annulus  is  small  compared  with  its  mean  radius. 

It  is  shown  that  the  form  of  the  cross  section  may  be  represented  by 
R  =  a  (1+^2  cos  2^  -f  ySg  cos  3y  +,  &c.),  where  ySg,  /3^,  &c.,  are  of  the  second,  third, 
&c.,  order  in  ajc.  Their  values  are  found  as  far  as  (a/c)h 
To  the  second  order 


The  method  employed  throughout  the  paper  has  not  the  analytical  elegance  of 
Mr.  Hicks’  Toroidal  Functions,  but  it  has  many  advantages.  The  potential  of  an 
attracting  ring  takes  a  very  simple  form.  The  boundary  conditions  to  be  satisfied  in 
hydrodynamical  applications  are  very  simple.  The  results  are  obtained  in  terms  of 
R  and  the  c|uantities  most  obviously  connected  with  a  ring. 

I  am  greatly  indebted  to  Mr.  Herman,  Fellow  and  Assistant  Tutor  of  Trinity 
College,  Cambridge,  for  the  careful  manner  in  which  he  has  read  over  much  of  the 
work,  and  the  many  errors  he  has  corrected.  In  consequence,  the  paper  will,  I  think, 
be  found  free  from  any  serious  mistakes. 
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Section  I. — Preliminary  Analysis. 

§  1.  Take  a  fine  ring  in  the  plane  of  x,  y,  centre  at  the  origin,  and  consisting  of 
attracting  matter  of  density  h  cos  n  where  </>'  is  the  azimuth  of  any  point. 


2" 


The  potential  of  this  ring  at  a  point  P.  whose  coordinates  are  r,  6,  ([>,  is 


Jn 


Jc  cos  np  cclp 


Iq  \/ [A  +  —  2cr  sill  6  cos  —  p)} 

Put  (j)'  =  (f)  then  the  potential 

ck  (cos  n(p  cos  n-v/r  —  sin  n(p  sin  nylr)  d-^ 


=r 

Jo 

=  cos  ncj)  j 


v/{r-  +  c“  —  2cr  sin  0  cos -yfr} 
ck  cos  d-\Jr 

0  \/{A  +  —  2cr  sin  0  cos  -v/r} 


as  the  second  integral  vanishes  between  the  limits. 
Therefore 

cos  n(f)  d(j) 


COS  n 


J  n 


or 


cos 


n<fy^ 

Jo 


0  •/{A  +  c"  —  2cr  sin  ^  cos  0) 
cos  n(f>  d<j) 


\/  (2^  +  —  2cot  cos  cp  +  cj^) 


is  a  solution  of  Laplace’s  equation. 
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Similarly 


is  a  solution. 


sm  n 


Jo 


cos  n(f)  cl(p 


\/(z^  +  c®  —  2ccj  cos  ^  +  Tjj^) 


Let  V  stand  for  either  of  these  integrals.  Then 

dP  +  i  V 
dcP  dzi 


is  also  a  solution  of  Laplace’s  equation. 

For  different  values  of  p  and  q  the  solutions  are  not  all  independent :  as  it  is  easily 
seen  that 

p  cos  ncj)  d(p 


\/ (z^  +  —  2cvy  cos  cf)  + 


satisfies  a  linear  partial  differential  equation  of  the  second  order  in  c  and  2. 

But  two  independent  sets  of  solutions  are  obtained  by  giving  different  values  to  p 


.  dP\  ,  I  d  \/^  /dV 


The  only  cases  considered  in  this  paper  are  when  n  =0  or  n  =  1.  That  is  the 
solutions  of  the  forms 


d  y 

dc)  Jo 


dfj) 


(z"  A  —  2ctjj  cos  (jy  A 


d\P  d 


d0 


dcj  dz  Jo  \/(z"  +  c-  —  2cm  cos  0  +  ’ 


and 


cos 


♦e)'f 


cos  ^  d(f) 


y/ (z^  +  c"  —  '2rm  cos  (f>  +  c") 


cos  (f>ld(l) 


's/ +  0^  —  2c-,  cos  (f)  +  uj”) 


as  tlieee  cover  all  the  cases  to  whicli  the  functions  are  applied  in  this  paper. 
It  is  easily  seen  that 

cos  (f)  d(j) 


■UT 


f 

J  0 


1./ (z^  +  c”  —  2cijj  cos  (j)  +  m~) 


d\p  p' 


r _ 

I . .  /I,? 


COS  0  dcf) 


dcj  .'0  +  c®  —  2cc;r  COS  (f)  + 


and,  consequently, 
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are  solutions  of  the  equation 


d'yj/' 

^ 


1  d-^fr 
w  dm 


=  0. 


For  putting  xfj  =  zucf),  this  equation  becomes 

d^cf)  _j_  1 


dz^  dm^  ‘  m  dm  m’" 


^3$  =  0, 

that  is,  <I)  cos  ^  is  a  solution  of  Laplace’s  equation. 


§  2.  Expansion  of  the  Functions. — Let  the  plane  through  the  axis  of  the  ring  and 
a  point  P,  cut  the  ring  in  the  two  circles  whose  centres  are  C  and  C^. 

2 


Let 

CP  =  R 

and  the  angle 

Also,  for  convenience,  put 

and 


CiP  =  Pi  ;  OC  =  c  ; 
OOP  -  X- 


2. 


When  P  is  less  than  c  the  above  integrals  may  be  expanded  in  ascending  powers 
of  P/c  or  s. 


_ d^ _ 

0  v/{r^  +  —  2cr  sin  0  cos  ^ } 


.  1233  Pd  /,  4Ei 

-4- - loP’  — 

^  2242  up 


2 

1.2 


[Cayley,  ‘Ell.  Func.,’  p.  54.J 
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i:,7P 


cos  (f)  d(j> 


\/{^"  +  c-  —  2cr  sin  6  cos 

2  ri  (2  cos^  4>  -  I)  cl4> 


_ (i 

■'’iW' 


_  E^  2 


COS^  (p 


/  E  ^  \  2E  ^ 

_  2  "  2  (^cos3<^  -  -  1  +  Ej2  _  E2 

Ri  /f.  E,2_IH 

v/jl - cos~</)^ 


dcp 


,  ,  E,2  -  E2  .  „  ^ 

\/  U - o  sill-  0 


p  2 
-‘M 


f!!  ,  r  E  2  -  E2  .  „  I 

-  j“  v/|l  j 


f 

^  n 


sin-  (p  f.  d(p 
d(p 


.  ,  .  E,2  -  E^  .  „  , 

\/]l - —  sill-  (p 


»  E  ^  22  Ej^ 


4Ei  _  2 

E  “  172 


-}-... 


,  1  E2  /.  4E.  1  \  ,  12.3  E^ 

^  2  Ei2  E  -  1  .  2  j  22 . 4  Ej-i 


4E 


E^  1.2  3.4;  “*"■■■ 


2  r ,  4E,  12  E2  /,  4Ei  2  \  ,  1® .  32  Td 

E'i  E  22  E/  \  E  1 . 2/  ■*"  22 . 42  IV 


4Ei 

E 


2 


+  .  .  . 


1.2  3.4 

[Cayley,  ‘Ell.  Func.,’  p.  54.] 


2  M 


4Ej 


t-  1  4E.  ^ 

jj,  6  logy -7 


2+p^^s  ^ 


163  log  ‘A  _  226 

I  IP 

+  EH  1" 


1 


128 


J 


Noy”- 


Therefore 


_  4^3  _  pQg  ^  ]43 

=  4c-p--cosx  +  j^ 
=  4c"  1  —  s  cos  X  +  j)- 


,  4E,  ,  8  s  s2cos2y  cos  3y 

log  y  =  log  -  -  -  cos  X  -  j  -y  -  f - - 


=  1  +  2 


cos  X 


4  2 

$2 


—  &c. 


8 


cos  2x  —  cos  3x  —  &c. 


E2 

41^2 


=  +  16  cos  X  +  ^  (1  +  2  cos  2x)  +  &c. 
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Substituting  in  the  above  expansions 

r  d(j} 

jo\/{?’"  +  —  2cr  .sin^  cos</)} 

9 


r 


COS  (j)  d(f) 


COS  3% 


32  ^  24 

,  J501  +  15  .  4/  +  1  ^  \  , 


128 


\/{r^~  +  c-  —  2c?’  sill  6  cos 


=  I  { ^  -  P~  "  +  cos  V  -  *  cos  3x 


,  ^/322/  +  35  ,  20/-  3  ^  , 

+  oA.o  +  ^^cos  2x  -  6\cosx)+  •  .  . 


\  2048 


Now 


2  1 
R,  ~  ^ 


=  ?L  + 


.?  COS  X  + 


H  cos  X 


+  ^  1 16  +  IG  Au  cos  X  +  cos  3x 


64 


64 


/  q  90  35 

+  ( 1024  +  bl4  2x  +  77^:11  cos  4x )  +  .. . 


Therefore 

f 

J  0 


1024 


dcj) 


y/ {r~  +  c~  —  2c?’  sin  0  cos  0} 


1 


I  +  1 


=  -|/  4-  2  +  6’  — -  cos  X  +  S' 

^9/  +  3  .  1.5/  +  7 


2/  +  1  .  3/  +  2 


''"\6^  +  "i6'"^®2x 


+  s'  ( -^  cos  X  +  cos  3x 


+  s' 


10.5/  +  27  ,  60/  +  13  ^  ,  105/  +  -34  ,  ,  , 

H - 4FTr-  cos  2x  4 - gQ-;^'^  cos  4x )  +  &c. 


2048 


768 


And 


cos  (f)d(f) 


I  {?’"  +  c~  —  2c?’  sin  6  cos  <^} 


/-  1 


=  :  1  ^  COS  X  + 


6/  +  1  _  3/  -  4 


16 


+ 


16 


-  cos  2 


X 


4- 

+ 


3.3/  +  1  ,  15/  -  23 


4- 


64  ■  192  ^^"2X 

/540/  +  27  ,  240/  -  23 


V  2048 


4- 
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H 


^  ,  105/ -  176  ,  \  , 

^X  +  — ^ - cos  4x  j  4-  &c. 
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3.  To  obtain  tbe  expansion  of  j 
li 

of—,  tlie  correspondino’  expansion  of  - .  „ 

c  ^  to  1  Jji  ^/[r-  +  c"  —  2cr  sm  9  cos  0] 

tiated  with  respect  to  c,  R  and  ^  being  considered  as  functions  of  r 

Now 

Pt  cos  X  —  ^  0  —  c  ~  V7 

Pt  sill  X  =  >'  cos  6  —  z 

Therefore 

cos  X  s  - 1^  «■>' X  a,  =  1  I 

'Nti  0  ^ 

Oil  ,  I 

Sin  X  0,,  +  fv.  COS  X  0^,  =  0  J 

Solving  these  equations 

or: 

=  cos  X 


d<p 


0  \/{r^  +  c-  —  2cr  sin  9  cos  (f)] 
(1(f) 


in 


R 


dc 


dc 


sill 


X 


Again 

and 


0  V 

cos  X  -  R  sin  X  ^ 


ail 

dz 


ail  ay 

sin  X  0^'  +  R  cos  X  w  =  1 


a? 


1*' 

I 

J 


Solving  these  equations 


ail  .  ay 

-0,  =  sin  X  ;  R  0r  =  cos  X . 


From  these  formulae  it  follows  tliat 


and 


and  that 


and 


^  (R"  cos  j/x)  iRR'  ^  cos  [n 


(I  /coswyX  _ 

dc  \  R"  / 


cos  (a  +  1)  y 
h«  +  i 


d 


(h 


d  [ cos  ?/  •’ 


dz  \  IP 


X\  _ 


n  sin  (a  4  1)  y 
H«  +  ‘ 


)X 


I 


—  (IP  cos  ny)  =  ~  iiR"  ^  sin  (n  —  l)  X 


J 


^1  - 

•  0  \/  C 


4-  c-  —  2cr  sin  9  cos  (f>) 


ascending  powers 

must  he  differen- 
6,  and  c. 


Let  us  write 
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Ij  h;is  been  expanded  as  a  function  of  II,  and  c. 

The  expansion  of  divide  may  therefore  be  found  by  difierentiating  this  by  the  rule 


d  d  ,  c  sill  y  3 

-  =  ^i-COSXgJT--j^3-- 


It  is  rather  simpler  to  use  the  formulas  for  djdc  (R"  cos  «y)  proved  above. 
Take,  for  example,  the  term 


1  9/  +  3  3 


c  64 


S'^  cos  y. 


This 


9/  4  3  IG 


61 


4  R  cos  y. 


d  /9l  +  3  IG 


dc  \  64  c 


I  R  cosy  = 


(9/  +  3)  K2  (I 


"  f  C' 

x)  +  R  00,s  X  p 


d  [(9/4-3)1R 
dc 


-  _p 


64c‘ 


64c*  31 


IH  cos  y  3  /dl  +  3 


64  3c  V  c 


In  performing  the  partial  dilferentiations  with  respect  to  R  and  c,  it  must  be 
remembered  that  I  =  log  8c/R  —  2,  and  is  a  function  of  R  and  c. 

Let 


Ii  = 


1+2  ,  /  4-  1  Lcos  y  ,  f(2^  +  I)  IR  (31  +  2)  R^  cos  2y 

^  +  4  +1  16^5  + 


,  ,  (9/ +  3)R-5  cos  y  ,  (15/  +  7)  IH  cos  3y'|  , 


c/li _  cos  y  I  +  cos  2y  I  [  (8/  —  3)  R  cos  y  oR  cos  3y 

dc 


cR 


4c- 


+ 


32c^ 


323* 


1(18/ -  3)  R2  (18/- 8)  R2  cos  2y  BIG  cos  4y; 

'  1  I28c*  '  r  d"  •  •  • 


I28c* 


128c* 


,  /_+  1  ,  (3/  +  2)  R  cos  y  ,  f(9/  4-  3)  Rd  ,  (15/  4-  7)  Id  cos  2y-,  , 

+  2cd-  +  - +  -R—  +  dTN  ^  + 


64c* 


64c* 


/  +  1  (2/  +  1)  R  cos  y  [(6/  4-  1)  R"  (9/  +  3)  Pd  cos  2y', 

'^c2  23*  1  16c*  ■*"  16c* ri--- 


cosy 

cR 


2/4-3  I  cos  2y 
^  4c2  +  4c' 


(20/  +  11)  R  cos  y  3R  cos  3y 

323* 


323*, 


1(12/  4-  5)  Pd  (12/  4-  9)  Id  cos  2y  5Pd  cos  4y 
t  128c*  64c* 


*d 

T28c* 


—  &c. 


H 
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From  this  d^ljdc^  might  be  obtained,  and  then  d?\^ld(?,  &c.,  but  in  the  question  of 
an  attracting  ring  there  is  a  special  advantage  in  using  functions  of  the  form 


1 

c  clc) 


Call  this  I«.  Thus 


Also  denote 


]„  = 


/  1 


dcf) 


'  ''^^7  J  Q  d  —  2cr  sin  0  cos  (f> } 


by  J, 


1  d  \"-l  G 


cos  <f)  d(j) 


''  dc)  Jq  \/ {d  +  c-  —  2cr  sin  6  cos  0} 


The  values  of  the  functions  ai’e  collected  here  for  tlie  sake  of  reference. 


(A) 


T  1  Jz  L  O  L  ^  1  ,  /2/  +  1  3/  +  2  , 

Ii==-V  +  2+  2  cosx6'+  +  -  ^-cos  2x)s' 


L  = 


+ 

+ 

cosy  + 


2 

91  +  3 


64  ^  192 

108Z  +  27  60/  +  13 


16 
15/  +  7 


cos  3x 


2048  ’  768 

2/  +  3  cos  2x 


105/  +  34  i  \  j.  I 
+  '  3072~^^^  ^ 


+ 


■  ,12^  +  11  .  S  0^0 

S  +  (  — 37; —  cos  X  +  #2  cos  3x 


,  /12/  +  5  ,  12/  +  9  ,  .  ,  ,  \  s  , 

+  ( — H 5T-  cos  2x  +  tIs  cos  4x  + 


128 


64 


h  =  1  COS  2x  +  (I  COS  X  +  i  cos  3x)  6- 


/36/  +51  0,3  ,  \  L 

+  (  —  +  i  cos  2x  +  3%  cos  4x )  S'  + 


O  ! 


1.1.  =  ^  {cos  3x  +  (t  cos  2x  +  i  cos  4x)  S  +  .  .  .] 


^5  —  ;j[7i  [cos  4x  +  .  .  .j. 


(B) 


rH_i  _ 

dl  ~~ 


-  jsin  X  +  i  sin  2x  s  +  o'^'"  siiiy  + 


’3/  +  3 

+  ( -^3-  2x  +  rls  sill  d  X )  Y 


,  /6/  +  3  .  , 

+  X  + 


120/  +  101  .  ^  \  . 
— -  sin  3x  +  offs  sin  ox  )  + 
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'Iz 


sin  2x  +  (I  sin  x  +  a  sin  3x)  s  +  (|  sin  2x  +  3-0  sin  4x) 
/m  +  13  . 


+ 


\  t)4 


sill  X  "1“  ‘n2V  sill  3x  +  yl  s  sin  5x )  + 


dz 


dz 

dz 


3  ! 


^  (sin  3x  +  (-f  sin  2x  +  sin  4x) 

+  iii  sin  X  +  M  sin  3x  +  3^  sin  ox)  s*  + 


3: 


-  (sill  4x  +  {}  sin  3x  +  isiii  ox)  s  +  .  .  . 


4! 


(s»^  5x+ 


Ji  = 


(C) 

-  I /  +  —cos  X  s  +  cos  Sx  )  s 

,  f33l  +  I  lot-  23  'i  ,, 

+  r  X  —£93—  cos  ix  1  s* 


/540/  +  27  240/  -  23 

V  20T8  768 


105/  -  176 


3072 


Jo  = 


,4  ]  ^os  X  +  ^  +  i  cos  2x)  6-  + 


cos  2x  H - yyAl  cns  4x  )  5*  + 

4/  +  21 


•2  X  +  5a  cos  3x 


+ 


/12/  +  6  12/ +19 


128 

/  + 
\  256 


64 


cos  2x  +  tIs  cos  4x 


,  /18/  +  1  35/ +  32  ,  ,  3.  .14., 

+  ( “+AA  cos  X - cos  3x  +  +tt8  cos  ox )  H- 


J,= 


cos  2x  +  (y  cos  X  +  y  cos  3x)  s 


/52/  —  21  \ 

+  (  5^  +  i  COS  2x  +  -/a  cos  4x  j  s'- 

+  f  cos  X  +  taV  cos  3x  +  tIs  cos  5x^  + 


J.i  = 


‘H 


,41.5  (cos  3x  +  (I  cos  2x  +  i  cos  4x)  .5 

+  (lb  cos  X  +  3  2  cos  3x  +  3^  cos  5x)  + 


Jo  =  ^4  (cos  4x  +  (ft cos  3x  +  t  cos  5x) 5  +  .  .  .] 


4! 


Je  =  ^ci>5  (cos5x+  .  .  .}■ 
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dz 


dz 


(D) 

~  I  sill  x  +  i  sill  2x  5  4  X  +  3%  sin  3x^  3-“ 

"*■  ^ 

,  (  m  +  9  .  360Z  +  123  .  ^  ,  , ,  •  .  \  ,  ,  1 

+  - sm  3x  4  2^8  sm  ox  j  4  .  •  .| 

1 


4 


H)  ^  +  (i  2x  + 

36/  +  31 


sill  2x  4  (I  sin  x  +  i  sii^ ' 


#2  sin 


4x) 

sill  X  4  its  sin  3x  4  ih  sin  ox)  4  ■ 


f/J 


2 ' 

dz  ~  ”  cHF  2x  4  i  sill  4x)  3 

4  (i4  sin  X  +  A?  sin  3x  4  W2  sin  5x)  s~  4  •  •  •] 

=  “  ^TjTi  [sill  4x  4  (i  sill  3x  4  i;  sin  5x)  *•  4  •  •  •} 


'^'^5  ,  •  r  I  ) 

~ch=^  ~  cHO  '^X  +  ^-  -H 

The  following  forniiike  are  useful  for  questions  involving  the  stream-line  function. 
They  are  obtained  by  multiplying  the  expansions  just  given  for  Jn  J.,  &c.,  by  oT  or 
c  (I  —  s  cos  x)- 

(E) 

^ - ^  tios  X  6-  4  - cos  2x  1  6-  4  ^  ~  192“  j 


/12/  +  11  ,  12/ +  17  .  70,  -0  ,  ^  . 

— w.  _  ^  cos4x)6-^4 


[  2048 


15/ -8 

+  ■'70ir‘ ““  -  a„7: 


JoTTT  = 


-  j  COS  X  +  -  i  cos  2x)6-  4  i  - 


20/ +  17  ,  , 

COS  X  ~  32  ‘^CS  OX  I  i>~ 


32 


,  /20/  +  47  8/  +  1  ^ 

4  ( — 7R7 - “  COS  2x  —  rig  cos  4x  •s'^ 


128 


64 


/IS/ +  29  11/+1  \  r.  , 

+  ^  ~  256  ■  cos  X  -  ^  -  cos  ox  ~  2 liTs  cos  5x )  4  4 


256 


•^3^  ~  cHl-  i  ^  ~  "I  ^x)  + 


/52/  -  57 


32 


f  cos  2x  ~  3^2  cos  4x ) 


4 


124/  +  101 


cos  X  —  M-  cos  3x  —  xi s  cos  5x )  5®  4  •  •  •  | 
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•)  I 

[cos  3x  +  (2  cos  2x  -  i  cos  4x)  s  +  [H 


Jo^  =  [cos  4x  +  m  cos  3x  -  i  cos  5x  )  5  +  .  .  .  } 

JG^  =  ,Tpfi[ccs5x+  •  •  •!• 


These  five  sets  of  formnlre  will  be  referred  to  as  (A),  (B),  (C),  (D),  (E). 


Section  11. — The  Potential  of  an  Anchor  Itimj  at  an  External  Point. 

§  4.  The  potential  of  an  anchor  ring  at  a  point  on  its  axis  may  be  easily  found  in 
several  ways.  One  simple  method  is  to  divide  the  ring  into  elements  by  spheres, 
having  the  given  point  as  centre. 


JP 


Let  QAR  be  a  circle  which  by  revolution  round  OP  generates  an  anchor  ring. 
Let  C  be  its  centre,  and  let  00  be  perpendicular  to  OP. 

With  centre  P  describe  circles,  dividing  the  circle  QAR  into  elements  ;  let  QR  and 
Q'R'  be  two  of  these  circles. 

By  revolution  of  the  figure  round  OP  we  obtain  an  anchor  ring  divided  into 
elements. 

Iiet 

AC  =  a.  00  =  c. 

Z  PCQ  =  rjj 


PO  =  R.  PQ  p. 
z  OOP  =  a. 
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Tlien 

Therefore 


p'  =  R2  _|_  COR  xfj. 


p  dp  =  sin  xjj  dxjj. 

1’lie  voinine  formed  by  tlie  revolution  of  QTlli'Q'  is 


'Zirp  dp.  LM. 

le  potential  of  this  at  P 

'Http  (/p.LAI 
”  P 


=  'Itt 


—  A:Trcrc 


(dv  .sin  yJr.dAjr'Ia  sin  -vp.cos  a 
{R“  +  cr  —  2«R  cos  -^I/ } 

silP.-vp  dyjr 


—  2«i;  cos-vp  +  a~} 


Therefore  the  poteni.ial  of  the  whole  ring 

M  sin~  -xfr  d-yjr 

TV  Jo\/{P*  —  2''d;  cos  \p  +«"}  ’ 
where  M  is  the  ma.ss  of  the  rino’. 


Let  there  be  two  anchor  rings  of  different  radii,  but  of  equal  generating  circles, 
having  the  same  axis  and  centi’e. 

Let  C  and  C'  be  the  centres  of  the  generating  circles. 

Let  P  and  P'  be  points  on  the  axis  such  that  CP  =  C'P'. 

If  the  densities  of  tlie  rings  be  inversely  jn’oportional  to  the  distance  of  the  centres 
of  their  generating  (urcles  from  the  axis  of  revolution,  that  is,  if  the  densities  be 
made  such  that  the  masses  of  the  rings  are  equal,  then  the  above  formula  shows  that 
the  potential  of  the  C  ilng  at  P  is  equal  to  the  potential  of  the  O'  ring  at  P'. 
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§  5.  The  integral 


sin-  \[rd\lr 


lo  GOS^p■  +  «-} 


may  be  reduced  to  elliptic  functions. 
Let  it  be  called  I.  Then 


=  -f 


sill  -v/r  d  (cos  \lr) 


-  0  \/  cos  +  a~} 

—  [  cos  —  2ali  cos  ifj  +  crj  difj 

fill  j  0 

I  (R-  +  cd)  cos  -ifr  —  2cR  (1  —  sin-  -v/r)  , 

«R  Jo  —  2f(Picos-v/r  +  a^] 


Therefore 

3P 


=  2f 


dy^r 


^{R^  —  2aR  cos  +  «-} 


cos  yfrd-^ 


^{R-  —  2ffR  cos  ij!r  +  «-} 


Writing  a  for  a/R, 


2 

3R  Jo 


dyjr 


y/{1  —  2c(  cos  yjf  +  «-} 


^  /  I  cos  yfr  dyfr 

.3R  W  «/  J  0 


These  integrals  may  be  transformed  by  putting 


This  gives 


sin  —  xjj)  =  a  sin  (f). 


cos  (j)  ] 


dip  =  d(f)  1 1 
=  d(f)  \  l 


y/  cos  {(p  —  l/f )  i 

«  cos  (p 
\/(  I  —  «-  sin-  (p)  j 


Also 

Therefore 


or 


Therefore 


or 


sin  (p  (cos  xp  —  a)  =  cos  (p  sin  xp. 

sin^  (p  (cos  xp  —  a)^  =  cos-  (p  sin^  xp, 
cos^  xp  —  2  a  cos  xp  =  cot®  (p  —  cot®  (p  cos®  xji. 

cos®  xp  cosec®  (p  —  2a  cos  xp  rx^  =  cot®  (p, 

(cos  xp  —  a  sin®  ^)®  =  cos®  (p  —  a®  sin®  (j)  +  a®  sin^  (p 

=  cos®  cp  —  a®  sin®  (p  cos®  (p. 


*  This  method  of  reduction  was  given  by  one  of  the  Referees. 
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Therefore 

cos  i//  =  a  sin"  (f)  +  cos  </>  \/(  1  —  a-  siir  ^). 

Therefore 

1  ~  '2a  cos  xfj  a^  =  1  -\-  a~  —  2a'  sill"  (j^)  —  2a  cos  (p  —  or  siu"  (p) 

=  [v/(l  “  '^"siir  p)  —  a  cos  pj^. 

I’herefore 

v/(l  —  2a  cos  p  4-  ^')  =  {\/{^  ~  sill"  “  cos  p\. 


Thus 


d'p 


d(f) 


and 


giving 


\/(l  —  'lucos-p  +  «")  \/’(l  — 

cos  -p  dp  u  .sill  p  +  cos  (b  \/ { \  —  ad  siir  p ) 


^(1  —  2«  cos  p  +  «") 


y/(1  —  a-  sill-  p) 


dp, 


C’^ 


dp 


Tlierefore 


I  0  \/'(  1  —  2«  cos  p  4  a-) 


siid  p  dp 


=  2  [ 

.‘o  a/(1  —2a.  cos  'll?’  4  a")  Jo  \/(l  —  «'  sirr  p) 

cos  p  dp  ^  f-d  sin' p  dp  2 

I  77^  o  ^  t  \  I  ” 

U-)  Jn 


dp 


=  2F 


Jo  a/(1  -  a'shi'P) 


(F  -  E). 


Jov/{i-  —  .ia  cos  p  4“  «"}  o 

4 


n  =  P-‘F-:('“  +  h(i''- 


3  + 


Tlierefore  the  potential 


Now 

and 


1-’ =  S{(i- 5)1^ +  ('+?)  e}- 


E  =  j{l- 


1.1 


a~ 


1  o  .-> 
2'\^ 


a*  —  &c. 


Substituting,  we  find 


V  = 


M 

i; 


T  ^ 

1  -  8  “  M  “  - 


—  a® 


1024 


—  &c.  —  2 


lb  :3b..  (271  -  3)2.  (2a  -  1) 


a~ 


I  1  rd  1  od  5  (d 


22.42 . .  .  (2a  -  2)2.  (2a)2.(2a  4-  2) 

12. 32.. .  (2  a -3)2.  (2a -1)  a2'* 


81F''“64IF  10241h  ^  22.42. ..(2a-2)2. (2'a)2.(2a  +  2)  Pd-'+i 

This  series  is  less  than  the  series  whose  general  term  is 

1  ndp 
2id  ’ 


and  is  therefore  convergent  if  a  =  E  or  a  <  E. 
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§  6.  To  find  the  potential  of  an  anchor  ring  at  any  external  point. 

When  a  =  0,  that  is  when  the  generating  circle  of  the  ring  is  infinitesimal,  the 
potential  at  the  point  r,  6  is 

]\I  H  d(j) 

TT  J 0  \/ --  2cr  sin  6  cos  <p} 

When  9=0,  and  r  =  z,  i.e.,  for  a  point  on  the  axis,  the  expression  reduces  to 
M/tt  tt/R,  i.e.,  to  M/R. 

/  d  V  r  dcf) 

\c  dcj  ]o\/  {?'"  +  (r  —  2cr  sin  6  cos  0} 

satisfies  Laplace’s  ecpiation,  and  at  a  point  on  the  axis  of  the  ring  becomes 


/  d  Y'  r  (^4> 

[cdc)  Jox/(2-  +  C'h 


=  (- ')" 


.TT  ].  3.  5  .  .  .  {2n  — 


5  ■  ■  ■  (211  -  1) 

jj2»  +  l 


1) 


1 

(C2  + 


Now  at  any  point  on  the  axis  of  the  ring 


a  a" 


R  8  PC  G4PC  102415 


—  &c.  —  2  y— nr 


P.?d...(2a-3)4(27^-l) 


a~ 


24 4'- . .  .  (2«.  -  2)~.(2n)~.(2n  4-  2)  15 


)3)i+l 


—  &c. 


Therefore,  at  any  extern aJ  ]ioint  r,  9, 


rr _ <^<t> 

TT  [Jo  y(i'~  +  C“  —  2crsi 


(f  d 

“T  o 


f 

J  n 


dcj) 


d  \3  H 


sin  9  cos  (f))  8  c  dc  J  o  s/ (r~  +  c-  —  2cr  sin  6  cos  cj)) 

+  &c. 


H  d 

)o\/0--  +c2-l 

J_  ( _  I  V'+l  -  .  ,  , 

^  ’  2/1  +  2  2-.4-.(3“ . . .  (2?i)®  \cdc)  J  o  \/(r“  +  c- —  2cr  sin  cos 


192  \c  del  Jo  \/ (i'~  +  C'  —  2c?’  sin  9  cos  0) 

2a~“  1.  3.  5  ...  (2n  —  3)  f  d  \"  p"  d(i> 


+  &c. 


For  this  series  is  finite  at  all  external  points,  satisfies  Laplace’s  equation,  vanishes 
at  infinity,  and  agrees  with  the  value  of  V  on  the  axis.  The  series  is  very  convergent, 
as  is  seen  by  the  next  paragraph. 

§  7.  The  integral 

/  d  y  r _ d^ _ 

\c  dcj  Joy/  +  c^  —  2cr  sin  9  cos  cj)) 

takes  a  simple  form  at  points  in  the  plane  of  the  central  circle.  For,  putting  ^  =  7r/2, 
it  becomes 

/  d  Y'  p _ d^ _ 

\cdcj  Jo  \/{i'~  +  c-  —  2crcoscj>) 

I  2 


60 


MR.  F.  W.  DYSON  ON  THE  POTENTIAL  OF  AN  ANCHOR  RING. 


Now 


when  r>c,  and 


cl<l) 


=r 

J  n 


(I(j) 


'  0  \/ +  c-  -  2c?’  cos  </))  J  0  \/ (?■'  —  sill'"  (j>) 

d(j) 


=  f 


^ (c~  —  ?•-  sill"  (f)) 


when  ?’<c. 

Therefore  at  points  in  the  plane  of  x,  y,  further  from  the  axis  than  the  ring, 


v  =  “|f 


d(j) 


+ 


a~ 


sill"  (f)  d(f) 


—  &c. 


0  v/ (w  —  c^  sill"  (f))  8  J  0  —  c“  siiH 

1~.3K  .  .  (2?i  -  3)^  (2n  -  1)  2fl-»  f-  mi~“4>d(j} 


^  23.42  .  .  .  {2n  -  2f  (2?i)-  (2ii  +  2)  Jo  (r^  - 

And  at  a  point  in  the  plane  of  xy  between  the  axis  and  the  ring’ 

&c. 


M 

TT 


f  r 

«2  r- 

d(t) 

1 ' 0  v/(c“  -  r3  siii3  (/>) 

”  8  Jo  {c 

:3  _  r3  .siii3  (/))t 

12.33  .  .  .  (2n  -  3)3  (2?i  -  1)  2«3»  |- 
23.43  .  .  .  (2n  -  2)3  (2?i)3  (2n  +  2) 


r 

J  0  (c"  —  ?’3  sin3  c^)"'’'^ 


Ac.  y. 


The  series  in  its  general  form  must  converge  at  about  the  same  rate  at  which 
these  two  particular  cases  do.'  Their  convergency  is  easily  discussed.  For 


and  r  is  >  a  +  c. 
Thus 


rrr  ^  ^  7j- 

)o  (r3  -  c3  siir  (/,)’'+i  ^  ’ 


TTr  siid”  ^  dy> 

I/O  0*0 

Jn  (?’"  —  c“  sill" 


< 


TT 


Jo  (?’"  —  c3  siir  (2c  +  a) 


< 


TT 


(2c) 


Hence  at  ail  points  in  the  plane  of  the  central  circle,  beyond  the  ring,  the  series  is 


more  convergent  than  the  series  whose  general  term  is 


(-  O".; 


2n{2n  +  2)  2"c"c”  ’ 

i.e.,  than  the  series  whose  term  is 

-  dd”. 

n  (■«  +  1)  \2cj 

Similarly  at  points  within  the  ring,  in  the  plane  of  the  central  circle,  the  series  is 
more  convergent  than  tlie  series  whose  general  term  is 


•] 


n  (n  +  1)  \2c  —  a 


*  This  consideration  of  the  convergency  was  inserted  at  the  suggestion  of  one  of  the  Referees, 
August,  1892. 
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§  8.  For  the  purposes  of  calculation,  it  is  convenient  to  transform  the  integrals  of 
Si  6  by  Landen’s  theorem. 

# _ _  o  p— _ _ 


(' 

J  (\ 


J  0  v/ “  2cr  sin  6  cos  <p  + 


2  i  2 


d(f) 


where 

and 


F  =  2- 


H- 


4F 

h  +  Ih  ’ 
d(f) 

J  0  \/l  —  sin  -  ^  ' 

Ih  -  R 
lij  +  h 


>  ’ 


R  and  R^  being  the  least  and  greatest  distances  of  the  point  r,  0,  from  the  circular 
axis  of  the  ring. 

o 

Now, 


and 


But 

Therefore 


Similarly 


Therefore 


4F 

fZF  dfi 

E 

2r  d,x 

r  dc 

djji  c  dc 

dd" 

c  dc 

dV. 

rfE  dfx 

E 

-  F 

dfjL 

c  dc 

dfj,  cdc 

d 

c  dr 

[Ca 

R2  z: 

0  1  0 

_  y-  _j_  _ 

2cr  sin 

0. 

(Hi 

r  —  r  sin  0 

4(^2  + 

R2 

— 

T>  2 

J'l 

dc 

i; 

4(4 

i 

(?Ri 

c  +  r  sin  6 

4(;2  + 

Ih 

0 

-  ];2 

[Cayley,  ‘  Ell.  Func.,’  p.  48.] 


(fr  i;  4cli. 

,  /(HL 


dr 


dc 


(R,  +  RE 


/dll  .  (HP 
(  dc  +  ^dcj  , 


(H?,  (/R 

(Ri  +  R)- 

_  Ih  -  R  Vd  +  Rd  -  4(;2 
~  Ih  +  R  2cEIh 

d-  I 

=  -  cos  xb  ; 
c 

where  if/  is  the  angle  between  R  and  R^. 
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Hence 


ciU 


d(j) 


=  4 


d 


2cr  .sin  6  cos  cf^  +  c~}  c  dc  \R  + 


If  R  +  R,  4F  ,^1 

=  ’''“li  +  n,™"' sj- 


Difterentiating  again  we  shall  find 


2c2 

IHh 


F 


4r 


0(i:  +lh)  ^  cos  l//  -  COS'  xjj-  4  C0S3  xfj  -  COR  'Ixjj 

Therefore,  at  any  external  point, 


V  = 


4F 

h  +  Ih 


i  A  COS''  ^ 


+  &c. 


7  t>  8  ^,4 


,  E  (R.  +  Ih)  [  , 


10  2  ^4 


4^2 

5  +  8  cos  rp  —  COS'  xjj  —  4  COS'”’'  xfj  —  cos  2xfj 

lillj 


2cr 

2  COS'  xp  ~  4  cos  xjj  +  cos  ‘Zip 

It  1 1 1 


+  &c.  k 


where  xp  is  the  angle  between  K  and  and  the  modnlns  of  the  elliptic  functions  is 

ip  -  Ji 

r7f  h  ' 


I  have  calculated  the  value  of  V,  retaining  only  the  terms 

4F 


R  +  R, 


1  — 


1  a2  o^l-l  ,  E  (R  +  Rda^ 

+  — ni:— 


for  the  values 


^  c  2c  3c  4c 

“  =  6-  6’  '5 


’  r;’  C, 
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and  drawn  the  equipotential  surfaces.  The  method  consisted  in  drawing  circles  of 
known  radii,  with  centres,  C  and  ;  and  finding  the  value  of  V  at  their  points  of 
intersection. 

In  the  most  unfavourable  case,  where  a  =  c,  the  value  of  the  potential  is  not  more 
than  three  per  cent,  in  error  at  any  point,  the  introduction  of  the  terms  in 
reduces  the  error  to  less  than  one  and  a  half  per  cent.  When  a  <  c,  the  approximation 
is  considerably  nearer. 


Fig.  I. 


Equipotential  surfaces  of  ring  formed  bj 


the  revolution  of  the  point  C  about  Or. 


If  Mass  =  id  I 
and  0  C  =  c  J 


Then  —  is  taken  =  I 


c 
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Fig.  2. 


Z 


Section  of  Equipotential  surfaces  of  the  ring  foiuned  by  revolution  of  shaded  ©  round  Oz. 

Mass  =  M.  OC  =  c. 

and  —  is  taken  =  1. 


/ 
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Fig.  3. 


Fiff.  4. 


■353  -964  -998 


714  -659  -614  5  74  -  540  -  510 


MDCCCXCIII. — A. 


K 


G6 
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Fig.  6. 
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Section  111. — Electric  Potential  of  an  Anchor  Ring. 


§  9.  The  potential  at  any  external  point  may  be  taken  to  be 

Aj^l^  +  +  Ct^'Aglg  +  &c. 

For  this  is  a  solution  of  Laplace’s  equation,  finite  at  all  points  outside  the  ring, 
and  vanishing  at  infinity. 

The  constants  are  to  be  determined  by  the  condition  that  at  the  surface  of  the  ring 
the  potential  is  the  constant  Vq. 

Using  the  expansions  of  §  3  (A.),  we  have  that  at  any  external  point 


Vc  —  Ai  -s  Z -|- 2 


2Z  +  1  „  .  108/  +  27 


2/ +  3  ,  12/ +  5  0 


o-  1  +  ^28  -  sq  +  ^ 

1+1  .  9/  +  3  A  ,  *  (7^  .  12/  +  11 


16  “  '  2048 

+  cos  X  <1  Ai  ( —  -  s  d - ss'j  _j_  _  j  X  d - s3 )  d-  Agcr'^' 


36/  +  51 


-1 

4.sJ 


2  ..2  .  m  +  4^  , 


+  cos2x^Ai(  18  ■«"  +  '  356  ’«‘)  + A20-qi+  8^ 


5/  +  2^  Q  ,  »  o  3s  .  .  .1 


12/  +  9 


+  ^3^"  h  +  I  )  +  A,o-' 


d-  cos  3x  I  Ai  S®  d-  Ago--  -  d-  Ago-^^  -  d-  A^o-s  J 

d-  cos  4x  j  Aj  +  Aoo-^  yIs  s"  d-  Ago-^  +  Ago-'^  ~ 


All  terms  have  been  retained  which  will,  when  R  is  put  =  a  or  s  put  =  cr,  be  of 
the  order  cr\ 

(IN  dY  _  clY 
chi  f/E  a  ds 

s  being  put  =  cr,  after  differentiation. 

Therefore 


ac 


dN_ 

dn 


=  { A.  (-  1  +  +  g  .*)  +  A,  (-  J  +  + 


-f  (r  COS  X  -I  A  V  ^  d"  A  cr^)  d-  Ag  —  1  -}-  — yA  o-'  )  ~  f  Agcr- 


+ 


(P  COS  2x  |Aj 


6A.  +  1  .  lOA  —  d  .A  ,  A  12X  +  3  , 


16 


32 


crMd- A 


3  32  cr“  —  2A3  —  lOA^o-' 


+  cos  3x  -I  Ad  2  A2  -A  -  A  3  i  -  A.  0 

,  ,  ,  I  ,  140X  +  104  .  *  .  .  *  I 

d-  o-  cos  4x  -j  A,  j^^24  +  ~  Aj.  —  24A5 1-  - 

K  2 
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The  density  at  any  point  is 
The  charge 


r2n  r27r  ] 

=  - )  I,  z;  ;;r  x) « # 


IQ  JO  477  dn 
ac  dY 


ac  d.Y  .  .  j 

-  2).  &<’  - 


=  77  A 


This  value  is  evidently  correct,  for  the  potential  at  a  great  distance  is  or 


Ai 


dcf) 


77  A;^ 


0  \/ +  c®  —  2cr  sin  0  cos  cj) 


Putting  s  =  (T  in  the  expression  for  V,  we  find 


A,= 


A3  — 


,  /X  +  I  12X2  4.  23X  +  8  o 
- 64 - 


,  /X  12X2  +  21X-1 
Ai  - - -  O- 


Ai 


16 
A  -  f 
128 


A6  = 


5X  -  6 
6144 


256 


Substituting  these  values  we  find  that 


Ai  fx  ,  o  4X2  +  8X  +  5  _.3  ,  192X3  +  416X2 +^48X  +  171  ^ 


Vo  =  ^-^  X  +  2- 


16 


2048 


(T 


,  kc. 


and 


477  dll  477ffC 


,  ,2X+1  24x2  +  7  „\/^2 

1—1  — - V. - o-'  -  +0-  COS  X 


/8X  -  1  36X2  +  X  +  1  ■ 

V  "I6  ~  128 


64 


a" )  cr"  cos  2x  — 


16X  -  3  „  „  11  (8X  -  1)  , 

- 0-3  (jog  3^ - fb24~ 


64 


[The  capacity  (q) 


:=  ttAJY 


TTCj\X+^ 


4X2  +  8X  +  5  ^  192X3  +  416X2  +  448X  +  171 

—  CT'  +  - - rTTZ -  CT' 


16 


2048 
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When 


cr  =  1 

X  = 

2-3820 

--  =  4-3820  - 

•0286  -h  -0003 

cr  =  2 

X  = 

1-6889 

=  3-6889  - 
a 

-0798  +  -0022 

cr  —  S 

X  = 

1-2834 

—  =  3-2834  - 
!? 

-1229  +  -0073 

cr  =  4 

X  = 

-9957 

=  2-9957  - 

<1 

-1691  +  -0152 

cr  =  5 

X  = 

-7726 

—  =  2-7726  - 
5 

•1818  +  -0260 

The  numbers  are  given  which  arise  from  each  term,  as  they  serve  to  indicate 
roughly  the  convergency  of  the  series. 

They  give 


q  =  -7216c 

for  (T  =  1, 

q  =  -87000 

for  cr  =  2, 

q  =  -99170 

CO 

11 

b 

q  —  I'lOOc 

for  cr  =  4, 

q  =  r200c 

for  cr  =  5, 

which  agree  with  some  figures  given  by  Mr.  Hicks  in  the  ‘  Phil.  Trans./  1881.  Aug., 
1892.] 


Section  IV. — Motion  of  an  Anchor  Ring  in  an  Infinite  Fluid. 

§  10.  All  cases  of  motion  of  an  anchor  ring  in  a  fluid  may  be  found  by 
compounding 

(i.)  Linear  motion  parallel  to  the  axis  of  the  ring. 

(ii.)  Linear  motion  jDerjDendicular  to  the  axis  of  the  ring. 

(iii.)  Rotation  round  a  diameter  of  the  central  circle. 

(iv.)  Cyclic  motion  through  the  ring. 

Let  $  be  the  velocity  potential  in  cases  (i.),  (ii.),  or  (iii.),  and  be  Stokes’  stream¬ 
line  function  in  cases  (i.)  or  (iv.). 

Then  (a)  <I>  and  'F  are  single-valued  functions ; 

ih)  They  and  their  differential  coefficients  are  finite  and  continuous  at  all 
points  of  the  fluid,  and  vanish  at  infinity  ; 

(c)  <1)  satisfies  the  equation  =  0,  and  satisfies  the  equation 


cm  _  1  ^ 

dz“  us  dm 
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{d)  d^jdn  has  a  definite  value  at  the  surface  of  the  ring  ; 
has  a  definite  value  at  the  surface  of  the  ring. 

The  different  cases  must  be  considered  separately. 

Let  the  figure  represent  a  section  of  the  anchor  ring  through  the  axis  Oz,  at  an 
azimuth  (ji. 


z 


Let  P  be  a  point  on  the  surface  and  let  ^  OOP  = 

(i.)  When  the  ring  moves  parallel  to  Oz,  with  velocity  w  ; 

—  =  tysmy. 
an  ^ 


(ii.)  When  it  moves  parallel  to  Ox  with  velocity  u, 


~  —  u  cos  y  cos  <&. 

cm  ^ 

(iii.)  When  it  rotates  round  Oy  with  angular  velocity  cu^, 


fin 


=  —  Cwo  sin  y  cos  (f). 


The  stream  function  for  motion  parallel  to  Oz,  with  velocity  iv,  satisfies  at  the 
surface  the  equation 

(i.)  =  0-\-^  ID  {c  —  a  cos  x)’^- 

For  the  cyclic  motion, 

(iv.)  =  C'  at  the  surface  of  the  ring. 

The  formulae  of  Section  I.  show  that  we  may  take 

«!>  =  |Ai  +  Aocr +  &c.|  in  case  (i.) 

<t>  =  [A^Jj  +  A^n^Ja  +  A^a'^Jg-  +  &c.}  cos  </>  in  case  (ii.) 

r  .  .  j  .n  1  I'  \ 

q>  =  1  Ai  -  +  A.xd  —r  +  AoU^'  +  &c.  1  cos  6  in  case  (iii.), 

^^dz  -^dz  -^dz  ''  ' 
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and  that  we  may  also  take 

'ir  =  r  sin  6  +  AgCt^Jg  +  &c.}  in  cases  (i.)  and  (iv.). 


Aj,  Ag,  &c.,  are  constants  which  must  be  found  separately  in  each  case. 

§  11.  Motion  Parallel  to  the  Axis  of  the  Ring. 

Let  the  ring  move  with  velocitji^  lo  parallel  to  its  axis. 

The  value  of  the  normal  velocity  is  iv  sin  y  at  the  surface  of  tlie  ring. 

At  the  surface  of  the  ring  E,  =  a. 

Let  cr  =  ajc  =:  value  of  ^  or  E/c  at  the  surface  of  the  ring. 

Let  X  =  log  8c/u  —  2  =  value  of  I  or  log  8c/E  —  2  at  the  surface  of  the  ring. 
Let  us  assume  that 


dl. 


-t  =  A,  4^1  +  +  he. 

^  dz  ^  dz  '  ^dz 


Then  A-^  Aj,  &c.,  are  to  be  chosen,  so  that 


i.e. 


d(h 

=  tv  sm 
dn 


X’ 


d(b 

-  =  Cic  sm  X. 


Differentiating  the  formulae  (B)  of  §  3,  we  find 


d  (dl^ 


ds\dz  I  cV 


=  —  i  sm  X  — 


4^  +  1-  ,  g  •o\2  f6l  +  S  .  ^  .  ^\‘:i 

sm  X  4-  3^  sm  3x )  sm  2x  +  ah  sm  4x ) 


31 


^  sin  X  +  ^^^2048^^^  } 


\  256 


I  (§)  =  "X  +  (I  sin  X  +  i  sin  W  « 

—  (^^4  ^  X  +  -AV  sin  3x  +  lia  sin  5x)  —  *>=.  | 

d  fdlA  2 !  r  .  / K  .  .  1  •  \ 

+  (tI  sin  X  +  M  sin  3x  +  sin  5x)s®  +  &c.  j 
=  4x  +  sin  3x  +  I  sin  5x)  5  +  •  •  -j 


ds\dzl 
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At  the  surface  of  the  ring  s  a  =  ajc  :  and  we  have  the  following  equations  to 
determine  the  constants  : — 


A  I  1  "t  1  0  18X  +  3 

1 - ” 


I  (A  +  3 
i  “  “  32~ 


-  A- 


256 

o-A  +  2A3  + A3  5o-2=  0 

j 

360X  +  183 


127i  +  1 
64 


cr"^ )  -j-  Ao  =  <^CW 


+  A,(i  -  +  A3(6  +  H  cr=)  +  =  0 


2048 

~  btAi  +  Ag  +  24A4  =  0 

~  i^^Ai  —  Tfs-Ag  +  wg  Ag  +  IA4  +  12OA5  =  0 


These  equations  give 


3  — 


Thus 


Ai 
Ag 
A 
A4  = 
Ag- 

$  = 


^  .  4X  +  1  ,  ,  16X2  +  8X 

^  ^  ^ 


12X  +  1  ,  , 

cT^a-civ. 

1  ,  360X  +  57f  o 

1  H - - -  cr\.  I  crcu'. 


I, 


O’"  !-a^c«’. 

J 


64 

1 

384 

5 

oil 


64 


ci^ciD. 


a^cw. 


0  I  A  4x  +  1  ^ 

Cl-'CIV  *1  (  1  +  —  CT'  . 


dlj  12X  +  I  .TO  din  .  ] 


The  kinetic  energy  is  given  by  the  equation 


2T  = 


d)  —  c/S 
an 


-.ff 

=  —  pry  277  (c  —  a  cos  y)  sin  y  d)  ac/y 
J  0 


=:  —  27TpaCW 


ac 


sin  Y  —  -  SI 


J  0 


X  -  dsm  2x)dir/x 


o  O  r  A  /i  I  ^  «  Ox  +  9  n\ 

=  “^-P 7.  Ai (^  +  WW  -  'asiT  J 


o-  ]  +  A0O-"  d  + 


12X  +  1  .T 


64 


C7~^  +  AgO-^lj 


A7  "  I  1  I  ”t  1  9  I  ^  +  8X  —  23 

=  Mry-"  ^  1  +  O’  H - 773 -  o-^  +  •  • 


16 


512 


where  M  is  the  mass  of  the  fluid  displaced. 
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§  12.  Velocity  Potential  for  a  Ring  moving  at  Right  Angles  to  its  The 

velocity  potential  $  is  of  the  form 

{ J  j  +  A^a^J 2  +  AgPi 3  •  •  • }  cos  (^. 

The  constants  are  to  be  determined  from  the  condition  that  the  normal  velocity  at 
the  surface  of  the  ring  is  —  w  cos  y;  cos  (f). 

Thus 

U  COS  V  COS  (b 

dR  ^  ^ 

d(R 

=  —  Cll  COS  X  COS  <p. 


Now  the  formulae  (C)  of  §  3  give  on  differentiation 


^  _  1 

ds  cs 


.  .  2 

1  +  s  cos  X  + 


31  -  1 


.  6/  -  11  ^  \  2 

+  “HT  ^  cos  2x  ) 


128 


4  '  16 

COSX+  cos  3  X)  S' 

,  2m  -  83  ^  , 

+  192  + 


,  /m  -  30  ,15^-28  „  \  c 

I  - -  Or\C!  -V/  -J_  - - —  ^  -vy  1 


,  /135^  -  27  .  240Z  -  83  ^  ,  420Z  -  809  ,  ^ 

+  ( - -  + - HLT-  COs2x  + - CCS  4x  + 


1072 


(fh _ L  J  _ 

ds  [ 


S  f  4:1  +  n  \  ^ 

COS  X  -  2  “  (-  32  “  cos  X  -  ^2  cos  3x )  s- 


+ 


121  -  1  12/  +  13 


64 


,  /54/  -  15 


32  cos  2x  +  ti  cos  4x ) 
105/  +  61 


256 


cos  3x  +  -^4^  cos  5x  + 


ds 


I  -  2  cos  2x  -  cos  X  +  i  cos  3xj  s  -  ^  .s~ 


+ 


/  20/  +  107  i‘>i  o  L'i  1 

- cos  X  +  m  cos  3x  +  rf  8  cos  dxjs^  +  ...}■ 


df 

ds 


6  cos  3x  —  (10  cos  2x  +  cos  4x)  s 

-  ( V  cos  X  +  fi  cos  3x  +  -re  cos  5x)  + 


..}■ 


f/J.  1  . 

7s’  -  ^  -  24  cos  4x  —  cos  3x  +  f  cos  5x)  5  -  .  .  •  j. 


7s"  -  (“  120  cos  5x  -  .  . 


ds  c“s' 
MDCCCXCTir. — A. 
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Therefore,  the  equations  giving  A^,  Ag,  &c.,  are 


A.  (-  1  +  A,cr=(-  i  + 


(\-2  .  99\-.30 

V  2 


K  i  I  ~  ^  \  \  s  1  1  4X,  +  17  0,  ,  54X,  —  15  4 

(  A  ’  + - ^ —  O'  )  +  ^2  (  -  ^ - 55 —  0--  H - —  cr^ 


32 


+  Agcr^  -I- 


25G 
20X  +  107 


,  /6X  -  11  ,  240X  -  83  „  ,  ,  , 

A 1  (  +  - 755 - o-'  )  +  A^cr- 


192 


3-  \  4  64 

12X  +  13\ 


o-M-^A,cr^  = 


—  c^w. 


- - J  _  2A3  -  lOor^A,  =  0. 


.  loX  —  28  A  /  t  +  61  0  1  .  ,  1  1  21 

A, - - +  A2(+3% - — <T-)+  A3(-i  + AVo--) 


A, 


64 

420\  -  809 
3072 


+  A,(-6-fic.‘2)-if^cx^A3 

+  A3  —  A4,  ~  24 Ag  =  0, 

2¥4^8  A3  +  tIs  A3  -  A,  -  I  Ag  -  120Ag  =  0. 


=  0. 


These  equations  give 

A,=  -|(l- 


r2\ 


.  I  ,  12X  +  1  „  ,  48X2  +  344X  +  159  ,  >  , 

- +  - 1024 - 


.  18X  +  7  o 

As  = - o--  c-u. 


A,= 


64 


24X  +  25 
384 


cr"  )  cht. 


384 


0 

C-'U. 


.  0  .. 

=  Tii 


The  kinetic  energy  is  given  by  the  equation 


>T=  -  Ik'^r/S 

an 


n2rT 

(A^Ji  +  AsOA'J  4- . .  , }  cos  (f)  u  cos  y  cos  (f>  {c  —  a  cos  y)  a  7y  d(() 

n 


'0  •'0 

TTCICU 


{AiJi  +  .  .  .}|cosy  -  f  -  2  cos  2yj% 
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This  is  evaluated  by  picking  out  the  coefficients  of  cos  y;,  &c.,  in  the  expansions  of 
J^,  Jg,  &c.,  given  in  §  3  (C),  and 


z=\Trau  s  A;i  (  — 


X  +  1 


o-  + 


3a,  -(-  0 


cr3  +Ag  cr- 


20X  +  17 
32 


0-3  + 


18X  +  29  . 


O' 


256 

-f"  A3  -f  0-3  -h  A^  cr'^ 


Mid 


1  - 


12X  +  5  .  144X2  +  24X  +  57 


16 


0-^  + 
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cr 


§  13.  Ring  rotating  about  a  Line  through  its  Centre  in  the  Plane  of  its  Central 
Circle.  —  The  velocity  potential  4>  may  be  taken  to  be  of  the  form 

Ai  +  A^a^  I  cos  (b. 

'■dz  "  dz  J  ^ 

The  coastants  A^  Ao,  &c.,  are  determined  by  the  boundary  condition 


or 


y  =  —  cwo  sin  ^  cos  (f), 
ds  ~  ~  ^ 


dll 

d<P 


Differentiating  the  formulas  (D)  of  §  3, 


d  /dJ, 


ds  \  dz  I 


If.  /12/-1  .  3  ■  o  ^  - 


.  +  1-0  5  •  ,  \  3 

+  Sin  2x  -  A  «in  4x  1  s3 

,  /m  -  3  .  ,  1080^  +  ^  „  1  O'  •  -  \  .1 

+  '  2048  ^  ^ 


I  (5)  {2  sin  2x  +  (f  sin  x  +  i  sin  3x)s 

/  35Z  —  0,  ‘X  *  rt  1 

+  (  g4  sin  X  -  tIs  sin  3x  -  yls  sm  5x  )  +  .  •  r 


d 


ds  \  dz 


d  /dP 


^  {6  sin  3x  +  (5  sin  2x  +  sin  4x)  s 

Ct  a 

+  (¥  sin  X  +  TF  sin  3x  +  -h  sin  5x)  +  .  .  .} 


ds  \  dz 

d/dj, 

ds  \  dz 


J-.  (24  sin  4x  +  sin  3x  +  |  sin  5x)  s  + 


C“S' 


> 

• } 


=  ^  120  sin  5x+  .  . 


L  2 
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The  equations  to  determine  A^,  Ag,  &c.,  are,  therefore, 


Ai  1  +  cr-  +  — o-M  +  A30"  I  +  o- 


Ai  0--  +  2A3  +  SAjo-'  =  0 


6T 


+  Agcr^  -g-  =  —  a-c~(02 


A,  (-  A  +  o^)  +  AAi  -  T-is  +  A3  (6  +  \i  <r=)  +  A,  ^3'^  =  « 

~  6^  -^1  +  ^3  +  2-i^r  =  d 


~  ~  xts  ^3  +  1-6  -^3  +  f  +  120  Aj  —  0 

These  equations  give 


=  -  1  - 


12\  -  1  ,  ,  144X2  _  168X  +  21  T\  ,  , 

+  - “TRYI - O'  «  ; 


32 


1024 


.  o6X  +  /  o  5  .1 

^'2  —  ^ - 12^  o-.crc'wa; 


A. 


f  ^  ,  42X  +  7^\  o\  0  o 


64 


512 


o-''  I  crc'Wo  ; 


A,= 


1  o,  9 

3  8  4  (X  C  W-i’, 


A.  =  - 


^  9  9 


The  kinetic  energy  is  given  bj"  the  equation 


n2n 

0 


ccoo  sin  ^{c  —  a  cos  x)(Af +  A3a^f +..  .  j  cos®  (f)  a  dx 


rZn  ^ 

=  77«c®w2  (sin  X  -  2  sin  x)  (Ai  • 

12X-1  „  .  144X2  _  I68X  +  21  ^ 


=  7r®tt®c^Wo® -I  (  1 


32 


o-®  + 


1024 


o-M  1 


12  X  4- 15 
32 


"  I 

o-'  + 


6X  +  11 
256 


cr 


36x  +  7  o  ,  1  74 

J  +  64-8  0-^ 


,,  c2a),;2  f ,  12X  +  7  .  .  18X2  _  3X  +  5  ^ 

=  M-^  1  -■  — 0-+ - - 0-* 
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§  14. — Stream  Line  Function  for  a  Ring  moving  parallel  to  its  Axis,  and  for  the 
Cyclic  Motion  through  the  Ring. — Let  the  velocity  of  the  ring  be  iv,  and  the  circula¬ 
tion  be  K. 

Let  xjf  be  the  stream-line  function. 

Then 

Cpyjr  1  d\Jr 

dA  dxs^  m  duj 


at  all  points  of  the  fluid. 

At  the  surface  of  the  ring 


xp  —  =  const., 


or 


xjj  =  Ak  ( B  —  cr  cos  y  +  ^  cos  2^^ 


We  may  therefore  assume  xp  to  be  of  the  form 

{A,J  -f  A^a^JgCT  -f  Aga^JgCT  -f  ,  .  .]. 

Using  the  values  of  Joct,  &c.,  given  in  §  4  (E), 

The  equations  giving  the  constants  A^,  Aj,  &c.,  are 


- 


16 


^.  +  1  ,  3A.  -f-  5 


2048 


+  Ao 


cr 


o  /2X  -  3  ,  20X  +  47  o' 


+ 


128 


+  -^3' 


52\  -  57 


=  A/c  -f  Biyc~ 


d- 


64 


cr'^  +Ajl- 


20X  +  17  o 


12\  +  17  . 


768 


-i- 


cr" 


8X  -h  1  o 


-h  Ag  ^  cr”  =  —  IVC^ 


64 


O’"  +  ^3  (1  —  I  O'")  +  2A40-”  = 


1  192  .  32  4  ~  ^ 

.  15X  —  8  A,  A.,  A,  . 

“  “  128  “  32  ~  2“  +  =  0- 


Another  equation  is  found  by  using  the  fact  that  the  circulation  is  k. 

Integrating  round  a  circle  concentric  with  the  crosss-ection  (radius  <  c),  we  have 
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Differentiating  the  equations  of  §  3  (E), 


^  If  .  I  .  /^  +  2  21-1 

-  ( JiCt)  =  -  j  -  1  _  -  s  cos  X  +  (  - rrr-  cos 


dli 


16 


2x)^ 


+ 


9/  +  12 
64 


3^  _  o 

- 3x)s'  + 


3^  +  2  .  6Z  +  7 


128 


+ 


96 


o  60^  -  47 
cos2x - ^^7^cos4x 


(Z  1  [  s  /20Z-3  ,  ,  .  .  , 

>  (Jottr)  =  —  i  _  cos  X  -  -  ^  cos  X  +  ti  cos  3x  )s~ 


clR 


/20Z  +  37  3Z-1  \  . 

+  (  — - cos  2x  -  A  cos  4x  j  + 


64 


^  (Js^)  =  ( -  2  cos  2x  -  (I  cos  X  -  i  cos  3x)  s  -  ^ sE  .  . 


f/li 


Also 


1  1  / 

=  ;(i  -  5 cos x)"^ 


c  —  R  cos  X 


_  1  J  1  _t_  I  O  ^  /  1  L  L  '■ 

=  ;'  +  ,  +  ■ »  +  2  oos  X  5  1  +  ^  +  - 


*■>  5  /t  -4.' 

06''  .  06^ 


4  '  8 

,2 

4 


+  2  cos  2x  ^(1  +  5®)  +  2  cos  3x  ^  +  . 


Therefore 
2-  d 


(Jl-) 


R  dx 


2ir 


J 0  fZR  c  —  R  cos  X  c 


3s^ 


-  -  41  +  2  +  J  +  ...)  1  -  4 


I  + 


6'^  — 


3Z  +  2 
128 


Similarly 


Therefore 


27r 


R  fZx 


'2rr 


~  f,  Ir 


Rcosx 

c  —  R  cos  X 
&c. 


=  3 


27r 


/f 


^TT 

C 


Ai  +  ^  +  o  -r  +  •  ■ 


Stt 

=  —  {A]  +  A;jcr'"  4-  oAgcr'*  +  &c.]. 
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Thus  we  have,  in  addition  to  the  equations  above,  for  the  determinations  of 
A^,  Ag,  &c., 

ICC 

A]  4"  Agcr'^  +  +  &c.  =  — 

Solving  the  equations 


4A  +  1 


A.  =  »V  1- 


KC 


A  +  1  „  4A3  +  17X  +  G 


cr-"  — 


64 


A,  =  -  wcH  1  +  o-A  +  —  o-«) 


Aq  =  —  wc^cr^ 


12a  —  1  ,  /ce  /3A  +  2  .  12A"  +  A  +  1 


A^  =  -  wc^  + 

A5=  + 


128  277  V  16 

KC  9A  +  10 


+ 


256 


cr~ 


277  384 

KC  81A  +  56 
^  18432 


Substituting  these  values  we  obtain 


A  7 

B 


c  r  4a2  +  8A  +  1  „  2a3  +  9a2  +  6A 

277  1^  16  64 


_  4Jl 


:t  2  + 

-  (X 


=  (T~ 


2A  +  3  .  4A2  +  5A  -  2 


+ 


64 


The  kinetic  energy  is  given  by  the  equation 


•  ad 


X 


-R  =  a 


=  -  Trp 


TTp 


yjj'  d\fr 

Jq  [^(a) 

2tt 

A/c  +  VC-  ( B  —  cr  cn.s  Y  +  A  co.s  2y) 

A,  ^  A. 


r:i*-+ 


c  —  a  cos  X 


ivc^  fB-1 


lyjr 


adx 


'  d 


a  ax 


1  fZi|r\ 

~  ^  rfR/ 
irpacio  .  clyjr  , 

“  2^j„  (l-<^«0'^x)5rdx 


VpAK^  d-  Trpc^  ^B  —  ^ - ~jKW 

+  7T~plVC  I  Ai  ^  1  —  O-^  + 


3A  +  5 
64 


cr 


-  A 


20a  +  17 
^  32 


+  I  AqO-^ 


=  Trp  \  Ak^  + 


4A2  +  5A  -  2 


64 


+  1  + 


4A  +  1 
16 


CT' 


J 
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Ths  coefficient  of  kiv  vanishes,  as  it  necessarily  should  (Basset,  ‘  Hydrodynamics,’ 
vol.  1,  art.  17 1),  and  the  kinetic  energy  of  the  forward  motion  and  the  cyclic  motion 
is  given  by 


2T=rMir3(l  +  -^-0-3  + 


/ 


I  0  ,  \  dX."  +  8X  +  1  p 
+  pc  K-  (X - - 0-2 


2X3  +  9x2  +  GX  - 

64 


The  first  part  of  this  result  agrees,  as  far  as  it  goes,  with  the  result  of  §  11 . 

§  15.  As  the  cyclic  motion  through  a  ring  is  of  considerable  interest,  it  seems  worth 
while  to  give  other  proofs  of  some  of  the  above  results. 

To  find  the  circulation  we  may  integrate  the  velocity  along  the  axis  of  the  ring 
from  —  00  to  00,  and  then  along  a  semicircle  from  co  to  —  co. 


t/;  =  {A|J;^rrr  d- 


The  velocity  of  the  fluid  at  any  point  on  the  axis  is  the  limit  of 
indefinitely  small. 

Consider  the  part  arising  from  the  term  A^J^ct  or 


1  d^lr 
nr  dus 


where  tit  is 


d' 


nr  COS  (f)  d(j) 


y/ —  2nTC  COS  (j)  +  c~) 


It  =  limit  of 


:•  A  r 

nr  dcT  1 

Jo 


w  COS  d<p 


y/ (z~  +  —  2nrC  COS  (p  +  c”) 


1*  •  ^  £•  j  Aj  (.i.~  A  c  ctc  cos  (pij  I  1  I 

=  limit  ot  1  -  ,  -  3  - cos  <p  d(p 

{z^  +  —  2vjc  cos  (p  +  c~y  ^  ^ 

'0 


=  limit  of 


A, 


nr  (z~  A  c^y 


1  — 


me  cos  <p 

o  ,  o 

z"  A  c" 


1  “b  .,2 


me  cos  <p\ 


A  C' 


cos  (p  d(p 


ttA^c 

(.2  AC^)?- 

We  may  notice  that  at  the  centre  of  the  ring  this 

ttA, 

c~ 

*  As  we  are  only  considering  the  cyclic  motion,  only  the  parts  of  A^,  An,  &c.,  which  involve  v,  are 
denoted  by  these  letters  now. 
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Again,  the  part  of  the  velocity  of  the  fluid  arising  from  the  term  A^J^Tir  in  the 
stream  function  along  an  arc  of  a  very  great  circle  whose  centi'e  is  at  the  origin,  is  the 

limit  of- 


Aj  P  sin  6  (c“  —  cr  sin  6  cos  cf)) 


=  limit  of - 7~  5 — r — A — ^ ,  cos  (f)  d(f) 

r  sin  ^  J  0  (r^  He-  —  Icr  sin  6  cos  (/>)«  ^  ^ 

TT  AjC  sin  6 
2  r® 

Therefore,  the  part  of  the  circulation  rising  from  the  term  of  the  stream 

function  is 


ttA^c  ,  ,  G  7rA,csin0 


TT 


=  "  A,. 


d 


Now  the  part  arising  from  or  —  AjCr—  is  obtained  by  differentia- 

c  tic 

tion  with  respect  to  c,  and 


_  A  o  SVT 
—  "^2^^  g3  ' 


Therefore,  the  circulation  is  given  by 

27r  I 


K  ~ 


I A  fl-  AgC^  -j-  1  .  3  A^cr'^  -h  1.3.5.  A^  c*’  fl-  .  .  .  | , 

agreeing  with  the  result  already  obtained. 

We  also  see  that  the  velocity  of  the  fluid  at  the  centre  of  the  ring  is 


'TtA.  ,  „  d  ITT 


c  dc  \c^ 


-f-  .  .  .  —  {Aj  -h  2cr'Ao  +  8(t‘’'A3  -f-  •  .  . 


The  kinetic  energy  of  the  cyclic  motion  may  be  obtained  simply  in  the  following 
way— 

fZfl) 


2T  =  ,  If  A 


the  integral  being  taken  over  a  barrier. 
This 


1  d-^r 
dvj 


dzs  d  (f) 


=  'IirpK 


dzs 


MDCCCXCIII. — A. 


=  ‘llTpK  (l/lR  — 
M 


82 


MR.  F.  W.  DYSON  ON  THE  POTENTIAL  OF  AN  ANCHOR  RING. 


where  t/ijj  denotes  the  value  of  ifj  at  the  surface  of  the  ring  and  ifjj^  at  the  axis.  This 
result  applies  to  the  cyclic  motion  through  a  circular  ring  of  any  cross-section. 

We  have  taken  1/;,^  to  be  zero,  and  called  x{/^,  A  :  so  that  we  have  T  =  npK  A. 

The  Linear  Momentum  of  the  Cyclic  Motion  is  parallel  to  the  axis  of  the  ring  and 


=  p  III  —  to  cZtjy  dz  dff) : 


This  integral 


the  integral  being  taken  all  over  the  fluid. 

=  47rp  I  dz  1^^  drn 

=  47rp  [  +  V'E'  —  '/'a)  dz  -f  47rp  [  {xp^  —  xpf)  dz. 

Jo  j  ft 


We  have  taken  xpj^  =  0. 

xp  is  constant  on  the  ring,  so  that 


Therefore,  the  resultant  linear  momentum 

=  47rp  f  xp^  dz, 

J  0 

where  ip^  means  the  value  of  xp  at  an  Infinite  distance  from  the  axis. 
Consider  first  the  part  of  xp^  arising  from  the  term  A^J^nT. 

This  is  the  limit  of 

w  cos  <p  dtp) 

1 0  ‘Z  (z"  +  d  —  2(7rc  cos  cp  + 


A.f 


where  ct  is  infinite. 
This 


=  Af 

J  0 


,  niC  COS  (/>  I  ,  7  , 


.  TT  cm“ 

=  A,;: 


2  + 


.9X5  ' 
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Therefore  the  momentum  of  the  cyclic  motion  is 


=  '27T^pc  [A  I  —  ^2  0"^  —  -^3  —  1  •  3 .  cr®  —  1 . 3 . 5  .  Ag  cr®  +  .  .  . } 

=  TT-Kpc  I  1  —  (X  +  1  )  0--  —  ^  —  &C.  I  . 

§  16.  The  cyclic  motion  might  have  been  started  by  applying  an  impulsive 
pressure  Kp  at  all  points  of  the  aperture  of  the  ring,  this  would  produce  an 
impulsive  pressure  at  all  points  of  the  ring.  To  determine  this,  the  velocity 
potential  of  the  cyclic  must  be  found  at  these  points.  It  is  easy  to  find  an 
expression  for  the  velocity  potential  at  points  not  far  from  the  surface  of  the  ring. 

For 


Airp 


IT 


A^c  —  Ao  — 
"  c 


.  ft® 

-  1-3.A^. - 


cl^  _  1  fZ-v/r 

Tss  f?E 

~  ~~  w  JgCT  +  .  .  .  } 


Ai 


cR  (1  —  s  cos 


1  +  ^  s  cos  X  — 

9/  +  13 


1  +  2  21-1 
4  ~  16 

31-2 


cos  I  ^ 


64 


cos  X  — 


64 


cos  3y  )  s® 


3Z  +  2  .  61  +  7 


128 


+ 


96 


cos  2x  — 


X 

60^  -  47 
3072 


cos  4x )  . 


+ 


Ajft^ 


(1  —  s  cos  x) 


/.3i  *a 

+ 


Agft* 


cHl®  (1  —  s  cos  x) 
A,  ft® 


c^R^  (1  —  s  cos  x) 


r  ,  s  ,  /201 -  3  .  ,  „  \  , 

jcos  X  +  2  +  (  32  X  +  3^  cos  3  x) 

/20Z  +  37  3^-1  ^  ^  \  s  . 

- ^  cos  2x- 1,^4- cos  4xy  6'^  &c. 

[2  cos  2x  +  (I  cos  X  —  i  cos  3x)  3'  -  ] 


(6  cos  3x  +  (8  cos  2x  —  cos  4x)  s]  +  &c 


Expanding  ^ - in  ascending  powers  of  cr, 

expressed  in  cosines  of  multiples  of  x 
The  term  independent  of  x  is  k/27t 
On  integration,  we  obtain 


and  multiplying,  d<t>/(./x  is  easily 


M  2 
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(Jj  =  const  +  ^  X 


TT 

\  [I  2  .3Z  +  2  .  I  +  7  o  ,  15^  +  7  ^  . 

+  7  K’T’  "  +  “Sr  *  )  X  +  (-^2^  *-  +  **)  2X 

5/  +  4  .  35^  +  20yV  4  •  , 


,  A.cr^  \(^  ,  20/ +  37  .  ,  is  ,  16/ +  21  ^ 

+  ^  [y  +  ^ ^  +  (i  +  — ^  ^ 


1024 

X 


4  '  64 

+  ^  s-  sin  3x  4-  tIs  sin  4x 
+  {^‘T  s  sin  X  +  ( t  +  I  -s-^)  sin  2x  +  i  5  sin  3x  +  3%  sin  4x] 


A„cr' 


+ 


C“S' 

AV« 


“4  '!>  sin  2x  +  2  sin  3x  +  ^  sin  4x 


I  -^5^^  i  •  A 

+  77N-  4  sin  4x. 


c*s” 


This  holds  only  at  points  not  far  from  the  surface  of  the  ring. 

At  tlie  surface  of  the  ring  s  =  cr.  Substituting  the  values  of  the  constants  given 
in  §  14,  we  find  that  here 


d>  = 


iir 


x  + 


2Y  +  3 


cr 


8X"  +  28A  +  11 
64 


cr’M  sinx  + 


16X  +15  „  . 


32 


cr'  sm  2 


X 


57X  +  49  .  I 

H - ^^^cr^sm3x  +  &c.  j-. 


This  gives  the  impulsive  ]3ressure  at  any  point  on  the  surface  of  the  ring. 
The  momentum  of  the  cyclic  motion  may  be  deduced. 

It 


=  77  (c  —  ffl)^  Kp  —  \  \  sin  X  dS 


=  TTKp  (c  —  aY  —  27ra  O  sin  ^  {c  —  a  cos  x)  dx 


=  TTKp  (c  —  a)'  —  '^^27rac  j  (sin  X  “  9  sin  2x) 


rZrr 


.  2X  +  3  8X^  +  26X  +11  ol  .  16X  +  15  „  .  ^  \  7 

X  +  i  —9  a-  H - - - -  o-'  Sin  X  + - ^3 - cr-  sin  2x )  dx 


32 


=  TTKpc^  ^1  —  2(7  d-  cr-  +  (  2cr  —  —  j  —  A-  (  -  + 


o  /2X  +  3  ,  8X2  +  26X  +  11 
64 


cr'^H- 


16X  +  15 
64 


TTKpC-  ]  1  —  (A.  +  1)  cr- 


4X2  +  5X,  -  2 


cr' 


which  agrees  with  the  result  already  obtained. 

O 
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If  the  cross-section  of  the  ring  is  very  small 


A  _ 

.a.1  — 


KC 


iTT 


and 


4.  =  const  +  +  (;¥  *  +  sin  x  +  s' 


/6^  +  7  ^  15  -f-  7  ,  .  .  . 

I - -I - 1  sin  2y 


oZ  -f  4  ^  .  35^  20-fV  4,  •  ^  , 

-f  sin  3x  +  — sin  dy  -f  . . 


But  in  this  case  <I>  is  proportional  to  fl  the  solid  angle  subtended  by  the  ring  at 
any  point. 

Hence  the  solid  angle  subtended  by  a  circular  ring  at  a  point  near  it  is 


T 1  f^+-  .  3^  +  2 

21^-X-  64 


3\  •  +  7  0  ,  15/  +  7  A  .  ,  1 

s^j  sin  X  -  (^^0^  s-'  +  -  3-3J-  s^j  sm  2x  -  &c.  | 


§  17.  The  kinetic  energy  of  the  fluid  has  been  calculated  for  the  different  motions  of 
the  ring.  To  find  the  kinetic  energy  of  the  solid  ring,  its  moments  of  inertia  round 
the  axis,  and  round  a  perpendicular  to  the  a,xis  through  its  centre  must  be  found 
Let  p  be  the  density  of  the  ring,  and  M'  be  the  mass  of  the  ring. 

The  moment  of  inertia  round  the  axis  is 


[  [  2TTp'  (c  —  R  cos  x)^  R  f^R  c^x 
JoJo 

=  IttV  |cR2)R(7R 

Jo 

=  M'  (c^  +  I  «2). 


The  moment  of  inertia  round  a  perpendicular  axis  is 


0''27rp'  (c  -  R  cos  x)  ^  Jjs  ^1,^3 

=  M'  (I  -I- 1  «=)  +  M' . 

=  M'  +  f  . 

§  18.  Therefore,  p  being  the  density  of  the  fluid,  M  and  M'  the  masses  of  the  fluid 
displaced  by  the  ring,  and  of  the  ring,  respectively,  the  kinetic  energy  is  given  by 

2T  =  P  (n2  -f  yS)  +  R^(;3  +  A 
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P 

K 

A 


M  12A  +  1  p  ,  144\2  +  24A  +  57 

2  - 612 -  ‘^6  +  M. 


T\T  /t  ,  4A  +  1  0  ,  16a®  +  8a  —  23 

M(1  +  -^o-  + 


»"-/  12X+7 

P - liT  + 


512 

ISA®  -  3A  +  5 
64 


+  M', 


cr^)  +  M'^(i+|cr^), 


C  =  M'c2(l  +  fo-2), 

„  /  4A®  +  8A  +1  0 

=  - 16 - 


2a3  +  9a®  +  6A  - 
64 


cr^  I  ; 


Also  the  linear  momentum  of  the  cyclic  motion  is  given  by 

r?  0  [-1  /\ii\o  4A®  +  5A  2 

Z  =  TTC-^Kp^l  —  (X+  l)o-" - ^ - O-^j- 

§  1 9.  The  motion  of  a  ring  in  an  infinite  fluid  is  discussed  in  Basset’s  ‘  Hydro¬ 
dynamics,’  vol.  1,  pp.  196-208. 

It  is  there  shown  that  if  a  ring  be  set  rotating  with  angular  velocity  co  about  a 
diameter  of  its  circular  axis,  it  will  make  complete  revolutions  if 


but  will  oscillate  if 


OJ 


>Za/ 


AP  (E  -  P) 


(O 


- S - 

V  AP  (R  -  P) 


Putting  in  the  values  of  the  constants,  a  very  fine  ring  will  make  complete 
revolutions  if 

"  >  “o  a/- 

Tra"  V  I 

and  will  oscillate  if 

av: 


P  T  y 


CO  < 


P  + 


A  possible  steady  motion  of  the  ring  occurs  when  it  moves  with  velocity  w  parallel 
to  the  axis,  and  has  also  an  angular  velocity  12  round  its  axis.  It  is  shown  that  this 
motion  will  be  staid e  if 


(Rjo  +  Z)  [(R  _  P)  +  Z]  +  ^  P 


is  positive. 
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Substituting,  we  see  that  the  motion  will  be  stable  for  any  value  of  12  if 


w  +  — J  [w  +  - — ,  )  >  0. 

TTfl"/  \  27r«"  (p  +  p)/ 


Therefore  the  motion  is  stable  for  all  positive  values  of  iv,  and  for  all  negative 
values  numerically  less  than 


KC 


or  numerically  greater  than 


Tra^  2  (p  +  p')  ’ 


KC 

o 

TTrt” 


The  motion  is  stable  for  values  of  w  between  these  values  if 


^  _  2p  (p  +  p'f  /  /  KJ^  _ p _ 

p'2  (p  +  2p')  \  TTcr)  \  TTcr  2  (p  +  p') 


The  greatest  value  the  right-hand  side  can  have  is 

^  p  (3p  +  2p') 

TT^  p'3 

Therefore  the  motion  is  always  stable  if 


^  / 
n>  —  V 

Tra-  V 


P  (3p  +  2p0 

'2 


Another  possible  steady  motion  of  the  ring  is  for  it  to  move  round  in  a  circle,  as  if 
it  were  a  rigid  body  attached  to  an  axis  in  the  plane  of  the  ring.  Mr.  Basset  shows 
that  if  T  be  the  time  of  a  complete  oscillation,  and  r  the  radius  of  the  circle  described 
by  the  centre  of  the  ring,  then  r  =  T/r7r .  Z/R.  When  the  ring  is  very  fine  this 
becomes 


T  CK 


r  = 


IGtt"  p  +  p' 


Section  V.—  Annular  Form  of  Rotating  Fluid. 


§  20.  In  order  that  a  surface  may  be  a  possible  figure  of  equilibrium  of  rotating 
fluid,  it  is  necessary  that  V  -f-  sin^  6  should  be  constant  over  the  boundary. 

Let  us  assume  that  p  =  a  (1  +  /3^  cos  y  +  A  cos  2^  +  ySg  cos  3^  +  .  .  •)  is  the 
equation  to  the  cross-seetion  of  the  annulus,  and  that  /3j,  ^3,  &c.,  are  small  quantities. 
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0 


Then,  by  making  C  the  centre  of  gravity  of  the  cross-section,  we  obtain  the 
equation  -f-  /So/Sg  +  .  .  .  =  0  ;  so  that  vanishes  compared  with  ySg. 

We  shall  show  that  ySg  is  of  order  cry  /Sg  of  order  cr^,  &c.,  where  cr  denotes  ajc,  and 
is  taken  fairly  small. 

To  the  first  order  of  the  small  quantities  /Sg,  /3^,  the  potential  of  the  ring  is  the 
potential  of  the  solid  ring  r  =  a,  together  with  the  potential  of  a  distribution  on  the 
ring  of  surface  density  a  cos  2y  +  /^g  cos  3y  +  cos  4y),  it  will  be  most  con¬ 
venient  to  find  the  potential  in  this  way,  and  take  account  of  the  terms  arising  from 
separately. 


§  21, — To  find  the  Potential  of  a  Surface  Distribution  0/3^  cos  2y  on  the  Ring  at 
a  Point  on  the  Axis. 

Let 


Z  OCQ  =  y  :  z  OOP  =  a  :  z  PCQ  =  f. 
OC  =  c  :  CQ  =  a  :  CP  =  Pt. 


Then 


I  cos  2(f)  cos  2a 


-  -  cos 


(T 


(f)  cos  a  —  y  cos  3(f)  cos  3a 
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since  such  integrals  as 


vanish.  Therefore 


1  sin  2(f)  P„  (cos  (f))  d(f) 
Jo 


2'rrah  ^ 

V  =  -  pj  COS  2a 


R 


IH 


cos  2(f)  P2  +  COS  2(f)  ~  cos  2(f)  P^,  + 


+  ^-2  cos  j  -  II  cos  Pi  -  ^  cos  (/)  Pi  —  .  .  .  I  d(f) 

5  S(f)  Pg  I  d(f) 


+  “H“  1^2  cos  3a  i  -  o  H5  cos  3(f)  F 


a  cr 
2  R' 


.  jr/r/) 


27r~a^c 


a- 


~  '  COS  2a  1 1  +  A  JTi  +  pG  +  •  •  • 

o  o 

ZTr^'crc  (T 


-A 


^  R 


2  cos  “  P  +  B  j;.  +  •  .  • 


(r 


_  2ir(i?c  a  ^  f  r  ,  •<  K  "  .  1 

“  R  2  ^  IP  IP  ■  f’ 


the  integrals  being  found  at  once  by  using  the  expansions  of  P^  P3,  &c.,  in  cosines 
of  multiples  of  (f). 


Substituting  now  —  for  cos  a,  ^  —  1  l*cr  cos  2a,  ^  |  for  cos  3a  :  we  find  for  the 

value  of  the  potential 


op 


4P  3c  „ 


a~ 


V  =  2«AA  j  _  I  +  (I  „v  +  «*)  i  -  f  oV  i  -  -/A-  ^  +  &c.  I 


Similarly,  the  surface  density  a/3.^  cos  3y  gives 


V  =  ^  -  Ilf  +  .  .  . 


and  the  surface  density  cos  4y  gives 


V  =  2™'>oA 
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To  find  the  jxirt  of  the  r>otential  involving  /3/. 


The  potential  of  the  ring  at  P  is  given  by 


,jr 


V  = 


277 


0  0 


{e  —  T  CO.S  y)  r  dr  d')(^ 
\/R~  —  2K?’COS  (/)  + 


=  Stt 


0°: .  p 


,3 


cpg 

3 


Pi  (COS  0) 


Now 

tlierefore 


'-’""yri  +  ts  -  E= 

p  =  a{]  +  eos  2x  +  .  .  .), 

1 1  _p  2^,  cos  2^  +  •  •  •  +  ^  +  ^  cos  Ty  + 

p3  —  ^^3  1 1  _p  3^^  2y  +  .  .  .  +  cos  4x  +  .  .  . 

&c. 

Therefore,  tlie  terms  which  will  give  rise  to  terms  of  highest  order  in  at  surface 
of  ring  are 

^  ^277 

-P 

ID 


27Tcdc/3J 


in  +  4  ^5  cos  4x  P4  (cos  40)  j  f/0 


1 


I 

S  ! 


=  2Trhdc^.fi  ^  +  I  .  fl  cos  4a 


-=2,7=c*/3/.|4  +  W'f 


Collecting  these  results,  the  potential  of  the  ring  at  P  is  given  by 


2!.%  =  r  (1  +  f )  +  ^(-  j  +  s  {-  S+  +  *-)  - 


r  5(7® 


ID  1  1024 

+  &c. 


.  fo-A  +  ift  1  +  -  McrP,  +  m  +  wm 
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§  22.  The  potential  at  any  point  external  to  the  ring  whose  polar  coordinates  are 
r,  0,  is  found  by  writing 

1  (•"  c/(f) 


ttJ  Q\/('r^  +  —  cr  sin  d  cos  0) 

instead  of  1/R,  l/R'^,  &c.,  as  in  Section  II.,  §  5. 

Instead  of  l/R,  1 /R^,  1/R®,  &c.,  we  write 


&c., 


h  R  I3 


I, 


1= 


7r  ’  TT  ’  Stt’  S.Stt  ’  3.5.77r 


Therefore,  the  potential  at  any  point  outside  the  ring  is  given  by 

V 


where 


2^, ,2,  =  All]  +  I2  +  AgaV  I3  +  &c., 

A.=  .+f 
K=-\-\<yh 

^3  =  ~  f^.2  +  (i  +  4T  ~  8  CT/dg 


"^4  —  'H  ~  2Q.)4  “  8  +  2  ^3 


A 


_  /  _  f7  *  _  0-2^2  ^  1^1 

^  ~  ^  I  2’^  256  32  8  32  / 


Using  the  expansions  given  in  §  3  (A),  the  potential  at  a  jjoint  R,  y  near  the  surface 
of  the  ring  is  given  by 


A  2/HI  2  .  108/  +  27  ,  /2/  +  3  .  12/+r)  2\  ,  a  o  36^  +  51 

,  =  A,  O  +  2  +  — 5‘  +  Ajor  ---  +  — s"  +  AjO-  — 


2/„==A,^/  +  2  +  — +  ^  ,  128  32 

,  ,,//+!  ,  9Z  +  3  ,  /I  ,  12Z  +  11  ,  ,9 

-h  cos  X  ^  Aj  (  6'  +  6'  )  d-  A^O-  (  ^  H - 5  )  +  AgO- 


64  /  '  Vs  '  32  -y  '  -  3-  45 

,  ^  /3/4  2  o  ,  20/+4d  aA  .  a  .  ^2Z  +  9  A 

-h  cos  2x  I Ai  s~  +  «  )  +  A^o-  (^5  +  '  ^4  ”  ^7 

+  AgA'  +  I  j  +  A^.cr  -2 1 

-h  cos  3x  j  Ai  -  +  Aoo-  3%  s  +  Agcr^  ~  +  A^c^®  ^ 


+  cos  4x  j  A^  ^  J208  ^  iIa  +  Agcr^  3-2  +  A^cr^  —  +  A, 

where  as  before,  I  stands  for  log  (8c/R)  —  2,  s  for  R/c,  and  cr  for  ajc  . 
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23.  At  the  surface  of  the  ring 


VH- 


is  constant.  Therefore 


V  +  "  (c-Kcosx)^ 


is  constant  at  the  surface  of  the  ring,  or 


V 


CO'^C^ 


+  -scoaxf 


27r«^ 


is  constant,  when 


Let 


be  called  f{s). 
Then 


5  =  o-  (1  +  ^3  cos  2x  d-  ^3  cos  3x  +  ^4  cos  4x). 


n  o 
M-'C 


i+  -scosxf 


2'7Ta^  47ra‘ 


/W  =/(^)  +/  (o-)  o-  (A  cos  2x  + . . .)  +  4/"(<^)  o-"- A=L^!iix . 


Now 


and 


1 

1  .  CO^C'^ 


/' (s)  -  A,  (  -  I  +  I «)  -  A,<r  £  + 


+  COS  X  i  Aj  -  — 


I  A„a  arc- 


§2  ■  27ra2  r  X 


+  |cos  2x  \  A^ 


6Z  +  1  2AgO-'  ,  eo®C“  ^  j 


16 


^1 


o  o 
CO^C' 


r  (‘I  =  ?  +  S  +  ^  -  2x. 


8  — 


o  o 

co-^C" 


Therefore,  (jf  (a)  (/Sg  cos  2  x  +  &c,) 


0  o 

0)"^'"  <J' 


=  (A^.»-A3  +  — ."-lA 


A 


H  ”  2 


+  (  7  O'  ~ 

+ 


Ao 


47ra^ 


3  o-  /Sg  cos  X 


A 


A^  (  —  1  +  -  cr^ 


Ac, 

7“'  + w 


+  Ai 


A 

4 


cr 


o  o 
CO'^C'^ 


+  1  1  -  A  -  ^  -  Ai^3  ^  cos  3x 


4  “ 

CA+  1 


Ag 

9 


A„ 


2  0 


47rffl" 


(T 


/^g  i  cos  2x 


■lira" 


2  O'  )  -  Ai^4  i  COS  4x, 
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and 


t/"  (<^)  =  A  +  A  eos  4x. 


All  terms  which  are  of  order  hig’her  than  cr'^  have  been  neglected  ;  and  throughout, 
it  has  been  assumed  that  oj^c^dTra^  is  of  zero  order  in  a,  of  the  second  order,  ySg  of 
the  third,  and  so  on — an  assumption  which  will  be  justified  by  the  result. 

The  value  of 


at  the  surface  of  the  ring  is 


+  2  +  cr^  + 


2\  +  1  ^  .  108A  +27  ^  ,  6X  +  1  „ 


2048 

,  .  /2\  +  3  ,  12X  +  5 

+  <r+ 


cr^  + 


+  A. 


32 


+  IN 


/36X  +  51  ,, 


V  32 


M  + 


(O'^C" 


4^«;n'  +  \  + 


I  [  \  1  ,  9X  +  3  ,  X  \  ,  A  /i  I  ^2X  +  11  c  ^2 

+  cosy  jAj  cr  d - o--^  +  -  o-yS^j  +  Ag^l  d - ~  ~2 

+  A,  1  o-  +  (-  2o-  -  o-ft 

+  OO.S  2x  I  A,  (' "  cr-^  +  0-*  -  ft  +  i 


256 


+  ^2(^-1-  —  2  ^  (1  +  I 


0  0  /  o 

co^C''  /  a'^ 


d-  A4  5(7  +  ^^^^2  (^2  +  ~  0-^8 

+  cos  3x  {a,  +  "**  <>•»  +  J  trft  -  ft)  +  A,  (A  0-5  -  1  ft) 

+  Aj  J  +  2A,  -  0-ft 

+  cos  4x  I  A,  .r*  +  ®A|  ^  ,.=ft  +  ^  ^ft  -  ft  + 

H"  A2  (itIf  i  /^a)  “i"  A3  (3%  cT"'  /32) 


+  A4,-  d-  6 A-  d- 


00  /  o 

/  <7" 


“  ■  47rftn2 


—  o-N 


Equating  the  coefficients  of  cos  ;)^,  cos  2;)^;,  cos  3;)^',  cos  zero,  we  obtain  four 

equations  to  find 


0  o 

co’^r/ 


47rft' 


2,  N,  N  N 


1)4 
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Substituting  the  values  of  A^,  A^,  &c,,  these  equations  are 


•2  ..2 


A 


-  .y^  1  +?  + 

iira^  '  I  / 


4X  +  3 
8 


12X  -  1  4X-1 

H - HT3  O'  +  1C  Pi  — 


128 


16 


3X  +  II-  o  ,  -  if  .1  ,  X  n  \  1  1  1  -2  1  Ih 

+'*128^'"  '8+^-1  "  '"■+  16  ‘"+™=4 

+  A  j(^  ~  IV)  J.  ~ 


n  0 

a  wC"  O’ 


4  Tra^  4 


0,  >- 


A  + 
64 


a-'+  U  +  1% 


68(X  +  t'*)  .1  I  3X  +  1  , 

- 0-"  + - 


1024 


16 


cr 


+ 


A -I-  i 

4  ^ 


A 


9  ^  , 

COV/CT'- 


cr/ 


A-iA.+  il  +  ;f4ir^^-ift)=f' 


7ra"  \  8 


(7 

4  A 


These  ecjuations  give 


(D 

IT 

Aa 

A 

A. 


=  (\  +  |)  cr— i  (\  +  fl) 

f  (A  +  tV)  4-iA(A-ii)^^ 


1  —  (A  +  D  cr- 

(X  —  -2^-)  0-=^ 

75A2  80X  4-  21  , 

- 

2o6 


■5 

12  8 


where  cr  =  ajc  and  X  =  log,,  (8c/«)  —  2, 

The  result  u^jv  =  (X  +  f )  cr  is  given  by  Mme.  Kowalewski  in  a  paper  on  Saturn’s 
rings  in  the  ‘  Astronomische  Nachrichten  ’  for  1885.  She  finds  A2  =  i  (^  +  f ) 

M.  Poincare  also  gives  oy^ln  =  (X  +  |)  cr®,  and  finds  A:j  =  |  (X  +  f)  cr^.  Both  papers 
are  given  in  Tisserand's  ‘  Mecanique  Cdleste,’  vol.  2.  The  value  found  above  has 
been  kindly  verified  for  me  by  Mr.  Herman,  Fellow  of  Trinity  College,  Cambridge. 

The  numerical  values  of  w®/7r,  Aj  given  below  when  cr  =  1%. 


11 

b 

X  =  2-3820 

A--  -0189 

As  — 

-0001 

CO 

0 

0 

0 

11 

=  -0313 

irp 

cr  =  ‘2 

X  =  1-G889 

A  =  -0570 

11 

-0004 

Ai  =  -0023 

—  =  -0970 

TTp 

cr  =  *3 

X  =  1-2834 

A3  =  -1208 

A- 

-0010 

Ai,  =  -0078 

—  =  -1836. 

TTp 

A  figure  is  given  for  the  case  of  cr  =  '3. 

The  cross-section  is  roughly  an  ellipse  whose  major  axis  is  perpendicular  to  the  axis 
of  the  ring.  The  eccentricity  of  this  ellipse  increases  with  the  angular  velocity. 
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[When  the  paper  was  read,  numerical  results  were  given  for  larger  values  of  cr. 
The  above  method  cannot,  however,  be  employed  in  such  cases.  For,  as  the 


eccentricity  of  the  cross-section  increases,  the  expression  given  for  the  potential  at 
external  points  will  become  divergent  at  the  extremity  of  the  minor  axis  of  the  cross- 
section.  A  similar  result  will  occur  if  the  potential  of  an  elliptic  cylinder  be  found  at 
external  points,  considering  it  as  an  approximation  to  a  circular  cylinder.  In  this 
case  it  is  easy  to  show  that  the  eccentricity  must  be  <  1/^/2.  Assuming  the  same 
result  for  the  case  of  a  ring,  it  will  be  seen  that  =  '2076,  the  value  the  above 
method  gives  for  cr  =  ’4,  gives  the  cross-section  of  too  great  eccentricity  for  the  series 
to  be  convergent.  That  the  series  were  divergent  for  large  values  of  was  also 
suggested  by  one  of  the  Ileferees.  Aug.,  1892.] 
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[Plate  1.] 

Cap.  I.— Inteoduction. 

The  experiments  described  in  this  memoir  were  undertaken  with  two  objects  :  in  the 
first  place,  to  obtain  information  conceiiiing  the  course  of  chemical  change  pursued  I>y 
reacting  gases;  and,  secondly,  to  examine  the  nature  of  the  “  explosion- wave  ”  in 
gaseous  mixtures  discovered  by  M.  Beethelot. 

The  idea  of  using  the  rate  of  explosion  as  a  means  of  determining  the  course  of  a 
chemical  reaction  occurred  to  me  in  1877,  when  investigating  the  influence  of  steam 
on  the  union  of  carbonic  oxide  and  oxygen.  If  steam  acts  as  a  carrier  of  oxygen  to 
the  carbonic  oxide  by  a  series  of  alternate  reductions  and  oxidations,  an  increase  in 
the  amount  of  steam  present,  beyond  that  required  to  initiate  the  reaction,  should  lie 
accompanied  by  an  increase  in  the  rate  of  combination  up  to  a  certain  limit. 
Attempts  were  therefore  made  to  detect  such  an  increase  by  measuring  the  velocity 
of  the  flame  in  a  tube.*  But  while  the  difference  in  the  rate  of  explosion  between 
the  nearly  dry  and  the  moist  gases  was  well  marked,  the  attempts  to  directly 
measure  the  rate  of  the  explosion  of  the  moist  gases  failed,  owing  to  the  great 
rapidity  of  the  flame.  In  the  spring  of  1881  I  attempted  to  measure  the  rate  of 
explosion  of  cai'bonic  oxide  and  oxygen  with  varying  quantities  of  steam  by  photo¬ 
graphing  on  a  moving  plate  the  flashes  at  the  beginning  and  end  of  a  closed  tube 
20  feet  long.  The  two  flashes  appeared  to  be  simultaneous  to  the  eye,  but  no  record 
of  the  rate  was  obtained,  for  the  apparatus  was  broken  to  pieces  by  the  violence  of 
the  explosion.  Shortly  after  this  attempt  was  made  the  first  of  the  brilliant  series  of 
papers  by  MM.  Beethelot  and  Yieille,  and  by  MM.  Mallard  and  Le  Chateliee, 
was  read  before  the  French  Academy  of  Sciences.  The  work  of  these  French  chemists 
has  opened  a  new  era  in  the  theory  of  explosions. 

*  ‘  Phil.  Trans.,’  1884,  Pt.  II.,  p.  63.5. 
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Thirty-five  years  ago  Bunsen'"  described  a  method  of  measuring  the  rapidity  of  the 
flame  in  gas  explosions.  Passing  a  mixture  of  explosive  gases  through  an  orifice  at 
the  end  of  a  tube  and  igniting  the  gases  as  they  issued  into  the  air,  he  determined  the 
rate  at  which  the  gases  must  be  driven  through  the  tube  to  prevent  the  flame 
passing  back  through  the  opening.  By  this  method  he  found  that  the  rate  of 
propagation  of  the  ignition  of  hydrogen  and  oxygen  was  34  metres  per  second,  while 
the  rate  of  ignition  of  carbonic  oxide  and  oxygen  was  less  than  1  metre  per  second. 
Bunsen  applied  these  results  to  the  rate  of  explosion  of  gases  in  closed  vessels :  his 
results  were  accepted  without  cavil  for  four  and  twenty  years. 

By  1880  facts  began  to  accumulate  which  seemed  inconsistent  with  Bunsen’s 
conclusions.  For  instance,  between  1876-80  I  had  several  times  observed  that  the 
flame  produced  l^y  igniting  a  mixture  of  moist  carbonic  oxide  and  oxygen  travelled  in 
a  long  eudiometer  too  quickly  to  be  followed  by  the  eye.  Again,  Mr.  A.  Y. 
Harcouet,!  in  his  investigation  of  an  explosion  of  coal-gas  and  air,  which  happened 
in  a  large  gas  main  near  the  Tottenham  Court  Boad  in  1880,  was  led  to  the  conclusion 
that  the  flame  travelled  at  a  rate  exceeding  100  yards  per  second.  In  the  winter  of 
1880-1  I  was  startled  by  the  rapid  increase  of  velocity  and  violence  as  a  flame  of 
carbon  bisulphide  with  nitric  oxide  travelled  down  a  long  glass  vessel. 

In  July,  1881,  two  papers  appeared  in  the  '^Comptes  Bendus,’  one  by  M.  Berthelot, 
the  other  by  MM.  Mallard  and  Le  Chatelier.  Both  papers  announced  the 
discovery  of  the  enormous  velocity  of  explosion  of  gaseous  mixtures.  Other  papers 
(|uickly  followed-  by  the  same  authors.  M.  Berthelot  made  the  important  discovery 
that  the  rate  of  explosion  rapidly  increases  from  its  point  of  origin  until  it  reaches  a 
maximum  wliich  remains  constant,  however  long  the  column  of  gases  may  be.  Each 
mixture  of  gases  has  a  definite  maximum  velocity  of  explosion.  The  rate  of  explosion 
thus  forms  a  new  physico-chemical  constant,  having  important  theoretical  and  practical 
bearings.  The  name  “  L’Onde  Explosive  ”  is  given  by  Berthelot  to  the  flame  when 
propagated  through  an  explosive  mixture  of  gases  at  the  maximum  velocity. 

While  Berthelot,  associated  with  Yieille,  w-as  measuring  the  rate  of  the 
explosion-wave  ”  for  various  mixtures  of  gases.  Mallard  and  Le  Chatelier 
continued  the  study  of  the  preliminary  phenomena  of  explosion  which  precede  the 
formation  of  the  “  wave.”  They  showed  by  photographing  on  a  revolving  cylinder  : — 
(1)  that  when  a  mixture  such  as  nitric  oxide  and  carbon  bisulphide  is  ignited  at  the 
open  end  of  a  tube,  the  flame  travels  a  certain  distance  (depending  on  the  diameter 
and  length  of  the  tube)  at  a  uniform  velocity ;  (2)  that  at  a  certain  point  in  the  tube 
vibrations  are  set  up,  which  alter  the  character  of  the  flame,  and  that  these  vibrations 
become  more  intense,  the  flame  swinging  backwards  and  forwards  with  oscillations  of 
increasing  amplitude  ;  and  (3)  that  the  flame  either  goes  out  altogether,  or  the  rest  of 
the  gas  detonates  with  extreme  velocity.  Again,  when  a  mixture  of  gases  was  fired 

*  ‘  Gasometrische  Metliodeu,’  1857. 
t  Repoi-t  to  the  Boai’cl  of  Trade. 
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near  the  closed  end  of  the  tube,  they  found  the  velocity  of  the  flame  regularly 
increased,  as  far  as  their  instruments  were  able  to  record  the  rapidly  increasing  pace. 

Mixtures  of  coal-gas  with  air,  and  of  fire-damp  with  air,  show  phenomena  of  the 
first  and  second  kind.  Ignited  at  the  open  end  of  a  tube  these  mixtures  burn  at  a 
uniform  rate  for  a  certain  distance,  and  then  the  flame  begins  to  vibrate.  The 
vibrations  acquire  greater  or  less  velocity  according  to  the  nature  of  the  mixture  and 
the  conditions  of  the  experiment  ;  but  the  third  regime  of  uniform  maximum  velocity 
is  not  set  up.  In  narrow  tubes  the  explosion  soon  dies  out. 

Cap.  II. — Berthelot’s  Experiments. 

Berthelot’s  experiments  were  made  partly  with  a  tube  of  lead,  and  partly  witli  a 
tube  of  thick  caoutchouc,  usually  5  mm.  in  internal  diameter.  The  rate  of  explosion 
was  determined  by  making  the  flame  break  two  strips  of  thin  tin  stretched  across 
the  tube,  each  carrying  a  current.  The  interval  between  the  interruption  of  the  two 
circuits  was  measured  by  a  Le  Boulenge  chronograph.  The  gases  were  fired  by  an 
electric  spark  near  one  of  the  interrupters.  To  ensure  the  fracture  of  the  strips  of  tin 
a  grain  of  fulminate  was  placed  in  a  fold  of  the  metal.  The  tube  was  40  metres  long, 
and  was  supported  on  a  wooden  screen  in  horizontal  layers. 

The  following  are  the  chief  conclusions  reached  by  Berthelot  concerning  the 
propagation  of  the  explosion- wave  in  gases  : — 

(1)  The  propagation  is  uniform.  Measurements  made  in  tubes  of  20,  -‘50,  and 
40  metres  length  show  the  same  velocity  for  the  same  mixture. 

(2)  The  velocity  is  independent  of  the  material  of  the  tube  :  the  explosion  travels 
at  the  same  rate  in  tubes  of  lead  as  in  tubes  of  caoutchouc. 

(3)  The  velocity  is  independent  of  the  diameter  of  the  tube  above  a  small  limit : 
the  explosion  travels  at  the  same  rate  in  a  tube  of  5  mm.  diameter  as  in  a  tube  of 
15  mm.  diameter. 

(4)  The  velocity  is  independent  of  the  pressure  :  the  explosion  travels  at  the  same 
rate  when  the  gas  is  under  a  pressure  of  560  mm.  as  it  does  under  a  pressure  of 
1580  mm. 

(5)  The  velocity  of  the  explosion  equals,  or  approximates  closely  to,  the  mean 
velocity  of  translation  of  the  molecules  at  the  moment  of  combination,  on  the 
supposition  that  they  retain  all  the  heat  developed  in  the  reaction.  The  rates  of 
explosion  of  some  twenty  different  mixtures  agree  with  the  theoretical  rate  calculated 
by  the  formula  of  Clausius  ; — 

e  =  29-354 

where  T  is  the  absolute  temperature  reached  in  the  explosion,  and  d  the  density  of 
the  products  of  combustion  referred  to  aii-. 
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In  the  following  tables  the  rates  of  explosion  of  simple  mixtures  as  measured  by 
Berthelot  are  compared  with  the  theoretical  velocity  of  the  products  of  combustion 
calculated  from  Clausiu's’  formula.  The  temperature  T  is  calculated  on  the  supposi¬ 
tion  (1)  that  the  gases  are  heated  at  constant  pressure,  and  (2)  that  the  specific  heat 
of  a  componnd  gas  is  the  sum  of  the  specific  heats  of  its  constituents. 

Table  T.— Berthelot’s  Experiments.  Combustible  Gases  with  Oxygen. 


Gases. 

Velocity  in  metres  per  second. 

Calculated. 

Found. 

Hydrogen . 

2831 

2810 

Carbonic  oxide . 

1940 

1090 

Marsh  gas . 

2427 

2287 

Ethane  . 

2483 

2363 

Ethylene . 

2517 

2210 

Acetylene . 

2660 

2482 

Cyanogen  . 

2490 

2195 

Table  II. — Combustible  Gases  with  Nitrous  Oxide. 


Gases. 

Velocity  in  metres  per  second. 

Calculated. 

Found. 

Hydrogen . . 

2250 

2284 

Carbonic  oxide . 

1897 

1106 

Cyanogen  . 

2198 

2036 

Berthelot  observes  that  the  formula  does  not  apply  to  mixtures  of  carbonic  oxide 
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either  with  oxygen  or  with  nitrous  oxide.  It  is  to  he  noticed  that  Berthelot  'worked 
with  dry  gases. 


Table  III.  — Mixtures  of  Combustible  Gases  with  Oxygen. 


Gases. 

Velocity  in  metres  per  second. 

Calculated. 

Found. 

Hydrogen  and  carbonic  oxide. 

(1)  H.  +  CO  +  O2  .  .  .  . 

2236 

2008 

(2)  3H2  +  2CO  +  O5  .  .  . 

2321 

2170 

Ethylene  and  hydrogen. 

(1)  CoH^  +  Ho  +  Orj 

25.51 

2417 

(2)  CgH^  +  2Ho  +  Og  . 

2588 

2579 

Ethane  and  hydrogen. 

Cstie  +  +  Og  .  .  .  .  . 

2522 

2250 

With  mixtures  of  hydrogen  and  carbonic  oxide  the  formula  is  found  to  hold  good. 
Berthelot  explains  this  by  saying  that  “  the  hydrogen  communicates  to  the  carbonic 
oxide  a  law  of  detonation  analogous  to  its  own.” 

The  general  concordance  between  the  observed  velocities  and  the  calculated  rate  of 
translation  of  the  molecules  shows,  according  to  Berthelot,  that  dissociation  plays 
but  a  small  part  in  these  phenomena,  perhaps  because  of  the  high  pressure  developed  : 
a  result  which  is  confirmed  by  the  fact  that  the  velocities  are  found  to  be  independent 
of  the  pressure. 

A  comparison  is  next  made  between  the  rates  of  explosion  of  “  isomeric  mixtures,” 
i.e.,  mixtures  of  different  gases  which  yield  the  same  products  of  combustion.  For 
instance,  the  rate  of  explosion  of  marsh  gas  and  oxygen  is  compared  with  the  rate  of 
explosion  of  a  mixture  of  ethylene,  hydrogen,  and  oxygen  yielding  identical  products  ; 
the  object  being  to  eliminate  the  influence  of  the  individual  gases  burnt.  The  same 
conclusions  are  drawn. 
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Table  IV. — Combustible  Gases  with  Oxygen  and  Nitrogen. 


Gases. 

Velocity  in  metres  per  second. 

Calcnlated. 

Fonnd. 

Ho  +  0  +  No . 

h;  +  0  +  N.; . 

(Air) 

1935 

1820 

2121 

1439 

CO  +  0  +  No . 

CO  +  0  +  N, . 

1661 

1236 

1000  ? 

r  Detonation  not 
\  propagated 

CH, +  0, +  N, . 

CH^  +■  0,  +  N, . 

CH,  +  0,  +  Rb3 . . . 

(Air) 

2002 

1744 

1450 

1858 

1151 

J  Detonation  not 
\  propagated 

CoNg  +  0^  +  Ng . 

CoNo  +  0,  +  N, . 

CoNg  +  0,  +  Ng  .  ■ . 

2334 

2152 

1920 

2044 

1203 

f  Detonation  not 
\  propagated 

When  the  explosive  gases  are  mixed  with  an  inert  gas,  nitrogen,  which  takes  no 
part  in  the  reaction,  the  same  law  holds  good — except  v>dien  the  nitrogen  is  added  in 
excess.  Before  the  gases  are  diluted  sufficiently  to  stop  the  explosion,  there  is  found 
a  marked  falling  off  in  tlie  velocity.  The  formula  gives  the  theoretically  highest  rate 
the  explosion  can  attain — a  maximum  reached  in  few  cases  only,  but  approached  in  a 
large  number. 

Berthelot’s  Conclusions. 

These  results  show,  according  to  Berthelot,  that  the  velocity  of  the  explosion- 
wave  constitutes,  for  each  inflammable  mixture,  a  true  specific  constant.  The  wave  is 
propagated  by  the  impact  of  the  products  of  combustion  of  one  layer  upon  the 
unburnt  gases  in  the  next  layer,  and  so  on  to  the  end  of  the  tube  at  the  rate  of  move¬ 
ment  of  the  products  of  combustion  themselves.  In  a  word,  the  mean  velocity  of 
translation  of  the  gaseous  molecules  retaining  the  total  vis  viva  which  corresponds 
to  the  heat  developed  in  the  reaction  may  he  regarded  as  a  limit  representing 
the  maximum  rate  of  'propagation  of  the  explosion-wave  (‘  Sur  la  Force  des  Matieres 
Explosives,’  1,  p.  159). 

If  this  theory  is  true,  it  accounts  not  only  for  the  extreme  rapidity  of  explosion  of 
gaseous  mixtures,  and  gives  us  the  means  of  calculating  the  maximum  velocity 
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obtainable  with  any  mixture  of  gases,  but  it  also  affords  us  information  on  the  specific 
heats  of  gases  at  very  high  temperatures,  and  it  explains  the  phenomena  of  detonation 
whether  of  gases  or  of  solid  or  liquid  explosives. 

Cap.  III. — Eepetition  op  Bepthelot’s  Experiments. 

§  1.  Objects  in  View. 

A  consideration  of  Berthelot’s  results,  published  in  the  ‘  Annales  de  Chimie  ’  *  in 
1883,  led  me  to  think  it  would  be  useful  to  repeat  and  extend  these  experiments.  The 
close  coincidence  between  the  rates  of  explosion  of  hydrogen,  both  with  oxygen  and 
with  nitrous  oxide,  and  the  calculated  velocities  of  the  products  of  combustion  showed 
that  the  formula  held  good  for  gases  which  could  readily  be  prepared  in  a  pure  state  ; 
and,  again,  the  great  discordance  between  the  found  and  calculated  rates  for  carbonic 
oxide,  both  with  oxygen  and  nitrous  oxide,  was  what  I  should  have  expected  from  my 
own  experiments  on  the  part  taken  by  steam  in  the  oxidation  of  carbonic  oxide.  On 
the  other  hand,  Berthelot’s  contention  that  the  gases  are  heated  at  constant 
pressure  appeared  improbable,  and  his  results  obtamed  with  the  addition  of  an  inert 
gas  seemed  to  vary  capriciously.  The  chief  objects  I  had  in  view  in  continuing  these 
experiments  were  : — 

(1)  To  determine  as  accurately  as  possible  the  rate  of  the  explosion-wave  for  some 
simple  mixtures  under  varying  conditions,  e.g.,  diameter  of  tube,  initial  pressure,  initial 
temperature. 

(2)  To  measure  the  rate  of  the  explosion-wave  in  carbonic  oxide  and  oxygen  with 
different  quantities  of  steam. 

(3)  To  compare  the  effect  of  inert  gases  and  of  excess  of  one  or  other  of  the  reacting 
gases  on  the  rate  of  explosion. 

§  2.  Methods  and  Apparatus  used. 

The  mixtures  of  hydrogen,  carbonic  oxide,  and  marsh  gas  with  oxygen  were  pre¬ 
pared  in  a  graduated  5 -feet  iron  gas-holder  over  water  ;  the  mixtures  containing 
ethylene,  acetylene,  cyanogen,  and  nitrous  oxide  were  prepared  in  a  l-foot  iron  holder 
over  mercury ;  the  mixtures  of  hydrogen  and  chlorine  were  passed  directly  from  the 
generating  and  purifying  apparatus  into  the  explosion  tube. 

The  gases  were  driven  from  the  holders  through  drying  vessels  into  the  explosion 
tube  by  placing  weights  upon  the  holders.  When  all  air-traps  were  avoided  in  the 
drying  tubes  and  connections,  very  little  diffusion  was  found  to  occur  in  driving  out 
the  air  by  the  explosive  mixture.  One  “  Drechsel”  washing  bottle  and  three  towers 
packed  with  pumice,  all  containing  boiled  oil  of  vitriol,  were  usually  employed  as 
drying  vessels.  When  the  explosive  mixture  contained  either  ethylene  or  acetylene 

*  ‘Ann.  Ckim.  et  Phys.,’  [V.]  vol.  28  ;  also  ‘  Snr  la  force  des  Matieres  Explosives,’  vol.  1.,  cbap.  7. 
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the  gas  was  driven  from  the  mercury  holder  through  one  washing  bottle  containing 
strong  aqueous  potash  and  through  two  towers  packed  with  lumps  of  caustic  potash. 
The  cyanogen  mixtures  were  passed  direct  from  the  mercury  holder  into  the  explosion 
tube,  the  gases  having  been  dried  in  preparation. 

The  explosion  tube  was,  in  most  of  the  experiments,  a  leaden  pipe,  100  metres  long 
and  9  mm.  in  diameter.  With  some  of  the  more  violent  explosives — e.g.,  cyanogen 
and  acetylene,  a  leaden  tube  of  6 '5  mm.  was  used;  and  in  the  chlorine  experiments 
straight  wrought-iron  pipes  lined  with  glass  were  employed. 

The  leaden  tube  was,  in  most  cases,  coiled  on  a  drum,  2  feet  in  diameter,  which 
was  immersed  in  an  iron  vessel  containing  water.  By  heating  the  water  and  pumping 
dry  air  through  the  tube,  the  ap])aratus  could  be  quickly  dried  after  an  explosion  in 
which  water  was  formed.  For  determinations  of  the  rate  of  explosion  of  gases  at 
100°  C,  this  arrangement  was  also  suitable.  Two  inconv-eniences  arose  from  this  dis¬ 
position  of  the  pipe  ;  (1)  the  difficulty  of  determining  its  exact  length,  and  (2)  the 
uncertainty  whether  the  explosion-wave  was  propagated  along  the  axis  of  the  coiled 
pipe,  or  whether  it  followed  a  shorter  path  nearer  to  the  inside  wall. 

It  was  found  impossible  to  coil  a  small  leaden  pipe  without  lengthening  it  appreci¬ 
ably  ;  the  outside  of  the  tube  was  therefore  measured  after  each  coil  was  wound  on 
the  drum,  and  the  length  of  the  axis  of  the  pipe  calculated.  After  a  series  of  experi¬ 
ments  the  coils  were  then  unwound,  by  rolling  the  drum  along  a  corridor,  and  the 
length  was  measured  directly.  The  length  so  obtained  did  not  vary  more  than  an 
inch,  or  at  most  two,  from  that  calculated  on  winding. 

To  determine  whether  the  flame  was  propagated  centrally,  or  whether  it  took  a 
shorter  cut,  measurements  of  the  rate  of  explosion  of  samples  of  oxygen  and  hydrogen 
from  the  same  mixture  were  made  alternately,  in  a  leaden  pipe  9  mm.  in  diameter 
(1)  coiled  on  the  drum,  and  (2)  lying  straight  on  the  floor.  The  experiments  were 
thrice  repeated,  and  no  appreciable  difference  in  the  rate  could  be  detected  ;  from 
which  it  may  be  concluded  that  in  a  pipe  of  this  bore  the  wave-front  travels  quickest 
along  the  axis.  Possibly  in  the  experiments  with  tubes  of  a  larger  diameter  the 
curvature  may  have  slightly  affected  the  results. 

In  the  experiments  made  under  reduced  pressure,  the  tube  was  filled  from  the  holder 
in  the  ordinary  way.  The  steel  stopcock*  near  the  second  bridge  was  closed,  and  the 
gas  was  then  sucked  from  the  tube  by  a  powerful  pump,  maintaining  a  vacuum  of  about 
26  inches  of  mercury.  A  gauge  showed  when  the  desired  reduction  of  pressure  was 
readied.  The  other  stopcock  was  then  closed,  and  the  spark  immediately  passed.  In 
the  experiments  made  under  increased  pressure,  the  gases  were  driven  into  the  tube 
from  a  strong  reservoir,  either  by  water  or  by  mercury,  according  to  the  nature  of  the 
gaseous  mixture.  In  all  cases  the  gases  were  fired  by  an  electric  spark  near  one  end 

*  These  steel  stopcocks,  made  for  me  by  Mr.  J.  J.  Hicks,  of  Hatton  Garden,  have  stood  many  hundreds 
of  explosions  witliont  leaking.  The  gun-metal  stopcocks  employed  at  first  were  indented  by  the  explo¬ 
sions  and  soon  leaked. 
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of  the  tube ;  about  four  feet  from  the  firing  point,  the  flame  broke  a  piece  of  silver 
foil  stretched  across  the  tube,  the  moment  of  rupture  being  marked  on  a  moving  plate 
by  an  electro-magnetic  style.  On  reaching  the  further  end  of  the  tube,  the  flame  broke 
a  second  strip  of  silver,  the  moment  of  rupture  being  recorded  by  a  second  style.  To 
eliminate  errors  due  to  retardation  of  the  electro-magnets,  a  blank  exjaeriment  was 
made  immediately  before  firing  the  gases.  The  plate  of  the  chronograph  passed  over 
two  breaks,  which  could  be  adjusted  so  as  to  be  broken  by  it  at  the  same  instant. 
In  the  preliminary  experiment,  the  circuits  of  the  two  magnets  were  completed 
through  these  two  breaks,  and  were  thus  broken  simultaneously,  the  two  styles 
registering  their  marks  on  the  moving  plate.  The  magnets,  without  their  position 
being  altered,  were  then  connected  with  the  silver  bridges  across  the  explosion  tube, 
and  the  gases  were  fired  by  the  moving  plate  striking  one  or  other  of  the  two  breaks. 
The  flame  travelling  down  the  tube  broke  the  two  silver  bridges  in  turn,  releasing 
the  two  styles,  which  again  registered  their  marks  on  the  moving  plate.  The  two 
marks  made  by  the  first  style  gave  the  interval  of  time  between  the  spark  and  the 
breaking  of  the  first  bridge,  independently  of  the  error  of  the  electro-magnet ;  for 
both  marks  were  equally  affected  by  any  error  of  retardation.  In  the  same  way,  the 
two  marks  made  by  the  second  style  gave  the  interval  of  time  between  the  spark  and 
the  breaking  of  the  second  bridge,  independently  of  the  error  of  the  electro-magnet. 
The  difference  between  the  intervals  was  the  time  taken  by  the  flame  to  travel 
between  the  two  bridges. 

This  method  of  cutting  out  the  errors  of  the  chronograph  is  only  valid  when  the 
current  flowing  through  the  electro-magnets  is  constant.  A  small  resistance  coil  was 
interposed  in  the  preliminary  experiment  in  each  chronograph  circuit,  to  match  the 
resistance  of  the  silver-bridge  and  connections  used  in  the  actual  determination.  The 
current  was  supplied  by  a  storage  cell  (Elwell  and  Parker)  to  each  electro-magnet, 
and  the  time  between  the  preliminary  and  the  final  experiment  was  never  more  than 
one  minute.  In  all  the  later  portion  of  the  work  a  confirmatory  experiment  was 
made  after  the  gases  were  fired,  the  connections  being  made  as  in  the  preliminary. 
In  most  cases  the  styles  passed  absolutely  over  the  preliminary  marks — merely 
deepening  the  lines,  thus  showing  that  nothing  had  been  displaced.  In  some  cases 
the  preliminary  and  confirmatory  marks  were  just  visibly  separated  ;  in  these  cases 
the  mean  position  of  the  two  was  used  to  calculate  the  rate.  In  the  few  instances  in 
which  the  confirmatory  did  not  closely  agree  with  the  preliminary  mai'ks  the  experi¬ 
ment  was  rejected.  In  order  further  to  eliminate  errors  of  the  instrument  a  second 
experiment  was  always  made  as  soon  as  possible  after  the  first,  the  connections  of 
the  chronograph  being  all  reversed — the  first  style  being  connected  with  the  second 
bridge,  and  vice  versd.  The  mean  result  of  the  two  experiments  is  taken  as  one 
determination. 

The  chief  differences  between  my  apparatus  and  that  employed  by  Berthelot  were 
the  following  : — 

MDCCCXCITI. — A.  P 
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a,  The  explosion  tube  was  longer  and  wider. 

h.  The  interrupters  or  “  bridges  ”  were  of  silver  foil,  and  no  fulminate  was  used. 
c.  A  longer  space  was  allowed  between  the  firing  spark  and  the  first  “  bridge  ” 
where  the  record  of  the  rate  was  begun.  This  was  found  essential  in 
several  cases,  especially  when  the  mixture  was  fired  under  reduced 
pressure,  or  in  presence  of  inert  gases,  in  which  cases  the  explosion  does 
not  reach  its  maximum  rate  for  some  feet. 


§  3.  On  the  Constant  Velocity  of  the  Exyolosion  Wave. 

Experiments  on  the  rate  of  explosion  of  hydrogen  and  oxygen  in  a  leaden  tube, 
55  metres  long  and  8  mm.  in  internal  diameter,  gave  a  mean  rate  of  2817  metres 
per  second.  In  a  tube  of  the  same  diameter  and  100  metres  long,  the  mean  rate  was 
2821  metres;  and  in  a  tube  100  metres  long  and  13  mm.  diameter  the  mean  rate 
was  2819. 

The  general  mean  of  these  experiments — -viz.,  2819,  is  in  close  agreement  with  the 
mean  result  obtained  by  Berthelot  in  a  shorter  tube — viz.,  2810. 

The  constancy  of  the  rate  of  the  explosion-wave,  under  ordinary  conditions  of 
temperature  and  pressure,  was,  therefore,  fully  confirmed. 

In  the  course  of  this  investigation  I  have  made  many  measurements  of  the  rate  of 
explosion  of  hydrogen  and  oxygen  under  ordinary  conditions.  Some  of  these  were 
made  with  more  precautions  than  others,  so  that  in  ariiving  at  the  most  probable 
value  of  the  rate,  I  have  given  greater  weight  to  some  sets  than  to  others.  The  sets, 
each  of  which  consists  of  from  eight  to  ten  distinct  measurements,  are  lettered  in  the 
following  table  A,  B,  C,  etc.,  in  the  order  in  which  they  were  made  : — 


Table  V. — General  Mean  of  Hg  +  C)  Bates. 


Date. 

Sets. 

Mean. 

1884,  1885 

A  -f  B  +  C 

2819 

1888 

D 

2822 

1889 

E  +  F  A  G 

2824 

1890 

H 

2818 

2821 

The  details  of  these  experiments  will  be  found  in  the  Appendix. 

§  4.  The  Infuence  of  Pressure  on  the  Velocity  of  the  Explosion  Wave. 

Preliminary  experiments  on  the  rate  of  explosion  of  hydrogen  and  oxygen  under 
500  mm.  and  1000  mm.  pressure  having  shown  an  appreciable  difference,  careful 
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measurements  of  the  rate  were  made  at  pressures  varying  from  200  mm,  to  1500  mm. 
at  a  temperature  close  to  10"  C.  In  the  experiments  at  low  pressures  it  was,  of 
course,  essential  that  the  firing  tube  should  be  absolutely  gas-tight ;  the  tube  was 
therefore  tested  before  each  experiment.  An  important  fact  concerning  the  develop¬ 
ment  of  the  explosion-wave  was  detected  in  these  experiments.  As  the  pressure  was 
reduced  the  flame  was  found  to  travel  a  greater  distance  before  its  rate  became  con¬ 
stant  ;  so  that,  although  four  feet  start  was  allowed  before  the  first  measurement  was 
taken,  this  distance  was  found  insufficient.  Accordingly  a  tube  20  feet  long  was 
interposed  between  the  firing  jDoint  and  the  first  bridge,  after  it  had  been  shown  that 
the  flame  acquired  its  maximum  velocity  in  this  distance  under  the  lowest  pressure 
used.  Electrolytic  gas  can  be  exploded  under  lower  pressures  than  200  mm.,  but  the 
flame  travels  irregularly.  At  100  mm.  pressure  the  flame  went  out  in  the  tube,  and 
at  150  mm.  the  rates  found  were  not  constant. 


Table  VI. — Pressure  Experiments.  II3  +  0. 


Pressure. 

200  mm. 

300  mm. 

500  mm. 

760  mm. 

1100  mm. 

1500  mm. 

Mean  rate 

2627 

2705 

2775 

2821 

2856 

2872 

These  figures  show  that  the  rate  of  explosion  increases  rapidly  wdth  increase  of 
pressure  from  200  mm. ;  that  the  rate  of  increase  diminishes,  and  that  the  velocity 
becomes  nearly  constant  at  two  atmospheres  pressure.  This  effect  of  pressure  on  the 
rate  is  plainly  seen  when  the  results  are  expressed  graphically  (see  Plate  1). 

Berthelot’s  conclusion  that  the  explosion-wave  is  independent  of  the  initial  pres¬ 
sure  of  the  gases  is,  therefore,  not  strictly  accurate.  At  lower  pressures  the  rate 
falls  off*,  but  above  a  certain  crucial  pressure,  which,  in  the  case  of  hydrogen  and 
oxygen,  seems  to  be  about  two  atmospheres,  the  velocity  is  independent  of  the 
pressure. 

It  will  be  observed  that  the  mean  rate  of  explosion  of  hydrogen  and  oxygen  at 
1500  mm.  pressure  is  appreciably  higher  than  Berthelot’s  9 — the  calculated  rate  of 
translation  of  the  steam  molecules.  But  Berthelot,  in  his  calculation,  has  not  taken 
into  account  the  fact  that  the  gases  are  not  at  absolute  zero  to  start  with.  Assuming 
that  he  worked  at  about  13°  C.,  the  theoretical  rate  would  be  2900  metres  per 
second. 

Analogous  results  were  found  in  experiments  with  other  mixtures  under  varying 
pressures.  With  hydrogen  and  nitrous  oxide  the  rate  is  slower  at  500  mm.  than  at 
760  mm.,  but  no  increase  is  found  on  raising  the  pressure  to  1000  mm.  The  crucial 
pressure  is  in  this  instance  below  the  atmospheric  pressure.  The  same  was  found  to 
be  the  case  with  marsh  gas,  ethylene,  acetylene,  and  cyanogen  exploded  with  oxygen. 

p  2 
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In  the  following  table  some  of  these  results  are  shown  : — 

Table  VII. — Pressure  Experiments. 

R,  +  N3O. 


Pressure. 

500  mm. 

760  mm. 

1000  mm. 

Mean  rate 

2094 

2307 

2302 

CH,  +  0,. 

Pressure. 

500  mm. 

760  mm. 

1000  mm. 

IMean  rate 

2280 

2322 

2319 

CH4,  +  Og. 

Pressure. 

500  mm. 

760  mm. 

1000  mm. 

Mean  rate 

2418 

2470 

2488 

C0N3  -f  0.  (in 

5  mm.  tube). 

Pressure. 

500  mm. 

760  mm. 

1000  mm. 

]\Iean  rate 

2536 

2677 

2671 

§  5.  Influence  of  I'emperature  on  the  Velocity  of  the  Explosion- Wave. 

Berthelot  has  published  no  experiments  on  the  influence  of  initial  temperature 
on  the  explosion -wave  ;  but,  if  the  wmve  is  propagated  in  a  manner  analogous  to  a 
sound  wave,  it  might  be  anticipated  that  an  increase  in  the  initial  temperature  of  the 
gases  would  increase  the  velocity.  The  reverse  effect  is  found  in  the  explosion  of 
hydrogen  and  oxygen.  Experiments  made  at  10°  C.  and  100°  C.  showed  a  small,  but 
distinct,  lowering  of  the  rate  at  the  higher  temperature.  The  experiments  were 
made  alternatel}^  at  the  high  and  low  temperature,  in  order  to  eliminate  the  effect 
which  might  be  produced  by  any  mistake  in  the  mixture  or  error  in  the  chronograph. 
The  comparative  experiments  made  at  10°  agreed  with  those  previously  obtained 
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under  tlie  same  conditions,  so  that  the  results  found  at  100°  must  be  accepted.*  A 
similar  lowerinsf  of  the  rate  at  100°  was  found  to  occur  at  low  and  high  pressures. 


Table  VIII. 


Temperature  Experiments.  +  0. 


Temperature. 

10°. 

100°. 

l\Ieau  rate 

2821 

2790 

Hj  +  0  at  100°  C.  at  different  pressures. 


Pressure. 

390  mm. 

500  mm. 

760  mm. 

1000  mm. 

1450  mm. 

Mean  rate 

2697 

2738 

2790 

2828 

2842 

When  the  rates  at  100°  and  varying  pressures  are  compared  graphically  with  the 
rates  found  at  10°  and  varying  pressures,  it  is  seen  that  the  two  curves  run  parallel 
one  with  the  other  (see  fig.  1  on  Plate  1). 

The  explosion-rates  of  ethylene  and  oxygen  at  10°  C.  and  100°  C.  were  also  com¬ 
pared.  Samples  of  the  same  mixture  were  exploded  alternately  at  the  low  and  at  the 
high  temperature.  Five  concordant  determinations  at  10°  C.  gave  a  mean  velocity 
of  2581  metres  per  second;  four  concordant  determinations  at  100°  C.  gave  a  mean 
velocity  of  2538  metres  per  second.  Similar  experiments  were  made  with  cyanogen. 

Table  IX. 

Rate  of  Explosion  of  Ethylene  and  Oxygen.  +  2O3. 


Temperature. 

10°  C. 

100°  C. 

Mean  rate 

2581 

2538 

Rate  of  Explosion  of  Cyanogen  and  Oxygen.  C^No  +  Oo. 


Temperature. 

10°  C. 

100°  C. 

Mean  rate 

2728 

2711 

*  The  expausion  of  the  metal  tube  is  taken  into  account  in  calculating  the  rates  at  lOU”  C. 
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The  small  differences  in  the  rate  of  explosion  of  hydrogen  and  oxygen,  and  of 
ethylene  and  oxygen  at  10°  and  at  100°  show  that  the  effect  of  ordinary  atmospheric 
changes  of  temperature  may  be  neglected. 

§6.  Comparison  of  the  Rate  of  ExpAosion  of  different  Gaseous  Alixtures 

ivith  Berthelot’s  results. 

The  results  obtained,  under  ordinary  conditions  of  pressure  and  temperature,  with 
hydrogen  and  oxygen,  with  hydrogen  and  nitrous  oxide,  and  with  marsh  gas  and 
oxygen,  in  exact  proportions  for  complete  combustion,  were  in  close  accordance  with 
the  mean  results  of  Berthelot  ;  for  ethylene,  acetylene,  and  cyanogen  my  numbers 
differed  appreciably,  but  in  no  case  differed  by  more  than  7  per  cent,  from  the  rates 
observed  by  Berthelot.  In  the  following  table  our  measurements  for  the  same 
mixtures  are  compared  : — 


Table  X. — Mean  Velocity  of  Explosion  in  Metres  per  Second. 


Berthelot. 

Dixox. 

Hydrogen  and  oxygen  .... 

.  .  .  Ho  +  0.  . 

2810 

2821 

Hydrogen  and  nitrous  oxide 

.  .  .  H0  +  N3O  . 

2284 

2305 

Marsh  gas  and  oxygen . 

.  .  .  CH,+  0,  . 

2287  , 

2322 

Ethylene  and  oxygen . 

.  .  .  CjH.-hO,. 

2210 

2364 

Acetylene  and  oxygen . 

.  .  .  G.m+o,. 

2482 

2391 

Cyanogen  and  oxygen . 

.  .  .  C.,No  +  Oi. 

2195 

2321 

The  general  agreement  between  these  measurements  leaves,  I  think,  no  I’oom  for 
doubt  about  the  substantial  accuracy  of  the  results. 


Cap.  IV. — The  Influence  of  Steam  on  the  Bate  of  Explosion  of 

Carbonic  Oxide  and  Oxygen. 

The  results  already  described  show  that  the  formula  proposed  by  Berthelot 
expresses  with  a  close  degree  of  approximation  the  rates  of  explosion  of  several  gaseous 
mixtures.  The  formula  fails  for  the  explosion  of  carbonic  oxide  with  oxygen  or  with 
nitrous  oxide.  This  was  to  be  expected  if,  in  the  detonation  of  carbonic  oxide  in  a 
long  tube,  the  oxidation  is  effected  indirectly  by  means  of  steam — as  it  is  in  the  ordi¬ 
nary  combustion  of  the  gas.  Measurements  of  the  rate  of  explosion  of  carbonic  oxide 
and  oxygen  in  a  long  tube  showed  that  the  rate  increased  as  steam  was  added  to  the 
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dry  mixture,  until  a  maximum  velocity  was  attained  when  between  5  and  6  per  cent, 
of  steam  was  present. 

The  experiments  were  conducted  in  the  following  way  : — In  the  “dry”  experiments 
the  coil  of  pipe  was  heated  and  a  current  of  dry  air  drawn  through  it.  The  mixture 
of  carbonic  oxide  and  oxygen  was  passed  into  the  dry  coil  through  drying  apparatus, 
consisting  of  two  wash-bottles  and  three  pumice  towers  contaiiiing  boiled  oil  of  vitriol, 
and  then  two  long  tubes  packed  with  anhydrous  phosphoric  acid.  The  mixture  under 
these  conditions  is  called  “well-dried”;  it  readily  transmits  the  explosion.  In  the 
next  experiments  the  phosphoric  acid  tubes  were  omitted ;  the  mixture  is  called 
“dried.”  For  saturating  the  gases  with  steam  the  mixture  was  led  through  water 
in  three  small  wash-bottles  before  entering  the  coil.  The  first  wash-bottle  was  kept 
about  5°  C.,  the  second  about  3°  C.,  and  the  third  exactly  1°  above  the  temperature 
at  wdrich  the  mixture  was  to  be  exploded.  The  last  bottle  and  the  connections 
between  it  and  the  coil  were  kept  entirely  surrounded  by  water.  The  gas,  on  its 
passage  through  the  wash-bottles,  carried  over  steam,  which  was  partly  condensed  in 
the  cooler  wash-bottles  and  in  the  coil.  While  the  gas  was  being  admitted  to  the  coil 
the  water  jacket  was  kept  about  ’5°  above  the  final  temperature  required.  When  the 
tube  was  full  the  source  of  heat  was  removed,  and  the  water  in  the  jacket  well 
stirred.  When  the  exact  temperature  was  reached  the  stop-cocks  were  closed  and 
the  gases  fired.  This  arrangement  ensured  that  the  gases  wmre  saturated  with 
moisture,  and  prevented  any  accumulation  of  liquid  in  the  coil  which  might  have 
retarded  the  explosion. 

In  the  following  table  the  mean  results  obtained  with  the  dried  and  with  the 
moistened  gases  are  given  : — 

Table  XI. — Kate  of  Explosion  of  Carbonic  Oxide  and  Oxygen  saturated  with  Steam 

at  Different  Temperatures. 


Condition. 

Per  cent,  of 
steam  present. 

Mean  rate  in 
metres  per  second. 

Well  dried . 

1264 

Dried . 

1305 

Satru’ated  at  10°  C . 

1-2 

1676 

„  20°  C . 

2-3 

1703 

„  28°  C . 

3-7 

1713 

„  35°  C . 

5-6 

1738 

„  45°  C . 

9'5 

1693 

„  55°  C . 

15-6 

1666 

„  65°  C . 

24-9 

1526 

»  75°  C . 

1 

38-4 

1266 

The  maximum  rate  was  obtained  when  the  mixture  was  saturated  at  35°  C. — i.e., 
contained  5 ’6  per  cent,  of  steam.  Excess  of  steam  slowly  retards  the  rate.  A  few 
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experiments  were  made  above  and  below  the  atmospheric  pressure,  which  showed 
that  the  maximum  rate  always  occurred  when  the  same  percentage  of  steam  was 
present.  Under  1100  mm.  pressure  the  fastest  rate  was  found  when  the  mixture 
was  saturated  at  48° — i.e.,  contained  5 '6  per  cent,  of  steam;  and  under  400  mm. 
pressure  the  fastest  rate  was  found  when  the  mixture  was  saturated  at  25° — i.e., 
contained  5'6  per  cent,  of  steam.  Increase  of  pressure  increased,  and  diminution  of 
pressure  diminished,  the  rate  of  explosion  of  moist  carbonic  oxide  and  oxygen. 
Under  300  mm.  pressure  the  explosion-wave  was  not  propagated  in  the  mixture  of 
carbonic  oxide  and  oxygen  saturated  at  10°  C.  In  one  experiment  the  flame  reached 
the  end  of  the  tube,  taking  about  30  seconds  to  travel  100  metres.  Under  400  mm. 
pressure  the  explosion-wave  was  propagated. 

Table  XII. — Rate  of  Explosion  of  Carbonic  Oxide  and  Oxygen. 


1.  Under  1100  mm.  pressure. 


Condition. 

Per  cent,  of 

Mean  rate  in 

.steam  present. 

metres  per  second. 

Saturated  at  26°  C . 

2-3 

1737 

„  43°  C . 

5'6 

1782 

53°  C . 

9-5 

1742 

2.  Under  400  mm.  pressure. 


Condition. 

Per  cent,  of 

Mean  rate  in  | 

steam  present. 

metres  per  second. 

Saturated  at  10°  C . 

2-3 

1576 

„  25°  C . 

5-6 

1616 

33°  C . 

9-5 

1570 

These  results  are  shown  graphically  by  curves  on  fig.  2,  Plate  1,  in  which  the 
ordinates  are  the  rates  of  explosion,  and  the  abscissae  the  percentages  of  steam  present 
in  the  mixture. 

These  curves  show  the  very  marked  increase  of  the  rate  of  explosion  on  adding 
1  or  2  per  cent,  of  steam  to  the  dried  gases.  Now  the  addition  of  steam  to  other 
dry  gaseous  mixtures,  such  as  hydrogen  and  oxygen,  ethylene  and  oxygen,  cyanogen 
and  oxygen,  has  been  found  to  loiver  the  rate  of  explosion.  I  think  these  results, 
therefore,  are  strong  evidence  that  at  the  extreme  temperatures  of  the  explosion -u'ave, 
as  well  as  in  ordinary  comhustion,  carhonic  oxide  is  oxidised  by  the  steam,  and  not 
directly  by  the  oxygen. 
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Cap,  V. — The  Mode  of  Burning  of  Gaseous  Carbon. 

§  1.  The  fact  that  carbonic  oxide  is  not  acted  on  directly  by  oxygen,  even  in  the 
explosion- wave,  points  to  the  possibility  that  the  carbon  in  gaseous  hydrocarbons,  and 
in  other  volatile  carbon  compounds,  is  not  oxidised  directly  to  carbonic  acid  when 
these  gases  are  burnt  with  an  excess  of  oxygen.  When  cyanogen,  for  instance,  is 
exploded  with  oxygen,  the  carbon  may  burn  in  one  or  in  two  stages.  Each  atom  may 
either  combine  directly  with  two  atoms  of  oxygen  to  form  carbonic  acid,  or  each  atom 
may  combine  first  with  a  single  atom  of  oxygen  to  form  carbonic  oxide,  which  after¬ 
wards  combines  with  a  second  atom  of  oxygen  to  form  carbonic  acid.  If  the 
oxidation  is  effected  in  tvm  stages,  the  chemical  change  first  occurring,  viz.,  the 
oxidation  of  the  carbon  to  carbonic  oxide,  must  take  place  in  the  presence  of  an 
excess  of  oxygen.  Will  this  excess  of  oxygen  influence  the  velocity  with  which  the 
initiation  of  the  chemical  change  is  propagated,  i.e.,  the  rate  of  explosion  ?  The 
interest  of  tracing  the  course  of  any  chemical  change,  and  the  scientific  importance  of 
this  particular  reaction,  led  me  to  study  the  influence  of  the  presence  of  an  excess  of 
oxygen,  and  of  an  inert  gas,  on  the  rate  of  explosion  of  gaseous  mixtures — with  a 
view  to  obtain  evidence  on  their  mode  of  burning. 

§  2.  The  Retardation  of  the  Wave  caused  hy  Inert  Gases. 

When  electrolytic  gas  is  mixed  with  oxygen,  nitrogen,  or  steam,  the  explosion- 
wave  is  retarded,  the  oxygen  having  most  effect,  the  steam  least.  For  instance,  the 
addition  of  one  volume  of  steam  to  three  volumes  of  electrolytic  hydrogen  and  oxygen 
reduced  the  rate  of  explosion  to  2494  metres  per  second  in  experiments  made  at 
65°  C.  At  the  same  temperature  the  addition  of  one  volume  of  nitrogen  to  three  of 
electrolytic  gas  reduced  the  rate  to  2402  metres  per  second.  According  to 
Berthelot’s  formula  a  retardation  of  this  order  was  to  be  expected — the  greater 
specific  heat  of  the  steam  being  more  than  counterbalanced  by  the  greater  density  of 
the  nitrogen.  Experiments  made  with  hydrogen  and  oxygen  at  ordinary  tem¬ 
peratures,  with  successive  additions  of  oxygen  and  of  nitrogen  respectively,  showed 
that,  so  long  as  the  explosion-wave  was  propagated  in  both  cases,  the  retarding 
influence  of  nitrogen  was  less  than  that  of  an  equal  volume  of  oxygen.  Three 
volumes  of  electrolytic  gas  can  be  exploded  with  five  volumes  of  nitrogen,  but 
with  seven  volumes  of  nitrogen  the  explosion  is  not  propagated  through  a  long  tube  ; 
whereas  three  volumes  of  electrolytic  gas  can  still  be  exploded  when  mixed  with 
eight  of  oxygen.  But  so  long  as  the  volume  of  nitrogen  added  is  not  sufficient  to 
stop  the  explosion,  the  addition  of  this  inert  gas,  incapable  of  taking  part  in  the 
chemical  change,  produces  less  effect  than  the  addition  of  oxygen,  one  of  the  reacting 
substances. 
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Some  experiments  published  by  Berthelot  in  1885'"  seem  to  be  at  variance  with 
this  statement.  When  electrolytic  gas,  largely  diluted  with  oxygen,  was  exploded  in 
a  bomb,  the  flame  traversed  the  bomb  more  quickly  than  when  an  equal  volume  of 
nitrogen  was  used  as  a  diluent.  But  the  rate  measured  in  this  case  was  not  that  of 
the  explosion -wave  ;  it  was  the  mean  rate  of  the  flame  from  the  point  of  inflamma¬ 
tion  to  a  point  about  250  mm.  distant.  On  the  other  hand,  with  a  smaller  volume  of 
diluent  gas,  Berthelot  found  the  rate  of  explosion  to  be  less  retarded  by  nitrogen 
than  by  oxygen  : — 

Time  taken  by  flame  to  travel  250  mm. 

Hg  -h  O . 2  •  1  4  thousandths  of  a  second. 

Ho  +  O  +  3O2.  .  .  .  16-04 

Htj  d“  O  -j-  3N3  .  .  .  24'45  ,,  ,, 

^2  +  O  fl-  Oo  .  .  .  .  8-16  ,,  ,, 

Ho  +  O  +  No.  .  .  .  6-87 


I  have  found  that  the  explosion-wave  is  sooner  initiated  when  electrolytic  gas  is 
largely  diluted  with  oxygen  than  when  it  is  diluted  with  the  same  volume  of 
nitrogen  ;  a  fact  which  explains  the  apparent  anomaly  in  Berthelot’s  experiments. 

On  repeating  my  measurements  of  the  rate  of  explosion  of  electrolytic  gas  with 
large  volumes  of  diluent  gases,  some  discrepancies  were  found,  which  could  not  at 
first  be  explained.  A  tube  of  larger  diameter  (13  mm.)  was  then  substituted  for  the 
smaller  tube  (9  mm.).  The  results  were  more  regular.  It  was  then  discovered  that 
the  explosion  frequently  died  out  near  the  end  of  the  smaller  tube,  whilst  transmit¬ 
ting  a  sound-wave  sufliciently  powerful  to  break  the  silver  foil  composing  the  “  second 
bridge.”  A  record  was  thus  obtained  on  the  chronograph  plate,  indicating  a  smaller 
velocity  than  the  true  rate  of  explosion.  By  inserting  a  glass  tube  just  before  the 
second  bridge,  and  watching  for  the  flame,  the  observers  made  sure  that  the  explosion- 
wave  reached  the  end  of  the  pipe.  A  second  precaution,  which  must  also  be  observed 
in  experiments  on  largely  diluted  gases,  is  to  make  sure  that  the  explosion-wave  has 
been  set  up  before  the  flame  reaches  the  first  bridge,  M.  Berthelot  does  not  state 
the  free  run  he  allowed  his  flame  before  beginning  the  measurements ;  but,  from  an 
inspection  of  the  figure  of  his  apparatus  (‘  Sur  la  Force  des  Matieres  Explosives,' 
vol.  1,  p.  138)  it  would  appear  that  a  few  inches  only  were  allowed  bet-ween  the 
firing  spark  and  his  first  “  interrupter.”  No  doubt,  the  use  of  a  grain  of  fulminate  in 
the  interrupter  hastened  the  establishment  of  the  explosion- wave  in  his  experiments, 
but  I  tliink  it  possible  that  in  some  of  his  measurements  he  began  to  record  the  rate 
before  the  wave  was  started,  and  so  obtained  a  rate  below  the  true  one.  In  all  my 
later  experiments  on  diluted  gases,  some  pure  electrolytic  gas  was  j^assed  into  the  long 
firing  piece,  just  before  the  explosion,  so  as  to  fill  it  for  a  length  of  tw-o  or  three  feet. 

*  ‘  Ann.  Cliiin.  Phys.’  [VI.],  vol.  4,  p.  44. 
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The  explosion-\vave,  rapidly  started  in  this  mixture,  was  communicated  to  the  dilute 
mixture  beyond,  without  break  of  continuity,  before  the  first  bridge  was  reached. 

A  comparison  between  the  few  experiments  made  by  Berthelot  with  diluted 
mixtures  and  the  similar  ones  made  by  me  will,  I  think,  show  the  need  of  these 
precautions.  To  three  volumes  of  electrolytic  gas  Berthelot  added  two  volumes  of 
nitrogen  :  the  rate  of  explosion  was  found  to  be  2121  metres  per  second.  To  three 
volumes  of  electrolytic  gas  he  added  four  volumes  of  nitrogen  :  the  rate  of  explosion 
was  only  1439  metres  per  second.  By  interpolation*  I  find  from  my  own  experiments 
with  one,  three,  and  five  volumes  of  nitrogen  (added  to  three  volumes  of  electrolytic  gas) 
the  rates  2200  and  1930,  for  the  explosion  of  electrolytic  gas  with  two  volumes  and  four 
volumes  of  nitrogen  respectivly.  The  first  agrees  fairly  with  Berthelot’s  number,  the 
second  is  far  higher  than  his.  I  imagine  in  the  second  case  the  interrupter  was  broken 
before  the  explosion-wave  was  established  in  his  experiment.  Similarly,  in  two  experi¬ 
ments  with  cyanogen,  Berthelot  found  a  rapid  falling  off  of  the  rate  whicli  I  did  not 
observe.  On  firing  a  mixture  of  cyanogen  with  twice  its  volume  of  oxygen  and  one 
volume  of  nitrogen,  he  found  the  rate  to  be  2044  metres;  on  adding  another  volume  of 
nitrogen  the  rate  fell  to  1203  metres.  By  interpolation  I  find  from  my  experiments 
2125  and  1960  as  the  rates  of  these  two  mixtures.  The  first  agrees  fairly  well  with, 
the  second  is  far  higher  than,  Berthelot’s  number. 

The  mean  results  obtained  in  a  number  of  experiments  on  the  retarding  effect  of 
oxygen  and  nitrogen  are  given  in  the  following  table  : — 


Table  XIII. — Electrolytic  Gas  with  excess  (1)  of  Oxygen  and  (2)  of  Nitrogen. 

(1-) 


Mixture. 

2  vols.  hydrogen  1 

1  vol.  oxygen.  J 
+  0 

With  addition  of 

1  vol.  oxygen. 
Ho  +  0  +  0 

With  addition  of 

3  vols.  oxygen. 
Ho  -1-  0  -|-  O3 

With  addition  of 

5  vols.  oxygen. 
Ho  -h  0  +  O5 

With  addition  of 

7  vols.  oxygen. 
Ho  +  0  -I  O7 

Mean  rate  . 

2821 

2328 

1927 

1707 

1281 

(2.) 


Mixture. 

2  vols.  hydrogen  1 

1  vol.  oxygen.  J 
H2  +  0 

With  addition  of 

1  vol.  nitrogen. 

R2  +  0  +  N 

With  addition  of 

3  vols.  nitrogen. 
Ho  -F  0  +  Ng 

With  addition  of 
.5  vols.  nitrogen. 
Ho  +  0  -F  N5 

With  addition  of 

7  vols.  nitrogen. 
Ho  -F  0  +  N^ 

Mean  rate  . 

2821 

2426 

2055 

1822 

— 

These  results  are  shown  graphically  in  fig.  3,  Plate  1,  where  the  ordinates  are 
volumes  of  nitrogen  (or  oxygen)  added  to  three  volumes  of  electrolytic  gas,  and  the 
abscissae  are  the  rates  of  explosion  of  the  mixtures  in  metres  per  second. 


*  See  fig.  3,  Plate  1 . 
Q  2 
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These  curves  plainly  show  that  the  retardation  of  the  explosion-wave  depends  upon 
the  density  of  the  gas  added  as  well  as  upon  its  volume — a  result  in  accordance  with 
Berthelot’s  theory. 

I  think  it  a  fair  inference  from  these  facts  to  conclude,  when  the  addition  of  a  gas 
to  an  explosive  mixture  retards  the  rate  of  explosion  by  an  amount  wdrich  depends 
upon  its  volume  and  density,  that  such  added  gas  is  inert  as  far  as  the  propagation  of 
the  wave  is  concerned,  and  that  any  change  which  it  may  undergo  takes  place  after 
the  wave-front  has  passed  by— in  other  words,  is  a  secondary  change. 

§3.  Oxygen  Inert  to  Carbonic  Oxide  in  Explosion  of  Carbon  Compounds. 

Tliis  principle  can  be  ajjplied  to  determine  whether,  in  the  combustion  of  gaseous 
carbon,  the  oxidation  to  carbonic  acid  is  effected  in  one  or  two  stages.  If,  for 
instance,  the  carbon  is  first  burnt  to  carbonic  oxide,  which  subsequently  is  burnt  to 
carbonic  acid,  the  rate  of  the  explosion- wave  should  correspond  with  the  carbonic 
oxide  reaction  retarded  by  an  excess  of  oxygen  ;  whereas,  if  the  carbon  burns  to 
carbonic  acid  directly,  in  one  stage,  then  the  rate  of  the  explosion-wave  should 
correspond  with  the  complete  and  unretarded  reaction. 

Now,  if  we  adopt  Berthelot’s  theory  as  a  working  hypothesis,  we  can  calculate 
the  theoretical  rates  of  explosion  of  marsh  gas,  ethylene,  or  cyanogen:  (1)  on  the 
supposition  that,  with  sufficient  oxygen,  the  carbon  buriis  direct!}^  to  carbonic  acid, 
and  (2)  on  the  siqjposition  that  the  carbon  burns  first  to  carbonic  oxide,  and  the 
further  oxidation  is  a  subsequent  or  secondary  reaction.  On  the  first  supposition,  if 
100  represents  the  rate  of  explosion  of  these  three  gases  with  oxygen  only  sufficient 
to  burn  them  to  carbonic  oxide,  the  addition  of  the  oxygen  required  to  burn  the  gases 
to  carbonic  acid  should  increase  the  rate  of  explosion  : — 


Calculated  rate  of  explosion  when  burnt  to  COo  . 

Marsh  gas. 

Ethylene. 

Cyanogen. 

104 

103  . 

107 

Whereas,  if  these  gases  really  burn  first  to  carbonic  oxide,  and  the  extra  oxygen  is 
inert  in  propagating  the  explosion- wave,  then  the  addition  of  this  inert  oxygen  Avould 
diminish  the  rate  of  explosion  : — • 

Calculated  rate  of  explosion  when  burnt  to  CO 
with  inert  oxygen  present 

hlarsh  gas. 

Ethylene. 

Cyanogen. 

92 

88 

i 

87  j 

The  experiments  show  that  if  100  be  taken  as  the  rate  of  explosion  when  the 
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oxygen  is  only  sufficient  to  bum  the  carbon  to  carbonic  oxide,  the  following  are  tlie 
rates  found  when  oxygen  is  added  sufficient  to  burn  the  carbon  to  carbonic  acid  : — 


Rates  found 


Marsh  gas. 

Ethylene. 

Cyanogen. 

94 

92 

84 

The  results  are,  therefore,  in  favour  of  the  view  that,  in  the  explosion  of  these 
gases,  the  carbon  is  first  burnt  to  carbonic  oxide.  ^ 

But  stronger  evidence  on  this  point  is  obtained  by  comparing  the  explosion  rates  of 
these  gases  (l)  when  fired  with  oxygen  sufficient  to  burn  the  carbon  in  them  to 
carbonic  acid,  and  (2)  whien  nitrogen  is  substituted  for  the  oxygen  in  excess  of  that 
required  to  burn  the  carbon  to  carbonic  oxide.  We  have  seen  that  oxygen,  added  to 
electrolytic  gas,  hinders  the  explosion  more  than  nitrogen.  In  precisely  tlie  same 
way  oxygen,  added  to  a  mixture  of  equal  volumes  of  cyanogen  and  oxygen,  hinders 
the  explosion  more  than  the  same  volume  of  nitrogen.  The  conclusion  we  must  come 
to  is,  that  the  oxygen,  added  to  the  mixture  expressed  by  the  formula  C3N3  +  Oo,  is 
as  inert  (so  far  as  the  propagation  of  the  explosion-wave  is  concerned)  as  oxygen 
added  to  the  mixture  expressed  by  the  formula  Ho  -f-  0.  The  same  phenomena  occur 
in  the  explosion  of  marsh  gas,  ethylene,  and  acetylene. 

The  following  tables  contain  the  results  of  my  last  experiments  on  this  subject. 
The  rates  come  out  on  the  whole  somewhat  higher  than  in  my  earlier  experiments. 
This  is  mainly  due  to  the  later  explosions  having  been  made  in  a  tube  of  larger 
diameter — 9  mm.  instead  of  5  mm. 


Table  XIV. — The  Bate  of  Explosion  of  Cyanogen  (1)  with  Oxygen,  and  (2)  with 

Oxygen  and  Nitrogen. 


(1-) 


Mixture. 

1  vol.  c3’anogen'l 

1  vol.  oxygen  f 
C2N0  +  O3 

With  addition  of 

1  vol.  oxygen. 
C2N2  +  2O2 

With  addition  of 

2  vols.  oxygen. 
C2N2  +  3O3 

Mean  rate  . 

2728 

2.321 

2110 

^  [It  might  be  urged  that,  with  defect  of  oxygen,  the  reactions  reully  are — 

1.  CH^  +  O3  =  CO,  +  HoO  +  H, 

2.  CoHj  +  :=  2CO3  +  2K, 

3.  C2N3  -1-02  =  COo  -F  C  -h  Nj 

If  this  wci’e  true,  and  100  represented  the  observed  rates  of  explosion  in  each  case,  then  on  adding 
oxygen  sufhcient  for  complete  combustion,  the  rates  should  be  101 , 99,  and  107  respectively. — Jan.,  1893.] 
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(2.) 


1 

1 

Mixture. 

1  vol.  cj'anogenl 

1  vol.  ox3’gen.  J 
C0N3+O2 

With  addition  of 

1  vol.  nitrogen. 
O0N2  +  O2  +  N3 

With  addition  of 

2  vols.  nitrogen. 
CoN3-b03  +  2N2 

Mean  rate  . 

2728 

2398 

2165 

Cyanogen  will  explode  when  mixed  with  four  times  its  volume  of  oxygen.  When 
three  volumes  of  nitrogen  are  added  to  one  volume  of  cyanogen  and  one  of  oxygen, 
the  mixture  will  not  explode,  but  burns  at  the  mouth  of  the  tube.  So  long,  how¬ 
ever,  as  the  nitrogen  does  not  prevent  the  explosion,  its  addition  to  the  mixture  has 
less  I’etarding  effect  than  the  addition  of  an  equal  volume  of  oxygen. 


Table  XV. — The  Rate  of  Explosion  of  Marsh  Gas  (l)  with  Oxygen  and  (2)  with 

Oxygen  and  Nitrogen. 

(1.) 


Mixture. 

2  vols.  methane  I 

3  vols.  oxygen  J 

CW-bOg 

With  addition  of 

1  vol.  oxygen. 
CHi  +  0, 

With  addition  of 

3  vols.  oxygen. 

CH,+  0, 

With  addition  of 

5  vols.  oxygen. 

cw+Og 

Mean  rate  . 

2470 

2322 

2146 

1963 

Mixture. 

2  vols.  methane  1 

3  vols.  oxygen  J 

CH,  +  03 

With  addition  of 

1  vol.  nitrogen. 

CH^-hOg-t-N 

With  addition  of 

3  vols.  nitrogen. 

CH.-bOg+Ng 

tVith  addition  of 

5  vols.  nitrogen. 

CH.+  Og  +  N- 

Mean  rate .  . 

2470 

2349 

2154 

1880 

(goes  out  sometimes) 

The  addition  of  one  and  of  three  volumes  of  nitrogen  to  the  mixture  of  marsh  gas 
and  oxygen  (CH^  +  Og)  is  found  to  retard  the  rate  less  than  the  addition  of  the  same 
volumes  of  oxygen.  When,  however,  five  volumes  of  nitrogen  are  added,  the 
retardation  is  greater  than  with  oxygen  :  this  mixture  is  near  the  limit  of  explosion, 
and  once  or  twice  the  flame  died  out  before  reaching  the  end  of  the  tube.'"' 

*  Many  attempts  were  made  to  explode  mixtures  of  marsh  gas  and  air  in  a  tube.  A  vigorous 
explosion,  initiated  by  fii’ing  electrolytic  gas  down  the  first  few  feet  of  the  tube,  soon  dies  out  in  the 
mixtures  of  marsh  gas  and  air.  In  a  metal  tube  1  inch  in  diameter  the  flame  travelled  a  considerable 
distance,  but  in  a  slow  and  irregular  way.  Similar  results  were  obtained  with  mixtures  of  coal-gas  and 
air.  On  the  other  hand,  mixtures  of  ethylene  and  air  explode  readily  down  a  narrow  tube. 


Table  XVI. — The  Rate  of  Explosion  of  Ethylene  (1)  with  Oxygen,  and  (2)  with  Oxygen  and  Nitrogen. 
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Ill  the  case  of  ethylene,  the  retarding  action  of  oxygen,  which  is  greater  than  that 
of  nitrogen  for  the  first  volume  added  to  the  mixture  (0211^^+202),  becomes  less  and 
less  as  a  large  excess  of  oxygen  is  added ;  so  that  the  rate  of  explosion  of  ethylene 
and  air  would  be  considerably  increased  by  the  substitution  of  oxygen  for  the  nitrogen 
of  the  air.  With  a  large  excess  of  oxygen  the  secondary  reaction,  whereby  carbonic 
acid  is  formed,  influences  the  result,  for  the  conditions  are  eminently  favourable  for 
the  interaction  of  the  carbonic  oxide,  steam,  and  oxygen. 


Table  XVII. — The  Piate  of  Explosion  of  Vcetylene  (1)  with  Oxygen,  and  (2)  with 

Oxygen  and  Nitrogen.* 

(1-) 


Mixture. 

2  vols.  acetylene  1 

3  vols.  oxygen  J 

C2H2  +  O3 

With  addition  of  2  vols. 
oxygen. 

CoHo  +  O, 

Mean  rate  . 

2716 

2391 

(2-) 


Mixture. 

2  vols.  acetylene  1 

3  vols.  oxygen  j 

C2H2+O3 

With  addition  of  2  vols. 
nitrogen. 

C3H2  +  O3  +  N3 

Mean  rate  . 

2716 

2414 

These  experiments  show  that  in  all  the  cases  examined,  viz.,  the  combustion  of 
cyanogen,  marsh  gas,  ethylene,  and  acetylene,  the  substitution  of  nitrogen  for  the 
oxygen  required  to  burn  the  carbon  from  carbonic  oxide  to  carbonic  acid  increases  the 
velocity  of  the  explosion.  Thtse  facts  seem  only  consistent  with  the  view  that  the 
carJjon  burns  directly  to  carbonic  oxide,  and  the  formation  of  carbonic  acid  is  an 
after -occurrence. 


§  4.  Berthelot’s  Experiments  bearing  on  the  mode  of  Combustioii  of  Carbon. 

M.  Berthelot  found  that  the  pressures  produced  in  the  explosion  of  cyanogen 
were  greater  for  the  incomp)lete  than  for  the  complete  combustions.+ 

*  No  doubt  Avitli  a  large  excess  of  oxygen  tbe  explosion  of  acetylene  would  be  less  retai’ded  tlian  with 
a  large  excess  of  nitrogen,  as  in  the  case  of  ethylene.  Owing  to  the  expense  of  preparing  the  acetylene, 
experiments  with  a  large  excess  of  oxygen  Avere  not  made. 

t  ‘  Ann.  Chim,  et  Phys.’  [VI.],  Ami.  4,  p.  38. 
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Mixtures.  Pressures. 

rC^N^  +  Oj . 25 ’ll  atmospheres. 

IC2N0  +  263 . 20-96 

rC3N3+2N20 . 26-02 

IC3N3  +  4N0P . 22-66 

103^3  + -2^0 . 23-34 

IC3N3+4NO . 16-92 


It  is  difficult  to  reconcile  these  numbers  with  the  received  view  as  to  the  burning 
of  carbon  ;  they  are  readily  explained  on  the  hypothesis  that  carbon  burns  in  two 
stages. 

Berthelot  has  also  made  some  observations  of  the  initial  rate  of  explosion  of 
cyanogen  when  burnt  to  carbonic  oxide  and  when  burnt  to  carbonic  acid.  The  time 
taken  by  the  flame  in  travelling  a  distance  of  about  130  mm.  from  the  point  of 
inflammation  was  less  for  the  incomplete  than  for  the  complete  combustion  ;  a  result 
which  agrees  with  my  measurements  of  the  rate  of  the  explosion-wave  in  the  two 
cases.  When  a  mixture  of  carbonic  oxide,  oxygen  and  nitrogen,  having  a  composition 
corresponding  to  the  first  stage  of  the  combustion  of  cyanogen,  was  fired  in  the  same 
apparatus,  the  rate  of  the  flame  was  found  by  BerTHelot  to  be  far  slower  than  in 
the  complete  combustion  of  cyanogen  ; — 

Time  taken  by  flame  to  travel  130  mm. 

C3N3  +  O2 . 1’05  thousandths  of  a  sec. 

C3N3  -1-203 . 1-55 

2CO  -h  O3  +  Ng  .  .  .  17*78  „  ,, 

M.  Berthelot  adds  : — “  D’apres  ces  nombres,  il  ne  parait  pas  cpte  la  combustion 
totale  du  cyanogene  s’effectue  en  deux  temps,  en  formant  cTabord  en  totalite  de 
I’oxyde  de  carbone  qui  brfilerait  ensuite  ;  car  la  combustion  totale  est  beaucoup  plus 
rapide  que  la  somme  de  ces  deux  effets  separes.”''^ 

On  first  reading  this  passage  I  understood  M.  Berthelot  to  mean  that  in  the 
complete  combustion  of  cyanogen  there  ■was  no  intermediate  formation  of  carbonic 
oxide.  But  I  am  led  to  think  that  this  interpretation  cannot  be  correct  for  two 
reasons.  First,  because  the  conditions  of  temperature  and  pressure  are  so  entirely 
different  in  the  two  cases  compared,  that  no  argument  drawur  from  one  can  be  applied 
to  the  other.  In  one  case,  a  reaction  is  initiated  in  a  mixture  of  carbonic  oxide, 
oxygen,  and  nitrogen  at  the  atmospheric  temperature  and  pressure  ;  in  the  other,  the 
same  gases  are  at  an  enormously  high  temperature  and  pressure  when  the  reaction 
begins.  Secondly,  because  M.  Berthelot,  in  the  same  paper,  has  drawn  from 
analogous  facts  an  argument  in  an  exactly  opposite  sense.  Having  determined  the 
initial  rate  of  explosion  of  hydrogen  and  oxygen,  and  of  carbonic  oxide  and  oxygen 

*  ‘  Ann.  Cbim.  et  Pliys.,’  [VI.]  vol.  4,  p.  4.3. 
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in  a  boml),  he  found  the  rate  of  explosion  of  the  mixture  of  the  two  to  be  less  than 


the  mean  of  the  two  separately  : — 

T  inie. 

H3  +  0 . 1-04 

CO  +  O . 12-86 

Hg  +  CO  +  O3 . 3-88 


“  La  vitesse  de  combustion  n’est,  dans  aucun  cas,  la  moyenne  de  celle  des  compo- 
sants  melanges.  Mais  les  deux  gaz  paraissent  tendre  a  bruler  separementj  chacun 
avec  sa  vitesse  propre.” 

The  meaning  of  the  passage  quoted,  concerning  the  combustion  of  cyanogen,  would 
therefore  appear  to  be  ;  “  In  the  complete  combustion  of  cyanogen  there  are  not  two 
flames  propagated  from  the  point  of  inflammation  with  different  velocities — the 
quicker  due  to  the  burning  of  cyanogen  to  carbonic  oxide,  the  slower  to  the  burning 
of  carbonic  oxide  to  carbonic  acid.”  With  this  literal  interpretation  of  the  passage 
I  entirely  agree  :  there  are  not  two  flames  or  two  explosions,  but  the  burning  of  each 
molecule  takes  places  in  two  stages,  the  second  stage  prolonging  the  duration  of  the 
flame  clue  to  the  first. 

§  5.  Other  Experiments  on  the  burning  of  Carbon. 

It  is  usually  assumed  that  carbon,  in  all  its  states,  burns  to  carbonic  acid,  and  then 
the  excess  of  carbon,  if  it  is  present,  reduces  the  carbonic  acid,  first  formed,  to  carbonic 
oxide.  This  view,  no  doubt,  originated  from  the  observation  that  solid  carbon  burns 
in  oxygen,  without  apparent  flame,  to  form  carbonic  acid ;  and  that  carbonic  acid  is 
readily  reduced  to  carbonic  oxide  when  passed  over  heated  carbon.  The  experiments, 
however,  of  Mr.  Brereton  Baker  (‘Phil.  Trans.,’  1888)  show  tliat  purified  charcoal 
may  be  heated  to  redness  in  a  current  of  dry  oxygen  without  visible  combustion 
taking  place,  but  with  the  formation  of  carbonic  oxide — although  the  oxygen  is  in 
large  excess.  It  would  appear,  from  Mr.  Baker’s  observations,  that  carbonic  oxide 
is  the  first  jiroduct  of  the  action  of  oxygen  on  solid  carbon  at  a  high  temperature ;  the 
formation  of  carbonic  acid  being  a  secondary  change  clue  to  the  interaction  of  carbonic 
oxide,  steam  and  oxygen.  Both  solid  and  gaseous  carbon,  therefore,  appear  to 
undergo  oxidation  in  two  stages  ;  the  second  stage  being  facilitated  by  the  presence 
of  steam. 

The  evidence,  above  described,  led  me,  two  years  ago,  to  hazard  an  exjilanation  of 
the  appearance  of  a  cyanogen  flame  burning  in  air.  The  crimson  inner  zone  might  be 
due  to  the  jnimary  reaction — the  burning  of  the  cyanogen  to  carbonic  oxide  and 
nitrogen,  with  the  limited  air  supply  that  reaches  it ;  the  blue  outer  zone  might  be 
due  to  the  burning  of  the  carbonic  oxide  (formed  in  the  crimson  zone),  as  it  meets 
with  a  plentiful  supply  of  air  outside.  A  few  experiments  I  made  showed  the  presence 
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of  carbonic  oxide  in  abundance  on  the  edge  of  the  crimson  zone ;  but  I  iiave  left  the 
further  investigation  of  the  structure  of  the  cyanogen  flame  to  Professor  A.  Smithells, 
who  has  devised  a  most  ingenious  method  of  separating  the  outer  and  inner  cones  of 
flame,  formed  when  a  mixture  of  a  combustible  gas  and  air  is  burnt  in  a  Bunsen 
burner.  His  experiments  show  that  the  cyanogen  is  completely  destroyed  in  the 
inner  red  flame,  and  carbonic  oxide  is  the  main  product  of  its  oxidation  there.  This 
carbonic  oxide  burns  above,  on  reaching  the  air,  with  its  well-known  blue  flame"'' 
(‘Chem.  Soc.  Journ.,’  1892,  vol.  1,  p.  215). 

Cap.  VI. — The  Keactions  op  Carbonic  Oxide  in  the  Flame. 

If  it  be  true  that  in  a  flame  gaseous  carbon  burns  to  carbonic  oxide,  and  that  carbonic 
oxide  reacts  with  steam  (if  present)  to  a  limited  extent,  and  is  completely  oxidised  in 
presence  of  steam  and  oxygen,  two  questions  arise  :  (1)  What  happens  to  the  carbonic 
oxide  first  formed  in  the  combustion  of  hydrocarbons  or  cyanogen  with  excess  of 
oxygen  ?  and  (2)  How  do  these  secondary  reactions  affect  the  rate  of  explosion  ?  In 
the  case  of  cyanogen  we  should  expect,  if  the  gases  are  fairly  dry,  that  the  formation 
of  carbonic  acid  would  be  comparatively  slow,  since  no  steam  is  formed  in  the  reaction. 
We  find,  in  accordance  with  this  expectation,  that  so  long  as  the  mixtures  will  explode, 
successive  additions  of  oxygen  retard  the  rate  more  than  the  additions  of  nitrogen — 
just  as  in  the  case  of  electrolytic  gas.  This  means  that  in  the  cyanogen  explosion  the 
excess  of  oxygen  and  carbonic  oxide  are  as  inert  towards  each  other  (as  far  as  the 
propagation  of  the  wave  is  concerned)  as  the  excess  of  oxygen  and  steam  are  in  the 
explosion  of  electrolytic  gas.  On  the  other  hand,  the  carbonic  oxide  formed  in  the 
explosion  of  hydrocarbons,  with  excess  of  oxygen,  meets  with  the  steam  also  formed  in 
the  flame.  This  is  the  condition  necessary  for  its  most  rapid  oxidation.  We  should 
expect,  therefore,  to  find  in  the  explosions  of  hydrocarbons  that  the  retarding  action 
of  large  quantities  of  oxygen  is  partly  counteracted  by  this  secondary  reaction,  for  the 
oxygen  in  presence  of  the  steam  is  not  inert  towards  the  carbonic  oxide.  As  a  matter 
of  fact,  we  find  that  the  first  additions  of  oxygen  to  the  hydrocarbon  mixtures  retard 
more  than  nitrogen,  but  as  the  additions  are  continued  the  oxygen  has  less  and  less 
retarding  influence  compared  with  the  nitrogen. 

When  carbonic  oxide,  which  has  the  same  density  as  nitrogen,  is  added  to 
electrolytic  gas,  the  retarding  effect  on  the  explosion  is  very  nearly  the  same  as  when 
an  equal  volume  of  nitrogen  is  added  : — 


*  The  greenish-grey  tint,  observable  in  the  outer  flame,  may  be  clue  to  some  oxide  of  nitrogen  formed 
in  the  inner  flame.  A  little  peroxide  of  nitrogen  gives  a  similar  tint  to  an  ordinary  Bunsen  gas  flame  ; 
and  peroxide  of  nitrogen  is  formed  when  cyanogen  is  burnt  under  certain  conditions  {vide  ‘  Chem.  Soc*. 
Journ.,’  1886,  vol.  1,  p.  390). 
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Table  XVIII. — Rate  of  Explosion  of  Electrolytic  Gas  (1)  with  Nitrogen,  and 

(2)  with  Carbonic  Oxide.  (K.) 

(1-) 


Mixture. 

2  vols.  hydrogen  1 
and  1  vol.  oxygen.  J 
Hg-FO 

With  addition 
of  1  vol.  nitrogen. 

H^  +  O  +  N 

With  addition 
of  3  vols.  nitrogen. 
Hj-h  0  l-Ng 

Mean  rate 

2821 

2426 

2055 

Alixturc. 

2  vols.  hydrogen  1 
and  1  vol.  oxygen.  J 

Ho  +  0 

With  addition 
of  1  vol.  carbonic  oxide. 
H3+O  +  K 

With  addition 
of  3  vols.  carbonic  oxide. 
H0+O  +  K3 

Mean  rate 

2821 

2455 

2080 

It  is  true  that  carbonic'  acid  and  free  hydrogen  are  found  in  the  tube  after  the 
explosion  ;  l3ut  these  are  due  to  a  secondary  reaction,  which  need  not  necessarily 
affect  the  rate  ;  in  other  words,  the  carbonic  acid  may  be  formed  in  the  heated  gases 
after  the  wave-front  has  passed  by. 

This  similarity  in  the  retarding  action  of  carbonic  oxide  and  nitrogen  can  be 
explained  in  two  ways.  First,  the  carbonic  oxide  may  be  for  the  most  part  unaffected 
in  the  initial  change  occurring  in  the  wave-front,  and  be,  consequently,  as  inert  as  aii 
equal  volume  of  nitrogen.  Secondly,  the  carbonic  oxide — inert  towards  tlie  hydrogen 
and  oxygen— may  react  with  the  steam  produced  both  in  the  wave-front  and  behind 
it.  The  reaction  between  the  steam  and  carbonic  oxide  in  the  luave-front  would 
slightly  quicken  the  explosion  by  developing  heat.  The  experiments  show  that 
niti'Ogen  retards  the  wave  to  an  extent  just  appreciably  greater  than  carbonic  oxide. 

To  test  the  correctness  of  these  views  concerning  the  role  played  by  carbonic  oxide 
in  the  flame,  an  experiment  was  tried  with  electrolytic  gas  diluted  (1)  with  oxygen 
and  nitrogen,  and  (2)  with  oxygen  and  carbonic  oxide.  We  have  seen  that 
electrolytic  gas,  when  diluted  with  carbonic  oxide,  explodes  at  nearly  the  same 
rate  as  when  diluted  with  nitrogen.  Now,  if  the  views  expressed  above  are 
correct,  we  may  replace  some  of  the  diluent  nitrogen  by  oxygen,  and  thereby  make 
the  explosion  slower  ;  but  if  the  diluent  carbonic  oxide  is  partly  replaced  by  oxygen, 
the  explosion  should  be  considerably  faster.  The  rates  found  in  the  two  cases  agree 
with  this  ]3rediction  ; — 
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Table  XIX. 

(1-) 


Mixture. 

2  vols.  hydrogen  I 

1  vol.  oxygen  J 

H3  +  O 

With  addition 
of  3  vols.  nitrogen. 

H3  +  O+N3 

With  addition  of  2  vols. 
nitrogen  and  1  vol.  oxygen. 
Ho  +  0  -{-  0  +  Nj 

Mean  rate. 

2821 

2055 

2003 

(2-) 


Mixture. 

2  vols.  hydrogen 

1  vol.  oxygen  J 

H3  +  O 

With  addition  of 

3  vols.  carbonic  oxide. 
Hop  0  +  Kg 

With  addition  of  2  vols. 
carb.  ox.  and  1  vol.  oxygen. 
Ho  +  0  +  0  +  Ko 

Mean  rate  .  . 

2821 

2080 

2143 

A  study  of  these  several  tables  brings  us  to  the  conclusion  that  secondary 
reactions,  whereby  carbonic  oxide  is  oxidised  in  the  flame,  may  affect  the  velocity  of 
the  wave  to  a  smaller  extent  when  the  explosion  is  rapid,  to  a  greater  extent  when 
the  explosion  is  slow. 


Cap.  VII. — Examination  of  Berthelot’s  Theory. 

The  measurements  of  the  rate  of  explosion  of  the  various  gaseous  mixtures 
described  in  Cap.  V.  permitted  an  extended  comparison  between  the  theoretical 
velocities  calculated  by  Berthelot’s  formula  {6)  and  the  actual  rates  {v).  This 
comparison  is  made  in  the  following  tables  for  electrolytic  gas,  diluted  with  oxygen 
and  with  nitrogen  ;  for  cyanogen  burning  to  carbonic  oxide,  and  when  this  mixture 
is  diluted  with  nitrogen  ;  for  marsh  gas,  ethylene,  and  acetylene,  all  burning  to 
carbonic  oxide  and  steam,  and  for  the  same  gases  diluted  with  nitrogen.  In 
calculating  6,  I  made  a  correction  for  the  gases  being  at  the  ordinary  temperature 
(13°  C.)  before  explosion,  and  not  at  absolute  zero;  the  theoretical  velocities  are, 
therefore,  rather  higher  than  those  given  by  Berthelot.  This  correction  raises  the 
theoretical  velocity  of  explosion  of  electrolytic  gas  from  2831  metres  per  second 
(Berthelot)  to  2900. 
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Table  XX. — Electrolytic  Gas  with  excess  of  Oxygen  added. 


Mixture. 

2  vols.  hydrogen  1 

1  vol.  oxygen.  J 
H3+O 

With  addition  of 

1  vol.  oxygen. 

Ho  +  0  +  0 

With  addition  of 

3  vols.  oxygen. 

H0  +  O  +  O3 

1 

1 

With  addition  of 

0  vols.  oxygen. 

Ho  +  0  +  O3 

1 

Theory,  <9  . 

2900 

2252 

1730 

1476 

Found,  V  . 

2821 

2328 

1927 

1707 

Table  XXI. — Electrolytic  Gas  with  excess  of  Nitrogen  added. 


Mixture. 

Ho  +  0 

Ho  +  O  +  N 

H0  +  O  +  N3 

H3  +  O  +  N5 

Theory,  0  . 

2900 

2321 

1814 

1558 

Found,  v  . 

2821 

2426 

2055 

1822 

These  measurements  show  that  Bebthelot’s  formula,  which  gives  a  calculated 
rate  3  per  cent,  too  high  for  pure  electrolytic  gas,  also  gives  a  calculated  rate  which 
is  found  to  be  16  and  17  per  cent,  too  low  for  the  same  gas  when  largely  diluted  with 
oxygen  and  with  nitrogen  respectively. 

Again,  in  the  explosion  of  cyanogen  to  carbonic  oxide  with  its  own  volume  of 
oxygen,  and  also  when  the  same  mixture  is  diluted  with  nitrogen,  the  theoretical 
rates  calculated  by  Berthelot’s  formula  are  far  too  low  : — 

Table  XXII. — Cj^anogen  and  Oxygen  with  excess  of  Nitrogen  added. 


1 

Mixture. 

1  vol.  cyanogen  ^ 

1  vol.  oxygen.  ) 
CoNo+Oo 

With  addition  of 

1  vol.  nitrogen. 
G^^  +  Oo  +  Ns 

With  addition  of 

2  vols.  nitrogen. 
C2N2+O0  +  2N0 

Tlieory,  0  :  . 

I 

2361 

2083 

1877 

Found,  r  . 

2728 

2397 

2166 

Tlie  observed  rates  of  explosion  are  15  per  cent,  higher  than  the  calculated  rates. 
Similar  differences  are  found  between  the  observed  and  the  calculated  rates  when  the 
cyanogen  mixture  is  diluted  with  oxygen. 

When  marsh  gas  and  ethylene  are  exploded  with  oxygen  sulhclent  to  burn  them 
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to  carbonic  oxide  and  steam,  the  observed  rates  are  higher  than  those  given  by  the 
formula.  Again,  when  these  mixtures  are  diluted  with  nitrogen  the  rates  come  out 
higher  than  the  formula  predicts. 

Table  XXIII. — Marsh  Gas  and  Oxygen  with  excess  of  Nitrogen  added. 


Mixture. 

2  vols.  methane  I 

3  vols.  oxygen.  / 

CH,  +  03 

With  addition  of 

1  vol.  nitrogen. 
CHi+OgPN 

With  addition  of 

3  vols.  nitrogen. 

OH,  +  03  +  N3 

Theory,  0  .  . 

2387 

2211 

1958 

Found,  V 

2470 

2349 

2154 

For  pure  marsh  gas  and  oxygen,  the  calculated  velocity  is  3|-  per  cent,  too  low ; 
when  3  volumes  of  nitrogen  are  added,  the  calculated  velocity  is  10  per  cent,  too  low. 
The  mixture  cannot  be  detonated  with  a  large  excess  of  nitrogen. 
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Here,  as  in  the  case  of  electrolytic  gas,  the  rate  for  the  pure  mixture  is  in  close 
agreement  with  the  calculated  velocity.  Taken  by  itself,  this  experiment  (not  tried 
hy  Beethelot)  wmuld  have  offered  strong  confirmation  of  the  correctness  of  the 
theory.  But  as  successive  additions  of  nitrogen  are  made  to  the  mixture,  the 
calculated  velocities  fall  heloiv  the  observed  rates,  until,  with  a  large  excess  of 
nitrogen,  the  calculated  rate  is  16  per  cent,  too  low. 

The  gradual  divergence  between  the  observed  and  the  calculated  rates  of  explosion 
for  different  gaseous  mixtures,  as  successive  quantities  of  nitrogen  were  added  to  the 
pure  explosive  gas,  led  me  to  try  the  effect  of  diluting  electrolytic  gas  with  hydrogen. 
According  to  Beethelot’s  forumla  a  slight  increase  in  the  rate  should  occur ;  actually 
a  very  marked  increase  in  the  rate  was  observed. 


Taele  XXVI. —  Rate  of  Explosion  of  Electrolytic  Gas  with  excess  of  Hydrogen 

added. 


^Mixture. 

2  vols.  hydrogen  “I 

1  vol.  oxygen.  J 
H2  +  O 

With  addition  of 

2  vols.  hydrogen.’ 
H2+O  +  H0 

With  addition  of 

4  vols.  hydrogen. 
H2+O  +  H, 

] 

With  addition  of  j 
6  vols.  hydrogen. 

Ho  +  O  +  Hg 

Tbeorj,  6 

2900 

.3055 

3061 

3028 

Found,  v 

2821 

3268 

3527 

3532 

To  compare  with  this  series  of  experiments,  and  with  those  given  in  Table  XXI.,  a 
mixture  of  hydrogen  and  nitrous  oxide  was  exploded  (1)  by  itself,  (2)  with -excess  of 
hydrogen,  and  (3)  with  excess  of  nitrogen.  A  similar  divergence  between  the 
calculated  and  observed  rates  was  found  both  when  the  mixture  was  diluted  with 
hydrogen,  and  when  it  was  diluted  with  nitrogen. 

Table  XXVII. — Rate  of  Explosion  of  Hydrogen  and  Nitrous  Oxide,  with  excess  of 

(1)  Hydrogen,  (2)  Nitrogen. 

(V) 


]\Iixture. 

2  vols.  hydrogen 

2  vols.  nitrous  oxide. 
H2  +  N2O 

With  addition  of 

2  vols.  hydrogen. 
H2  +  N2O  +  H2 

With  addition  of 

4  vols.  hydrogen. 
Ho  +  NsO  +  H^ 

With  addition  of  j 
5  vols.  hydrogen. 
H3  +  N2O  +  H5  j 

Theory,  d  .  . 

2319 

2374 

2396 

2400 

Found,  V 

2305 

2545 

2705 

2732 

MDCCCXCIIT. — A. 
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(2.) 


Mixture. 

H,  +  N3O 

With  addition  of 

2  vols.  nitrogen. 

H3  +  N2O  -h  N2 

With  addition  of 

3  vols.  nitrogen. 

Ho  -h  NoO  -h  N3 

Theory,  6  .  . 

2319 

1912 

1782 

Found,  V 

2305 

1991 

1880 

Now  M.  Berthelot  especially  insists  that  the  formula  gives  a  maximum  velocity 
which  may  be  reached,  but  not  surpassed,  by  the  actual  explosion-wave.  If,  then, 
the  rates  of  explosion  of  the  diluted  mixtures  had  fallen  below  the  calculated  rates, 
such  divergence  might  be  explained  on  the  supposition  that  the  diluent  gases 
interfere  with  the  normal  propagation  of  the  wave,  an  explanation  which  is  indeed 
advanced  by  Berthelot  to  account  for  the  falling  off  in  the  rate  of  certain  diluted 
mixtures  observed  by  him.  But  since  the  theory  assumes  that  the  explosion -wave 
travels  at  the  rate  of  the  gaseous  molecules  themselves  while  they  still  retain  all  the 
heat  developed  by  the  reaction,  the  presence  of  inert  molecules  could  not  possibly 
increase  this  rate  of  motion.'* 

Since  the  amount  and  regularity  of  the  divergence  between  the  found  and 
calculated  rates  precluded  the  idea  of  experimental  error  being  its  sole  cause,  I  was 
driven  to  conclude  either  that  the  hypothesis  was  incorrect,  or  that  the  formulas 
used  failed  to  express  the  hypothesis  with  exactness. 

M.  Berthelot’s  theory  is  that  the  explosion  does  not  travel  with  the  velocity  of 
sound  in  the  heated  gases,  but  with  a  velocity  equal  to  the  mean  rate  of  translation  of 
the  molecules  produced  in  the  explosion. 

Let  us  examine  the  mode  in  which  Berthelot  calculates  the  theoretical  velocity, 
i.e.,  the  mean  rate  of  translation  of  the  products  of  combustion  at  the  temperature  of 
the  explosion.  In  Clausius’  formula 

V  —  29-354 

M,  Berthelot  calculates  the  absolute  temperature  of  the  explosion  by  dividing  the 
quantity  of  heat  developed  in  the  complete  reaction  by  the  specific  heat  of  the 
products  of  combustion  taken  at  constant  joressnre.  He  argues  that  each  layer  of  gas, 
in  transmitting  the  explosion,  is  heated  under  constant  pressure,  I  cannot  follow  his 
reasoning. 

“  The  combustion,”  he  says,  “  in  propagating  itself  from  layer  to  layer,  is 
preceded  by  the  compression  of  the  gaseous  layer  which  it  is  about  to  transform. 

*  It  will  be  shown  in  the  seqnel  that  Berthelot’s  formula  fails  to  express  the  rates  of  explosion  of 
some  undiluted  explosive  mixtures,  viz.,  hydrogen  aiid  chlorine,  ammonia  and  nitrous  oxide. 
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.  .  .  The  combustion  of  each  layer  produces  both  heat  and  at  the  same  time  the 
wo]‘k  necessary  to  compress  the  following  layer — that  is  to  say,  the  layer  loses  on  this 
score  just  as  much  heat  as  it  gained  by  its  own  compression.  The  whole  proceeds,  as 
far  as  the  elevation  of  temperature  is  concerned,  precisely  as  if  we  had  operated  under 
constant  pressure,”  On  the  facts  of  the  case  there  is  no  dispute.  The  gas  is  exploded 
in  a  closed  vessel.  Each  layer  is  compressed  before  being  fired ;  after  firing  it 
compresses  the  layer  beyond  it.  Now,  as  regards  this  preliminary  compression,  each 
layer,  in  turn,  expends  the  same  energy  as  was  previously  communicated  to  it,  and, 
therefore,  it  does  no  work  of  its  own.  But  a  gas  heated  under  conditions  where  it 
does  no  work  is  raised  to  the  same  temperature  as  it  would  be  had  its  volume 
remained  constant.  M.  Berthelot  admits  that  it  would  appear  at  first  sight  as  if 
the  gases  were  heated  at  constant  volume  ;  he  adds  that  the  concordance  of  the 
calculated  with  the  observed  numbers  supports  his  explanation  of  the  phenomena. 

Again,  the  fact  that  each  layer  is  fired  by  compression  involves  the  preliminary 
heating  of  that  layer,  and  this  heating  must  be  added  to  the  heat  developed  by  its 
burning.  The  temperature  of  the  burning  layer  must,  therefore,  be  greater  than 
that  obtained  by  dividing  the  heat  developed  in  the  chemical  change  by  the  specific 
heat  of  the  products  of  combustion. 

When  a  sound-wave  alone  is  transmitted  through  a  gas  its  velocity  shows  that 
each  layer  of  gas  forming  the  wave-front  is  heated  by  compression,  and  there  is  no 
reason  why  this  should  not  happen  when  the  compression  is  accompanied  by  a 
chemical  change. 

To  what  extent  is  each  layer  heated  before  combustion  ?  MM.  Mallard  and 
Le  Chatelier*  state  that  the  explosion-wave  will  be  propagated  when  each  layer 
is  brought  by  compression  to  its  own  temperature  of  inflammation.  For  hydrogen 
and  oxygen,  they  find  this  temperature  to  be  about  5.50°  C.,  and  calculate  that  a 
pressure  of  30  atmospheres  must  be  exerted  upon  the  gas  to  raise  it  to  this  point. 
This  temperature  may  be  regarded  as  the  lowest  limit  of  the  preliminary  heating  of 
each  layer  before  combustion.  But  having  regard  to  the  fact  that  the  individual 
molecules  of  hydrogen  and  oxygen  in  a  jmt  unburnt  layer  may,  in  the  interval  of  time 
between  their  meetings,  be  heated  above  the  point  at  which  they  combine  with  each 
other,  we  cannot  affirm  that  this  limit  of  temperature  may  not  be  greatly  surpassed 
in  the  explosion. 

If  we  regard  the  transmission  of  the  explosion  to  be  due  to  the  collisions  of  the 
molecules,  and  assume  that  molecules  which  are  chemically  inactive  towards  each 
other  act  as  elastic  bodies  when  they  come  into  collision,  and  that  molecules  which 
combine  chemically  lose  energy  of  translation  and  gain  energy  of  vibration,  then  it 
must  happen  that  unburnt  molecules  come  into  collision  with  burnt  molecules  and  take 
up  their  energy  in  the  form  of  motion.  For  instance,  in  the  explosion  of  hydrogen 
and  chlorine,  the  energy  of  the  hydrogen  chloride  formed  will  be  communicated  by 

*  ‘  RecLerclies  sur  la  combustion  des  Melanges  Gazeux  Explosifs,’  p.  88-91. 
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collision  to  molecules  of  hydrogen  and  chlorine ;  these  heated  molecules,  moving 
forwards,  will  meet  unheated  molecules  moving  backwards,  when  combination  will 
occur  between  those  of  opposite  kind.  Heated  hydrogen  will  thus  combine  with 
cool  chlorine,  and  heated  chlorine  with  cool  hydrogen.  The  heat  of  combustion  is 
thus  communicated  to  a  molecule  of  hydrogen  or  chlorine  which  shares  it  wdth 
a  molecule  of  the  opposite  kind  ;  each  hydrogen  chloride  molecule  formed  in 
turn  will  therefore  have,  on  the  average,  a  temperature  corresponding  to  the 
heat  of  chemical  combination  plus  half  the  heat  of  a  molecule  previously  formed. 
According  to  this  view  the  temperature  reached  by  each  successive  layer  would 
increase  until  it  wms  douhle  that  due  to  the  chemical  change  alone.  Tlie  temperature 
of  the  explosion  would  then  remain  constant,  and  the  wave  wmuld  advance  at  a 
uniform  rate  as  long  as  it  met  the  same  mixture  of  gases. 

My  conception  may  perhaps  be  illustrated  by  an  analogy,  although  an  imperfect 
one,  Tmao'ine  a  kiloarram  of  water  at  0°  falling  in  vacuo  through  425  metres  into  a 
vessel  filled  with  an  ecpial  mass  of  water  at  0°  :  its  motion  is  stopped,  but  an  equal 
mass  of  water  is  displaced.  Imagine  that  the  heat  developed  (wdiich  wmuld  raise  the 
fallen  waiter  to  1°)  be  divided  equally  between  the  yvater  which  fell  and  that  wdiicli 
wms  displaced.  The  displaced  kilogram  of  water,  now  at  '5°,  falls  into  a  similar  vessel 
425  metres  below,  where  it  divides  its  heat  with,  and  displaces,  a  third  kilogram  of 
wmter,  and  so  on.  By  successive  divisions  of  heat,  the  temperature  of  the  falling 
wmter  wall  approach  1°,  beyond  which  it  cannot  rise.  But  if  the  heat  developed  w’ere 
not  divided,  and  remained  in  the  fallen  water,  the  falling  wvater  would  be  always  at 
0°,  and  the  fallen  water  at  1°.  The  latter  case  is  the  analogue  of  the  condition 
imagined  by  M.  Berthelot,  yvhere  the  heat  of  the  burnt  layer  is  not  imparted  to  the 
unburnt  layer  next  it  ;  the  former  case  is  the  analogue  of  the  condition  wdiich  I 
imagine  holds  in  the  propagation  of  the  explosion-wave. 

Again,  M.  Berthelot  considers  the  velocity  of  the  w^ave  to  be  solely  goymrned  by 
the  mean  rate  of  translation  of  the  products  of  combustion.  If,  howey^er,  we  accept 
the  hypothesis  that  the  explosion  is  propagated  by  molecular  collisions,  we  have  just 
seen  that  the  movement  of  the  products  of  combustion  is  communicated  to  the 
unburnt  molecules  in  front.  It  wdll,  therefore,  follow^  that  the  rate  of  the  advancing 
explosion  will  depend  not  only  on  the  rate  of  translation  of  the  products  of  combustion, 
but  also  on  the  rate  of  translation  of  the  \\Qdded  hut  yet  unconibined  niolecides.  If 
the  burnt  molecules  communicate  their  rise  of  temperature  wdthout  loss  to  the  mole¬ 
cules  in  front,  no  difterence  in  the  mean  rate  of  motion  wdll  be  caused  bv  this 
transference  so  long  as  the  burnt  and  the  unburnt  gases  are  of  the  same  average 
density.  But  if  a  change  in  density  is  produced  lyy  the  combustion,  the  average 
velocity  of  the  molecules  in  the  burnt  layer  will  difler  from  the  average  velocity  of 

*  [r  make  the  assumption  that  a  very  thin  layer  of  gas  (comparahle  in  thickness  vTth  the  mean  free 
path  of  the  molecules)  may  he  raised  by  collisions  to  nearly  the  same  temperature  as  the  highly  heated 
la.yer  next  it. — Jan.,  1893.] 
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the  molecules  in  the  heated  but  yet  iinburnt  layer,  and  this  difference  must  be  taken 
into  account.  Lastly,  there  is  a  correction  to  be  applied  for  changes  of  density  in  the 
explosion  which  in  part  counteracts  the  foregoing  correction.  In  the  oxidation  of 
hydrogen  and  of  carbonic  oxide  there  is  a  contraction  from  three  volumes  to  two ;  in 
the  burning  of  cyanogen  to  carbonic  oxide  there  is  aii  expansion  of  two  volumes  to 
three.^  If  each  layer  of  the  reacting  gases  is  heated  at  constant  volume,  a  change 
in  the  number  of  molecules  must  affect  the  temperature  reached. 

If  the  number  of  molecules  is  increased  by  the  chemical  change  the  temperature 
from  which  the  velocity  of  the  wave  is  calculated  will  be  higher  than  that  directly 
deduced  from  calorimetric  observations  ;  and  vice  versa.  In  allowing  for  this  change 
we  may  suppose  that  the  new  formed  molecules  have  been  suddenly  compressed  or 
expanded,  without  loss  of  heat,  into  the  volume  previously  occupied  by  the  initial 
molecules,  in  which  case  the  temperature  would  be  altered  according  to  Rankine’s 
formula 

Ayp-i 

Ti  \yj 

where  and  are  the  absolute  temperatures,  and  V3  the  volumes  before  and 
after  the  reaction,  and  y  the  ratio  of  the  specific  heats  at  constant  pressure  and  at 
constant  volume. 

Cap.  VIII. — Comparison  of  the  Rate  of  Explosion  to  that  of  a  Sound-wave. 

The  criticisms  wdiich  I  have  ventured  to  make  on  Berthelot’s  method  of  calcu¬ 
lating  the  mean  rate  of  translation  of  the  gaseous  molecules  concerned  in  the 
propagation  of  the  explosion- wave,  tend  to  show  that  the  rate  so  calculated  must  be 
too  small.  But  in  attempting  to  apply  corrections  suggested  by  these  criticisms,  one 
is  beset  with  difficulties.  As  an  approximation  I  assume  (1)  that  the  explosion-wave 
is  carried  forward  by  the  movements  of  molecules  of  density  intermediate  between 
that  of  the  products  of  combustion  and  that  of  the  imburnt  gas  ;  (2)  that  the 
temperature  of  the  gas  propagating  the  wave  is  double  that  due  to  the  chemical 
reaction  alone  ;  (3)  that  the  temperature  is  increased  when  the  chemical  volume  of  the 
products  is  larger,  and  is  diminished  when  the  chemical  volume  of  the  products  is 
smaller  than  that  of  the  initial  gases  ;  (4)  that  the  gases  are  heated  at  constant 
volume,  and  their  specific  heats  remain  constant  at  high  temperatures.  On  calculating 
the  mean  rate  of  translation  of  the  molecules  on  these  assumptions  one  arrives  at 
numbers  greatly  in  excess  of  any  of  the  observed  rates  of  explosion  ;  but  some  of  the 
observed  rates  agree  with  the  velocity  of  sound  in  a  gas  of  the  temperature  and  density 
so  calculated.  For  instance,  when  one  volume  of  cyanogen  is  exploded  with  an  equal 

*  M.  Berthelot  rightly  takes  this  change  into  account  in  interpreting  Bunsen’s  experiments  on  the 
temperature  produced  in  explosions.  ‘Ann.  Chiiii.  et  Phys.,’  [V.],  vol.  12,  p.  302. 
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volume  of  oxygen,  two  volumes  of  carbonic  oxide  are  formed,  and  one  volume  of 
nitrogen  : — ■ 

C2N3  +  0.  =  2C0  +  Ns. 

Taking  the  quantity  of  heat  evolved  as  126,100  calories,  and  the  specific  heat  at 
constant  volume  of  the  products  of  combustion  as  4 ’8  X  3  =  14’4,  the  temperature 
produced  by  the  chemical  change  is  8694°  C.  If  the  gases  were  initially  at  13°,  or 
286°  degrees  above  absolute  zero,  the  chemical  reaction  will  raise  the  temperature  to 
8980°.  But,  since  three  molecules  are  formed  where  two  previously  existed,  the 
temperature  is  further  raised  by  the  heat  developed  in  compressing  three  volumes  to 
two.  This  will  raise  the  temperature  to  10,595°.  At  double  this  temperature  the 
mean  rate  of  translation  of  a  molecule  of  the  mean  density  of  the  burnt  and  unburnt 
gases  would  be  3892  metres  per  second.  If  the  formula  for  the  velocity  of  sound 
under  ordinary  conditions  held  good  in  the  explosion,  the  velocity  of  the  sound  wave 
would  be  2670  metres  per  second — a  rate  which  is  about  2  per  cent,  less  than 
the  observed  velocity  of  the  explosion- wave.  Now,  the  theoretical  velocity  of  sound 
is  calculated  on  the  assumption  that  the  disturbance  is  very  sm.all ;  if  the  displace¬ 
ments  are  large  the  velocity  of  sound  should  be  higher.  Direct  measurements  of  the 
velocity  of  sound-waves  of  great  intensity  have  confirmed  this  anticipation.  Under 
ordinary  conditions  the  rate  of  the  sound-wave  is  to  the  mean  rate  of  the  molecules  as 
'688:1.  If  we  take  the  ratio  in  an  explosion  as  '7  :  1  the  velocity  of  the  sound- wavm 
agrees  with  the  observed  rate  of  explosion  in  this  particular  case. 

We  may  now  compare  the  rate  of  the  sound-wave  so  calculated  with  the  velocity 
of  explosion  of  cyanogen  wdth  oxygen  (1)  in  presence  of  excess  of  oxygen,  (2)  in 
presence  of  excess  of  nitrogen  ;  (3)  of  cyanogen  with  nitrous  oxide  alone,  and  (4)  in 
presence  of  excess  of  nitrogen  ;  and  lastly  (5)  of  cyanogen  with  nitric  oxide. 

Taking  the  data  furnished  by  Berthelot’s  experiments,  we  have,  for  the  quantities 
of  heat  evolved,  the  expansion  on  explosion,  the  specific  heat  of  the  products,  and  for 
the  mean  density  of  the  burnt  and  unburnt  gases  : — 
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Table  XXVIII. — Explosion  of  Cyanogen  witli  Oxygen. 


Explosive 

gases. 

Inei’t 

gases. 

Heat 

developed. 

Expansion. 

Specific  heat 
of  products. 

i 

Mean  | 

density. 

i 

C.No  +  0,  .  . 

126,100  Cals. 

2  :  3 

4-8  X  3 

1-21.3 

Oo 

3:4 

4-8  X  4 

1-172 

20‘'o 

?5 

4:5 

4-8  X  5 

1-154 

5) 

SOa 

5  :  6 

4-8  X  6 

1-144 

Explosion  of  Cyanogen  with  Oxygen  and  Nitrogen. 

CoNc  +  Oo  .  . 

No 

126,100  Cals. 

3:4 

4-8  X  4 

1-1.32 

2N3 

4  •  5 

4-8  X  5 

1-092 

Explosion  of  Cyanogen  with  Nitrous  Oxide  and  Nitrogen. 

CoNo  +  2N„0  . 

167, .300  Cals. 

3  :  5 

4-8  X  5 

1-294 

No 

4:6 

4'8  X  6 

1-213 

J? 

2No 

5  :  7 

4-8  X  7 

1-165 

Explosion  of  Cyanogen 

with  Nitric 

Oxide. 

CoNo  +  2N0  . 

*  * 

169, .300  Cals. 

.3:4 

4-8  X  4 

1-1.32 

Table  XXIX. — The  Rate  of  Explosion  of  Cyanogen  Mixtures  compared  with 

the  calculated  Velocity  of  Sound  (S). 

1.  Cyanogen  with  Oxygen. 


IMixture . 

CoNo  +  O2. 

C0N2  +  2O0. 

CoNo  +  30o. 

Mean  rate  . 

2728 

2321 

2110 

2 . 

2725 

2.310 

2066 

2.  Cyanogen  with  Oxygen  and  Nitrogen. 


Mixture  . 

CoNo  +  Oo. 

C2N0  +  O3  +  No. 

CoNo  +  Oo  +  2No. 

^lean  rate  . 

2728 

2.397 

2163 

2 . 

2725 

2.397 

2166 
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3.  Cyanogen  with  Nitrous  Oxide  and  Nitrogen. 


Mixture. 

CoN,  +  2N,,0 

C.N^  -t-  2N2O  +  No 

CoNo  +  2N.oO  +  2No 
"  " 

Mean  rate  . 

2454 

228.3 

2098 

2  .  .  .  . 

2416 

2237 

2093 

4.  Cyanogen  with  Nitric  Oxide. 


Mixture. 

CoNo  +  2NO 

Mean  rate 

2760 

V 

2763 

This  comparison  shows  that  the  formula,  which  makes  the  velocity  of  sound  in 
cyanogen  burning  to  carbonic  oxide  equal  to  the  observed  rate  of  explosion,  also  gives 
for  the  velocity  of  sound  in  the  same  gases  diluted  with  oxygen  or  nitrogen  numbers 
closely  concordant  with  the  observed  rates  of  explosion.  The  same  formula  holds  for 
the  explosion  of  cyanogen  with  nitrous  oxide  and  when  this  mixture  is  diluted  with 
nitrogen.  Lastly,  by  firing  a  cartridge  of  fulminate  in  a  steel  cylinder  filled  with  a 
mixture  of  cyanogen  and  nitric  oxide  I  succeeded  in  propagating  the  explosion  from 
the  cylinder  through  a  long  leaden  tube  filled  with  the  gases.  The  rate  of  explosion 
so  obtained  agreed  exacfly  witli  the  calculated  sound-wave.  I  believe  this  was  the 
first  time  thaT  a  mixture  of  cyanogen  and  nitric  oxide  had  been  exploded  in  a  tube. 
Berthelot,  who  fired  this  mixture  in  a  bomb,  states  that  the  ivave  is  not  propagated 
in  these  gases.  I  found  that  neither  a  strong  spark,  nor  an  initial  explosion  of 
hydrogen  and  nitric  oxide,  would  set  up  the  explosion-wave  in  cjmnogen  and  nitric 
oxide.  The  details  of  these  experiments  are  given  in  the  Appendix. 

The  formula  that  I  have  given  was  thus  found  to  agree  with  all  the  cyanogen 
explosions.  It  is  therefore,  at  all  events,  an  empirical  expression  which  can  be 
applied  to  calculate  the  rates  of  explosion  of  cyanogen  burning  to  carbonic  oxide  and 
nitrogen  under  a  fairly  wide  range  of  conditions.  It  was  accordingly  a  matter  of 
considerable  interest  to  apply  the  formula  to  the  rates  found  when  electrolytic  gas  was 
exploded  by  itself  and  when  diluted  ^^dth  hydrogen,  oxygen,  and  nitrogen.  In  the 
following  table  the  rates  for  electrolytic  gas  with  excess  of  hydrogen  and  of  oxygen 
are  compared  with  the  numbers  calculated  from  Berthelot’s  formula  [6),  and  with 
the  sound  wave  {%)  calculated  as  before.  In  calculating  S  the  contraction  which 
occurs  on  the  union  of  hydrogen  and  oxygen  is  taken  into  account,  but  not  the 
existence  (which  is  possible)  of  free  atoms  of  oxygen  : — 
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Table  XXX. 


Explosive 

gases. 

Inert  gases. 

Heat  developed. 

Contraction . 

Specific  heat 
of  products. 

Mean 

density. 

H,  +  0 

59,000  Cals. 

3  :  2 

4-8  X  1-5 

•520 

Hn  +  0 

9:8 

4-8  X  4-5 

•1964 

H,  +  0 

O5 

8  :  7 

4'8  X  4 

•910 

H,  +  0 

N5 

8  :  7 

4-8  X  4 

•8302 

The  Kate  of  Explosion  of  Electrolytic  Gas  with  excess  of  Hydrogen  and  with  excess 

of  Oxygen  compared  with  Calcidated  Velocities. 


Mixture. 

Hs  +  O 

Hg  +  O 

H,  +  0 

H2  +  0 

H3  -f  O2 

Ho  +  0, 

Ho  +  Oc 

Berthelot’s  6 . 

3028 

3061 

3055 

2900 

2252 

1730 

1476 

Rate  of  ex¬ 
plosion  . 

3532 

3.527 

3268 

2821 

23-28 

1927 

1707 

2 . 

3516 

3571 

3585 

3416 

2650 

2024 

1718 

A  glance  at  this  table  reveals  the  fact  that  the  sound-wave  calculated  by  my 
formula  does  not  agree  in  velocity  with  the  explosion-wave  of  pure  electrolytic  gas  ; 
but  as  the  electrolytic  gas  is  more  and  more  diluted  with  hydrogen  or  with  oxygen, 
the  observed  and  calculated  velocities  come  nearer  together,  until,  not  far  from  the 
two  limits  of  regular  explosion,  they  are  in  close  agreement.  Conversely  we  have 
seen  that  Berthelot’s  formula  gives  the  correct  rate  for  pure  electrolytic  gas,  but 
diverges  more  and  more  from  the  observed  rates  as  the  gas  is  diluted.  Where 
Berthelot’s  “  6  ”  fails  to  represent  the  facts,  the  “  X”  I  have  calculated  does  so ; 
and  vice  versd. 

I  advance  the  following  hypothesis  to  account  for  this  divergence.  At  the  high 
temperature  of  the  explosion-ivave  the  comhination  of  hydrogen  and  oxygen  is  not  com¬ 
plete ;  or.  in  other  ivords,  steam  is  partly  dissociated  under  these  conditions.  The 
^  temperature  of  the  wave  front  is  therefore  less  than  that  calculated.  As  more  and 
more  inert  gases  are  added  to  electrolytic  gas,  the  temperature  of  the  explosion  is 
lowered  by  the  division  of  the  heat  between  the  diluent  gases ;  more  and  more  of  the 
explosive  gases  are  thus  able  to  combine.  As  the  gases  are  diluted,  therefore,  the 
temperature  of  the  wave  front  comes  nearer  and  nearer  to  that  calculated. 

A  comparison  of  the  sound-wave,  X,  with  the  rates  of  explosion  of  electrolytic  gas 
diluted  with  nitrogen,  and  of  hydrogen  with  nitrous  oxide  and  nitrogen,  brings  out 

MDCCCXCIII. - A.  T 
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similar  divergences  which  admit  of  the  same  explanation.  It  is  to  be  noted  in  the 
case  of  hydrogen  and  nitrous  oxide  that  no  alteration  of  volume  occurs  in  the  chemical 
change  ;  no  correction  in  temperature  need,  therefore,  be  made  in  calculating  the 
sound-wave,  and  the  question  of  the  density  of  the  molecules  concerned  does  not 
arise. 


Table  XXXI. — The  Rate  of  Explosion  of  Electrolytic  Gas  with  excess  of 
Nitrogen  compared  with  Calculated  Velocities. 


Mixture. 

H.  +  O 

Ho-l-O  +  N  j  H0  +  O  +  N3 

H2  +  O  +  N5 

Beethelot’s  0  .  .  . 

2900 

2321 

1814 

1558 

Rate  of  explosion  . 

2821 

2426 

2055 

1822 

2 . 

3416 

2731 

2122 

1813 

Table  XXXII. — The  Rate  of  Explosion  of  Hydrogen  and  Nitrous  Oxide,  with 
excess  of  Hydrogen,  and  of  Nitrogen,  compared  with  Calculated  Velocities. 


Mixture. 

H^  +  NoO 

Hg  +  N^O 

H.-t-NgO 

H2  +  N0O 

H3  +  N2O  +  N2 

H3+N2O  +  N3 

Beethelot’s  0  .  .  . 

2400 

2396 

2374 

2319 

1912 

1782 

Rate  of  explosion  . 

2732 

2705 

2.545 

2305 

1991 

1880 

v 

2776 

2781 

2765 

2706 

2227 

2067 

When  electrolytic  gas  is  diluted  with  excess  of  nitrogen,  the  observed  rate  of 
explosion  closely  agrees  with  the  calculated  sound-wave.  With  hj^drogen  and  nitrous 
oxide  the  temperature  cannot  he  diminished  to  the  same  extent  by  dilution.  When 
three  volumes  of  hydrogen,  or  two  volumes  of  nitrogen,  are  added  to  the  mixture 
consisting  of  one  volume  of  hydrogen  and  one  of  nitrous  oxide,  the  explosion-wave  is 
not  propagated  with  regularity ;  consequently  the  temperature  cannot  be  brought 
down  by  dilution  below  the  dissociation-point  of  steam.  As  the  mixture  is  diluted 
the  rate  of  explosion  approaches  but  agreement  is  not  reached  at  the  limits  of 
dilution  at  which  the  explosion- wave  will  still  travel. 

The  rates  of  explosion  of  mixtures  of  ammonia  with  oxygen  and  with  nitrous  oxide 
were  also  determined.  The  gases  were  mixed  in  an  iron  holder  standing  over  mercury. 
The  rate  of  explosion  of  ammonia  and  oxygen  is  faster  than  the  velocity  calculated  by 
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Berthelot’s  formula,  but  falls  far  below  the  velocity  of  sound  “S.”  On  the  other 
hand,  the  rate  of  explosion  of  ammonia  and  nitrous  oxide  is  close  to  the  calculated 
sound-wave  and  is  far  above  “  6.” 

Table  XXXIII. 


Explosive  gases. 

Heat 

developed. 

Expansion. 

Specific  teat 
of  products. 

Mean  density. 

1. 

4NH3  +  3O2 

305,200 

7  :  8 

4-8x11 

•761 

2. 

2NH3-f3N20 

193,800 

5  :  7 

4-8  X  8-5 

•987 

(1-) 


Mixture. 

4NH3  +  302. 

Berthelot’s  0  .  .  . 

2300 

Rate  of  explosion  . 

2390 

V 

2665 

(2.) 


Mixture. 

2NH3-f3N20. 

Berthelot’s  0  .  .  . 

1953 

Rate  of  explosion  . 

2200 

y 

2223 

Mixtures  of  oxygen  with  the  hydrocarbons  ethylene  and  acetylene  will  exj^lode 
when  largely  diluted  with  nitrogen.  For  instance,  the  explosion-wave  is  projiagated 
in  a  mixture  of  one  volume  of  ethylene  with  two  of  oxygen  and  eight  of  nitrogen. 
The  temperature  reached  in  the  explosion  is  comparable  with  that  produced  when 
three  volumes  of  electrolytic  gas  are  fired  with  five  volumes  of  nitrogen  .  It  is  found 
both  with  ethylene  and  acetylene  that  the  rate  of  explosion  exactly  aa’rees  with  the 
calculated  velocity  of  the  sound-wave  when  the  mixtures  are  largely  diluted  with 
nitrogen,  but  not  when  the  gases  are  exploded  without  dilution  : — 

rji  Q 
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Mean  density. 
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Since  steam  is  known  to  be  partially  dissociated  under  atmospheric  pressure  at  the 
temperature  of  the  oxy-hydrogen  flame,  it  does  not  seem  improbable  that  dissociation 
would  also  occur  at  the  higher  pressures  and  higher  temperatures  of  the  explosion- 
wave.  The  researches  of  MM.  Berthelot  and  Vieille,  and  those  of  MM.  Mallard 
and  Le  Chatelier,  on  the  pressures  registered  in  an  explosion  of  gases,  have  led 
these  investigators  to  the  conclusion  that  the  specific  heat  of  steam  rapidly  rises 
with  the  temperature.  The  deficiency  of  “  available  ”  pressure,  which  Bunsen  first 
observed  in  the  explosion  of  gases  and  attributed  to  incomplete  combustion,  they 
consider  to  be  due  to  an  increase  of  specific  heat.  Such  an  increase  in  the  specific 
heat  of  steam  with  rise  of  temperature  would  explain  the  divergence  between  the 
observed  and  calculated  rates  of  explosion  of  hydrogen  with  oxygen,  and  with  nitrous 
oxide.  And  conversely,  it  appears  to  me  that  the  results  of  the  French  experi¬ 
menters  would  be  equally  well  explained  by  the  temporary  dissociation  of  steam  in 
their  explosions. 

One  fact  appears,  at  first  sight,  to  be  opposed  to  the  hypothesis  of  incomplete 
combustion.  The  addition  of  oxygen,  one  of  the  products  of  the  dissociation  of 
steam,  retards  the  explosion  of  electrolytic  gas  more  than  the  addition  of  an  equal 
volume  of  nitrogen — an  inert  gas.  Wurtz  found,  in  the  case  of  phosphoric  chloride, 
that  the  amount  of  dissociation  was  greater  when  the  chloride  was  volatilised  in  air 
— an  inert  gas,  than  when  it  was  volatilised  in  the  presence  of  the  lower  chloride — 
one  of  the  products  of  its  decomposition.  Arguing  from  this  observation,  one  might 
have  expected  that  excess  of  oxygen  would  tend  to  hinder  dissociation,  and  therefore, 
if  the  combustion  were  really  incomplete,  that  the  rate  should  be  faster  when  oxygen 
was  used  as  a  diluent  instead  of  nitrogen.  But  the  condition  of  equilibrium  under 
which  Wurtz  determined  the  vapour  density  of  phosphoric  chloride  is  not  the 
condition  of  the  wave-front  of  an  explosion.  If  we  imagine  in  the  wave-front  a 
molecule  A  dashing  against  a  molecule  B  with  such  extreme  velocity  that  the  com¬ 
pound  AB  is  not  formed,  the  two  molecules  may  be  supposed  to  rebound,  exchanging 
energies,  and  the  motion  of  B  may  be  communicated  to  the  molecules  in  front 
continuing  the  explosion.  This  is  a  case  where  dissociation  of  AB  occurs  in  the 
wave-front.  Now  if  a  number  of  B  molecules  are  present  in  excess,  A  will  shortly 
combine  with  one  of  them,  behind  the  wave-front,  and  the  dissociation  wall  not  be 
permanent.  On  the  other  hand,  if  there  are  a  number  of  inert  molecules  C  present, 
dissociation  may  occur  as  before  in  the  wave-front,  but  the  uncombined  molecules 
may  be  prevented  from  combining  behind  the  wave  by  the  inert  molecules  present. 
The  propagation  of  the  wave  does  not  depend  on  what  occurs  after  it  has  passed ; 
the  rate  of  the  v'ave  will  therefore  be  independent  of  the  permanency  of  the  dis¬ 
sociation  occurrinj?'  in  it. 

o 

That  the  combustion  of  pure  electi'olytic  gas  is  not  wholly  complete  in  the  explosion- 
wave  has  been  proved  by  collecting  the  residue  and  exploding  it."'"  In  the  propagation 

*  “  lucompleteness  o£  Combustiou  in  Gaseous  Explosions,”  by  H.  B.  Dixox  and  H.  W.  Smith. 

‘  ManclLCster  Memoirs  ’  [IV.],  vol.  2.  1888. 
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of  the  wave  the  cooling  due  to  expansion  is  so  rapid  that  some  molecules  of  hydrogen 
and  oxygen,  which  are  unburnt  in  the  wave-front,  have  not  time  to  combine  before 
they  are  cooled  below  the  temperature  of  combination.  In  a  leaden  tube,  9  mm.  in 
diameter  and  lOB  metres  long,  about  1  per  cent,  of  electrolytic  gas  was  found 
uncombined  after  the  explosion.  That  this  incompleteness  of  combustion  v\ms  not  due 
to  the  cooling  effect  of  the  walls  was  shown  by  making  comparative  experiments  in 
tubes  4  mm.  and  19  mm.  in  diameter.  Nearly  the  same  percentage  of  unburnt 
residue  was  found  in  all  the  tubes,  and  also  when  the  gases  were  detonated  in  an  iron 
bomb  100  mm.  in  diameter.  We  have,  therefore,  positive  evidence  that  in  the 
explosion- wave  the  combustion  of  electrolytic  gas  is  incomplete ;  it  seems,  therefore, 
not  unreasonable  to  assume  that  in  the  wave-front — i.e.,  at  the  highest  temperature — 
a  considerable  proportion  of  hydrogen  and  oxygen  is  uncombined,  and  the  propagation 
of  the  wave  is  retarded  accordingly. 

The  residual  gases,  left  after  the  explosion  of  electrolytic  gas,  were  examined  for 
peroxide  of  hydrogen ;  the  water  condensed  on  the  tube  was  also  washed  out  and 
examined.  In  neither  case  could  peroxide  of  hydrogen  be  detected.  If  the  view  were 
correct  that  hydrogen  and  oxygen  first  form  peroxide  on  explosion,  it  would  seem 
likely  that,  in  the  rapid  cooling,  some  of  the  peroxide  would  remain  undecomposed, 
and  be  found  in  the  residue. 

In  the  explosion  of  carbonic  oxide  and  oxygen  a  similar  residue  of  unburnt  gas  is 
found — indicating  the  dissociation  of  carbonic  acid  at  the  temperature  of  the  wave. 
No  trace  of  peroxide  of  hydrogen  could  be  detected  in  the  tube.  These  observations 
give  no  support  to  the  view  put  forward  by  Moritz  Traube  that  steam  promotes 
the  oxidation  of  carbonic  oxide  by  dividing  with  it  the  molecules  of  oxygen  : — 

CO  -f  00  +  OH3  CO2  +  O2H3 

and  that  the  peroxide  so  formed  is  again  reduced  to  steam  by  more  carbonic  oxide : — 

CO  +  O3H2  =  CO3  -f  OH3. 

Cap.  IX. — The  Explosion  of  Hydrogen  and  Chlorine. 

The  coincidences  and  the  divergences  found  between  the  calculated  and  observed 
rates  of  explosion,  as  described  above,  made  it  important  to  examine  a  reaction  in 
which  no  steam  should  be  formed,  and,  if  possible,  one  in  which  no  alteration  in 
volume  should  be  produced.  The  simplest  case  fulfilling  these  conditions  is  the 
explosion  of  hydrogen  and  chlorine ;  a  reaction  which  has  the  further  advantage  of 
forming,  as  the  product  of  explosion,  a  gas  which  approximates  to  a  perfect  gas.  So 

*  ‘  Bcr.  Dent.  Cliem.  Ges.,’  vol.  18,  p.  1890.  (See  ‘Chem.  Soc.  Journ.,’  1886,  vol.  1,  p.  94.) 
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far  as  I  know  the  rate  of  explosion  of  hydrogen  and  chlorine  had  never  been 
measured. 

Before  devising  ap})aratus  to  carry  out  the  experiments,  it  was  necessary  to  deter¬ 
mine  whether  the  action  between  hydrogen  and  chlorine  was  a  direct  one,  or  whether 
it  was  influenced  by  the  presence  of  other  gases,  e.g.,  steam.* * * §  Electrolytic  hydrogen 
and  chlorine  were  accordingly  sealed  up  in  glass  vessels  with  anhydrous  phosphoric 
acid,  and  were  kept  in  the  dark  for  several  weeks.  The  dried  gases  were  found  to  be 
far  less  sensitive  to  the  action  of  light  than  when  a  trace  of  aqueous  vapour  was 
present,  a  result  in  accordance  with  Pringsheim’s  t  observations.  But  on  the 
passage  of  an  induction  spark  by  means  of  platinum-iridium  wmes  the  dried  gases 
exploded  violently. 

Since  these  experiments  left  it  doubtful  whether  the  presence  of  steam  influenced 
the  rate  of  explosion  of  hydrogen  and  chlorine,  a  preliminary  series  of  measurements 
were  made  with  the  dry  and  moist  gases.];  The  explosion-vessel  consisted  of  two 
long  glass  tubes  §  (34  and  30  feet)  cemented  together.  The  ends  were  provided  with 
steel  flanges  so  that  they  could  be  rapidly  joined  to  two  smaller  tubes  which  carried 
the  silver  bridges.  The  explosion  tube  was  hung  to  the  wall  of  a  long,  darkened 
corridor. 

The  gas  passed  directly  from  the  electrolytic  cell  through  washing  tubes  into  the 
long  explosion  tube — driving  out  the  air  before  it :  at  the  further  end  it  passed 
through  an  “  analyser,”  which  served  to  determine  the  composition  of  the  mixture 
issuing  from  the  tube.  When  the  long  tube  was  completely  filled  with  hydrogen  and 
chlorine,  the  two  smaller  tubes  carrying  the  bridges  were  fastened  to  its  two  ends  by 
the  steel  flanges.  These  smaller  tubes  had  previously  been  filled  with  hydrogen  and 
oxygen.  The  electric  connections  were  then  made  to  the  chronograj)h,  and  the  gases 
fired  by  the  passage  of  a  spark  through  the  hydrogen  and  oxygen  in  one  of  the 
smaller  tubes.  The  flame  travelling  down  this  tube,  which  was  about  4  feet  long, 
broke  the  silver  bridge  at  the  end  of  it,  and  communicated  the  explosion  to  the 
hydrogen  and  chlorine.  On  reaching  the  end  of  the  glass  tube,  the  flame  broke  the 
silver  bridge  carried  by  the  second  smaller  tube.  In  the  few  seconds  that  elapsed 
between  the  joining  on  of  the  small  tubes  and  the  firing  of  the  mixture  but  little 
diffusion  of  the  gases  was  possible  ;  and  the  silver  bridges,  being  coated  with 
paraffin,  were  hardly  acted  on  by  the  chlorine.  By  this  arrangement  the  electrolytic 
hydrogen  and  chlorine  were  kept  from  contact  with  metals  or  india-rubber,  and 

*  “  On  the  Combination  of  Hydrogen  and  Chlorine,  alone,  and  in  Presence  of  other  Gases.”  By 
H.  B.  Dixon  and  J.  A.  Harkeb.  ‘  Manch.  Memou’s  ’  [IV.],  vol.  3,  p.  118. 

t  ‘  Annalen  der  Physik,’  N.F.,  vol.  32,  p.  421,  1887. 

t  ‘Manch.  Memoirs’  [IV.],  vol.  4,  p.  3.  (The  numbers  given  in  this  paper  were  afterwards  found 
to  be  affected  by  a  constant  error.) 

§  These  glass  tubes  were  made  for  me  by  Messrs.  Molineaux  and  W ebb,  of  Manchester.  They  were 
nnannealed,  but  stood  the  shock  of  many  explosions. 
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from  all  liquids  but  water,  and,  in  the  “  dry  ”  experiments,  oil  of  vitriol  saturated 
with  clilorine.  The  drying  apparatus  consisted  of  a  “  Winkler  ”  worm,  a  series 
of  bulbs,  and  a  large  U-tube  packed  with  pumice,  all  filled  with  boiled  oil  of  vitriol. 
The  following  table  gives  the  mean  of  each  pair  of  experiments  with  the  dry  and 
with  the  moist  gases  saturated  at  14°. 


Table  XXXVI. — Rate  of  Explosion  of  Hydrogen  and  Chlorine, 


Dry. 

Moist. 

1748 

1724 

1745 

1707 

1737 

1730 

1748 

1750 

Mean  1745 

Moan  1720 

It  appeared,  therefore,  that  the  explosion,  once  started,  travelled  at  a  slightly 
faster  rate  in  the  dry  than  in  the  wet  gases,  the  steam  appearing  to  act  merely 
as  a  diluent. 

These  experiments,  together  with  the  analysis  of  the  mixture  which  issued  .from 
the  end  of  the  explosion  tube,  showed  that  it  was  possible  to  fill  a  long  tube  directly 
from  the  electrolytic  cell  with  hydrogen  and  chlorine  in  equal  volumes,  and  that  the 
mixture  detonated  in  a  glass  tube  of  10  mm,  diameter.  To  prove  the  constancy  of 
the  rate  of  explosion,  and  at  the  same  time  to  have  a  longer  interval  of  time  to 
measure,  it  was  necessary  to  obtain  a  longer  explosion  tube.  The  difficulty  of  joining 
up  long  pieces  of  unannealed  glass-tubing  led  me  to  try  the  glass-lined  wrought-iron 
tubing  manufactured  by  Messrs,  Hylands,  at  Barnsley.  Having  found  that  this 
tubing  answered  the  purpose,  I  made  an  explosion  tube  40  yards  long,  and  ^-inch 
diameter,  by  joining  together  a  number  of  six-feet  lengths.  The  junctions  were 
made  by  fitting  an  asbestos  waslier  on  to  the  ends  of  each  tube,  and  screwing  them 
together  with  a  nut.  The  tube  was  supported  at  intervals  by  wooden  brackets 
fastened  to  the  wall  of  a  long  corridor.  The  explosion  tube  so  put  together  was 
perfectly  gas-tight  ;  it  was  unaffected  by  the  chlorine  passed  into  it  during  the 
experiments,  and  it  stood  the  shock  of  many  explosions  without  leaking.  This  tube 
was  filled,  as  before,  direct  from  the  electrolytic  cell  of  aqueous  hydrochloric  acid. 
The  cell  and  drying  vessels  were  all  of  glass  with  ground  glass  joints.  Two  short 
tubes  charged  with  hydrogen  and  oxygen  were  used,  as  before,  to  carry  the  silver 
bridges.  They  were  joined  to  the  long  tube  immediately  before  the  explosion.  The 
mean  rate  of  explosion  of  dry  hydrogen  and  chlorine  in  this  tube  was  found  to  be 
1723  metres  per  second — as  the  result  of  three  pairs  of  exjieriments  : — 

MDCCCXCIII. — A.  u 
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Table  XXXVII. — Rate  of  Explosion  of  Hydrogen  and  Chlorine.  2nd  Series. 

1718 

1727 

1725 


Mean  1723 

If  the  preliminary  series  of  experiments  with  the  dry  gases  is  regarded  as  of  equal 
value  with  one  of  these  pairs,  the  mean  rate  of  explosion  is  found  to  be  1729  metres 
per  second. 

The  heat  of  combinfition  of  hydrogen  and  chlorine  was  found  by  Fayre  and 
SiLBERMANN  to  be  23,780  calories  ;  by  J.  Thomsen  it  was  found  to  be  22,000  calories. 
Berthelot  gives  one  determination  22,100  calories.  The  mean  of  these  numbers 
is  22,630  calories.  Taking  Thomsen’s  number  for  the  heat  of  combination,  the  mean 
rate  of  translation  of  the  products  of  combustion  according  to  Berthelot’s  formula 
(corrected  to  13°  C.)  is  found  to  be  1551  metres  per  second;  taking  the  mean 
number  22,630  calories  for  the  heat  of  combination,  Berthelot’s  formula  gives 
1571  metres  for  the  mean  rate.  The  rate  of  explosion  of  hydrogen  and  chlorine 
under  ordinary  conditions  is,  therefore,  considerably  faster  than  the  rate  given  by 
Berthelot’s  formula.  The  velocity  of  the  sound-wave  (2)  calculated  by  my  formula 
is  1805  or  1830,  according  as  the  lower  or  higher  heat  of  combination  is  taken. 
The  rate  of  the  explosion  thus  falls  appreciably  below  the  calculated  velocity  of  the 
sound-wave.  Since  Berthelot  contends  that  his  formula  gives  the  maximum 
velocity  of  explosion,  his  hypothesis  fails  in  the  case  of  the  explosion  of  hydrogen 
and  chlorine.  On  the  other  hand,  two  questions  arise:  (1)  Hoes  dissociation. occur 
in  the  explosion  ?  (2)  On  diluting  the  mixture  will  the  rate  of  explosion  approach 

the  velocity  of  the  sound-wave  ? 

When  the  hydrochloric  acid  gas,  produced  by  the  explosion  in  the  long  tube,  was 
driven  out  by  a  sti'eam  of  hydrogen  through  a  washing  apparatus  containing  potassium 
iodide,  a  quantity  of  iodide  was  liberated,  showing  the  presence  of  free  chlorine  in  the 
products  of  combustion.  And  when  the  gases  were  driven  out  by  a  stream  of  carbonic 
acid  through  a  washing  apparatus  containing  caustic  soda,  free  hjMrogen  was  found 
to  be  present  also.  Even  after  passing  the  cuiTent  for  many  hours  the  gases  coming 
from  the  electrolytic  cell,  and  issuing  from  the  further  end  of  the  explosion  tube, 
were  always  founci  to  contain  a  slight  excess  (amounting  to  between  ’2  and  ‘5  per 
cent.)  of  hydrogen.  The  presence  of  free  chlorine  in  the  vessel  after  the  explosion 
was  thus  a  proof  of  dissociation  occurring  in  the  explosion,  and  the  determination  of 
this  free  chlorine  by  the  liberation  of  iodine  afforded  a  ready  means  of  measuring  the 
volume  of  gases  left  unburnt.  About  1  per  cent,  of  the  combustible  gases  were  found 
uncombined. 
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On  diluting  the  electrolytic  gas  with  hydrogen  the  rate  of  explosion  was  found  to 
increase,  and  to  approximate  to  the  calculated  velocity  of  the  sound-wave.  The 
mixtures  were  made  by  bringing  the  electrolytic  gas  from  the  cell,  and  the  hydrogen 
from  a  holder,  into  a  sulphuric  acid  wash- bottle  through  two  tubes  of  the  same  size 
dipping  side  by  side  beneath  the  liquid.  By  regulating  the  flow  of  hydrogen  the 
bubbles  of  each  gas  could  be  kept  passing  at  an  ecpial  rate.  In  this  way  a  mixture 
containing  three  volumes  of  hydrogen  to  one  volume  of  chlorine  was  passed  into  the 
explosion  tube.  The  correctness  of  the  mixture  was  checked  by  collecting  and 
analysing  a  sample  of  the  gas  escaping  from  the  end  of  the  tube.  By  passing  the 
hydrogen  at  half  the  rate  a  mixture  containing  approximately  two  volumes  of 
hydrogen  to  one  of  chlorine  was  obtained.  While  the  addition  of  diluent  hydrogen 
to  the  electrolytic  gas  makes  little  difference  in  the  calculated  rates,  the  observei^l 
velocities  of  explosion  increased  appreciably.  On  the  assumption  that  the  heat  of 
combination  of  hydrogen  and  chlorine  is  22,630  calories,  the  calculated  and  observed 
velocities  are  as  follow  : — 


Table  XXXVIII.  —  Rate  of  Explosion  of  Hydrogen  and  Chlorine  with  addition 

of  Hydrogen. 


Mixture. 

Ho  +  CL 

H.+  Clj 

H,  +  CL 

Berthelot’s  0 . 

1571 

1.581 

1589 

Rate  of  explosion 

1729 

1849 

1—1 

CO 

■  1 

V 

1830 

1832 

1832 

These  experiments  show  that  in  the  explosion  of  hydrogen  and  chlorine  as  in  the 
explosion  of  hydrogen  and  oxygen,  in  ecjuivalent  proportions,  the  rate  falls  below  tbn 
calculated  velocity  of  the  sound-wave,  but  on  diluting  the  gases  the  calculated  and 
observed  velocities  come  together.  This  divergence  at  the  highest  temperature  may 
be  explained  either  by  the  dissociation  of  the  hydrochloric  acid  or  by  a  rise  in  its 
specific  heat.'''  As  I  have  shown,  we  have  direct  evidence  of  some  dissociation.  On 
the  other  ha,nd,  the  physical  properties  of  hydrochloric  acid  more  nearly  resemble 
those  of  carbonic  oxide  and  the  elementary  gases  than  those  of  steam  or  cai’bonic 
acid ;  we  should  expect,  therefore,  that  the  specific  heat  of  hydrochloric  acid  should 
remain  as  constant  as  that  of  carbonic  oxide  at  high  temperatures. 

*  MM.  Mallard  and  Lii  Chatelier  conclade  from  their  experiments  that  some  dissociation  occurs 
when  equal  volumes  of  hydrogen  and  chlorine  are  exploded.  When  excess  of  hydrogen  is  added  they 
find  no  dissociation. 

U  2 
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The  fact  that  the  rate  of  explosion  of  hydrogen  and  chlorine  exceeds  the  calculated 
velocity  of  tiie  sound-wave,  as  calculated  from  Thomsen’s  Heat  of  Combination 
(22,000  cals.),  is  possibly  due  to  the  behaviour  of  the  unburnt  chlorine  in  the  wave- 
front.  The  rates  agree  fairly  with  the  sound-wave  calculated  from  the  mean  heat  of 
combination,  which  I  have  given  in  the  table. 


Ca.p.  X. — The  Instantaneous  Pressures  Produced  in  the  Explosion- Wave. 

There  is,  lastly,  one  important  phenomenon  in  the  propagation  of  explosions  in  gases 
which  I  have  not  touched  on — the  pressure  produced  in  the  reacting  gases.  Bunsen 
was  the  first  who  attempted  to  measure  this  pressure.  In  his  well-known  work*  he 
describes  the  explosion  of  mixtures  of  hydrogen  and  of  carbonic  oxide  with  oxygen  in 
a  strong  vessel  closed  with  a  loaded  lid.  When  the  pressure  produced  in  the  vessel 
exceeded  the  pressure  on  the  lid,  the  latter  was  raised  in  the  manner  of  a  safety  valve, 
and  some  of  the  heated  gas  escaped  ;  when  the  pressure  was  less  than  that  on  the  lid, 
no  gas  escaped  and  but  little  noise  was  heard. 

By  successive  trials  he  thus  found  the  pressure  produced  by  the  explosion  of  carbonic 
oxide  and  oxygen  to  be  about  10  atmospheres,  and  the  pressure  produced  by  the 
explosion  of  hydrogen  and  oxygen  to  be  about  9 '5  atmospheres.  The  comparison  of 
these  pressures  with  the  numliers  calculated  from  the  heat  of  combination  and  the 
specific  heats  of  the  products  led  Bunsen  to  the  conclusion  that,  at  the  highest 
temperature  reached  in  the  explosion,  only  one- third  of  the  gases  entered  into  com¬ 
bination.  Berthelot  and  Vieille,  working  in  a  manner  essentially  the  same,  only 
replacing  Bunsen’s  loaded  lid  by  a  light  piston  moving  against  a  spring,  found  the 
pressures  produced  in  the  explosion  of  earbonic  oxide  and  hydrogen  to  be  lO'l  and 
9 '8  atmospheres  respectively.  Berthelot  rightly  calls  these  pressures  “  effective  pres- 
sures.”f  On  the  other  hand.  Mallard  and  Le  Chatelier,  using  the  more  delicate 
indicator  of  Deprez,  found  pressures  produced  in  the  explosion  of  hydrogen  and  oxygen, 
of  far  greater  amount,  but  lasting  an  exceedingly  short  time.  These  fugitive  pressures 
of  great  intensity  were  only  obtained  with  mixtures  which  burnt  very  rapidly  : — J 

“  Cette  pression  tres  fugitive  est  d’autant  plus  grande  que  la  vitesse  de  propagation 
est  plus  considerable. ,  Elle  pent  devenir  enorme  avec  I’onde  explosive.  C’est  a  ces 
pressions,  si  instantanees  qu’elles  soient,  que  sent  dus  les  sur])renants  effets  des  sub¬ 
stances  explosives  telles  que  la  nitroglycerine.  Ce  sont  precisement  ces  pressions 
passageres,  sans  relation  directe  avec  le  phenomene  que  nous  voulions  mesurer,  qu’en- 
registrait  notre  appareil.” 

On  substituting  for  the  Deprez  indicator  a  less  sensitive  Bourdon  manometer, 

*  ‘  Gasometrisclie  ]\IetIioden,’  1857. 
t  ‘Ann.  Chim.  et  Phys.’  [vi.]  4,  ji.  14,  1885. 
t  ‘  Combustions  des  Melanges  gazenx,’  j).  1‘2;3. 
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Le  Chatelier  found  ‘‘  effective  pressures  ”  in  agreement  with  those  obtained  by 
Bunsen  and  by  Berthelot,  i.e.,  about  10  atmospheres. 

It  is  evident  from  these  experiments  that  sudden  pressures  are  produced  in  the 
explosion- wave  greater  than  those  shown  by  the  experiments  of  Bunsen  and  of 
Berthelot.  If  the  explosion  is  propagated  by  compression  after  the  manner  of  a 
sound-wave  enormously  high  temperatures  must  be  produced  in  the  wave,  as  I  have 
already  shown,  and  correspondingly  high  pressures  must  also  exist.  This  aspect  of 
the  matter  has  been  well  stated  by  Mallard  and  Le  Chatelier  : — 

“  A  gas,  increasing  in  volume  by  combustion,  exerts  a  certain  pressure  on  the 
unburnt  gas  next  to  it  :  it  is  possible  to  conceive  that  this  pressure  may  be  raised 
sufficiently  high  to  bring  the  neighbouring  layer  to  the  temperature  of  ignition.  The 
possibility  of  the  propagation  of  the  inflammation  by  the  propagation  of  the  pressure 
can  thus  be  understood. 

“  Take  for  example  the  explosive  mixture  of  hydrogen  and  oxygen.  According  to 
our  experiments  it  inflames  at  555°,  and  the  pressure  exerted  after  the  combustion  in 
a  closed  vessel  is  10  atmospheres.  An  infinitely  thin  layer  inflamed  by  heating, 
reaches  this  pressure  at  the  greatest,  and  cannot  exert  any  higher  pressure  on  the 
uninflamed  layer  next  to  it. 

“A  compression  of  10  atmospheres  evolves  a  quantity  of  heat  which  can  readily  be 
calculated  by  thermo-dynamics  :  it  is  not  sufficient  to  produce  an  elevation  of  tempe¬ 
rature  equal  to  that  inflammation.  To  obtain  this  temperature  a  compression  of 
30  atmospheres  would  be  needed.  It  would  appear,  then,  that  the  explosion -wave 
could  not  be  initiated  under  these  conditions . 

“  Suppose,  however,  that  the  inflammation  of  the  first  layer  is  not  brought  about 
by  heating,  but  by  a  suitable  pressure,  i.e.,  one  of  not  less  than  thirty  atmospheres, 
which  may  readily  be  produced  by  the  detonation  of  a  little  fulminate.  After  the 
combustion  the  pressure  of  the  inflamed  layer  will  be  multiplied  by  ten,  or  at  least 
wiU  be  far  higher  than  the  initial  pressure  of  thirty  atmospheres,  and  will  be  able, 
consequently,  to  exert  on  the  next  layer  a  pressure  sufficient  to  inflame  it.  This  will 
continue  then  to  propagate  itself  from  layer  to  layer  by  the  same  mechanism.” — 
(‘  Combustion  des  Melanges  Gazeux,’  p.  88.) 

The  sudden  state  of  pressure  produced  in  each  layer  of  burning  gas  ceases  as 
suddenly  as  it  is  caused,  by  the  expansion  of  the  gas  which  compresses  the  unburnt 
layer  in  front ;  the  high  temperature  of  the  burnt  layer,  thei’efore,  rapidly  falls  by  the 
transformation  of  heat  into  work.  Mallard  and  Le  Chatelier  have  shown  by 
photographs  of  the  flame  that,  in  the  explosion-wave,  the  luminosity  of  each  layer  does 
not  last  longer  than  one  thousandth  })art  of  a  second  ;  while  in  the  regime  of  ordinary 
combustion  each  layer  remains  luminous  more  than  ten  times  as  long.  I  can  fully 
confirm  these  statements.  By  photographing  the  explosion- wave  of  hydrogen  and 
oxygen  on  a  fixed  and  on  a  rapidly  moving  plate  at  the  same  time,  I  have  found  that 
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the  interval  during  which  the  gas  remains  bright  enough  to  effect  a  sensitive 
isochromatic  plate  cannot  be  more  than  one  five-thousandth  of  a  second. 

The  problem  of  measuring  the  pressure  in  a  thin  layer  of  gas,  lasting  for  so  small 
a  fraction  of  a  second,  is  one  of  the  greatest  difficuitj.  I  believe  the  method  tried  by 
Mallard  and  Le  Chatelier  for  explosions  of  carbon  lasulphide  and  oxygen  is 
probably  the  best  that  has  yet  been  devised.  This  depends  on  the  principle  that  if  a 
pressure  is  j^roduced  in  a  glass  vessel  greater  than  the  glass  can  stand,  the  vessel  will 
be  broken,  although  the  pressure  may  endure  for  a  very  small  interval  of  time.  If  the 
vessel  is  broken  by  the  explosion,  T  believe  that  there  must  have  been  a  jDressure 
produced  in  the  layer  of  gas  next  the  glass  at  least  equal  to  that  which  would  break 
the  vessel  when  gradually  applied.  By  compressing  gas  in  the  vessel  by  means  of  a 
pump,  it  can  be  shown  that  the  vessel  is  able  to  withstand  a  certain  pressure.  The 
vessel  can  then  be  connected  with  a  long  tube,  the  whole  filled  with  an  explosive 
mixture,  and  the  explosion- wave  set  up  in  the  tube.  If  the  vessel  is  fractured, 
a  pressure  was  exerted  on  its  walls  greater  than  the  pressure  applied  by  the  pump. 

To  test  this  method,  I  have  carried  out  a  few  preliminary  experiments.  Out  of  a 
piece  of  strong  combustion  tubing  I  made  twelve  short  tubes,  carefully  sealed  at  one 
end,  and  slightly  opened  at  the  other.  These  tubes  were  then  firmly  attached  to  a 
metal  piece  by  a  collar  and  nut  v/orking  a, gainst  india-rubber  rings— care  being  taken 
that  the  glass  did  not  come  anywhere  into  contact  with  the  metal,  but  only  with  the 
rubber  rings.  The  metal  piece  could  be  attached  either  to  the  pump  or  to  a  leaden 
firing  tube.  The  twelve  tubes  were  first  tested  with  compressed  air,  which  was 
slowly  forced  into  the  tube  while  an  observer  read  the  manometer.  One  tube  (it  was 
rather  unevenly  sealed)  broke  down  between  nineteen  and  twenty  atmospheres.  A 
second  broke  at  twenty-three  atmospheres.  The  other  ten  stood  a  pressure  of 
twenty-five  atmospheres  for  two  minutes.  These  tubes  were  then  in  turn  attached  to 
one  end  of  a  firing-tube  about  twenty  feet  long.  On  filling  the  whole  with  a  mixture 
of  carbonic  oxide  and  oxygen,  and  passing  a  spark  through  the  gases  at  the  other  end 
of  the  tube,  the  explosion-wave  was  propagated  through  the  leaden  pipe  into  the  glass 
vessel.  All  ten  tubes  were  blown  into  small  fragments  by  the  explosion.  Four  stronger 
green  glass  tubes  were  tested  by  compressed  air  at  fifty  atmospheres.  All  these  tubes 
stood  the  explosion  of  carbonic  oxide  and  oxygen,  and  hydrogen  and  oxygen.  Two  of 
these  green  tubes  were  blown  to  pieces  by  the  explosion  of  equal  volumes  of  cyanogen 
and  oxygen,  a  third  was  fractured  by  compressed  air  at  seventy-eight  atmospheres. 
These  experiments  confirm  Le  Chatelier’s  results  with  the  Deprez  indicator,  showing 
that  very  high  pressures  are  produced  for  the  moment  in  the  explosion-wave  ;  they  do 
not,  of  course,  measure  the  pressures,  they  only  indicate  a  lower  limit. 

The  quiet  burning  of  carbonic  oxide  and  oxygen,  when  this  mixture  is  lighted  at 
the  open  end  at  a,. short  tube,  such  as  a  test-tube,  is  in  striking  contrast  to  the  violence 
of  the  explosion  when  the  “  wave  ”  is  set  up  in  the  same  gases.  As  a  lecture  experi¬ 
ment  a  test-tube  fidl  of  the  mixture  may  be  ignited  by  a  taper,  wdien  the  quiet 
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passage  of  the  blue  flame  down  to  the  tube  can  be  followed  by  the  eye  ;  the  tube  is 
then  refilled  and  screwed  on  to  the  end  of  a  few  feet  of  leaden  pipe  filled  with  the 
mixture.  The  test-tube  is  surrounded  by  metal  gauze  and  a  thick  glass  cylinder. 
On  applying  a  flame  to  the  open  end  of  the  pipe,  or  passing  a  spark  near  the 
extremity,  a  loud  report  is  heard,  and  the  test-tube  is  reduced  to  powder.*  The 
explosion- wave  in  a  glass  tube  produces  a  brilliant  flash  of  orange  light. 

Professor  A.  Schuster!  has  drawn  my  attention  to  a  memoir,  by  Riemann,  on  the 
propagation  of  intense  disturbances  in  gases,  and  has  suggested  a  mode  of  calculating 
the  momentary  j)ressures  produced  in  the  explosion-wave  from  its  known  velocity  of 
propagation,  and  the  density  of  the  unburnt  gas.  On  the  assumption  that  Riemann’s 
theory  holds  for  an  explosion,  I  have  calculated,  from  the  observed  rates  of  the  wave 
and  the  densities  of  the  unburnt  gas,  the  pressures  existing  in  the  wave  in  the 
explosion  of  different  gaseous  mixtures.  In  parallel  columns  I  have  given  the 
“  effective  ”  pressures  as  registered  in  the  apjaaratus  used  by  Berthelot  for  the  same 
mixtures.  The  pressures  calculated  for  the  wave  are  rather  more  than  four  times 
larger  than  these  effective  pressures.  In  the  third  column  I  have  given  the  calculated 
pressures  divided  by  4 '2. 

The  pressure  in  the  wave  is  given  by  the  equation 


_ 

100 

where  tt  is  the  pressure  in  atmospheres,  v  the  rate  in  metres  per  second,  and  p  is  the 
weight  in  grammes  of  1  c.c.  of  the  unburnt  gas. 


*  Professor  Dewar  has  noticed  the  great  violecce  with  wdiich  carbonic  oxide  and  oxygen  exj)lode 
under  certain  conditions.  He  says  :  “  Sometimes  the  explosions  were  so  violent  as  to  break  the  plate 
closing  the  end  of  the  tube,  though  this  had  resisted  the  explosions  of  the  hydrogen  mixture  ;  wdiile  at 
the  other  times  the  wave  of  explosion  passed  slowly  along  the  tube.”  ‘  Roy.  Soc.  Proc.,’  April  3,  1884. 
Probably  owing  to  differences  in  the  nature  of  the  electric  sparks,  the  “  explosion-wave”  was  sometimes 
set  up  in  his  tube  and  sometimes  not. 
t  See  note  at  end  of  cap. 
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Table  XXXTX. — Pressures  in  the  Explosion- wave  calculated  from  Riemaxx’s 

Theory. 


Explosive  Mixture. 

Calculated  Pressure. 

n 

n 

T2 

Effective  Pressure 
measured  byBERTHELOT. 

CoNo  4-  Go 

135-2 

32-2 

25‘11 

CoNo  +  2NO 

1230 

29-3 

23-34 

C.,N„  +  2N.,0 

121-G 

28-9 

2G-02 

C„N..  +  20., 

901 

21-5 

20-96 

C0N2+O3  +  2N3 

71-0 

lG-9 

15-25 

C[>Hj-l-  O3 

81-5 

0.3 

94-3 

88-4 

CoHi  +  Ofi 

75-2 

17-9 

16-13 

CH,  +  0, 

62-2 

14-8 

16-34 

CoH„-f  Oj 

110-0 

CoHo-OOg 

94-5 

CjHo  -|-  Og  -|-  N30 

45-3 

Hg  +  O 

28-8 

G-9 

7-05 

h!+o 

41-3 

9-8 

9-8 

H.,  +  0  +  N, 

31-G 

7-5 

7-41 

Ho  +  NoO 

to 

12-G 

13-6 

1 

CO  +  0 

35-7 

8-5 

10-1 

Bv  Le  Chatelier. 

H  +  Cl 

4G-9 

11-2 

10-0 

It  is  to  be  noticed  that  these  calculated  pressures  are  in  substantial  agreement 
with  my  experiments  on  the  fracturing  of  glass  tubes  by  the  explosion  of  carbonic 
oxide  and  of  cyanogen  with  oxygen  ;  and  also  that  the  minimum  jaressures  calculated 
for  the  diluted  electrolytic  gas  are  close  to  30  atmospheres — the  pressure  required  to 
fire  electrolytic  gas  by  the  heat  of  compression. 

Note  by  Professor  Arthur  Schuster,  F.R.S. 

In  1859  Riemahn*  deduced  an  equation  for  the  propagation  of  abrupt  variations  in  the  density  and 
pressure  of  a  gas,  on  the  supposition  that  such  an  abrupt  variation  could  be  propagated  without  change 
of  type.  Lord  RAYLEiGHf  criticising  this  investigation,  draws  attention  to  the  fact  that  a  steady  wave 

*  ‘  Gottingen  Abhandlungen,’  vol.  8  (1860). 
t  Rayleigh,  ‘  Sound,’  vol.  2,  ]).  41. 
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is  only  possible  for  a  particular  relation  between  tbe  pressure  and  density  of  the  gas,  wbich  is  different 
from  tbe  one  actually  bolding.  In  tbe  case  of  tbe  explosion-waves  it  seems  possible,  bowever,  that  tbe 
temperature,  pressure,  and  density  of  tbe  gas  should  so  adjust  themselves  as  to  make  Riemann’s  equations 
applicable.  In  fact,  they  must  do  so  if  the  front  of  tbe  wave  keeps  its  type,  wbich  it  probably  does 
when  tbe  velocity  has  become  constant. 

If  pQ  and  p  are  tbe  densities  of  tbe  gas  in  the  undisturbed  state,  and  at  some  point  in  tbe  wave 
respectively,  then,  refeiu-ing  tbe  motion  to  a  system  of  coordinates  moving  forward  with  the  velocity  V 
of  the  wave,  we  have  tbe  condition  of  steady  motion 

pu  =  p^Y 

where  u  is  the  velocity  at  tbe  point  at  which  tbe  density  is  p  ; 
also 

dp  du 

/  =  -  •  y-  • 

ax  cix 

As  pu  is  a  constant  quantity  we  may  integrate  tbe  latter  equation  and  obtain 


p  -  Po=  -  pu  (m  -  Uq)  =  Y~  (p  -  Pq)  , 

P 


which  gives  for  tbe  velocity  of  tbe  wave  propagation 


V  = 


(P  -  Pa)  _  P 
ip  —  do)  do 


This  equation  gives  a  relation  between  the  density  p  at  any  point  of  the  Avave  and  tbe  pressure  p  at 
that  point,  tbe  pressure  and  density  in  the  initial  state  being  and  p^.  Tbe  equation  can  be  simplified 
if  p  is  large  compared  to  />q  for 


d  ^  1  /  (1 
do  (d  —  do)  do  / 


do//') 


so  that  we  may  write 


1 _ 

—  do/d 


Putting,  for  the  sake  of  argument,  p  =  10/>q,  the  second  square  root  in  the  aboA^e  expression  becomes 
1-05,  so  that  as  a  first  approximation  it  may  be  put  equal  to  one.  Writing  P  for  the  excess  of  pressure 
over  the  atmospheric  pressure,  the  equation  noAv  takes  tbe  simple  form 


In  this  expression  the  value  of  P  has  to  be  Avritten  in  dynes  per  square  centimetre,  and  tbe  velocity 
would  be  given  in  centimetres.  For  more  convenient  numerical  calculation  Ave  may  adopt  provisionally 
tbe  suggestion  of  Guillaume  that  a  pressure  of  75  cms.  of  mercury  under  tbe  normal  conditions  should 
be  called  an  atmosphere.  Tbe  atmosphere  then  Avould  be  exactly  one  megadyne  per  square  centimetre, 
and  if  P  is  given  in  atmospheres,  the  equation  becomes 


or  if  \  is  expressed  in  metres  per  second. 
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The  excess  of  pressure  in  the  waves,  therefore,  will  be,  as  far  as  the  equations  hold. 


If  the  factor 


be  retained,  the  calculated  pressure  P  would  be  rather  smaller  than  that  given  ;  thus  if  the  maximum 
density  of  the  wave  is  only  double  that  of  the  undisturbed  state,  the  calculated  value  of  P  would  have 
to  be  reduced  in  the  ratio  of  1 ’4  to  1 . 

In  order  to  test  the  equation 


V  = 


P 


I  have  applied  it  to  compare  the  rates  of  explosions  in  the  mixtures  H-  +  O,  Ho  +  0  +  N5,  Ho  +  Og. 
In  these  three  cases  the  explosive  mixture  H,  +  0  is  diluted  with  the  same  volume  of  inert  gases,  and 
according  to  the  equation  the  rates  should  be  inversely  as  the  square  roots  of  the  densities  of  unburnt 
gases,  for  the  pressure  P  may  be  expected  to  be  the  same  in  all  three  cases.  The  rates  found  by 
Professor  Dixon  are  3532;  1822;  1707.  Assuming  3532  to  be  right,  I  calculate  for  the  other  two 
combinations  1806  and  1711,  which  so  far  confirms  the  equation.  But  I  am  doubtful  w'hether  this 
means  much,  as  the  same  result  could  be  deduced  from  arguments  relating  merely  to  the  dimensions  of 
the  quantities  involved. 

I  have  not  discussed  the  question  wdiether  a  steady  wave  is  really  possible,  but  assuming  it  to  be 
steady  I  believe  that  the  equation 

V  =  /p  -Po  . 

^  l‘  —  Po  Po 


holds.  In  the  strict  sense  of  the  word  I  do  not  think  the  exjilosion-Avave  can  be  steady,  because  if  the 
motion  is,  as  assumed,  linear,  compression  must  precede  the  explosion,  and  Lord  Rayleigh’s  objection 
would  hold  for  the  front  part  of  the  wave  in  Avhich  no  combination  takes  place. 

But  it  seems  possible  to  me  that  the  motion  may  not  strictly  be  a  linear  one,  and  that  yet  taking  the 
average  velocities  over  a  cross-section  of  the  tube  the  ordinary  equations  wmuld  apply.  It  seems 
probable  that  jets  of  hot  gases  are  projected  bodily  forward  from  that  part  of  the  wave  in  which  the 
combination  takes  place,  and  that  these  jets,  which  would  correspond  to  the  spray  of  a  breaking  wave, 
really  fire  the  mixture. 


Cap.  XI. — Some  Difficulties  in  the  “Wave”  Theory. 

§  1.  Ill  calculating  a  theoretical  velocity  for  the  rate  of  the  explosion- wave  in  gases, 
I  am  aware  that  I  have  passed  over  many  difficulties  which  demand  consideration. 
For  some  of  the  problems  raised  here  we  have,  I  believe,  no  data  which  might  enable 
us  to  solve  them.  Riemann’s  theory  of  the  propagation  of  an  intense  disturbance  in 
a  gas  recpiires,  in  order  to  calculate  the  velocity  of  propagation,  a  knowledge  of  the 
highest  pressure  reached  in  the  wave.  But  concerning  the  pressures  produced  for 
extremely  short  periods  in  the  ex  plosion- wave,  we  have  less  exact  knowledge  than  of 
the  velocities,  and  possibly  the  rates  of  explosion  may  be  used  to  calculate  the 
pressures  produced. 

The  question,  indeed,  may  be  raised  whether  the  propagation  of  the  ignition  is  due 
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to  a  forward  movement  an  masse  of  the  burning  molecules,  or  to  the  advance  of  a 
comparatively  few  molecules  with  extreme  rapidity.  In  the  latter  case  the  ex¬ 
plosion-wave  might  be  propagated  with  a  velocity  far  higher  than  the  average 
velocity  of  the  molecules  of  burning  gas.  I  think  the  available  evidence  precludes 
the  idea  that  the  ignition  can  be  propagated  by  a  few  molecules  moving  with 
velocities  far  above  the  mean.  For,  if  this  were  the  case,  the  presence  of  a  diluent 
gas  ought  not  to  hinder  the  advance  of  the  wave  in  the  manner  it  is  found  to  do.  The 
heat  evolved  on  the  formation  of  a  compound  molecule  is  the  same  whether  inert 
molecules  are  in  tlie  neighbourhood  or  not,  and  for  the  moment  the  temperature  of 
the  compound  is  the  same.  If,  therefore,  the  ignition  could  be  propagated  by  the 
advance  of  individual  molecules,  we  might  expect  the  explosion  to  be  propagated  at 
the  same,  or  nearly  the  same,  rate  in  the  presence  of  an  inert  gas.  My  experiments 
have,  however,  conclusively  shown  that  an  inert  gas  retards  the  wave  by  an  amount 
which  depends  upon  its  volume  and  density.  It  would  seem  to  follow  that  each 
layer  is  heated  as  a  whole  and  that  the  advance  of  the  wave  depends  upon  the 
average  motion  of  the  molecules.  Two  other  facts  appear  to  support  this  view.  It 
is  well  known  that  small  electric  sparks  may  be  sent  through  explosive  mixtures  of 
gases,  e.g.,  through  electrolytic  gas,  without  causing  explosion.  Yet  the  temperature 
in  the  spark  must  be  extremely  high,  and  combination  occurs  in  the  path  of  the  spark. 
It  would  seem  that  the  number  of  molecules  heated  by  each  spark  was  not  sufficient  to 
communicate  ignition  to  the  rest.  Again,  when  a  sound-wave  is  started  in  a  mixture 
of  gases,  its  rate  of  propagation  depends  upon  the  mean  density  of  the  gaseous 
mixture ;  there  is  no  selective  propagation  of  the  wave  by  one  of  the  constituents  of 
the  mixture.*  This  fact,  of  which  I  could  find  no  experimental  demonstration  for 
gases  of  widely  different  density,  has  been  verified,  at  my  request,  by  Mr.  F.  J.  Smith 
in  the  Millard  Laboratory,  at  Trinity  College,  Oxford.  According  to  Mr.  Smith’s 
careful  experiments,  sound  is  propagated  at  the  same  rate  in  ammonia  gas  (density  8  A) 
as  in  a  mixture  of  equal  volumes  of  hydrogen  and  oxygen  of  the  same  mean  density  as 
ammonia. 

On  the  other  hand,  it  may  be  that  the  wave  does  not  advance  perfectly  regularly, 
but  breaks,  like  a  water-wave  is  broken  by  the  quicker  movement  of  the  crest.  In 
breaking,  jets  of  heated  gas  may  be  projected  in  front  of  the  wave  into  the  nnburnt 
gas  beyond — such  jets  becoming  the  centres  of  fresh  disturbances  which  coalesce  to 

*  Faraday  thougEt  that  gases  of  very  different  density  would  not  mix  perfectly.  “  As  the  atmosphere 
is  now  constituted,  there  exists  a  permanency  of  sonorous  pitch ;  any  tone  being  once  generated  remains 
the  same  tone  until  it  dies  away.  .  .'  .  If,  however,  the  atmosphere  had  been  composed  of  two  gases, 

each  having  widely  diffei’ent  specific  gravities,  there  would  have  been  a  difference.  No  permanency  of 
tone  could  then  have  been  depended  upon — the  pitch  of  every  original  note  would  have  been  continually 
varying  as  its  tra*nsmission  might  be  propagated  by  the  vibrations  of  ever- varying  mixtures  of  the  two 
gases  of  dissimilar  specific  gravities.”  Faraday’s  Lectures,  Scoffern,  1853. 

X  2 
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re-form  a  wave.  If  the  jets  were  produced  in  sufficient  number  their  average  effect 
would  be  uniform. 

§  2.  The  Specific  Heat  ofi  Gases  at  High  Temperatures. 

In  calculating  the  theoretical  velocity  of  the  explosion-wave,  I  have  assumed  that 
the  specific  heats  of  the  simple  gases  do  not  rise  with  increase  of  temperature.  On 
the  other  hand,  I  have  assumed  that  the  specific  heats  of  gases  formed  from  their 
elements  with  a  condensation  of  volume — such  as  steam,  nitrous  oxide,  ethylene,  etc. 
— are  equal  at  a  high  temperature  to  the  sum  of  the  specific  heats  of  their  elements. 
Thus,  I  have  taken  the  specific  heat  of  steam  at  constant  volume  to  be  7 ’2  instead  of 
G'5,  as  given  by  determinations  at  low  temperatures.  In  making  these  assumptions, 
I  have  followed  the  example  of  Berthelot  in  his  investigations  on  the  explosion- 
wave.  But  in  his  later  work  on  the  specific  heat  of  the  gaseous  elements  at  very 
high  temperatures,  Berthelot  comes  to  the  conclusion  that  these  specific  heats  rise 
so  rapidly  with  an  increase  of  temperature  that  they  are  doubled  between  1600°  and 
4400°  C.*  He  arrives  at  this  result  b}^  exploding  cyanogen  to  carbonic  oxide  in  a 
bomb,  and  observing  the  pressures  registered  by  a  piston  moving  against  a  spring 
when  the  cyanogen  is  burnt  by  oxygen  alone,  and  when  nitrogen  is  added  or  oxides 
of  nitrogen  are  used  instead  of  oxygen. 

Table  XL. — Berthelot’s  Experiments  on  the  Specific  Heats  of  Simple  Gases. 


Mixture. 

Pre.ssure 

developed. 

Temperature. 

, 

Specific  Feat  of 
No  or  CO.  1 

CoN.t  +  O2  .  .  .  . 

UL 

25*11 

C 

4394 

i 

1 

9-60 

C.No  +  Oo  +  UN.  . 

20'67 

4024 

8-39 

CjN,.  +  0.  A  2N. .  . 

15-26 

3191 

7-93 

CjNj  +  O2  A  • 

11-78 

2810 

6-67  j 

C.N.  A  2X0  .  .  . 

23-34 

4309 

9-85 

C2N2  A  2N2O  .  .  . 

26-02 

3993 

8-43  1 

These  values  of  the  specific  heats  depend  upon  the  accuracy  with  which  the 
maximum  pressure  developed  in  the  explosion  is  registered  by  the  moving  piston. 
Now  the  more  rapidly  the  combustion  takes  place,  the  more  nearly  does  the  pressure 
exerted  resemble  a  blow.  I  have  found  that  a  short  column  of  mercury  in  a  pressure- 
gauge  suffers  a  far  greater  movement  under  the  influence  of  a  slow  explosion  than  it 
does  under  the  influence  of  a  rapid  explosion,  although  the  quantity  of  heat  evolved 
and  the  specific  heats  of  the  products  were  nearly  the  same  in  the  two  cases.  No 
doubt  this  gauge  was  less  sensitive  to  sudden  pressures  than  the  instrument  used  by 
M.  Berthelot  ;  but  the  experiment  warns  us  that  the  pressures  registered  by  a 

*  ‘Alin.  Cliiin.  ct  Plijs.’  (VJ.),  \  ol.  4,  p.  06.  lytsti. 
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moving  piston  may  fall  below  the  true  value,  and  the  more  rapid  the  explosion  the 
greater  this  error  may  be.  That  the  pressures  registered,  and,  therefore,  the  specific 
heats  deduced  from  them,  vary  with  the  instruments  employed  appears  from  a  com¬ 
parison  of  the  numbers  obtained  by  M.  Berthelot,  and  those  of  MM.  Mallard  and 
Le  Chatelier  in  the  explosion  of  cyanogen.  According  to  Berthelot’s  experiments, 
the  specific  heat  of  nitrogen  and  carbonic  oxide  is  6‘2  at  2500°;  according  to  MM. 
Mallard  and  Le  Chatelier,  it  is  7 ’2  at  this  temperature.  Again  the  latter  have 
determined  the  specific  heat  of  the  simple  gases  by  adding  measured  volumes  of 
hydrogen,  oxygen,  and  nitrogen  to  electrolytic  gas,  and  measuring  the  pressures 
produced  on  explosion.  From  the  seven  experiments'''  made  at  temt)eratures  near 
2000°  (calculated),  they  obtain,  as  a  mean,  the  number  5 '6  for  the  specific  heat  of  the 
elementary  gases  at  this  temperature  ;  in  a  former  paper  they  gave  the  value  7 '5  as 
the  specific  heat  at  this  temperature.  Neither  of  these  values  agrees  with  the  7'2 
deduced  from  their  cyanogen  experiment  at  2500°.  The  great  difficulties  attending 
determinations  of  this  nature,  in  spite  of  the  skill  and  patience  with  which  the 
French  chemists  have  attacked  the  problem,  still  leave  it  an  open  question  whether 
the  specific  heats  of  the  simple  gases  increase  with  the  temperature. 

§  3.  The  observations  1  have  made  on  the  effect  of  changes  of  initial  jiressure  and 
temperature  on  the  rate  of  explosion  in  gases  are  not  such  as  might  have  been 
expected  from  the  theory  of  ordinary  sound-waves.  There  appears  to  be  for  each 
mixture  a  crucial  'pressure,  above  which  variations  of  pressure  do  not  afiect  the  rate 
of  explosion.  Below  this  point  the  rates  fall  with  diminution  of  pressure.  In  the 
case  of  electrolytic  gas  an  increase  of  pressure  from  one  to  two  atmospheres  increases 
the  rate  of  explosion  from  2821  to  2872  metres  per  second.  When  the  electrolytic 
gas  is  largely  diluted,  an  increase  in  pressure  from  one  to  two  atmospheres  has  less 
effect.  The  following  rates  were  found  at  one  and  two  atmospheres  for  electrolytic 
gas  diluted  with  oxygen,  nitrogen,  and  hydrogen  respectively  ■ 


Table  XLI. 

(1.)  Mixture  H.,  -f  O^. 


Pressure . 

1  At. 

2  At. 

Rate  of  exjjlosioii  . 

169G 

1718 

*  ‘  Combustion  des  Melanp-es  Gazeux,’  p  259. 
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(2.)  Mixture  H3  +  O  +  Ng. 


Pressure  . 

1  At. 

2  At. 

Rate  of  explosion  . 

1815 

1830 

(3.)  Mixture  Hg  +  0. 


Pressure  . 

1  At. 

2  At. 

Rate  of  explosion  . 

3532 

3538 

No  doubt  the  ] lumbers  obtained  point  to  a  slight  increase  in  the  rate  on  doubling 
the  pressure,  but  the  differences  are  so  small  as  to  be  confounded  with  the  experi¬ 
mental  error.  I  have  not,  therefore,  given  the  higher  rates  as  the  true  rates  of  the 
explosion,  but  have  taken  the  mean  of  the  two  in  each  case. 

The  difference  in  the  effect  of  pressure  on  electrolytic  gas  when  pure,  and  when 
diluted,  may  be  due  to  one  of  two  causes.  In  the  case  of  the  pure  gas  increase  of 
pressure  may  check  dissociation,  and  thus  increase  the  rate  of  explosion  ;  whereas  the 
diluted  gas  does  not  dissociate,  and  is  consequently  unaffected  by  changes  of  pressure. 
Or,  more  probably,  since  the  diluted  gas  suffers  less  contraction  in  the  chemical 
change,  its  crucial  pressure  is  lower  than  that  of  the  pure  gas,  and  the  change  from  one 
to  two  atmospheres  being  wholly,  or  in  large  part,  above  the  crucial  pressure,  the  effect 
on  the  rate  is  nil  or  very  slight.  In  all  the  mixtures  I  have  tried  the  rate  of  the 
explosion-wave  is  diminished  by  a  sufficient  reduction  of  pressure,  even  when  the 
products  of  combustion  are  carbonic  oxide  and  nitrogen  alone.  Changes  of  pressure 
appear,  therefore,  to  affect  the  rate  apart  from  any  dissociation  ;  and  consequently 
may  influence  the  rate  of  explosion  of  electrolytic  gas  independently  of  any  effect  on 
dissociation.  Why  changes  of  pressure  affect  the  rate  of  explosion  has  yet  received 
no  satisfactory  explanation. 

As  the  initial  pressure  of  a  gaseous  mixture  is  reduced,  it  is  found  that  the  flame 
travels  further  from  the  ignition-point  before  its  rate  becomes  constant ;  it  requires  a 
longer  run  to  attain  its  maximum  velocity.  By  sufficiently  reducing  the  pressure  it 
is  possible  to  stop  the  explosion  of  gases  altogether ;  but  the  flame  is  still  propagated 
slowly  at  pressures  below  that  at  which  the  ex  plosion- wave  dies  out.  For  instance, 
with  electrolytic  gas,  the  explosion-wave  is  propagated  at  200  mm.  pressure,  but  not 
at  150  mm.  At  200  mm.  pressure  the  flame  travels  about  2  metres  before  attaining 
its  maximum  rate.  According  to  my  experiments'"  the  flame  is  still  propagated  in 

*  ‘Phil.  Traus.,’  1884,  p.  031. 
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electrolytic  gas  at  75  mm.,  but  not  at  70  mm,,  when  an  induction  spark  is  passed 
through  the  mixture.  Lothae.  Meyer  and  Seubert*  found  tliat  a  spark  from  a 
Ruhmkorff’s  coil  caused  partial  ignition  of  electrolytic  gas  at  70  mm.,  and  complete 
combustion  at  72  mm.,  the  exact  pressure  under  which  the  gases  unite  varying  with 
the  strength  of  the  spark. 

It  is  conceivable,  on  the  “breaking-wave”  hypothesis,  that  the  projected  jets  of 
heated  gas  do  not  under  reduced  pressure  initiate  their  own  explosion-waves  so 
rapidly  as  under  higher  pressure. 

Similarly  with  regard  to  changes  of  initial  temperature,  I  do  not  know  why  a  rise 
of  temperature  should  diminish  the  rate  of  explosion.  The  limited  range  in  which  it 
is  possible  to  conduct  the  experiments,  and  the  small  differences  found  within  this 
range,  do  not  permit  of  a  curve  being  drawn  which  might  indicate  the  general  effect 
of  changes  of  temperature  upon  the  rate.  In  the  case  of  electrolytic  gas  the  effect  of 
heating  was  found  to  lower  the  rate  both  at  low  and  at  high  pressures.  Experiments 
made  at  atmospheric  pressure  with  ethylene,  burning  to  carbonic  oxide  and  steam,  at 
10°  and  100°,  showed  a  lowering  of  the  rate  rather  greater  than  that  of  electrolytic 
gas;  while  similar  experiments  made  with  cyanogen,  burning  to  carbonic  oxide  and 
nitrogen,  showed  a  smaller  difference — hardly,  perhaps,  to  be  distinguished  from  the 
experimental  error. 

§  3.  llie  Rate  of  Explosion  of  Hydrocarbons  ivith  insufficdejit  Oxygen. 

The  explosion  of  hydrocarbons  with  insufficient  oxygen  has  been  studied  by  Dalton, 
J.  Davy,  Kersten,  and  E.  yon  Meyer.  In  the  ‘New  System  of  Chemical  Philosophy,’ 
Part  II.,  p.  442  (1810),  Dalton  thus  describes  the  explosion  of  ecptal  volumes  of 
ethylene  and  oxygen  : — 

“If  100  measures  of  oxygen  be  put  to  100  of  olefiant  gas,  and  electrified,  an 
explosion  ensues,  not  very  violent ;  but  instead  of  a  diminution,  as  usual,  there  is  a 
great  increase  of  gas ;  instead  of  200  measures,  there  will  be  found  about  360  ;  some 
traces  of  carbonic  acid  are  commonly  observed,  which  disappear  on  passing  two  or 
three  times  through  lime  water ;  there  will  then  remain  perhaps  350  measures  of  a 
permanent  gas,  which  is  all  combustible,  yielding  by  an  additional  dose  of  oxygen, 
carbonic  acid,  and  water,  the  same  as  if  entirely  burnt  in  the  first  instance.  What, 
therefore,  is  this  new  gas  in  the  intermediate  state  ?  The  answer  is  clear.  It  is 
carbonic  oxide  and  hydrogen  mixed  together,  an  equal  number  of  atoms  of  each.” 

Dalton  found  that  marsh  gas  could  not  be  exploded  with  less  than  its  own  volume 
of  oxygen,  in  which  case  half  the  hydrogen  formed  water  and  the  other  half  was 
liberated : — 

“If  100  measures  of  carburetted  hydrogen  be  mixed  with  100  measures  of  oxygen 
(the  least  that  can  be  used  with  effect),  and  a  spark  passed  through  the  mixture, 

*  ‘  Chem.  Soc.  .Journ.,’  1884,  vol.  1  p.  587. 
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there  is  an  explosion  without  any  material  change  of  volume  :  after  passing-  a  few 
times  through  lime  water,  it  is  reduced  a  little,  manifesting  signs  of  carbonic  acid. 
This  residue  is  found  to  possess  the  characters  of  a  mixture  of  equal  vmlumes  of 
carbonic  oxide  and  hydrogen.” 

John  Davy,* * * §  in  1832,  described  some  experiments  on  the  explosion  of  ethylene 
with  insufficient  oxygen,  in  which  the  volume  was  nearly  doubled  after  detonation. 

In  1861  KERSTENt  opposed  the  view,  which  he  stated  was  common  at  that  time, 
that  in  the  combustion  of  hydrocarbons  the  hydrogen  burns  before  the  carbon.  He 
describes  experiments  on  the  explosion  of  ethylene  and  of  marsh  gas  with  electrolytic 
gas,  and  with  air.  His  conclusion  is  “  that  before  a  portion  of  hydrogen  is  burnt,  all 
the  carbon  is  burnt  to  carbonic  oxide,  and  that  then  the  excess  of  oxvgen  divides 
itself  between  the  carbonic  oxide  and  hydrogen.” 

In  1874,  Ernst  von  Meyer^  (who  does  not  refer  to  the  previous  work  on  the  sub¬ 
ject)  showed  that  equal  volumes  of  ethylene  and  oxygen  formed  carbonic  oxide  and 
hydrogen  when  exploded  in  an  eudiometer.  Acetylene,  diluted  with  hydrogen  to 
diminish  the  force  of  the  explosion,  behaved  in  the  same  way. 

On  the  otlier  hand,  in  many  of  the  text-books  of  the  present  day  the  doctrine  is 
taught  that  in  the  combustion  of  hydrocarbons  the  hydrogen  burns  before  the  carbon.§ 
Berthelot  comes  to  the  same  conclusion  from  observations  of  the  rate  of  explosion  of 
ethylene  mixed  with  hydrogen,  and  that  of  other  hydrocarbons  rich  in  hydrogen. 
Measuring  the  rate  of  explosion  from  the  point  of  ignition  through  a  space  some 
130  mm.  long,  Berthelot  found  that  a  mixture  of  hydrogen  and  ethylene  burnt  at  a 
rate  which  was  quicker  than  the  mean  of  the  rates  of  hydrogen  and  of  ethylene  when 
exploded  with  oxygen  in  the  same  api^aratus  : 


jMixtixre. 

CoH,  +  O,  .  . 

H.  +  O  .  .  . 
CgH,.  +  H.  +  0- 


Tirne  taken  by  flame  to  travel  130  mm. 

2’86  thousandths  of  second  I 

)- 1  mean. 

1-04  „  .  „  j 

1-37 


He  concludes  from  these  experiments  tliat  the  hydrogen  burns  before  the  ethylene 
in  the  mixture.  It  must  again  be  pointed  out  that  these  velocities  refer  to  the 


*  ‘Edin.  Journal  of  Science,’  New  Ser.,  vol.  0,  p.  50. 

t  ‘  Jonrn.  Prakt.  Cliem.,’  vol.  84,  p.  303. 

t  ‘.lourn.  Prakt.  Cliem.’  [IF],  vol.  10,  ji.  308. 

§  Faraday,  lecturing  at  the  Royal  Institution,  said  : — “  The  volatile  matter  raised  by  combustion 
from  the  tallow  of  a  caudle  is  a  vapour  composed  of  carbon  and  hydrogen ;  and  our  experiment  teaches 
us  that  the  forces  which  hold  these  elements  together  are  so  nicely  balanced  that  the  hydrogen  is  made 
to  combine  first,  the  carbon  afterwards”  (‘Lectures  at  Royal  Institution,’  p.  280,  J.  Scoffeen,  1853). 

For  a  lucid  discussion  of  this  question,  as  far  as  it  affects  the  liberation  of  carbon  in  hydrocarbon 
flames,  see  Professor  A.  Sjutiields  “On  the  Ftrncture  of  Luminous  Flames”  (‘ Journ.  Chem.  Soc.,’ 
1892,  vol.  1,  p.  217). 
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irregular  period  of  vibration,  and  that  everything  depends  on  the  quickness  with 
which  the  explosion-wave  is  developed.  Again,  Berthelot  compares  the  rate  of 
explosion  of  hydrocarbons  with  that  of  hydrogen  in  the  same  apparatus  : — 


Gas.  Time. 

Acetylene . 1'94 

Ethylene . 2 ’8  6 

Ethane . ‘83 

Marsh  Gas . 1’24 

Hydrogen . 1’04 


“  The  rate  of  combustion  of  gases  rich  in  hydrogen  is  very  close  to  that  of  hydrogen. 
This  seems  to  indicate  that  the  hydrogen  burns  before  the  carbon,  even  in  total 
combustions.” 

I  do  not  think  this  conclusion  is  justified  by  the  figures  ;  nor  do  I  see  how  the 
second  argument  can  be  reconciled  with  the  first. 

I  have  made  experiments  on  the  rate  of  the  explosion-wave  in  ethylene  and  in 
acetylene  mixed  with  their  own  volume  of  oxygen.  In  both  cases  the  main  reaction 
is  the  formation  of  carbonic  oxide  and  hydrogen  ;  but  the  rates  found  are  not  so  near 
the  calculated  velocities  as  I  have  found  in  other  cases.  The  explosions  being  made 
in  a  gas-tight  tube  surrounded  with  water,  the  increase  in  pressure  gave  the  expan¬ 
sion  due  to  the  chemical  changes.  With  ethylene  and  oxygen  the  volume  was  almost 
doubled  ;  with  acetylene  and  oxygen  the  volume  was  increased  by  one-half  In  the 
following  table  I  have  given  the  observed  rates  of  explosion  for  ethylene  and  acetylene, 
with  an  equal  volume  of  oxygen,  compared  with  the  rate  calculated  by  Berthelot’s 
formula  and  with  the  sound-wave  2  : — 

Table  XLII. — Bates  of  Explosion  of  Ethylene  and  Acetylene  with  an  equal 

volume  of  Oxygen. 

1.  C^H^,  -k  0^  =  2C0  -h  2H2(Q  =  67,000  cals.) 

2.  CoH^  +  03=  2CO  -f  II2  (Q  =  112,700  cals.) 


jMixture. 

' 

CHL-fOo 

Beethelot’s  0  .  .  . 

21.34 

2733 

Rate  of  explo.sion  . 

2507 

2961 

2 . 

23.30 

3084 

The  rate  of  explosion  of  ethylene  and  an  equal  volume  of  oxygen  was  found  to  be 
MPCCCXCIII. — A.  Y 
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2505  metres  per  second  as  the  mean  of  four  double  determinations.  The  rate  of  the 
sound-wave  ‘‘  S,”  calculated  on  the  hypothesis  that  the  mixture  burns  directly  to 
carbonic  oxide  and  hydrogen,  is  2330.  The  calculated  velocity  is,  therefore,  about 
7  per  cent,  too  low.  This  is  the  only  instance  1  have  yet  found  where  the  observed 
rate  is  largely  in  excess  of  the  calculated  sound-wave.  On  the  other  hand,  the  rate 
of  explosion  of  acetylene  and  an  equal  volume  of  oxygen  was  found  to  be  2961  metres 
per  second  as  the  mean  of  four  double  determinations.  The  rate  of  the  sound-wave, 
calculated  on  the  hypothesis  that  the  mixture  burns  directly  to  carbonic  oxide  and 
hydrogen,  is  3084.  The  calculated  velocity  is,  therefore,  about  4  per  cent,  too  high. 
This  difference  between  the  explosion  of  ethylene  and  acetylene,  with  an  equal 
volume  of  oxygen,  is  somewhat  striking  ;  it  seems  to  point  to  some  different  mode  of 
decomposition  in  the  two  cases. 

As  stated  by  Dalton,  a  mixture  of  marsh  gas  with  half  its  volume  of  oxygen  will 
not  explode  ;  but  a  mixture  of  equal  volumes  of  marsh  gas  and  oxygen  explodes.  I 
have  determined  the  rate  of  explosion  of  this  mixture,  and  find  the  velocity  is 
2^  per  cent,  faster  than  the  sound-wave  calculated  for  the  reaction — 

CH^  +  O3  =  CO  +  H3  +  H3O. 

Table  XLIII. — Rate  of  Explosion  of  Marsh  Gas  with  an  equal  volume  of  Oxygen. 


Mixture. 

CH,  +  0., 

Berthelot’s  0  ...  . 

2184 

Rate  of  explosion 

2528 

V 

2466 

At  the  temperature  produced  in  this  reaction  the  steam  must  be  partly  dissociated 
— lowering  the  rate.  The  observed  velocity,  therefore,  is  undoubtedly  too  high  to 
reconcile  with  the  calculated  sound-wave.  Marsh  gas  must,  therefore,  be  classed 
with  ethylene  as  giving  exceptionally  high  rates. 

At  this  point  a  difficulty  must  be  pointed  out  which  I  have  hitherto  avoided.  I 
have  endeavoured  to  show  that  the  explosion-wave  is  in  part  propagated  by  the 
movements  of  the  yet  unburnt  molecules.  The  question  arises — Are  these  unburnt 
molecules  ever  broken  up  by  impact  before  they  are  burnt  ?  In  the  case  of  an  endo¬ 
thermic  compound,  such  as  cyanogen  or  acetylene,  is  the  propagation  of  the  flame 
partly  due  to  the  explosive  decomposition  of  the  compound,  previous  to  the  combus¬ 
tion  of  its  constituents  ?  If  so,  the  unburnt  gas  would  be  diminished  in  density,  and 
one  might  expect  to  find  the  explosion  of  endothermic  compounds  travelling  at 
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velocities  greater  than  those  calculated  for  sound  in  the  undecomposed  gas.  But  this 
is  exactly  the  reverse  of  what  is  observed.  The  formula,  which  gives  the  correct 
velocity  for  explosions  of  cyanogen,  gives  numbers  which  are  rather  too  high  for 
acetylene  (also  a  strongly  endothermic  compound),  and  too  low  for  ethylene  and  for 
marsh  gas  (an  exothermic  compound).  It  would  appear  as  if  ethylene  and  marsh  gas 
w^ere  unstable  bodies,  and  acetylene  and  cyanogen  were  stable  bodies,  in  the  particular 
condition  of  the  explosion- wave.  Let  me  recall  the  words  used  by  Professor  Ostwald 
in  his  address  last  year  at  Halle,  to  the  sections  of  Physics  and  Chemistry,  when 
speaking  on  a  cognate  subject — the  spectra  of  gases  at  high  temperatures  : — 

“  It  is  held  as  an  undoubted  dogma  that  at  the  highest  temperatures,  as,  for 
example,  in  the  electric  arc,  all  compounds  must  be  dissociated  into  their  elements. 
This  view  is  certainly  not  justified.  What  we  do  know  about  the  stability  of  com¬ 
pounds  is,  on  the  contrary,  that  all  compounds  which  are  formed  with  absorption  of 
heat  become  more  stable  with  rising  temperature,  and  the  reverse.  Because  the 
majority  of  the  compounds  known  to  us  are  formed  from  the  elements  with  evolution 
of  heat,  and  correspondingly  become  more  unstable  with  rising  temperature,  the 
conclusion  has  been  drawn  that  this  is  in  general  the  case.  But  if  we  reflect  that 
cyanogen  and  acetylene,  two  compounds  formed  with  great  absorption  of  energy,  are 
readily  formed  in  quantity,  at  the  highest  temperatures,  in  the  blast  furnace  and  in 
the  arc  light,  we  become  conscious  that  spectra  occurring  at  high  temperatures  may 
belong  to  compounds  which  have  a  fleeting  existence  confined  to  those  temperatures 
only.”'^^ 

We  know,  then,  that  cyanogen  and  acetylene  are  formed  from  their  elements  at  the 
highest  temperature  ;  but  Berthelot  has  shown  that  these  gases  are  decomposed  by 
the  shock  of  a  fulminate  detonator.!  Is  it  possible  that  there  is  an  essential  difference 
between  the  two  acts — that  molecules  of  acetylene,  charged  by  highly  heated  mole¬ 
cules,  do  not  break  up,  but  that  they  are  decomposed  when  they  are  dashed  against 
cold  molecules,  or  the  cold  walls  of  the  containing  vessel  ?  I  have  found  that  the 
decomposition  of  acetylene  by  a  fulminate  is  confined  to  the  neighbourhood  of  the 
detonator.  When  a  charge  of  fulminate  is  fired  in  a  steel  bomb  filled  with  acetylene, 
the  decomposition  of  the  acetylene  is  not  propagated  along  a  tube  attached  to  the 
bomb  and  filled  with  the  gas.  The  flame  of  the  detonator  is  “  carried  on”  for  some 
little  distance,  but  no  explosion-ivave  is  set  up  in  the  acetylene.  Similar  results  were 
found  with  carbon  bisulphide  vapour,  though  in  this  case  the  decomposition  is  propa¬ 
gated  to  a  greater  distance  from  the  detonator.  These  experiments  show  that  “  the 
decomposition  by  shock  of  acetylene  and  carbon  bisulphide  is  not  propagated  like  the 
explosion -wave  at  a  constant  velocity  as  far  as  the  gas  extends,  but  the  decomposition 
set  up  by  the  fulminate  dies  out  at  a  distance  from  the  detonator,  depending  on  the 

*  See  ‘Nature,’  April  21,  1892. 

t  ‘La  Force  des  Matieres  Explosives,’  vol.  1,  p.  109.  See  also  Thorpe,  ‘  Journ.  Cliem.  Soc.,’  1889, 

p.  220. 
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nature  of  the  gas,  and  also  probably  on  the  intensity  of  the  initial  shock  and  the 
cooling  power  of  the  walls.’'* 

On  the  other  hand,  there  is  some  evidence  of  the  breaking  up  of  ethylene  in  the 
explosion-wave.  When  ethylene  is  exploded  with  an  equal  volume  of  oxygen  some 
carbon  is  deposited,  and  an  appreciable  quantity  of  marsh  gas  is  found  in  the  products 
of  combustion.  It  is  difficult  to  account  for  this  formation  of  marsh  gas  except  by 
the  decomposition  of  the  ethylene,  either  directly  or  by  partial  oxidation  : — 

(i.)  an, .  .  =  c  +  cn,. 

(ii.)  -f  O  =  CO  +  CH,. 

When  ethylene  is  exploded  with  less  than  its  own  volume  of  oxygen,  the  propor¬ 
tion  of  marsh  gas  found  in  the  residue  increases  as  the  volume  of  oxygen  is  diminished. t 
This  points  to  the  formation  of  marsh  gas  as  an  intermediate  product  in  the  explosion 
of  ethylene. 

Again,  it  is  a  matter  of  frequent  observation  in  the  ajralysis  of  coal  gas,  when  the 
residue  of  marsh  gas,  hydrogen,  and  carbonic  oxide  is  exploded  in  an  eudiometer, 
with  a  large  excess  of  oxygen,  that  carbon  is  deposited  towards  the  bottom  of  the 
tube.  When,  however,  the  mixture  is  sufficiently  diluted  with  air,  the  marsh  gas  is 
completely  burnt.  This  fact  is  easily  explained  on  the  assumption  that  in  the 
explosion-wave  (which  is  set  up  in  marsh  gas  with  oxygen  but  not  with  air)  the 
marsh  gas  is  more  or  less  decomposed  in  the  wave-front,  and  some  of  the  liberated 
carbon  escapes  combustion  by  cooling.;}; 

T  do  not  forget  that  the  question  raised  concerning  the  breaking  up  of  yet  unburnt 
compounds  in  the  explosion-wave,  may  also  be  asked  concerning  the  elementary  mole¬ 
cules.  What  happens,  for  instance,  to  the  molecules  of  oxygen  in  the  wave  ?  AYhen 
a  molecule  of  oxygen  reacts  with  a  molecule  of  hydrogen,  is  an  oxygen  atom  liberated, 
and,  if  so,  how  far  does  its  existence  inlluence  the  rate  ?  It  was  with  the  object  of 
obtaining  some  answer  to  these  questions  that  experiments  were  made  on  the  rate  of 
explosion  of  hydrogen  with  nitrous  oxide,  in  which  reaction  it  is  possible  that  no  free 
atoms  are  liberated  : — 

Ho  +  N2O  =  HoO  +  No. 

So  far  as  the  experiments  go,  I  cannot  trace  the  influence  of  liberated  atoms  of 
oxvo’en. 

^  O 

*  Dixon  and  Haeker,  “  On  tLe  Decomposition  by  Shock  of  Endothermic  Compounds.”  ‘  Manchester 
Memoirs’  [IV.],  vol.  .5,  1892. 

t  Lean  and  Bone,  “  The  Behaviour  of  Ethylene  on  Explosion  with  less  than  its  own  Volume  of 
Oxygen.”  ‘  Chem.  Soc.  Jonrn.,’  1892. 

X  Results  which  might  be  explained  on  the  same  hypothesis — viz.,  the  decomposition  of  unburut 
compounds  in  the  wave-front,  are  afforded  by  the  explosion  of  ammonia  with  nitrous  oxide,  and  of 
chlorine  with  hydrogen.  In  both  eases  the  I'ate  is  somewhat  higher  than  might  be  expected. 
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§  4.  Conclusion. 

The  difficulties  I  have  touched  on  show  how  far  we  are  from  a  complete  theory  of 
explosions. 

The  tentative  formula  which  I  have  proposed  must  be  taken  for  nothing  moi’e  tlian 
a  “  working  hypothesis.”  It  has  been  found  so  far  'purallel  to  the  truth  that  it  may 
be  useful  to  suggest  further  experiments  on  the  nature  of  explosions.  As  Berthelot’s 
formula  helped  me  to  interpret  the  reactions  of  gaseous  carbon,  and  suggested  experi¬ 
ments  which  led  me  to  modify  the  hypothesis  I  was  using ;  so  I  will  venture  to  hope 
that  this  modified  hypothesis  may  in  turn  lead  other  workers  to  a  truer  knowledge  of 
explosions. 

In  concluding,  I  wish  to  thank  three  former  pupils  of  mine,  who  have  rendered  me 
devoted  service  in  the  conduct  of  these  experiments — Mr.  J.  E.  Marsh,  of  Balliol 
College,  Oxford,  and  Messrs.  H.  W.  Smith  and  J.  A.  Harker,  of  Owens  College, 
Manchester. 

General  Conclusions. 

1.  Berthelot's  measurements  of  the  rates  of  explosion  of  a  number  of  gaseous 
mixtures  have  been  confirmed.  The  rate  of  the  explosion-v/ave  for  each  mixture  is 
constant.  It  is  independent  of  the  diameter  of  the  tube  above  a  certain  limit. 

2.  The  rate  is  not  absolutely  independent  of  the  initial  temperature  and  pressure  ot 
the  gases.  With  rise  of  temperature  the  rate  falls ;  with  rise  of  pressure  the  rate 
increases  ;  but  above  a  certain  crucial  loressure  variations  in  pressure  appear  to  have 
no  effect. 

3.  In  the  explosion  of  carbonic  oxide  and  oxygen  in  a  long  tube  the  presence  of 
steam  has  a  marked  influence  on  the  rate.  From  measurements  of  the  rate  of  explo¬ 
sion  with  different  quantities  of  steam  the  conclusion  is  drawn  that  at  the  high 
temperature  of  the  explosion-wave,  as  well  as  in  ordinary  combustion,  the  oxidation  of 
the  carbonic  oxide  is  effected  by  the  interaction  of  the  steam. 

4.  Inert  gases  are  found  to  retard  the  explosion-wave  according  to  their  volume 
and  density.  Within  wide  limits  an  excess  of  one  of  the  combustible  gases  has  the 
same  retarding  effect  as  an  inert  gas  (of  the  same  volume  and  density)  which  can  take 
no  part  in  the  reaction. 

5.  Measurements  of  the  rate  of  explosion  can  be  employed  for  determining  the 
course  of  some  chemical  chang-es. 

In  the  explosion  of  a  volatile  carbon-compound  with  oxygen,  the  gaseous  carbon 
burns  first  to  carbonic  oxide,  and  afterwards,  if  oxygen  is  present  in  excess,  the 
carbonic  oxide  first  formed  burns  to  carbonic  acid. 

6.  The  theory  proposed  by  Berthelot — that  in  the  explosion-wave  the  flame 
travels  at  the  mean  velocity  of  the  products  of  combustion — although  in  agreement 
with  the  rates  observed  in  a  certain  number  of  cases,  does  not  account  for  the  velocities 
found  in  other  gaseous  mixtures. 
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7.  It  seems  probable  that  in  the  explosion-wave — 

(1)  The  gases  are  heated  at  constant  volume,  and  not  at  constant  loressure; 

(2)  Each  layer  of  gas  is  raised  in  temperature  before  being  burnt ; 

(3)  The  wave  is  propagated  not  only  by  the  movements  of  the  burnt  molecules. 

but  also  by  those  of  the  heated  but  yet  unburnt  molecules  ; 

(4)  When  the  permanent  volume  of  the  gases  is  changed  in  the  chemical  reaction 

an  alteration  of  temperature  is  thereby  caused  which  affects  the  velocity  of 
the  wave. 

8.  In  a  gas,  of  the  mean  density  and  temperature  calculated  on  these  assumptions, 
a  sound-wave  would  travel  at  a  velocity  which  nearly  agrees  with  the  observed  rate  of 
explosion  in,  those  cases  where  the  products  of  combustion  are  perfect  gases. 

9.  With  mixtures  in  which  steam  is  formed,  the  rate  of  explosion  falls  below  the 
calculated  rate  of  the  sound-wave.  But  when  such  mixtures  are  largely  diluted  with 
an  inert  gas,  the  calculated  and  found  velocities  coincide.  It  seems  reasonable  to 
suppose  that  at  the  higher  temperatures  the  lowering  of  the  rate  of  explosion  is  brought 
about  by  the  dissociation  of  the  steam,  or  by  an  increase  in  its  specific  heat,  or  by 
both  these  causes. 

10.  The  propagation  of  the  explosion-wave  in  gases  must  be  accompanied  by  a  very 
high  pressure  lasting  for  a  very  short  time.  The  experiments  of  MM.  Mallard  and 
Le  Chatelier,  as  well  as  my  own,  show  the  presence  of  these  fugitive  pressures.  It 
is  possible  that  data  for  calculating  the  pressures  produced  may  be  derived  from  a 
knowledge  of  the  densities  of  the  unburnt  gases  and  of  their  rates  of  explosion. 


Appendix. 

Received  July  22,  1892. 

Part  I. — The  Preparation  of  the  Gases. 

Hydrogen. — The  hydrogen  used  in  most  of  the  experiments  was  prepared  by  the 
action  of  pure  dilute  sulphuric  acid  on  re-distilled  zinc,  free  from  arsenic.  The  gas 
was  washed  with  potash  and  silver  nitrate  solutions,  and  was  then  passed  through  a 
scrubbing  tower  and  a  series  of  bulbs  filled  with  a  strong  solution  of  alkaline  per¬ 
manganate.  The  gas  so  prepared  had  oidy  the  faintest  odour. 

For  a  few  experiments  the  gas  was  prepared  by  the  electrolysis  of  pure  dilute 
sulphuric  acid  with  platinum  electrodes. 

Marsh  (ras.  — The  marsh  gas  was  prepared  by  Gladstone  and  Tribe’s  method,*  in 
which  pure  methyl  iodide  is  decomposed  by  the  zinc-copper  couple  in  presence  of 
absolute  alcohol.  The  “  scrubber,”  packed  with  the  zinc-copper  couple,  was  kept 
moistened  by  alcohol  dropping  from  a  tap-funnel,  and  the  gas  was  further  washed 

*  ‘  Chem.  Soc.  Jouni.,’  1884,  p.  1. 
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with  strong  alcoholic  potash  and  finally  with  oil  of  vitriol.  The  generating  flask  (of 
2  litres  capacity)  was  kept  at  30°  C. 

An  analysis  of  the  gas  by  explosion  with  air  in  McLeod’s  gas  apparatus  showed 
99 '3  per  cent,  of  marsh  gas. 

Ethylene. — The  ethylene  was  prepared  by  the  method  given  by  Erlenmeyer  and 
Bunte.  25  grms.  of  absolute  alcohol  are  mixed  with  150  grms.  of  pure  sulphuric 
acid,  and  the  mixture  is  heated  in  a  large  flask,  on  a  sand  bath,  to  160°- 170°  C.  A 
mixture  of  one  part  alcohol  and  two  parts  sulphuric  acid  is  then  slowly  added  by  a 
tap-funnel.  Great  difficulty  was  experienced  in  getting  rid  of  all  acid  gases  from  the 
ethylene.  The  gas  was  passed  (1)  through  two  wash-bottles  containing  oil  of  vitriol, 
(2)  through  a  tower  packed  with  pieces  of  solid  potash,  (3)  through  two  wash-bottles 
containing  strong  potash  solution,  (4)  through  a  second  tower  packed  with  pieces  of 
solid  potash.  The  large  quantity  of  air  contained  in  the  flask  and  washing  apparatus 
rendered  it  difficult  to  obtain  the  gas  quite  free  from  air.  The  gas  was  analysed 
and  found  to  be  free  from  sulphurous  acid,  but  it  contained  small  quantities  of 
nitrogen.  Allowance  was  made  for  the  presence  of  this  diluent  gas  in  making  up 
the  mixtures  of  ethylene  with  oxygen,  &c.  The  percentage  impurity  in  the  ethylene 
could  be  reduced  to  1  per  cent.;  no  other  gas  used  In  these  experiments  presented 
the  same  difficulty  in  making  pure. 

Acetylene.  —The  acetylene  was  prepared  by  the  action  of  strong  alcoholic  potash  or 
ethylene  dibromide.  The  potash  was  dissolved  in  amyl  alcohol.  The  gas  evolved  from 
the  boiling  solution  was  passed  through  a  second  flask  containing  boiling  potash 
solution,  and  then  into  an  ammoniacal  solution  of  cuprous  chloride.  The  precipitated 
cuprous  acetylide  was  washed  with  dilute  ammonia  solution  and  kept  till  required  under 
this  solution.  On  warming  the  red  precipitate  with  strong  hydrochloric  acid  to  50°  C. 
a  regular  stream  of  acetylene  was  given  off.  It  was  washed  with  water,  dried  with 
caustic  potash,  and  collected  over  mercury.  Analysis  showed  that  the  gas  was  pure. 

Ammonia. — The  ammonia  was  distilled  from  a  strong  aqueous  solution,  wms  dried 
by  caustic  potash,  and  was  collected  over  mercury. 

Carbonic  Oxide. — This  gas  was  prepared  by  gently  warming  formic  acid  with  pure 
sulphuric  acid  diluted  with  an  equal  volume  of  water.  It  was  washed  with  potash 
solution. 

Cyanogen. — Ile-crystallised  mercuric  cyanide  was  powdered  and  carefully  heated  to 
drive  off  moisture.  The  dry  pov/der  was  introduced  into  a  steel  retort  with  a  long 
neck.  After  a  considerable  quantity  of  cyanogen  had  been  allowed  to  escape,  the 
gas  was  collected  directly  in  a  mercury  holder.  The  retort  was  raised  to  dull  redness 
in  a  fireclay  furnace,  heated  by  gas. 

Oxygen. — The  oxygen  was  prepared  by  heating  powdered  chlorate  of  potash  in  a 
hard  glass  flask.  It  was  washed  by  a  solution  of  caustic  potash. 

Nitrons  Oxide. — This  gas  was  prepared  by  heating  pure  ammonium  nitrate  in  a 
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hard  glass  flask.  It  was  washed  with  a  solution  of  ferrous  sulphate,  dried  by 
sulphuric  acid,  and  collected  over  mercury. 

Nitric  Oxide. — The  nitric  oxide  was  made  by  mixing  eight  parts  of  crystallised 
ferrous  sulphate  with  one  part  of  crystallised  nitre,  and  pouring  on  to  this  mixture 
sulphuric  acid  diluted  with  three  volumes  of  water.  If  the  acid  is  w^arm  the  action 
starts  at  once,  afterwards  the  flask  is  gently  warmed. 

Nitrogen. — The  nitrogen  was  prepared  by  Vernon  Harcourt’s  method,  in  which  a 
mixture  of  air  and  ammonia  is  passed  through  a  heated  tube  containing  copper  and 
copper  oxide.  The  nitrogen  issuing  from  the  tube  was  washed  with  sulphuric  acid. 

Chlorine. — The  chlorine  employed  in  determining  the  rates  of  explosion  of  hydrogen 
and  chlorine  was  prepared  by  the  electrolysis  of  aqueous  hydrochloric  acid,  and  was 
passed,  mixed  with  hydrogen,  into  the  explosion-tube  wdthout  standing  in  a  holder. 
The  gas  was  washed  first  with  water,  and  then  with  sulphuric  acid,  and  wms  dried  in 
a  glass  worm  and  a  series  of  bulbs  filled  wdth  sulphuric  acid.  The  electrolytic  cell 
was  made  entirely  of  glass,  and  the  washing  bottles  and  drying  vessels  wmre  all  fitted 
together  with  ground  glass  joints  with  cups. 


Fig.  ]. 


The  electrolytic  vessel  A  was  made  with  three  tubulures,  into  which  ground  glass 
tubes  were  fitted.  Two  of  tliese,  BB,  passed  into  the  vessel,  and  dipped  about  an 
inch  below  the  level  of  the  acid.  Through  these  tubes  passed  the  gas-carbon  elec¬ 
trodes  CC,  the  small  annular  space  between  the  rods  and  tubes  being  made  tight  wdth 
paraffin.  A  little  mercury  poured  on  top  of  the  carbon  rods  served  to  connect  them 
with  the  battery  wires.  Into  the  third  tubulure  w^as  ground  a  gas  delivery  tube  D, 
containing  washing  bulbs  filled  wdth  w^ater,  and  passing  through  a  tubulure  in  the 
sulphuric  acid  w'ash-bottle  E.  From  E  the  gas  passed  through  the  wmrm  F  and 
through  the  bulbs  G  to  a  long  flexible  glass  tube  leading  into  the  explosion-tube. 

For  mixtures  containing  an  excess  of  hydrogen,  the  wmsh-bottle  E  was  replaced  by 
a  vessel  fitted  with  three  tubulures  similar  in  shape  to  A.  Two  of  the  tubulures  w^ere 
fitted  with  tubes  of  the  snme  size  dipping  beneath  the  acid,  the  third  tubulure  serving 


PROFESSOR  H.  B.  DIXON  ON  THE  RATE  OF  EXPLOSION  IN  GASES.  169 


for  the  exit  tube.  The  electrolytic  gas  entered  through  one  tube,  while  hydrogen 
was  driven  from  a  holder  through  the  other. 

At  the  further  end  of  the  explosion  tube  the  gases  passed  through  (1)  a  wash 
bottle  ;  (2)  a  long  graduated  tube  fitted  with  taps  at  either  end  ;  (3)  a  thin  glass 
bulb ;  (4)  a  tower  filled  with  lime  and  powdered  charcoal.  The  thin  bulb  could  be 
readily  detached  and  submitted  to  a  “magnesium  flash.”  The  graduated  tube  served 
to  analyse  the  gas.  It  was  connected  with  a  movable  reservoir  from  which  a  solution 
of  caustic  potash  could  be  introduced  into  the  tube.  The  volume  of  chlorine  present 
could  thus  be  readily  estimated,  the  residual  hydrogen  being  measured  under  atmo¬ 
spheric  pressure  by  bringing  the  level  of  the  liquid  in  the  tube  and  reservoir  to  the 
same  height. 

The  current  for  the  electrolysis  was  given  by  7  secondary  cells  (Elwell  and 
Parker),  E.M.F.  13-15  volts  ;  current  4-G  amperes.  The  preliminary  saturation 
occupied  many  hours.  It  was  found  best  to  leave  a  small  current  (about  ^  ampere) 
passing  through  the  cell  for  two  days  before  making  an  experiment.  When  the 
liquids  were  all  saturated  it  took  about  four  hours  to  fill  the  explosion  tube.  An 
analysis  of  the  issuing  gas  at  the  end  of  that  time  gave — 

Chlorine . 49 '8  2 

Hydrogen  .....  50T8 

In  another  experiment  an  analysis  at  the  end  of  4^  hours  gave — 

Chlorine . 49 '90 

Hydrogen . 50  TO 


Part  II. — Arrangement  of  the  Firing  Tubes. 

The  leaden  pipes  used  for  the  explosion  tubes  were  5,  6^,  9,  and  13  mm.  in 
internal  diameter.  The  pipe  was  wound  on  a  galvanised  iron  drum  about  2  feet  in 
diameter,  provided  with  a  flange  at  the  bottom. 

In  order  to  wind  the  pipe  it  was  first  laid  straight  along  a  corridor.  The  drum  A 
was  attached  to  a  turntable  B  fixed  to  a  low  trolley,  which  was  pushed  forward  as 
the  pipe  was  wound  on  the  revolving  drum. 

The  drum  with  the  pipe  wound  on  it  was  placed  in  an  iron  watei’-bath,  wdiich 
could  be  heated  by  a  large  ring  burner.  The  ends  of  the  pipe  passed  out  through  two 
openings  near  the  top  of  the  bath.  To  each  end  of  the  explosion  tube  was  soldered  a 
short  steel  tube,  ending  in  a  cap  with  a  polished  steel  face  30  mm.  in  diameter, 
perforated  in  the  centre  by  a  hole  10  mm.  in  diameter.  The  steel  face  of  each  cap  is 
pressed  by  a  clamp  against  a  similar  steel  face,  as  in  Begnault’s  gas  apparatus,  from 
which  these  joints  are  taken.  One  end  of  the  explosion  tube  is  thus  joined  to  the 

MDCCCXCIIT. — A.  Z 
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“firing  piece/’  the  other  end  to  a  shorter  tube,  called  the  “  end  piece,”  carrying  the 
second  “  bridge.” 

Fig.  2. 


Section  of  drum  mounted  on  turntable,  and  trolley  for  winding  the  explosion  tube. 


The  caps  which  carried  the  bridges  to  be  broken  by  the  flame  were  constructed  in 
the  followinof  wav  : — 

The  steel  tube  AA  was  pierced  at  a  distance  of  30  mm.  from  the  face  by  two 
conical  holes  opposite  each  other.  The  interior  of  the  tube  was  lined  wdth  a  cylinder 
of  vulcanite,  which  also  filled  the  conical  holes.  Two  thick  platinum  v.dres,  DD, 
passed  through  the  holes,  and  were  soldered  to  two  pieces  of  silver,  CC,  embedded  in 
the  vulcanite,  and  thus  insulated  from  the  steel  tube.  The  silver  pieces  were 
broadened  out  at  the  face  end  into  two  small  plates,  on  to  which  the  narrow  strip  of 
silver  foil  forming  the  bridge  was  soldered.  The  silver  j^lates  were  brought  not  quite 
flush  with  the  polished  steel  face,  so  that  there  was  no  danger  of  breaking  the  bridge 
when  clamping  up  the  two  caps. 


Fig. 


3. 


Fig.  4. 


For  the  experiments  with  chlorine  and  hydrogen  a  glass  tube  was  fixed  inside  the 
vulcanite  so  as  to  protect  it  from  the  action  of  the  chlorine.  The  silver  bridge,  alter 
being  soldered  to  the  silver  plates,  was  warmed  and  coated  wdth  a  layer  of  paraffin  as 
a  protection  from  the  chlorine. 
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The  apparatus  being  arranged  as  shown  in  fig.  7,  the  explosive  mixture  from  the 
holder  was  driven  through  the  washing  vessel  A,  partly  filled  with  boiled  oil  of 
vitriol,  and  through  the  two  drying  towers  B,  B,  packed  with  pieces  of  asbestos 
saturated  with  boiled  oil  of  vitriol.  The  gas  then  passed  through  a  short  length  of 
black  rubber  tubing  to  the  end  piece  C  carrying  the  second  bridge.  From  the  end 
piece  the  mixture  passed  into  the  explosion  tube  coiled  on  a  drum  standing  in  the 
large  iron  water-bath  D.  A  second  clamp  united  the  explosion  tube  to  the  firing 
piece  E,  carrying  the  first  bridge  at  one  end,  and  the  firing  wires  f,  f,  sealed  through 


Fig.  5. 
Fig.  d 


Shows  the  construction  of  a  second  pair  of  bridge  pieces  and  clamps  used  during  the  last  two  years. 


a  stout  glass  tube,  and  a  tap  G  at  the  other.  The  taps  were  made  of  hardened  steel. 
After  leaving  the  firing  piece  the  gas  passed  by  a  glass  tube  M  to  a  three-way  tap  H, 
by  which  it  could  be  sent  either  to  the  testing  tube  I  or  by  the  pipe  K  to  the  window. 
In  many  of  the  experiments  a  sulphuric  acid  wash-bottle  L  was  joined  to  the  tube  at 
M,  and  connected  with  a  holder  containing  electrolytic  gas.  Before  starting  the 
experiment  the  air  was  displaced  from  the  vessel  L  by  a  stream  of  electrolytic  gas. 
When  the  explosion  tube  and  firing  piece  were  full  of  the  explosive  mixture,  the  tap 
H  was  shut,  and  a  few  bubbles  of  electrolytic  gas  were  driven  into  the  firing  piece  so 
as  to  fill  about  one-third  of  its  length.  This  insured  the  explosion-wave  being  set  up 
m  the  firing  piece  before  the  flame  reached  the  first  bridge,  and  was  a  convenient 
mode  of  firing  mixtures— such  as  those  containing  cyanogen — which  do  not  readily 
ignite. 

For  experiments  under  increased  pressure  the  arrangement  shown  in  fig.  6  was 
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adopted.  Tlie  strong  glass  cylinder  C,  filled  with  water  from  a  high  cistern  through 
the  tube  E,  or  (when  necessary)  with  mercury  from  a  second  movable  cylinder,  was 
filled  with  the  mixture  from  the  holder  by  allowing  the  liquid  to  run  out  at  the  tap  D. 
After  the  cylinder  was  filled,  the  three-way  tap  X  was  turned  so  as  to  send  the  gas  from 
the  holder  through  the  drying  vessels  A,B.  B,  and  through  the  three-way  tap  F,  into  the 
explosion  tube.  When  the  explosion  tube  was  full,  the  tap  X  was  turned  so  as  to  put 

Fig.  6. 


it  in  communication  with  the  cylinder  C.  The  tap  at  the  further  end  of  the  explosion 
tube  being  closed,  water  or  mercury  was  admitted  to  C,  forcing  the  gas  into  the 
explosion  tube  through  the  drying  vessels.  When  the  manometer  K  showed  the 
desired  pressure  had  been  reached,  the  taps  were  closed  and  the  connections  made 
with  the  chronograph  and  firing  wires.  Just  before  firing,  the  taps  were  opened  to 
the  manometer  K  and  the  pressure  in  the  explosion  tube  was  read  off.  The  taps 
were  then  shut  and  the  mixture  fired. 

For  experiments  under  reduced  pressure  the  explosion  tube  was  filled  in  the  usual 
way.  The  gas  was  then  sucked  from  the  apparatus  by  a  pump  attached  to  the 
tube  K  (Fig.  7),  a  manometer  sealed  in  at  M  (in  place  of  the  wmsh  bottle  L)  giving 
the  pressure  in  the  explosion  tube. 

Fig.  7. 


For  firing  the  mixture  of  cyanogen  with  nitric  oxide  the  following  arrangement  was 
adopted.  The  firing  piece  B  was  firmly  screwed  to  a  stout  steel  cylinder  A.  Through 
the  other  end  of  this  cylinder  a  tube  C  was  screvved  so  as  to  project  2  inches  into  the 
cylinder.  Into  the  end  of  this  tube  a  copper  detonator  holding  fulminate  of  mercury 
was  attached,  by  a  caoutchouc  stopper  with  a  large  hole,  the  open  end  of  the  deto¬ 
nator  pointing  inwards.  The  explosive  mixture  passed  from  the  explosion  tube 
through  the  firing  piece  and  cylinder,  escaping  at  the  tube  D  which  was  also  screwed 
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into  the  base  of  the  cylinder.  The  tube  C  was  then  filled  with  electrolytic  gas 
through  the  tap  G,  the  air  escaping  at  E.  On  firing  the  gas  in  C  by  the  firing  wires 
the  explosion  travelled  to  F,  and  there  set  off  the  detonator  in  the  middle  of  the 
cyanogen  mixture.  The  explosion  thus  started  was  propagated  through  the  tube  B, 
into  the  explosion  tube  which  it  traversed  to  the  end. 


Fig.  8. 
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Part  III. — Chronogra'pliic  A'pparatus. 

The  arrangement  of  the  chronograph  and  electrical  connections  are  shown  in  fig.  9. 
The  chronograph,  made  by  Messrs.  Elliot,  consisted  of  a  heavy  pendulum  carrying  a 
smoked  glass  plate.  The  electro-magnetic  styli  used  were  made  by  Pfeil,  of  Berlin, 
and  by  Mr.  F.  J.  Smith,"''  of  Trinity  College,  Oxford,  to  whom  I  am  greatly  indebted 
for  several  of  these  instruments.  In  most  of  the  experiments  recorded  in  this  paper, 
one  of  Pfeil’s  instruments  and  one  of  Mr.  Smith’s  were  employed.  These  two  were 
chosen  out  of  several,  for  the  great  constancy  of  their  latent  period,  and  for  the 
sharpness  of  their  action.  The  styli  were  attached  to  an  upright  bar  on  a  heavy 
iron  stand,  with  three  pointed  feet.  The  bar  could  be  tilted  back  on  two  feet 
and  exactly  replaced. 

At  the  lowest  point  of  its  swing  the  pendulum  acted  on  two  breaks,  X  and  X', 
which  by  a  rack  and  pinion  could  be  brought  exactly  in  a  line.  By  bringing  the 
pendulum  slowly  against  the  uprights  the  position  of  the  two  breaks  could  be 
adjusted  so  that  they  were  broken  at  the  same  instant. 

In  the  preliminary  experiment  the  wires  wmre  arranged  as  shown  in  the  figure, 
except  that  the  wires  to  the  firing  battery  were  detached  at  C'C’,  and  the  wires  from 
hh,  h'h'  to  the  two  bridges  were  not  connected.  The  stylus  S  was  put  in  circuit 
through  a  resistance  HR,  and  the  break  X  ;  the  stylus  S'  was  put  in  circuit  througli 
a  resistance  R'R'  and  the  break  X'.  On  letting  the  pendulum  fall  the  two  styli  were 
released,  and  registered  their  marks  on  the  moving  plate.  The  resistances  RR  and 
RR'  were  now  removed,  the  firing  battery  and  coil  put  into  circuit  at  C'C',  the  wires 
from  hh  and  h'h'  attached  to  the  two  bridofes,  and  the  wires  from  the  coil  attached  to 
the  firing  piece.  The  pendulum,  being  again  let  fall,  broke  the  primary  circuit  of 
the  coil  on  striking  X',  causing  a  spark  to  pass  between  the  platinum  wires  in  the 
firing  piece.  The  flame  travelling  down  the  tube  broke  both  bridges  in  turn,  and 
the  styli  connected  with  them  registered  their  marks  on  the  moving  plate.  The 


*  ‘  Phil.  Mag.,’  1890,  p.  377. 
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connections  were  immediately  adjusted  as  in  the  preliminary  experiment,  and  the 
pendulum  was  again  let  fall.  If  the  confirmatory  ”  marks  passed  directly  over 
the  “preliminary”  it  was  a  proof  that  nothing  had  been  displaced  during  the 
experiment.* 

Fig.  9. 


In  the  companion  experiment,  which  was  made  as  soon  as  possible  after  the  first, 
tlie  wires  from  the  break  X  were  removed  from  BB  to  B'B',  and  the  wires  from  X'  from 
B'B'  to  BB.  X  was  now  the  firing  break.  Any  difierence  between  the  two  breaks 
which  might  affect  the  moment  of  firing  was  thus  eliminated  by  taking  the  mean  of 
the  pair  of  experiments. 

The  breaks  were  constructed  as  shown  in  fig.  10.  The  contact  wms  made  between 
a  platinum  plate  A  and  a  platinum  point  B  joined  to  a  co^Dper  strip.  The  platinum 
plate  was  fastened  to  a  [fiece  of  ebonite  turning  on  a  horizontal  axis ;  a  spiral  spring 
})ressed  tlie  plate  against  the  platinum  point  until  the  arm  C  of  the  pendulum  struck 

*  Ml'.  F.  J.  Smith  Las  jiointetl  out  that  tlie  dilferciice  in  the  latencies  of  two  electro-magnetic 
styli  may  he  eliminated  by  making  two  experiments,  and  reversing  the  connections  for  the  second 
experiment.  I  think  my  plan  of  making  a  “preliminary  experiment”  (without  tiring  the  gases)  is 
quicker.  In  both  cases  it  is  assumed  that  the  latencies  remain  constant  during  the  exjierimeut :  the 
quicker  the  operation  the  more  likely  is  this  coiiditiou  to  be  attained. 
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the  copper  plate  D  attached  to  the  ebonite.  The  whole  piece  could  be  moved  to  the 
right  or  left  by  a  pinion  working  in  the  rack  E. 


Fig.  10. 


Bmdina  scrturs  to 


'PiaJtinum  ptat^ 


Copper  strip  wWv  picotlTiicrri  povnt 

Side  view  o£  one  of  tlie  breaks. 


The  tuning  fork  was  by  Koenig.  It  gave  100  complete  vibrations  per  second  at 
15°  C.  Its  temperature  correction  was  determined  by  Mr.  R.  H.  M.  Bosanquet  in  the 
Laboratory  of  St.  John’s  College,  Oxford.  By  measuring  the  length  of  the  wave 
traced  by  the  tuning  fork  on  the  plate  at  different  heights,  a  table  of  wave-lengths 
was  constructed,  giving  the  value  of  second  at  different  heights  on  the  plate,  and  for 
different  lengths  of  swing.  After  measuring  the  distance  between  two  marks  of 
a  stylus  and  the  height  of  the  tracing  on  the  plate,  a  reference  to  the  table  gave  the 
value  of  the  distance  in  time.  But,  to  make  sure  that  the  pendulum  was  moving  at 
the  same  rate  as  when  the  table  was  constructed,  a  tuning  fork  trace  was  taken  after 
each  experiment — everything  being  in  the  same  state  except  that  the  tuning  fork  was 
substituted  for  the  electro-magnetic  styli.  From  the  length  of  the  observed  trace, 
compared  with  that  given  in  the  table,  a  correction  could  readily  be  applied  to  the 
table  readings.  A  small  correction  was  also  made,  when  necessary,  for  the  effect  of 
temperature  on  the  tuning  fork. 

The  distance  between  the  marks  of  the  styli  was  measured  by  cutting  the  rising 
trace  2  mm.  above  the  datum  line  with  a  pointed  style,  and  drawing  a  perpen¬ 
dicular  line  through  the  points  of  intersection,  as  shown  in  tig.  11.  At  n  the  upper 
stylus  began  to  rise  in  the  preliminary  experiment,  and  the  lower  stylus  at  h.  In  the 
explosion  the  lower  stylus  was  released  by  the  breaking  of  the  first  bridge,  and  began 
to  rise  at  h' ;  the  upper  stylus  was  released  by  the  breaking  of  the  second  bridge,  and 
began  to  rise  at  a .  The  distances  between  the  lines  A  A'  and  between  the  lines  BB' 
being  measured,  as  well  as  the  position  of  aa  and  hh'  on  the  plate,  the  value  of  BB' 
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(corrected  for  position)  is  subtracted  from  A  A',  the  remainder  giving  the  time  of 
explosion, 

I  take  one  example  from  my  note-book  of  the  actual  measurements  obtained  in  a 
pair  of  experiments  : — 

ram. 

A. — Distance  between  “  firing  ”  and  ”  second  bridge  ”  marks  =  70'5 
Distance  between  “  firing”  and  “  first  bridge  ”  marks  .  =  4’7 

Distance  between  first  and  second  bridge  marks  .  .  .  =  65‘8 

At  this  point  on  the  plate  and  for  this  length  of  swing  the  distance,  which  is  equal 
to  second,  is  24 ‘62  mm.  Length  of  tube  between  bridges,  75' 35  metres. 

Rate  of  explosion  ,  .  .  .  =  2820  metres  per  second. 


B,  (with  connections  reversed) —  mm. 

Distance  between  “firing”  and  “second  bridge”  marks  =  68'6 
Distance  between  “  firing  ”  and  “  first  bridge  ”  marks  .  =  2'4 


Distance  between  first  and  second  bridge  marks  .  .  .  =  66'2 


At  this  point  on  the  plate  and  for  this  length  of  swing,  the  distance,  which  is  equal 
to  xoT)  second,  is  24‘70  mm. 

Rate  of  explosion  .  .  .  .  =2811  metres  per  second. 

Mean  rate . =2815  „  ,, 


Fig.  11. 


Ti’aces  made  by  electro-magnetic  styli  on  the  moving  plate. 
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Part  IV. — The  Rates  of  Explosion  as  Measmxd. 

(1.)  Hydrogen  and  Oxygen  under  Ordinary  Temperature  and  Pressure. 

The  rate  of  explosion  of  the  mixture  Hg  +  0  was  measured  in  a  tube  9  mm.  in 
diameter  and  55  metres  long. 

Rates  Found. 


Series  A. 


Metres  per  sec. 
2804 
2812 
2835 


!  Mean  2817 


In  a  tube  of  same  diameter  and  100  metres  loug  ; — 


Series  B. 


2822 

2847 

2795 


2821 


In  a  tube  13  mm.  diameter  and  100  metres  long  : — 


Series  C. 


2805 

2840 

2831 

2800 


2819 


MDCCCXCIIl. — A. 
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In  1888-90  these  experiments  were  repeated.  The  numbers  which  follow  are  all 
the  means  of  pairs  of  measurements  with  the  connections  of  the  chronograph 
reversed  : — 


Series  E. 

Series  F. 

Series  G. 

In  9  mm.  tube. 

In  6^  mm.  tube. 

In  6|  mm.  tube. 

2852 

2795 

■  2827 

2814 

2781 

2840 

2825 

2814 

2803 

2825 

2807 

2836 

2830 

2828 

2799 

2826 

Most  of  the  experiments  given  in  these  three  series,  E,  F,  and  G,  were  control 
experiments  interpolated  in  other  series  to  check  the  working  of  the  whole  apparatus. 

In  the  following  series  the  mixture  was  fired  alternately  in  a  straight  tube  and  in 
the  same  tube  coiled  on  a  drum.  Each  number  is  the  mean  of  a  pair  of  measurements 
with  connections  reversed  : — 
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(2.)  Hydrogen  and  Oxygen  under  Varying  Pressure. 


1.  At  10°  C. 

1  200  mm. 

300  mm. 

500  mm. 

1100  mm. 

1500  mm. 

1 

2636 

2716 

2784 

2869 

2869 

2619 

2693 

2764 

2850 

2871 

i  2626 

2680 

2777 

2864 

2873 

2713 

2844 

2883 

2723 

2852 

2861 

2845 

2873 

2627 

2705 

2775 

2856 

2872 

2.  At  100°  C. 


390  mm. 

500  mm. 

760  mm. 

1000  mm. 

1450  mm. 

2704 

2730 

2784 

2833 

2831 

2689 

2746 

2793 

2825 

2837 

2799 

2824 

2849 

2796 

2832 

2849 

2789 

2800 

2782 

2774 

2697 

2738 

2790 

2828 

2842 

(3.)  Hydrogeji  and  Oxygen  in  Different  Proportions,  under  Ordinary  Temperature 

and  Pressure. 


la  13  mm.  tube. 

In  9  mm.  tube. 

In  13  mm.  tube. 

H3  +  O. 

H,  +  0. 

H,  +  0. 

H3  +  O0. 

H3  +  O,. 

Ilo+O,. 

3547 

3517 

3265 

2315 

1945 

1703 

3518 

3526 

3281 

2331 

1905 

1728 

3537 

3538 

3261 

2344 

1943 

1708 

3526 

3527 

3266 

2322 

1914 

1691 

3532 

3527 

3268 

2328 

1927 

1707 

2  A  2 
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(4.)  Hydrogen  and  Oxygen  in  Different  Proportions  under  1500  mm. 


Hg+O 

Ho  +  Og 

3534 

1723 

3542 

1713 

3538 

1718 

(5.)  Hydrogen  and  Oxygen  Diluted  with  Nitrogen. 


At  760  mm.  and  10 

0 

In  9  mm.  tube. 

In  13  mm.  tube. 

Ho  +  O+X 

H0  +  O+N3 

H0  +  O  +  X5 

2429 

2065 

1822 

2408 

2045 

1805 

2443 

2065 

1809 

2425 

2063 

1824 

2035 

2426 

2055 

1815 

Under  1500  mm.  and  10°. 


H2  +  O  +  X5 


1821 

1838 


1830 


PROFESSOR  H.  B.  DIXON  ON  THE  RATE  OF  EXPLOSION  IN  GASES.  181 


Maesh  Gas  and  Oxygen  in  Varying  Proportions. 


At  760  mm.  and  10°. 


CH4+0.J 

CH.  +  Og 

CH,  +  0, 

CH.  +  Og 

CH.  +  Og 

2531 

2479 

2322 

2147 

1954 

2510 

2469 

2318 

2145 

1972 

2552 

2463 

2326 

2520 

2528 

2470 

2322 

2146 

1963 

Marsh  Gas  and  Oxygen  diluted  with  Nitrogen. 

At  760  mm.  and  10°. 

CH.+  Og  +  N  CH.  +  Og  +  Ng 

CH.+  Og  +  Ng 

2349 

2364 

2348 

2334 

2146 

2162 

2155 

1872 

1888 

2349 

21.54 

1880 

Marsh  Gas  and  Oxygen  under  Varying  Pressures. 


CH,+  Og 

CH,+  0, 

500  mm. 

1000  mm. 

500  mm. 

1000  mm. 

2414 

2480 

2273 

2324 

2422 

2496 

2287 

2314 

2413 

2488 

2280 

2319 
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Ethylene  and  Oxygen  in  Different  Proportions. 


At  760  mm.  and  10“  C. 

CjH.+  Oj 

CoH,+202 

C2H,  +  .302 

C3H,  +  403 

02H^  +  603 

C2H,  +  802 

C2H^  +  1002 

2516 

2606 

2364 

2239 

2131 

1974 

1852 

2.527 

2578 

2359 

2255 

2105 

1986 

1860 

2472 

2562 

2380 

2515 

2571 

2369 

2586 

2507 

2581 

2368 

2247 

2118 

1980 

1856 

Ethylene  and  Oxygen  Diluted  with  Nitrogen. 


C2HJ  +  2O2  +  N2 

C2H^  +  202  +  2N2 

C2H^  +  202  +  4N2 

C2H,+202  +  6X2 

C3H^  +  202  +  8X2 

2430 

2202 

2009 

1881 

1737 

2401 

2220 

2039 

1874 

1731 

2408 

2413 

2211 

2024 

1878 

1734 

Ethylene  and  Oxygen. 
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Acetylene  and  Oxygen  in  Different  Proportions. 


At  760  mm.  and  10° 

C. 

CjHo  +  Oo 

CoHo+Og 

CoHo  +  O, 

2961 

2698 

2389 

2950 

2747 

2399 

2971 

2691 

2382 

2703 

2722 

2733 

2961 

2716 

2.391 

Acetylene  and  Oxygen  Diluted  with  Nitrogen. 


CoHj  O3  +  N2 

O2H2  +  Og  +  Ng 

C2H2  +  Og  +  Ng 

"t  O3  +  Nj^g 

C2H3  +  O3  +  N12 

2410 

2197 

2110 

2028 

1903 

2418 

2415 

2221 

2122 

2009 

1913 

2414 

2209 

2116 

2019 

1908 

Acetylene  and  Oxygen  under  Varying  Pressures, 


Cyanogen  and  Oxygen  in  Varying  Proportions. 


At  760  mm.  and  10°. 

C2N2-I-  Oo 

flails  "t  ^^3 

00X34-300 

2714 

2319 

2108 

2742 

2318 

2112 

2727 

2326 

2728 

2321 

2110 
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Cyanogen  and  Oxygen  Diluted  with  Nitrogen. 


C2N0+02+N2 

C2N2+O2  +  2N2 

2394 

2156 

2401 

2175 

2.398 

2166 

Cyanogen  and  Oxygen  under  Varying  Pressures. 


In  5  mm.  tube.  10° 

C. 

C2N2  +  O3 

At  500  mm. 

At  760  mm. 

At  1000  mm. 

2533 

2663 

2667 

2539 

2686 

2675 

2536 

2677 

2671 

At  760  mm.  and  100°  C. 


In  9  mm.  tube. 


2697 

2725 


2711 


Cyanogen  and  Nitrous  Oxide. 


In  9  mm.  tube. 

C2N3  +  2N2O 

C2N2  +  2N2O+N3 

C2N3  +  2N3O  +  2N2 

2451 

2273 

2101 

2458 

2292 

2095 

2454 

2283 

2098 
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Cyanogen  and  Nitric  Oxide. 


In  9  mm.  tube.  (  Fired  with 
fulminate  detonator.) 


C0N2+2NO 


27G6 

2740 

2773 


2760 


Hydrogen  and  Nitrous  Oxide  in  Varying  Proportions. 


At  760  mm.  and  10°  C. 

In  13  mm.  tube. 

In  9  mm.  tube. 

H7  +  N3O 

Hfi  +  NoO 

n.+NoO 

H2  +  N.O 

2728 

2700 

2552 

2307 

2737 

2711 

2538 

2302 

2732 

2705 

2545 

2305 

Hydrogen  and  Nitrons  Oxide  Diluted  with  Nitrogen. 


In  9  mm.  tube. 

In  13  mm.  tube. 

Hj  +  NoO  +  No 

H.2  +  N2O+N3 

H.  +  N.O  +  N^ 

2001 

1886 

1650 

1980 

1875 

1416 
went  out 
ditto 

1991 

1880 

irregular 

MDCCCXCIll. — A. 
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Hydrogen  with  Nitrous  Oxide  under  Varying  Pressures. 


H.  +  NoO 

.\t  .500  mm. 

At  1000  mm. 

2080 

2306  i 

2008 

2298  ! 

'  _  i 

2004 

2302  1 

Ammonia  and  Oxygen. 


760  min.  and  10° 


4NH3  +  30.. 


2381 

2390 


2390 


Ammonia  and  Nitrous  Oxide. 


2NH3  +  SN.O. 


2199 

2202 


2200 
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Carbonic  Oxide  and  Oxygen  A^dth  Varying  Proportions  of  Steam. 


CO  +  0  at  760  mm. 

AVell  dried. 

Dried. 

Saturated  at  10°. 

Saturated  at  20°. 

Satui'ateil  at  28°. 

1267 

1289 

1670 

1710 

1711 

1262 

1297 

1673 

1704 

1726 

1320 

1679 

1685 

1702 

1316 

1674 

1718 

1687 

1700 

1675 

1701 

1261 

1305 

1676 

1703 

1713 

CO  +  0  at  760  mm. 

Saturated  at  35". 

Saturated  at  45°. 

Saturated  at  55°. 

Satui'ated  at  65". 

Saturated  at  75°. 

1741 

1700 

1673 

1519 

1 260 

1731 

1681 

ir>5() 

1534 

1272 

1  726 

1 697 

]d71 

1750 

1742 

1738 

1693 

1666 

1526 

1266 

At  40U  mm. 

Saturated  at  10". 

Saturated  at  25°. 

I 

Saturated  at  33". 

1573 

1607 

1580 

1582 

1617 

1568 

15/4 

1625 

1562 

1576) 

1616 

1 

1570 

2  B  2 
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At  1100  mm. 

Saturated  at  26°. 

Saturated  at  43°. 

Saturated  at  .53°. 

i 

1747 

1767 

I 

1730 

1737 

1799 

1751 

1728 

1779 

1745 

1737 

1782 

1742 

Hydroc4EN  and  Oxj^gen  Diluted  with  Carbonic  Oxide  [K  =  1  vol.  CO.]. 


H,  +  0  4-  K. 

H.  +  0  +  K.. 

Ho  +  On  +  No. 

Ho  +  Oo  +  Ko. 

2467 

2080 

1993 

2144  ' 

2440 

2070 

2014 

2142 

2458 

2084 

2448 

2455 

2080 

2003 

2143  ' 

2600 


2500 


2400 


2300 


2200 


2100 


2000 


1900 


1800 


1700 


+  N 


Rixte/  XTV  Trheti^es  per  seoorhdj. 


2700 


III 

+1^2  I  i 

'-rves  showing  the  effect  of  the  (xdxhitLoru  of  Nitrogeru  ocncL  docygenj  I 
oru  the  Rale  of  Eocplosion,  of  Electrolytic  Gas.  \  ! 


(Xervee  shewing  tivb  effect  of  the 
the  Role  of  Eoep^sww  oi\  Carbo 


gjdudjijuotu  of  Stefunv 

I 

Ooeixie  ccnd> 


Oaoygeru. 


West, Newman,  litli. 


[  'Sfl  1 


lY.  On  the  Ue^idvc^  of  Poiverii  of  N'OAnher:^  for  any  Compoi^ite  Moduhtft,  Real  or 

Complex. 

By  Geoffrey  T.  Bennett,  B.A. 

Coiiirvinicafed  hy  Professor  Cayley,  F.R.S. 


Roccircd  April  8. — Read  iMay  5,  1802. 


The  present  Avork  consists  of  two  parts,  with  an  a})penflix  to  the  second.  Part  F. 
deals  with  real  numfjers,  Part  II.  Avith  complex. 

In  the  simple  cases  when  the  modidus  is  a  real  number,  udiich  is  an  odd  prime,  a 
power  of  an  odd  prime,  or  double  the  power  of  an  odd  prime,  we  l^now^  that  there 
exist  primitive  roots  of  the  modulus  ;  that  is,  that  there  are  numbers  whose  successive 
powers  have  for  their  residues  the  complete  set  of  numbers  less  than  and  prime  to 
the  modulus.  A  primitive  root  may  be  .said  to  generate  by  its  successive  powers 
the  complete  set  of  residues.  It  is  also  known  that,  in  general,  when  the  modulus 
is  any  composite  number,  though  primitive  roots  do  not  exist,  there  may  lie  laid  down 
a  set  of  numbers  which  will  here  be  called  generators,  the  products  of  powers  of  which 
give  the  complete  set  of  residues  prime  to  the  modulus. 

The  principal  object  of  Part  I.  is  to  investigate  tlie  relations  wdiich  must  subsist 
among  any  such  set  of  generators ;  to  determine  the  most  general  form  that  they  can 
take ;  to  show  how'  to  form  any  such  set  of  generators,  and  conversely  to  furnish  tests 
for  the  efficiency,  as  generators,  of  any  given  set  of  numbers.  Other  results  which 
are  obtained  as  instrumental  in  effecting  these  objects,  such  as  the  determination  of 
the  number  of  numbers  tliat  belong  to  any  exponent,  may  also  possess  independent 
interest. 

The  object  of  Part  II.  is  to  make,  for  complex  numbers,  an  investigation  which 
.shall  be  as  nearly  as  possible  parallel  to  that  of  Part  I.  for  real  numbers.  Much  of 
the  work  of  Part  I.  may  be  applied  immediately  to  complex  numbers  ;  of  the  rest 
some  will  need  slight  modification,  and  some  will  need  replacing  by  propositions 
leading  to  corresponding  results.  Of  those  cases  wliicli  thus  call  for  Independent 
treatment,  the  most  noticeable  is  that  of  the  modulus  (1  +  if,  which  is  the 
complex  analogue  of  the  real  modulus  2\ 

The  work  is  put  in  the  form  of  a  series  of  propositions,  and  is  started  almost  from 
first  principles.  The  early  part  is  consequently  elementary,  but  the  advantages  of 
completeness  and  ease  of  reference  may  be  more  than  sufficient  to  compensate  for  this. 
A  large  number  of  illustrative  examples  are  given.  Tliese  will  sometimes,  perhaps, 
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assist  in  elucidating  the  symbolical  proofs  which  they  follow ;  in  all  cases  they  w\\\ 
help  to  maintain  clearly  the  actual  arithmetical  meaning  of  the  results  arrived  at,  a 
meaning  wliich  may  easily  seem  obscure  if  it  be  noticed  only  in  its  symbolical  and 
generalised  form. 

O 

The  A]jpendix  contains  tal)les  of  indices  for  complex  numbers  for  all  moduli  whose 
norms  do  not  exceed  100. 


PART  1.— ON  THE  RESIDUES  OF  POWERS  OF  NU^fBERS  FOR  ANY  CO^IPOSTTF. 

REAL  MODULUS. 

In  what  follows  (except  when  the  contrary  is  explicitly  stated)  u'e  shall  be  treating 
(if  the  residues  of  powers  of  numbers  which  are  prime  to  the  modulus  with  regard  to 
which  those  residues  are  taken  ;  and  the  modulus  wall  be  take]]  to  be  any  composite 
]uunbei-  whatever.  In  this  first  part,  ]noreover,  all  the  numbers  dealt  with  are  real. 
(1.)  The  residues  (modulus  rn)  of  the  successive  powers  of  a  number  a  prime  to  m 

foiMu  a  recui'ring  series  of  peilods  of  tei’ins,  the  first  ]'ie]-iod  lieginning  with  the  first 

0 

term. 

(  bnsidei'  tlie  sei'ies  of  numbers 

a,  fr,  (r.  .  . 

Since  a  is  ])rime  to  v;?,  tlierefore  any  powe]'  of  k  is  prime  to  m,  and  thei-efoi'e  the 
i’esi(bie  of  a'  for  modulus  ra  is  ]>rime  to  m. 

Hence  each  term  of  the  se]‘ies  of  insidiies, 

n,  O',  a''  .  .  .  (mod  rn), 

is  o]]e  of  the  ]iumbers  less  than  m  and  prime  to  it. 

There  are  (J)  (m)  numbers  less  tha]i  m  aiid  prime  to  it. 

Hence  i]i  the  above  infinite  seaaes  there  are  only  </>  ()/])  different  terms. 

Su])pose  that  the  first  teian  which  occu]'S  fo]’  the  second  time  is  (mod  m),  and 
s]]p]iose  tliat  this  is  cong]'iie]it  to  ot 
Then 

(i<  +  ^  ^  rP  (]nod  rn), 


whei’e  .s  and  t  are  b(Mh  to  have  as  s]nall  values  as  possible. 

o'  ((P  —  1 )  =  0  (]nod  rn), 

a] id  since  ('P  is  jiinne  to  rn. 


(P  —  1=0  (mod  m), 

a]id  so 

(P’’  "■  =  d"  (]]iod  m), 

tbi-  every  value  of  a- 
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Hence  the  term  Avhich  hi  st  appears  a  second  time  is  the  first  term  a  ;  whicli 
appears  next  as  t  being  the  least  number  for  which 

rfi  =  1  (mod  m). 

Defi'iutiun. — The  smallest  number  t  which  makes  oJ  =  1  (mud  lu),  where  a  is  piime 
to  m,  is  called  the  exponent  of  a  for  modulus  ni.  (Jau('1IY  uses  the  word  “  iiaficalon'' 
in  the  same  sense.  He  also  uses  “  niaximuni  indicaton  ”  to  denote  what  will  be  called 
the  highest  exponent. 

Thus  the  infinite  series  of  residues  of  a,  cd,  id,  .  .  .  consists  of  a  repetition  of  the 
period  of  t  terms  beginning  from  the  first  term. 

(2.)  If  t  be  the  exponent  of  a  and  cP  =  1  (mod  ni)  then  t  divides  s. 

Let 

s  =  ip  +  where  r  <  t. 

Then 

<_e  •—  ^  I  (mod  ni), 

[np  .  (X  =  I  (mod  ni), 
iC  =  1  (mod  io), 


whereas  t  is  the  smallest  value  (not  zero)  which  makes  u}  —  1.  I'herefore 


therefore 

(3.)  Fermat’s  Theoreni. 


/•=  0, 
t  divides  s. 


f-pim)  ^  I  (mod  lit). 


Let  rtj,  Oj,  ttg,  .  .  .  be  the  (j)  (m)  numbers  less  than  in  and  prime  to  it. 

Take  any  one  of  them  a. 

Then  since  aa.^,  aa.^,  .  .  .  aa^(/„)(mod  m)  are  all  prime  to  ni,  and  no  two  con- 
gruent,  they  must  be  the  same  set  of  numbers  as  Oo,  .  .  .  therefore 


and,  therefore, 


apip.^  .  .  =  aph  •  •  •  (gnod  in), 

^  I  (mod  m). 


Corollarij. — It  folloAvs  from  this  proposition  and  proj)osition  (1)  that  the  exponent 
ol  any  number  (modulus  in)  is  always  a  divisor  of  (ji^ni).  The  pro])ositions  which 
follow  will  determine  that  divisor. 

(4.)  If  t  be  the  exponent  of  a  then  the  exponent  of  (P  is  r  :  where  t  =  kt  and  k  is 
the  G.C.M.  of  s  and  t. 
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r^et  T  Ije  the  ex})onent  of  cU 
e  have 

therefore 


therefore 

A^'aiij, 
therefore 
therefore 
therefore 
therefore 
there]  ore 
therefore 


=  f  (mod  m), 

o"  Er  1  (mod  ui), 

=  I  (iiiod  iil), 

(fC'^y  =  1  (mod  in), 

d'  divides  r.  (Pro}).  2.) 

(-"U)^  =  1  (mod  rii), 

=  1  (mod  III), 
t  divides  /P, 

KT  divides  kctT. 

T  dix  ides  (tT, 

7  divides 

1’  =  7. 


— Tlie  ex})oiieiit  of  3  for  modulus  308  is  30 
suecessive  powers  are  given  iu  the  following  table  : — 


the  residues  of  its 


Number  . 

O 

0 

27 

I’owei'  of  3  . 

1 

■) 

3 

ExjDonent 

30 

15 

10 

Number  . 

47 

141 

1 1 5 

Power  of  3  . 

11 

12 

13 

Exponent 

30 

5 

30 

Number  . 

223 

53 

159 

Power  of  3  . 

21 

22 

23 

Ex}ionent 

10 

15 

30 

81 

243 

113 

31 

93 

279 

221 

4 

5 

0 

7 

8 

9 

10 

1  5 

0 

5 

30 

15 

10 

3 

37 

1 1 1 

25 

75 

225 

59 

177 

14 

15 

10 

17 

18 

19 

20 

15 

2 

15 

30 

5 

30 

o 

O 

109 

199 

289 

251 

137 

103 

1 

24 

25 

20 

27 

28 

29 

30 

5 

0 

15 

10 

15 

30 

1 

where  the  ex})onents  are  all  immediately  deducible  from  the  proposition. 


FOR  ANY  COMPOSITE  MODULUS,  REAL  OR  COMPLEX. 


193 


(5.)  The  exponent  of  a  is  t  and  of  a  is  t'  and  t  and  t'  are  co-prime ;  then  tiie 
exponent  of  aa  is  tt'. 

Let  T  be  the  exponent  of  aa. 

Then, 

a*  =  1  (mod  m)  a'^'  =  1  (mod  m), 

therefore 

a*^'  =  1  (mod  m)  a'"'  =  1  (mod  m), 

therefore 

{aaY'  =  1  (mod  m), 

therefore 

T  divides  tt' .  (Prop.  2.) 

Again, 

{aa!Y  =  1  (mod  m), 

{aa'Y^  =  1  (mod  m), 

=  1  (mod  m), 

therefore 

t'  divides  Tt  (Prop.  2), 

therefore 

t'  divides  T. 


Similarly, 


t  divides  T, 

and  therefore  (since  t  and  t'  are  co-prime), 

tt'  divides  T, 


therefore 


T  =  tt'. 


Corollary. — It  follows  that  if  the  numbers  a,  a,  a",  .  .  .  have  exponents  (for 
modulus  m)  t,  t'  t" ,  .  .  .  these  exponents  being  all  co-prime,  then  the  exponent  of 
aaa  .  .  .  i^ttt  ... 

Example. — The  exponent  of 

23  mod  308  is  6  ;  (23.  221.  155.  177.  67.  1), 

and  the  exponent  of 

113  mod  308  is  5  ;  (113.  141.  225.  169.  1). 

Since  5  and  6  are  co-prime,  it  follows  that  the  exponent  of 

135  =  23.  113  is  30. 

Corollary.  Examp)le. — The  exponent  of 
MDCCCXCIII. — A.  2  c 
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M  1  is  2  ' 


221  is  3  >therefore  the  exponent  of  111.  221,  113  —  3  is  30. 
113  is  5 

J 


(6.)  Let  a  have  exponent  t  and  a'  exponent  t'  and  suppose  that  t  and  t'  are  not 
co-prime.  Then,  if  t  and  t'  contain  no  prime  factor  raised  to  the  same  power  in  both, 
the  exponent  of  aa^  is  the  L.C.M.  of  t  and  t'. 

Let 

t  =  KT 

» ^  _  ‘ 

t  —  KT 

then 


•  where  r  and  t  are  co-prime, 


therefore. 


rO  has  exponent  r  (Prop.  4), 
cf"  has  exponent  t  (Prop,  4), 

{aa'Y  has  exponent  tt  (Prop.  5). 


So  if  aa  has  exponent  T,  then 

rn  / 

J  TT 

K  C 

where  tt  divides  T,  2  divides  k  and  s  is  prime  to  tt.  (Prop.  4.) 

Now  since  t  and  t'  contain  no  prime  raised  to  the  same  power  in  each,  therefore  tt' 
contains  every  prime  factor  which  occurs  in  t  and  t'  and  therefore  contains  every 
prime  factor  which  occurs  in  k.  Hence  2  cannot  divide  k  and  be  prime  to  tt'  unless 
it  be  unity. 

Therefore, 

T  =  KTT  =  L.C.M.  of  t  and  t'. 


(7.)  If  a  has  exponent  t,  a  has  exponent  t',  a"  —  t" ,  &c.,  for  modulus  on,  and  if,  of 
the  tt'f”  .  .  .  numbers  cCd'^'a''"  .  .  .  (mod  7n)  formed  by  giving  to  o'  all  values  modulus  t, 
to  r'  all  values  modulus  t'  .  .  no  two  are  congruent  ;  and  if 

afd^'d'^"  .  .  .  =  1  (mod  ooi)  ; 

then  we  must  have 

cU  =  1,  fid  =  1,  a”^"  =  1.  .  .  .  (mod  m). 


For  suppose  that  at  least  one  of  these  congruences  is  violated. 
Say 

^  1  (mod  «?), 


and,  therefore. 


.V  ^  0  (mod  t). 
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Then,  because 

r(fa'^'a"^"  .  .  .  =  1  (mod  m), 

therefore  (multiplying  by  cd"'*), 

akt^'a'^"  .  .  .  =  (mod  ?n), 
or 

a^ki'^'a'^"  .  .  (mod  m), 

or 

a^a^'a'^"  .  .  .  =  a^~^  a^a'^  .  .  .  (mod  m), 

which  is  contrary  to  the  supposition  that  no  two  numbers  of  the  form  cCa'"'  .  .  . 
(mod  ?n)  are  congruent ;  for  the  last  congruence  obtained  shows  that  if  we  make 

0/  /  //  // 

r  —  t  —  s  r'  =  0  7'"  =  0  .  .  •  J 

where 

t  —  s  ^  0  (mod  t), 

the  two  numbers  are  congruent. 

Hence,  we  must  have 

5  =  0  (mod  t), 

and,  therefore, 

a*  =  1  (mod  t). 

Similarly, 

=  1  (mod  t'),  &c. 

Definition. — If  a,  a,  a"  .  .  .  have  exponents  t,  t\  t",  .  .  .  and  if  no  two  of  the 
tt't"  .  .  .  numbers  that  can  be  formed  by  products  of  their  powers  are  congruent 
modulus  ni  (as  in  the  last  proposition),  then  these  numbers,  a,  a',  a",  .  .  .  which 
generate  the  tt't"  .  .  .  incongruent  numbers,  wdll  be  called  independent  generators. 

The  last  proposition  may  then  be  stated  thus  : — If  a  product  of  powers  of  a  set 
of  independent  generators  be  congruent  to  unity,  then  each  of  those  powers  is  itself 
congruent  to  unity. 

(8.)  If  a,  a,  a",  .  .  .  independent  generators,  have  exponents  t,  t' ,  t",  .  .  .  then  the 
exponent  of  aaa"  ...  is  the  L.C.M.  of  t,  t' ,  t"  .  .  . 

Let  T  be  the  L.C.M.  of  t,  t' ,  t" ,  .  .  .  and  r  the  required  exponent  of  aaa"  .  .  . 


therefore, 


a*'  =  1  (mod  m), 
=  \  (mod  m). 


Similarly, 


a!'^  1  (mod  m),  &c., 
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therefore, 

therefore, 

Again, 

therefore, 

therefore, 


therefore, 

therefore. 


{aa'a"  .  .  .  )^  =  1  (mod  m), 
T  divides  T.  (Prop.  2.) 
{aa'a"  .  .  .)'  =  1  (mod  iii), 
a’a'^a"'^  .  .  .  =  1  (mod  m), 


T  =  0  (mod  t) 

7  =  0  (mod  t')  >(Prop.  7), 
7  =  0  (mod  t") 


T  divides  7, 


T  =  7. 


Corollary .—li  the  exjDonents  t,  t' ^  t" ,  be  all  of  them  powers  of  the  same  prime,  and 
a,  a,  a" ,  .  .  .  are  independent  generators,  then  the  exponent  of  the  product  aa'a!'  .  .  . 
is  equal  to  the  greatest  of  the  exponents  t,  t,'  f  .  ,  . 

(9.)  If  the  exponent  of  a  for  modulus  m  is  t,  and  for  modulus  n  is  t',  and  if  m  and 
n  are  co-jDrime,  then  the  exponent  of  a  for  modulus  mn  is  the  L.C.M.  of  t  and  t'. 

Let  t"  =  tr  =  t'r  where  t  and  t'  are  co-prime,  so  that  t"  is  the  L.C.M.  of  t  and  t'. 
Let  the  exponent  of  a  for  modulus  mn  be  T. 

Thus  we  have 

a^  =  1  (mod  m), 

and,  therefore,  raising  to  the  power  7, 

a^"  =  1  (mod  m). 

Similarly, 

a^"  =  1  (mod  n), 

and,  therefore  (since  m  and  n  are  co-prime). 


therefore 

Again, 

therefore 

therefore 


a^"  =  1  (mod  mn), 

T  divides  t".  (Prop.  2.) 

=1  (mod  mn), 
cP  =  1  (mod  m), 
t  divides  T. 
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Similarly, 

therefore 

Therefore 


t'  divides  T, 
t"  divides  T. 
T  =  f. 


Corollary. — If  the  exponents  of  a  for  moduli  m,  m,  m",  .  .  .  are  respectively 
t,  t',  t", . . .  and  the  moduli  are  co-prime,  then  the  exponent  of  a  for  modulus  mmm"  .  . 

is  the  L.C.M.  of  t,  t',  t"  .  .  . 

Exam'ples. — The  exponent  of 


3  for  mod  4  is  2  "j 
3  for  mod  7  is  6  •; 
3  for  mod  11  is  5  J 


(3.  1.) 

(3.  2.  G.  4.  5.  1.) 
(3.  9.  5.  4.  1.) 


Therefore  the  exponent  of 

3  for  mod  4.  7.  11 

The  exponent  of 

5  for  mod  4  is  1. 

5  for  mod  7  is  6 
5  for  mod  1 1  is  5 


308  is  30. 

(5.  4.  6.  2.  3.  1.) 
(5.  3.  4.  9.  1.) 


and,  therefore,  the  exponent  of 

5  for  mod  308  is  30. 


The  exponent  of 


9  for  mod  4  is  1. 


9  for  mod  7  is  3  (2.  4.  1.) 

9  for  mod  11  is  5  (9.  4.  3.  5.  1.) 


and,  therefore,  the  exponent  of 

9.  mod  308  is  15. 


(10.)  If  the  exponent  of  a  is  t,  and  t  =  pqr  .  .  .  where  p,  q,  r  are  co-prime  factors 
of  t,  to  express  a  as  a  product  of  numbers  whose  exponents  are  qj,  q,  r  .  .  . 

Let 

P  =  0  (mod  qr  .  .  .)]  Q  =  0  (modp^’  .  .  .) 

=  1  (modp)  J  =1  (mod  q) 

These  congruences  determine  one  value  each  and  one  only  (mod  t)  for  P,  Q,  .  .  . 
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has  exp  p  (Prop.  4), 

&c. 


From  the  above  congruences  we  obtain 


therefore,  by  addition, 
Similarly, 


P  =  1  (mod^j), 

Q  =  0  (mod  p)) , 

R,  =  0  (mod  79), 

&c. 

P  +  Q  +  R  +  •  •  •  =  1  (mod  pi). 

P  +  Q  +  R  +  .  .  .  =  1  (mod  q), 
&c.. 


and,  therefore,  since  p,  (p  r,  .  .  .  are  co-prime, 

P  “h  Q  “p  R  “h  ...  —  1  (mod  t'), 

therefore 


a^\  a^.  ...=  a  (mod  m). 


And  so  a  is  expressible  (in  one  way  only)  as  the  jDroduct  of  numbers  cP, 
whose  exponents  are  p,  q  .  .  . 

Example. — 3  has  exponent  30  mod  308. 

To  express  it  as  a  product  of  3  numbers  with  exponents  2.  3.  5, 


therefore 


P  =  0  (mod  15) 
=  1  (mod  2) 

P  =  15 


Q  =  0  (mod  10) 
=  1  (mod  3) 

Q  =  10 


R  =  0  (mod  6) 
=  1  (mod  5), 

R  =  0, 


and,  therefore, 

3  =  3^^  31*^.  30=  111.  221.  113  (mod  308) 

where 


111 

221 

113 


has  exp  2 

)j  j)  3  >- 

s 

3?  3) 


Similarly  79  has  exponent  30  (mod  308),  and 

79  =  79^0  79*^  =  43.  177.  14  L  (mod  30S) 
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where 


43  has  exp  2"! 
177  „  „  3  > 


141 


(11.)  The  number  of  numbers  that  belong  to  any  exponent 
a  prime  p  is  (f)  (t). 

If  there  are  any  numbers  w^hich  have  exponent  t,  mod  let 
Then  because 

a^=  1  (mod  j)), 

therefore  each  of  the  t  in  congruent  numbers 

2  8  f 

a,  a  ,  .  .  , 

when  raised  the  power  is  =  1. 

Hence  each  is  a  root  of  a:''  =  1  (mod  p)  wdiich  has  only  t  incongruent  roots. 
Therefore  every  number  jB  which  has  exponent  t,  and  which  is  therefore  such  that 
=  1  is  included  in  the  above  set.  Hence  every  number  with  exponent  t  is  to  be 
found  in  the  above  set.  Now,  of  the  powers  of  a  there  are  [t)  which  have  their 
index  prime  to  t,  and  which,  therefore,  have  exponent  t  (Prop.  4). 

Therefore  if  there  is  one  number  with  exponent  t  there  are  </*  {t),  and  no  more. 

Now  if  ti,  .  . .,  are  all  the  divisors  ofp  —  1 ,  and,  therefore,  all  possible  exponents 
(Prop.  3,  corollary), 

^  ih)  +  ^  ih)  +  •••=</>  i'P)- 

Corresponding  to  each  value  t  there  are  either  ^  (t)  numbers  or  none  with  t  as 
exponent.  The  number  of  numbers  altogether  is  {p).  Hence  in  no  case  can  there 
fail  to  be  ^  (t)  numbers  with  exponent  t. 

Corollary. — In  particular  there  are  (j)  (P  ~  1)  tiumbers  with  exponent  p —  ], 
modulus  _p,  i.e.,  any  odd  prime  y)  has  (f){p  —  1)  primitive  roots. 

(12.)  The  exponents  to  which  a  number  a  belongs  for  successive  powers  of  a  prime 
p  as  moduli. 

We  suppose  that  a  is  prime  to  p  and  that  p)  ^  2. 

Let  the  exponents  to  which  a  belongs  for  the  moduli  p,  .  .  .  be 

h’  '  ■  •  respectively. 

Then  because 

f/K+\=  1  (modp'^'^’), 

therefore 

oA+i  =  1  (mod  j/), 


t  when  the  modulus  is 
a  be  one. 


therefore 


divides  (Prop.  2.) 
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Again 

=  1  (mod  p^), 

therefore  (raising  to  the  p*''  power  =  1  +  Kp^') 

apf\  =  1  (mod 


therefore 

k+\  divides  (Prop.  2.) 

It  follows  from  these  two  results  that  either  or  4+i  =  P^k' 

Each  exponent  in  the  series  ...  ..  .  is  either  equal  to  that  immediately 

preceding  it  or  is  p  times  that  value. 

We  can  show,  however,  that  after  the  first  set  of  equal  exponents  t^  =  1^=  .  .  . 
comes  to  an  end,  that  each  exponent  is  p  times  that  which  immediately  precedes  it. 
For  suppose  that,  if  possible,  after 

=  Pk 


we  can  have 

We  thus  have 

^A  +  2  -  ^A+l- 

Now 

k  +  -2  —  k  +  \  —  Pk- 

=  1  (mod  j)^)  =1-1-  xp^  -\-yp^""  \ 

say,  where  x<p 
Also, 


therefore 

=  f^'A  +  2=  1  (modp^'^“), 

( 1  -)-  xp^  -h  yp^  =  1  (mod  p^  ■) 

therefore 

1  -p  xp^  ^  =  1  (mod  2^^  ") 

X  =  0, 

and,  therefore. 

r^A  =  1  -p  yp^  +  '■ 

Therefore 

=  1  (mod  ^ '). 

p  +  i  divides 

which  is  not  so. 

if 

Therefore  we  cannot  have 

^A  +  2  —  k  +  l 

^A  +  1  =  2^k, 

and  therefore  we  must  have 

+  2  —  Pk  +  1 
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If,  then,  the  exponent  of  a  for  moclulas  p  he  ti=  t  and  a*  —  1  contain  as  the 
highest  power  of  p,  we  have 

cd  =  1  (mod  p^), 

and 

^1  =  ^3  =  •  •  •  =  fs=  h 

And  after  these 


+  1  -  P^S) 

^s  +  2  —  +  1) 


&c. 


Hence  the  exponent  of  a  for  modulus  p)^  is 


t  if  X  <  s, 
tp^~^  if  X  >  s, 


where  t  is  the  exponent  of  a  for  modulus  p,  and  p^  is  the  greatest  power  of  p  that  will 
divide  cd  —  1. 

Corollary. — The  greatest  value  that  t  can  have  is  —  1.  This  is  so  when  a  is 
congruent  to  a  primitive  root  of  p)  (Proposition  11,  corollary).  The  greatest  value 
that^/"®  can  have  is  got  by  making  s  as  small  as  possible,  viz.,  by  making  5  1,  i.e., 

by  taking  a  so  that  —  1  (though  necessarily  divisible  by  y>)  is  not  divisible  by  p^^. 

Therefore  the  greatest  possible  exponent  that  a  number  can  have  for  modulus  pp^  is 
{p  —  1)  •  p^~^,  and  as  this  is  equal  to  {p’^)  it  follows  that  primitive  roots  exist  for  a 
modulus  a  power  of  a  prime. 

Examples. — Exponent  of  3  for  mod  S''. 


Therefore 


The  exp  of  3  for  mod  5  is  4  (3.  4.  2.  l). 
3^  —  1  =  80  is  divisible  by  5h 


exp  of  3  is  4.  5^  (mod  5®). 
Exponent  of  24  for  mod  S'’. 


Therefore 


The  exp  of  24  for  mod  S  is  2  (^  =  2). 

24^  —  1  =  57S  which  is  divisible  by  S’b  {s 

exp  of  24  mod  S®  =  2.  Sh 


=  2). 


(13.)  The  exponent  to  which  a  number  a  belongs  for  a  power  of  2  as  modulus. 
The  number  a  is  now  to  be  considered  odd. 

Let  ij,  t.2,  ...  ...  he  the  exponents  of  a  for  moduli  2,  2~,  .  .  .  2'^  .  .  . 
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We  have 

rjjk+i  =  1  (mod  2^^^). 

Therefore 

rj'A+i  =  I  (mod  2^) ; 

tlierefore 


Again 
Therefore 
and  therefore 


divides  (Prop.  2.) 

=  1  (mod  2^)  =  1  +  a; .  2^  +  y.  2^""^  (where  a:  =  1  or  0). 

=  1  (mod  2^’^^), 


Therefore  either 


4+1  divides  2t^. 


or 

Suppose  now  that  after 
we  can  have 
Then 


4+2  —  4+1- 


=  1  (mod  2"^)  =  1  -j-  a’.  2^  -{-  2^’^f 


Therefore 


Now  if  X>2,  then 
and  therefore 

Now 

therefore 

Therefore 


rr'A  =  1  +  a;.2"+*  +  a;-2''^  (mod  2"+'). 

2\;\  +  2, 

=  1  +  a;.  2^"^^  (mod  2^'‘‘"). 
cr'A  =2  ff^+2  =  1  (mod  2^'^"), 

X  —  0. 


=  1  d-  -^.2^  +  y2^'^^  =  1  (mod  2^'*'‘), 

thei’efore 

^+1  divides 

which  is  not  so. 

Hence  we  have  tlie  resuit,  when  X  =  2  and  =  2t)^,  then 
The  hrst  exponent  of  the  series,  is  equal  to  unity. 

If  this  be  followed  by  a  set  of  Ps  (at  least  one),  then  by  what  has  been  proved 
will  be  followed  by  the  series  2,  2-,  2®. .  .  . 
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If  the  second  exponent  be  a  2,  the  third  may  be  also,  and  so  on  ;  the  series  then 
continues  with  2^,  2®,  2^,  .  .  .  Of  the  2’s  there  are  at  least  two  ;  for  otherwise  the  first 
three  exponents  would  be  =  1,  =  2,  fg  =  4,  making  4  an  exponent  for  mod  2®  =  8, 

which  is  impossible. 

Hence  the  series  of  exponents  run  either  thus — 


or  thus 


1.  1.  1.  .  .  .  1.  2.  2^  2^.  2^  .  .  . 

1.  2.  2.  .  .  .  2.  2.  2n  2l  2‘*  .  .  . 


These  results  can  be  expressed  thus — 

Let  the  highest  power  of  2  which  divides  a-  —  1  be  (Since  a  is  an  odd 

number,  s  is  at  least  equal  to  2. ) 

Then  the  exponent  of  a  is 


if  \>s,  2^-* 


if 


2  if  cr  =  1  (mod  2^)  and  «  ^  1  (mod  2^). 
1  if  a  =  1  (mod  2^). 


Corollary. — The  greatest  exponent  possible  for  mod  2^  is  2^“";  and  as  </>(2^)  =  2^"b 
primitive  roots  do  not  exist. 

Examples. — Exponent  of  3  for  mod  2'’. 


and  therefore 


Exp  of  3  for  mod  2  is  1, 
„  ,,  2^  is  2, 

2Hs  2, 

„  „  2Ms  4, 

exp  of  3  for  mod  is  145 


Exponent  of  35  for  mod 

therefore 

therefore 


(54  =  2^'  (X  =  G). 

352  —  1  =  1224  =  153.23, 

5=2, 

exp  of  35  is  2'*'. 


Exp  of  41  for  mod  128  =  2'^  (X  =  7). 

4H  -  1  =  1680  =  105. 2h 
2  D  2 
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therefore 

therefore 


exp  of  41  =  2^  ®  =  2h 


(14.)  The  numbers  which  belong  to  exponent  2  for  modulus  2*  (k  >  R). 
Let  a  have  exponent  2,  modulus  2". 

Then 

=  1  (mod  2'‘) 

and 


The  congruence 
gives 


a  ^  1  (mod  2''). 
cr  =  1  (mod  2*) 

[a  —  1)  (a  -f-  1)  =  0  (mod  2''). 


Since  a  is  odd,  if  2^  is  the  highest  power  of  2  that  divides  «  —  1  and  5  >  1,  then 
the  highest  power  of  2  that  divides  a  +  1  is  2,  and  vice  versd. 

Hence  either 

«  +  1  =  0  (mod  2''“^), 
or 

ct  —  1  =  0  (mod  2"“’). 


Therefore  (excluding  a  —  1  (modulus  2"))  we  have  three  numbers  whose  exponents 
are  2  for  modulus  2^  viz., 


Ok  —  1 


+  L 


1,  2 


Ok  -  1 


1.  (mod  2"). 


The  product  of  each  pair  of  these  is  congruent  to  the  third. 

(2'‘-‘ +  1)  (2'' —  1)  =  2^-‘  —  1  1 

(2-^  —  1)  (2"-'  -  1)=  ~  2-'-'  +  ]  =2"-'  +  1  (mod  2*). 

(2"-*  -  1)  (2''-*  +  1)  =  2''  -  1  J 


(15.)  The  numbers  which  have  exponent  2^^  for  modulus  2*. 

We  have  already  seen  that  s  4^  /c  —  2,  and  we  have  already  treated  (Prop.  14)  of 
the  case  when  5=1. 

Let  a  have  exponent  2^ 

The  exponents  to  which  it  belongs  for  successive  powers  of  2  as  moduli  are  given 
either  by 

exp  1.  1.  1.  .  .  1  2.  2b  ...  2'^ 

mod  2.  2b  2^.  .  .  .  2'‘~®.  h  ...  2'' 
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or  by 


Exp  1.  2.  2.  .  .  .  2.  22.  ...  2^^ 

Mod  2.  22.  23.  .  .  .  2^-^+b  2'^-’  .  .  .  2" J 

In  either  case 

cr  =  1  (mod  2''~^'^  ^) 
cr  ^  1  (mod.  2''“  ® 

therefore 

a®  =  1  +  +  ^  (mod 

and  therefore 

«  =  ±  1  +  2*  “  *  (mod  2’' "  ®  *). 

Thus  the  numbers  (modulus  2*)  which  have  exponent  2*  are  the  2*  numbers 
given  by 


d:  1  +2''“®  (mod  + 

In  particular,  the  numbers  with  the  greatest  exponent  2''“^  are  the  2''“"  numbers 

±1  +  2^  (mod  2^). 


We  have  seen  that  there  is  one  number  (viz.,  unity)  with  exponent  1, 


there  are  3  numbers  with  exponent  2. 


93 

?? 

?  J 

5  5 

22. 

9K  -2 

?5 

55 

55 

9/C  -  2 

In  all,  1  +  3  +  2^  +  2^  +  .  .  .  +  2*”“  =  2'‘~ *  =  <^(2''),  the  number  of  odd  numbers 
less  than  2*,  as  it  should  be. 

(16.)  If  we  take  any  number  (j  which  has  exponent  2''"“  for  modulus  2*,  the 
successive  powers  of  g  give  2''~  -  incongruent  numbers,  one  half  of  the  complete  set  of 
odd  numbers  less  than  2''. 

Of  these,  one  and  only  one,  has  exponent  2,  viz.,  g~''~^  (Prop.  4). 

Now 


squaring. 


and  successively  squaring 


1  +  2^ 

ry""  =  1+2^ 


(mod  23) 
(mod  2“*) 
(mod  2®) 


gV  ^  _  1  +  2''  ^  (mod  2*), 
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So  of  the  three  numbers  2*  —  1,  2''  ^  +  1,2*  ^  —  1,  it  is  always  2''  ^  +  1  to  which 
the  power  2"'^  of  any  number  with  exponent  2'‘"‘  is  congruent. 

Let /he  either  of  the  two  numbers  2'^  —  1,  2'"“^  — 1  ;  so  that  p"*  *  ^ /’(mod  2*). 
Consider  the  2''“^  numbers 


(mod  2"). 


Clearly  no  two  in  the  first  row  are  congruent,  nor  in  the  second. 
The  supposition 


/g’’  =  (mod  2/ 


leads  to 

ff  {/  -f)  =  h  (mod  2'^) 
g^  =  f  (mod  2''), 


which  is  contrary  to  the  supposition  that  g~‘"~^,  and  therefore  no  power  of  g  is 
congruent  to  f. 

Therefore  no  two  of  the  above  2''  “ '  odd  numbers  are  congruent  mod  2",  and  hence 
they  are  the  2*  “  ^  numbers  (mod  2'^). 

If  for  y  we  take  2''  —  1  ^  —  1  (mod  2*),  the  2''"^  numbers  may  be  written 


±g,  ±  g~\  ±  .  ±  "  (mod  2''). 


Whichever  number  be  taken  for/,  any  number  (mod  2*)  is  expressible  in  the  form 

a  =  f  ^g^  (mod  2''), 

where 

i  is  referred  to  mod  2,  '] 

j  is  referred  to  mod  2^"  “ 


Note. — In  the  last  propositions  relating  to  mod  2'^,  'k  is  supposed  to  be  >  6. 

In  the  case  k  =  2,  when  the  modulus  is  2^  =  4,  there  are  two  odd  numbers,  less 
than  the  modulus,  viz.,  1  and  3,  and  3  (having  exponent  2)  is  a  primitive  root. 

In  the  cirse  k  =  1  when  the  modulus  is  2,  the  only  odd  number  is  unity. 

We  see  that  the  case  when  the  modulus  is  a  power  of  2,  difters  very  much  from  the 
case  when  the  modulus  is  a  power  of  an  odd  prime. 

When  the  mod  is  2"  (k  >  3). 

(i.)  The  highest  exponent  is  not  (f)  {2")  =  2''“\  but  2'"”^,  and  hence  there  are 
no  primitive  roots. 

(ii.)  The  form  of  the  numbers  which  belong  to  aiw  exponent  is  known,  and  the 
numbers  can  be  at  once  written  down  when  k  is  known.  In  particular 
the  numbers  ±1  +  2^  (mod  8)  always  belong  to  the  highest  exponent. 
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When  the  modulus  is  a  power  of  an  odd  prime. 

(i.)  Primitive  roots  always  exist. 

(ii.)  The  determination  of  primitive  roots  depends  on  a  knowledge  of  those  of 
the  prime  in  question. 

Examples. — For  modulus  ’2®  =  32  the  numbers  whicli  belong-  to  the  different 
exponents  are 

Exp  1,  1. 

Exp  2.  15.  17.  31. 

Exp  4.  7.23.  9.25 . (±  1  +  8  (mod  16)). 

Exp  8.  3.  11.  19.  27.  5.  13.  21.  29  (db  1  +  4  (mod  8)). 

The  residues  of  powers  of  3  are 

3.  9.  27.  17.  19.  25.  11.  1. 


Multiplying  each  by  2^  —  1  =  31  we  get 

29.  23.  5.  15.  13.  7.  21.  31, 


and,  multiplying  by  2^  —  1  =  15,  we  get 


the  same  set. 


13.  7.  21.  31.  29.  23.  5.  15, 


The  Table  of  Indices  for  Generators  3  and  15  is — 


0 

1 

1 

2  3 

4 

5 

G 

7 

0 

1 

3 

1 

9  27 

17 

19 

25 

11 

1  , 

)5 

13 

7  -21 

31 

29 

23 

5 

(Index 
of  15.) 


(Index 
of  3.) 


(17).  From  propositions  (9),  (12)  and  (13)  the  exponent  to  which  any  number  a 
belongs  for  modulus  m  =  ...  is  readily  determined. 

For  by  (9)  the  exponent  is  the  L.C.M.  of  the  separate  exponents  of  a  for  moduli 
2q  .  separately. 

These  exponents  are  separately  determined  by  propositions  (12)  and  (13). 

The  greatest  possible  separate  exponents  are 


2''-"  if  /c5  3 


2 

1 


if  /c  =  2 
if  K  =  1 


>-for  mod  2^  (p  — 


for  modp^,  &c., 


and,  hence,  the  greatest  exponent  possible  for  modulus  m  is  the  Ij.C.M.  of  these. 
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The  value  of 

<f)  (m)  is  2'^ {p  —  {p  —  1)  (f  “  h  •  . 

and,  since  p  —  \,  q  —  I,  .  .  .  are  all  even,  the  L.C.M.  can  only  equal  (f)  {m)  when 

(i.)  there  is  the  only  one  odd  prime  7:)  present ;  and 
(li.)  /c  =  1  or  0. 


Hence  the  only  moduli  which  admit  of  primitive  roots  (which  exist  only  when  the 
highest  exponent  is  equal  to  (f>  (pn)),  are  powers  of  odd  primes,  and  double  the  powers 
of  odd.  primes. 

Examples. — What  is  the  exponent  of  3  for  mod  1000000  =  2®.  5®  ? 


Therefore 


The  exp  of  3  for  mod  2®  is  2h 
,,  „  5®  is  4  .  5®. 

exp  of  3  mod  10®  =  2'^’  ,  5®  =  50000. 


How  many  decimal  places  are  there  in  the  period  of  the  product  of  ’Ol  and  •Ol,  he., 
what  is  the  exponent  of  10  for  mod  99  X  99  =  3“^.  1 1^  ? 


Exp  of  10  for  mod  3  =  1. 

03  —  1 

5 ,  , ,  O  i  . 


3®=  3. 


04, 


11=  2. 


1 13  .j.:> 

)  )  L  ±  ^ 

Therefore 

exp  of  10  for  mod  3^ .  iH  =  9  X  22  =  198. 
Hence  there  are  198  figures  in  the  period  of  (’01)^ 


How  many  decimals  are  there  in  the  period  of  (•OOl)",  he.,  what  is  the  exponent 
of  10  for  mod  (999)“  =  37\3^^? 

The  exp  of  10  mod  3  is  1, 

and 

10  —  1  is  divisible  by  3®, 


therefore 


exp  of  LO  mod  3®"  is  3®" 
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and 

therefore  - 
therefore 


Exp  of  10  mod  37  =  3, 


37^  divides  10®  —  1 , 


exp  of  10  mod  37®  =  3 . 37"  \ 
exp  of  10  mod  37".  3®"  =  3®"~^.  37"~h 


the  number  of  figures  in  the  period. 

(18.)  We  will  next  briefly  consider  the  residues  of  successive  powers  of  a  number 
not  prime  to  the  modulus. 

Let  a  be  the  number,  m  the  modulus. 

Let  m  =  _pP  :  where  j)  consists  of  powers  of  those  primes  which  occur  as  factors 
of  a,  and  P  is  prime  to  a. 

Consider  the  series  of  residues 

a  .  .  o®  .  .  .  (mod  m). 

Suppose  that  the  first  term  which  is  repeated  is  rP  and  suppose  that 

a’’ (mod  m), 

for  which  we  seek  the  smallest  values  of  r  and  t. 

Then  after  the  first  r  —  I  terms  we  shall  have  a  period  of  t  terms  constantly 
repeated. 

We  have 

cP(o*  —  1)  =  0  (mod  Pp), 
and  P  is  prime  to  a.  Therefore 

a*  —  1=0  (mod  P) . (i. ). 

Each  prime  factor  of  'p  is  a  factor  of  «,  therefore  cd  —  1  is  prime  to  p.  Therefore 

rd  =  0(mod^)) . (ii.). 

(i.)  Shows  that  t  is  the  exponent  of  a  for  modulus  P. 

(ii.)  Shows  that  r  is  the  least  number  that  makes  ct''  divisible  by  p. 

Corollaries. — (i.)  When  a=l  (mod  P)  ^  =  1  and  the  period  consists  of  one 
term  only,  (ii.)  When  a  is  divisible  by  p>  the  period  starts  from  the  first  term, 
(iii.)  When  both  these  hold  good,  then  every  j^ower  of  a  is  =  a  (mod  m). 

Examples. — Pesidues  of  powers  of  2  mod  100. 

100  =  53. 

Exd  of  2  mod  5  =  4 
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therefore 

and 

therefore 


t  =  20, 

2?  is  divided  by  2® 
T  —  2. 


2.  4.  8.  16.  32.  64.  28.  56.  12.  24.  48.  96.  92.  84.  68.  36.  72.  44.  88.  76.  52, 


the  points  indicating  the  period. 


Powers  of  5  mod  1000  =  2®  .  5®. 


therefore 


therefore 


5  has  exp  2  mod  2®, 
t  =  2, 

5^  is  divided  by  5^ 
r=  3. 

5.  25.  125.  625. 


Powers  of  5  mod  1000000  —  2*^  .  5^. 


therefore 
'  and 

therefore 


5  has  exp  2'^  =  16  mod  2^, 
t  =  16, 


5®  is  divisible  by  5®, 


r  =  6. 


5.  25.  125.  625.  3125. 


15625’' 

78125 


390625 

953125 

765625 


828125 

140625 

703125 

515625 

578125 


S90625 

453125 

265625 


328125 

640625 

203125 


15625 
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Powers  of  57  .  5®  =  890625  mod  1000000. 


and 

therefore 

and 


Exp  of  57  .  5®  mod  2®  is  1  (890625  =  1  (mod  2®)), 
57  .  5®  is  divisible  by  5®, 


t  =  1 


r  =  1, 


and  so  all  powers  of  890625  are  =  890625  (mod  1000000). 


890625 

890625 

453125 

81250 

3750 

25 

890625 


(19.)  Let  m  =  PiP^Ih  •  •  •  >  where  p^,  .  .  .  are  co-prime. 

Take  any  number  a  prime  to  m. 

Suppose  that 

a  =  (mod Pi), 

=  (modpa), 

=  ag  (mod  2h), 

&c. 


Since  a  is  prime  to  on  and  therefore  to  it  follows  that  is  prime  to  p,.  So  is 
prime  to  pg,  to  pg,  &c. 

Suppose  now  that,  conversely,  a^,  a..,,  ag,  .  .  .  prime  to  P|,  pj,  pg,  .  .  .  are  given,  and 
we  wdsh  to  find  a,  such  that  it  is  congruent  to  (modpi),  a2(modp2),  &c. 

Let  X|  be  determined  from 

a^iPaPg  .  .  .  =  1  (modpi). 


which  can  be  done,  and  in  one  way  only,  since  2hPi  •  •  •  is  prime  to  pi ;  and  when 
IS  found  let  a;|Popg  .  .  .  =  Determine  similarly  fo,  ^3  •  ■  •  Then  the  number  a  is 
given  by 

a  =  +  “3^  +  •  •  •  (mod  on). 

2  £  2 
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For 

and 

Tl'ierefore 
and  similarly 

and  therefore 


t 

^2,  ^3,  •  •  .  fii’e  ^11  congruent  to  zero  mod_^j^, 
is  congruent  to  unity  modp^ 
a  =  (mod 

=  a2  (modp^)^ 

&c., 

a  =  +  a2^3  +  “3^  +  •  •  •  (mod  m). 


a  formula  wliicli  gives  the  value  of  a  corresponding  to  given  values  of  the  a’s,  the 
coefficients  ^  being  independent  of  the  a’s  and  depending  only  on  the  moduli 

Pn  Vi  -  - 

Note. — The  principal  use  to  be  made  of  this  proposition  and  the  next  will  be  for 
the  special  case  when  p.,,  .  .  .  are  the  powers  of  primes  of  which  the  modulus  m  is 
the  product. 

(20.)  Let  us  take  two  numljers  expressed  in  tins  form, 


in  which 


a  =  a^f^  +  a2^o  +  .  .  .  (mod  m), 
h  =  +  •  •  •  (mod  m), 


=  1  (mod_^9j) 

■»("»■' 3 


with  similar  relations  for  ^3,  .  .  . 

Let  us  form  the  product  of  a  and  6. 

By  Proposition  (L8),  Corollary  (hi.),  all  powers  of  are  congruent  to  mod  m, 
therefore 

(mod  7/i). 

Taking  any  cross-term  such  as  since 

=  0  (inodp^p-j  .  .  .  ), 

^2  =  0  (modp^7;3  .  .  .  ), 

therefore 

=  0  (mod  ill). 

ah  =  d-  +  “3^3^3  +  •  •  •  ('^md  ill), 


Hence 
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i.e.,  the  multiplication  of  numbers  expressed  thus  is  simply  ellected  by  forming  the 
products  of  the  coefficients  of  .  .  . 

Corollary  (i.).  If 

a  =  +  .  .  .  +  (mod  m), 

then 

cd  =  +  a/ +  •  •  •  (mod  m). 

Corollary  (ii.).  If 

a  =  +  .  .  •  (mod  m), 


then  a  is  congruent  to  the  product  of  the  numbers 


«!  =  +  £3  +  •  •  •  (i^iod  m), 

«o  =  ^1  +  ^3^3  +  .  .  .  (mod  m), 
&c. 


Or,  since  +  .  .  .  =  1  (mod  m)  {cf.  Prop.  10), 

r«i  =  (a^  —  l)  +  1  (mod  ri). 
<  O3  =  {ci.2  —  1)  +  1  (mod  m), 


Examples. — To  rind  a,  modulus  308,  so  that 


a  =  OL^  (mod  4) 
=  (mod  7) 
=  ag  (mod  11) 


7.  1 1,  =  1  (mod  4)  4. 

3.  3.  Xy  =  1  (mod  4) 

=  I  (mod  4) 

^1  =  77  (mod  308) 

and  so 


11.  a’o 


=  1  (mod  7 ) 

=  1  (mod  7) 

=  4  (mod  7) 

=  176  (mod  308) 


4.  7.  Xg  =  1  (mod  11) 

G.  Xg  =  1  (mod  11) 

Xg  =  2  (mod  11) 
l^g  =  56  (mod  308) 


a  =  77  +  176  +  56  ag  (mod  308), 

a  =  3  (mod  4) 

=  6  (mod  7) 

=  1  (mod  11) 


then 


a  =  77.3  +  176.  6  +  56.  1  (mod  308) 
=  111  (mod.  308), 
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and 

in  ={77.  3  +  176  +  56)  (77  +  176.  6  +  56)  (77  +  176  +  56) 

=  155,  265  (mod  308). 


(21.)  The  number  of  numbers  which  belong  to  a  g’iven  exponent  when  the  modulus 
is  a  power  of  a  prime. 

I.  Let  the  prime  be  an  odd  prime,  and  the  modulus. 

In  Proposition  (12),  Corollary,  we  saw  that  for  mod  primitive  roots  exist. 

Let  p  be  a  primitive  root. 

The  numbers  g,  g^,  .  .  .  (modp^)  are  congruent  to  the  complete  set  of 
numbers  less  than  and  prime  to  it. 

The  exponent  to  which  any  one  of  these  numbers,  g\  belongs  is  t,  where 

^  (?/)  =  Ki  1 

and  >  and  t  and  cr  are  co-prime  (Prop.  4). 

s  =  Kcr 


For  nny  given  value  of  t  the  value  of  /c  —  (^  (p^)A  is  given, 
cr  may  then  have  any  value  prime  to  t  such  that 


•s-  >  (j)  (^C), 

i.e., 

Kcr  Kt 
<T  t. 

Hence  cr  may  have  each  of  the  ^  {t)  values  of  the  numbers  less  than  t  and  prime 
to  it. 

Therefore  there  are  <^>{1)  numbers  having  t  as  their  exponent  (mod  m). 

II.  Let  the  modulus  be  2'^.  («■  ^  3). 

In  this  case  we  have  seen  (Proposition  15)  that  there  are  2®  numbers  with  exponent  2* 
(if  s  >  1):  and  3  numbers  with  exponent  2  ;  and  1  number  with  exponent  unity. 
When  the  modulus  is  2^  there  is  one  number  with  exponent  2  and  one  with  unity. 
When  the  modulus  is  2  there  is  one  number  (unity)  with  exponent  unity. 
Deji'iiition. — When  a  number  m  is  expressed  in  the  form  m  =  2''P/‘P3^^  .  .  .  where 
Pj,  Pg,  .  .  .  are  different  odd  primes,  it  will  be  convenient  to  speak  of  2"',  PC-  .  .  . 
as  the  principal  factors  of  m. 

(22.)  The  number  of  numbers,  each  of  which  has,  as  exponent,  some  power  of  a 
prime  j),  for  modulus  m,  p  being  a  divisor  of  ^  {m). 

Let 

m  =  2'‘PC'P2^t  •  .  • 

(j)  (PC^)  =:  .  .  . 

(/,  (PC^)  =  .  .  . 

&c. 
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A.ny-number  has  for  its  exponent,  modulus  m,  the  L.C.M.  of  its  separate  exponents 
for  moduli  2%  .  .  .  the  principal  factors  of  (Proposition  (9),  Corollary.) 

Hence,  when  the  exponent,  modulus  m,  is  a  power  of  a  prime  p,  the  exponent  for 
each  of  the  principal  factors  of  m  as  moduli,  must  each  be  either  unity  or  some  power 
ofy>. 

Conversely,  if  we  take  a  set  of  numbers  a^,  a^,  a^,  .  .  .  one  for  each  of  the  moduli 
T,  Pi^*,  .  .  .  such  that  the  exponent  of  each,  for  its  own  modulus,  is  unity  or  some 
power  of  p,  then  the  number  a  =  +  •  .  .  (mod  m),  will  have  a  power  of  p  as 

exponent,  modulus  m. 

The  numbers  ^  are  given  by 


^0  =  1  (mod  2'^), 
=  0  ^mod 


^1  =  1  (mod  P^^’), 
=  0  (mod  ~}j, 


&c. 


Thus,  by  giving  to  the  a’s  all  possible  sets  of  values  consistently  with  each  having 
unity  or  a  power  of  p  as  exponent,  we  shall  obtain  all  the  numbers  (mod  m)  which 
have  (unity  or)  a  power  of  p)  as  exponent. 

There  are 

(f)  (jp)  numbers  .which  have  exp  jp,  mod  P^^'.  (Prop.  21.) 

4>  (^P-')  „  „  „ 

I  &c. 


Hence  there  are  (f)  {p^^)  +  4>  (p''^"^  \  —  p)'^  numbers,  mod  Pj^',  whicii  have 

unity  or  a  power  of  p  as  exponent. 

Similarly,  there  are  jP"  for  mod  Pg^',  and  so  on. 

Hence,  in 

a  =  +  •  •  •  (mod  m), 

we  can  give  1  value  (viz.,  unity)  to 
any  one  of  values  to 

„  P^^  „  ao 

&c.,  &c. 

and  then  a  has  unity  or  a  power  of  p>  as  exponent,  mod  in  ;  moreover,  in  this  way,  all 
such  numbers  are  obtained. 

We  thus  obtain  +  +  iii congruent  numbers,  each  of  which  has  a  power  of 

p  (or  unity)  for  exponent. 

In  the  case  when  pj  ■=  2 


Otr 


J 
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for  mod  2",  all  2'‘“^  numbers  nave  powers  of  2  as  exponents, 

,,  (ji  (2''')  +  (f)  (2''>“‘)  +...  +  1  =  2*'  have  powers  of  2  as  exponents, 

„  P/%  (2-)  +  (2«--‘)  +  .  .  ,  +  1  =  2- 

&C.  &C.  &C. 

Hence,  in  all,  there  are  numbers,  which  have  unity  or  a  power  of  2  as 

exponent. 

Note.  —  Any  number  a,  mod  m,  with  any  exponent,  must  be  congruent  to  a  product 
of  one  number  from  each  set  of  ••  •  numbers,  with  powers  of  2  as  exponent,  p~^ 

with  powers  of  u  as  exponent,  .  .  .  &c.  (Proposition  10.) 

Hence  in  all  we  get  from  these 


^  _  numbers, 

=  <^  (2-)  ^  (P,0  .  .  ■ 

=  (f)  [m)  numbers,  i.e.,  the  complete  set  of  numbers  prime  to  m. 


(23.)  The  number  of  numbers  having  exponent  p®,  mod  m,  if  being  a  divisor  of  the 
greatest  exponent. 

Let  a  be  such  a  number  and  let 

«  =  ao^o  +  '^1^1  +  +  •  •  • 

then  the  exponent  of 

mod  2* 

a,  mod  Pd'  I 

^3  mod  Po^-  I 

&c.  J 


must  each  be  unity  or  some  power  of  p,  and  the  greatest  power  of  p  must  be  p 
(Proposition  (9),  Corollary) ;  p  being  an  odd  prime  olq  is  necessarily  unity. 

There  are 

(f)  (y)'‘)  numbers,  mod  P,^^*  with  exp  y)'', 


U  3  J 


P 


h-\ 


kc 


&c,. 


and  therefore  there  are 


jD*'  numbers  with  exp  a  power  of  p  <  p'', 


P' 


<P’' 


l'cC.  . 


&c. 


5) 


3) 
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Hence- if 

<  s  there  are  numbers,  mod  with  exp  a  power  of  :j> 

and  if 

li  ^  s  there  are  p'  numbers,  mod  with  exp  a  power  of  pt  p)' 

Suppose  that  (?i)s  stands  for  s  if  >  s  and  for  if  l-^  <  s,  then  in  either  case 
there  are  numbers,  mod  P^^^,  whose  exponents  are  powers  of  p)  pf. 

Similarly  there  are  numbers  mod  P3^S  whose  exponents  are  powers  of  p  ;J>  p^ 
and  so  for  P^^^  &c. 

Giving  any  one  of  these  values  to  a^,  values  to  &c.,  we  obtain 

^Ci).  +  (y.  + . .  ■  —  pirn  numbers,  mod  rn, 

whose  exponents  are  powers  of  p  j>  p>^ ;  where  in  p^^'‘^’  each  number  Z  in  +  Zg  +  •  •  . 
is  to  be  replaced  by  s  if  it  exceeds  s. 

Similarly,  there  are  numbers,  mod  m,  whose  exponents  are  powers  of  p)  :j>  p'~^ 
&c,,  &c.,  numbers  with  exponents  jo  or  unity,  and  1  number  with  exponent  1. 
Hence  the  number  of  numbers  whose  exponent  is  p%  mod  m,  is 

p(2»>  _  which  when  s  =  1  is  p)^-’^^  —  1. 

Corollary. — If  p^  be  the  higlrest  power  of  p  which  can  be  an  exponent  for  mod  m, 
i.e.,  if  jT  is  the  highest  power  of  p  that  divides  the  greatest  exponent,  i.e.,  if  s  is  the 
greatest  of  the  numbers  Z^,  Zg,  .  .  .  then 

1  +  -  1)  +  +  .  .  .  + 


is  the  number  of  numbers  having  as  exponent  (mod  m)  a  power  of  p  (or  unity)  as 
exponent. 

Now  since  s  is  equal  to  the  greatest  of  the  quantities  Z^,  Zg,  .  .  .  (or  rather  is  not 
less  than  any)  [Xl)^  =  XI  and  therefore  p^'^’’^’  =  p)^^ :  the  result  which  was  obtained  in 
the  last  proposition. 

(23a.)  To  find  the  number  of  numbers  having  exponent  2°’,  mod  m. 

(It  will  be  convenient  to  write  now  k  =  /c'  +  2,  so  that  ra  =  2'^' +  ^P/'Pg^^ .  .  .). 

If  a  be  any  such  number,  and 


the  exponents  of 


a  =  +  .  .  .  (mod  m), 


ccq  mod  2* 
mod  P^^i 
ag  mod  Pg^” 


1 

I 


must  each  be  unity  or  a  power  of  2,  and  the  greatest  power  of  2  must  be  2X 
MLCCCXCIIl. — A.  2  F 
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First  supjDOse  that  /c  >  3,  and  so  k  >  1. 

Then  there  are,  mod  2“' 

2'^'  numbers  with  exponent  2"' 

C)k'-1 

"  55  55  55 

93 

"  55  55  55 

Q 

^  55  55  55 

1  number  ,,  ,, 

Hence  there  are 

2"'  ^  numbers  with  exponent  a  power  of  2  2'^' 

2^'  „  „  „  „  >2*'-^ 

2^  „  »  „  „  >2 

1  number  ,,  „  „  >2® 

If 

cr  >  K  then  there  are  2*''^^  numbers  with  exponent  a  power  of  2  2“^,  mod  2''''^', 

and  if 

(T  K  then  ,,  ,,2  ,,  ,,  ,,  ,,  ,,  ,, 

(this  holds  unless  cr  =  0,  and  then  there  is  one  number  (unity)  with  exponent  l). 

In  either  case,  then,  there  are  ^  numbers  with  powers  of  2  :!>  2“^  as  exponents, 
where  {k')^  is  to  be  replaced  by 

cr  if  k'  >  cr 

K  „  K  ^(T 

Next  for  mod  P/'  there  are 

2'^!  - 1  numbers  with  exponent  a  power  of  2  2*'  “  ^ 

2^1-2  2*1-2 
5  5  5  5  5  5  5  5  ^1  ^ 

&c. 

Hence  (using  the  same  notation)  there  are  numbers  (mod  P^^')  having  exponent 
a  power  of  2  2''. 

Thus  ocq  may  have  each  of  2'^<^  values,  each  of  2^*'^'^  values,  &c.,  and  the  corre¬ 
sponding  value  of  a  has  exponent  a  power  of  2  (mod  m),  2^ 

Hence  the  number  of  these  is  where  in  %k  =  k  -{■  -{•  k.2 •  each 

number  k  is  to  be  replaced  by  cr  if  it  exceeds  cr. 


2*’-i 

22 

2 

1 
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Similarly  the  number  of  numbers  whose  exponent,  mod  m,  is  a  power  of  2  2'"  *  is 

2(2-=)o.  _  1  + 

Hence  the  number  of  numbers  with  exponent  2“"  (mod  m)  is 

2(2k)o.  + 1  - 1 


This  holds  for  cr  >  2.  When  cr  =  1  the  number  of  numbers  with  exponent  2  is 

2(2«)i+1  _ 

Secondly  suppose  that  k  =  2,  and  so  k  =  0. 

Then,  if  cr  is  >  1,  may  be  either  1  or  3,  two  values. 

Hence  the  number  of  numbers  with  exponent  2'^  is 

2(2'£)o.  + 1 _  “*'*'*> 


which  agrees  with  the  above  when  k  is  omitted. 

If  cr  =  1,  the  number  of  numbers  with  exponent  1  or  2,  mod  2^,  is  2. 
Therefore  the  number  of  numbers  with  exponent  2,  mod  m,  is 

2(2k)i  +  1  _  2 


which  agrees  with  the  above  when  k  is  put  =  0. 

Thirdly,  let  k  =  1.  Then  must  be  unity  and  the  number  of  numbers  with 
exponent  2"^  is  where  ^/<  =  Kj  +  /Cg  +  .  .  . 

Fourthly,  when  (/c  =  0)  m  is  odd,  then  again  the  number  required  is 
To  collect  the  results  ; — 

When 


or 

And  when 


22p^^ip^A,  _  _  _ 


or 


m  =  2P;^'^iP.A^  .  .  . 
Pi^^Pg^^  .  .  . 


there  are  —  1  numbers  with  exp  2, 

2(^9(t+i  —  2(2'')o— 1+^  numbers  with  exp  2L 

there  are  2'^^''^'  —  1  numbers  with  exp  2, 

2(2K)<r  _  2(2'')<r-i  numbers  with  exp  2°". 


(23b.)  The  last  two  propositions  give  us  the  number  of  numbers  belonging  to  any 
exponent  t  =  .  ,  . 

For  the  complete  set  of  these  numbers  is  formed  by  taking  all  possible  products  of 
a  number  with  exponent  2®,  one  with  exponent  p^,  &c. 

Hence  the  number  of  numbers  with  exponent  t  is  the  product  of  the  number 
of  numbers  that  belong  to  each  of  its  principal  factors  as  exponent. 

2  F  2 


220  MR.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS 


Examples. — The  number  of  numbers  that  belong  to  any  exponent  for  mod 
m  —  2b  13.  17.  19. 

The  greatest  exponent  is  the  L.C.M.  of 


(f>  (2^)  =  23 
4>{13)  =  2b  3 
4>  (17)  =  2^ 
(^(19)  =  2.  3^ 


>  =  2b  3b 


(f)  (m)  =  210.  33. 


For  the  2-power  exponent  numbers  we  have  for  the  ks 


Therefore 


(tK).2 

(2^)3 

(2/c)i 

belonging  to  exp  2*  there  are  21°  —  2®  numbers 
,,  ,,23  there  are  2®  —  2^  numbers 

„  „  2^  there  are  2^  —  2^  numbers  j 

,,  ,,  2  there  are  2®  —  1  numbers  J 


For  the  8 -power  exponent  numbers  we  may  take  =  1,  ^  =  2, 


(SOi  =  2, 

{tl),  =  3. 

Belonging  to  exp  3"  there  are  33  —  3^  numbers 
„  „  3  there  are  3”  —  1  numbers 


The  number  of  numbers  belonging  to  any  other  exponent  is  at  once  got  from  these 
by  multiplying,  e.g.,  the  number  of  numbers  with  the  greatest  exponent  2b  3^  is 
(210  —  20)  (33  —  3"). 

(24.)  We  shall  now  establish  a  particular  set  of  independent  generators  which 
genei'ate  the  </>  (m)  numbers  (mod  m)  prime  to  7n. 

Any  number  a,  mod  711,  is  expressible  in  the  form 


a  —  -h  -f  +  .  .  .  (mod  m). 

Let 
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g-^  be  a  primitive  root  of 

ft  ^  ^2 

&c.  &c., 

and  let 

P'0  have  exp  2'^““  mod  2'^ 
y  be  =  2'^  —  1  or  2''"^  —  1  mod  2'‘ 


(In  the  case  when  k  =  2, /does  not  occur,  when  k  =  1  or  0,  neither ynor  gQ.) 
Then 


and 


Therefore 


=  g^^  (mod 
=  gJ^  (mod  Pg^-) 
&c., 


>  sav. 
*/ 


a  =  g^'>fJ^Q  +  +  .  .  .  (mod  m) 

=  (/^o  +  +  •  •  -V  (i/o^o  +  +  •  •  •)'“  (4  +  9i^i  +  •  •  •)''  •  •  • 

=  [(/-  1)  ^0  +  1?  \.{9o  -  1)  ^0  +  IP  \i9i  -  1)  +  If  ■  ■  .  (mod  m) , 

where 

j  is  referred  to  mod  2, 

h  „  „  mod 

ii  „  „  mod  fji  (Py), 

&c., 


and  so  the  set  of  indices  j,  .  .  .  correspond  uniquely  to  the  number  a :  and  the 
numbers 


(/~l-)^o+P  (S'o  ~  1)  ^0  +  I;  (i/i  ”  1)  +  P  •  •  • 


are  a  set  of  independent  generators,  with  exponents 

2,  2-“,  (Pi*').  •  •  ■ 

which  generate  completely  the  (f)  [rn)  numbers,  mod  m,  which  are  prime  to  m. 
Example. — Take  the  modulus 


m  =  112  =  2b  7.  (j)  (w)  =  (23)  (2.  3)  =  2b  3  =  48. 


If 


a  =  olq  (mod  2'^), 
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and 


€(,  =  (mod  7), 
a  =  ao^o  +  (mod  112). 


7xq=1  (mod  2^) 

2%^  =  1  (mod  7) 

Xq  =  7  (mod  2^) 

25c^  =  1  (mod  7) 

=  49  (mod  112) 

Xi  =  4:  (mod  7 ) 

=  64  (mod  112), 


We  will  take 


a  —  49a^  +  64aj  (mod  112). 


and 

Then 


and 


/  =  7(=23-1) 

^0=3  (having  exp  2^), 

=  3  (a  primitive  root  of  7 ). 

(/  -  1)  ^0  +  1  =  6.  49  +  1  =  295  =  71  (mod  112), 

(S-o  -  1)  fo  +  1  =  2-  ^9  +  1  =  99  (mod  112), 

(S'!  —  1)  fi  +  1  =  2.  64  +  1  =  129  s  17  (mod  112) ; 


71  with  exp  2 

99  with  exp  4  |»  generate  the  48  numbers  prime  to  112. 
17  with  exp  6  J 


The  following  table  gives  the  indices  corresponding  to  any  number  :  — 


Numbers  1.  3.  5.  9.  11.  13.  16.  17.  19.  23.  25.  27.  29.  31.  33.  37.  39.  41.  43.  45.  47.  51.  53.  55.  57.  59. 
Ind.  o£  17  01  52430  1524  3  0  1  5  2  4  30  152  4  301 

Ind.  of  99  011233  2  010  2  33  2  010  2  3  321  1  023 

Ind.  of  71  0010011  0010  01  1  011  00  110  1  100 

Numbers  61.  65.  67.  69.  71.  73.  75.  79.  81.  83.  85.  87.  89.  93.  95.  97.  99.  101.  103.  107.  109.  Ill 
Ind.  of  17  52430152430152430  1  5  2  43 

Ind.  of  99  30110232011023201  1  0  3  32 

Ind.  of  71  1001100100  1  101100  1  1  0  11 

We  proceed  now  to  the  point  we  have  been  approaching  from  the  beginning,  viz., 
the  investigation  of  the  mode  of  formation  of  and  the  relations  among  the  most 
general  set  of  numbers  capable  of  generating  the  (f)  [m)  numbers  (modulus  m)  which 
are  j)rime  to  the  modulus  m. 
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(25.)  Suppose  G],  Gg,  G3,  .  .  .  with  exponents  ti,  .  are  capable  of  acting  as 

complete  generators  of  the  ^  (w)  numbers. 

Then 

(i.)  .  .  .  =  (f)  (m) 

and 

(ii.)  the  generators  must  be  independent. 


Since  the  numbers  G  generate  the  complete  set  of  <f){'}n)  numbers  they  can 
generate  in  particular  the  numbers  which  have  a  power  of  a  prime  p  (which  is  a 
factor  of  (f)  (m))  as  exponent. 

Suppose  the  highest  powers  of  p  which  occur  In  .  .  .  are  p'\  .  .  .  respec¬ 
tively. 

Say 

h  =  n" 

&c. 


Then  we  can  express  the  numbers  G  thus  (Proposition  10)  : — 


G^  =  (mod  m), 

G3  =  (mod  m), 

&c., 

when  g^  has  exponent  and  has  exponent  i(\,  &c. 

Suppose  now  that 

Gf^Gg’^Gs’^  ...  is  congruent  to  a  number  with  a  power  of  p  as  exponent, 

and  so 

•  •  •)  •  •  •) 

gi,  and  therefore  gp,  has  a  power  of  p  as  exponent  (Proposition  4),  and  so  for  gp,  &c. 
Therefore 

a  power  of p  as  exponent. 

The  exponent  of  h^,  and  therefore  of  hp,  is  prime  to  p,  and  so  for  hp,  .  .  .  &c. 
Therefore  the  exponent  of  hphp  .  .  .  which  divides  the  L.C.M.  of  the  exponents 
of  hp,  hp,  ...  is  prime  to  p>- 

Therefore  the  exponent  of  {g{pp  .  .  .)  {Jiphp  .  .  .)  is  the  L.C.M.  of  a  power  of  p 
and  of  a  number  (the  exponent  of  hphp  .  .  .)  prime  to  p.  Now  the  exponent  is  to  be 
a  power  ot p.  Hence  the  exponent  of  hphp  .  .  .  must  be  unity. 

Therefore 

hphp  .  .  .  =  1  (mod  m). 
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Now  we  can  show  that  this  cannot  be  unless 

=  1,  =  1,  .  .  .  (mod  m). 

For  if  not  suppose  that  at  least  m  ^  0  (modulus 
Then 

(mod  m), 

(mod  ra). 

Let 

I3  =  4  (mod  dg)  and  the  same  for  I3,  &c.  :  and  —  4  (mod 

=  0  (mod 

so  that  <  4 
gi'-  =  1  (mod  m) 

=  A 4' ~ (mod m), 

then 

.  .  .  =  G4^  (mod  m), 

where 

Ii  ^  0  (mod  4)j 


and 


=  0  (mod 
so  that  Ig  <  4 

I.  -  1 


(mod  m) 


which  is  contrary  to  the  supposition  that  the  generators  G  are  independent,  and  that 
therefore  no  two  numbers  of  the  4^2  •  •  •  f^at  they  generate  shall  be  congruent. 
Therefore  we  must  have 

4  =  0  (mod  i\), 

=  0  (mod  t'o), 

&c. 


and  so 

111'  =  1  (mod  ni), 
hd''  =  1  (mod  ni), 


and  so 


&:c. 


G4  =  ^4  (mod  m), 
&c. 


We  have  shown,  then,  that  when  a  product  of  powers  of  the  generators  G, 
Gf 'Gg'^  ...  is  congruent  to  a  number  with  a  power  of  a  prime  p  as  exponent,  then  each 
factor,  G]_’S  Gg'S  .  .  .  must  have  a  power  of  for  its  exponent. 

Thus,  of  the  factors  of  the  product  to  which  G^  is  congruent,  each  factor  having  a 
principal  factor  of  4  as  exponent  (Proposition  10), only  one  factor  (viz.,  that  which  has, 
as  exponent,  a  power  of  p)  is  effective  in  any  powder  of  G]^  which  can  be  used  to  form  a 
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number  jwith  exponent  a  power  of  p,  the  product  of  the  remaining  factors  being 
necessarily  raised  to  such  a  power  that  lip  =  1  (mod  m). 

(It  will  be  convenient  to  call  the  numbers  which  have  a  power  of  p  as  exponent,  the 
“  p-power-exponent  numbers 

Suppose  then  that  we  take  the  generators  G,  and  express  each  as  a  product  in  the 
manner  of  Proposition  10^  Then  take  from  each  the  factor  (if  any)  which  has  a 
power  of  the  prime  p  as  exponent.  Then,  since  the  numbers  G  can  generate  all  the 
numbers,  modulus  m,  wliich  have  a  power  of  p  as  exponent,  and,  since  in  the  number 
G  the  factor  g  is  alone  effective  in  so  doing,  it  follows  that  the  set  of  numbers  g 
generate  completely  the  p-power-exponent  numbers. 

If  we  take  from  each  generator  G  the  factor  which  has  a  power  of  any  other  prime 
g  as  exponent,  we  obtain  a  set  of  numbers  g' ,  which  generate  the  g-power-exponent 
numbers,  and  so  on  for  each  prime  which  divides  (ru). 

We  see  now,  that  any  set  of  complete  independent  generators,  G,  must  be  formed 
from  these  special  sets  of  generators ;  the  formation  of  each  G  being  effected  by 
taking  one  number  (which  may  be  unity)  from  each  set  and  forming  their  product. 

In  order  to  obtain  the  most  general  set  of  generators,  G,  we  have  now  only 
to  obtain  the  most  general  method  of  producing  each  of  these  subsidiary  sets  of 
generators.  We  may  then  combine  them  as  products  (one  from  each  set)  in  any 
manner  we  please. 

(26.)  Suppose  that  U^,  Fg,  .  .  .  independent  generators,  generate  completely  the 
p-power-exponent  numbers. 

The  exponent  of  each  number,  F,  must  be  some  power  ofp. 

Let  them  be  p”s  p"^,  .  .  .  respectively. 

One  condition  that  the  numbers,  F,  must  satisfy  is  that  the  number  of  numbers 
they  generate,  which  belong  to  any  power  of  p,  p*  as  exponent,  should  agree  with  the 
number  already  found.  (Proposition  23.) 

Consider  any  number  generated 

a  =  .  .  .  (mod  m). 

Since  F^,  Fg,  .  .  .  are  independent  generators,  therefore  the  exponent  of  a  is  the 
greatest  of  the  separate  exponents  of  Fp,  Fg*'^,  .  .  .  (Proposition  8.  Corollary). 

Now  F^  has  exponent  p™^,  therefore  of  the  numbers  of  the  form  Ff  ‘,  there  are 

p”^  with  exponent  a  power  of  p  p^\ 

&c., 

and  similarly  for  each  of  the  others,  Fg,  Fg.  .  .  . 

Hence  the  number  of  numbers  of  the  form  a  which  have,  as  exponent,  a  power  of 
V  ^  pi  isp®”^'  (using  the  notation  of  Proposition  23). 

MDCCCXCIII. — A.  2  G 
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Hence  the  number  of  numbers,  with  exponent  p*  generated  by  the  numbers  F,  is 
and,  therefore,  we  must  have 


jpK^'^h  _  p\- 


ir 


for  all  values  of  s  from  1  up  to  the  greatest  of  the  values  of  the  numbers  1. 
Hence  wf!  get 

(S»)i  =  (V)i, 

(2«),  =  (tl)„ 

(Sn),  =  {Xl)„ 

&c. 


The  first  of  these  equations  shows  that  the  number  of  numbers  I  is  the  same  as  that 
of  the  numbers  n. 

The  second  then  shows  that,  of  each  set,  the  number  of  numbers  which  exceed  1  is 
the  same. 

The  third  then  shows  that,  of  each  set,  the  number  of  numbers  which  exceed  2  is 
the  same. 

And  so  on. 

Hence  the  two  sets  of  numbers  l^,  Wj,  .  . .  are  identical  (in  some  order) 

term  for  term. 

We  have,  therefore,  shown  that  the  most  general  set  of  p-power-exponent 
generators  must  have  as  exponents  the  powers  of  p,  f  \  ,  which  occur,  one 

each,  as  a  principal  factor  of  ^  (Pf),  4*  (^3^0  •  •  • 

When  p  =  2  we  have  the  special  case  of  the  2 -powder-exponent  generators. 

First  suppose  k  >  1,  then 

2(5k)o-  + 1 _  - 1  +  ^  —  - 1 , 

and  so 

(S«)i  +  1  =  (2»i)i. 

(Xk),  +  1  =  (Xn),. 

&c. 


Hence  the  set  of  numbers  n  are  identical  wdith  the  set  k  together  with  unity :  and  so 
the  exponents  of  the  2 -power-exponent  generators  are 

2.  2"'.  2''',  2"^  .  .  . 

Secondly,  s'lppose  k  =  2,  then  k  =  0,  and  the  exponents  of  the  generators  are 


2.  2"'.  2"^ 
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Lastly^  when  k  =  0  or  1,  w^e  have 


and  therefore 


(S«)i  =  (2b)i, 

(^k)2  =  (Xu)2, 

&C,, 


and  so  the  numbers  7i  are  identical  with  the  numbers  k. 

Hence  the  exponents  of  the  2-power-exponent  generators  are 

9<i  9*,  9*3 

-J  ,  -J  5  -  ... 


We  can  now  see  the  least  possible  number  of  numbers  G  that  can  generate  the 
complete  set  of  (m)  numbers. 

Since  each  number  G  contains  not  more  than  one  generator  from  each  of  the 
subsidiary  sets  of  generators  as  a  factor,  it  follows  that  there  cannot  be  less 
generators  G  than  the  number  of  generators  in  that  subsidiary  set  which  contains 
most. 

Now,  since  =  —  1),  and  P^  is  odd,  therefore  P|  —  1  is  even. 

Hence  =  1  at  least.  Therefore  of  the  generators  of  the  2-power-exponent 
numbers  there  are  at  least  as  many  as  there  are  odd  principal  factors  P/s  Pg^"*,  .  .  .  , 
in  m  :  and  so  the  number  of  2-power-exponent  generators  is  never  less  than  the 
number  of  generators  in  any  other  subsidiary  set. 

Therefore  when 


or 


m  =  P/‘,  .  .  . 

2.PA  .  .  . 


the  least  number  of  generators  G  is  the  number  of  primes  P^,  when 


the  least  number  of  generators  G  is  the  number  of  primes  P;l5  +  1?  when 

7)1  =  2'''"^"P/‘,  .  .  . 

the  least  number  of  generators  G  is  the  number  of  primes  P^,  +  2. 

(27.)  We  shall  next  form  a  set  of  j^^-power-exponent  generators  of  a  particular 
kind,  similar  to  the  complete  generators  of  Proposition  (24). 

Let  a  be  any  p- power-exponent  number 


a  —  +  •  •  •  (mod  m). 

2  G  2 
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Tlien  we  must  have 

aQ=  1  (mod  2'') 

with  exp  a  power  of  j)  (or  unity)  mod 

„  p  (  )  mod  Po" 


0 

occ. 


Let 


be  a  number  with  exp  mod  P;^^^ 
y-2  „  „  mod  Po^ 

&c., 

(if  in  any  case  ]p  is  not  a  factor  of  (P'^)  y  is  =  1). 

Then  we  may  put 

=  yL  (mod  P^^^) 
tto  =  yP  (mod  Po^-), 

&c., 

and  therefore 

a  =  ^0  +  +  yHz  +  •  •  •  (mod  m) 

a  =  (4  +  +  •  •  •)  (^0  +  +  •  •  •)''  (^0  +  +  72^2  +  •  •  •)''  •  •  •  (mod  m) 

=  9\^9i'  •  •  •  (mod  m). 

The  first  factor  and  each  of  the  following  in  which  the  y  is  =  1  is  =  1  (mod  m). 
The  number  of  factors  remaining  is  the  number  of  the  principal  factors  P^  which 
have  a  power  of  y)  as  a  factor  of  ^  (P^). 

These  factors  generate  the  ^-power-exponent  numbers  :  corresponding  to  each  set 
of  indices  i  is  one  of  the  numbers  a  and  vice  versd. 

These  generators  are  only  a  very  special  kind  of  j:)- power-exponent  generators 
inasmuch  as  each  is  congruent  to  unity  for  each  hut  one  of  the  principal  factors  of  m 
as  modulus.  They  will  be  called  unitary  generators  and  will  be  useful  for  the 
discussion  of  the  more  general  type. 

In  the  case  when  ]:>  —  2,  let 

f  1)6  =  2'"  —  1  or  2''“^  —  1  (mod  2'") 
yQ  have  exp  2'^“^  (mod  2") 

(if  K  —  2,  f  does  not  occur  ;  if  /c  =  0  or  1,  neither  g  nor  /’), 

y^  have  exp  2''i  (mod  P/^) 

73  2"^  (mod  Py^), 

&c., 
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and  thus 

a  =  {fio  +  (To^o  +  -f  •  •  •)'“  (^0  +  71^1  +  .  •  •  •  •  (mocl  m), 

and  all  the  factors  in  this  product  (omitting  those  whose  y  is  =  1)  form  a  complete 
set  of  2-power-exponent  generators. 

Thus,  in  either  case,  when  p  is  an  odd  prime  or  is  equal  to  2  we  can  form  a  set  of 
p-power- exponent  generators  (having  the  exponents  found  to  be  necessary  in 
Proposition  26),  such  that  each  is  congruent  to  unity  for  all  but  one  of  the  principal 
factors  of  m. 

Example. — Let 

m  =  308  =  23.  7.  11. 

<>,  (m)  =  (2).  (2.  3)  (2.  5), 

The  highest  exponent  is  30. 

There  are 

7  numbers  with  exp  2  '| 

and  >  (Example  Proposition  26.) 

1  >,  ..  1  J 


We  will  form  unitary  generators  of  these  eight  numbers.  Since  2  enters  only  in 
the  square  into  m,  fm  not  needed. 

We  must  take 

Jq—  3  (with  exp  2  mod  23), 
yi=  6  (with  exp  2  mod  7), 
y.,=  10  (with  exp  2  mod  11). 


Thus 


^0=77,  ^1=176,  ^3=56. 


S'o  =  (  3  -  1) 
cj^  =  {  6-1) 
^2  =(10-1) 


77  +  1  =  155  (mod  308) 

176  -f  1  =  881  =  265  (mod  308) 
56  -f  1  =  505  =  197  (mod  308) 


> 


are  a  (in  this  case  the)  set  of  2-power-exponent  unitary  generators. 

The  numbers  with  exponent  2  are  given  as  products  of  powers  of  these  by  the 
following  table  of  indices. 


Numbers, 
Index  of  155 
Index  of  265 
Index  of  197 


197,  265.  155.  111.  43. 
0  0  1  11 
0  10  10 
1  0  0  0  1 


153.  307 

0  1 

1  1 

1  1 
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(28.)  In  what  follows  we  shall  need  the  following  lemma. 
Consider 

+  \y  .  .  .  =  hi  (mod  |P) 

cIqX  -|~  ^■'<11  d"  -j"  •  ■  •  —  ^'2  (mod  p  ) 

cupc  +  632/  +  C32;  +  .  .  .  =  I’3  (mod 


as  many  congruences  as  unknown  quantities. 

What  is  necessary  in  order  that  the  congruences  may  have  one  solution,  for  any 
assigned  set  of  values  of  the  /.’’s,  and  one  only  ? 

Multiply  the  equations  in  order  by  the  minors  of  the  elements  of  the  1st  column  of 
the  determinant 


cq  hi  Cl 

tto  63  C3 


and  add. 


We  get 


• 

Cl  . 

a.-,  ho  Co  . 

ko  ho  Co  ' 

— 

^3  ^3 

^3  ^3 

•  • 

. 

(mod 


In  order  that  this  may  have  one  solution,  and  one  only,  the  determinant 

'  cii  hi  Cl 
a  3  h^  c.y 
cq  &3  C3 


must  be  prime  to  and,  therefore,  prime  to  pj. 

This  being  so,  then  to  each  set  of  values  of  the  Fs  corresponds  a  single  set  of  values 
of  X,  y,  z.  .  .  . 

(29.)  We  have  now  to  find  the  most  general  type  of  a  set  of  j^-power-exponent 
generators.  (The  work  is  in  no  respect  ditterent  in  the  case  when  p  =  2.) 

Let  the  exponents  necessary  for  a  set  of  generatoi’s  be  p’h  •  •  •  as  determined 
by  Proposition.  (26). 

Let 


gi  with  exp.  p''*  "1 

’  ’  [=■  be  a  set  of  generators.  (Proposition  27.) 
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Suppose  that  U^.  To,  .  .  .  U^,  are  the  most  general  set  of  p-power-exponent  generators. 
We  know  already  (Proposition  27)  that  their  exponents  are  •  •  •  and  we  may 

suppose  them  to  be  so  in  this  order. 

Since  each  number  U  is  itself  a  jj-power-exponent  number,  each  is  expressible  as  a 
product  of  powers  of  the  gs. 

Let 


=  (mod  m) 

ro  =  g{^^g>g^^^  .  .  .  9,y-  (mod  m) 


=  p'fV  (mod  m)  j 


{Note. — ir,  s,  is  the  index  of  g,-  in  the  value  of  F^.) 

Since  the  exponent  of  F^  is  i9\  it  follows  that  is  the  least  multiplier  that  makes 

=  0  (mod  2^^"), 

=  0  (mod  i9'^), 

&c.. 

(Proposition  8,  Corollary),  and  similarly  forp^%  &c. 

We  may  insert  here  a  lemma,  which  will  be  useful  presently. 

Lemma. — If  I,.  >  I,,  then  i^s  is  divisible  by  p. 


i,.g  is  the  index  of  g,.  in  the  product  F„ 
Fj  = .  .  .  gj’’^  .  .  .  (mod  m). 


Hence  (Proposition  8,  Corollary)  the  exponent  of  F^  is  exponent  of  gl'^. 
Suppose,  if  possible,  that  Is  can  be  prime  to  p. 

Then  the  exponent  of  gf  is  p^''  (Proposition  4). 

Now  the  exponent  of  F^  isp^*, 
therefore 


therefore 


<j:  p-', 
Is  ^r, 


which  is  contrary  to  the  supposition  I  <  Ir,  and  therefore  Uj  cannot  be  prime  to  p. 
Hence,  if  I  >  I,  then  Is  is  divisible  l^y  p. 


Take  any  one  whatever  of  the  j9-power-exponent  numbers,  (modulus  m). 

Then,  since  the  numbers  F  are  also  generators  of  these  numbers  (the  p-power- 
exponent  numbers),  the  numbers  gfgf  .  .  .  gl>^  (modulus  m)  must  be  expressible  in 
the  form  FpTg"^^  .  .  .  F^^'*  (modulus  m)  in  one  way,  and  one  way  only. 

Therefore 


9\"9z"  •  •  •  =  ■  .  .  F/M(mod  m) 
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must  lead  to 

one  value  of  (mod  2^^'), 
„  „  (mod 

&c. 

Substituting  the  values  of  the  U’s  in  terms  of  the  g's, 


{9{^'9t  •  •  •  9iyy'  {9i'^9t  ■  ■  ■  •  •  •  {9y'^9y'^-  ■  •  9j^^Y'^  =  9y9r 


9i 


illXi  +  +  •  ’  •  +  CCfx  ^22^2 


’  HfJ.  ^'fj. 


9^ 


Vin  +  V2'^2  +  . . .  ^  9^9^^ 


.  (mod  m), 
.  g^!^  (mod  m). 


Therefore  (Proposition  7)  it  follows  that 

hi^i  +  +  .  .  .  +  =  Ti  (mod 

hi^v  +  ^22^3  +  •  •  •  +  Vt.  =  1-2  (mod  p^^), 

Vi-^i  +  +  .  .  .  +  (modj^jh ), 

and  we  need  that  these  shall  have  one  set  of  values  of  (modulus  X2  (modulus 

p'^),  &c.,  ...  and  only  one. 

This  being  so  the  numbers  U  will  generate  completely  the  p)-power-exponeut 
numbers. 

We  may  suppose  that  the  moduli  .  .  .  are  in  ascending  order  of  magnitude, 

so  that  <  ls  +  \- 
Suppose  that 


—  ^2  —  ^3  —  •  •  •  —  —  h.+2  —  •  •  •  —  h“^h+i  —  ^ 


6+2  — 


=  lc<&c.  . . .  =  L 


Any  one  of  the  unknowns  x,  is  to  be  found  with  regard  to  mod  p^‘. 
We  can  write  x^  in  the  form 


Obo 


=  ^s  +  L.p^^  +  + 

where 

£  <  p'“ 

^sa  < 

&c. 

This  substitution  gives  in  particular, 


(mod  p''’). 


x^  =  (mod  p^“). 
x^  =  4  (mod  i^"). 


Xa  =  (mod  p^“). 
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=  ia+i  +  (mody^). 

Xa+2  =  L+2  +  L+2.aP^°  (mod  p^‘). 

Xi  =^b-\-  ^bap’“  (mod  p^‘). 

=  ^6+1  +  ^5+1,..^“  +  I6+1.&  (mod/'). 

^6+2  =  ^6+2  +  ^b+2.aV'"  +  ^6  +  2.6  (mod  /'). 

Xc  =t-\-  (mody'). 

&c.  &c. 

First  replace  each  modulus  which  exceeds  by  p^",  and  substitute  the  assumed 
values  of  the  x’s. 

We  get  the  /x  congruences 

+  ho4  +  .  .  .  +  =  Ii  (mod  p^“), 

4ifi  +  42^  +  •••-!-  =  I2  (mod 

4i^i  +  V24  +  .  .  .  +  =  1^.  (mod  p^“), 

and  we  need  that  these  shall  determine  a  single  set  of  values  for  ^2,  .  .  . 

(mod  p^“). 

The  necessary  and  sufficient  condition  is  that  the  determinant 

(hn  42>  H?>'-  •  •  •  W) 
should  be  prime  to  p  (Proposition  28). 

Suppose  that  this  is  so,  and  that  the  numbers  fj,  ^0,  .  .  .  are  determined. 

When  these  values  are  substituted  above,  suppose  that  the  values  of  the  left-hand 
sides  are  I3— &c.  .  .  .  (where  the  negative  signs  are  written  for 

convenience  in  what  follows,  and  1\,  1\,  .  .  .  are  therefore  negative). 

Next  replace  each  modulus  which  exceeds  p^''  by  p^\  and  substitute  the  assumed 
values  of  the  as’s. 

The  first  a  congruences  are  already  satisfied. 

The  rest  give 

1«  +  1  -/"Fa+l  +  P^'‘  (4  +  l.„+l  L^l.a  +  4+l.a+2^a+2.«  +  •  •  •  +  i.  +  i.^  4«)  =  ^a  +  l  (mod^^). 

Ia+2  —  y-  14+2  +  y-  {i.+2.a+l  L+l.a  +  4+2.a  +  2  L+2.a  +  •  •  •  +  4  +  2.;a  =  Ia  +  2  (mod  p^‘). 

IV  +  P^’  (V.«+I  L.+  \.a  +  V«  +  2  ^«+2.a  H-  .  .  .  V  =  If*  (mod 
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Therefore 

4+l.a+l  ^a+\.a  +  K^\.a  +  2  ^a  +  2.n  +  •  •  •  +  4  +  =  I  a+1  (mod 

'^a+2.a^\-^a+\.o.  +  4  +  2.<i+2  ^o.+2.a  +  •  •  •  +  %.+2.tL  ^ixa  =  a+2  (mod 

Wll'a+l.cc  +  h.a+2-L-V2.a  +  •  •  •  =  I  ^  (mod 

and  we  need  that  these  shall  determine  a  single  set  of  values  of 


L+2.a,  ■  ■  ■  {mod 


Tlie  necessary  and  sufficient  condition  is  that  the  determinant 

(^('  +  l,n+lj  ht+2,  r(  +  2)  •  •  •  ^>ia) 

should  be  prime  to  p. 

Suppose  that  this  is  so,  and  the  numbers  ^a+i,a,  ia+2.a,  •  •  •  ^,xa  determined  :  and 
suppose  that  when  substituted  above  the  values  of  the  left-hand  sides  become 

-*-a+l  P  -L  a  +  l> 

Next  replace  each  modulus  that  exceeds  p^‘  by  p^%  and  substitute  again  the  values 
of  X. 

The  first  h  conofruences  are  now  satisfied. 

o 

The  rest  give 


(Ij+l  I  i  +  ffi  (1  6  +  1  I  h  +  \P^''  P^"' P^'' {h  +  \.h  +  \  ^b  +  l.h 
iJ-b  +  2  I  6+2P^'‘)  “f"  (I  6  +  2  I  h+2P^'‘  ^")  “1“  P^'‘  (b+2.6  +  1  ^6+1.6 


+  •  •  •  b+i.K  ^p-h)  =  l6+i  (mod  p^) 
+  •  •  •  '^’6+2.^  ^^6)  =  I5+2  (mod  p'') 


(I.  -  iVp'") 


(iV  ~  I'VP*''  +P^''(v.6+1  ^b  +  \.b  + 


MM 


(mod  20^'). 


Therefore 

^6  +  1.6  +  l  ^6  +  1.6  d“  4+1.6  +  2  ^6  +  2.6  “T  •  •  •  “1“  h+l./x  ^ij.b  =  I  6  +  1  (uiod  p^‘ 

>»•••  •••••  ••  .  •  .  •  ••••• 

G-i  +  l  ^6  +  1.6  +  'i'i,..b  +  2  ^b  +  2.b  +  •  •  •  W  =  T^  (mod 

and  we  need  that  these  shall  determine  a  single  set  of  values  of 

^6+1.5)  ^6+2, 6>  •  •  •  (mod  p'‘  ’’’). 

The  necessary  and  sufficient  condition  for  this  is  that  the  determinant 

(^6+1.6  +  n  ■^'6+2,6+21  •  •  • 

should  be  prime  to  p. 
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These  successive  steps  are  to  be  continued  until  all  the  cjuantities  ^  are  determined. 
They,  and  therefore  the  numbers  x  will  be  determined  uniquely,  provided  that  the 
conditions  that 


(bi  •  •  ■  V)  ] 

(^a+l  j 

(^6  +  1,  6+1j  •  •  • 

&c., 


>  shall  all  be  prime  to  _p,  are  satisfied. 


When  these  conditions  are  satisfied  the  generators  V  generate  the  complete  set  of 
j9-power-exponent  numbers. 

(30.)  We  have  not  yet  seen  whether  the  conditions  just  found  are  independent  or 
not.  We  shall  find  that  the  first  condition  includes  all  the  others  ;  it 

may,  however,  be  replaced  by  others  of  a  similar  kind,  but  practically  simpler. 

Let  us  write  down  the  complete  determinant  and  divide  it  into  squares  and  rect¬ 
angles  thus : — 


bi 

^12  ■ 

•  •  '^lo.-l 

ha 

'^lo+l 

hb 

^21 

^22  ■ 

•  •  h.a-1 

ha 

&C. 

k.-l.  1 

h-l.  2 

■  •  k- 1.0-1 

^0—1.  a 

'^a2 

•  •  L.  0-1 

ha 

^00+1 

hb 

'^a  +  1.  1 

•  • 

^0+1.  a 

ki+ 1.  o+ 1 

'^0+1.  b 

hi 

•  • 

'bo 

bo+1 

hb 

&c. 

For  reference,  we  may  name  these  squares  and  rectangles,  thus : — 


(aa) 

{ah) 

(ac) 

{ha) 

{hh) 

(he) 

{ca) 

{ch) 

(cc) 

&c. 

2  H  2 
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Tlie  lemma  proved  iu  tlie  course  of  the  last  proposition  (that  if  >  1^,  then  is 
divisible  by  p),  shows  that  every  element  i,  which  is  found  to  the  left  and  below  the 
determinants  [aa),  (bh),  [cc)  ...  is  divisible  by  i.e.,  every  element  in 


{ha) 

{ca) 

{ch) 

{da) 

{dh) 

{dc) 

is  divisible  by  &c. . 


'The  complete  determinant  [in,  .  .  .  J  can  be  expressed  as  the  sum  of  products  of 
pairs  of  complementary  determinants,  one  of  these  in  each  such  product  being  the 
determinant  formed  by  any  a  rows  taken  from  {aa),  {ha),  (ca)  .  .  , 

Now,  any  row  taken  from  (ha),  (ca),  .  .  .  has  every  element  divisible  by  j:).  Hence, 
the  only  determinant  formed  by  a  rows  taken  from  (aa),  (ha),  (ca),  .  .  .  which  is  not 
immediately  divisible  by  p,  is  the  determinant  {aa)  =  .  .  .  v). 

Hence 

{in,  •  •  •  v)  =  (hn  •  •  •  ia)  (4+i.a+i  •  •  •  (modp). 

Therefore,  if  (fn  •  •  •  i^^)  is  prime  to  p,  then  .  .  .  4a)  and  (4+i.a+u  •  •  •  v)  are 
both  prime  to  p  (and  vice  versa). 

Again,  take  the  determinant  (4  +  i.a+i>  •  •  •  v)j 


{hh) 

{he) 

{ch) 

(cc) 

&c. 


&c. 


This  can  be  expressed  as  a  sum  of  products  of  determinants  in  the  same  way  :  one 
determinant  in  each  product  being  formed  by  (6  —  a)  rows  taken  from  ihh),  {ch)  .  .  . 
Of  these,  only  {hh)  is  not  immediately  divisible  by  p. 
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Therefore 

(^a+l.K  +  lj  •  •  •  (^a  + 1. « +  1;  •  •  •  (^6  +  1.6  +  I>  •  ■  •  (oiOcl 


and,  since 

{h+i.a  +  i,  •  •  •  is  prime  to  2^, 

therefore 

(4  +  i.«  +  n  •  •  ■  hb)  and  (4 +  1.6  +  1,  .  .  .  O  are  both  prime  to ^5, 

and  so  on. 

Hence,  as  stated  above,  the  single  condition  (iji,  .  .  .  prime  to  j?,  includes  all  the 
other  conditions  found  necessary  in  Proposition  (29),  and  is  therefore  a  necessary  and 
sufficient  condition  that  the  numbers  U  (having  the  proper  set  of  exponents)  may  com¬ 
pletely  generate  the  p-power-exponent  numbers. 

Also,  tbis  single  condition  may  be  replaced  (with  much  advantage  practically)  by 
the  equivalent  set  of  conditions — 


(^11 3  •  •  •  ^(la)  I 

(h.+  l3  hj+l3  •  •  •  ^bb)  1  n 

y  all  prime  to  p. 

(4+13  ^6  +  13  •  •  •  4c)  j 

&C.  ! 

(31.)  We  have  now  a  comjilete  series  of  methods  for  ascertaining  whether  a  given 
set  of  numbers  G  can  act  as  generators  of  the  complete  system  of  ^  (m)  numbers 
(modulus  m). 

(1.)  Find  the  exponent  to  which  each  belongs.  (Proposition  17.) 

(2.)  The  principal  factors  of  these  exponents  must  be  the  numbers  found  in 
Proposition  (26). 

(3.)  Express  each  number  G  as  a  product  of  numbers  with  principal  factors 
of  exponent  of  G  as  exponents.  (Proposition  10.) 

(4.)  Express  each  of  these  last  as  a  product  of  powers  of  unitary  generators, 
and  thus  get  for  each  a  set  of  indices. 

(5.)  Apply  the  series  of  conditions  of  Proposition  (30). 

If  (2)  and  (5)  are  both  satisfied  then  the  numbers  G  are  complete  generators. 
Conversely  to  form  any  set  of  generators — 

(1.)  For  each  prime  p  in  ^  [m)  form  a  set  of  unitary  generators. 

(2.)  Form  from  these  any  set  of  jji-pow'er-exponent  generators  satisfying  the 
conditions  of  Proposition  30. 

(3.)  Multiply  together  one  generator  from  each  of  the  sets  just  formed. 
Examvles. 

u. 

Let  us  form  a  set  of  generators  for  mod  308  =  2^.  7.  11. 

m  =  7.  1 1. 

(/)  (7)  =  2.  3. 

(f>  (11)  =  2.  5. 
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The  principal  factors  of  the  exponents  of  the  generators  are 

2.  2.  2.  3.  5. 

We  form  first  the  numbers  with  exponent  2  to  generate  the  2-exponent  numbers. 
These  numbers  expressed  in  terms  of  the  unitary  generators,  155,  265,  197,  are 
given  by 


No. 

Ind.  of  155. 

Ind.  of  265. 

Ind.  of  197. 

197. 

0. 

0. 

1. 

265. 

0. 

1. 

0. 

155. 

1. 

0. 

0. 

111. 

1. 

1. 

0. 

43. 

1. 

0. 

1. 

153. 

0. 

1. 

1. 

307. 

1. 

1. 

1. 

Of  these  (by  Proposition  30)  we  can  take  any  three  such  that  the  determinant 
formed  by  their  indices  is  prime  to  2,  he.,  odd. 

For  example, 

1  0  1 

0  1  1  =  -  I, 

1  1  1 


and  so  43,  153,  307  may  be  taken  as  generators. 

Secondly  we  need  a  number  with  exponent  3. 

Of  these  there  are  two,  177  and  221,  Let  us  take  177. 

Lastly  we  need  a.  number  wdth  exponent  5. 

Of  these  there  are  four,  113,  141,  169,  225.  Let  us  take  113. 

We  have  now  43,  153,  307,  independent  generators  with  exponent  2, 


177  with  exp  3, 
113  „  ,,  5. 


These  we  may  combine  in  any  manner  we  please  as  products,  taking  only  one  from 
each  set  in  each  product. 

Let  us  take  43.  177.  113  =  107  (mod  308)  with  exponent  30. 

We  have  thus  obtained  three  generators 


107  with  exp  30' 
153  „  „  2 
307  „  „  2 


which  generate  the  complete  set  of  ^(308)  numbers. 
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Conversely,  we  can  verify  that  107.  153.  307  are  complete  generators. 
First  we  find  that 


107  has  exp  30 


and  so  the  exponents  have  the  necessary  principal  factors. 

107  =  107ih  IO710.  107®  (mod  308), 
=  43.  177.  113  (mod  308), 


where 


43  has  exp  2 ' 
177  ,,  „  3  . 
113  „  „  5., 


We  only  need  to  show  that  43,  153,  307  are  independent ;  and  since  the  indices  of 
these  when  referred  to  the  unitary  generators  are 


43,  1  0  1 

153,  0  1  1 

307,  1  1  1 


and  the  determinant  is  prime  to  2,  we  see  that  the  generators  43.  153.  307  are 
independent. 

Let  us  form  generators  for  modulus  999  —•  3®.  37. 

m  =  3®.  37, 

^{m)  =  (3h  2)(3h  2^). 

The  principal  factors  of  the  exponents  of  the  generators  are 


2.  21  3h  32. 


If 


a  =  ot-i  (mod  3®), 

=  (mod  37), 

«  =  (mod  3®.  37). 


37ajj  =  1  (mod  3®) 
10a;,  =  1  (mod  27) 


27x3  =  1  (mod  37) 

.^3  =11  (mod  37) 

^0  =  297  (mod  999) 


a;,  =r  19  (mod  3®) 

^1  =  37.  19  =  703  (mod  999) 


and,  therefore. 


a  =  703ai  +  297a3  (mod  999). 
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We  want  first  any  number  with  exponent  2. 

Suppose  we  take  =  26  and  a.j  =  36  each  with  exponent  2  (for  moduli  3®  and  37 
respectively). 

Then  we  get 

=  703.  26  +  297.  36  (mod  999) 

=  998  (mod  999)  with  exp  2. 


We  want  next  a  number  with  exponent  4. 
Suppose  we  take 


and 

Then  we  get 


aj  =  I 

a,  "  6  (with  exp  4,  mod  37). 

a=  703  +  297.  6  (mod  999) 

=  487  (mod  999)  with  exp  4. 


Lastl}^  we  want  two  independent  generators  with  exponent  3^. 
We  first  form  unitary  generators  with  exponents  3^ 


andi 


=  4  otj  =  1  gives  112  with  exp  3®, 
rt^  =:  I  =  12  gives  271  with  exp  3'. 


We  may  take  for  our  3-powmr-exponent  generators  any  two  numbers  of  the  form 
112*‘  271%  112''^  27  U'^  provided  that 


Suppose  we  take  it 


and  then  tlie  generators  are 


•/ 

?  o 


is  prime  to  3. 


1  1 
2  1 


112.  271  =  382  (mod  999) 

and 

]12b  271  =  826  (mod  999). 


Thus  we  have 


998  ■with  exp  2, 
487  with  exp  4, 
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and 


382  and  826  with  exp  3®. 


Hence  we  may  form,  say, 

998.  826  =  173  (mod  999)  with  exp  2.  3^. 

and 


Thus 


487.  382  =  220  (mod  999)  with  exp  2h  3^, 

173  with  exp  18  1 
220  with  exp  36  J" 


generate  completely  the  2^,  3“^  numbers  prime  to  999. 


Indices  and  Tables  of  Indices. 


(32.)  Let  Gg  .  .  .  be  a  complete  set  of  independent  generators  for  modulus  m. 
Let  their  exponents  be  1 2,  ..  . 

Then  any  number  a  prime  to  m  is  expressible  in  the  form 

a  =  Gf^  Gg'-  .  .  .  GJ'^  (mod  ni), 

where 

ii  H  ^23 


We  may  thus  make  a  table  giving  the  set  of  indices  4,  ...  4  which  correspond 
to  any  number  a,  and  conversely  the  number  a  which  corresponds  to  any  set  of 
indices. 

We  may  conveniently  write 

a  =  (4,  4,  .  .  .  4), 

and  then  if 

Cl  —  {i  i  <2,,  •  -  •  ^  k) 

we  shall  have 

aa'  =  (4  +  i\,  4  +  ^'g,  .  .  .  4  +  *4) 

and 

cP  =  (45,  45,  .  .  .  is). 


With  tables  of  this  kind  for  every  modulus  we  can  at  once  solve  any  congruence  of 
the  form 

ax’‘  =  h  (mod  m) 

whatever  m  may  be,  if  a  and  h  are  both  prime  to  m.  For  suppose  that 


0^  (^1  ^2  *  *  *  ) 

h  =  {i\  fg  .  .  .  ) 

X  —  (Ij,  Ig,  .  .  .  ) 
2  I 
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Then  we  must  have 

+  nlj  =  i\  (mod  fj) 
G  +  =  i'z  (mod  t.2), 

&c. 


The  G.C.M.  of  II  and  must  divide  i\  —  &c.,  in  order  that  the  congruences  may 

be  soluble. 

These  being  so  we  find  Ij,  lo,  .  .  .  by  reference  to  tables  with  moduli  b)  •  •  •  which 
are  (or  may  be)  composite  numbers. 

If 

is  the  G.C.M.  of  n  and  wall  have  values  mod 
V.2  5)  j)  'ii^  and  ^0)  lo  5)  ))  G5 

kc. 


Hence,  by  reference  again  to  the  table  for  modulus  in,  we  obtain  at  once  the 
v^,  v.2>  •  numbers  which  satisfy  the  congruence  ax"  =  h  (mod  m). 

Let  us  now  solve  the  same  congruence  with  the  help  only  of  tables  of  indices  for 
powers  of  primes  as  moduli. 

If 

a^J  is  a  solution  of  the  congruence  cfx"  =  h  (mod  2"), 
otj  ,,  „  „  ax"  =  h  (mod 


then 


&c., 

X  =  m) 


is  a  solution  of  the  congruence 


ax’‘  =  h  (mod  m). 


Hence  the  solution  is  conducted  as  follows  : — 

By  means  of  the  tables  of  indices  find 

all  the  values  a,)  which  satisfy  ax"  =  b  (mod  2''), 
,,  ,,  „  (mod 

&c. 


Next  find  the  values  of  the  f’s,  Proposition  (19),  each  being  found  b}^  the  tables. 
Lastly  the  values  of  x  which  satisfy  ax"  =  h  (mod  m)  must  each  be  calculated  sepa¬ 
rately  by  giving  to  each  of  olq,  otj,  .  .  .  one  of  its  possible  values. 

In  the  case  of  a  multiple  solution  the  labour  involved  in  this  last  step  may  be  very 
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great ;  and  consequently  the  saving  of  labour  effected  by  the  use  of  tables  of  indices 
for  composite  moduli  proportionately  so. 

As  an  example  of  the  use  of  tables  of  indices  for  composite  moduli  let  us  use  the 
I  table  given  in  the  example  to  Proposition  (24). 

Solve 

=  53  (mod  If  2). 

53  =  (4.  1.  1.) 


(written  in  this  order  the  indices  are  referred  to  moduli  6.  4.  2), 


and,  therefore, 
If,  then, 

and,  therefore, 

therefore 

Solve 

therefore 
therefore,  if 


9  =  (2.  2.  0), 

x"  =  (2.  3.  1). 

X  =  (rt.  h.  c) 

=  (5«.  55.  be), 

5a  =  2  (mod  6),  and,  tlierefore,  a  =  4, 

55  =  3  (mod  4),  and,  therefore,  5  =  3, 

be  =  \  (mod  2),  and,  therefore,  c  =  1, 

X  =  (4.  3.  1), 
x=  109  (mod  112). 

47x®  =  55  (mod  112). 

55  =  (3.  0.  1), 

47  =  (5.  2.  1), 

=  (4.  2.  0), 

X  =  (a.  5.  c) 


2a  =  4  (mod  6),  25  =  2  (mod  4),  2c  =  0  (mod  2), 

a  =  2  (mod  3),  5  =  1  (mod  2),  c  =  0  or  1 

a  =  2  or  5.  5  =  1  or  3. 


Hence  there  are  eight  solutions 

(2  1  0)  = 
(■2  1  1)  = 
(2  3  0)  S 

•  (2  3  1)  = 


51 

(5 

1 

0)  =  19 

37 

(5 

1 

V=  5 

107 

(5 

3 

0)  =  75 

93 

(5 

3 

1)  =  61, 

2  l  2 
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(33.)  The  last  proposition  shows  how,  by  means  of  tables  of  indices  for  composite 
moduli,  to  solve  (when  possible)  the  congruence 

% 

ax’‘=h  (mod  on), 

where  m  is  any  composite  modulus  and  a  and  h  are  both  prime  to  on. 

To  complete  the  question  of  tlie  solution  of  the  congruence  for  all  cases  we  have 
now  to  show  how  it  is  solved  when  a  and  h  are  not  both  prime  to  on. 

I.  First,  if  a  is  not  prime  to  on,  the  congruence  can  be  at  once  reduced  to  the  case 
in  which  it  is  so  ;  for  if  a  and  toi  have  G.C.M.  k,  then  k  must  divide  h,  and  we  have 


/a\  h  ,  m\  ,  «  .  .  on 

(  -  ]  x’^  =  -  {  mod  —  ,  where  now  -  is  prime  to  —  • 
\kJ  k  \  k  J  k  k 


Any  one  solution  x  of  this  gives  k 
(mod  on),  viz,, 


X,  X  - ,  X 

K 


solutions  of  the  original  congruence  ax'‘=h 


'2on 

K 


,  X  K  —  1 


m 

K 


II.  We  have  now,  therefore,  only  to  deal  with  the  congruence  of  the  form 
ax^‘  =  h  (mod  on),  in  which  a  is  prime  to  on  and  b  is  not  prime  to  ooi.  Let  k  be  the 
G.C.M.  of  h  and  ooi,  and  express  k  as  the  product  of  its  principal  factors  k  =  •  •  • 

Since  /<  divides  b  and  on,  it  divides  ax'\ 

Now  a  is  prime  to  on,  and  therefore  to  k;  therefore  k  divides  a;",  i.e.,  .  .  . 

divides  x^\  Therefore  x  is  divisible  by  •  •  •  where 

oip  ;  o\ 
np  =  r', 

&c. 


Take  p  to  be  equal  to  o'/oi  if  o'/oi  is  an  integer.  If  o'jn  is  not  an  integer  take  p  equal 
to  the  integer  next  greater. 


X  =  .  .  ., 

then  the  congruence 

h  f  ^  o)i\ 

a  —  =  -  {  mod  q . 

.  .  .  .  (i.) 

K  K  \  K  j 

gives 

u  - [mod . 

K  \.  ^  } 

.  .  .  (ii). 

If  np  —  O'  Q  (i.e.,  if  o'jn  is  not  an  integer),  then  the  coefficient  of  in  this  con¬ 
gruence  is  divisible  by  a  power  of  and  therefore,  if  the  congruence  is  possible,  oii’k 
is  not  (for  then  h  'jK  would  be  also,  whereas  and  !)!<  are  co-prime). 
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Thus 

.jfp-'-p'np'-r'  _  ,  ,  is  prime  to  mjK, 

and,  therefore,  since  a  and  hjK  are  also  prime  to  m/K:,  the  congruence  (ii.)  is  soluble  (if 
possible)  by  means  of  the  tables  givmg  the  indices  of  numbers  prime  to  the  modulus. 

Each  solution  f  of  the  congruence  (ii.)  gives  a  single  solution  x  =  ^p^'p'^'  .  .  . 
(mod  7n)  of  the  congruence  ax’‘  =  b  (mod  m). 

Example. — Solve 

22a;®  =  54  (mod  672). 

The  congruence  is 

2.  11.  a;®  =  2.  3^  (mod  2®.  3.  7) . (i.) 

Dividing  by  2  we  have 

11.  a;®  =  3®  (mod  2h  3.  7) . (ii.) 

and  any  solution  x  of  this  gives  the  two  solutions  a;,  a;  +  336  of  the  congruence  (i.). 
From  (ii.)  we  get,  dividing  by  3, 

/ytO 

1 1  =  9  (mod  2h  7 ). 


In  congruence  (ii.)  let  x  —  3f. 
Then 


11.  3h  ^®  =  9  (mod  2h  7) 
11.  3®.  ^®=  1  (mod  2h  7). 

Now  (see  table,  p.  222) 

11  =(4.  3.  0), 

9  =  (2.  2.  0), 

therefore 

9.  11  =(0.  1.  0), 

therefore 

f  =  (0.  3.  0), 

therefore 


Hence  (ii.)  has  the  solution 


^=(0.  3.  0) 

^=43  (mod  2\  7). 


a;  =  1 29  (mod  336), 


and  therefore  the  solutions  of  (i  .)  are 


x*=  129,  465  (mod  672). 


246 


MR.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS 


PART  II.— ON  THE  RESIDUES  OP  POWERS  OP  NUMBERS  FOR  ANT  MODULUS, 

COMPOSITE  AND  COMPLEX. 

In  order  to  maintain  as  far  as  possible  the  parallelism  of  Parts  I.  and  II.  a  number 
of  facts  and  relations  peculiar  to  complex  numbers  are  noted  (most  without  proof)  in 
the  following  Preface  to  Part  II. 

Preface  to  Part  II. 

Complex  lorimes. — i.e.,  numbers  either  real  or  complex  which  have  no  real  or  complex 
factors. 

These  are  of  two  kinds 

(i.)  Peal  primes  of  the  form  4/v  +  3  ;  e.g.  3,  7,  11,  19,  .  .  . 

(ii.)  The  factors  of  real  primes  of  the  form  4/j  +  1,  which  are  expressible  as  the 
sum  of  two  squares,  e.g.,  1  +  2q  2  +  -i,  3  +  2i,  2  +  3i  .  .  .  Among  the  last 
we  include  the  factors  of  the  real  prime  2,  viz.,  1  +  i. 

These  two  kinds  of  prime  we  shall  call  respect ively^wre  and  mixed,  speaking  of  either 
as  a  complex  prime.  By  a  real  prime  we  shall  mean  the  primes  ordinarily  so  called, 
real  numbers  which  have  no  real  factors. 

To  ex2oress  omy  number  cis  a  product  of  its  p)rime  factors. 

Let  a  +  hi  be  the  number.  Let  d  be  the  G.C.M.  of  a  and  h,  and  sujjpose  that 

ct  'T'  hi  —  d  (a  -|-  /3z). 

d  is  a  real  number  and  can  be  expressed  as  a  product  of  real  primes. 

Of  these,  those  that  are  not  complex  primes  can  be  separated  each  into  its  two 
factors. 

All  the  factors  of  od  +  fT'  are  themselves  expressible  as  the  sum  of  tw'o  squares. 

Say 

a-  +  {ap  +  y8/)  .  .  . 

Then  the  prime  factors  of  a  +  /Si  are 

it 

±  i^2,  •  •  • 

where,  in  each  pair,  tlie  sign  must  be  so  chosen  that 

a  -j-  =  (ai  d;  ?,'y8i)  (a^  q-  .  .  . 

Example. 

60  +  105i  =  15  (4  +  7i) 

15  =  3.  5  =  3(2  +  0  (2-0 

4^  +  7-  =  65  =  5.  13  =  (2^  +  P)  (3^  +  2~) 
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and 

therefore 


4  +  =  (2  +  i)  (3  +  2i) 


60  -h  105i  =  3  (2  -  {)  (2  +  if  (3  +  22). 


The  number  of  incongruent  residues  for  any  modulus  m. 

The  number  of  incongruent  residues  (including  zero)  is  the  norm  of  the  modulus. 
Thus  if  w  =  a  +  ^i>  the  number  of  incongruent  residues  modulus  m  is  +  /3~.  When 
the  modulus  is  a  pure  number,  m  =  p,  then  the  number  of  incongruent  residues  is  p^. 

Set  of  numbers  all  incongruent  for  modidus  m. 

Let  m  —  d  {a  /Si)  where  a  and  /3  are  co-prime. 

Then  the  N  (m)  =  d^  {od  +  /3^  )  numbers  x  -|-  iy,  where  x  has  any  one  of  the  values 
0,  1,  2,  .  .  .  c/  {od  +  y8^)  —  1,  and  y  any  one  of  the  values  0,  1,  2,  3,  ...  —  1,  are 

a  complete  set  of  N  (m)  incongruent  residues  for  mod  m. 

We  have  two  special  cases  : — 

(i.)  If  wi  =  a  +  jii,  the  residues  are  0,  1,  2,  .  .  .  a~  +  /3“  — 1. 

(ii.  )  If  m  =  d,  the  residues  are  the  numbers  x  iy,  where  x  and  y  have  each  any  one 
of  the  values  0,  1,  2,  ...  c/  —  1. 

For  most  purposes  the  above  set  of  residues  are  most  convenient.  It  is  sometimes, 
however,  a  saving  of  arithmetical  labour  (in  examples)  to  make  use  of  the  “  absolutely 
least  residues,”  i.e.,  the  set  of  residues  whose  norms  are  not  greater  than  half  the  norm 
of  the  modulus.  We  may  also  make  use  of  “least  positive  residues,”  i.e.,  the  set  of 
numbers  whose  norms  are  as  small  as  possible  consistently  with  each  number  having 
both  its  parts  positive. 

In  what  follows  we  shall  always  use  the  above  set  of  residues  and  we  shall  need  an 
expeditious  method  for  finding  to  which  of  them  any  given  number  is  congruent. 


To  reduce  a  number  to  its  residue. 

Let  X  -b  W  be  the  number  whose  residue  we  wish  to  find  for  mod  cZ  (a  -j-  ^i),  where 
a  and  /3  are  co -prime. 

We  have  to  find  x  and  y  so  that 


where 


X  -j-ZY  =  x  iy  (mod  cZ  a  +  t^i), 


X  <  d  {ad  +  /Q^) 

y  <d 


>and  both  are  positive  numbers. 


Let 


X  +  iY  —  (.T  -b  iy)  +  (^  +  iy)  («  +  f^i)  d. 
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X  =  —  y^T^) 

Y  =  ij  d  -{■  arj). 

The  second  equation  gives  2/  =  Y  (mod  d),  which  determines  y. 

Then 

+  OtT?  =  , 


a  and  /3  are  co-prime,  and  therefore  we  can  find  a'  and  /3'  so  that  a  ^ 
and  then 


Therefore, 


and  therefore 


^  =  a'  -f  \a 


d 


>  where  X  is  some  integer. 


V  =  —  ^ 


X  =  a;  +  c? 


d 


-  X/3 


[aa  -j-  ^y8  )  X  (a^  +  yS~) 


—  a?  -}-  (Y  —  y)  [aa  -|-  ^/3 )  +  X  .  (od  +  /^~), 


X 


’  =  X  —  (Y  —  y)  (aa'  -j-  ^/3')  (mod  d  .  a^  -j- 


a, 


which  determines  x. 

So  X  and  y  are  given  by 


y  =  Y  (mod  d) 

cc  =  X  —  (Y  —  y)  (aa'  -j-  /3y8')  (mod  d  .  a^  -f  /3') 


where  aa'  -f-  yS/3'  is  a  constant  depending  on  the  modulus. 
Example. 


Mod  3  (3  +  2^) 


d  =  3. 


aa'  -f-  =  —  5. 


The  reducing  formulae  are 

y  =  Y  (mod  3) 

a;  =  X  +  5  (Y  —  2/)  (mod  39). 


Thus  to  find  the  residues  of  the  successive  powers  of  1  'ii  • — 
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1  +  i 

2i 

-  2  +  2^  =  37  +  2i 
35  +  o9i  =  35 

35  +  357  =  5  +  2i 
3  +  77  =  33  4-  i 

32  +  347  =  2  +7 
1  +  37=  16 

16  +  167  =  13  +  7 

12  +  47  =  33  +  27  . 

31  +  357  =  1  +  27 

-  1  +  37  =  14 

14  +  14i  ^  35  +  2i  (uiod.  9  +  6'i) 

33  +  377  =  18  +  7 

17  +  197  =  29  +  7 

28  +  307  =  22 

22  +  227  =  10  +  7 
9  +  117  =  15  +  27 

13  +  177  =  10  +  27 
8  +  127  =  29 

29  +  297  =  8  +  27 
6  +  107  =  12  +  7 

11  +  137  =  32  +  7 
31  +  337  =  1 

In  the  two  special  cases 
(i.)  m  =  a  +  /37 

X  +  7Y  =  X  (mod  a  +  /37)  and  x 

is  determined  by 

a;  =  X  -  Y  (««  +  (B^')  (mod  +  /3^). 

(ii.)  m  =  cl 

X  +  7Y  =.  X  iy  (mod  d)  and  x  and  y 

are  given  by 

a:  =  X  (mod  d), 

y  =  Y  (mod  d). 

2  K 
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Number  of  I'esidues  prime  to  any  modulus. 

Let  the  modulus  be  expressed  as  a  product  of  powers  of  its  prime,  factors, 
m  =  p'^cf  .  .  .  then  of  the  N  [m)  residues, 

cp  ion)  =  [N  (^U)  -  N  (p“-’)]  [N  {q^)  -  N  .  .  . 

are  prime  to  m. 

In  particular  for  a  pure  prime  p, 

cp  (p)  =  'f  —  I  and  fp  (p“)  ; 

and  for  a  mixed  prime,  a  -|-  bi, 

{a  -j-  bi)  =  rr  +  Id  —  1  and  <;P  {a  +  bi)  =  {<d  +  b'-f  —  (a~  +  6*)“  \ 


This  value  T-,  when  we  are  dealing  with  complex  numbers,  must  be  distinguished 
from  the  value  ^  when  we  are  concerned  only  with  real  liumbers. 

To  a  mixed  prime  (/>  is  inapplicable,  and  to  a  real  it  has  the  relations  </>  (p)  =  p  —  1, 

(f)  (p“)  z=  p“  —  p““h 

Any  modulus  may  be  midiiplied  by  —  1,  i,  or  —  i,  for  if  the  modulus  is  a  factor  of 
any  number  it  remains  a  factor  on  being  multiplied  by  —  1,  i,  or  —  i.  This  enables 
us  to  change  any  modulus  into  one  entirely  positive  : — 

For 


—  a  —  /3l  =  —  i(fx  +  /3i) 

—  f3  ai  =  f  (a  +  /3i) 

j3  —  ai  —  —  f  (a  -(-  /S<) 


> 


Part  IT. — Residues  of  Powers  of  Numbers  for  any  Modulus,  Composite 

AND  Complex. 

(i.)  a  being  a  number  prime  to  m  each  term  of  the  series  of  residues 

a,  a",  a®,  .  .  .  (mod  m) 

is  one  of  the  (]>  [m)  residues  which  are  prime  to  m.  Hence,  as  in  (Proposition  l),  we 
see  that,  if  t  is  the  smallest  integer  for  which  a''  =  1  (mod  m),  the  infinite  series  of 
residues  consists  of  a  repetition  of  t  terms  begiiming  from  the  first  term.  The 
num])er  t  is  called  the  exponent  of  a  for  the  modulus  m. 

Example.- — The  series  of  residues  of  the  first  twenty-four  powers  of  the  number 
2  "h  f  for  the  modulus  9  are 
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2  +  ^ 

3  +  ii 
2  +  2i 
2  +  6^' 

7  +  5i 

Si 

1  +  7^ 

4  +  6^ 

2  +  7  i 

G  +  7^■ 

5  4-  2  i 

8 

7  + 

6  +  5i 

7  +  7^ 

7  +  37 

2  +  4i 

7 

8  +  27 
5 

7  +  2t 

3  2t 

4  -f-  7 

1 

after  which  the  set  of  twenty-four  terms  constantly  repeats  itself. 

(ii.)  The  proof  is  identical  with  2,  that  if  a  has  exponent  t  mod  m  andcP=  1,  then 
t  divides  s. 

(hi.)  The  proof  of  Fermat’s  theorem  (mod  m)  is  identical  with  that  iii 

(3)  if  for  “  the  (/>  {m)  numbers  less  than  m  and  prime  to  it,”  we  substitute  “  the  d)  (m) 
residues  of  m  that  are  prime  to  it.” 

Hence  the  corollary,  that  the  exponent  of  any  number,  modulus  m,  is  a  divisor  of 

d)  (in). 

Example. — Mod  9  =  3'.  d)  (3~)  =  3^^  —  3~  =  72.  In  Proposition  (i.)  we  saw  that 
the  exponent  of  2  -p  7,  mod  9,  is  24,  a  divisor  of  72. 

(iv.)  The  proof  is  identical  with  that  of  (4).  If  a  has  exponent  t,  mod  m,  then  cU 
has  exponent  r  :  where  t  —  kt  and  k  is  the  G.C.M.  of  s  and  t. 

2  K  2 
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Example. — Taking  again  the  successive  powers  of  2  +  h  9,  we  find  the 
exponent  of  each  of  the  twenty-four  numbers. 


No. 

7  =  exp, 

2  +  i 

1 

24 

3  -f  47 

2 

12 

2  4-  27 

3 

8 

2  +  67 

4 

6 

7  +  57 

5 

24 

8^ 

6 

4 

1  -f  77 

7 

24 

4  +  67 

8 

3 

2  +  77 

9 

8 

6  +  77 

10 

12 

5  +  27 

11 

24 

8 

12 

2 

7  +  87 

13 

24 

6  +  57 

14 

12 

7  +  77 

15 

8 

7  +  37 

16 

3 

2+47 

17 

24 

7 

18 

■  4 

8  +  27 

19 

24 

5  +  37 

20 

6 

7  +  27 

21 

8 

3  +  27 

22 

12 

4  +  77 

23 

24 

1 

24 

1 

(v.)  The  proof  is  the  same  as  that  of  (5). 

If  the  exponent  of  a  is  t,  and  of  a  is  t\  and  t  and  t'  are  co-prime,  then  the 
exponent  of  aa  is  tt' . 

And  hence  the  corollary,  that  the  same  is  true  for  any  number  of  numbers  :  if 
a,  a,  a",  .  .  .  have  exponents  t,  t',  t",  .  .  .  co-prime,  then  aaa"  .  .  .  has  exponent 
tt't"  .  .  . 

Example. — The  exponent  of  3  for  mod  1  -j-  bi  is  3. 

Its  successive  powers  have  residues  3.  9.  1. 

The  exponent  of  5  for  mod  1  d-  bi  is  4. 

Its  successive  powers  have  residues  5.  25.  21.  1. 

Hence  the  exponent  of  5  X  3  =  15  is  4  X  3  =  12. 

The  successive  powers  of  15  have  residues  15.  17.  21.  3.  19.  25.  11.  9.  5.  23.  7.  I. 
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Example. — The  exponent  of  2,  mod  7,  is  3.  The  residues  are  2.  4.  1. 

The  exponent  of  5  +  2f  is  8.  The  residues  are  5  +  2^,  6t,  2  +  2i,  G,  2  +  5u  i 
5  -f  bi,  1. 

Hence  the  exponent  of  10  +  4?!  =  3  +  is  3X8  =  24. 

The  successive  residues  are 


3  +  4? 

3i 

2  +  2i 

5 

1  +  6i 

3  +  3i 

4 

5  +  2i 

5i 

1  +  i 

4  +  3i 

4i 

5  +  5 1 

o 

6  +  i 

4  +  4? 

3 

2  +  5? 

2/ 

6  +  6^’ 

(vi.)  The  proof  is  the  same  as  for  (6). 

Suppose  that  a  has  exponent  t,  and  a  has  exponent  t' ,  and  that  t  and  t'  are  not  co¬ 
prime.  Then,  if  t  and  t'  contain  no  prime  factor  raised  to  the  same  power  in  both, 
the  exponent  of  aa  is  the  L.C.M.  of  t  and  t'. 

Example. — The  exponent  of  35  for  mod  9  6i  is  6. 

The  residues  of  its  powers  are  35.  16.  14.  22.  29.  1. 

The  exponent  of  3  +  7i  for  the  same  modulus  is  4. 

The  residues  of  its  powers  are  3+7?’.  14.  15  +  2?.  1. 

Hence  the  exponent  of  35  (3  +  7i)  is  the  L.C.M.  of  6  and  4  =  12. 

35  (3  +  7i)  =  105  +  245?=  33  +  2?  (mod  9  +  6?). 

The  residues  of  its  powers  are 

33  +  2?  29  33  +  i  22  2?  14. 

12 +?  16  15  +  2i  35  18  +?  1. 

(vii.)  The  proof  is  the  same  as  for  (7). 

If  a  has  exponent  t,  a  has  exponent  t' ,  a'  has  exponent  t",  &c.  for  modulus  m,  and 
if  of  the  tt't"  .  .  .  numbers  .  .  .  (modulus  m),  formed  by  giving  to  r  all  values 

modulus  t,  to  r'  all  values  modulus  t' ,  &c.,  no  two  are  congruent ;  then  if 


we  must  have 


.  .  .  =  1  (mod  m), 
a-^  =  1 ,  a^'  =  1 ,  .  .  . 


in  other  words,  if  a  product  of  powers  of  numbers  that  are  independent  generators 
be  congruent  to  unity,  then  each  of  these  powers  is  itself  congruent  to  unity. 

(viii.)  Proof  identical  with  (8). 

The  exponent  of  the  product  of  a  number  of  independent  generators  is  the  L.C.M. 
of  their  exponents. 
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Ill  particular  if  the  separate  exponents  are  all  jiowers  of  the  same  then  the 

exponent  is  equal  to  the  greatest  of  them. 

(ix.)  Proof  the  same  as  for  (9). 

If  the  exponent  of  a  for  modulus  m  is  t,  and  for  modulus  n  is  i',  and.  m  and  n  are 
co-prime,  then  the  exponent  of  a  for  modulus  m?i  is  the  L.C.M.  of  t  and  t'. 

Also  the  corollary,  if  the  exponents  of  a  for  moduli  m,  m ,  m” ,  .  .  .  are  respectively 
t,  t',  t" , .  .  .  m,  m ,  m"  .  .  .  being  co-prime,  then  the  exponent  of  a  for  modulus  mm'm". . . 
is  the  L.C.M.  of  the  numbers  t,  t',  t' .  .  . 

Exam2ole. 

1  +  f  =  4  (mod  2  -b  i), 

and  the  residues  of  its  poivers  are  4.  1.  Hence  the  exponent  of  1  +  for  modulus 
2  -f  f  is  2. 

1+1=6  (mod  3  +  2t), 

and  the  residues  of  its  powers  are  6.  10.  8.  9.  2.  12.  7.  3.  5.  4.  11.  1.  Hence. the 
exponent  of  1  +  f  for  modulus  3  +  '2i  is  12. 

The  moduli  2  +  q  3  +  2i  are  co-prime,  therefore  the  exponent  of  1  +  f  for  modulus 
(2  +  ^)  (3  +  2^■)  is  12. 

1  +  f  =  1 9  (mod  4+7 /), 

and  the  residues  of  its  powers  are 

19.  36.  34.  61.  54.  51.  59.  16.  44.  56.  24.  1. 

Exctmple. 

1  +  2i  has  exp  8,  mod  3  ; 

the  residues  of  its  powers  are 

1  +  2h  i.  1  +  i.  2.  2  +  i  2i.  2  +  2h  1. 

I  +  2f  =  11  (mod  3  +  2f),  and  has  exp  12  ; 

the  residues  of  its  powers  are 

11.  4.  5.  3.  7.  12.  2.  9.  8.  10.  6.  1. 

1  +  2{  =  26  (mod  6  +  1),  and  has  exp  3, 

the  residues  of  its  powers  are 

26.  10.  1. 

Hence,  since  3,3+  2i,  6  +  2  are  co-prime,  1  +  '2i  has  for  modulus  3  (3  +  2i)  (6  +  i) 
exponent  =  L.C.M.  of  8,  12,  3,  i.e.,  1  +  2i  has  exponent  24  for  modulus  48  +  452. 
The  residues  of  its  powmrs  are 
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1  4- 2^’.  90  +  ^.  1339  +L  692.  275  +  l  1419  +  2l  1370  4-27 
1231.  1012  4-  2i.  291  4-  i.  1015  4-  i.  482. 

32  4-7  540  4-  27  827  4-  27  211.  244  4-  27  969  4-7  439  4-7 
269.  1043  4-  7  741  4-  27  503  4-  27  1. 


(x.)  Proof  identical  with  (10). 

If  the  exponent  of  a  is  t,  and  t  =  pqv .  .  .  where  p,  q,  r  .  .  .  are  co-prime  factors 
of  t,  then  a  can  be  expressed  as  a  product  of  numbers  whose  exponents  are  p,  q,  r .  .  . 
Example. — 2  4-  i  has  exponent  24  for  modulus  9.  (See  example  Proposition  iv.) 


Hence 


where 

and 


24  =  3.8  16  =  1  (mod  3)]  9  =  1  (mod  8). 

=  0  (mod  8)  J  =0  (mod  3). 

2  -j-  2  =  (2  4-  (2  -j-  (mod  9), 

=  (74-  34  (2  4-  7i)  (mod  9), 


7  4-  3^  has  exp  3 
2  -p  7i  has  exp  8 


(See  example  Proposition  iv.) 


Example. — 33  4-  ’2i  has  exponent  12  for  modulus  9  -f  67  (See  example  Pro¬ 
position  vi.) 

12  =  3.  4  4  =  1  (mod  3)  9  =  1  (mod  4) 

=  0  (mod  4)  =0  (mod  3). 

Therefore 

33  4-  2t  =  (33  4-  2^^  (33  4-  (mod  9  4-  67) 

=  22  (154-  27)  (mod  9  4-  67), 


where  22  has  exponent  3,  and  15  4-  27  has  exponent  4. 

(xi.)  The  number  of  numbers  with  exponent  t,  when  the  modulus  is  a  prime  (pure 
or  mixed),  is  {t). 

Any  exponent  t  is  a  divisor  of  <E>  {p),  p  being  the  prime  modulus  (Corollary,  Pro¬ 
position  iii.).  Exactly  as  in  (11)  we  see  that  if  there  be  one  number  with  exponent  t 
there  are  (j)  {t)  and  no  more. 

Now  C,  C,  .  .  .  being  all  the  divisors  of  any  real  number  d>  (p), 

^  (h)  +  ^  (C)  +  •  •  •  =  {qj). 

Corresponding  to  each  value  t  there  aie  numbers,  or  none  with  t  as  exponent. 
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The  number  of  residues  altogether  (prime  to  the  modulus  2^)  is  ‘I’  (p)-  Hence,  in  no 
case  can  there  fail  to  be  cf)  (t)  numbers  with  exponent  t,  t  being  any  divisor  of  (p). 

Corollary. — In  particular,  any  prime  modulus  has  numbers  with  exponents  <1^  (p), 
i.e.,  has  primitive  roots. 

The  number  of  these  primitive  roots  is  (/>  [<h  (p)]. 

If  p  is  a  pure  prime  this  is  ^  (p’^  —  1). 

If  p  is  a  mixed  prime,  =  a  +  fSi,  the  number  is  [or  +  /3'  —  1 ). 

Example. — Modulus  5  +  2h  10  is  a  primitive  root  with  exponent 

(h  (5  +  2i)  =  (53  +  2=  -  1)  =  28. 


The  residues  of  its  powers  are  given  in  the  table. 


N  umber 

10 

13 

14 

24 

8 

22 

17 

2.5 

18 

6 

2 

20 

26 

28 

Index 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

Number 

19 

16 

15 

5 

21 

12 

4 

11 

23 

27  9 

3 

1 

Index 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28  or  0 

The  6  (28) 

12  primitive  roots 

are 

10 

14  8 

18 

•7 

26  19  15 

21 

11  27 

Exam2ole. — Modulus  7.  Primitive  roots  have  exponent  <!>  (7)  =  7"  —  1  =  48. 
2  +  i  is  a  primitive  root,  and  the  residues  of  its  powers  are  given  in  the  table. 


Number 

2  +  f 

3  “b  4i 

2  +  4f 

oi 

4  +  6i 

2  +  2i 

2  4-  Si 

5 

Index 

1 

.7 

3 

4 

5 

6 

7 

8 

Number 

3  + 

1  +  (5i 

3  “b  6i 

i 

6  +  2^ 

3  +  oi 

3  +  2^■ 

4 

Index 

9 

10 

11 

12 

13 

14 

15 

16 

N  umber 

1  +  4i 

5  +  2/ 

1  +  2?: 

5i 

2  +  Si 

1  +  i 

1  +  Si 

6 

Index 

17 

18 

19 

20 

21 

00 

23 

24 

Number 

5  + 

4  “b  3i 

5  “b  3^ 

Ai 

3  +  i 

5  “b  5 1 

5  +  i 

.7 

Index 

25 

26 

27 

28 

29 

30 

31 

32 

Number 

4  +  2?: 

6  +  i 

4  “b  f- 

6i 

1  +  5i 

4  "b  Ai 

4  “b 

3 

Index 

33 

34 

35 

36 

37 

38 

39 

40 

N  umber 

6  “b  3i 

2  +  5i 

6  +  5i 

2i 

5  +  Ai 

6  “b  6 1 

6  “b  4?- 

1 

Index 

41 

42 

43 

44 

45 

46 

47 

0 
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The  ^(48)  =16  primitive  roots  are 


2  “b  ^ 

4  +  tU' 

2  -b  6z 

3  -b  6 1 

6  “b  2  i 

1  -b  4f 

1  + 

1  “b  3i 

5  -b  6f 

3  +^ 

5  -b  ^ 

4+7 

1  + 

6  -f  3i 

6  “b 

6  +  4i 

(xii.)  The  exponents  to  which  a  number  C6  belongs  for  successive  powers  of  a  prime 
as  moduli. 

If  we  make  one  slight  alteration  the  proof  of  (12)  holds  good  throughout  in  the 
case  of  complex  numbers  for  powers  of  a  pu)‘e  prime  p  as  moduli.  [In  place  of  “  x  <  P” 
read  “x  =  one  of  the^®  —  1  residues,  mod 
The  exponent  of  a  for  mod  jP  is 

t  if  X  <  s, 
tjp~^  if  X  >  6‘, 

where  t  is  the  exponent  of  a  for  mod  p,  and  is  the  greatest  power  of  p  that  divides 

d  —  1. 

Corollary. — The  greatest  value  of  t  is  p^  —  1.  (Proposition  xi.) 

The  greatest  value  that  can  have  is  got  by  making  6-  =  1,  i.e.,  by  taking  a  so 
that  a/~^  —  1  (though  necessarily  divisible  by  ^3)  is  not  divisible  by  p”. 

Hence  the  greatest  exponent  that  a  number  can  have  for  mod  p^  is 

(/>2  _ 

Now  <1)  (^/)  =  ^7“^  —  =  (yj- —  which  is  p^~^  times  the  highest 

exponent. 

Hence  for  -o.  power  of  a  pure  prime  as  modulus  primitive  roots  do  not  exist. 

Consider  next  the  case  of  a  mixed  prime  (not  1  +  i). 

Suppose  a  is  the  prime. 

Then,  if  (a  +  =  A  +  Bt,  A  and  B  must  be  co-prime,  for  otherwise  A  +  Bi 

would  be  divisible  by  some  number  other  than  a  +  /3l 

Hence  the  N  (a  4-  =  (a~  d-  (^^Y  residues  can  be  taken  to  be  the  pure  numbers 

U,  L,  2,  .  .  .  (a-^  /3~Y  —  !• 

Suppose  that  a  is  any  one  of  these  numbers. 

Then,  if  we  have  any  congruence  of  the  form 

cY  =  h  [mod  (a  +  /3f)^], 

a’’  —  6  =  0  [mod  (a  + 

2  L 


MDCCCXGJIJ. — A. 
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it  follows,  since  cC  —  h  is  a  pure  number,  that 

a’’  —  6  =  0  [mod  (a  —  /3i)^], 

therefore 

rP  —6  =  0  [mod 

cC  =  6  [mod  +  y8'“)^]. 


Hence  for  the  modulus  (a  +  ^0  ^  the  residue  of  any  power  of  a  number  is  the  same 
as  for  the  modulus 

Now  is  a  real 

Therefore  the  exponent  to  which  a  belongs  for  modulus  (a  -|-  is 

^  if  X  =  s, 

t  (a^  +  ^~Y~^  if  X  >  5, 

where  t  is  the  exponent  of  a  for  mod  or  -j-  /3^,  and  [a?  -j-  is  the  highest  power  of 
otr  +  that  divides  a*  —  1. 

The  greatest  exponent  is 

and 

Cl.  (a  +  =  (a-  +  -  (a^  +  +  /3’  -  1)  («'  + 

Thus  for  powers  of  a  mixed  prime  primitive  roots  do  exist. 

(xiia.)  We  see  from  the  last  proposition  that  for  a  powder  of  a  mixed  prime  as 
modulus  primitive  roots  exist,  and  any  one  of  them  generates  by  its  powers  all  the 
residues  prime  to  the  modulus.  But  in  the  case  of  a  power  of  a  pure  prime  p)^> 
highest  exponent  isp^~^  [p^  —  1),  whereas  <3>  [p^  =  —  [). 

We  wish  now  to  find  how  all  the  —  1)  numbers  can  be  generated. 


lake  a  number  (j  with  exp  p^  ^  (p“ 

fiid„  „  /  ,,  ,, 


(J  can  be  expressed  as  a  j.roduct 
Avheie 


(J  =fh  (mod  pY, 


f  has  exp  p^  ^ 


h 


5  )  )  > 


p 


:-i 


•,  Proposition  x. 


/‘and  f  are  each  =  1  (mod  p) 

>,  Proposition  xn. 
1  (mod  ^^2)  I  ^ 
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Suppose 

y  =  1  +  (mod  ’p^)  a  ^  0  (mod  p), 
j'=l  +  ol'p  (mod  p')  a  ^  0  (mod  p)). 


The  p^~^  X  p^~^  {p^  —  1)  numbers  generated  by  products  of  powers  of  /‘and  g  will 
be  the  p^’'^~^'‘  [p^  “1)  residues  prime  to  the  modulus  jp,  provided  that  no  two  of  them 
are  congruent.  We  sliall  now  show  that  no  two  can  be  congruent  provided  that  h  is 
a  complex  and  not  a  real  number,  h  being  determined  by  the  congruence  ha'  =  a 
(mod  p). 

Suppose  that  two  of  the  numbers  generated  are  congruent,  say 


=  (mod  jP), 

where 

%  ^  i  (mod  y  ,  p^  —  i), 
j  (mod  p"-'). 

This  is  equivalent  to 

9‘"  =/■''"  (mod  p^), 

where 

i"  =  i  —  i'  Q  (mod  p^~^  .  pr  —  1), 
j"=j  -  /  ^  0  (modp"-i). 


J 


may  be  divisible  by  a  power  of  p. 
Suppose 

r  = 


where  /3  is  prime  to  p,  and  s  may  be  any  one  of  the  numbers  2,  3.  .  .  .  X. 
Then 

fj"  has  exp^yb  (Proposition  iv.), 

therefore 


therefore 


where  is  prime  to  p. 


and,  therefore,  since 


g""  has  exp  jP  \ 

(Proposition  iv.)  Therefore 

-  l)iA  -  s  ^  -  s 

=  1  (modp^). 


Ptaise  both  sides  to  the  power  p^  then 

(mod  j/). 

2  L  2 
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Let 

determine  and  suppose 


(lUod 

P'  {p^  —  1 )  ^  =  y  (mod  2j). 


Laise  bolli  sides  to  tlie  power  then 


Now 

tlierefore 

and 

therefore 

tlierefore 

therefore 

therefore 


f'yp^ 

/  =  1  +  ap  (mod  ]r), 
f  1  +  (mod  j/), 

/'  =  I  -h  oL  p  (mod  p'), 

1  +  OL'y2p~^  (mod  ]P), 

1  +  a'yfp~'=  L  +  ot^/“'(mod  y/), 
ya'  =  01  (mod  Jj), 
y  =  I'  (mod  2i). 


Now  i  \  j",  /3,  yS',  and,  therefore,  f,  and  finally  y,  are  real  numbers,  whereas,  by 
supposition,  k  is  complex,  therefore  on  this  supposition  r/  and  f  are  complete 
generators. 

Example. — Modulus  3h 


The  highest  exponent  is 


cB  (3^i)  =  3^  —  33  =  72. 


3  (3=  -  1)  =  24. 


We  shall  find  that  2  +  7  and  4  +  37  caii  be  taken  for  generators. 

57  =  2  +  7  has  exp  24  mod  3'^  1 
+  =  4  +  37  has  exp  3  mod  3^  J 

2  +  7  =  (2  +  7j‘®  (2  +  if  (mod  9) 

=  (7  +  37)  (2  +  77)  (mod  9), 

and 


Now 


_/'  =  7  +  37  has  exp  3. 

/ee  I  +  (1  +  7).  3  (mod  3~) 
/'  =  1  +  (2  +  7) .  3  (mod  3') 
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and 


J:  {2  -f  0  =  (1  H"  0  (iiTtocl  3) 
I'  =  2^, 


gives 

which  is  not  a  real  number. 

The  following  table  gives, the  indices  of  the  72  numbers. 


0 

1 

2 

1 

2  +  i 

5  +  ?: 

8  +  f 

2 

3  +  a 

7i 

6  +  i 

3 

2  +  2i 

2  +  5i 

00 

+ 

4 

2  +  6^ 

8  +  3?’ 

5 

5 

7  + 

4  +  5?: 

1  +  7n 

6 

Hi 

3  +  5? 

6  +  2? 

7 

1  +  7i 

1  +  4/ 

1  +i 

8 

4  +  6^■ 

7 

1  +  3?: 

9 

2  +  7i 

5  +  7i 

S  +  7i 

10 

6  +  7i 

3  +  i 

4^ 

11 

5  +  2^ 

5  +  5^■ 

5  +  Hi 

12 

8 

5  +  6? 

2  +  Si 

13 

7  +  8?: 

4  +  8?: 

1  +  8?: 

14 

6  +  5?: 

2^■ 

3  +  8?' 

15 

7  +  7^ 

7  +  4^ 

7  +  f 

16 

7  +  Si 

1  +  6^■ 

4 

17 

2  +  4? 

5  +  4{ 

8  +  4?' 

18 

i 

6  +  4^ 

3  +  7i 

19 

8  +  2^ 

8  +  bi 

8  +  Hi 

20 

5  +  3^ 

2 

8  +  6?: 

21 

7  +  2i 

4  +  2i 

1  +  2i 

22 

3  +  2i 

6  +  8?' 

5i 

23 

4  +  7i 

4  +  4^ 

4  +  i 

0 

1 

4  +  Si 

7  +  6?: 

[The  pair  of  indices  for  any  number  are  found  at  the  end  of  the  row  and  at  the  head 
of  the  column  in  which  the  number  is  situated. 

Thus 


1  +  8^  =  (2  +  0^^  4*  -lO'  ll)  ] 
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(xiii.-xvi.)  Propositions  (13)  to  (16)  are  concerned  with  the  moduli  2^.  In  Proposi¬ 
tions  xiii.-xvi.  we  shall  investigate  the  moduli  analogous  to  these  in  the  case  of 
complex  numbers,  viz.  (1  +  i)h  [Propositions  xiii.-xvi.  will  not  be  made  to  correspond 
individually  to  Propositions  (13)-(16)  ;  they  are  intended  to  cover  the  same  ground.] 
(xiii.)  In  the  case  of  the  smaller  values  of  X,  from  1  to  7,  we  shall  find  results,  some 
of  which,  though  they  are  really  particular  cases  of  the  general  results  for  any  value 
of  X,  are  not  conveniently  included  under  them. 

We  shall  start  by  a  separate  treatment  of  each  of  the  first  seven  moduli,  finding — 

(i.)  the  numbers  which  belong  to  each  exponent ; 

(ii.)  what  numbers  must  be  taken  in  order  to  generate  the  complete  set  of  residues. 

Mod  1  +  i.  There  is  only  one  residue,  viz.,  1,  whose  exponent  is  1. 

Mod  (1  -p  f)~.  cf>  (1  -|-  f)^  =  2.  There  are  two  numbers,  viz.. 


and 


i  with  exp  2 
1  with  exp  1 


Thus,  for  this  modulus,  ^  is  a  primitive  root. 

Mod  (I  -j-  f)®.  cp  ( 1  -p  i)3  4.  The  four  residues  are — 


i,  2  +  ^  with  exp  4, 

3  with  exp  2, 

1  with  exp  1. 

i  and  2  i  are  both  primitive  roots. 

Mod  (1  +  ^)b  (1  iy  =  8.  The  8  numbers  with  their  exponents  are 

Exp  4.  3f,  2  +  b-  2  +  3b 

Exp  2.  3,  1  -p  3  -p  2i, 

Exp  1.  ]. 

The  square  of  each  of  the  four  numbers  with  exponent  4  is  congruent  to  the  same 
number  with  exponent  2,  viz.  3. 

Hence,  to  generate  the  8  numbers,  we  must  take  any  one  of  the  four  numbers  with 
exponent  4,  and  either  of  the  two  numbers  with  exponent  2.  viz.  1  +  2q  3  +  2b 
Mod  (1  +  0^-  ‘h  (1  +  f)^  =  16.  The  16  numbers,  with  their  exponents  are 

Exp  4.  i  3f  2  -p  ^  2  +  3f  4  +  f  6  +  «  4  -f  3f  6  +  3b 

Exp  2.  3  5  7  1  -p  21  3  -p  2i  5  -p  2i  /  -p  2i 

Exp  1.  1. 
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The  square  of  each  of  the  8  numbers  with  exponent  4  gives  the  same  number  with 
exponent  2,  viz.  7. 

Also  7  =  3.  5  =  (1  +  2i)  (3  +  2i)  =  (5  +  2i)  (7  +  2i) .  [mod  (1  + 

Hence,  firstly,  we  must  take  as  generators 


and 


one  number  with  exponent  4 


two  numbers  with  exponent  2 


and,  secondly,  the  two  numbers  with  exponent  2  most  neither  of  them  be  7,  and 
they  must  not  be  a  pair  of  the  numbers  as  arranged  above  whose  product  is  con¬ 
gruent  to  7. 

Mod  (1  -h  0*"-  (1  +  7)®  =  32.  The  32  numbers  with  their  exponents  are 

arranged  below. 


Exp  1.  Exp  2. 

Exp  4. 

1  5  +  47 

1+27 

1  +  67 

3  +  27 

3  +  6r 

5  +  27 

5  +  6i 

7  +  2'r  7  +  67 

3  +  47 

2  +  7 

2  +  3i 

2  +  57 

2  +  77 

6  +  7 

6  +  3r 

6  +  57  6  +  7r 

7 

3 

5 

1  +  47 

7  +  47 

4  +  7 

4  +  37 

4  +  or 

4  +  77 

7 

37 

57  77 

The  24  numbers  with  exponent  4  are  written  in  three  rows,  and  the  number  with 
exponent  2,  to  which  the  square  of  any  one  of  them  is  congruent,  is  to  be  found 
written  at  the  end  of  the  row. 

Moreover,  the  three  numbers,  with  exponent  2  (viz.  5  +  47,  3  +  47  and  7),  which 
thus  appear  as  the  squares  of  numbers  with  exponent  4,  are  such  that  the  product 
of  any  two  is  congruent  to  the  third  ;  for 

7  (5  +  47)  (3  -f  4i)  =  1  [mod  (1  -f  7)*^]. 


H  ence,  to  generate  the  32  numbers,  we  must  take 


and 


two  numbers,  with  exponent  4,  not  in  the  same  row 

one  number,  with  exponent  2,  selected  from  3,  5,  1  +  4<,  7  -f  4n 
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Mod  (1  +  <4>(1  i)'‘  =  64.  The  64  numbers,  with  their  exponents,  are 

arranged  below. 

1.  Exp  2.  Exp  4. 


7 

4+7 

12+7 

3i 

8  +  3  i 

57 

8  +  57 

4  +  /  7 

12  +  7i 

9 

3 

5 

11 

13 

1  +  47 

7  +  47 

9  +  4i 

15  +  4t‘ 

15 

7 

8+7 

4  +  3i 

12  +  37 

4+57 

12  +  57 

77 

8  +  /  i 

3  +  4i 

2+7 

10+7 

2  +  37 

10  +  37 

6  +  57 

14  +  57 

6+77 

14  +  7i 

5  +  47 

5  +  27 

7  +  2i 

13  +  27 

15  +  27 

1  +  67 

3  +  6i 

9  +  67 

ll  +  6i 

11  +  47 

6  +  'i 

14+i 

6  +  37 

14  +  37 

2  +  57 

10  +  57 

2  +  77 

10+77 

13  +  Ai 

1  +  27 

3  +  27 

9  +  27 

11  +  27 

5  +  67 

7  +  6i 

13  +  67 

15  +  6j 

The  56  numbers  with  exponent  4  are  arranged  in  rows  collineaiTy  with  the 
numbers,  with  exponent  2,  to  which  their  squares  are  congruent. 

The  7  numbers  with  exponent  2  can  be  arranged  in  7  sets  of  3,  so  that  of  each  3 
the  product  of  any  two  is  congruent  to  the  third  (or  the  product  of  the  three 
congruent  to  unity).  Thus  : 

7.  9.  15  =  O 
7  (13  +  4i)  (3  +  ii)  =  1 
7  (5  +  4{)  (11  +  Ai)  =  1 


9  (3  +  Ti)  (1 1  +  E)  =  1  (mod  1  +  if. 
9  (5  +  4i)  (13  +  Ai)  =  1 
15  (3  +  Ai)  (5  +  di)  =  I 
15  (11  +  (13  +  4i)  =  1  J 


To  generate  the  64  numbers,  we  must  take  three  numbers  each  with  exponent  4. 
The  product  of  powers  of  three  such  numbers  can  only  be  congruent  to  unity  without 
each  being  separately  congruent  to  unity,  if  the  product  of  their  squares  be  so. 

Hence,  the  three  generators  must  be  chosen,  one  each  from  three  of  the  above 
rows,  and  the  numbers,  with  exponent  2  found  in  these  rows,  must  not  have  their 
product  congruent  to  unity. 

(xiv.)  The  nutnbers  which  have  as  exponents  2,  4,  and  8  for  mod  (1  +  if. 

We  shall  use  the  results  of  the  three  following:  Lemmas  : 

Lemma  (1). — If 

a^  =  1  [mod  ( 1  +  iY~\ 

{a  —  1 )  {a  1)  =  0  [mod  (1  + 

a=l  [mod  ( 1  +  i)®] 

«  +1=2  [mo(.l  ( 1  +  t)®] 

=  0  [mod  ( 1  +  0']> 


Now,  if 
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i.e.,  if  a  —  1  is  divisible  by  (1  +  oi'  any  higher  power,  then  a  +  1  is  divisible  by 
(1  +  if  as  the  highest  power. 

Similarly,  we  can  show  that  if  a  higher  power  than  (1  +  'if  divides  «  +  1,  then  no 
higher  power  than  (1  +  i)^  divides  a  —  1. 

Therefore,  if  /c  >  4,  either 

«  =  1  [mod  ( I  -f 
or 

rt  =  —  1  [mod  (1  + 


therefore,  k  being  >  4,  the  solutions  of 


are  given  hy 
Lemma  (2). — If 


Now,  if 


=  1  [mod  ( 1  4-  ■i)"] 

a  =  i  1  [mod  (i  d" 

=  —  1  [mod  (1  +  t)*] 
(a  +  i)  (a  —  i)  =  0  [mod  (1  + 


a  =  i  [mod  ( 1  + 
a  i  =  '2i  [mod  ( 1  +  if’'] 
=  0  [mod  (1  +  f)^]. 


Thus  as  above,  if  either  of  a  +  i,  a  —  i  is  divisible  by  a  power  of  (1  i)  above  the 
second,  then  (1  +  if,  is  the  highest  power  that  divides  the  other. 

Therefore,  if  /c>4  the  solutions  of 

a^=  —  1  [mod  ( 1  +  0"'] 

are  given  by 


«  =  4:  [mod  ( 1  +  if  ^]. 


is 


Lemma  (3). 


a^  =  4:  [a^od  (1  +  '^f] 

impossible  for  any  value  of  k>1. 

For  if  so. 


cd  =  4i  [mod  (14-  ^)^], 


or 

since 

which  is  impossible,  for 
and 


a^  =  i  [mod  (1  4“  '^f\ 

—  i  =  i  [mod  ( I  4"  if], 

1^  ^  z[mod  (1  4-  ty], 

d  ^  i  [mod  ( 1  -f-  if]. 
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Numbers  ivith  exponent  2  mod  (1  +  iY.  (X>  4.) 

All  these  numbers,  together  with  1,  which  has  exponent  1,  satisfy  the  congruence 

=  1  [mod  ( 1  +  ; 

therefore 

a  =  i  1  [mod  ( 1  -r  0^  ~  T 


gives  (together  with  unity)  the  numbers  which  have  exponent  2,  mod  (1  + 

We  get  thus  7  numbers  with  exponent  2,  mod  (1  +  iY.  They  are  congruent  to 


—  1 

±l  +  (l  +  ty-2 

±  1  +  (1  + 

±  1  +  (1  +  ,)^-2  +  (i 


l'  [mod  ( 1  +  iy]. 

J 


The  product  of  any  two  of  these  is  congruent  to  a  third.  If  we  name  the 
7  numbers  thus — 

a  =  —  1, 

=  +  1  +  (1  + 
r  =  -  I  +  {i+iY~\ 

S  =  +  + 

e=-l+(l+^y“\ 

y)=+i  +  (i  +  +  (1  +  ^y-^ 

^  =-!  +  (! +7)^-2+ (1  +  ^y-b 

then  these  relations  may  be  written  thus — 

“/3r  =  1, 

«Se  =  1, 

0.7)6  =  1, 

^St]  =  1 

y8e^  =  1, 

ySO  =  1, 
y^T]  =  1 , 

[which  includes  aj8  =  y,  ay  =  /3,  /3y  =  a,  because  =  1,  y8~  =  l,  y'  =  l]. 


Numbers  ivith  exponent  4,  mod  (1  +  7)\  {X>  6.) 

The  numbers  which  satisfy 


cd  z=  I  [mod  (1  +  ^  )^], 
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and  which  do  not  satisfy 

1  [mod  (1  +  f)^], 

are  the  numbers  with  exponent  4. 

Hence  Lemma  (1)  gives  us 

ih  1  [mod  (1  + 

and  then  Lemma  (2)  gives 

a=  ih  1,  -^i  [mod  (1  + 


If  of  these  numbers  we  exclude 

a  =  dr  1  [mod  ( 1  +  iY  ~ 

we  have  the  numbers  with  exponent  4. 

Hence  the  numbers  with  exponent  4  are 


and 


The  number  of  these  is 


=  db  [mod  (l  d"  % 


=  dzi  +  (i  +  ^y-^ 
±i  +  (id-^y-^ 


>  mod  (1  +  iY~‘^- 


j-l  +  (l4.,y-4_p(i_p,y-3j 


2N[(l  +  ^r]  +  6N[(l  +  f)2] 

=  2 . 2^  4-  2 . 3 . 2^ 

=  25  d-  3 . 23 
=  25  d-  2^  d-  2^  =  56. 


Numbers  with  exponent  8  mod  (1  d“  'YY'  ^>8. 

Tlie  numbers  are  those  that  satisfy 

(d  =  1  [mod  ( 1  d“  ■2')^], 

excluding  those  that  satisfy 

=  I  [mod  (1  d" 

Now 

a®  =  1  [mod  ( 1  d" 

gives 

cd  ~  ^  \  [mod  (1  d“  Lemma  (l). 

dr  1  [mod  (1  -f-  Lemmas  (l),  (2),  and  (3) 

a  =  diL  dr  [mod  (1  -}*  Lemmas  (1)  and  (2) 

Of  these  we  have  to  exclude 

a  =  dr  1  i  b  [mod  ( 1  d" 
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Hence  the  numbers  with  exponent  8  are 

±  1,  ±i, +(n-in‘ 


\\-5 


±  1,  ±  i,  +  (1  +  *■)' 

±1.  ±i  +(1 +  *T-*  +  (i +»■U^ 


>  mod  (1  +  i) 


A.-4 


In  nil  mil  er  they  are 


4  X  3  X  N  ( 1  +  ^■)^ 
=  2h  3 . 2^ 

=  2®  +  2h 


We  have  not  specially  examined  the  modulus  (1  +  ij'.  The  general  results 
already  obtained  give  us  the  numbers  with  exjionents  2  and  4.  We  will  find  the 
numbers  with  exponent  8. 

Of  the  solutions  of 

[mod  (1  + 

we  must  exclude  those  of 

a^=  1  [mod  (1  +  'i)®]. 
a®  =  1  [mod  (1  +  •2^)®] 

gives 

a''  =  1  [mod  (1  -f-  ^)®] 

and 

=  d:  1  [mod  ( 1  -T 

and  therefore 

3i,  2  d“  ^3  2  d”  3'?',  3,  1  -f-  2i,  3  d~  2?-,  L  [mod  (l  d~  [See  mod  (1  -fi  ^)^*J 


The  numbers  to  be  excluded  are 


i.e., 


=  1  [mod  ( 1  d-  '2')®] 

=  dr  1  [mod  (1  -f 
«  =  dz  I3  ±  'i  [mod  (1  d- 

a  =  1,  3,  b  3i  [mod  (1  1)^]. 


Hence  the  numbers  =  2  -f-  b  1  +  2/,  2  d-  St,  3  -f  2t  [mod  (1  -fi  Imve  exponent  8. 
The  number  of  them  is  4  X  2“^  =  2®. 
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(xv.)  The  numhers  which  have  exponent  2'^/or  mod  (1  +  ^)^  [X>8  and  5 >3.] 

The  numbers  are  those  which  satisfy 

=  1  [mod  (1  + 

and  which  do  not  satisfy 

^  =  1  [mod  (1  4- 

The  first  gives 

«  =  d:  I5  i  ^  [mod  (1  +  if  X  —  25  >  2, 

and  the  second 


a=  d:  1?  i  0  [mod  (1  iy  2'S  +  3j_ 

Hence  the  numbers  with  exponent  2-'  for  mod  (1  -f  (X  —  25  >  2),  are 

d:  1,  ±  L  +  (1  +  1 

dz  dz  b  +  (1  +  +  ^  >.mod  (1  -f 

dz  1,  ziz  i,  +  (1  +  +  (1  +  ^y-'^+y 


-2^+3 


The  number  of  them  is 

12  X  N  (1 

=  2b  3.  22^-2 

—  2-2^  d-  22^  +  h 


y  mod  ( 1  d-  'if, 


If  X  is  odd,  =  2/r  d-  1  the  greatest  value  of  5  is  /a  —  I,  and  then  X  —  25  >  2. 

So  there  are  2^^*“^  -f  2^^“^  numbers  with  exponent  2'^“^  for  mod  (1  -f  i)~'^'^^,  viz. 

dz  1,  ±  i,  +  (1  d-  if 

±  1,  ±b  +  (l 

dz  1,  ±b  +  (l+^)'  +  (l  J 

7  d-  2l  5  d-  2i,  6  d-  3b  6  -f-  ^  1 
=  5  3  A  -\-  i  3i  >  mod  ( 1 

3  d-  2b  1  d-  2b  2  d-  3b  2  d-  i  . 


+  ^y 


So  for  mod  (1  -b  if'^'^^  there  are 


22/^-i  _|-  2^'"  ^  numbers  with  exp  2'"  ^ 

£2^  +  1  _p  2^* 

5? 

?5 

2* 

V  +  2» 

>? 

?? 

23  1 

25  d-  2*  d-  23 

5  ) 

3  J 

22 

2'^  +  2  +  1 

>  ? 

33 

2 

1 

3  3 

1 

making,  in  all,  2^'^  =  <l)  ( l  numbers,  as  it  should. 
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If  X  is  even  and  =  2ja,  then  we  may  have  5  =  />(,  +  1,  and  in  this  case  X  —  25  =  2. 
We  wish,  therefore,  to  find  the  numbers  with  ex|)onent  2'^“^  for  mod  (1  + 

We  have  to  take  the  solutions  of 

^  =  1  [mod  (1  + 

and  exclude  those  of 

^  =  1  [mod  (1  + 

The  first  leads  to 

0/  =  d:  1  [mod  ( 1  +  ^)*], 

and  the  second  to 

a  =  d:  1,  d:  *  [mod  (1  +  7)^], 

therefore 

CL  —  1  -J~  2'2',  2  d"  3  d~  2?,  2  -]~  3^  [mod  (1  -j~ 

Hence  the  numbers  with  exponent  2'"“^  for  mod  (1  +  are 

1  d"  2'?',  2  d"  h  3  d“  2i,  2  Si  [mod  [1  d~ 

The  number  of  them  is  4  X  N  (1  + 

—  2h  2^^*“^ 

For  mod  (1  +  there  are 


2^'^  ^  numbers  with 

exp  2^* 

22m -3  _p 

J? 

„  2-^ 

22^  +  1  _p  22^ 

5  ? 

„  2^ 

•7  7  1  ufi 

W  ^  JJ 

?  > 

„  23 

2"  d-  2“^  d-  23 

J? 

»  23 

2-  d-  2  d-  1 

?  5 

„  2 

1  1  ' 

))  )»  )j  I  J 

making,  in  all,  2"'*“^  =  <I>  (1  +  7)"'^  numbers  as  it  should. 

(xvi.)  Generators  for  the  modulus  (1  +  ^)^ 

If  X  =  2/r  +  1,  it  is  easy  to  see  that  in  order  to  generate  2“'"  numbers,  of  which  for 
each  exponent  tliere  shall  be  the  right  number  of  numbers  (as  just  found),  we  must 
take  three  generators  : — 

two  generators  with  exp  2'^  “  H 
and  p  • 

one  genei'ator  with  exp  2^  J 
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If  \  =  2/x,  we  can  similarly  see  that  we  must  take  three  generators 

one  generator  with  exp  2^"  “  ^ 

„  „  2'^-^  >  . 

„  23 

•/ 

We  have  now  to  show  how  these  may  he  selected,  so  that  all  the  numbers  generated 
may  be  incongruent. 

Any  number,  with  exponent  >  2  modulus  (1  +  iY,  has  one  of  its  powers,  and 
one  only,  which  has  exponent  2. 

Suppose  all  the  numbers  modulus  (1  +  iY,  arranged  in  7  groups,  so  that  all  the 
numbers  in  a  group  may  have  the  same  number,  with  exponent  2,  as  a  power. 

We  shall  now  prove  four  Lemmas  with  regard  to  these  groups. 

Lemma  (i.).  A  power  of  a  number  belonging  to  any  group  belongs  to  the  same 
group. 

Let  a  have  exponent  2h  and  belong  to  the  group  a,  i.e., 

^  =  a  [mod  (1  +  i)^]. 


Take  any  power  of  »,  say  where  i  is  odd. 
Its  exponent  is  (Proposition  iv.) 

Therefore 


^.e., 


a- 


.,s-l 


^  has  exp 


and  it  is  =  a\  and,  therefore,  =  a,  because  i  is  odd. 

Therefore,  any  power  of  a  belongs  to  the  same  group. 

Lemma  (ii.).  If  a  and  a  have  exponent  '2%  and  belong  to  the  same  group  a,  then 


For 

Therefore 

Lemma  (hi).  If 
and 


{aa'Y'  ^  =  1  [mod  (1  +  ^y]. 

^  1 

or  =  a. 
a  cc. 

{aa'Y'  *  =  =  1  [mod  ( 1  +  i)^]. 

a  has  exp  2'’  and  belongs  to  group  a, 
b  2^  ,,  13, 


os 

,,  5  > 


then 


ah 
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where 

aySy  —  1. 

For 

os-l 

«"  —  a, 

Therefore 

=13. 

and,  therefore, 

(ahy^  ^  =  a/3  =  y  [mod  ( 1  + 

ah  has  exp  2^,  and  belongs  to  group  y. 

Lemma  (iv.).  If 

and 

a  has  exp  2*'^'"  and  belongs  to  group  a, 

then 

h  „  2^  n  „  13, 

ah  „  2*^"  „  „  a. 

For 

oS  +  cr  —  1 

ct  =  a, 

and,  therefore. 

l/-^=J3, 

Therefore 

/  7  \9^  +  cr  —  1  _ 

=  a. 

Therefore 

ah  has  exp  2®  and  belongs  to  group  a. 

Now,  suppose  that  we  take  these  generators  with  the  necessary  exponents.  They 
must  be  chosen  so  that  the  numbers  they  generate  are  all  incongruent. 

Let  P3,  P'3  be  the  generators. 


Then,  g^,  gh\  g^  E 

>  9^'  [mocl  (1  +  must  be  impossible  unless 

=  ^y  (mod  exp  g^), 

4  =  4'  (iiiocl  exp  P'3), 

i-i  =  H  (mod  exp  g.^, 

i.e.,  g/-,  g'J^=  1  [mod  (1  +  7)^]  must  be  possible  only  when 

Ji  =  0  (mod  exp  g{},  =  0  (mod  exp  ^3),  =  0  (mod  exp  pg). 

We  shall  now  show  that  to  render  this  so,  the  three  o’enerators  must  belono'  to 
three  different  groups,  and  that  those  three  groups  must  not  be  any  one  of  the  seven 
sets  of  three,  such  as  a,  y,  for  u'hich  a/3y  =  1. 
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Let  us  denote  the  exponents  of  g^,  g^  by  2^\  [When  \  is  odd  these  are 

2'"-!,  2'""^  2^,  and  when  \  is  even,  2'^~\  2'"“b  2^.] 

First  suppose  that  any  two  of  the  generators  belong  to  the  same  group. 

Say  gi  and  g^  both  belong  to  the  same  group  ;  5^  and  5^  may  be  equal  or  unequal. 

If  5^  z=  So,  Lemma  (ii.)  shows  that  the  exponent  oi g-^g^  divides  2^^~\  therefore 

=  1  [n^od  (1  +  f)^], 
gf'  ~  V/'  ~ =  1  [mocl  ( 1  +  ifl 

where 

2^1-'^  ^  0  (mod  2'^'), 

2'Si-i  ^  0  (mod  2'’^), 

therefore  g^,  g^,  cannot  belong  to  the  same  group. 

If  52  =  ^3  +  cr,  then  p'/  has  exponent  and  Lemma  (ii.)  shows  that 

i/r"Vr"""=l[mod(l+f)^], 

where 

2'5i-i  =  0  [mod  (1  +  ^)^], 

therefore  g^  and  y,  cannot  belong  to  the  same  group. 

Hence  the  three  generators  must  belong  to  three  difiPerent  groups. 

Next  suppose  that  the  three  generators  belong  to  three  groups,  such  as  a,  yS,  y. 
Then 

=  a^y=  l  [mod  (l  +  f)^J, 

where 

2'Si  - 1  ^  0  (mod  2''^), 

2'Sa-i  ^  0  (mod  2''^), 

2.S3-1  ^  Q  (niod  2^’), 


and  therefore  the  three  generators  must  not  belong  to  three  such  groups. 

Finally,  we  can  see  that  if  the  three  generators  are  taken  from  three  different 
groups,  excluding  the  seven  sets  of  three  groups,  then 


gi^'  92^^-  9-6^"  =  1  [mod  ( 1  +  f )"] 

is  not  possible  unless 

ii  =  0  (mod  2'’i), 

=  0  (mod  2'’"), 
jig  =  0  (mod  2^“). 

Lemma  (i.)  shows  that  g9\  g^^,  g^^  belong  to  the  same  groups  as  do  g^,  g^,  g^- 
Suppose  tliat  these  are  a,  yS,  and  S. 

MDCCCXCIII. — A. 


2  N 


274  MR.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS 


The  Lemmas  (iii.)  and  (iv.)  show  that  the  group  to  which  P'3 ^3 belongs  is 
one  of 


t.e., 


a,  /8,  8,  a/8,  a8,  ySS,  or  a/BB, 

a,  /3,  s,  y,  e,  r],  or  9, 


and  in  no  case  is  the  product  congruent  to  unity,  save  when  each  factor  is  so 
separately. 

The  result,  therefore,  is  that  for  modulus  (1  +  iY  we  have  to  take  three  generators 
with  the  exponents  determined  in  the  last  proposition,  and  such  that  the  product  of 
the  three  numbers  with  exponent  2  that  they  separately  produce  shall  not  be 
congruent  to  unity. 

Examiole. — Mod  (1  +  i)^.  $  (1  +  =  2h 

The  exponents  of  the  generators  are 

23,  2^,  2l 

The  2®  numbers  with  exp  2^  are 


1  +  2b 

2  +  i, 


3  +  2^■  1 

2  +  3?:  I 

j 


(mod  4). 


The  2®  +  2^  +  2^  numbers  with  exp  2~  are 

.  >  (mod  4)  and  3,  5,  3  +  4b  5  +  4b  1  +  4b  7  +  4i  (mod  8). 
3^  J 


The  23  +  2+1  numbers  with  exp  2  are 


15,  9,  7,  1  +  8b  15  +  8b  9  +  8b  7  +  8h 


If  of  these  we  take 

and 

we  have 


and 

and 


2  +  ^  with  exp  8, 

3  with  exp  4, 

i  with  exp  4, 

(2  +  ?:)^  =  9  +  8f  [mod  (1  +  i)®], 

33=  9  [mod  (1  +  iYY 

=15  [mod  (1  + 

9  +  8^ .  9  .  15  =  1 5  +  8^  ^  1  [mod  (1  +  i)®]. 


therefore,  2  +  i,  3,  and  i  generate  the  2^  numbers. 
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Example. — Mod  (1  +  ‘I>(l  +  ^y  =  2®.  The  three  generators  have  exponents 

2^  2^  2®. 

The  2'^  +  2®  numbers  with  exp  2®  are  (see  Proposition  xv.)— 

^7~j“2'i,  5“}"2?,  6-hL  S?-,  3-T'22.,  l-j-2i,  2-j~32.,  2-|~i [|mod  (1 

The  2®  +  2“^  +  2®  numbers  with  exp  2^  are 
=  dz  ^  [mod  (1  +  and  7,  9,  3  +  4i,  5  +  42,  11  +  42,  13  -f-  42  [mod  (1  -j-  2')^]. 

The  2^  +  2  +  1  numbers  with  exp  2,  are 

15,  17,  31,  7  +  8?,  23  +  82,  25  +  82,  9  +  8?. 

If  of  these  we  take 

2  +  2  with  exp  8, 

3  with  exp  8, 


and 

we  have 


(2  +  2)^ 

34 


9  +  82 
;17 
15 


2  with  exp  4, 


>  and  15.  1 7  .  (9  -{-  82)  7  82  ^  1 . 


Therefore  2  +  2,  3,  and  2  generate  the  2®  numbers. 

(xvii.)  From  Propositions  ix.,  xii.,  xiii.,  and  xiv.  the  exponent  of  a  number  for  any 
modulus  (to  which  it  is  prime)  is  readily  determined. 

Let  the  modulus  be  expressed  as  a  product  of  powers  of  its  prime  factors, 

m  =  (1  +  2)'‘P/‘P/^ .  .  . 

where  P;^,  Pg,  .  .  .  are  pure  primes,  and  Q],  Qg,  .  .  .  are  mixed  primes,  and  equal  to 
“1  +  /3iL  ag  +  ^g2  .  .  . 

Then,  by  Proposition  ix.,  the  exponent  of  any  number  a  is  the  L.C.M.  of  its  separate 
exponents  for  the  moduli 

(1  +  iy,  Pl^  Pg^  .  .  .  Q/s  Qg'^^ .  .  . 


The  greatest  exponent  -possible. — The  greatest  exponent  for  mod  (1  +  2)" 


is 


1  if  K  =  1, 

2  if  K  =  2, 

4  if  2  <  /c  <  8, 


2*'  -  Mf  8  ^  /c  =  2k  or  2k  +  1. 

2  N  2 
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The  greatest  exponent  for  mod  P/'  is 

—  1  if  =  1, 

Oif  >  2. 

The  greatest  exponent  for  mod  Qp'  is 

—  1  if  f^i  = 

(a/  +  —  1)  if  [Xi  >  1, 

and  the  greatest  exponent  for  mod  m  is  the  L.C.M,  of  these  separate  greatest 
exponents. 

Primitive  roots  exist  when  the  greatest  exponent  is  equal  to  <I>  {m),  and 
$  (m)  =  fh  (1  +  iy  .  ^  (Pi^‘)  .  ^  (Py^)  .  .  .  <t)  cp  (Q/^)  .  .  . 

and 

cp  (1  +  iy  =  1  if  /c  =  1 

=  2''-'  if  K  >  1, 

cp  (P^^i)  =  p^2  _  1  if  =  1 

=  Pi3(^i-i)(Pj3-  1)  if  Xi  >  2, 

=  a/  +  -  1  if  Pi  =  1 

=  W  +  ^  —  !)• 

The  only  cases  in  which  the  greatest  exponent  can  be  equal  to  «P  {ra)  are  those  in 
which  the  separate  exponents  are  each  equal  to  the  (P  of  the  modulus  they  refer  to 
and  are  also  co-prime. 

Hence  we  have  the  folio v/ing  moduli  possessed  of  primitive  roots  : — 

(1)  The  moduli  1  +  7,  (1  -f  if,  (1  +  ^f  \ 

(2)  Any  pure  prime  and  (1  +7)  X  any  pure  prime  ; 

(3)  A  power  of  a  mixed  prime  and  (1  X  a  power  of  a  mixed  prime. 
Example. — To  find  the  exponent  of  3  +  2?’  for  mod  1000. 


1000  =  23 .  53  =  -  (1  +  if  (2  4-  if  (1  +  2/)3. 


The  exp  of  3  +  27  for  mod  (1  -f  2y’  is  4. 

3  -f  27  =  1  (mod  2  -j-  7), 

and  therefore  has  exponent  1. 

(3  -f-  27)^  ^  1  [mod  (2  -f  7)"] 


tlierefore 
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and  therefore  has  exp  4. 


3  +  2?  has  exp  5-  for  mod  (2  +  i)^. 
3  +  2f  =  2  (mod  1  +  2?), 

(3  +  2i}^  =  2l  [mod  (1  +  2^■)"] 


therefore 


3  +  2i  has  exp  4  .  5^  for  mod  (1  +  2^)^. 


The  exponent  required  is  the  L.C.M.  of  4,  5^  and  4.5^=  100. 

Therefore  the  exponent  of  3  +  2i  for  mod  1000  is  100. 

(xviii.)  Proof  identical  with  (18). 

If  a  be  not  prime  to  m  and  m  =^P  wl)ere  consists  of  powers  of  those  primes 
which  occur  in  a,  and  P  is  prime  to  a,  then  the  series  of  residues 

a,  o?,  a^, .  .  .  o’,  .  .  .  o’^'^h  •  •  •  (mod  m) 


consists  of  periods  of  t  terms,  the  first  period  beginning  at  the  term  :  where  t  is  the 
exponent  of  a  for  mod  P,  and  r  is  the  least  number  that  makes  o’"  divisible  by  jj. 
Corollary. — When  o  =  1  (mod  P)  ^  =  1  and  the  period  consists  of  one  term. 

When  a  is  divisible  by  p  the  first  period  starts  from  the  first  term. 

When  both  these  conditions  hold  good  then  every  power  of  a  is  =  a  (mod  m). 
Example. — Pesidues  of  powers  of  2  +  f  for  mod  10. 

10=  -  (l+^)3(2  +  ^)(l+20, 

P  =  2  +  b 

P  =  (1  +  if  (1  +  2i), 


therefore  r 
Now 

and 

therefore 


=  1,  and  t  is  the  exponent  of  2  +  for  mod  (1  +  ^)^  (1  +  2i). 


2  fi-  f  f  [mod  (1  +  and  therefore  has  exp  2 
2  +  f  =  4  (mod  1  +  2i) 

t  =  2. 


> 


5?  5? 


The  period  consists  of  two  terms  and  the  first  period  begins  at  the  first  term 


2  +  U 

(2  +  if  =  3  +  ^i, 
(2  +  if  =  2  + 

&c. 
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Example. — Residues  of  powers  of  (1  +  ^)  for  mod  100  =  (1  +  ?)^  (2  +  (1  +  2{)-, 

=  (1  +  if, 


and  therefore 


r  =  4, 

P  =  (2  +  (  1+  2^)^ 


therefore 
Similarly 

therefore 
and  therefore 


1  i  has  exp  4  mod  2  +  {  and  (1  if  [mod  (2  +  1)^], 

1  +  has  exp  20  mod  (2  +  if. 

1  +  {  has  exp  4  mod  1  +  2^  and  (1  if  ^  1  [mod  (1  4*  2i)~], 
1  +  ?’  has  exp  20  mod  (1  +  2if, 


t  =  20. 

The  residues  are 

1+7  27  98  +  27  96  96  +  967  927  8  +  927  16  16  +  167  327 

68  +  327  36  36  +  367  727  28  +  727  56  56  +  567  127 

88  +  127  76  76  +  767  527  48  +  527. 


Example. — The  residues  of  the  powders  of  688  +  7847  for  mod  1000. 

1000  =  -  (1  +  if  (2  +  if  (1  +  27)3. 

688  +  7847  =  0  [mod  (1  +  if]. 

688  +  7847=  688  —  57  (784)  [mod  (2  +  7)®].  (See  preface.) 

=  0  [mod  (2  +  7)3]. 

d 

688  +  7847  =  688  +  57  (784)  [mod  (1  +  27)3]. 

=  1  [mod  (1  +  27)3]. 


Hence,  r  =  1  and  7=1,  and  so  all  powers  of  the  number  688  +  7847  are  congruent 
to  itself  for  mod  1000. 


688 

688 

784 

688 

784 

784 

504 

752 

136 

04 

04 

72 

8 

6 

8 

344 

392 

656 

2 

784 
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therefore 

(688  -h  784^)2  =  (344  _  q^q  784t)  (mod  1000) 

=  688  +  784i  (mod  1000). 

(xix.  and  xx.)  The  proofs  and  results  are  the  same  as  in  (19)  and  (20). 
Example. — Mod  10  =  2.  5  =  —  (1  -{■  if  (2  i)  2i). 

To  find  a  so  that 


We  shall  have 

a  =  a-^  [mod  ( 1  +  i)^] 

=  [mod  (2  +  i)] 

=  oc;^  [mod  (1  +  2{)J. 

a  =  +  a3^3(mod  10), 

where  ^3,  are  found  thus  : — 

=  (2  +  ^■)  (1  +  2i)  =  1  [mod  (1  +  i)^], 


and  therefore 

5i  Xi=  1  [mod  (1  +  ^)^], 
iXi  =  1  [mod  (1  +  0  ']’ 

=  i, 

^^  =  5  (mod  10). 

£3  =  (1  +  if  (1  +  2^)  X3  =  1  (mod  2  +  i), 

{2i  —  A)  x.2=  1  (mod  2  + 

and  therefore 

—  8X3  =  1  (mod  2  +  i), 

a?3  =  3  (mod  2  +  i), 

^3  =  8  +  6i  (mod  lO). 

^3  =  ( 1  +  if  (2  +  i)  a-3  =  1  (mod  1  +  2i), 

(4i  —  2)  a?3  =  1  (mod  1  +  '2i), 

—  ‘^x^  =  1  (mod  1  +  2i), 

and  therefore 

a‘3  =  1  (mod  1  +  2i), 

I'g  =  8  +  4^  (mod  10). 

Hence 

a  =  5oij^  +  (8  +  6i)  a3  +  (8  +  4i)  ot^  (mod  10), 

e.ff.,  if 

«!  =  1  [mod  (1  +  ^)^]" 

%  =  4  (mod  2  i)  > 

063  =  3  (mod  1  +  2^)  J 
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then 

ct  zzi  5  -|-  (8  bi)  4  -f-  (8  -j-  4?-) .  3  .  (mod.  1 0), 

=  5  +  2  4-  4i  H-  4+  2^■  (mod  10), 

=  \  -\-  Qi  (mod  10). 

(xxi.)  I’he  number  of  numbers  which  belong  to  a  given  exponent  when  the 
modulus  is  a  power  of  a  prime. 

We  have  three  cases  to  consider 


(1)  When  the  modulus  is  a  power  of  a  pure  prime. 

(2)  When  the  modulus  is  a  power  of  a  mixed  prime. 

(3)  When  the  modulus  is  a  power  of  1  +  i. 


(1.)  We  saw  in  Proposition  xiia,  that  for  the  modulus  we  can  generate  the 
<I>  (j/)  =  residues  prime  to  the  modulus  by  three  generators 


and 


f  and  f  each  with  exp  ^ 
h  with  exp  —  1. 


How  many  of  the  residues  have  exponent  pH,  where  5  4  ^  ~  1  and  t  divides 

p"-  -  1  ? 

Of  thep^  —  1  powers  of  h,  (f)  (t)  have  exponent  f. 

Of  the  p)^  ~  ^  powers  ofyi  p>^  have  exponent  a  power  of  p 
Of  the  p^~^  powers  of  f ,  p^  have  exponent  a  power  of  p  4  P'’- 
Therefore  f  and  f'  generate  p^^  numbers  with  exponent  '\>  and  similarly 
numbers  with  exponent  4  P* "" 

Therefore  f  and  f'  generate  p~^  —  p^^  ~  “  numbers  with  exponent  pt 
Therefore  y]  f,  and  g  generate  (p^"  —  p^^“")  9  [t)  numbers  with  exponent  ift,  i.e.,  the 
number  of  numbers  with  exponent  jjH  mod  p^  is  (p““’  —  ~  “)  ^  (0- 

In  particular  the  number  of  numbers  with  exponent  p®  is  p-^  —  p“®  “ and  the 
number  of  numbers  with  exponent  t  is  ff)  (t)  if  t  is  prime  to  p. 

(2.)  Any  power  of  a  mixed  prime,  (a  +  (Hy,  has  primitive  roots,  and  hence,  as  in 
(21),  the  number  of  numbers  with  exponent  t  [any  divisor  of  (4  +  ~  (“~  "b 

is  </)  {t). 

(3.)  The  number  of  numbers  with  exponent  a  given  power  of  2  for  modulus  (1  +  iY 
was  found  completely  in  Propositions  xiv.  and  xv. 

(xxia.)  It  will  be  convenient  for  the  succeeding  propositions  to  express  the  number 
of  numbers  which  have  a  given  exponent  for  modulus  (1  +  ?)h  in  terms  of  the 
exponents  of  the  generators.  By  so  doing  we  shall  avoid  the  detailed  discussion  of 
the  cases  arising  fi-om  ditferent  values  of  X,  which  was  necessary  in  Part  I. 

Suppose  2'^,  2"',  2""  are  the  exponents  of  the  generators. 

The  exponent  of  the  product  of  any  powers  of  the  generators  is  equal  to  the 
highest  exponent  of  the  tliree  (Proposition  viii.). 
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The  generator  with  exponent  2''  generates 

2®  numbers  with  exp  :|>  2*  if  /c  >  5, 

2'‘  numbers  with  exp  2^  if  k^s. 

Suppose  by  {k)^  we  denote  that  k  is  to  be  rej^laced  by  s  if  k  exceeds  s.  Then  in 
either  case  the  generator  with  exponent  2"  generates 

2^'"^®  numbers  with  exp  ^  2\ 

Similarly  the  two  other  generators  generate  respectively 

2('‘'t  numbers  with  exp  2\ 

and 

2  (*"^3  numbers  with  exp  2\ 

Therefore  the  three  generators  generate 

2  fK  +  k'  +  -c'')s  with  exp  ^  2^, 

i.e.,  thei’e  are,  for  modulus  (1  +  iy, 

2  (k  +  k'  +  /t")s  numbers  with  exp  ^  2t 

Similarly  there  are 

2(>t  +  «'  +  *")s_i  numbers  with  exp  2®“h 

Hence  there  are 

(k  +  k'  +  C}  (k  +  k'  +  K  '}g  _  1 


numbers  with  exponent  2^  for  modulus  (1  4-  iy. 

This  result  clearly  holds  good  when  one  or  two  of  the  k’s  is  absent,  as  is  the  case 
when  X  is  less  than  5. 

(xxii.)  The  number  of  numbers,  for  modulus  m,  each  of  which  has  as  exponent  some 
power  of  a  prime  2^  being  a  divisor  of  {in). 

Let 

m  =  (I  +^■)'‘P/‘P2^  .  .  .  .  .  . 

where  P^,  Pg,  .  .  .  are  pure  primes  and  Q^,  Qg,  .  .  .  are  mixed  primes. 

^  (m)  =  tP  (I  +  $  (P/i) .  <E)  (Pg^^)  .  .  .  (P  (Qg^^)  .  .  . 

(J)  (1  +  z=  2''“2''»'2'''’" 

where  2''“,  2"“',  2“^",  are  the  exponents  of  the  generators  for  mod  (1  and  suppose 

that 

cp  (P/i)  =  {'Py  —  1)  =  .  .  . 

Cp  (Pg^^)  =  P22(A,-I)  _  1)  —  _ 

&c.  &c. 

2  o 
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With  regard  to  these  we  shall  follow  a  convention  which  will  be  useful  in  simpli¬ 
fying  the  next  proposition. 

Firstly,  we  write  2'‘“2'‘'''2''“',  and  not  2''“ Thus  the  value  of  (S/c)*  will  be 
[Kq  -1-  /Cq' •+  ACy"  +  ”1-  ACg  -j-  .  .  .  )s,  and  not  (aCq  Kq  K(^  -f-  AC^  -f-  +  •  •  •  )r 

Secondly,  in  .  .  .  occurs  the  prime  Pj  raised  to  the  power  2  ~  I)- 

We  shall  suppose  it  written  and  not  P^* 

For  the  rest  of  the  princij^al  factors  no  such  arrangement  is  necessary. 

Let 

cl)  (Qy^)  =  .  .  . 

(Q/")  =  .  .  . 

(5rc.  &c. 


As  in  (22)  the  number  of  numbers  which  have  some  power  of  p  as  exponent  is  the 
product  of  the  number  of  such  numbers  for  each  separate  modulus  (1  +  iy,  P/s  c&c. 


Now  the  number  of  numbers  for  mod  P/‘  is  the  power  of  p  in  (Pi^*) 

P  Ao 

>i  )5  ))  ^  -2  ■>>  J5 

O 

J)  )>  Wl  !)  ;5 

&c. 


^  (Ps^O  >Fi’op.  (xxi.). 


Hence  the  number  of  numbers  with  exponent  a  power  of  is 
In  particular  the  number  of  numbers  with  exponent  a  power  of  2  is  2~‘''h 
(xxiii.)  The  number  of  numbers  having  a  given  exponent  for  modulus  m,  2/ being 
a  divisor  of  the  greatest  exponent. 

Any  such  number  has  a  power  of  p  or  unity  for  its  exponent  for  each  of  the  moduli 
(I  -f  iy,  PjN  •  •  ■  &c.,  and  the  greatest  power  of  p  among  these  exponents  must  be  p\ 
As  in  (23)  the  number  of  numbers,  modulus  P/*,  which  have  as  exponent  a  power 
of  y>  not  greater  than  qf  is  (if  P^  is  not  p)  pF^‘. 

In  the  particular  case  when  P^  is  the  prime  p,  if 


Xj  —  1  is  >  s  there  are  p~^  numbers,  mod  P^^'  with  exp  a  power  of  p  > 


and  if 


Xj  —  1  is  <  .S'  there  are  p 


,n2(Ai-l) 


In  either  case  the  number  is 

Now  we  have  arranged  that  in  T*  (P|^‘)  the  power  of  P^  {p)  in  this  case)  shall  be 
written  qFpS,  and  not  :  thereby  we  easily  express  the  number  of  numbers  with 

exponent  a  power  of  qo  p^  for  modulus  P/',  which  is  or  +  which 

is  not  qF^'-'^’. 

For  modulus  Qj'"’  the  number  of  numbers  with  exponent  a  power  of  jn  p^  isp^^'b 

Multiplying  these  numbers  we  get  as  the  number  of  numbers  with  exponent 
a  power  of  p  >  qf. 
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Hence  the  number  of  numbers  with  exponent  modulus  m  is 

Example. — Mod  3^(3  +  2i).  The  greatest  exponent  is  the  L.C.M.  of  3^(3’^  ~  1) 
and  12,  =  72. 

We  will  find  how  many  numbers  have  exponent  3^,  and  how  many  numbers  have 
exponent  3. 

fi>(33)  =  23. 3^  3x 
(I>(3  +  2f)  =  2^  3. 


The  number  of  numbers  with  exponent  3^  is 

g(3  +  2'  +  l)2  __  g(2+2  +  l)i 

=  35  -  33. 


The  number  of  numbers  with  exponent  3  is 


Hence 


and 


0(2  +  3  +  l)i  Y 

33  -  1. 

33  —  33  numbers  have  exp  3^. 
33  —  1  numbers  have  exp  3. 

1  number  has  exp  1. 


(xxiiirt.)  By  writing  $(1+7)'' in  the  form  2''“2''“'2''""  we  are  enabled  to  apply 
exactly  the  same  method  to  this  case  as  we  have  to  the  case  of  any  odd  prime  The 
result  we  obtain  is  that  the  number  of  numbers  with  exponent  2'*  for  mod  m  is 

2(2/<)s  __ 


Example. — Mod  12  +  47  =  7  (1  +  7)3(1  +  27).  Highest  exponent  =  2^.  $  (m)  =  2®. 

$(1  +  7)3  =  23.  2. 2. 

$  (1  +  27)  =  23. 

The  number  of  numbers  with  exponent  2^ 


+  1  +  1  +  2)2  “  (2  +  1  -f*  1  +  2)i 

—  2^  —  2b 
2  o  2 
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Tlie  mimber  of  numbers  with  exponent  2 


Tims  there  are 


_  2(2  + 1  + 1  +  ^).  _  [ 


—  .>!• 


1. 


2^  —  2^'  numbers  with  exp  4.  ' 

2^-1  „  „  2.  > 


1 


55 


55 


1. 


Corollary  to  xxiii.  and  xxiha. — The  number  of  numbers  that  belong  to  any 
exponent  is  simply  the  product  of  the  number  of  numbers  that  belong  to  each  of  its 
principal  factors  as  exponents. 

Thus,  for  mod  m,  tlie  number  of  numbers  with  exp  t  =  p^<f  ...  is 

Example. — Mod  (1  +  .  3“  (3  +  2i)  (4  +  i)  =  --  i .  72  (10  +  IH). 

cp  (1  +  =  2.  2b  2b 

cp  (32)  =  2b  3.  3. 

(h  (3  +  27)  =  2b  3. 

(4  +  7)  =  2b 


The  highest  exponent  is  2b  3^. 

cp  (?)i)  =  2ib  3b 


The  numbers  k  are  1.  2. 


Therefore 


(20i=  14, 
(203=  13, 

(203=  11, 

(2k)i  =  6, 
(%k)„  =  0. 


.>ir 

013 

numbers  have 

exp 

or 

> 

Ol3  _ 

Oil 

03 

55 

55 

5  5 

Oil _ 

06 

o3 

55 

55 

55 

^  5 

06  _ 

1 

55 

5  5 

5  5 

0 

The  numbers  I  for  the  prime  3  are  1.  1.  1. 
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(tl).  =  3, 

{tl)o  =  0, 

therefore  3®  —  1  numbers  have  exp  3. 

From  these  we  deduce  that 

(3^  —  1)(2^*  —  2^®)  numbers  have  exp  3.  2h 
(33_  i)(213_  oil)  „  „  „  3.23, 

(33-1)  (211 -23)  3.  2^ 

(33-1)  (23-1)  „  „  ,,  3.2. 

Including’  1  which  has  exponent  1,  this  makes  the  complete  set  of  2ii.  33  numbers, 
(xxiv.)  A  special  set  of  generators  which  generate  the  h  (ni)  numbers,  modulus  m. 

m  =  {1  iy  P/'  .  .  .  Qi'"'  .  .  . 

Three  numbers  (p,  (p',  (p",  generate  the  residues  for  modulus  (1  +  (Pj'opositions 
xiii.  and  xvi.)  Two  numbers  g^,  generate  the  residues  for  modulus  P/'.  (Pro¬ 
position  xiia.),  &c.  One  number  g\  generates  the  residues  for  modulus  Qd'.  (Pro¬ 
position  xii.),  &c. 

Suppose  any  number  a  modulus  m  is 

=  [mod  (1  +  U)] 

=  (mod  P]^^^), 

&c. 

=a\  (mod  Qd‘)> 

&c. 

Then 

«  =  +  •  •  •  +  “  +  •  •  •  (mod  m).  (Propositiori  xix.) 

If  now 

rxQ  =  (p‘°(p'''’’(p'''"'>  [mod  ( 1  +  ly^ 

=i/iyp(modP/0, 

&c. 

a'l  =  g'y^  (mod 
&c. 

Thus 

a  =  ^  +  .  .  .  +  g'l'^^'i  +  .  .  .  (mod  m) 

=  [<l>eo+  ^1+  •  .  .  +  +  •  .  •  +  +  .  •  -7“ 

[^''^0  +  +  •  •  •  +  fi  +  •  •  -7  “  [^0  +  ffi^i  +  •  •  •  +  ^'1  +  •  ■  -J' 

[^0  +/i^i  +  •  •  -7'  •  •  •  [^0  +  +  •  •  •  +  +  .  .  -7'  •  •  •  (mod  m) 

=  [(‘^  -  1)  ^0  +  17  [( 4>'  -  1)  ^0  +  1]^'"  -  1)  ^0  +  17'“  [{(h  -  1)  +  1]^^ 

[(/i  -  1)  +  0^'  •  •  •  [(7i  -  1)  +  17'‘  •  '  •  (mod  m). 
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where  the  numbers  in  the  square  brackets  are  a  set  of  generators  whose  exponents 
are,  in  order,  Kq,  k'q,  k"q,  —  1),  P/'“h  .  •  .  (Qi'"')  •  •  •  whose  product  is  equal 

to  $  (m). 

Example. — Mod  10  =  —  (1  +  (2  +  i)  (1  +  2i) 

1  with  exp  2  generates  the  2  numbers  mod  ( 1  +  i)~ 

2  ,,  4  „  4  „  2  +  t 

2  „  4  „  4  „  1  +  2h 

Hence  the  following  will  generate  the  <1>(10)  =  32  numbers,  mod  10,  viz., 


where 


ili+  fa 

f,  +  2f,+  ft 

^1  H~  ^3  +  2^3 


>  mod  10, 


^1=5 


Hence 


=  8  +6?'  1^3  =  8  +  ii.  (See  Example,  Proposition  xix.) 

5/+  8+6t  +  8  +  4?;=6  +  5r 

5  -|-  2(8-l“b'i)-|-  8  -p  4?  9  -p  >(mod  10). 

5  +  8  +  6?  +  2  (8  +  li)  =  9  +  4i^ 

9  -p  4^  with  exp  4 
9  +  6i  „  4 


> generate  the  32  residues. 


6  +  bi 


The  indices  corresponding  to  each  of  the  32  numbers  are  given  in  the  following 
table. 


Numbers. 

Indices  of 

Numbers. 

Indices  of 

6  +  54. 

9  +  64. 

9  +  44. 

6  +  hi. 

9  +  64. 

9  +  41. 

1 

0 

0 

0 

G  +  54 

1 

0 

0 

9  ^  a 

0 

0 

1 

4  +  9i 

1 

0 

1 

5  +  2i 

0 

0 

2 

7i 

1 

0 

2 

7  +  8i 

0 

0 

0 

0 

2  +  34 

] 

0 

3 

9  +  6i 

0 

1 

0 

4  +  4 

1 

1 

0 

7 

0 

1 

1 

2  +  54 

1 

1 

1 

3  F  8  'i 

0 

1 

2 

8  +  34 

1 

1 

2 

5  +  44 

0 

1 

3 

94 

1 

1 

3 

5+84 

0 

2 

0 

34 

1 

0 

u 

0 

3  +  24 

0 

2 

1 

8  +  74 

1 

2 

1 

9 

0 

2 

2 

4  +  54 

] 

2 

2 

1  +  64 

0 

2 

3 

6+4 

1 

2 

0 

0 

7  +  24 

0 

3 

0 

2  +  71 

I 

»'> 

0 

0 

5  +  64 

0 

3 

1 

i 

1 

3 

1 

1  +  44 

0 

3 

2 

6  +  94’ 

1 

3 

2 

3 

0 

3 

3 

8  +  hi 

1 

3 

3 

E.q.,  6  +  /  =  (6  +  5/)  (9  +  (\i)~  (9  d-  4^)^  (mod  10). 
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(xxv.)  Proposition  (25)  is  completely  applicable  to  the  case  of  complex  numbers 
and  moduli.  The  result  arrived  at  we  may  re-state  as  follows : — The  most  general 
set  of  numbers  which  generate  the  <3?  [m]  residues  for  modulus  m  must  always  he  con¬ 
structed  in  this  manner,  viz.,  we  must  form 


a  set  of  jj-power-exponent  generators 
a  set  of  (^-power-exponent  generators 
&c.  &c. 


2L  <1,  .  •  .  being  the  prime 
factors  of  (p  (m). 


each  generator  must  then  be  formed  by  taking  numbers  from  these  sets,  not  more 
than  one  from  each,  and  forming  their  product.  Each  number,  moreover,  in  these 
subsidiary  sets  is  to  appear  once  and  once  only  as  a  factor  of  one  of  the  generators 
that  are  thus  formed. 

It  remains  to  investigate  the  most  general  mode  of  formation  of  a  set  of  yi -power- 
exponent  generators. 

(xxvi.)  The  proof  of  Proposition  (26)  holds  good  for  complex  numbers  and  moduli. 
It  shows  that  the  exponents  of  any  set  of  ^j-power- exponent  generators  must  be  the 
same  set  of  powers  of  ])  as  those  which  occur  in  the  $’s  of  the  principal  factors  of  m ; 
i.e.,  they  are  what  have  been  denoted  by  .  .  (see  Proposition  xxii., 

in  which  the  convention  stated  must  be  strictly  attended  to).  The  convention  of 
Proposition  xxii.  makes  the  treatment  of  the  2-power-exponent  numbers  uniform 
with  that  of  the  p-power-exponent  numbers ;  hence  the  same  result  is  true  for  the 
2-power-exponent  numbers,  viz.,  that  the  exponents  of  any  set  of  2 -power-exponent 
generators  must  be  2''“,  2*'“,  2'"''",  2*‘,  .  .  .  2*''  ,  ,  , 

The  least  number  of  generators  for  a  (given  modulus  m. 

As  in  (26)  we  see  that  the  least  number  of  generators  is  equal  to  the  number  of 
terras  of  that  row  which  contains  most  among  the  following  : — 


Kq  q  q  (^2  ...  K  2  ^  ' 

I  I  V  r 

'1  '2--  -  ^1  ^2  •  •  • 

m.2  .  .  .  m\  m^  •  •  • 

Consider  first  the  set  of  numbers,  k'q  k"q  ...  k  ^  . 

Since  P^  is  an  odd  prime,  therefore 

is  even,  and  therefore  /Cj  always  occurs. 

Similarly  in 

(Q -)  =  (a,^  +  /3r  -  1) 
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a,“  +  is  a  real  odd  prime  number,  and  therefore 

^  (QdO 

is  even,  and  therefore  k'i  always  occurs. 

For  the  numbers,  Kq  k'q  k'q,  all  three  occur  if 


two  occur  if 
one  occurs  if 
none  occur  if 


K  >  4  [m  =  (l  +  Pd'  •  •  •  Qd'  •  •  •]> 
K=  4, 
k=3,2,  1, 

=  0. 


Hence,  if  we  denote  by  n  the  number  of  different  prime  factors,  Pj  Po .  .  .  Qi  Q2  .  .  . 
of  m  (excluding  1  +  ^)  then  the  number  of  terms  in  the  set  of  numbers  Kq  k'q  k'q  k^.  .  . 
k'i  ..  .  is 

n  +  3  if  K  >  4, 
n  2  if  K  =  4, 

n-\-  i  if  «  =  3,  2,  1, 
n  if  /c  =  0. 


These  numbers  give  an  inferior  limit  to  the  least  number  of  generators.  In  all  but 
one  exceptional  case  the  least  number  of  generators  coincides  with  these. 

Consider  next  the  set  of  numbers,  U  .  .  .  //  V  •  •  . 

//  occurs  if  divides 

cp  (Pd‘)  =  Pd<"'-’HPd-  !)• 

If  it  divides 

Pf  -  1 

it  occurs  once.  If  it  is  identical  with  Pj  then  it  occurs  twice  (/j  =  Xj  —  1),  and  the 
set  of  numbers  would  be  written  /,  /o  .  .  .  U  .  .  , 
occurs  if  'p  divides 

T  (Qd')- 

Therefore  the  number  of  terms  in  the  set  exceeds  n  (and  is  equal  to  n  -f  I) 
when  m  is  such  that 

T  (QP‘),  (Q2''^),  .  .  .  ^  (PC)’  ^  (P2^')  •  •  • 

are  all  divisible  by  p  and  also  one  of  the  primes,  P„  P.,,  ...  is  equal  to  p. 

If  this  be  the  case  when  k  —  0  the  least  number  of  generators  is  n  1 . 
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The  result  may  be  stated  thus  : — 

If  n  be  the  number  of  different  prime  factors  of  m  =  (1  +  .  ,  , 

excluding  (1  i),  then  the  least  number  of  generators  is 

3  if  /c  >  4, 
n  +  2  if  /c  =  4, 
w  +  1  if  K  =  3,  2,  1, 
n  if  K  =  0, 

unless  one  of  the  primes  divides  Pp  —  1,  Pg-  —  1,  .  .  .  and  (Q3'''),  ...  in 

which  case  it  is  +  1. 

(xxvii.)  The  formation  of  a  set  of  p-power-exponent  generators  for  mod  vi. 

Let  a  be  any  j^-powmi’-exponent  number,  and 

a  =  a,j^o  +  +  .  .  .  +  ^  0  +  .  .  .  (mod  m). 

Then  a^,  .  .  .  a.\,  .  .  ,  must  each  have  as  exponent,  for  its  own  modulus, 

either  unity  or  a  power  of  p. 

Suppose  first  that  p  is  not  =  2,  but  an  odd  (real)  prime. 

Take 

with  exp  p^'-  (mod  Pi"^'), 

73  „  „  (mod  Pg^^), 

&c.,  &c., 

if  in  any  case  p)  is  not  a  factor  of  <4>  (P^)  y  is  =  1. 

If  for  one  of  these,  say  Pj^,  p  =  P^^,  then  take  also  with  exponent  p'\  modulus 
Pj^^,  as  in  Proposition  xii.,  so  that  and  y^  each  with  exponent  —  generate 

all  the  j9-power-exponent  numbers,  modulus  P/‘. 

Take  also 

y\  with  exp  mod  Qff', 

7  2  5?  5  55  5 

&c.,  &c. 

Then  we  have 

ao  =  I  [mod  (1  +  f)"], 

and  can  put 

0^1  =yP/3/i  (mod  P/^), 

^3  =  ya'^  (mod  Pa^^), 

&c.,  &c., 

S  y'i''>  (mod  Qp'), 
a'3  =  (mod  Qa'^-), 

&c., 

2  P 
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and  so 

«  =  [{y,  -  1)  +  I.}'-  [(/3,  -  1)  +  l]-^-  [{y, 

[(r  I  —  I )  +  17‘  [(y'o  —  1)  I'o  +  Ij'^  .  .  .  (mod  m). 


The  quantities  in  the  Ijrackets  we  shall  denote  by  .  .  .  g^.  Each  is  congruent 
to  unity  for  all  but  one  of  the  principal  factors  of  7n  as  moduli.  Their  exponents  are 
the  exponents  of  any  set  of  ^^power-exponent  generators  (Proposition  xxvi.),  viz., 

■p\  ’P\  •  •  . 

Next  let  2^  =  2. 

Then  take  (f),  (f)',  generators  for  mod  (1  +  i)" 

yy  a  number  with  exp  2'^'  (mod 
&c.  &c. 


Then 


and,  therefore, 


y\  a  number  with  exp  2'^''  (mod  Qj'"'), 
&:c.  &c. 

a,)  =  [I’ood  (1  -j-  v')''] 

=  yp  (mod  P7‘), 

&c., 

=  rV'* 

&c. 


a  =  -  1)  ^0  +  17  [(f  -  1)  ^0  +  IF  [(f '  -  1)  ^0  +  IF'  [(ri  -  1)  +  !]'■  .  .  . 

[(r'l  -  1)  +  I]*''  •  .  •  (mod  ?JI), 


and  the  numbers  in  brackets  are  unitary  generators  of  the  numbers,  modulus  m,  with 
exponent  powers  of  2. 

Each  is  congruent  to  unity  for  all  but  one  of  the  principal  factors  of  wi,  and  their 
exponents  are  2"“  2“'°  2""“  2"^  2"^  ..  .  2'"'^  2''-'  .  .  . 

Thus,  in  either  case,  whether  is  an  odd  prime  or  equal  to  2,  we  can  form  a  set  of 
^i-power-exponent  generators  (having  the  exponents  found  to  be  necessary  in 
Proposition  xxvi.),  such  that  each  is  congruent  to  unity  for  all  but  one  of  the  principal 
factors  of  in  [( 1  -f  i),  P^S  .  .  .  QE‘  .  .  .]  as  moduli. 

(xxviii-xxxi.)  Propositions  28-30  are  concerned  with  a  discussion  of  the  most 
general  mode  of  formation  of  a  set  of  p-power-exponent  generators.  They  are 
throughout  completely  applicable  to  the  case  of  complex  numbers  and  moduli.  The 
result  we  may  state  as  follows.  Let  g^,  g^,  .  .  .  g^  be  a  set  of  unitary  p)-power-exponent 
generators. 

Then  \\  To  .  .  .  (with  the  same  set  of  powers  of^;  as  exponents)  as  given  by 
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r,  =  g.g-  ,  .  .  c/;.‘ 

Us  =  g{^-^  g,y  ^3’-  .  .  .  g;>^-^ 


=  g{^^  g^^^  g^>^  .  .  . 


I 

i 

y  (mod  m) 

I 

J 


will  be  independent  generators  provided  that  the  determinants  foimed  by  the 
indices  i, 

(i'll  *22  •  •  •  4a) 

are  all  prime  to 

( . J 

The  indices  i  which  occur  in  any  one  of  these  determinants,  are  those  which  occur 
as  indices  of  generators  g  all  witli  the  same  exponent ;  the  generators  U,  in  which  they 
occur,  having  also  this  same  exponent. 

The  summary  of  Proposition  (31)  is  also  true  of  generators  for  complex  moduli, 
(xxxii.  and  xxxiii.)  With  one  modification.  Propositions  (22)  and  (23)  hold  good  for 
complex  numbers  and  primes. 

If  in 

ax’‘  =  1)  (mod  in) 

a  and  m  have  G.C.M  k,  then 

a  ^  /  1  «i\ 

-  x"  =  -  mod  • 

K  k\  K  j 


'"a  +  1  (1+1 


•  4ft) 


Each  solution,  x,  of  the  second  congruence  gives  N  (k)  solutions  of  the  first,  viz.,  all  the 
numbers  a;  +  6’  — ,  where  s  is  any  one  of  the  N  [k)  incongruent  residues  for  modulus  k. 

fC 

The  solutions  of  the  congruences  which  follow  are  intended  as  examples  of  these 
propositions  and  also  as  illustrations  of  the  Tables  placed  in  the  Appendix. 

Example  1. 

7x^  =  3  (mod  4  +  2ft), 

From  the  tables 

(4)  (2) 

3  =  (3.  0) 

7  S  (1.  0). 

therefore 

(2.  0), 

.'(■  =  (2.  U) 

X  =  9  (mod  4  +  2ft’). 

2  P  2 


therefore 
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Examiple  2. 

From  the  tables 

(2  +  ^)  X®  =  3  +  2i  (mod  9). 

(24)  (3) 

3  +  2i  =  (22.  0) 

therefore 

2  +  ^•  =  (  1.  0), 

therefore,  if 

x3  =  (21.  0), 

X  =  («.  h). 

therefore 

3a  =  21  (mod  24), 

a=7,  15,  23  (mod  24) 

therefore 

36=0  (mod  3), 

h  =  0,  1,2  (mod  3). 

Tliere  are  thus  nine 

solutions,  viz.  : 

(7.  0)=l+7i  (15.  0)  =  7  +  7^  (23.  0)  =  4+7i 

(7.  i)=l  +  4i  (15.  1)  =  7  +  4j  (23.  l)  =  4+4i 

(7.  2)  =  l+t  (15.  2)=7^-^  (23.  2)  =  4  +  i 


Exam2')le  3. 

From  tlie  tables 

therefore 
and  therefore 

Example  4. 
and  so 

Let 


ox^  =  3  +  2^  (mod  10). 

(4)  (4)  (2) 

3  H-  2i  =  {l.  2.  0) 

3  =(3.3.0), 

x^  =  {2.  3.  0), 

X  =  (2.  1.  0) 

X  =  3  -f-  8i. 

3x®  —  3  -j~  '2'^  (mod  30  -|-  20i), 

:c  =  (3+2i)f. 


Then 


3  (3  +  2i)~  P=  1  (mod  10) 
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Now 

therefore 

also 

therefore 
therefore 
therefore,  if 


(4)  (4)  (2) 

3  +  2i  =  {\.  2.  0), 
(3  +  20^=  (2.  0.  0); 
3  =  (3.  3.  0), 
3(3  +  (1.  3.  0), 

e  =  {S.  1.  0), 

i  =  {a.  h.  c) 


and  therefore 


Examj^le  5. 

This  is 
therefore 

Let 

Then 

From  the  tables 


3«  =  3  (mod  L)'"!  a  =  I 
3b  =  1  (mod  4)  >b  =  3 
3c  =  0  (mod  2)^  c  =  0 

^=(1.  3.  0) 

=  5  +  (mod  10), 


a;  =  (3  +  2i)  (5  +  6i)  (mod  10  3  +  2i) 

—  3  +  28i 

=  103  +  (mod  10.3+  2i). 

4x^  =  14  +  (mod  1  5  +  lOi). 

4x^  =  7  (2  +  i)  (mod  2  ^^4), 

4  =  7  (mod  8  +  1). 

.r  =  (2  +  i)  t 

4  (2  +  iY^^  =  7  (mod  8  +  i). 

(12)  (4) 

7  =  (11.  2), 

(2  +  i)  =  59  (mod  8  +  i), 
s(ll.  3), 


therefore 


(2  +  2+  =  (8.  0), 

4  =  (2.  0), 
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therefore 

therefoi'e 

therefore,  if 


So 


Example  6. 


and  therefore 


(2  +  t)^4  =  (10.  0), 

=  2), 

^={a.  h), 

5a  =  1  (mod  12),  a  =  5, 

5h  =  2  (mod  4),  h  =  2, 

^={5.  2), 

=  58  (mod  8  +  f)- 

=  58  (2  +  i)  (mod  15  +  lOt) 
=  1  +  Si. 

2x~  =  26  +  32i  (mod  40), 


=  13  +  16f  (mod  20). 

Each  solution  of  the  latter  gives  four  of  the  former,  viz., 

X,  X  20,  X  +  20g  a;  +  20  +  20f  (mod  40). 


The  congruence  is 

a;2  =  -  f  (1  4-  2if  (4  +  i)  [mod  (1  +  if.  (2  +  i).  (1  +  2^], 

therefore 


Let 

Then 

and  therefore 


^  ^  ~  +  20  (4  4-  0  (1  +  f)h  (2  +  i)]. 

a:  =  (1  4-  20  ^(mod  20). 

(1  +  2i)  ^^  =  —  f  (1  +  2i)  (4  +  i)  [mod  (1  +  0^-  (2  4-  OJ’ 

f "  =  —  i  .{A  i)  (mod  8  4*  ^O^ 

=  1  —  4f  (mod  8  +  Ai), 

P  =  9  (mod  8  +  4^). 


From  the  tables 


and  therefore 


(•i)  (i) 

9  =  (2.  0.  0), 

e  =  {'2.  0.  0). 
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This  gives  eight  solutions 


^=(1.  0.  0)=17, 

=  (3.  0.  0)=  13, 

=  (1.  2.  0)=  7, 

=  (3.2.0)=  3, 

=  (1.  0.  1)=  1+27, 
=  (3.  0.  1)  =  17  +  27, 
=  (1.  2.  l)  =  ll  +27, 
=  (3.  2.  1)=  7  +  27. 


Hence  there  are  eight  solutions  of  the  congruence 


VIZ., 


=  1 3  +  1 67  (mod  20), 

7  +  47  17  +  47  7  +  147 

3  +  67  13  +  67  3  +  167 


and  hence  there  are  32  solutions  of  the  congruence 


viz.. 


2.'r^  =  26  +  327  (mod  40), 


7  +  47 

17+  47 

7  +  147 

27  +  47 

37  +  47 

27  +  147 

7  +  247 

17  +  247 

7  +  347 

27  +  247 

37  +  247 

27  +  347 

3+  67 

13  +  67 

3  +  167 

23  +  67 

33  +  6i 

23  +  167 

3  +  267 

13  +  267 

3  +  367 

23  +  267 

33  +  267 

23  +  367 

17  +  147 
13  +  167 


17  +  147 
37  +  147 
17+  347 
37  +  347 
13  +  167 
33  +  167 
13  +  367 
33  +  367 
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APPENDIX. 


Tables  of  Indices  for  all  Moduli  whose  Norms  do  not  exceed  100. 


Description  of  Tables. 

The  following  Appendix  contains  Tables  of  Indices  for  all  the  moduli  whose  norms 
do  not  exceed  100.  For  each  modulus  two  tables  are  given  ;  the  first  arranged  so  as 
to  show  readily  the  number  that  corresponds  to  given  indices,  the  second  to  show 
what  indices  correspond  to  a  given  number.  At  the  foot  of  any  column,  or  the  end 
of  any  row  in  which  indices  are  tabulated,  is  placed  in  a  bracket  the  exponent  of  the 
generator  to  which  those  indices  refer.  With  each  table  are  noted  the  formulae 
necessary  for  finding  to  which  of  the  numbers  in  the  table  any  given  number  is 
congruent.  There  are  also  given  for  convenience  the  prime  factors  of  the  modulus, 
the  norm,  the  highest  exponent,  the  value  of  expressed  in  factors  which  show  the 
exponents  of  the  generators,  and  the  generators  used  in  the  table.  All  these  will  be 
found  collected  in  the  reference  table  next  following.  In  this  are  also  noted,  for 
each  modulus,  the  least  possible  number  of  generators  and  the  values  of  the  numbers 
^  of  Proposition  xix.  E.g.,  for  tlie  modulus  5  +  iyi  we  read  thus  ; — 

5  +  5i=  -?■(! +0(2  +  0(l +  2t),  N(5  +  5t)=50,  (5  +  5^)  =  16  =  22  21 


Highest  exponent  =  4. 
being  4  -f  t  and  9  + 

Also  if 


then 


Least  number  of  generators  =  2,  those  used  in  the  table 


a  =  olq  (mod  1  +  'i) 
=  (mod  2  -f-  i) 
=  ol.2  (mod  1  fi-  2i) 


a  —  Sag  -b  (3  +  i)  «!  +  (8  +  4^)  (mod  5  +  5i). 


The  reducing  formulae  (see  preface,  Part  II.)  are 


y  =  T  (mod  5), 

.T  =  X  +  Y  —  y  (mod  10). 

The  tables  of  indices  for  powers  of  1  +  i  as  moduli,  up  to  (1  +  t)®,  are  placed  at 
the  end. 

[Tlie  tables  have  been  calculated  with  some  care,  but  they  liave  not  been  revised.] 


FOR  ARY  COMPOSTTP]  MODULUS,  REAL  OR  COMPLEX. 


297 


'35. 

+ 

'8 

8 


Ci 

+ 


CO 

0) 

a 

a 

0 

H 


cc  - 


1>  CO  O  00 


rH  cc 
Cl  ^ 


•  Cl 


Cl  cc 


d  CJ  iC  CO  o 


cc 


.  cc  Cl  iO 


!>.  o  O  >-C  i-C 
rH  1-H  Cl 


CO 

CJ 


Cl 


00 


i-HCOI>CCC^ClCCCl 

cc  r-H  cc  t-H 


Cl 


cc  1 


i-C 


CC- 


CC- 


o 

Cl 


I>  o  o 

iC 


CO 


cc" 


icT 

+ 

cc 


I-H 

00 

rH 

CO 

o 

.  f— 1 

CO 

Cl 

cc' 

•  tC 

^H 

cc" 

' 

iO 

■  o 

•  iO 
Cl 

+ 

00 

+ 

cc 


o 

CO 

CO 

s 

o 

o 


Cl 


+ 


Cl 


Cl 

+ 


•«s  I 

+  GO 

^  I>  IN.  -|_ 


Cl 


d 


d 

+ 


cc 

+ 


.V  d 


cc 


+ 


+ 

'a 

*'>5  rH 

ccT  cc' 


d 

+ 

.^'-  4- 

,01  (M 


+  + 
^  o 


+ 

d 

•«?r 

+ 


^  . 

O  X 

■  fl 
o  V 
!z  be 


CM 


<M  C-l 


CO 


(M 


CM 


CM 


CM 


R 

w 


Id  ^  ^00  ^ 


O  CO  ^ 


o 

Cl 


00 

Cl 


O  00  o 

rH  cc 


o 


00  CO  o  ^ 
^  d 


Cl 

Cl 

Cl 

CC 

Cl 

• 

• 

Cl 

d 

d 

iC 

cc 

IN* 

ci 

• 

Cl 

cc 

d 

ic  Cl 

cc 

IC 

Cl 

c\ 

, 

<sZ> 

Cl 

Cl 

Cl 

•H 

d 

d 

CO  Cl 

Cl 

Cl 

•  •  d 

d  Cl 

Cl 

Cl 

Cl 

Cl 

Cl 

ci 

Cl 

Cl 

Cl 

Cl 

d 

Cl 

ci 

Cl 

d 

Cl  d 

Cl 

Cl 

Cl 

II 

II  II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II  II 

II 

II 

II 

f-h  (M  ^ 

CO 

Cl 

00 

CO 

CO 

CO 

CO 

o 

Cl 

00 

CO 

CO 

CO 

o 

<50 

O  Cl 

CO 

o 

<50 

I—* 

I-H 

rH 

Cl 

t-H 

Cl 

rH 

rr 

I-H 

CO 

rH 

TfH  cc 

Cl 

I-H 

d  ^  iO  00  05  o 


CO 


CO 


I>  00  O  lO  i-C 
^  rH  d  Cl  Cl 


CO 

Cl 


05 

Cl 


d 

cc 


TT<  CO 
cc  cc 


cc 


o 


O  05 


o  o 

lO  iC 


•  Iji  *«* 

++++++++ 
r— li--ii-Hdr-l(3<|i— (r-H 


‘c* 


+ 


■T  +  ■ 

+  +  + 


HJ  cc  Cl 


•«s»  • 

cc 


*  5*  '  . 

lO  d  lO 


Cl 

+  + 

rH  Cl 


* 

+  + 


10 

■  CO  • 

-*  •  ^ 

■  ^Cl 

+  + 
'  d  rH 


^  cc  iO  *5^  CO  d  CO  O  cc  CO 

+++++  ++++++  +  ++  ++++++++ 


iMiMr-IOlIo'cOi— (OOOl  Tjf  -fii— I10-^i0''ji0'^c0»0r-li.0  01 


•c2  1-0 

,  ,  . . +  -(-  + 

lOOO'dOOr— l^tMiO-^IOCOC^t^r— IliO 


2  Q 


MDCCCXCIII. — A. 


I 


298 


.MR  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS 


c 

<B 

o 


t-<5 

04 

, 

, 

, 

00 

, 

04 

o 

, 

-f 

c: 

, 

, 

CO 

, 

iSi 

03 

c7^ 

1 

1 

+ 

O 

CO 

CO 

rH 

GO 

iO 

04 

CO 

o 

04 

iO 

Ci 

o 

In. 

-x^ 

C 

04 

o 

iO 

o 

CO 

CO 

!>. 

04 

GO 

CO 

CO 

CO 

o 

rH 

P-O 

4jji 

•-* 

02 

o 

+ 

o 

o 

CO 

CO 

16 

04 

lO 

rH 

O 

CO 

s 

nH 

• 

CO 

• 

« 

CO 

CO 

• 

• 

CO 

(M 

7i 

CO 

• 

oT 

• 

CO 

C5 

• 

!>• 

*  ,_i 

?-H 

• 

• 

r>I 

1-0 

s 

r— < 

CM 

03 

f-H 

CO 

lO 

^O 

03 

+ 

o 

GO 

H 

1-0 

Cl. 

"in 


— !  CO  O  ^  t— I  O 
01  01  CO  I— I  ^  O 


CO  1-^  OO  CO  I— I  CO  CO  I—'  CO  CO  CC  OC  1>.  CO  on  -ri  1.0  CO  01  lO  - 

1-0  loi  -^cM-^ico  !>•  co-^^t^coi-o  oioai’^ 


+  + 

^  O 

lo'  lo' 


CO 


CO 


oi 


(M 

+ 


Ol 


+  ■'1 
CO  *7 
01  + 

coco^^ 


1.0 


03 

+  'pco 

lO)  +  + 

CO  CO  + 


03 

lO 


•  -* 

04 

+ 

_L 

O 

^-1 

CM 

^  1-0 

* 

•^  +  7  o 

4-  'T'  ^  4- 
00  + 

\,03 

^  -  ..cc 

'■+• 

1  CO 

C^  ^  rs 

•e* 

03  03 

+ 

«4H 

O  CO 

04 

i-H 

rH 

CO 

04 

03 

04 

r-t 

rH 

CO 

04 

rH 

04 

^H 

03 

r^ 

-H 

03 

rr 

H 

03 

04 

00 

o 

04 

<co 

CO 

04 

o 

O 

00 

00 

CO 

•00 

th 

M 

1-H 

lO 

04 

1-^ 

rH 

CO 

04 

'=p 

rH 

CO 

o 

04 

lO 

Cl 

CO 

Cl 

Cl 

CO 

• 

♦ 

04 

• 

• 

• 

• 

04 

CO 

• 

• 

lO 

C4 

CO 

. 

Cl* 

Cl 

. 

■-ii 

rH 

d* 

04 

1-0 

04 

rH 

CO 

04 

04 

H 

04 

04 

CO 

CO 

04 

CO 

lO 

03 

rH 

04 

CO 

cc 

04 

N—^ 

M* 

Ci* 

. 

Cl* 

cc 

d  * 

, 

cc 

Cl* 

cc  * 

Cl’ 

IC 

H* 

04 

04 

04 

04 

04 

03 

03 

04 

04 

04 

04 

04 

04 

03 

04 

04 

04 

03 

03 

II 

II 

II 

11 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

11 

II 

04 

CO 

O 

04 

00 

04 

04 

04 

O 

04 

03 

o 

00 

04 

O 

CO 

o 

04 

04 

lO 

03 

CO 

CO 

CO 

CO 

I>- 

CO 

CO 

00 

CO 

Ci 

CO 

<?• 

04 

CO 

00 

rH 

lO 

CO 

04 

CO 

-Ip 

o 

rH 

04 

lO 

Cl 

o 

!>. 

00 

O 

o 

Vw-' 

lO 

lO 

CO 

<:o 

CO 

CO 

!>. 

r>. 

CO 

00 

CO 

00 

00 

c: 

Oi 

o 

o 

o 

pH 

rH 

01  CO 

+  +* 

CO  oi 


*<S>  ‘c* 
+  + 


lO 
+  r 


oi 


CM 

+ 

o 


+  0^ 
:i+ 

rH 


04 

CO 


CO 


+%+%++ 

•  (*o  I  1  —Jj 

Ool  ^CO  Ow^ 

«£■ 

•  c*  04  •  0*  *  iS*  *  *  •!* 

4*  +  -j — h-p-j — h-f- 

I— I  ^  03  I— I  03  I— I  ^  r— I 


cr; 

+  + 

CO 


OI 

+  + 
CM  ^ 
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+  +  +  + 


I  I  I 


•^CwC3CicbiP‘-ococooi-^a5t^'^30 


'ilC003  t^C0  1''iOCO  •wOO'ift^OlCOCOCOCOiOE^^OO 

++++++++  +++++++++++++  +++++++++++++++ 

cO'^t^o3t^co':oiOiGoooi— ir^'^icoo3cooocoi>ioco^05aii— iai03r^coooioa3Coc:'^r^QOCDO 


+ 


.  03  -P 

+  +  + 

r-,  03  03 


FOR  ANY  COMPOSITE  MODULUS,  REAL  OR  COMPLEX. 


299 


=  2  +  t  N  (m)  =  5  (m) 

=  1  +  2^  N  (m)  =  5  4)  (m) 


4  =  2^  H.E=4  cc=K  +  3Y  (mod  5). 

4  =  2^  H.E=4  aj  =  X4-  2Y  (mod  5). 


Generator  2. 


2 

4  ; 

1  1 

1 

2 

5  0 

(4) 


3  N  (m)  =  9  4>  (m)  =  8  =  2^  H,E=8  x  =  X  (mod  3)  y  =  Y  (mod  3). 

Generator  1  +  i. 


0 

1 

i 

6 

1 

1  +  1 

2i 

2  : 

2 

2i 

1 

0  ! 

3 

1  + 

1  +  i 

1 

4 

2 

1  +  2; 

3 

5 

2  +  2i 

2 

4 

6 

i 

*2i-\- 1 

7 

7 

^2i  i 

2  +  2i 

5  ! 

1 

(8)  (8) 


3  +  1  =  —  ^  (I  +  t)  (1  +  2^)  N  {m)  =10  4>  {m)  =  4  =  2^  H.E  =  4 

ic  =  X  +  7Y  (mod  10), 

1  +  3^■  =  (1  +  i)  (2  +  i)  N  {m)  =10  4>  {m)  =4  =  2^  H.E  =  4 

a?  =  X  +  3Y  (mod  10). 

Generator  3. 


CO 

9 

7 

1 

1 

2 

00 

0 

I 


(4) 
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'}ii  —  3  ”1“  2'i 
=  2  +  3^ 


N  {in)  =  13  43  {m)  =  12  =  23.3 

N  (m)  =13  43  (m)  =  12  =  23. 3 


H.E=12  5c  =  X  +  5Y  (mod  13). 
H.E  =  12  5C  =  X  +  8Y(mod  13). 


Generator  2. 


0 

1 

2  ;l 

4  5 

6  7 

8 

9 

10 

11 

1 

2 

4  8 

3  6 

12  11 

9 

5 

10 

7 

1 

1 

2  3 

4  5 

6 

7 

8  9 

10 

11 

12 

0 

1  4 

2  9 

5 

11 

3  8 

10 

7 

6 

(12) 


(12) 


m  z=.  4:  i  N  (??i)  =  17  43  (m)=16  =  2^  H.E  =  16  a;  =  X  +  13Y  (mod  17). 
m—l+4i  N(m)=17  c]&(m)=16  =  2^  H.E  =16  a;  =  X  +  4Y  (mod  17). 

Generator  3. 


N 


0  1  2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

(16) 

13  9 

10 

13 

5 

15 

11 

16 

14 

8 

7 

4 

12 

2 

6 

N 


1 

2 

3 

4 

5 

6 

7 

8  9 

10 

11 

12 

13 

14 

15 

16 

0 

14 

1 

12 

5 

15 

11 

10  2 

3 

7 

13 

4 

9 

6 

8 

(16) 


m  =  3  +  =  (1  +  7)  3  N  {m)  =18  4)  (m)  =8  =  2^  H.E  =  8  y  =  Y  (mod  3) 

a:  =  X  +  3  (Y  —  2/)  (mod  6). 

Generator  1  +27. 


0 

1 

i 

2 

1 

l4-2i 

1 

0 

o 

1  +  2/ 

1  ' 

3 

4  +  'i 

2  +  '/ 

5 

4 

3  +  2/ 

0  i 

0 

2  + 

4  +  / 

o 

O 

6 

3  +  2i 

5 

4 

i 

5  +  2t 

5  +  2/ 

(8) 


(8) 
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w  =  4  +  =  -  z  (1  +  if  (2  +  i)  N  (m)  =  20  $  (m)  =  8  =  2.  2^  H.  E.  =  4 

^  =  Y  (mod  2)  a;  =  X  +  3  (Y  —  y)  (mod  10). 

Generators  7,  8  +  z. 


i 

0  0 

1 

i 

3  1 

0  1 

8  +  i 

1 

0  0 

1  0 

7 

3 

3  0 

1  1 

4  +  2 

4+2 

1  1 

2  0 

9 

6  +  2 

2  1 

2  1 

6  +  2 

7 

1  0 

3  0 

3 

8  +  2 

0  1 

3  1 

i 

9 

2  0 

(4)  (2)  (4)  (2) 


m  =  2  +  4z  =  -  z  (1  +  {f{l  +  2z)  N  (m)  =  20  d)  (/,i)  =  3  =  2.  2^  H.  E.  =  4 
z/  =  Y  (mod  2)  a:  =  X  +  7  (Y  —  ^)  (mod  1 0). 

Generators  7,  4  +  i- ' 


0  0 

1 

i 

1  1 

0  1 

4  +  2 

1 

0  0 

1  0 

7 

2+2 

2  1 

1  1 

i 

3 

3  0 

2  0 

9 

4  +  i 

0  1 

2  1 

2+2 

6  +  2 

3  1 

3  0 

3 

7 

1  0 

3  1 

6  +  2 

9 

2  0 

(4)  (2)  (4)  (2) 


m  =  5  =  -  z  (2  +  z)  (1  +  2z)  N  (m)  =  25  ^  (m)  =  16  =  2l  2^  H.  E.  =  4 

X  =  X  (mod  5)  y  =  Y  (mod  5). 

Generators  4  +  /,  4  +  4z. 


0  0 

1 

i 

3  1 

0  1 

4  +  4/ 

2/ 

0  2 

0  2 

2/ 

3/ 

2  0 

0  3 

2  +  3/ 

1  3 

1  0 

4  +  2 

1 

0  0 

1  1 

2 

1+2 

2  3 

1  2 

3  +  32' 

1  +  4/ 

3  2 

1  3 

4/ 

2 

1  1 

2  0 

3/ 

2  +  2/ 

3  0 

2  1 

3  +  2/ 

2  + 

0  3 

2  2 

4 

3 

3  3 

2  3 

1  “hi 

3+2/ 

2  1 

‘  3  0 

2+2/ 

3  4“  3'i 

1  2 

!  3  1 

i 

4 

2  2 

!  3  2 

1+4/ 

4  +  2 

1  0 

i  3  3 

3 

4  +  4/ 

0  . 1 

(4)  (4) 


(4)  (4) 
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m 

m 

I 

N 

N 

I 

m  = 

m  = 
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=  4  +  3^  =  -  4  (]  4-  2^■)3  N  (m)  =  25  ^  {m)  =  20  =  2^.  5  H.  E.  =  20 

x  =  X  +  7Y  (mod  25). 

=  3  +  4^  =  (2  +  if  N  (m)  =  25  (P  (in)  =  20  =  2^  5  H.  E.  =  20 

.z;  =  X  +  18Y  (mod  25). 


Generator  2. 


(20) 


(20) 


5  +  ^■  =  —  /(I  +  ^■)  (2  +  Si)  N  (w)  =  26  ^  (m)  =  12  =  2^.  3  H.  E.  =  12 

5^  =  X4  2lY(mod  26). 

14-5?;=  (1  +  ^')  (3  +  2i)  N  (m)  =  26  (m)  =  12  =  2'1  3  H.  E.  =  12 

X  =  X  +  5Y  (mod  26). 

Generator  7. 


I 

0  12  3 

■4 

5 

6  7 

8 

9 

10 

11 

N 

]  7  23  5 

9 

11 

25  19 

3 

21 

17 

15 

1 

3 

5 

7 

9  11 

15 

17 

19 

21 

23  25 

0 

8 

3 

1 

4  5 

11 

10 

7 

9 

2  G 

(12) 


(12) 
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m  =  5  +  2i  N(m)  =  29  (p{m)  =  2S  =  2\7  H.  E.  =  28  x  =  X  +  12Y(mod  29). 
m  =  2-\-5i  N(m)  =  29  $  (m)  =  28  =  2®.  7  H.  E.  =  28  X  +  17Y  (mod  29). 


Generator  2. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

1 

2 

4 

8 

16 

3 

6 

12 

24 

19 

9 

18 

7 

14 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

27 

25 

21 

13 

26 

23 

17 

5 

10 

20 

11 

22 

15 

(28) 


(28) 


N 

I 

N 

I 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

0 

1 

5 

2 

22 

6 

12 

3 

10 

23 

25 

7 

18 

13 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

27 

4 

21 

11 

9 

24 

17 

26 

20 

8 

]6 

19 

15 

14 

(28) 


(28) 


m  =  5  +  3^■  =  -  { (1  +  i)  (1  +  4^■)  N  (w)  =  34  <!>  {m)  =16  =  2^  H.  E.  =  16 

a;  =  X  -f-  21 Y  (mod  34). 

m  =  S  5{  =  (1  +  'i')  (4  +  ^)  N  (m)  =  34  $  (m)  =16  =  2^  H.  E.  =  16 

x  =  X+  13Y  (mod  34). 

Generator  3. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

1 

3 

9 

27 

13 

5 

15 

11 

33 

31 

25 

7 

21 

29 

19 

23 

1 

3 

5 

7 

9 

11 

13 

15 

19  21 

23 

25 

27 

29 

31 

33 

0 

1 

5 

11 

2 

7 

4 

6 

14  12 

15 

10 

3 

13 

9 

8  i 

1 

(16) 


(16) 
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m=  6  = -^(1 +^)“  3  N(m)  =  36  <I>  (w)  =  16  =  2.  2"  H.  E.  =  8 

ic  =  X  (mod  6)  y  =  Y  (mod  6). 

Generators  1  +  Ai,  4  +  3i. 


0 

0 

1 

0 

1 

4  +  -Si 

1 

0 

l  +  Ai 

1 

1 

4  +  i 

2 

0 

3  +  2i 

2 

1 

bi 

3 

0 

l+2i 

!  3 

1 

4  + 

4 

0 

5 

4 

1 

2  +  3i 

.5 

0 

5  +  2i 

5 

1 

2  +  bi 

6 

0 

3  +  4i 

6 

1 

i 

7 

0 

.5  +  4i 

7 

1 

2  +  t 

i 

6 

1 

bi 

2 

1 

1 

0 

0 

l  +  2i 

3 

0 

l+4i 

1 

0 

2  +  i 

7 

1 

2  +  3i 

A 

1 

2  +  bi 

b 

1 

3  +  2i 

2 

0 

S  +  Ai 

6 

0 

A  +  i 

1 

I 

4  -|- 

0 

1 

A  +  bi 

3 

1  1 

5 

4 

0 

5  + 2d' 

5 

0  i 

.5  +  42 

7 

0  1 

(8)  (2)  (8)  (2) 


m  =  6  +  ^  N  (m)  =  37 
m  =  1  +  6^'  N  {m)  =  37 


(I)  (m)  =  36  =  22  3^  H.  E.  =  36  =  X  +  3lY  (mod  37). 

$  (m)  =  36  =  21  32  H.  E.  =  36  x  =  X+  6Y  (mod  37). 


Generator  2. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

1 

2 

4 

8 

16 

32 

27 

17 

34 

31 

25 

13 

26 

15 

30 

23 

9 

18 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

35 

33 

29 

21 

5 

10 

20 

3 

6 

12 

24 

11 

22 

7 

14 

28 

19 

(36) 


(36) 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

0 

1 

26 

2 

23 

27 

32 

3 

16 

24 

30 

28 

11 

33 

13 

4 

h- 

/ 

17 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36  ' 

! 

35 

25 

22 

31 

15 

29 

10 

12 

6 

34 

21 

14 

9 

5 

20 

8 

19 

IS 

I 


(36) 
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=  G  +  2^  =  —  ( L  +  if  (I  +  2i)  N  {m)  =  40  <I)  [m]  =  16  =  2^.  2'^  H.  E.  =  4. 
2/  =  Y  (mod  2)  a:  =  X  +  7  (Y  —  y)  (mod  20). 

Generators  3,  i. 


0  0 

1 

i 

0  1 

0  1 

i 

1 

0  0 

0  2 

19 

2  +  i‘ 

3  1 

0  3 

6  +  i 

3 

1  0 

1  0 

3 

4  +  i 

3  3 

1  1 

14  +  1 

6  +  1 

0  3 

1  2 

17 

7 

.3  0 

1  3 

12 +  i' 

9 

2  0 

2  0 

9 

10  +  1 

2  3 

2  1 

16  +  1 

11 

2  2 

2  2 

11 

12 +  i 

1  3 

2  3 

10  +  i 

13 

3  2 

3  0 

7 

14 +  i 

1  1 

3  1 

2  +  1 

18  +  i‘ 

2  1 

3  2 

13 

17 

1  2 

3  3 

4  -'r  i 

19 

0  2 

(4)  (4)  (4)  (4) 


m  =  2  +  i  (1  +  if  (2  +  ^)  N  (?n)  =  40  4>  [m)  =  16  =  2^.  2  H.  E.  =  4. 

2/  =  Y  (mod  2)  a;  =  X  -f  13  (Y  —  2/)  (mod  20). 

Generators  3,14  + 


0  0 

1 

i 

0  3 

0  1 

14  +  1 

1 

0  0 

0  2 

19 

3 

1  0 

0  3 

i 

4  +  i 

2  3 

1  0 

3 

6  +  i 

1  3 

1  1 

8  +  1 

7 

3  0 

1  2 

17 

8  +  i 

1  1 

1  3 

6  +  i 

9 

2  0 

2  0 

9 

10  +  i 

2  1 

2  1 

10  +  1 

11 

2  2 

2  2 

11 

13 

3  2 

2  3 

4  +  1 

14 +  i 

0  1 

0 

7 

16  +  i 

3  1 

3  1 

16+i 

17 

1  2 

3  2 

13 

18  +  i 

3  3 

3  3 

18  +  i 

19 

0  2 

1 

(4)  (4)  (4)  (4) 


2  n 


MDCCCXCIII. — A. 
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m  —  5  4,i  N  [m)  =  41  (I>  (m)  i=  40  =  2'^.  5  H.  E.  =  40  a:  =  X  +  9  ^  (mod  41). 
ni  4  +  5i  N  [m)  =  41  $  (m)  =  40  =  2®.  5  H.  E.  =  40  a;  =  X  +  32Y  (mod  41). 

Generator  G. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

1 

6 

36 

11 

25 

27 

39 

29 

10 

19 

32 

28 

4 

24 

21 

3 

18 

26 

33 

j 

34  (40) 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

35 

5 

30 

16 

14 

2 

12 

31 

22 

9 

13 

37 

17 

20 

38 

23 

15 

8 

7  (40) 

X 


X 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

0 

26 

15 

12 

22 

1 

39 

38 

30 

8 

3 

27 

31 

25 

37 

24 

33 

16 

9 

34 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

14 

29 

36 

13 

4 

17 

5 

11 

7 

23 

28 

10 

18 

19 

21 

2 

32 

35 

6 

20 

(40) 


(40) 
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=  6  +  3i  ={2-\-i)3  N  (w)  =  45  <I>  {m)  =  32  =  2'\  2^ 

H.  E.  =  8  y  =  Y  (mod  3)  x  =  X  -f-  3  (Y  —  y)  (mod  15). 

Generators  1  +  i,  i. 


0  0 

1 

0  1 

1 

0  2 

14 

0  3 

1  0 

1+i 

1  1 

14 +  i 

1  2 

5  +  2i 

1  3 

7  +  2i 

2  0 

2i 

2  1 

13 

1  2  2 

6  +  z! 

1  2  3 

2  i 

;  3  0 

13  +  2i  1 

i  3  1 

4-hi  1 

3  2 

8+i 

3  3 

2  +  2i 

4  .  0 

11 

4  1 

12  +  2i-  ! 

4  2 

4 

4  3 

9  +  i  1 

5  0 

8  +  2i  i 

5  1 

l  +  2t  1 

5  2 

13 +  i 

5  3 

5  +  -; 

G  0 

3  +  i 

6  1 

8 

6  2 

3  +  2i 

6  3 

7 

7  0 

11 +  i 

7  1 

]  1  +  2i  j 

7  2 

10  +  2;: 

7  3 

1 0  + 1  j 

1 

1 

i 

0  1 

2i 

2  0 

1 

0  0 

l+i 

1  0 

l  +  2i 

5  1 

2 

2  3 

2  +  2i 

3  3 

3  +  i 

6  0 

8  +  2i 

6  2 

4 

4  2 

4  +  t 

3  1 

5 

5  3 

5  +  2i 

1  2 

6  +  i 

2  2 

G  +  2z 

0  3 

7 

6  3 

7  +  2i 

1  3 

8 

6  1 

SA-i 

3  2 

8  +  2i 

5  0 

9  +  i 

4  3 

10  +  2 

7  3 

10  +  2t 

7  2 

11 

4  0 

11+i 

7  0 

ll  +  2i 

7  1 

12  +  2i 

4  1 

13 

2  1 

13  +  i 

5  2 

13  +  2i 

3  0 

14 

0  2 

14 +i 

1  1 

(8)  (4) 


(8)  (4) 


2  E 


o 
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7H  =  3  +  =  (1  +  2i)  3  N  (m)  =  45  ^  {m)  =  32  =  21  2^ 

H.  E.  =  8  .y  =  Y  (dtocI  3)  +  12  (Y  —  y)  (mod  15). 


Generators  10  +  2/,  9  +  2/. 


i 

1 

0  3  1 

i 

*'>  •> 

1 

0  0 

1  + 

1  3 

2 

2  3 

2  +  t 

5  0 

2+2^: 

3  2 

3  +  2i 

4  3 

4 

4  2 

4  +  i 

7  2 

4  +  2i 

7  3 

h  +  i 

7  1 

5  +  2t 

7  0 

6  +  1 

4  1 

7 

6  3 

7  +  / 

3  0 

7  +  2'i 

5  .  2 

8 

6  1 

8  +  2i 

1  1 

9  +  i 

2  0 

9  +  2i 

0  1 

10 +  i 

5  1 

10  +  2i 

1  0 

11 

4  0 

*  11  +  i 

3  3 

12 +  i 

6  2 

12  +  2i 

6  0 

13 

2  1 

13  +  2i 

3  1 

14 

0  2 

14 +  i 

1  2 

14  +  2i 

5  3 

0  0 

1 

0  1 

9  +  2t 

0  2  . 

14 

0  3 

i 

1  0 

10  +  2t 

1  1 

8  +  2i 

1  2 

14  +  i 

1  3 

l  +  ^• 

2  0 

9  +  t 

2  1 

13 

9  9 

2i 

2  3 

2 

3  0 

7  +  i 

3  1 

l3  +  2i 

3  2 

“h  "Zl 

3  3 

U  +  i 

4  0 

11 

4  1 

6  +  i 

4  2 

4 

4  3 

3  +  2i 

5  0 

2  +  t 

5  1 

10  +  i 

5  2 

7  +  2^- 

5  3 

14  +  2i 

6  0 

12  +  2^• 

6  1 

8 

6  2 

12+i 

6  3 

7 

1  7  0 

5  -|“  2'i 

V  1 

5  +  'i 

7  2 

4+i 

7  3 

4  +  2i 

(8)  (4) 


(8)  (4) 
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VI  =  7  N  (7)  =  49  (P  (7)  =  48  =  2^.3.  H.  E.  =  48.  x 

y  =  Y  (mod  7). 

Generator  2  +  i. 


0 

1 

1 

2  +  i 

2 

3  +  4i 

3 

2+4-i: 

4 

3t' 

5 

4  +  6'( 

6 

2  +  2t‘ 

7 

2  +  6i 

8 

5 

9 

3  +  5^• 

10 

l  +  6t 

11 

3  +  6^- 

12 

i 

13 

6  +  2i 

14 

3  +  3i 

15 

3  +  2i 

16 

4 

17 

l  +  4( 

18 

o  +  2i 

19 

l  +  2i 

20 

5i 

21 

2  H"  3'i 

22 

i+i 

23 

l+3i 

(48) 


24 

6 

i 

12  i 

25 

5 

2i 

44 

26 

4  +  3-i 

3i 

4 

27 

0  “)“  3^ 

28  ' 

28 

4i 

hi 

20 

29 

3  +  i 

6i 

36 

30 

o  +  5i 

1 

0 

31 

5  ‘i 

1 4" 

22 

32 

o 

l  +  2'( 

19 

33 

4  4“  2'i 

l  +  3i 

23 

34 

6  +  i 

l  +  4i 

17 

35 

4  +  i 

l-hSi 

37 

36 

6i 

l  +  6( 

10 

37 

l  +  5i 

2 

32 

38 

4  +  4(. 

24”^ 

1 

39 

4  4“  5i 

2  4”  2i 

6 

40 

3 

2  +  3i 

21 

41 

6  4~  3(1' 

2  +  4i 

3 

42 

2  +  5i 

2  +  hi 

42 

43 

6  +  5t 

2  +  6i: 

7 

44 

2i 

3 

40 

45 

5  +  4'i 

3  +  z: 

29  i 

46 

64  6i 

3  +  2t 

15  ' 

47 

6  +  4i 

3  +  3i 

14 

(48)  (48) 


=  X  (mod  7) 


3  +  4i 

2 

3  +  5i 

9 

3  +  6i 

11 

4 

16 

4  +  i 

35 

4  4"  2t 

33 

4  +  3i 

26 

4  +  4i 

38 

4<  +  hi 

39 

4  +  6i 

5 

5 

8 

5  +  7 

31 

5  +  27 

18 

5  +  37 

27 

5  4"  4ii 

45 

5+57 

30 

5  +  67 

25 

6 

24 

6  +  7 

34 

6  4"  2't 

13 

b  4” 

41 

6+47 

47 

6+57 

43 

6  +  67 

46 

(48) 


m  7  d-  t  =  -  7  (1  +  ^■)  (2  +  if  N  {m)  =  50  *  {ui)  =  20  =  2^  5  H.  E.  =  20 

a:  =  X  +  43Y  (mod  50). 

m  =  1  +  7i  =  —  7  (I  +  i)  (1  4"  2i)^  N  (w)  =  50  fl>  {m)  =  20  =  2^.5  H.  E.  =  20 

cc  =  X  +  7Y  (mod  50). 

Generator  3. 


0  1 

2 

3 

4 

5 

(j 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19  ; 

1 

1  3 

9 

27 

31 

43 

29 

37 

11 

33 

49 

47 

41 

23 

19 

7 

21 

13 

39 

17 

1  3 

7 

9 

11 

13 

17 

19 

21 

23 

27 

29 

31 

33 

37 

39 

41 

43 

47 

49 

0  1 

15 

2 

8 

17 

19 

14 

16 

13 

0 

6 

4 

9 

7 

18 

12 

5 

11 

10 

I 


(20) 
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m 


m  =  5  +  5i  =  -  i{l  i)  (2  +  i)  (1  +  2i)  N  (m)  =  50  $  {m)  =  16  =  22.  2^ 

H.  E.  =  4  2/  =  Y(mod5)  x  =  X  +  Y  — // (mod  10). 

Generators  4  +  i,  9  +  4n 


0  0 

1 

i 

3  1 

0  1 

9  +  4i 

3/ 

2  0 

0  2 

5  +  2'i 

1 

0  0 

0  3 

2  +  3/ 

1  +  4/ 

3  2 

1  0 

4  +  / 

2  +  Si 

0  3 

1  1 

7 

3 

3  3 

1  2 

8  +  3'i 

3  +  2/ 

2  1 

1  3 

5  +  4/ 

4  +  / 

1  0 

2  0 

3/ 

5  +  2/ 

0  2 

2  1 

3  +  2/ 

5  +  4/ 

1  3 

2  2 

9 

6  +  / 

2  3 

2  3 

6  +  / 

7 

1  1 

3  0 

7  +  2/ 

7  +  2/ 

3  0 

3  1 

i 

8  +  3/ 

1  2 

3  2 

1  +  4/ 

9 

2  2 

3  3 

3 

9  +  4i 

I 

0  1 

(4)  (4)  (4) 


r=  G  +  4^■  =  —  Ml  +  if  (3  +  'll)  N  (m)  =  52  <t>  (ni)  =  24  =  2.  2^.  3  H.  E.  =  1 
y  ~  Y  (mod  2)  a?  =  X  +  5  (Y  —  y)  (mod  26). 

Generators  15,  22  +  i. 


0  0 

1  1 

0  1 

22  +  / 

1  0 

15 

1  1 

10  +  / 

2  0 

17 

2  1 

12  +  /  i 

3  0 

21  i 

3  1 

16  +  / 

4  0 

3 

4  1 

24  “1“  i 

5  0 

19 

5  1 

14  +  /  ■ 

6  0 

25 

6  1 

20  +  / 

1  7  0 

11 

7  1 

6  -j-  i 

8  0 

9 

8 

4  +  / 

9  0 

5 

9  1 

i 

10  0 

23 

10  1 

18  +  / 

11  0 

7 

1  11  1 

2  +  / 

(12)  (2) 


i 

9  1 

1 

0  0 

2  +  / 

11  1 

3 

4  0 

4  +  / 

8  1 

5 

9  0 

(3  -j-  i- 

7  1 

i 

11  0 

9 

8  0 

10+/ 

1  1 

11 

7  0 

12  +  / 

2  1 

14  +  / 

5  1 

15 

1  0 

IG  "}“  i 

3  1 

17 

2  0 

18  +  / 

10  1 

19 

5  0 

20  +  / 

6  1 

21 

3  0 

22  +  / 

0  1 

23 

10  0 

24  +  / 

4  1 

25 

6  0 

(12)  (2) 
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m  =  4  +  Qi  =  -  i  (1  +  if  (2  +  3i)  N  fn)  =  52  (m)  =  24  =  2.  2l  3  H.  E.  =  12 

y  =  Y  (mod  2)  rc  =  X  +  21  (Y  —  y)  (mod  20). 

Generators  15,  6  +  i. 


0  0 

1 

i 

3  1 

0  1 

G  +  i 

1 

0  0 

1  0 

15 

2  +  i 

10  1 

1  1 

20 +i 

3 

4  0 

2  0 

17 

4  +  i 

6  1 

2  1 

22 +  i 

5 

9  0 

3  0 

21 

G  +  'i 

0  1 

3  1 

i 

7 

11  0 

4  0 

3 

8-1- 

4  1 

4  1 

8  +  -! 

9 

8  0 

5  0 

19 

lO-f-i 

9  1 

5  1 

24 +  i 

11 

7  0 

6  0 

25 

12 -hi 

11  1 

1  ^  1 

4-t-i 

14 +  i 

8  1 

■  7  0 

11 

15 

1  0 

!  7  1 

16 +  i 

16 +  i 

7  1 

8  0 

9 

17 

2  0 

8  1 

14 +  i 

19 

5  0 

9  0 

5 

20 +  i 

1  1 

9  1 

10 +  i 

21 

3  0 

10  0 

23 

22 +i 

2  1 

10  1 

2  +  i 

23 

10  0 

11  0 

7 

24 -hi 

5  1 

11  1 

12 +  i 

25 

6  0 

(12)  (2)  (12)  (2) 


m  7  -j-  2^ 
m  =  2  -f-  7^ 


N(m)  =  53  (I>(??i)  =  52  =  2-.13  H.  E.  =  52  a;  =  X -j- 23Y  (mod  53). 
N  (?/?)  =  53  fl>(i»)  =  52  =  2M3  H.  E.  =  52  x  =  X  +  30Y  (mod  53). 


Generator  3. 


0  1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14  15 

16 

17 

18 

1  3 

9 

27 

28  31 

40 

14 

42 

20 

7 

21 

10 

30 

37  5 

15 

45 

29 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32  33 

34 

35 

36 

34 

49 

41 

17  51 

47 

35 

52 

50  •  44 

26 

25 

22 

13  39 

11 

33 

46 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

32 

43 

23 

16 

48 

38 

8 

24 

19 

4 

12 

36 

2 

6 

13 

(52) 


(52) 


(52) 
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1 

2  3 

4 

5  6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

.  0 

49  1 

46 

1.5  50 

10 

43 

2 

12 

34 

47 

32 

7 

16 

40 

22 

51 

45 

(52) 

20 

21 

22 

23  24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

9 

11 

31 

39  44 

30 

29 

3 

4 

18 

13 

5 

37 

35 

19 

25 

48 

14 

(52) 

38 

39 

40 

41 

12 

43 

41 

45 

46 

47 

48 

49 

50 

51 

52 

42 

33 

6 

21 

8 

38 

28 

17 

36 

24 

41 

20 

27 

23 

26 

1  (52) 

1 

n 


w  =  7  +  Si  =  -  «■  (1  H-  i)  (2  +  5i)  N  (m)  58  ^  {m)  =  28  =  2\  7  H.  E.  =  28 

=  X  +  17Y  (mod  58). 

m  =  3  +  7^  =  (1  +  i)  (5  +  2i)  N  (m)  =  58  (m)  =  28  =  2\7  H.  E.  =  28 

a?  =  X  +  4lY  (mod  58). 

Generator  3. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

1 

3 

9 

27 

23 

11 

83 

41 

7 

21 

5 

15 

45 

19 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

57 

55 

49 

31 

35 

1 

1 

25 

17 

51 

37 

53 

43 

13 

39 

1 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

0 

1 

10 

8 

2 

5 

26 

11 

21 

13 

9 

4 

20 

3 

31 

33 

35 

37 

39 

41 

43 

45 

47 

49 

51 

53 

55 

57 

17 

6 

18 

23 

27 

7 

25 

12 

19 

16 

22 

24 

15 

14 

(28) 


I 


(28) 
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772,  =  6  +  5^  N  (w)  =  61  «I>  (m)  =  60  =  2^.  3. 5  H.  E.  =  60  cc  =  X -}- llY  (mod  61). 
TO=5  +  6^  N(m)  =  61  cl>(m)=  60  =  2^3.5  H.  E.  =  60  £C  =  X  +  50Y  (mod  61). 

Generator  2. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

1 

2 

4 

8 

16 

32 

3 

6 

12 

24 

48 

35 

9 

18 

36 

11 

22 

44 

27 

54 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

47 

33 

5 

10 

20 

40 

19 

38 

15 

30 

60 

59 

57 

53 

45 

29 

58 

55 

49 

37 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

13 

26 

52 

43 

25 

50 

39 

17 

34 

7 

14 

28 

56 

51 

41 

21 

42 

23 

46 

31 

(60) 


(60) 


(60) 


N 

I 

N 

I 

N 

I 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

1 

20 

0 

1 

6 

2 

22 

7 

49 

3 

12 

23 

15 

8 

40 

50 

28 

4 

47 

13 

26 

24 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

55 

16 

57 

9 

44 

41 

18 

51 

35 

29 

59 

5 

21 

48 

11 

14 

39 

27 

46 

25 

1 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

54 

56 

43 

17 

34 

58 

20 

10 

38 

45 

53 

42 

33 

19 

37 

52 

32 

36 

31 

30 

(60) 


(60) 


(60) 


2  s 


MDCCCXCIIT. — X. 
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7ji  =  8  +  7!  =  —  (1  +  2i)  (3  +  2i)  N  {m)  =  G5  (m)  =  48  =  3 

H.  E.  =  12  X  =  X  +  57Y  (mod  65). 

=  1  -f  87  =  (2  +  i)  (2  +  37)  N  {m)  =65  $  [m)  =  48  =  2'1  2^.  3 

H.  E.  =  12  X  =  X  +  8Y  (mod  65). 

m  =  7  47  =  —  7  (1  +  27)  (2  +  37)  N  [m)  —  65  {m)  =  48  =  2~.  2^  3 

PI.  E.  =  12  X  =  X  +  47Y  (mod  65). 

=  4  +  7i  =  (2  +  7)  (3  +  27)  N  (m)  =65  (P  (m)  =  48  =  2^.  21  3 

H.  E.  =  12  X  =  X  +  18Y  (mod  65). 

Generators  27,  2. 


0 

0 

0 

0 

1 

1 

1 

1 

2 

2 

2 

2 

3 

3 

3 

3 

4 

4 

4 

4 

5 

5 

5 

5 

(12) 

0 

1 

2 

3 

0 

1 

2 

3 

0 

1 

2 

3 

0 

1 

2 

3 

0 

1 

0 

3 

0 

1 

2 

3 

(4) 

1 

27 

14 

53 

2 

54 

28 

41 

4 

43 

5G 

17 

8 

21 

47 

34 

16 

42 

29 

3 

32 

19 

58 

6  ' 

0 

6 

G 

6 

7 

7 

7 

7 

8 

8 

8 

8 

9 

9 

9 

9 

10 

10 

10 

10 

11 

11 

11 

11 

(12) 

0 

1 

2 

3 

0 

1 

2 

3 

0 

1 

2 

3 

0 

1 

2 

3 

0 

1 

2 

3 

0 

1 

2 

3 

(4) 

G1 

38 

51 

12 

G3 

11 

37 

24 

G1 

22 

9 

48 

57 

44 

18 

31 

49 

23 

36 

62 

33 

46 

7 

59 

1 

2 

3 

4 

6 

7 

8 

9 

11 

12 

14 

16 

17 

18 

19 

21 

22 

23 

24 

27 

28 

29 

31 

32 

0 

1 

4 

2 

5 

11 

3 

8 

7 

6 

0 

4 

2 

9 

5 

3 

8 

10 

7 

0 

1 

4 

9 

5 

(V2) 

0 

0 

0 

fj 

0 

0 

0 

C\ 

0 

2 

1 

3 

2 

0^ 

3 

2 

1 

1 

1 

1 

3 

1 

2 

2 

3 

0 

(4) 

33 

34 

36 

37 

38 

41 

42 

43 

44 

46 

47 

48 

49 

51 

53 

54 

56 

57 

58 

59 

61 

62 

63 

64 

11 

3 

10 

7 

6 

1 

4 

2 

9 

11 

3 

8 

10 

6 

0 

1 

2 

9 

5 

11 

8 

10 

r- 

/ 

6 

(12) 

0 

3 

2 

2 

1 

3 

1 

1 

1 

1 

2 

3 

0 

2 

3 

1 

2 

0 

2 

3 

0 

3 

0 

0 

(4) 
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m 


8  +  (1  +  if  (4  +  i)  N  (w)  =  68  tp  {m)  —  32  =  2.  2^  H.  E. 

y  =  Y  (mod  2)  a:  =  X  +  13  ( Y  —  ?/)  (mod  34). 

Generators  3,  i. 


0 

0 

1 

0 

] 

i 

1 

0 

3 

1 

1 

26 +  i 

2 

0 

9 

2 

1 

2  +  i 

;  3 

0 

27 

:  3 

1 

32  +  i 

4 

0 

13 

4 

1 

20  i 

5 

0 

5 

5 

1 

18  +  i 

6 

0 

15 

6 

1 

12 +  ; 

7 

0 

11 

7 

1 

28 +  i 

8 

0 

33 

8 

1 

8  +  t 

9 

0 

31 

9 

1 

16  +  i 

10 

0 

25 

10 

1 

6  + 1 

11 

0 

7 

1 

10  +  7 

i  12 

0 

21 

'  ]2 

1 

22+7 

13 

0 

29 

13 

1 

24  -j- 

14 

0 

19 

14 

1 

30  +  7 

15 

0 

23 

15 

1 

14  +  7 

i 

0 

1 

1 

0 

0 

2  -(-  i 

2 

1 

3 

1 

0 

5 

5 

0 

6  +  7 

10 

1 

7 

11 

0 

8  +  7 

8 

1 

9 

2 

0 

10  +  7 

11 

1 

11 

7 

0 

12  +  7 

6 

1 

13 

4 

0 

14  +  7 

15 

1 

15 

6 

0 

16+7 

9 

1 

18  +  7 

5 

1 

19 

14 

0 

20  +  7 

4 

1 

21 

12 

0 

22  +  7 

12 

1 

23 

15 

0 

24  +  7 

13 

1 

25 

10 

0 

26  +  7 

1 

1 

27 

3 

0 

28  +  7 

7 

1 

29 

13 

0 

30  4“  i 

14 

1 

31 

9 

0 

32  +  7 

3 

1 

33 

8 

0 

(16)  (2>  (16)  (2) 
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m  =  2  +  8^  =  —  ^  (1  +  if  (1  +  4z)  N(m)  =  68  $  {m)  =  32  =  2,  2'^  H.  E.  =  16 

y  =  Y  (mod  2)  r:c  =  X  +  21  (Y  —  y)  (mod  34). 

Generators  3,  26  + 


i 

8 

1 

1 

0 

0 

2  +  i 

11 

1 

3 

1 

0 

4  +  i 

6 

1 

5 

5 

0 

6  +  1 

15 

1 

7 

11 

0 

8  +  4 

9 

1 

9 

2 

0 

10 +  4' 

5 

1 

11 

7 

0 

12  +  4 

4 

1 

13 

4 

0 

14  +  4 

12 

1 

15 

6 

0 

16  +  4 

13 

1 

18  +  4 

1 

1 

19 

14 

0 

20 +  i 

7 

1 

21 

12 

0 

22  +4 

14 

1 

23 

15 

0 

24  +  4 

3 

1 

25 

10 

0 

26  +  4 

0 

1 

27 

3 

0 

28  -f~ 

2 

1 

29 

13 

0 

31 

9 

0 

32  4" 

10 

1 

33 

8 

0 

0 

0 

1 

0 

1 

26  +  i 

1 

0 

3 

1 

1 

18  +  4 

2 

0 

9 

2 

1 

284  4 

3 

0 

27 

3 

1 

24  +  4' 

4 

0 

13 

4 

1 

12  +  4 

5 

0 

5 

5 

1 

10  +  4 

6 

0 

15 

6 

1 

4  +  4 

7 

0 

11 

7 

1 

20  +  4 

8 

0 

33 

8 

1 

4 

9 

0 

31 

9 

1 

8  +  4 

10 

0 

25 

10 

1 

32  +  4 

11 

0 

7 

11 

1 

2+4 

12 

0 

21 

12 

1 

14  +  4 

13 

0 

29 

13 

1 

16  +  4 

14 

0 

19 

11 

1 

22  +  i 

15 

0 

23 

15 

1 

6  +  4 

(16) 


(2) 


(16;  (2) 
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m 


6  +  6^  =  -  ^(1  +  ?:)3. 3  N(w)  =  72  ^>(w)  =  32  =  23. 2^  H.  E.  =  8 

y  =  Y  (mod  6)  a:  =  X  +  Y  —  ?/  (mod  12). 

Generators  2  +  i,  i. 


1  0 

0 

1 

1  0 

1 

0 

2 

11 

0 

3 

6  +  bi 

1 

0 

2  +  i 

] 

1 

U  +  2{ 

1 

2 

4+5i 

1 

3 

7 +  41 

2 

0 

3  +  4i 

2 

1 

8  +  3^• 

2 

2 

3  +  2i 

2 

3 

10  +  3i 

3 

0 

8  +  5i 

3 

1 

l  +  2i 

3 

2 

lO  +  i 

3 

3 

5  H"  4i 

4 

0 

5 

4 

] 

5i 

4 

2 

7 

4 

3 

6  +  i 

5 

0 

10  +  5i 

5 

1 

l  +  4i 

5 

2 

8  +  'i 

5 

3 

D  -j-  !2z 

0 

0 

9  -|-  2i 

'  6 

1 

4  +  3i 

'  6 

2 

9  +  4i 

!  6 

3 

2  +  3i 

;  7 

0 

4  +  i 

7 

1 

ll  +  4i 

7 

2 

2  +  5i 

7 

3 

7  +  2i 

i 

0  1 

5i 

4  1 

1 

0  0 

l+2i 

3  1 

1  +  4i 

5  1 

2  +  i 

1  0 

2  +  3i 

0  3 

2  +  5/ 

7  2 

3  “h  2^- 

2  2 

3  ~h 

2  0 

4  +  i 

7  0 

4  -j-  Si 

6  1 

4  -}“  5^ 

1  2 

5 

4  0 

5  +  2i 

5  3 

5  +  4i 

3  3 

6  +  i 

4  3 

6  +  5i 

0  3 

7 

4  2 

7  +  2i 

7  3 

7  +  4i 

1  3 

8  +  i 

5  2 

8  +  3i 

2  1 

8  +  5i 

3  0 

9  “h  2i 

6  0 

9  +  4i 

6  2 

10  +  i 

3  2 

10  +  3i 

2  3 

10  +  5i 

5  0 

11 

0  2 

1]  +2i 

1  1 

11  +  4i 

7  1 

(8)  (4) 


(8)  (4) 


318 

m  = 

m  = 
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8  -f  3^  N  (m)  =  73  ^  (m)  =  72  =  2^.  3^  H.  E.  =  72  x  =  X+  46Y  (mod  73) 
3  +  8^  N  (to)  =  73  <I>  (to)  =  72  =  2^  3^  H.  E.  =  72  x  =  X  +  27Y  (mod  73) 

Generator  5. 


N 


N 


N 


N 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

1 

5 

25 

52 

41 

59 

3 

15 

2 

10 

50 

31 

9 

45 

6 

30 

4 

20 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

27 

62 

18 

17 

12 

60 

8 

40 

54 

51 

36 

34 

24 

47 

16 

7 

35 

29 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

72 

68 

48 

21 

32 

14 

70 

58 

71 

63 

23 

42 

64 

28 

67 

43 

69 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

46 

11 

55 

56 

61 

13 

65 

33 

19 

22 

37 

39 

49 

26 

57 

66 

38 

44 

(72) 


(72) 


(72) 


(72) 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

0 

8 

6 

16 

1 

14 

33 

24 

12 

9 

55 

22 

59 

41 

7 

32 

21 

20 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

62 

17 

39 

63 

46 

30 

2 

67 

18 

49 

35 

15 

11 

40 

61 

29 

34 

28 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

64 

70 

65 

25 

4 

47 

51 

71 

13 

54 

31 

38 

66 

10 

27 

O 

O 

53 

26 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

'  56 

57 

68 

43 

5 

23 

58 

19 

45 

48 

60 

69 

50 

37 

52 

42 

44 

36 

(72) 


(72) 


(72) 


(72) 
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m  =  7  +  5^  =  -  ^  (1  +  ^)  (1  +  6^■)  N  {m)  =  74  <!>  {m)  =  36  =  2'1  3^  H.  E.  =  36 

a?  =  X  +  43Y  (mod  74) 

w  =  5  +  7t  =  (1  +  i)  (6  +  i)  N  (m)  =  74  <I>  (m)  =  36  =  3^  H.  E.  =  36 

x  =  X  +  31 Y  (mod  74). 

Generator  5. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

1 

5 

25 

51 

33 

17 

11 

55 

53 

43 

67 

39 

47 

13 

65 

29 

71 

59 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

73 

69 

49 

23 

41 

57 

63 

19 

21 

31 

7 

35 

27 

61 

9 

45 

3 

15 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

29 

31 

33 

35 

0 

34 

1 

28 

32 

6 

13 

35 

5 

25 

26 

21 

2 

30 

15 

27 

4 

29 

39 

41 

43 

45 

47 

49 

51 

53 

55 

57 

59 

61 

63 

65 

67 

69 

71 

73 

11 

22 

9 

33 

12 

20 

3 

8 

7 

23 

17 

31 

24 

14 

10 

19 

16 

18 

(8G) 


(36) 


(36) 


(36 
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m  =  8  +  4^  =  -  (1  4-  i)^  (2  +  ^)  N  (m)  =  80  ^  (m)  =  32  =  2.  22.  2^  H.E. 

y  =  Y  (mod  4)  a:  =  X  +  3  (Y  —  y)  (mod  20). 


Generators  17,  8  + 


i 

3 

1 

1 

0 

3z 

2 

3 

0  i 

1 

0 

0 

0  j 

1+22 

1 

0 

1 

2  +  32' 

0 

3 

1 

3 

3 

2 

0  i 

3  +  22 

2 

2 

1  ' 

4+  i 

1 

1 

0  i 

4  +  32' 

3 

3 

0  i 

5  +  22' 

0 

0 

1  i 

6+  i 

2 

1 

1 

7 

1 

2 

0  1 

7+22 

3 

2 

1 

8  +  i 

0 

1 

0 

8  +  32 

1 

3 

0 

9 

2 

0 

0 

10+  i 

3 

1 

1 

10  +  32' 

2 

3 

1 

11 

0 

2 

0 

11  +  22 

1 

2 

1 

12 +  .32 

0 

3 

0 

13 

3 

0 

0 

13  +  22'. 

2 

0 

1  I 

14  +  2 

1 

1 

1  ! 

14  +  32 

3 

3 

1 

15  +  22' 

0 

2 

1 

16+  2 

2 

1 

0 

17 

1 

0 

0  ! 

17  +  22' 

3 

0 

1 

18+  2 

0 

1 

1 

18  +  32 

1 

3 

1 

19 

2 

2 

0 

1 

0 

0 

0 

1 

0 

0 

1 

5  +  2z' 

0 

1 

0 

8+  i 

0 

1 

1 

18+  i 

0 

2 

0 

11 

0 

2 

1 

15  +  2^' 

0 

3 

0 

12+3^■ 

0 

3 

1 

2  +  3z' 

1 

0 

0 

17 

1 

0 

1 

l+2i 

1 

1 

0 

4+  i 

1 

1 

1 

14+  i 

1 

2 

0 

7 

1 

2 

1 

ll  +  2^' 

1 

3 

0 

8  +  3z' 

1 

3 

1 

18  +  3i 

2 

0 

0 

9 

2 

0 

1 

13  +  2i 

2 

1 

0 

16+  i 

2 

1 

1 

6+  i 

2 

2 

0 

19 

2 

0 

1 

3+2?: 

2 

3 

0 

3? 

2 

3 

1 

10  +  3? 

3 

0 

0 

13 

3 

0 

1 

17  +  2i 

3 

1 

0 

i 

3 

1 

1 

10+  i 

3 

2 

0 

3 

3 

2 

1 

7  +  2i 

3 

3 

0 

4  +  3i 

3 

3 

1 

14  +  3i 

(4)  (4)  (2) 


(4)  (4)  (2) 
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m  =  4  +  8i  =  -  (1  +  0^  (1  +  2i)  N  («i)  =  80  cp  (m)  32  =  2.  2'\  2-  H.  E.  =  4 

U  =  Y  (mod  4)  Jf  =  X  +  17  (Y  —  i/)  (mod  20). 

_  _  _  Generators  17,  3/,  17+2/, 


i 

1 

3 

0 

0 

1 

0 

1 

0 

0 

0 

2f  i 

2 

3 

1 

2  +  3i 

3 

1 

1 

3 

3 

2 

(J 

3  -|-  '2ii 

1 

2 

1 

4+  i 

0 

3 

0 

5  + 

2 

0 

1 

b  -|-  1 

3 

3 

1  1 

b  3i 

1 

1 

1  j 

7 

1 

2 

0  ! 

7  +  2^- 

0 

2 

1 

8  +  3i 

2 

1 

0 

9 

2 

0 

0 

9  +  21 

o 

O 

0 

1 

10+  i 

1 

3 

1 

10  +  3t 

u 

1 

1 

11 

0 

2 

0 

12+  i 

2 

0 

12  +  3i' 

3 

1 

0 

13 

o 

O 

0 

0 

13  +  2i 

1 

0 

1 

14+  i 

0 

3 

1 

L5  +  2i 

2 

2 

1 

16+  i 

.3 

.3 

0 

16  + 3i 

1 

1 

0 

17 

1 

0 

0 

17  +  2t 

0 

0 

1 

18  +  3i 

2 

1 

1 

19 

2 

2 

U  i 

19  +  2i 

o 

O 

2 

1 

0 

u 

0 

1 

0 

0 

1 

17  +  27 

0 

1 

0 

Si 

0 

1 

1 

10  +  37 

0 

2 

0 

11 

0 

2 

1 

7  +  27 

0 

3 

0 

4+  7 

0 

3 

1 

14+  7 

1 

0 

0 

17 

1 

0 

1 

13  +  27 

1 

1 

0 

16  +  37 

1 

1 

1 

6  +  37 

1 

2 

0 

7 

1 

2 

1 

1 

3 

0 

i 

1 

3 

1 

10+  7 

2 

0 

0 

9 

2 

0 

1 

5  +  27 

2 

1 

0 

8  +  37 

2 

1 

1 

18  +  37 

2 

2 

0 

19 

2 

2 

.  1 

15  +  27 

2 

.3 

0 

12+  7 

2 

3 

1 

2  +  7 

3 

0 

0 

13 

3 

0 

1 

9  +  27 

•  > 

o 

1 

0 

12  +  37 

3 

1 

1 

2  +  37 

3 

2 

0 

3 

3 

2 

1 

19  +  27 

3 

3 

0 

16+  7 

3 

3 

1 

6+  7 

(4)  (4)  (2)  (4)  (4)  (2) 
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y-> 


no  =9  =  3^  N  (m)  =  81  (p  (m)  =  72  =  3.  3  H.  E.  =  24 

a:  =  X  (mod  9)  ^  =  Y  (mod  9). 

Geiieratoi's  2  +  ^44-  37 


0 

0 

1 

8 

■  0 

4  +  6/ 

16 

0 

1  o  • 

/  +Ol 

0 

1 

4  +  3i 

8 

1 

7 

16 

1 

1  +  6/ 

u 

2 

7  +  Gi 

8 

2 

1  +  3/ 

16 

2 

4 

1 

U 

2  +  i 

9 

0 

2  +  7/ 

17 

0 

2  +  4/ 

i 

1 

5  -f"  i 

9 

1 

5  +  7/ 

17 

1 

5  +  4/ 

1 

2 

S-\-i 

9 

2 

8  +  7/ 

17 

2 

8  +  4/ 

2 

0 

3  +  4t 

10 

0 

6  +  7/ 

18 

0 

i 

2 

1 

li 

10 

1 

3  -j-  ?/* 

18 

1 

6  +  4/ 

2 

o 

6  +  z 

10 

2 

4i 

18 

2 

3  +  7/ 

3 

0 

2  +  21 

11 

0 

5  +  2/ 

19 

0 

8 

t  > 

o 

1 

2  I  hi 

11 

1 

5  +  5/ 

19 

1 

8  +  5/ 

3 

2 

2  +  8i 

11 

2 

5  +  8/ 

19 

2 

8  +  8/ 

4 

0 

2  +  6i 

12 

0 

8 

20 

0 

5  -|“  3i- 

4 

1 

8  “h 

12 

1 

5  +  6/ 

20 

1 

2 

4 

2 

5 

12 

2 

2  +  3/ 

20 

2 

8  6t 

5 

0 

7  +  5i 

13 

0 

7  +  8/ 

21 

0 

7  +  2/ 

r 

o 

1 

4  +  5/ 

13 

1 

4  +  8/ 

21 

1 

4  +  2/ 

h 

4) 

imi 

1  +  5/ 

13 

2 

1+8/ 

21 

2 

1  +  2/ 

3 

0 

8/ 

14 

0 

6  +  5/ 

22 

0 

3  +  2/ 

6 

1 

3  “h 

14 

1 

2/ 

22 

1 

6  +  8/ 

6 

2 

b  "T  2/ 

14 

2 

3  -f-  8^' 

22 

2 

hi 

7 

0 

1  +  7/ 

15 

0 

7  +  7/ 

23 

0 

4  +  7/ 

7 

1 

1  +  4/ 

15 

1 

7  +  4/ 

23 

1 

4  4"  4t 

7 

4) 

1  -b  ^ 

15 

2 

7  +  / 

23 

2 

4  +  / 

(24)  (3)  (24)  (3)  (24)  (3) 


i 

18 

0 

3  +  i 

10 

1 

6  +  / 

2 

2 

2/ 

14 

1 

3  +  2/ 

22 

0 

6  +  2/ 

6 

2  1 

4^ 

10 

2 

3  “h  4t 

2 

0 

6  +  4/ 

18 

1  1 

5i. 

22 

2 

3  4“  hi 

6 

1 

6  +  5/ 

14 

0  1 

7/ 

2 

1 

3  +  7/ 

18 

2 

6  +  7/ 

10 

0  1 

8/ 

6 

0 

3  “h  S'i 

14 

2 

6  +  8/ 

22 

1  i 

1 

0 

0 

4- 

16 

2 

7 

8 

1  ! 

1  +  i 

7 

2 

4  +  / 

23 

2 

7  -\-i 

15 

2 

1+2/ 

21 

2 

1  +  2/ 

21 

1 

7  +  2/ 

21 

0 

1+3/ 

8 

2 

4  +  3/ 

0 

1 

7+3/ 

16 

0 

1+4/ 

7 

1 

4  4"  4 

23 

1 

7  +  4/ 

15 

1 

1  +  5/ 

5 

2 

4  ~|“  D‘h 

5 

1 

^  Oh 

5 

0 

1  +  6/ 

16 

1 

4  “h  b 

8 

0 

7  +  6/ 

0 

2 

1  “h  /t 

7 

0 

4  4-  7/ 

23 

0 

7  +  7/ 

15 

0 

1  +  8/ 

13 

2 

4  +  8/ 

13 

1 

7  +  8/ 

13 

0 

2 

20 

1 

h 

4 

2 

8 

12 

0 

2  +  / 

1 

0 

o-\-  i- 

1 

1 

8  +  / 

1 

2 

2  +  2/ 

•  > 

>J 

0 

5  +  2/, 

11 

0 

8  +  2/ 

19 

0 

1j  "h  3"^ 

12 

2 

5  +  3/ 

20 

0 

8  4“ 

4 

1 

2  +  4/ 

17 

0 

5  +  4/ 

17 

1 

8  +  4/ 

17 

O 

2  +  5/ 

3 

1 

5  +  5/ 

11 

1 

X 

8  +  5/ 

19 

1 

2  4-6,/ 

4 

0 

b  4“  b  i 

12 

1 

b  4”  G't 

20 

2 

2  +  7/ 

9 

0 

5  +  7/ 

() 

1  i 

b  4”  ^  ^ 

9 

G 

w 

2  +  8/ 

3 

2 

0  4~  8^ 

11 

o  ; 

^  1 

b  4"  bi- 

19 

2 

(■44)  (3) 


(24)  (3) 


(24)  (3) 
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771  =  9  +  ^  t  (1  +  ^)  (4  +  5i)  N  (m)  =82  $  (m)  =  40  =  2^  5 

H.  E.  =  40  x  =  X+  73Y  (mod  82). 

m  =  1  9i  =  (14-^)  ('^  +  47)  N  (m)  =  82  <I)  (»?)  =  40  =  2^.  5 

H.  E.  =  40  x  =  X  +  9Y  (mod  82). 

Generator  7. 


0 

1 

2 

3 

4 

5 

G 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

1 

7 

49 

15 

23 

79 

61 

17 

37 

13 

9 

G3 

31 

53 

43 

55 

57 

71 

5 

35 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

81 

75 

33 

G7 

59 

3 

21 

65 

45 

69 

73 

19 

51 

29 

39 

27 

25 

11 

77 

47 

(40) 


(40) 


1 

O 

o 

5 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

29 

31 

33 

35 

37 

39 

0 

25 

18 

1 

10 

37 

9 

3 

7 

31 

26 

4 

36 

35 

33 

12 

22 

19 

8 

34 

43 

45 

47 

49 

51 

53 

55 

57 

59 

61 

63 

65 

67 

G9 

71 

73 

75 

77 

79 

81  ! 

[ 

14 

28 

39 

2 

32 

13 

15 

16 

24 

6 

11 

27 

23 

29 

17 

30 

21 

38 

T) 

20 

1 

(40) 


(40) 


rp  O 


O 
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J\1R.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OP  NUMBERS 


m=94-2i=  -?:(2  +  ?:)(l  +  4{)  2  +  9^■  =  (1 -{-  22)  (4 +2)  7  +  fi2  =  (2  +  2)  (4  +  2) 

or  6  +  72=  -  2  (1  +  22)  (1  +  42). 


For  all  N  (222)  =  85  (to)  =  64  =  2®.  2^  H.E.  =  16. 


2)2  :=  9  +  2i  rr  =  X  +  38Y  (mod  8 5)  222  =  2  +  92 

2)2  =  7  +  62  .r  =  X  +  I3Y  (mod  85)  2)2  =  6  +  7i 


rr  =  X  +  47Y  (mod  85) 
.22  =  X  +  7 2 Y  (mod  85). 


Generators  3,  52. 


0  0 

1 

8  0 

16 

0  1 

52 

8  1 

67 

0  2 

69 

8  2 

84 

0  3 

18 

8  3 

33 

1  0 

3 

9  0 

48 

1  1 

71 

9  1 

31 

1  2 

37 

9  2 

82 

1  3 

54 

9  3 

14 

2  0 

9 

10  0 

59 

2  1 

43 

10  1 

8 

2  '  2 

26 

10  2 

76 

2  3 

77 

10  3 

42 

3  U 

27 

11  0 

7 

3  1 

44 

11  1 

24 

3  2 

78 

11  2 

58 

3  3 

61 

11  3 

41 

4  0 

81 

12  0 

21 

4  1 

47 

12  1 

72 

4  2 

64 

12  2 

4 

4  3 

13 

12  3 

38 

5  0 

73 

13  0 

63 

5  1 

56 

13  1 

46 

5  .  2 

22 

13  2 

12 

.'■)  3 

39 

13  3 

29 

6  0 

49 

14  0 

19 

6  1 

83 

14  1 

53 

6  2 

66 

14  2 

.  36 

6  3 

32 

14  3 

'  2 

7  0 

62 

15  0 

57 

7  1 

79 

15  1 

74 

7  2 

28 

15  2 

23 

7  3 

11 

15  3 

6 

1 

1 

1 

0  0 

2 

14  3 

3 

1  0 

4 

12  2 

6 

15  3 

7 

11  0 

8 

10  1 

9 

2  0 

11 

7  3 

12 

13  2 

13 

4  3 

14 

9  3 

16 

8  0 

18 

0  3 

19 

14  0 

21 

12  0 

22 

5  2 

23 

15  2 

24 

11  1 

26 

2  2 

27 

3  0 

28 

7  2 

29 

13  3 

31 

9  1 

32 

6  3 

33 

8  3 

36 

14  2 

37 

1  2 

38 

12  3 

39 

5  3  ! 

41 

11  ■  3  1 

42 

10  3 

43 

2  1 

44 

3  1 

46 

13  1 

47 

4  1  ' 

48 

9  0 

49 

6  0 

52 

0  1 

53 

14  1 

54 

1  3 

56 

5  1 

57 

15  0 

58 

11  2 

59 

10  0 

61 

3  3 

62 

7  0 

63 

13  0 

64 

4  2 

66 

6  2 

67 

8  1 

69 

0  2 

71 

1  1 

72 

12  1 

73 

5  0 

i  74 

15  1 

i  76 

10  2 

7  i 

2  3 

78 

3  2 

:  79 

7  1 

:  81 

4  0 

82 

9  2  ■ 

i  83 

6  1 

84 

8  2  1 

(16)  (4) 


(16)  (4) 


(16)  (4) 


(16)  (4) 
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=  8  4-  N  (w)  =  89  (m)  =  88  =  2^  II  H.  E.  88  .r  =  X  +  84  Y  (mod  89). 

w  =  5  +  8?  N  (w)  =  89  cP  (m)  =  88  =  2^.  11  H.  E.  =  88  x  =  X+  55  Y  (mod  89). 

Generator  3. 


X 


N 


N 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

1 

3 

9 

27 

81 

65 

17 

51 

64 

]4 

42 

37 

22 

66 

20 

60 

2 

6 

18 

54 

73 

41 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

34 

13 

39 

28 

84 

74 

44 

43 

40 

31 

4 

12 

36 

19 

57 

82 

68 

26 

78 

56 

79 

59 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

88 

86 

80 

62 

8 

24 

72 

38 

2.5 

75 

47 

52 

67 

23 

69 

29 

87 

83 

71 

35 

16 

48 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

55 

76 

50 

61 

5 

15 

45 

46 

49 

58 

85 

77 

53 

70 

32 

7 

21 

63 

11 

33 

10 

30 

(88) 


(88) 


(88) 


(88) 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

00 

w  ^ 

0 

16 

1 

32 

70 

17 

81 

48 

2 

86 

84 

33 

23 

9 

71 

64 

6 

18 

35 

14 

82 

12 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

57 

49 

52 

39 

3 

25 

59 

87 

31 

80 

85 

22 

63 

34 

11 

51 

24 

30 

21 

10 

29 

28 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

72 

73 

54 

65 

74 

68 

7 

55 

78 

19 

66 

41 

36 

75 

43 

15 

69 

47 

CO 

8 

5 

13 

67 

68 

69 

70 

71 

72 

73 

74 

/  5 

76 

77 

78 

79 

80 

81 

82 

'  ot 

00 

84 

85 

86 

87 

88 

56 

38 

58 

79 

62 

50 

20 

27 

53 

67 

77 

40 

42 

46 

4 

37 

61 

26 

76 

45 

60 

44 

(88) 


(88) 


(88) 


(88) 


320 


MR.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS 


m  =  9  -f-  3^'  =  —  (1  +  0  (1  +  ^'0  ^  N  —  '^2  =  2^  2^ 

H.  E.  =  8  y  =  Y  (morl  3)  .'k  =  X  +  7  (Y  —  y)  (mod  30). 

Generators  2  +  i,  i. 


i 

0  1 

1 

0  0 

2  +  2 

1  0 

3  +  22 

4  1 

4  +  2 

3  2 

5  -|-  2'? 

3  0 

6  +  2 

4  3 

7 

6  1 

7  +  22 

1  2 

9  +  22- 

0  3 

10 +  7 

1  3 

II 

4  0 

12  +  7 

6  2 

13 

2  3 

13  +  27 

7  3 

14  +  2 

5  2 

15  +  27 

2  2 

1()  +2 

5  1 

17 

2  1 

17  +  27 

7  2 

19 

4  2 

19  +  27- 

3  1 

20  +  7 

3  3 

22  -f-  2 

7  0 

23 

6  3 

23  +  27 

5  3 

24  +  7 

2  0 

25  +  27 

5  0 

26  +  7 

7  1 

27  +  27 

6  0 

29 

0  2 

29  +  27 

1  1 

1 

0  0 

1 

0  1 

0  2 

29 

0  3 

9  +  27 

1  0 

2  +  7 

1  1 

29  +  2-; 

1  2 

7  +  2^' 

1  3 

10  +  7 

2  0 

24  +  7 

2  1 

17 

2  2 

15  +  27 

2  3 

13 

3  0 

5  +  27 

3  1 

19  +  27 

3  2 

4  +  7 

3  3 

20  +  7 

4  0 

11 

4  1 

3  +  27 

4.  2 

19 

4  3 

6  +  7 

5  0 

25  +  27 

5  1 

16  +  7 

5  2 

14  +  7 

1  5  3 

23  +  27 

6  0 

27  +  2i 

i  ^ 

7 

6  2 

12  +  7 

7  0 

22  +  7 

7  1 

26  +  7 

7  2 

17  +  27 

7  3 

1 

13  +  27 

. 

(8)  (4) 


(8)  (4) 
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=  3  +  =  (1  +  i)  (2  +  ^)  3  N  (m)  =  90  cP  (m)  =  32  =  2a  2'5 

H.E.  =  8  ^  =  Y  (mod  3)  rc  =  X  +  23  ( Y  —  y)  (mod  30). 

Generators  23  +  2i,  21  +  2i. 


0  0 

1  1 

0  1 

21  +  2i 

0  2 

29 

0  3 

1  0 

23  “1“  j 

1  1 

20  +  1  ! 

1  2 

28  +  ^•  1 

1  3 

1  +  ! 

2  U 

15  +  2i  ! 

2  1 

17 

2  2 

G+  i.' 

2  3 

13 

3  0 

26  +  i 

3  1 

10  +  i 

3  2 

25  +  2i 

3  3 

ll  +  2i 

4  0 

11 

4  1 

24  +  { 

4  2 

19 

4  3 

27  +  21 

5  0 

16  +  1 

5  1 

7  +  2i 

5  2 

5  +  2i 

5  3 

14 +  i 

6  0 

18 +  i 

6  1 

7 

G  2 

3  +  2i 

G  3 

23 

7  0 

13  +  2i 

7  1 

17  +  2i 

7  2 

8  +  i 

7  3 

4  +  i 

t  i 

0  3 

1  1 

0  0 

1  l  +  2i 

1  3 

3  +  2i 

b  2 

■1  +  i 

7  3 

5  +  2i 

5  2 

G  +  4 

2  2 

i  7 

G  1 

7  +  24 

5  1 

8  +  4 

7  2 

10  +  4 

3  1 

11 

4  0 

^  11+24 

3  3 

13 

2  3 

13  +  24 

7  0 

14  +  4 

5  3 

15  -|“  2i 

2  0 

16  +  4 

5  0 

17 

2  1 

17  +  24 

7  1 

18  +  4 

6  0 

19 

4  2 

20  +  4 

1  1 

21  +  24 

0  1 

23 

6  3 

23  +  24 

1  0 

24  +  4 

4  1 

25  +  2i 

3  2 

2b  -|-  i 

3  0 

2 /  2i 

4  3 

28  H"  i 

1  2 

29 

0  2 

(8)  (4) 


(8)  (4) 
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MR.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS 


m  =  9  +  Ai 

N  (m) 

=  97 

cp  (m)  =  96  =  2^.  3 

H.  E.  =  96 

a’  —  X  -|-  22Y  (mod  97). 

III  4  “1-  9 1 

N  (m) 

=  97 

«1>  (m)  =  96  —  2^.  3 

u2 

II 

cr- 

a  =  X  +  75Y  (mod  97). 

Generator  5. 


I 

U 

1 

2  3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

N 

1 

5  25  28 

43 

21 

8 

40 

6 

30 

53 

71 

(j4 

29 

48 

46 

36 

83 

27 

38 

1 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

N 

93 

77 

94 

82 

22 

13 

65 

34 

73 

74 

79 

7 

35 

78 

2 

10 

50 

56 

86 

1 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

N 

42 

16 

80 

12 

60 

9 

45 

31 

58 

96 

92 

72 

69 

54 

76 

89 

57 

91 

67 

1 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

N 

44 

26 

33 

68 

49 

51 

61 

14 

70 

59 

4 

20 

3 

15 

75 

84 

32 

63 

24 

I 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

N 

23 

18 

90 

62 

19 

95 

87 

47 

41 

11 

55 

81 

17 

85 

37 

88 

52 

66 

39 

(96) 


(96) 


(96) 


(96) 


(96) 
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N 

1 

2 

3 

4 

5  6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

1 

0 

34 

70 

68 

1  8 

31 

6 

44 

35 

86 

42 

25 

65 

71 

40 

89 

78 

81 

69 

N 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

I 

0 

24 

77 

76 

2 

59 

18 

3 

13 

9 

46 

74 

60 

27 

32 

16 

91 

19 

95 

N 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

1 

7 

85 

39 

4 

58 

45 

15 

84 

14 

62 

36 

63 

93 

10 

52 

87 

37 

55 

47 

N 

59 

60 

61 

62 

63 

64 

65 

66 

67 

G8 

69 

70 

71 

72 

73 

74 

75 

76 

77 

1 

67 

43 

64 

80 

75 

12 

26 

94 

57 

61 

51 

66 

11 

50 

28 

29 

72 

53 

24 

N 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

I 

33 

30 

41 

88 

23 

17 

73 

90 

38 

83 

92 

54 

79 

56 

49 

20 

22 

82 

48 

■  (96) 


(96) 


(66) 


(96) 


(96) 


m  =  7  +  ;^  =  {]  +  0  7  N  (m)  =  98  4^  (m)  =  48  =  2i  3 

(/  =  Y  (mod  7)  a:  =  X  +  Y  —  y  (mod  14), 
Geiieialoi-  2  -f-  i. 


0 

1 

2  +  i 

2 

3  +  4i 

3 

9 +  4-1 

4 

3i 

5 

ll  +  6i 

6 

9  +  2-1 

7 

9  +  6{ 

8 

5 

9 

l0  +  5i 

10 

l  +  6t 

11 

3  +  6i 

12 

i 

13 

13  +  27 

14 

10  +  37 

15 

3  +  27 

16 

11 

17 

1  +  47 

18 

0  4" 

19 

1+27 

20 

57 

21 

2 

22 

8  +  7 

23 

8  +  37 

24 

13 

25 

5  -f-  bi 

26 

4  +  37 

27 

12  +  37 

28 

7  +  47 

29 

10  +  7 

30 

12  +  57 

31 

12  +  7  i 

32 

9  i 

33 

11  +  27 

34 

6  +  7 

35 

4  +  7 

36 

7  +  67 

37 

8  +  hi 

38 

11+47 

39 

4  +  57 

40 

3 

41 

b  -t" 

42 

2  +  57 

43 

6  +  57 

44 

7  +  27 

45 

5  +  47 

46 

13  +  67 

47 

13+47 

i 

12 

37 

4 

57 

20 

1 

0 

1  +  27 

19 

1+47 

17 

1  +  67 

10 

2  4“  i 

1 

2 +  .37 

21 

2  “b  hi 

42 

3 

40 

3  +  27 

15 

3  +  17 

2 

3  +  67 

11 

4  4"  f' 

35 

4  +  37 

26 

4  4~ 

39 

5 

8 

5  +  27 

18 

5  +  47 

45 

5  +  67 

25 

6  +  7 

34 

6  +  37 

41 

b  4"  5^ 

43 

616 j  (4S;  (48j 


41IJCCCXCI1I. — A. 


u 


H.  E.  =  48 


7  +  27 

44 

7  +  47 

28 

7  +  67 

36 

8  +  7 

GO 

w  w 

8  +  37 

23 

8  +  57 

37 

9 

32 

9  +  27 

6 

9  +  47 

3 

9  4“  6i 

7 

lO  +  7 

29 

10  +  37 

14 

10  +  57 

9 

11 

16 

11  h27 

33 

'  11  +  47 

38  i 

11  +  67 

5  ' 

12  +  7 

31 

12  +  37 

27  , 

12  +  57 

30  , 

13 

24 

13  +  27 

13 

13  +  47 

47 

13  +  67 

46  1 

(4S) 


330 


MR.  G.  T.  13ENNMTT  UN  THE  RESIDUES  OE  POWERS  OF  NUMBERS 


=  8  +  6i  -- 

H.  E. 


-  (1  +  +  2?:)2  N  (m)  =  100  =  40  =  2.2o5. 

20  ^  =  Y  (luod  2)  cc  ^  X  +  7  ( Y  —  y)  (mod  50). 

Generators  3,  44  -f  e 


0 

0 

1 

10 

0 

49 

i 

15 

1 

0 

1 

44  4-  i 

10 

1 

42  4-7 

] 

0 

0 

1 

0 

3 

11 

0 

47 

2  4"  i 

2 

1 

1 

1 

46  4-  i 

11 

1 

40  4-7 

3 

1 

0 

2 

0 

9 

12 

0 

41 

4  +  7 

8 

1 

2 

1 

24-7 

12 

1 

34  4-  7 

6  +  7 

17 

1 

.3 

0 

27 

13 

0 

23 

7 

15 

0 

3 

1 

20  4- 7 

13 

1 

16  + 7 

9 

2 

0 

4 

0 

31 

14 

0 

19 

10  +  7 

19 

1 

4 

1 

244-7 

14 

1 

12  +  7 

11 

8 

0 

5 

0 

43 

1.5 

0 

7 

12  +  7 

14 

1 

5 

] 

36  4“  i 

15 

1 

i 

13 

17 

0 

6 

0 

29 

16 

0 

21 

14  +  7 

16 

1 

G 

1 

22  4“  i 

IG 

1 

14+7 

16  +  7 

13 

1 

7 

0 

37 

17 

0 

13 

17 

19 

0 

7 

1 

30  4‘  i 

17 

1 

6  +  7 

19 

14 

0 

8 

0 

11 

18 

0 

39 

20  +  7 

3 

1 

8 

1 

44-7 

18 

1 

32  4” 

21 

16 

0 

9 

0 

33 

-  19 

0 

17 

22  4“ 

6 

1 

9 

1 

26  4~ 

19 

1 

1 0  4" 

23 

13 

0 

(20)  (2) 


(20) (2) 


ro 


20)  (2) 


24  +  7 

4 

1 

26  +  i 

9 

1 

27 

o 

O 

0 

29 

6 

0 

30  +  7 

i 

1 

31 

4 

U 

32  +  7 

18 

1 

33 

9 

0 

34+  7 

12 

i 

36  +  7 

5 

1  i 

37 

7 

0  ' 

39 

18 

0 

40  +  7 

11 

1 

41 

12 

0  ‘ 

42  +  7 

10 

1 

43 

5 

0 

44  + 1 

0 

1 

46  +  7 

1 

1 

47 

11 

0 

49 

10 

0 

(20)  (2) 

VL  =  6  4-  8i  =  -  i  (1  +  /)  -  (2  +  1)-  N  (aO  =  100  cP  (?h}  =  40  =  2.2".  5 
H.  E.  =  20  //  =  Y  (mod  2)  a;  =  X  +  '13  (Y  —  (mod  50). 

Generators  3,  8  + 


0  0 

1 

10  0 

49  ■ 

0  1 

8  +  7 

10  1 

6  +  7 

1  0 

3 

11  0 

47 

1  1 

10  +  7 

11  1 

4  +  7 

2  0 

9 

12  0 

41 

2  1 

16  +  7 

12  1 

48  +  7 

3  0 

27 

13  0 

23 

3  1 

34  +  7 

13  1 

30-1-  i 

4  0 

31 

14  0 

19 

4  1 

38  +  7 

14  1 

26  +  7 

5  0 

43 

15  0 

7 

5  1 

7 

15  1 

14  +  7 

6  0 

29 

16  0 

21 

6  1 

36  +  7 

16  1 

28  +  7 

7  0 

37 

17  0 

13 

7  1 

44  +  7 

17  1 

20  +  7 

8  0 

11 

18  0 

39 

8  1 

18  +  7 

18  1 

46  +  7 

9  0 

33 

19  0 

17 

9  1 

40  +  7 

19  1 

24  +  7 

(20)  (2)  (20)  (2) 


i 

o 

1 

26  +  7 

11 

1 

1 

0 

0 

27 

3 

0 

3 

1 

0 

28  +  7 

16 

1 

4  +  7 

11 

1 

29 

6 

0 

6  -j-  'A 

10 

1 

30  "f-  i 

13 

1 

7 

15 

0 

31 

4 

0 

8  +  7 

0 

1 

33 

9 

0 

9 

2 

0 

34  -|-  i 

3 

1 

10  +  7 

1 

1 

36  +  7 

t) 

1 

11 

8 

0 

37 

7 

0 

13 

17 

0 

38  +  7 

4 

1 

14  +  7 

15 

1 

39 

18 

0 

16  +  7 

2 

1 

40  +  7 

9 

1 

17 

19 

0 

41 

12 

0  1 

18  +  7 

8 

1 

43 

5 

6  ' 

19 

14 

0 

44  +  7 

7 

1  i 

20  +  7 

17 

1 

46  +  7 

18 

1 

21 

16 

0 

47 

11 

0 

23 

13 

0 

48  +  7 

12 

1 

24  “h  i 

19 

1 

49  ^ 

10 

0 

(20)  (2)  (20) (2) 
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10  = -(1+?)2(1  +  2^)(2  +  ^)  N(m)=100  $  (w)  32  =2.22.22.  H.  E.  =  4 

a;  =  X  (mod  10)  y  =  ^  (mod  10). 

Generators  9  +  ii,  9  +  (Si,  6  +  bi. 


0 

0 

0 

1 

0 

0 

1 

6  +  .5i 

0 

1 

0 

o+o? 

0 

1 

1 

4+  ^ 

0 

2 

0 

5  -f-  Si 

0 

2 

1 

0 

3 

0 

.  7  +  2i 

0 

3 

1 

2  +  77 

1 

0 

0 

9  +  47 

1 

0 

1 

4  +  97 

1 

1 

0 

7 

1 

1 

1 

2  +  57 

1 

2 

0 

3  +  27 

1 

2 

1 

8  +  77 

1 

3 

0 

5  +  67 

1 

3 

1 

i 

2 

0 

0 

5  “h  2  i 

2 

0 

1 

li 

2 

1 

0 

3  +  87 

2 

1 

1 

8  +  37 

2 

2 

0 

9 

2 

2 

1 

4  +  57 

2 

3 

0 

1  +  47 

2 

3 

1 

G  +  97 

3 

0 

0 

7  +  87 

3 

0 

1 

,  2  +  37 

3 

1 

0 

5  +  47 

3 

1 

1 

97 

3 

2 

0 

1  +  67 

3 

2 

1 

6+  7 

3 

3 

0 

3 

3 

3 

1 

+ 

00 

(4)  (4)  (2) 


i 

1 

3 

1 

?yi 

0 

2 

1 

li 

2 

0 

1 

97 

3 

1 

1 

1 

6 

0 

0 

1+47 

2 

3 

0 

1  +  67 

3 

2 

0 

2  +  37 

3 

0 

1 

2  +  57 

1 

1 

1 

2  +  77 

0 

3 

1 

3 

3 

3 

0 

3  +  27 

1 

2 

0 

3  +  87 

2 

1 

0 

4+  7 

0 

1 

1 

4  +  57 

2 

2 

1 

4  +  97 

1 

0 

1 

5  +  27 

2 

0 

0 

5  +  47 

3 

1 

0 

5  +  67 

1 

3 

0 

5  +  87 

0 

2 

0 

6+  7 

3 

2 

1 

0  +  5  i 

0 

0 

1 

6  +  97 

2 

3 

1 

7 

1 

1 

0 

7+27 

0 

3 

0 

7  +  87 

3 

0 

0 

8  +  37 

2 

1 

1 

8  +  57 

.3 

3 

1 

8  +  77 

1 

2 

1 

9 

2 

2 

0 

9  +  47 

1 

0 

0 

9  +  67 

0 

1 

0 

(4) 

(4) 

(2) 

2  u  2 
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Mod  (I  +  /).  Mod  (L  +t)'. 


Mod  ( 1  +  i  f’. 


Generator  i. 


Generator  i. 


'/ 

1 

1 

1 

0 

3 

2 

I 

1 

2  +  7 

3 

0 

(2) 

1 

(tj 


Mod  (I  +  ?)**' 
Generators  /’,  ]  i-  2/. 


0 

0 

1 

i 

1 

0 

0 

1 

1  +  2/ 

3/ 

3 

0 

] 

0 

i 

1 

0 

0 

1 

1 

2+  i 

1  -f  2/ 

0 

1 

2 

0 

3 

- 

2+  '/ 

1 

1 

2 

1 

3  +  2/ 

2  +  3/ 

O 

O 

1 

3 

0  ■ 

3/ 

O 

o 

2 

0 

3 

1 

2  +  3/ 

8  +  2/ 

2 

1  i 

(4)  (2)  (4)  (2) 


Mod  (  I  +  if. 
Genei-ators  i,  1  +  2i,  3. 


i 

1 

0 

0 

3/ 

1 

0 

1 

1 

0 

0 

0 

1  +  2/ 

0 

1 

0 

2+  / 

3 

1 

1 

2  +  3/ 

1 

1 

1 

; 

•  > 

. ) 

0 

0 

1 

3  +  2/ 

O 

1 

0 

4  +  ■/ 

i") 

> ) 

0 

1 

4  +  3/ 

3 

0 

0 

G* 

2 

0 

1 

3  +  2/ 

2 

1 

1 

(!+  •/ 

1 

1 

0 

( i  +  3  / 

o 

1 

1) 

7 

G 

0 

0 

7  +  2/ 

t) 

1 

1 

0 

0 

0 

1 

0 

0 

1 

3 

0 

1 

0 

1+2/ 

0 

1 

1 

7  +  2/ 

1 

0 

0 

i 

1 

0 

1 

3/ 

1 

1 

0 

G  +  / 

] 

1 

1 

2  +  3/ 

2 

0 

0 

7 

2 

0 

1 

5 

2 

1 

0 

3  +  2/ 

2 

1 

1 

3  +  2/ 

3 

0 

0 

4  +  3/ 

3 

0 

1 

4+  / 

*> 

*) 

1 

0 

0  +  3/ 

3 

1 

1 

2+  / 

(4)  (2)  (2) 


(4)  (2)  (2) 


FOR  ANY  COMPOSITE  MODULUS,  REAL  OR  COMPLEX. 


Mod  ( 1  +  i)®. 
Generators  i,  1  +  2t,  8, 


0 

0 

0 

1 

i 

1 

0 

0 

0 

0 

1 

3 

37 

1 

0 

1 

0 

1 

0 

l  +  2i 

57 

3 

0 

1 

0 

1 

1 

3  +  6i 

77 

3 

0 

0 

0 

2 

0 

5+4:1 

1 

0 

0 

0 

0 

2 

1 

7  + a 

1+27 

0 

1 

0 

0 

3 

0 

5  +  6i 

1  +  47 

2 

1 

1 

0 

3 

1 

7  +  2i 

1  +  67 

2 

3 

1 

1 

0 

0 

i 

2+7 

3 

3 

1 

1 

0 

1 

3i 

2  +  37 

1 

1 

1 

1 

1 

0 

6+  i 

2  +  hi 

1 

3 

0 

1 

1 

1 

2  +  7ii 

2  +  77 

3 

1 

0 

1 

2 

0 

4  +  5z 

3 

0 

0 

1 

1 

2 

1 

4  +  72' 

3  +  27 

2 

3 

0 

1 

3 

0 

2  +  hi 

3  -{“  4'i 

2 

2 

0 

1 

3 

1 

6  +  72 

3  +  67 

0 

1 

1 

2 

0 

0 

7 

4+  7 

3 

2 

1 

2 

0 

1 

5 

4  +  37 

O 

•_) 

2 

0 

2 

1 

0 

7  +  67 

4  +  57 

1 

2 

0 

2 

1 

1 

.5  +  2i 

4  +  77 

1 

2 

1 

2 

2 

0 

3 +  42- 

5 

2 

0 

1 

2 

2 

1 

1+42' 

5  +  27 

2 

1 

1 

2 

3 

0 

3  +  22 

5  +  47 

0 

0 

2 

3 

1 

1  +  67 

5  +  67 

0 

3 

0 

8 

0 

0 

77 

6+  7 

1 

1 

0 

3 

0 

1 

hi 

6  +  37 

3 

3 

u 

3 

1 

0 

2  +  77 

6  +  57 

3 

1 

1 

3 

1 

1 

6  +  57 

6  +  77 

1 

3 

1 

3 

2 

0 

4  +  37 

7 

2 

0 

0 

3 

2 

1 

4+  7 

7  +  27 

0 

3 

1 

3 

3 

0 

6  +  37 

7  +  47 

0 

2 

1 

3 

3 

1 

2+  7 

7  +  67 

2 

1 

0 
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8:U 


Mod  (1  +  i^. 

Generators  i,  3,  1  +  2i. 


0 

0 

0 

1 

2 

0 

0 

15 

0 

0 

1 

l  +  2i 

0 

0 

1 

7  +  67" 

0 

0 

2 

13  +  4i 

2 

0 

2 

11  +  4/ 

:  0 

0 

3 

13  +  67- 

2 

0 

3 

11  +  2/ 

0 

1 

0 

O 

2 

1 

0 

13 

1  0 

1 

1 

3  +  6i 

2 

1 

1 

5  “h 

:  ** 

1 

2 

15  +  47: 

2 

1 

2 

9+4/ 

0 

1 

O 

*> 

l  +  -2i 

2 

.  1 

3 

1 + ()/ 

0 

2 

0 

9 

2 

2 

0 

7 

0 

2 

1 

9+2; 

0 

2 

1 

15  +  6/ 

0 

2 

2 

5 + 4; 

2 

2 

2 

3  +  4/ 

0 

o 

3 

5  +  67 

2 

0 

3 

3  +  2; 

0 

3 

0 

11 

2 

3 

0 

5- 

0 

O 

.) 

1 

11+  67 

2 

3 

1 

13  +  2/ 

0 

•  > 

. ) 

2 

7  +  4; 

2 

3 

2 

1+4/ 

0 

O 

o 

3 

15  +  2; 

2 

3 

3 

9  +  6/ 

1 

0 

0 

i 

3 

0 

0 

8+7/ 

1 

0 

1 

14+  i 

3 

0 

1 

10  -|- 

1 

0 

2 

4  +  hi 

0 

♦> 

0 

2 

4+3/ 

1 

0 

o 

o 

2  +  5; 

3 

0 

3 

(> 

j  I 

1 

0 

3; 

3 

1 

0 

8  -|-  Gi 

1  1 

1 

1 

10  +  3; 

3 

1 

1 

14  +  5/ 

!  1 

1 

2 

4+  7; 

3 

1 

2 

4+  7 

1 

1 

.> 

O 

14  +  77" 

3 

1 

3 

10+  / 

1 

2 

0 

8+  i 

3 

2 

0 

77 

1 

2 

1 

6+7 

3 

2 

1 

2+7/ 

1 

2 

2 

12  +  57 

3 

0 

2 

12+3/ 

1 

2 

3 

10  +  5i 

3 

2 

3 

14  +  3/ 

1 

3 

0 

8  +  37" 

3 

3 

0 

bi 

1 

O 

» ) 

1 

2  +  37- 

3 

3 

1 

6  +  5/ 

i 

3 

2 

12  +  7; 

3 

0 

) 

0 

12+  / 

1 

3 

o 

O 

6  +  7; 

3 

3 

•) 

> 

2+  / 

i 

1 

0 

0 

8+  i 

1 

2 

0 1 

?>i 

1 

1 

0 

8  +  3/ 

1 

0 

•) 

0 . 

hi 

3 

0 

0 

0 

8  +  hi 

3 

1 

0 

li 

0 

•J 

2 

0 

8  +  7/ 

3 

0 

0 ' 

1 

0 

0 

0 

9 

0 

0 

0 , 

1  +  2/ 

0 

0 

1 

'  9  +  2/ 

0 

2 

1 

1+4/ 

2 

3 

2 

9  +  4/ 

2 

I 

•?  1 

1  +  6/ 

2 

1 

3 

9  +  6/ 

2 

0 

.> 

3 ' 

2+  7 

0 

0 

3 

3 

10+  7 

0 

0 

1 

3  i 

2  +  3/ 

1 

0 

1 

10  +  3/ 

1 

1 

1 ; 

2  +  5/ 

1 

0 

3 

10  +  5/ 

1 

2 

3  ! 

2  +  7/ 

3 

2 

1 

10+7/ 

3 

0 

1  1 

3 

0 

1 

0 

11 

0 

3 

0  i 

3  +  2/ 

2 

2 

3 

11  +  2/ 

2 

0 

3  1 

3  +  4/ 

0 

2 

2 

11  +  4/ 

2 

0 

2  ' 

3  +  0/ 

6 

1 

1 

11  +  6/ 

0 

3 

i 

4+  7 

3 

1 

2 

12+  / 

3 

3 

2  ! 

4  -{  3  / 

3. 

0 

2 

12  +  3/ 

3 

2 

2 

4  +  5/ 

1 

0 

2 

12  +  5/ 

1 

2 

2  • 

-I  ? 

1 

1 

2 

12  +  7/ 

1 

3 

2 

») 

0 

3 

0 

13 

2 

1 

0 

5  +  2/ 

2 

1 

1 

13  +  2/ 

2 

•3 

1  . 

5  F  4/ 

0 

2 

2 

13  +  4/ 

0 

0 

0  : 

5  +  6/ 

0 

0 

3 

13  +  6/ 

0 

0 

3 

0  -|-  % 

1 

0 

1 

14  +  / 

1 

0 

1  1 

()  +  3/ 

3 

0 

3 

14  +  3/ 

3 

0 

3 

6  +  5/ 

3 

3 

1 

14  +  5/ 

0 

0 

1 

1  , 

6+7/ 

1 

3 

3 

14  +  7/ 

1 

1 

^  1 

/ 

2 

2 

0 

15 

2 

0 

0  ! 

7  +  2/ 

0 

i 

3 

15  +  2/ 

0 

3 

3 

7  +  4/ 

0 

0 

0 

2 

15  +  4/ 

0 

1 

2 

7  +  6/ 

2 

0 

1 

15  +  6/ 
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The  most  obvious  and  regular  result  of  passing  a  current  of  electricity  through  the 
solution  of  a  salt  is  the  simultaneous  appearance  at  the  two  electrodes  of  products  of 
chemical  decomposition.  Since  the  intervening  solution  is  unaltered,  and  the  products 
appear  only  at  the  electrodes,  the  motion  of  the  parts  of  the  salt  in  opposite  directions 
through  the  solution  is  a  necessary  hypothesis,  and  the  idea  of  ionic  velocity  is  at 
once  suggested. 

The  facts  of  ordinary  chemical  action,  as  well  as  those  ot  electrolysis,  require  us  to 
suppose  that  a  continual  molecular  interchange  of  partners  is  going  on,  but  how  this 
takes  place,  whether  by  means  of  “  free  ions  ”  or  by  means  of  the  fractional  number 
of  collisions  which  the  mechanical  theory  teaches  us  will  occur  with  sufficient  violence 
to  bring  about  separation  and  possible  rearrangement,  remains  an  open  question,  and 
one  which  it  is  not  necessary  to  consider  for  our  pjresent  purpose.  The  point  is  that 
such  a  motion  in  opposite  directions  must  occur,  and  the  ions  move  with  a  definite 
average  velocity  through  any  given  solution.  This  is  independent  of  any  particular 
hypothesis  as  to  the  nature  of  the  active  electrolytic  molecule,  and  need  not  commit 
us  either  to  the  “  dissociation  ”  or  to  the  “  chemical  ”  theory. 

In  order  to  explain  the  facts  of  “migration”  Hittore  (‘ Pogg.  Ann.,’  vols.  89,  98, 
103,  106,  1853  to  1859)  supposed  that  the  velocities  of  opposite  ions  were  different, 
which  would  produce  the  observed  alterations  of  concentration  round  the  electrodes 
according  to  the  obvious  and  well-known  law. 

Later,  Kohlrausch  introduced  the  idea  of  a  definite  specific  ionic  velocity  for  each 
ion,  independent  of  the  nature  of  its  combination  (‘  Wied.  Ann.,’  vols.  6  and  26), 
except  in  so  far  as  its  motion  is  affected  by  the  different  resistance  offered  by  the 
different  media  through  which  it  travels.  These  differences  will  disappear  at  infinite 
dilution,  and  the  values  obtained  by  extrapolation  then  show  that  the  specific  ionic 
velocities  of  the  same  ion,  as  deduced  from  observations  on  various  salts  containing  it, 
are,  as  nearly  as  can  be  observed,  identical.  As  it  is  in  examination  of  this  idea  that 
most  of  the  experiments,  presently  to  be  described,  were  made,  it  will  be  convenient 
to  reproduce  Kohlrausch’s  theory  in  some  detail.  The  experimental  portion  of  his 
MDOCCXCIII. — A.  2  X  27.3.93 
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work  consisted  of  a  splendid  series  of  determinations  of  the  conductivities  of  salt 
solutions.  Assuming  that  all  the  salt  molecules  dissolved  are  actively  concerned  in 
conveying  the  current,  from  simple  notions  of  convection  combined  with  Ohm’s  law 
he  calculated  the  relative  velocity  of  the  twm  ions  which  would  be  necessary  to  give 
the  observed  conductivity. 

Thus  (following  Dr.  Lodge’s  abstract  in  the  ‘B.A.  Deport,’  1886),  let  n®  be  the  number 
of  active  molecules  in  1  cub.  centim.,  q  the  total  charge  of  electricity  of  whichever  kind 
possessed  by  the  ions  of  each  active  molecule,  and  U  the  relative  velocity  with  which 
the  opposite  ions  are  sheared  past  each  other  by  a  potential  gradient,  dvjdx;  we  shall 
then  get  from  considerations  of  convection  n^q\J  for  the  intensity  of  cuiTent  (or 
quantity  of  electricity  conveyed  per  second  through  unit  area  normal  to  the  flow),  and 
from  Ohm’s  law  h{dN jdx)  for  the  same  quantity,  where  k  is  the  conductivity  of  the 
unit  cube,  therefore 

If  N  be  the  number  of  monad  gramme  equivalents  of  the  active  substance  present 
in  the  unit  cube,  and  r)  the  electro-chemical  equivalent  of  hydrogen 


therefore 

therefore 


Whence  the  arithmetical  sum  of  the  opposite  velocities  of  anion  and  kation  {u  and  v) 
when  urged  by  a  slope  of  potential  of  one  volt  per  centimetre  through  a  solution 
containing  N  monad  gramme  .equivalents  of  active  substance  per  cubic  centimetre, 
and  of  specific  conductivity  k,  is 

U  =  n  -h  =  X-/N  X  '00010352  X  10®  =  10352^YN  centims.  per  second. 

In  order  to  apply  this  to  particular  cases  Kohlrausch  assumes  that  all  the 
dissolved  salt  is  active,  so  that  N  is  known  from  the  strength  of  the  solutions.  The 
ratio  iijv  is  taken  from  Hittorf’s  migration  experiments,  and  thus  the  absolute 
values  of  u  and  v  can  be  obtained. 

Kohlrausch  expresses  his  experimental  results  in  terms  of  the  specific  molecular 
conductivity  (he.,  h/N),  and  finds  that  for  increasing  dilution  this  tends  to  a  limiting 
value.  Thus,  by  drawing  curves  with  N"  (the  reciprocal  of  the  average  distance 


N  -  =  nhi ; 


7  3  NU 

y  =  h  —  —  U  =  — 

'  ax  ^  rf 
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between  the  molecules)  as  abscissa,  and  Z:/N  as  ordinates,  he  is  able  to  obtain  the 
specific  molecular  conductivity  for  infinite  dilution.  When  the  values  for  u  and  v  are 
worked  out  for  these  ideal  solutions,  it  is  found  that  the  velocity  of  any  given  ion  is 
independent  of  the  nature  of  the  salt  of  which  it  forms  part,  and  hence  Kohlkausch 
assigns  numbers  to  various  ions  which  represent  their  specific  ionic  velocity. 

From  a  table  of  these  numbers  we  can  at  once  deduce  the  conductivity  of  any 
given  salt  solution,  and  the  agreement  of  the  values  so  obtained  with  those  experi¬ 
mentally  observed,  furnishes  the  first  confirmation  of  Kohlrausch’s  theory.  He 
calculates  the  conductivity  of  various  salt  solutions  of  strength  O'l  gramme  equiva¬ 
lent  per  litre,  and  then  experimentally  determines  it  for  solutions  of  that  strength. 
Some  of  his  results  are  as  follows  : — 


Name  of  salt. 

Alolecnlar  conductivity 
calculated  from  tlie 
ionic  velocities. 

Molecular  conductivity 
observed. 

KCl 

1060  . 

1047 

NH^Cl 

1040 

1035  , 

NaCl 

860 

865 

4BaCl., 

840 

861 

iZnCl., 

780 

768  1 

KI 

1070 

1069  1 

KNO.3 

AgNO., 

1000 

983 

900 

886 

kc.,h.,6,. 

780 

784  ! 

HCi 

3260 

3244 

KOH 

1950 

1986 

NaOH 

1750 

1700 

The  tabulated  numbers  are  hjm  X  where  h  is  the  conductivity  in  terms  of  that 
of  mercury,  and  m  is  the  number  of  gramme  equivalents  of  salt  per  litre.  The  general 
agreement  is  very  remarkable,  though  several  exceptions  show  that  the  law  is  not  of 
universal  application  ;  for  instance,  acetic  acid  should  give  2980,  while  the  observed 
number  is  43. 

The  next  confirmation  of  the  theory  was  given  by  Dr.  Oliver  Lodge  (‘  B.  A. 
Report,’  1886),  who  actually  observed  the  velocity  of  the  hydrogen  ion  as  it  travelled 
along  a  glass  tube  and  discolourized  a  solution  of  phenol-phthallein  as  it  went.  The 
tube  contained  a  jelly  in  which  was  dissolved  a  little  phenol-phthallein  and  common 
salt,  with  just  enough  soda  to  bring  out  the  colour.  The  tube  joined  two  vessels 
filled  with  sulphuric  acid,  and  when  a  current  was  passed  between  them  the  hydrogen 
travelled  with  it,  and  liberated  HCl  as  it  went  along  the  tube.  This  decolourized 
the  phenol-phthallein,  and  could  thus  be  traced.  The  velocity  per  unit  potential 
gradient  came  out  as  '0029,  ‘0026,  and  ’0024  centim.  per  second,  while  Kohlrausch’s 
theoretical  number  was  •0030. 

This  agreement  is  striking  evidence  in  favour  of  Kohlrausch’s  theory  and  leads  us 

2x2 
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carefully  to  consider  the  data  on  which  it  is  based.  The  only  objection  which  can  be 
raised  is  to  the  assumption  that  all  the  molecules  are  active,  and  on  this  the  accuracy 
of  the  results  deduced  apparently  depends,  for  if  we  suppose  only  a  part  of  the  salt 
tp  be  active,  it  seems  necessary  to  allow  a  greater  ionic  velocity  in  order  that  the  same 
current  may  he  carried.  Now  the  work  of  Arrhexius,  Van’t  Hoff,  Ostwald,  and 
others,  gives  very  strong  evidence  that  only  a  certain  fraction  of  the  number  of 
dissolved  molecules  are  active  (whatever  we  may  assign  as  the  cause  of  this  activity), 
and  it  seems  to  have  been  generally  supposed  that  this  was  quite  inconsistent  with 
Kohlrausch’s  hypothesis  (see  Lodge,  ‘  B.  A.  Beport,’  1886,  p.  391,  et  seq.).  1  have 
shown,  however,  that  by  examining  the  matter  a  little  more  closely  the  two  ideas  can 
be  reconciled.  The  proof  has  already  been  published  (‘Phil.  Mag.,’  July,  1891),  but 
it  will  be  convenient  to  reproduce  it  here. 

Suppose  that  the  ratio  of  the  number  of  the  active  to  the  whole  number  of 
molecules,  which  measures  the  “  ionization  ”  (to  use  Professor  Fitzgerald’s  convenient 
name),  represents  in  reality  the  fraction  of  each  second  during  which  each  molecule 
is  on  the  average  active.  Each  molecule  is  iii  turn  active,  but  at  any  instant  only  a 
certain  fraction  of  the  whole  number  of  molecules  are  active.  (In  terms  of  the  disso¬ 
ciation  hypothesis  this  ratio  measures  the  “mean  free  time”  of  each  ion.)  As  far 
as  statical  effects,  such  as  osmotic  pressure  are  concerned,  this  is,  of  course,  equivalent 
to  supposing  a  certain  fixed  fraction  of  the  whole  number  of  molecules  to  be  active, 
but  when  we  consider  the  velocities  of  the  ions  the  case  is  different. 

Kohlrausch  gets  the  relative  veloctity  of  the  ions  from  the  relation 

=  u  +  V  =  hjm  ; 

but  if  we  suppose  that  only  of  the  molecules  are  active,  we  should  apparently 
have  to  put  Ug  =  knim  to  get  the  same  current  through  the  solution,  which  would 
give  Ug  =  wUi. 

But  this  Ug  represents  the  actual  velocity  of  the  ions  while  they  are  active  (or 
“free”),  and  if  we  take  a  dynamical  view  of  the  ionization  equilibrium,  they  are 
active  only  for  part  of  their  time.  While  inactive  (or  “  combined  ”)  they  have 
no  relative  velocity,  and  so  their  average  velocity  for  any  long  time  is  Ijn^^  Uo  =  Ui 
— the  same  as  in  Kohlrausch’s  hypothesis.  The  view  that  all  the  salt  is  active 
supposes  a  uniform  ionic  velocity — the  view  above  detailed  supposes  a  series  of  rests 
interposed  with  a  series  of  intervals  during  which  the  ion  is  moving  forward  with  a 
velocity  which  is,  while  it  lasts,  on  the  average  =nUi;  but  the  final  result  is  the 
same,  tXie.effective  velocity  is  Up 

We  can,  therefore,  combine  Kohlrausch’s  theory  with  the  supposition  that  some 
of  the  molecules  present  in  the  solution  are  inactive,  the  result  being  that  the  presence 
of  the  inactive  or  non -electrolytic  molecules,  which  decreases  the  molecular  con¬ 
ductivity  of  the  solution,  shows  itself  by  diminishing  the  effective  velocities  of  the 
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The  agreement  between  Dr.  Lodge’s  observed  value  for  the  velocity  of  hydrogen 
and  that  deduced  by  Kohleausch  is  too  close  to  be  accidental,  but  some  further 
experiments  in  which  the  velocities  of  various  ions  were  determined  by  watching  the 
formation  of  precipitates  as  they  travelled  along  did  not  give  such  good  results. 
Thus,  Dr.  Lodge  found  Ba  =  ‘00012,  Sr  =  -00015,  and  Cl  =  Br  =  I  =  -00024 
centims.  per  second,  while  Kohleausch  gives  Ba  =  -00033,  Cl  =  -00053,  I  =  -00060 
(‘ Wied.  Ann.,’  vol.  6,  p.  206). 

There  are  several  disadvantages  in  this  method.  The  greatest  appears  to  be  the 
impossibility  of  keeping  the  solutions  of  a  definite  strength^ — the  mere  fact  of  pro- 
duciug  a  precipitate  must  withdraw  a  certain  amount  of  salt  from  the  sphere  of  action, 
and  so  reduce  the  strength  of  the  solution.  This  will  increase  the  resistance  of  that 
portion  of  the  tube  in  which  the  precipitate  has  been  formed,  and  the  potential 


Fig.  1. 


gradient  will  cease  to  be  uniform  and  calculable.  When  jelly  is  used,  the  experiments 
are  easy  to  make,  but  it  has  a  considerable  conductivity  of  its  own,  and  its  great 
viscosity  must  offer  a  high  resistance  to  the  passage  of  the  ions  through  it.  More¬ 
over,  it  gradually  exudes  from  the- tube  in  a  direction  opposite  to  that  of  the  current 
— perhaps  owing  to  electric  endosmose.  If  ordinary  liquid  solutions  are  employed, 
the  precipitates  cause  serious  mechanical  disturbances  which  prevent  good  results, 
while  the  use  of  indicators  restricts  the  experiments  to  the  cases  of  acids  and  alkalis 
and  introduces  a  foreign  substance  which  may  itself  serve  to  convey  some  of  the 
current. 

In  order  to  get  over  these  difficulties,  and  to  submit  Kohleausch’s  important  and 
beautiful  theory  to  adequate  experimental  tests,  I  undertook  a  series  of  experiments 
m  which  the  substances  used  acted  as  their  own  indicators.  The  solutions  can  then 
be  kept  at  a  definite  strength,  no  third  substance  need  be  introduced,  no  precipitate 
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need  disturb  the  uniform  course  of  the  ions,  and  no  jelly  bring  in  unknown  and 
irregular  conditions. 

Consider  the  boundary  of  two  salt  solutions  of  slightly  different  density,  which 
have  one  ion  in  common,  but  are  of  different  colours  (fig.  1).  Let  us  denote  the  salts 
by  AC  and  BC.  When  a  current  passes  across  the  boundary  there  will  be  a  trans¬ 
ference  of  C  ions  in  one  direction  [against  the  current,  if  we  suppose  the  C’s  to  be 
acid  radicles,  and,  therefore,  anions),  and  of  A  and  B  ions  in  the  other  (in  the  case 
supposed,  with  the  current).  Since  the  colour  in  this  case  depends  on  the  kation 
A  or  B,  the  colour  boundary  will  move  with  the  current,  and  its  velocity  will  indicate 
that  of  the  ion  causing  the  change  in  colour. 


rig.  2. 


Postponing  for  the  present  the  consideration  of  certain  complications  which  may 
arise,  I  will  describe  the  method  of  working  and  some  preliminary  observations.  As 
small  quantities  of  gas  may  be  evolved  at  the  electrodes  they  could  not  be  sealed  up, 
and  finally  a  very  simple  apparatus  was  found  to  be  the  best  (fig.  2).  Two  vertical 
glass  tubes  about  2  centims.  in  diameter  were  joined  by  a  third,  considerably  narrower, 
which  was  bent  parallel  to  the  others  for  the  greater  part  of  its  length.  The  longer 
tube  was  filled  with  the  denser  solution  to  about  the  level  A,  and  then  the  lighter 
solution  was  run  into  the  other  tube  from  a  burette,  till  it  just  began  to  trickle  over 
the  shoulder  and  run  down  to  A.  The  proper  solutions  were  then  run  into  the  two 
limbs  at  rates  just  sufficient  to  keep  the  junction  near  A ;  after  some  practice  this 
could  be  done  quite  well,  and  the  tubes  filled  without  much  disturbing  the  junction. 

The  current  was  passed  from  platinum  electrodes,  which  could  be  connected  with  a 
battery  of  twenty-six  accumulators  by  means  of  platinum  wires  passing  through  the 
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corks.  The  corks  fitted  loosely,  and  a  vertical  groove,  filed  in  each,  allowed  any  gas 
which  might  be  evolved  to  escape.  The  junction  tube  had  a  length,  from  B  to  C,  of 
12'6  centims.,  and  a  diameter  of  about  1'2  centims.  If* we  add  one-half  the  diameter 
as  a  correction  for  each  end  we  get  13’8  centims.  as  the  effective  length  of  the  tube, 
which  must  be  divided  into  the  total  difference  of  potential  between  the  electrodes  to 
give  the  potential  gradient. 

The  advantages  of  such  an  apparatus  are  shortly  as  follows  : — • 

1.  Any  gas  evolved  at  once  escapes  without  interfering  with  the  experiment. 

2.  Since  the  liberation  of  ions  and  decomposition  of  salt  occur  only  at  the 
electrodes,  it  is  (in  general)  only  near  them  that  alterations  of  concentration  occur. 
Since  they  are  surrounded  by  a  large  mass  of  liquid,  these  alterations  will  not 
appreciably  change  the  resistance  of  the  tube  as  a  whole,  and  will  be  entirely  without 
efiect  on  the  resistance  of  the  column  of  liquid  in  the  narrow  tube,  which  is  the 
important  point. 

3.  Changes  in  density  at  the  electrodes  will  not  appreciably  accelerate  or  retard 
the  velocity  of  the  junction.  Take  the  case  of  copper  chloride  when  the  current  is 
passing  down  as  a  fairly  typical  example.  The  average  current  was  -^5-0  in  C.G.S. 

00  X  00 

units.  The  quantity  of  electricity  which  passed  in  one  hour  was,  therefore,  -----  -  , 
and  the  weight  of  copper  deposited, 

31*5  X  X  10““^=  ’0045  grm. 

2o50  ® 

Supposing  that  all  this  copper  comes  from  the  kathode  vessel,  and  that  when 
deposited  it  occupies  no  volume  (both  of  which  suppositions  would  increase  the 
disturbing  effect  we  are  considering),  half  this  weight  of  solution  wmuld  pass  from 
anode  to  kathode  to  bring  the  liquids  in  the  two  tubes  to  their  original  levels.  The 
area  of  cross-section  of  the  tube  is  ()‘430  sq.  centim.  (see  p.  347).  Therefore  the 
passage  of  '0023  cub.  centim.  of  solution  from  anode  to  kathode  in  one  hour  would 
mean  a  velocity  of  '0054  centim.  per  hour.  The  actual  velocity  observed  in  this  case, 
due  to  the  ionic  velocities,  was  1'6  centims.  per  hour.  The  correction  for  differences 
in  density  is  thus  utterly  negligible. 

4.  A  more  important  objection  was  pointed  out  by  Professor  J.  J.  Thomson. 
With  salt  solutions  of  equivalent  strength  there  is,  in  general,  a  difference  of  specific 
resistance,  although  this  is  small  in  most  cases.  At  the  junction  there  will  thus  be  a 
discontinuity  of  potential  gradient,  and,  therefore,  a  distribution  of  electricity,  which 
will  be  acted  on  by  the  electric  force  and  introduce  disturbances  at  the  boundary. 
By  a  little  consideration  we  shall  see  that  this  is  a  non-reversible  efiect,  and  should 
be  eliminated  by  reversing  the  current  and  taking  the  mean  of  observations  in  each 
direction.  Suppose  that  the  current  is  passing  in  the  direction  which  gives  a 
distribution  of  positive  electricity  over  the  boundary.  This  will  tend  to  make  the 


344 


MR.  W.  C.  D,  WHETHAM  ON  IONIC  VELOCITIES. 


boundary  move  under  the  influence  of  the  electric  forces  in  the  same  direction  as  the 
current.  Suppose  the  current  reversed.  It  will  now  cause  a  distribution  of  negative 
electricity  over  the  boundary,  which  will  tend  to  move  it  in  the  direction  opposite  to 
that  of  the  current.  But  the  current  has  now  also  been  reversed,  and,  therefore,  the 
boundary  tends  to  move  in  the  same  direction  relatively  to  the  tube  as  at  first. 
This  effect  is  therefore  eliminated  by  reversing  the  current,  and  when  the  velocity  is 
observed  to  be  the  same  in  each  direction,  within  the  limits  of  experimental  error,  it 
shows  that  the  effect  we  are  considering  is  negligible. 

The  first  solutions  used  were  those  of  copper  and  ammonium  chlorides,  with  just 
enough  ammonia  added  to  each  to  bring  out  the  deep  blue  colour  of  the  copper. 
Their  strength  was  about  0T8  grm.  equivalent  per  litre. 

The  current  was  first  sent  upwards  from  the  copper  to  the  ammonium  solution — 
the  junction  travelled  upwards,  with  the  current.  The  following  readings  of  its 
position  were  made  by  a  kathetometer  ; — 


Voltmeter  at 
grade  23’8. 

Time. 

Position. 

8-8 

12.45 

27-20  ■ 

.  =  3-62  in  90'  =  -0402  in  1' 

2.15 

23-58  j 

8-8 

3.55 

19-49, 

=  4-09  in  100'  =  -0409  in  1' 

The  current  was  then  reversed — the  junction  travelled  downwards. 


Voltmeter  at 
grade  23-8. 

Time. 

1 

1 

Position. 

7-5 

7-7 

12.30 

3.10 

26-83}  = 

If  we  calculate  this  for  the  same  E.M.F.  as  before  we  get  '0441  centim.  per  minute 
for  the  velocity  coming  down.  The  mean  is  ‘0423  centim.  per  minute. 

88 

The  E.M.F.  as  measured  by  a  voltmeter  comes  out  — -  X  10‘2  =  37’7  volts, 

2b  O 

which  makes  the  potential  gradient  273. 

The  velocity  of  the  copper  ion,  under  a  potential  gradient  of  1  volt  per  centimetre, 
and  through  a  solution  of  strength  078  grm.  equivalent  per  litre,  at  a  temperature  of 
15°  C.,  comes  out 

0‘00026  centim.  a  second. 

The  value  deduced  by  Kohlrausch  from  theory  for  a  solution  of  infinite  dilution 
at  18°  C.  is  (‘Wied.  Ann.,’  vol.  6,  p.  206) 


O’OOOSl  centim.  a  second. 
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The  next  solutions  were  chosen  to  show  the  motion  of  the  acid  radicles,  and 
potassium  chloride  and  potassium  permanganate  were  taken.  The  junction  in  this 
case,  depending  on  the  acid  radicles,  should,  if  its  motion  really  shows  the  course  of 
the  ions,  travel  against  the  current.  Such  was  found  to  be  the  case.  The  solutions 
had  a  strength  of  about  '046  grm.  equivalent  per  litre. 


Voltmeter  at 
grade  23'8. 

Time. 

Position. 

10-8 

4.II 

j-O.S  in  10'  =  -093  in  I' 

4.21 

20'35  J 

4.26 

I9'73  I  ~  ’1“*^  4' 

10-8 

4.40 

20 ’89 c/  iiA'  1' 

>  5o  in  5  =■  TIO  in  1 

4.4.5 

20-34  4 

4.50 

in  5'  =  -114  in  1' 

A  downward  current  from  chloride  to  permanganate  thus  gives  an  upward  velocity 
to  the  junction  of  O'llO  centira.  per  minute. 

Current  reversed. 


Voltmeter  at 
grade  23-8. 

Time. 

Position. 

10  8 

4.28 

1  -61  in  5'  =  -122  in  I' 

4.33 

20-33  J 

4. .38 

20.01 1 -.58  in  .5' = -116  in  P 

The  downward  velocity  of  the  junction  is  thus  0’1I9  centim.  per  minute. 

The  mean  of  the  two  is  therefore  0‘1I5  centim.  per  minute. 

The  potential  gradient  is  3'3G,  which  makes  the  velocity  for  unit  gradient 

0*00057  centim.  per  second. 

As  the  red  permanganate  disappears  its  pdace  must  be  taken  by  chlorine,  and 
hence  this  ought  to  give  an  indication  of  the  velocity  of  the  chlorine  ion.  For  this 
Kohlrausch  gives 

0*00053  centim.  per  second. 

Solutions  of  one-tenth  this  strength  were  then  set  up  (*0046  grm.  equivalent  per 
litre). 
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Average  upward  velocity  . 
,,  downward  velocity 


Centim.  per  minute. 

.  =  -1195 
.  =  -1205 


Mean  ....  =  ’120 

Voltmeter,  10 ‘9. 

Therefore  specific  ionic  velocity 

=  0'00059  centim.  per  second, 

winch  is  appreciably  greater  than  for  the  stronger  solutions. 

The  success  of  these  preliminary  determinations  and  the  closeness  of  their  agree¬ 
ment  with  theory  led  me  to  consider  whether  any  improvement  in  the  method  was 
possible,  by  which  further  and  more  accurate  results  could  be  obtained. 

In  order  to  eliminate  entirely  the  effect  of  the  discontinuity  of  potential  gradient 
it  is  necessary  to  use  pairs  of  salts  wdiich  have  the  same  specific  resistance  for  the 
same  strength  of  solution.  This  very  much  limits  one’s  choice,  but  an  example  will 
be  found  below.  In  such  cases  as  that  of  copper  and  ammonium  chlorides  where  the 
velocities  in  ojjposite  directions  are  sensibly  the  same,  it  is  fair  to  conclude  that  this 
efiect  is  negligible,  but  it  was  worth  while  to  find  one  case  at  any  rate  where  it  could 
not  in  the  least  afiect  the  result. 

The  next  improvement  was  in  devising  a  means  of  getting  over  the  necessity  of 
directly  estimating  the  potential  gradient. 

Consider  the  kation  of  one  salt  AC  at  the  junction.  Let  its  specific  ionic  velocity 
be  ^1,  and  its  actual  velocity  v,  under  a  slope  of  potential  =  dYJdx.  Let  r  be  the 
specific  resistance  of  the  solution.  Let  y  be  the  total  current  passing,  and  R  the 
total  resistance  of  the  column  of  llcjuid  from  the  anode  to  the  junction. 

Then  we  have  v-=  dY jdx. 

Since  y  is  constant  along  the  tube  we  get  by  Ohm’s  law 


V  =  vyy 


(/E 

dx 


Now  since  the  tube  is  of  uniform  bore  near  the  junction  d^jdx  =  the  Increase  of 
resistance  which  would  occur  if  we  supposed  the  column  of  liquid  from  the  electrode  to 
the  junction,  whose  resistance  we  have  called  R,  to  be  increased  in  length  by  unity. 

This  increase  of  resistance  =  r/A,  where  A  represents  the  area  of  cross-section  of 
the  tube  at  the  junction. 

Therefore 

rfR  _  »■ 
dx  A 

and  we  get 

V  =  vy/vjK, 
or 

Vy  =  vkjyr. 
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Now  ill  this  equation  A  can  be  determined  once  for  all,  y  can  be  read  off  in  a 
graduated  galvanometer  of  proper  sensitiveness,  r  can  be  measured  bj  separate 
experiments  for  the  solution  in  question,  and  v,  the  velocity  of  the  junction,  is  directly 
observed.  Hence  the  specific  ionic  velocity,  can  be  deduced  without  estimating 
the  potential  gradient  directly,  and  introducing  all  the  consequent  uncertainties. 

The  method  was  first  employed  for  the  case  of  copper  and  ammonium  chlorides, 
where  the  differences  in  specific  resistance  are  not  great,  so  that  the  velocities  in 
opposite  directions  are  aj^proximately  equal,  and  the  correction  for  discontinuity  is 
not  important.  The  area  of  cross-section  of  the  tube  was  determined  as  follows. 


Fig.  3. 


The  longer  limb  was  corked  up  so  as  to  be  air-tight,  and  filled  with  water  till  the 
surface  stood  just  above  the  beginning  of  the  narrow  part  of  the  junction  tube.  Its 
level  was  read  off  on  the  kadhetorneter.  A  flask  containing’  water  was  then  weighed, 
and  liquid  from  it  poured  into  the  junction-tube  through  a  weighed  thistle-tube,  till 
the  surface  nearly  reached  the  top  of  the  narrow  part.  The  level  was  then  again  read 
off,  giving  the  length  of  the  column  of  liquid  added,  and  the  volume  of  water  used 
vvas  estimated  by  weighing  the  flask  again,  a  correction  for  the  small  cjuantity 
retained  on  the  walls  of  the  thistle-tube  being  obtained  by  noticing  the  increase  in 
its  weight.  Two  determinations  of  the  area  of  cross-sections  by  this  section  gave 
(1)  0’4300  sq.  centim.  and  (2)  0’4297  sq.  centim.  Mean  0’4299,  or  correct  to  three 
places,  0’430  sq.  centim. 

The  solutions  were  prepared  by  weighing  out  0'670  grm.  of  pure  cupric  chloride 
and  0’534  grm.  of  ammonium  chloride  into  two  100  cub.  centims.  flasks,  and  dis- 

2  Y  2 
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solving  them  in  about  70  cub.  centims.  of  water.  An  aqueous  solution  of  ammonia 
was  then  added  to  the  copper  solution  till  the  deep  blue  colour  was  formed.  The 
same  volume  of  ammonia  was  next  run  into  the  ammonium  chloride  solution,  and 
both  were  made  up  to  100  cub.  centims.  This  gave  solutions  whose  strengths  were 
0  1  monad  grin,  equivalent  per  litre.  Their  specific  resistances  were  found  by  the 
method  used  by  Kohlrausch  and  Fitzpatrick,  and  came  out  157  X  10®  (for  the 
CuCl,)  and  117  X  10®  (for  the  NH^Cl)  in  C.G.S.  units  for  the  cubic  centimetre. 

The  solutions  were  carefully  run  into  the  velocity  tubes,  and  the  current  sent 
through  them  and  a  low-resistance  galvanometer  in  series.  T'he  galvanometer  had 
jireviously  been  graduated  by  sending  the  current  from  a  single  freshly-prepared 
Daniell  cell  through  it  and  through  a  known  resistance,  and  noticing  the  deflections 
as  the  resistance  was  varied  from  11,000  ohms  to  150  ohms. 


Graduation  of  Galvanometer.  Zero  1°'9. 


Oliuis. 

Deflection. 

Ohms. 

Deflection. 

11,UU0 

O 

=  5-8 

1,600 

=  3^5 

10,000 

6T 

1,400 

42'5 

9,000 

6-7 

1,200 

45-9 

8,000 

7'4 

1,000 

49-8 

7,000 

8-2 

900 

521 

6,000 

9-8 

800 

54-5 

5,000 

11-5 

1  700 

57‘0 

4,000 

15-4 

I  600 

69-9 

3,5()0 

18-7 

600 

63-2 

3,200 

21-0 

!  400 

67-1 

3,U00 

22-9 

350 

69-1 

2,700 

25-6 

300 

71-7 

2,.500 

2S-0 

250 

741 

2,200 

31-3 

200 

76-8 

2,000 

33-7 

150 

79 '4  1 

1,800 

-36'6 

1 

The  resistances  were  then  again  increased  to  400  ohms  =  67°'l,  1200  =  45°‘9,  and 
3500  =  18°'7 — numbers  identical  with  those  first  obtained. 


Copper  and  Ammonium  Chlorides.  Velocities.  Current  upwards. 


Galvanometer. 

Time. 

Position. 

O 

74'7 

10.50 

32-4  1 

1  so  n 

32-2  J 

>1’70  centims.  per  hour. 

4.0 

23-4 1 

V - 

23-5  J 

>  2o  0  J 
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Current  reversed  at  4.0  downwards. 


Galvauometei'. 

Time.  1 

74-9 

6.25 

20-9  1 

27-2  1 

72-8 

11.30 

27-2 

12.45 

29-2^ 

1.30 

30-5  ^ 

1.45 

30-9  J 

Position. 


I'45  ceiitims.  pev  Lour. 


,  a.  G5  centims.  per  Lour. 

■j 


Current  upwards. 


— 

Galvanometer. 

Time. 

Position. 

73-9 

2.0 

30-9  5 

4.15 

>-P53  centims.  per  hour. 

73-0 

5.0 

26-3  y 

1-43 

7.15 

23-0  j 

.  J 

Means  going  up  G.  =  73°‘9  r  =  1‘57  centims.  per  hour. 


down 


73°'9 


1-60 


Means  oh  all  observations  G.  =  73“‘9 

V  =  1*59  centims.  per  hour. 

We  get  y  from  the  table  of  graduations  to  be  and  find  from  our  equation 
(p.  346) 

rA  1-59  X  -430  x  255 


-  - 77i - 7h  X  10 

yr  lo7  X  X  60  X  60 


-li 


This  is  for  unit  potential  gradient  on  the  C.G.S.  system,  and  gives  for  a  gradient 
of  1  volt  per  centim.  a  velocity  of 

3’09  X  10~^  =  0’000309  centim.  per  second. 

This  is  the  velocity  of  the  copper  ion  in  a  solution  of  0‘1  grm.  equivalent  per  litre, 
while  Kohlrausch  deduced  for  infinite  dilution 

0*00031  centim.  per  second. 

The  next  case  I  shall  describe  is  that  of  a  pair  of  salts  whose  0*1  grm.  equivalent 
solutions  have  specific  resistances  which  are  nearly  the  same.  Mr.  Fitzpatrick 
kindly  supplied  me  with  a  long  list  of  conductivities  reduced  to  comparable  units. 
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and  from  those  I  was  able  to  select  two  solutions  which  fulfilled  the  necessary  con¬ 
ditions  (viz.,  (i.)  different  colours;  (ii.)  different  specific  gravities  :  (iii.)  nearly  equal 
specific  resistances).  Potassium  bichromate  has  a  specific  molecular  conductivity 
(i.e.,  him)  of  9d0  X  (Lenz),  and  potassium  carbonate  9'34  X  10”^^  (Kohl- 

rausch),  a  difference  of  less  than  3  per  cent. 

I  thought  it  better  to  use  solutions  of  slightly  different  strengths  and  exactly  equal 
conductivities  to  get  rid  of  even  this  small  variation,  and  therefore  adjusted  the 
strength  of  the  carbonate  till  its  resistance  just  equalled  that  of  the  bichromate. 
Thus,  in  the  resistance  cell  which  I  used,  the  bichromate  gave  1485  ohms  and 
1490  ohms  at  17'^‘4,  and  the  carbonate  1475  ohms  and  1480  ohms  at  17‘^'5. 

The  first  point  I  investigated  with  these  solutions  was  the  influence  of  change  of 
potential  gradient  on  the  velocity.  These  should,  on  Kohlrausch’s  theory,  obviously 
be  proportional  to  each  other. 

When  the  current  was  passed  downwards,  so  that  the  junction  travelled  up  the 
tube,  two  distinct  surfaces  of  separation  appeared,  one  between  the  orange  of  the 
strong  bichromate  and  tlie  yellow  of  that  portion  of  the  carbonate  solution  into  which 
a  little  bichromate  had  passed  by  diffusion,  and  the  other  between  this  and  the  colour¬ 
less  carbonate.  These  kept  fairly  distinct  and  travelled  upwards  at  equal  rates.  I 
append  full  particulars  of  the  first  series  of  observations. 

Velocities. — Potassium  Bichromate  and  Carbonate.  Current  Downwai’ds,  Move¬ 
ment  Upwards. 


Velocity 

Galvanometer. 

Time. 

Rosition. 

in  centims. 

per  hour. 

Orange  .... 

35-0 

11.45 

24-70 

.46 

•65 

.47 

•60 

Yellow  .... 

354 

11.48 

23-03 

.49 

•22-92 

.50 

•85 

Orange  .... 

354 

12.0 

23-80 

1  i 

.1 

•74 

>  3-63  [ 

o 

•69 

J  1 

Yellow  .... 

354 

12,3 

22-18 

1 

1 

.4 

•08 

^  3-39 

.5 

•00 

/ 

Orange  .... 

35'4 

12.15 

22.89 

1 

.16 

•83 

3-65 

.17 

•77 

/ 

Yellow  .... 

35-6 

12.  IS 

21-32 

1 

.19 

•28 

>  3-24 

.20 

•23 

i 

! 
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Mean  upward  velocity  .  .  .  .  =  SMS  centims.  per  hour. 

,,  galvanometer  reading  .  .  =  35°'3, 

In  the  same  way  the  observations  of  downward  velocity  came  out  3‘28  and  3’55 
for  galvanometer  readings  of  35’2  and  35'1,  and  when  new  solutions  were  set  up  3’45 
for  36-4. 

Mean  downward  velocity  .  .  .  =  SMS  centims.  per  hour. 

,,  galvanometer  reading  .  .  =  35°'G. 


The  means  in  each  direction  are 


which  gives 


V  —  3M5  G  =  35°M, 

_  3M5  X  M30  x  129  x  -00910 
yr  60  X  60 

=  0*00048  centim.  per  second. 


The  galvanometer  was  too  sensitive,  and  had  to  be  shunted  and  regraduated  with  a 
Daniell  cell. 


Resistance. 

Resistance. 

O 

70  --  49-0 

140=  .32-7 

75  =  47-7 

150  =  31-9 

80  =  46T 

160  =  30-0 

85  =  44'9 

180  =  26-9 

■  90  =  43-7 

200  =  23-8 

95  =  42-3 

230  =  20-2 

100  =  41T 

260  =  17-3 

110  =  38-9 

300  =  14T 

120  =  36-9 

320  =  12-7 

130  =  35T 

350  =  11-4 

Resistance  of  battery  +  galvanometer  +  wires  =  1  ohm. 

An  E.M.F.  of  about  one-third  that  used  above  was  then  applied  with  the  following 
results : — 

Current  upwards.  Movement  downwards. 


Galvanometei’. 

Time. 

Position. 

Galvanometer. 

Time. 

Position. 

Result. 

Centims.  per  lionr. 

12 '5 

12.30 

23-65 

O 

12-5 

12.45 

24-04 

•39 

1 

.31 

•67 

.46 

•04 

•37 

^  1-48 

.32 

•70 

.47 

•05 

•35 

/ 

12-7 

1.4 

24-92 

1-2-7 

1.19 

25'27 

•35 

.5 

•95 

.20 

■30 

-.35 

i  1-39 

.6 

•98 

.21 

•32 

•34 

i 
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Current  Downwards.  Movement  Upwards. 


Galvanometer. 

Time. 

Po.sition. 

Galvanometer. 

Time. 

Position. 

1 

Result.  Centims.  per  hour. 

14-0 

11.40 

24-14 

O 

14-0 

11.55 

23-81 

•33  ] 

.41 

-10 

.56 

•78 

•32 

1-28 

.42 

•07 

.57 

•76 

•31  / 

13-8 

3.2.5 

24-14 

13-7 

3.55 

23-46 

•68  ■] 

.26 

•11 

.56 

•43 

•68  ) 

1-37 

.27 

•10 

.57 

•41 

•69  J 

1.3-6 

4.20 

22-04 

13-1 

4.. 50 

21-44 

•60  1 

.21 

•02 

.51 

•39 

•63 

1-23 

.22 

•00 

..52 

•38 

•62  / 

Means — Downward  velocity 


G . 

Upward  velocity  . 

G . 


This  gives 
and 


V  =  1-37 


=  1'44  centims.  per  hour. 
.  .  =  12°-6 

=  1'29  centims.  per  hour. 
.  .  =  13°-7 

G  =  1.3°-2, 


Vi  =  vKlyr  —  0‘00047  centim.  per  second. 


Thus  the  value  obtained  for  the  specific  ionic  velocity  is  independent  of  the  E.M.F. 
applied,  i.e.,  the  velocity  of  the  ions  is  proportional  to  the  potential  gradient. 

New  solutions  were  afterwards  set  up  and  the  experiments  with  the  large  E.M.F. 
repeated.  The  results  were — 


Movement  upwards  : 

■i;=  4-98,  4-84,  4-32,  4-G6,  4-G2. 
G;=  43-8,  43-8,  43-0,  43-2,  43-2. 

Means  ; 

R  =  4-74  G  =  43-4  =  -00044. 

Movement  down-wards  ; 


V  =  5-02,  5-lG,  4-78,  4-70,  4-GG. 

G=  42-5,  43-4,  43-0,  43-0,  42-8. 

Means  : 

V  =  4-8G,  G  =  42°-0,  therefore,  =  ’00049. 


Mean  of  in  both  directions  =  0-00046. 

Taking  the  mean  value  deduced  from  all  thi-ee  series  of  separate  experiments,  we 


get 
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=  0'00047  centim.  per  second, 


as  the  specific  ionic  velocity  of  the  bichromate  group. 

This  is  not  given  by  Kohleausch,  but  we  can  calculate  it  by  his  method  from 
known  observations.  Thus,  Lenz  has  found  the  specific  molecular  conductivity  of 
the  solution  to  be  9'10  X  and  the  migration  constant  was  determined  by 

Hittoef,  and  came  out  •502. 

By  Kohlraesch’s  theory  (see  p,  338), 


therefore, 


U  =  zi  +  u  =  10352:1 

N 

=  10352  X  9-10  X  10-8  =  *000942, 

V  =  '000942  X  ’502 
=  0000473. 


This  close  agreement  between  theory  and  observation  led  me  tn  examine  a  case  in 
which  the  specific  resistances  of  the  solutions  were  not  the  same,  in  order  to  see 
whether  the  method  could  be  used  when  no  solutions  could  be  found  with  the  exact 
resistance  needed,  I  used  potassium  bichromate  and  potassium  chloride,  whose 
conductivities  are  9’10  X  10“^^  and  ll’L3  X  10“^“  respectively.  If  the  extension  of 
method  is  practicable,  these  solutions  should  give  the  s^me  velocity  for  the  bichromate 
group  as  the  former  pair — bichromate  and  carbonate.  The  galvanometer  was  moved, 
and,  therefore,  had  to  be  regraduated. 


Ilesistauce. 

Resistance. 

O 

o 

GO  =  54-0 

90  =  45-4 

65  =  52'4 

100  =  43-0 

70  =  51-0 

110  =  40-7 

75  =  49-4 

120  =  38-6 

80  =  48-0 

130  =  36-5 

85  =  46-7 

The  following  results  were  obtained — 


Therefore 


CuREENT  Downwards.  Motion  Upwards. 

V  =  4-04  4-18  4-18  4-22.  Mean,  4-15. 

G=  40-0  40-0  40-2  40-2.  „  40°-l. 

=  0-00051G. 


Current  Upwards.  Motion  Downwards. 

v=  5-19  5*18.  Mean,  5-19. 

G  =  50-5  49-2.  „  49°-9. 

=  0-000394. 

MDCCCXCin. — A  2  z 
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Thus,  the  effect  of  the  discontinuity  of  potential  gradient  is  to  increase  the 
velocity  in  one  direction  and  to  decrease  it  in  the  other,  as  it  should  do  (see  p.  343). 
The  mean  of  the  two  numbers  comes  out 

=  0 '000455  centim.  a  second, 

a  value  which,  though  it  is  of  the  same  order  of  magnitude  as  the  one  obtained  from 
tlie  other  pair  of  solutions,  is  appreciably  less.  A  second  series  of  observations  gave 

0-000483  and  0-000402.  Mean,  0-000443. 

These  results  show  that  the  mean  value  of  the  velocities  in  opposite  directions  gives 
a  number  which  is  nearly,  but  not  quite,  the  same  as  that  obtained  from  a  pair  of 
solutions  whose  specific  resistances  are  equal  to  each  other.  We  may,  therefore,  use 
solutions  whose  resistances  are  not  identical,  to  give,  at  any  rate,  some  indication  of 
the  value  of  the  specific  ionic  velocity,  provided  the  differences  are  not  gTeat.  But 
this  extension  of  the  method  must  be  used  with  caution. 

While  working  with  solutions  of  different  resistances  it  was  often  observed  that 
when  travelling  in  one  direction  the  boundary  got  vague  and  uncertain,  and  when 
travelling  in  the  other  hard  and  sharp.  Similar  phenomena  at  the  junction  of  liquids 
through  which  a  current  is  passing  have  been  previously  described  (see  Gore,  ‘  Roy. 
Soc.  Proc.,’  1880  and  1881).  Many  of  them  can  be  explained  as  follows  : — 

Suppose  that  the  coloured  solution  has  greater  resistance  than  the  other,  and  that 
the  junction  is  travelling  from  the  coloured  to  the  colourless  solution.  Any  Avander- 
ing  ion  Avhich  happens  to  be  in  advance  of  the  main  body,  finds  itself  in  a  region 
Avhere  the  jDotential  gradient  is  less.  It  is  therefore  gradually  oA^ertaken,  and  the 
boundary  becomes  sharp.  When  the  current  is  reversed,  so  that  the  junction  travels 
in  the  opposite  direction,  any  straggling  ion,  which  lags  behind  the  retreating 
column  and  so  gets  into  the  region  of  smaller  potential  gradient,  finds  itself  left 
further  and  further  behind,  Avhile  others  are  continually  falling  out  of  the  ranks.  In 
this  Avay  the  boundary  becomes  vague.  If  the  coloured  solution  has  less  resistance 
than  the  other,  a  solitary  ion  is  acted  on  by  a  greater  potential  gradient,  and  the 
order  of  these  phenomena  is  reversed. 

As  far  as  I  am  arvare,  no  attempt  has  hitherto  been  made  to  apply  Kohleausch’s 
theory  to  the  case  of  solutions  of  salts  in  solvents  other  than  water.  The  con¬ 
ductivity  of  alcoholic  solutioiis  is  much  less  than  that  of  the  corresponding  aqueous 
ones,  and  the  question  Avh ether  Kohlrausch’s  theory  still  held  good  seemed  of  great 
interest. 

The  method  described  above  can  easily  be  applied,  but  the  comparison  of  the 
i-esults  Avith  theory  offered  some  difficulty,  as  no  data  for  the  migration  constants  are 
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available.  In  order  to  prevent  the  necessity  of  experimentally  determining  these 
constants,  I  thought  it  better  to  observe  the  velocities  of  both  ions  of  a  salt  and 
compare  their  sum  with  the  value  deduced  from  the  conductivity.  The  salts  used 
were  (i.)  the  chloride  and  nitrate  of  cobalt  (the  colours  of  which  in  alcoholic  solutions 
are  blue  and  red  respectively)  giving  the  velocity  of  the  acid  radicles,  and  (ii.)  cobalt 
and  calcium  chlorides  (blue  and  colourless)  and  cobalt  and  calcium  nitrates  (red  and 
colourless),  giving  the  velocity  of  the  cobalt  ion. 

It  was  found  that  the  observed  velocities  were  very  small,  and  in  order  to  increase 
them  a  shorter  tube  was  used  of  rather  greater  cross-section.  This  enabled  a  greater 
potential  gradient  to  be  applied.  The  area  of  cross-section  was  determined  as  before 
and  came  out  0'746  sq.  centim. 

A  series  of  solutions  of  cobalt  chloride  and  cobalt  nitrate  of  different  strengths 
was  made  up  and  the  specific  resistances  determined.  They  were  then  placed  in 
pairs  of  equivalent  strength  in  the  velocity  apparatus,  and  a  long  investigation  made 
on  their  behaviour.  It  was  found  that  with  weak  solutions,  wdiose  strength  was 
below  0’08  grm,  equivalent  per  litre,  the  phenomena  were  quite  regular.  The  junction 
travelled  against  the  current,  as  it  ought,  since  the  change  of  colour  depends  on  the 
acid  radicles.  As  the  strength  of  solution  ino’eases  new  phenomena  appear.  When 
the  concentration  reaches  O'l  grm.  equivalent  per  litre  the  junction  sometimes 
divides  into  two  parts,  which  often  travel  in  opposite  directions,  producing  a  broad 
purple  band  between  the  red  and  the  blue  solutions. 

The  junction  sometimes  seems  to  travel  entirely  the  wrong  way,  but  there  is  always 
either  a  fainter  band  which  goes  the  right  way,  or,  if  this  cannot  be  seen,  the  colour  of 
the  solution  in  that  direction  gradually  changes.  These  pheiiomena  more  and  more 
disturb  the  normal  course  of  the  experiment  as  the  concentration  of  the  solutions 
becomes  greater,  and  with  the  strongest  solutions  which  can  conveniently  be  used 
(O']  5  grm.  equivalent)  are  very  marked  indeed. 

In  order  to  examine  the  applicability  of  the  theory  to  these  cases,  it  is  necessary  to 
choose  solutions  so  dilute  that  the  motion  of  the  ions  is  normal,  but  still  strong 
enough  to  show  their  colours  plainly,  and  give  an  appreciable  difference  of  density. 
The  best  solutions  to  use  were  found  to  be  those  whose  strength  was  about  0'05  grm. 
equivalent  per  litre. 

Solutions  of  cobalt  nitrate  and  cobalt  chloride  in  alcohol  of  '05  strength  were, 
therefore,  set  up  in  the  velocity  tube,  and  the  following  results  were  obtained  : — 

Current  from  red  to  blue.  Temperature,  17°'8. 

V  =  '39  '35  '43  '43.  Mean,  '40  centim.  per  hour. 

G  =  49'5  49-4  48-8  48-5.  „  49°'l 

Current  from  blue  to  red. 

V  =  '42  '41.  Mean,  '42  centim.  per  hour. 

G=49'1  48'G.  „  48°'9 

2  z  2 
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Cue  RENT  from  red  to  blue. 

V  =  '50  '47  ‘41  ‘40.  Mean,  ‘44  centim.  per  hour. 

G—  49-8  49'8.  „  49°‘8 

Current  from  red  to  blue. 

V  =  ‘41  ‘45  ‘48  ‘47  *34  *43.  Mean,  ‘43  centim.  per  hour. 

G=49‘6  49-1  48-8  49‘0  487.  „  49^‘0 

Thus  the  velocity  is  practically  the  same  in  both  directions,  and  the  mean  values 
are  v  =  0'4'2  centim.  per  hour  and  G  =  49°‘2. 

The  conductivity  of  the  chloride  was  found  by  Fitzpatrick’s  method  to  be 
2‘86  X  10“^®  C.G.S.  units,  which  gives 

=  vKjyr^  =  0‘000026  centim.  per  second 

for  the  velocity  of  chlorine  in  this  solution.  We  see  at  once  from  this  result,  that 
conductivity  and  specific  ionic  velocity  for  different  solvents  are,  at  any  rate  approxi¬ 
mately,  proportional  to  each  other.  The  conductivity  of  these  alcohol  solutions  is  about 
one-tenth,  or  rather  less,  that  of  an  acjueous  solution  of  a  neutral  salt  of  equivalent 
strength,  and  we  see  that  the  ionic  velocity  of  chlorine  is  reduced  to  rather  less  than 
one-tenth  of  its  usual  value  for  aqueous  solution.  This  confirms  the  result  at  which 
we  have  already  arrived,  viz.,  that  all  the  molecules  are  concerned,  at  any  rate 
in  turn,  in  the  process  of  electrolysis,  and  that  the  cause  of  the  increased  resistance  is 
a  decrease  in  the  average  ionic  velocity. 

In  order  to  obtain  the  velocity  of  the  cobalt  ion,  solutions  of  cobalt  and  calcium 
chlorides  were  set  iqi  of  strength  0‘05  gnu.  equivalent. 

Current  upwards. 

V  =  ‘30  ‘26  ‘20  ‘24.  Mean,  0‘25. 

G  =  45-8  45-4  45‘6  45‘4.  „  45°‘6. 

Current  downwards. 

V  =  ‘26  ‘24.  Mean,  0.25. 

G=46‘9  48-0.  „  47°‘5. 

Current  upwards. 

•30  -21  -26  -28.  Mean,  0‘26. 

47-9  47-0  „  47^-4. 
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(After  this,  the  velocity  began  to  fall  off,  and  the  kathode  solution  (CaClg)  got  thick 
and  faintly  blue,  perhaps  indicating  that  some  current  is  conveyed  by  the  water 
of  crystallisation  of  the  C0CI36H2O,  which  deposits  a  hydrate  when  it  meets  the 
calcium,  and  that  some  cobalt  goes  faster  than  the  rest  and  colours  the  solution. 
Finally,  the  junction  went  the  wrong  way,  and  other  secondary  actions  occurred.  All 
this  shows  that  the  effect  of  too  great  concentration  has  not  yet  been  eliminated.) 

Taking  the  mean  velocity  while  it  remained  constant  we  get  G  =  46°’8,  v  =  0'25 
centim.  per  hour. 

Therefore  v-^  =  vAjyr  =  0’000022  centim.  per  second. 

Adding  this  to  the  velocity  of  the  chlorine  (viz.,  0‘000026)  we  get 

V  =  u  V  =  0*000048  centim.  per  second. 

The  conductivity  is  2*86  X  10“^^,  and  on  Kohlrausch’s  theory  this  gives 

V  =  10352^  =  0*000060  centim.  per  second. 

Considering  the  difficulties  of  the  method  and  the  effect  of  too  great  concentration, 
these  numbers  must  be  considered  to  agree  within  the  limits  of  experimental  error. 

The  conductivity  of  the  nitrate  of  cobalt  is  rather  greater  than  that  of  the  chloride. 
This  means  that  the  number  of  active  molecules  is  larger,  and  that  the  salt  more 
nearly  approaches  the  normal  state.  We  should  therefore  expect  the  agreement  to 
be  closer  than  in  the  case  of  the  chloride. 

The  velocity  of  the  cobalt  was  found  by  using  cobalt  and  calcium  nitrate  solutions, 
the  first  being  red,  the  second  colourless. 

Upward  velocity — Means  :  G  =  50°*3  v  =  0*44. 

Downward  ,,  ,,  G  =  43°*6  v  =  0*41. 

Means  of  both  directions  :  G  =  46”*9  v  =  0*43. 

No  irregularities  (such  as  reversals,  &c.)  were  detected  with  these  salts.  This  is 
what  would  be  expected  from  the  better  conductivity. 

The  result  is 

=  vAjyr  =  0*000044  centim.  per  second. 

The  velocity  of  the  NO3  group  can  be  calculated  from  the  numbers  in  p.  356.  The 
conductivity  is  3*80  X  10“^^,  and  this  gives 


Therefore 


~  0*000035  centim.  per  second. 

V  =  u  -f-  n  =  0*000079  centim,  per  second. 
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From  Kohlrausch’s  theory  we  can  calculate 

/•  3-80  X  10“^^ 

V  =  10352  =  10352  - — -  =  0'000079  centim.  per  second. 

From  the  close  agreement  of  these  numbers,  it  is,  I  think,  fair  to  conclude  that 
Kohlrausch’s  theory  holds  good  in  the  case  of  alcoholic  solutions,  at  all  events  Avhen 
they  are  moderately  dilute. 

The  case  of  the  chloride,  where  the  agreement  is  not  so  good,  seems  even  more 
interesting  than  that  of  the  well-behaved  nitrate,  and  to  be  worthy  of  closer  exami¬ 
nation.  The  irregularities  only  appear  when  the  concentration  of  the  solutions  is 
considerable,  and  we  may  assume  that  the  agreement  with  theory  would  be  closer  for 
more  dilute  solutions  if  the  difficulties  of  observing  them  could  be  surmounted.  But 
how  are  we  to  explain  the  phenomena  shown  by  strong  solutions  ?  The  velocity  of 
the  junction  becomes  uncertain,  several  distinct  lines  often  appear,  bounding  different 
shades  between  red  and  blue,  and  some  of  these  may  travel  in  the  opposite  direction 
to  that  indicated  by  theory  and  actually  observed  in  the  case  of  dilute  solutions.  On 
any  theory  of  ionic  charges,  it  seems  impossible  that  an  ion,  as  such,  should  travel  in 
a  direction  against  the  electric  forces,  and  we  are  forced  to  the  supposition  that  the 
part  of  the  salt  which  we  see  travelling  thus  is  composed  of  non-electrolytic  mole¬ 
cules,  and  is  in  reality  attached  to  the  opposite  ion  to  form  a  complex  structure  which 
moves  with  the  electric  forces.  The  only  other  possible  explanation  seems  to  be  the 
supposition  that  there  is  a  proper  motion  of  the  solvent  on  which  the  ionic  velocities 
are  superposed,  and  that  in  some  cases  the  motion  of  the  solvent  in  one  direction  is 
greater  than  that  of  the  ion  in  the  other.  Even  neglecting  the  mechanical  disturb¬ 
ances  which  would  then  appear,  this  view  is  untenable,  firstly,  because  a  motion  of 
the  solvent  is  disproved  by  another  series  of  experiments,  which  I  hope  soon  to 
publish,  and,  secondly,  because  the  reversed  motion  is  observed  in  strong  solutions  of 
both  cobalt  nitrate-cobalt  chloride,  and  cobalt  chloride-calcium  chloride.  The  motion 
of  the  boundary  in  these  two  cases  is  in  opposite  directions  with  reference  to  the 
current,  hence  we  cannot  explain  matters  by  a  motion  of  the  solvent  in  one  direction. 

The  hypothesis  of  complex  ions,  advanced  to  explain  the  abnormal  migration 
constant  of  cadmium  iodide  in  alcohol  must,  therefore,  be  extended  to  these  solutions. 
The  cases  are  not  quite  parallel,  for  the  phenomena  shown  by  cadmium  iodide  can  be 
explained  if  we  imagine  molecules  of  Cdl2  joined  to  the  anion  only,  wffiile  in  our  case, 
since  both  pairs  of  solutions  used  show  reversed  motion  when  sufficiently  strong,  we 
must  suppose  that  molecules  of  undecomposed  salt  are  connected  both  to  the  anion 
and  to  the  kation. 

I  hope  soon  to  be  able  to  publish  an  account  of  some  further  experiments  bearing 
on  the  question  of  complex  ioiis,  and  of  others  connected  with  several  points  in  the 
subject  of  electrolysis. 
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The  following  table  shows  at  a  glance  the  results  of  this  paper,  and  the  figures 
obtained  by  calculation  from  Kohlrausch’s  theory  : — 


Specif [c  Ionic  Velocities. 
I.  Aqueous  Solutions. 


Ion. 

Velocity  observed. 

Velocity  calculated  from 
Kohleausch’s  theory. 

Copper  . 

•00026*  1 
•000309  J 

•00031 

Chloiine . 

•00057*  1 
•00059*  j 

•00053 

Biclii’omate  group  (Ci’gO-) 

00 

o  o  o 
o  o  o 
o  o  o 

•000473 

II.  Alcoholic  Solutions. 


Salt. 

Velocity  of  anion 

Velocity  of  kation 

Sum  of  velocities 

Sum  of  velocities 

(observed). 

(observed). 

(observed) . 

(calculated) . 

Cohalt  chloride  . 

•000026 

•000022 

■000048 

•000060 

„  nitrate  . 

•000035 

•000044 

•000079 

■000079 

*  Preliminary  determinations. 
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'  Introduction. 

The  necessity  for  a  re-determination  of  the  value  of  the  mechanical  equivalent  may 
not  be  obvious  at  first  sight.  The  classic  determinations  by  Joule  have  undergone 
but  little  alteration  at  the  hands  of  succeeding  observers,  and  the  researches  of 
Rowland  (1879)  into  this  matter  were  of  such  an  exhaustive  nature  that  there 
would  appear  to  be  little  room  left  for  further  Investigation.  It  should,  however,  be 
MDCCCXCHI. — A.  3  A  5.6.93 
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remembered  that  even  Joule’s  later  determinations  differ  by  as  much  as  1  part  in 
100*;  and  that  marvellous  as  is  the  agreement,  amongst  themselves,  of  the  results 
obtained  by  Rowland,  they,  since  his  method  of  investigation  was  unaltered 
throughout,  stand  in  need  of  confirmation  by  different  methods  of  observation. 
Again,  Rowla.nd,  as  far  as  I  have  been  able  to  ascertain,  stands  practically  alone  in 
his  conclusion  that  the  specific  heat  of  water  diminishes  as  the  temperature  rises 
from  0°  to  30°  C.  It  is  difficult  to  conceive  of  a  more  important  investigation  (for 
the  purposes  of  accurate  physical  measurements)  than  the  determination  of  the 
capacity  for  heat  of  water  at  different  temperatures,  and  it  is  to  me  a  matter  of 
extreme  surprise  that  greater  efforts  have  not  been  made  to  trace  the  variation 
(if  any)  in  its  value.  The  science  of  calorimetry  must  be  regarded  as  in  its  infancy 
so  long’  as  its  fundamental  unit  is  a  matter  of  doubt. 

Other  observers  who  have  attempted  to  obtain  the  value  of  the  mechanical 
equivalent,  by  means  of  the  work  done  by  an  electric  current,  have  been  hampered 
by  constant  perplexities  as  to  the  absolute  values  of  the  electrical  units  adopted. 
The  science  of  electrical  measurements  has  now  arrived  at  such  a  stage  that  its  units 
may  be  regarded  as  sufficiently  established,!  and,  therefore,  the  time  seems  parti¬ 
cularly  appropriate  for  an  enquiry  into  the  relation  between  those  units  and  the 
mechanical  ones. 

The  difficulties  of  such  an  investigation  are,  of  course,  great,  as  is  shown  by  the 
divergence  of  the  results  obtained  by  those  observers  who,  in  recent  years,  have 
adopted  the  electrical  method.  One  cause  of  inaccuracy  has  been  present  in  all 
determinations  I  have  examined,  viz.,  the  increase  in  temperature  of  the  conductor 
above  the  temperature  of  the  medium  in  which  it  was  placed,  and  the  consequent 
alteration  in  its  resistance.  Rowland;];  writes  as  follows  : — “  There  can  be  no  doubt 
that  experiments  depending  on  the  heating  of  a  wire  give  too  small  a  value  of  the 
equivalent,  seeing  that  the  temperature  of  the  wire  during  heating  must  alwa^^s  be 
higher  than  that  of  the  water  surrounding  it,  and  hence  more  heat  will  be  generated 
than  there  should  be.” 

An  account  is  given  in  the  following  pages  of  the  manner  in  which  this  difficulty 
has  been  overcome,  and  I  think  it  will  be  seen  that  this  objection  to  the  electrical 
method  of  investigation  is  now  removed. 

The  difficulties  with  regard  to  measurement  of  temperature  are  not  peculiar  to  the 
electrical  method  of  investigation,  and,  therefore,  I  need  not  dwell  upon  them.  I 
would,  however,  venture  to  add  my  expressions  of  astonishment  to  those  of  Rowland 
that  so  many  enquirers  have  attached  so  little  importance  to  this  point ;  many 
investigators,  whose  methods  have  otherwise  been  of  a  high  order  of  accuracy,  having 
contented  themselves  with  the  mercurial  thermometer  as  a  standard.  The  importance 

*  See  Table  XLV.,  infra. 

t  ‘  Report  Brit.  Assoc.,’  1892. 

X  ‘  Proceedings  American  Academy,’  June,  1879,  p.  153. 
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of  close  attention  to  the  thermometry  is  shown  by  the  fact  that  the  difierence  between 
the  ah’  and  mercury  readings,  even  at  low  temperatures,  will  more  than  account  for  a 
change  of  decrease  into  increase  in  the  specific  heat  of  water  as  the  temperature  rises. 
An  indirect  result  of  my  present  investigation  is  to  add  further  proof  (if  that  is 
necessary)  to  the  accuracy  of  the  measurements  of  temperature  by  platinum  thermo¬ 
meters,  and  it  is  remarkable  that  so  exact  and  easy  a  method  is  not  more  generally 
applied  to  that  most  difficult  subject,  thermometry. 

Another  difficulty  which  meets  any  enquirer  into  calorimelric  measurements,  is  the 
uncertain  nature  of  the  thermal  unit  ordinarily  adopted.  I  take  it  that  the  thermal 
unit  is  usually  defined  as  the  amount  of  heat  required  to  raise  unit  mass  of  water 
from  0°  to  i°  C.”  The  obvious  objections  to  this  unit  are  that  no  one  has  more  than 
a  vague  idea  as  to  its  magnitude,  and  that  in  choosing  such  a  range  of  temperature 
we  have  selected,  without  doubt,  the  most  difficult  of  all  temperatures  at  which 
to  ascertain  it.  Again,  it  is  not  improbable  that  over  sucli  a  range  water  may 
-  exhibit  greater  changes  in  its  properties  than  it  does  at  other  temperatures.  The 
consequence  is  that  investigators,  such  as  Howland,  are  compelled,  to  express  their 
results  in  terms  of  a  variable  unit,  the  theoretical  one  being  an  unascertained  and 
indefinite  quantity.  To  escape  this  difficulty  I  have  taken  as  my  standard  the 
quantity  of  head  required  to  raise  unit  mass  of  water  through  1°  C.  of  the  air- 
thermometer  at  15°  C.  {i.e.,  from  14°*5  to  15°'5  C.)  ;  in  other  words,  I  assume  the 
specific  heat  of  water  at  15°  C.  to  be  1,  and  I  venture  to  suggest  that  (for  want  of  a 
better)  the  above  definition  be  accepted  as  that  of  the  thermal  unit.'^ 

I  have  not  included  in  this  paper  any  prolonged  analysis  of  the  work  of  previous 
observers.  Howland  has  given  a  most  complete  summary,  with  references,  of  all 
results  anterior  to  1880,  and  the  agreement  between  later  observers  is  not  sufficient 
to  warrant  any  modification  of  his  conclusions.t 

The  main  portion  of  this  communication  is  devoted  to  an  account  of  the  experi¬ 
ments  performed  in  my  laboratory  during  1892,  and,  in  order  to  avoid  the  introduction 
of  redundant  matter  into  that  account,  I  here  give  a  brief  summary  of  my  previous 
investigations. 

I  commenced  this  work  in  1887,  and  the  general  principle  on  which  I  proposed  to 
proceed  was  that  of  eliminating  the  effects  of  conduction,  radiation,  Ac.,  rather  than 
of  ascertaining  the  actual  loss  or  gain  due  to  such  causes.  If  a  calorimeter  is  sus¬ 
pended  in  a  chamber  whose  walls  are  kept  at  a  constant  temperature,  it  is  obvious 
that  if  the  initial  temperature  of  the  calorimeter  is  below  that  of  the  external 
envelope,  and  if  the  calorimeter  has  its  temperature  steadily  raised  by  means  of  a 

*  Personally  I  sbonkl  have  pieferred  to  select  a  higher  temperature,  since  a  temperature  above  that 
of  our  ordinary  surroundings  is,  at  all  times,  more  easily  obtainable  than  a  lower  one  ;  but  as  15°  C.  has 
become  so  commonly  accepted  as  a  standard  of  temperature  in  electrical  measuremeaits,  I  have  adopted 
it  as  my  standard. 

t  MicuLiiSCU  gives  all  results  published  before  January,  1892.  See  ‘  Annales  de  Ohiinie  ct  do 
Physique,’  vol.  27,  p.  20G. 
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cuiTent,  a  time  will  come  when  the  loss  by  radiation,  &c.,  must  equal  the  gain 
experienced  by  the  calorimeter  during  the  time  it  was  below  the  temperatui-e  of  the 
surrounding  space.  The  temperature  at  which  the  effects  of  radiation,  &c.,  are  elimi¬ 
nated,  I  term  the  “  null  point,”  and  an  investigation  into  its  position  indicates  that  if  q 
be  the  time  that  the  calorimeter  was  beneath  the  external  temperature,  and  time 
required  to  raise  it  from  its  initial  temperature  to  the  same  number  of  degrees  above, 
that  it  was  previously  beneatli,  the  temperature  of  the  surrounding  envelope,  then 
the  calorimeter  would  arrive  at  its  null  point  at  a  time  somewhere  between  2^  and  L. 
In  the  Appendix  will  be  found  an  investigation  into  the  exact  position  of  this  point, 

1887-1889. — During  these  years  my  whole  attention  was  directed  to  an  effort  to 
ascertain  the  heat  developed  by  the  current  while  the  calorimeter  was  passing  from 
its  initial  temperature  to  this  null  point.  Attractive  as  the  method  appeared,  I 
ultimately  relinquished  it,  for  I  wished  to  direct  my  attention  as  much  to  the  investi¬ 
gation  of  the  changes  in  the  specific  heat  of  water  as  to  the  determination  of  the 
mechanical  equivalent,  and,  although  the  method  is  an  admirable  one  for  the  latter, 
it  is  not  so  suitable  for  the  purposes  of  the  foi’iner  enquiry. 

My  general  method  of  conducting  the  experiments  was  the  same  as  that  observed 
in  1892  and  described  in  the  succeeding  pages.  From  the  outset,  I  had  determined 
to  vary  all  the  conditions  as  much  as  possible,  believing  that  it  was  only  by  such 
means  that  constant  sources  of  error  could  be  detected.  The  agreement  amongst 
individual  experiments  ta.ken  under  the  same  conditions  was,  if  anything,  at  times 
more  marked  than  in  the  experiments  of  1892  ;  nevertheless,  when  the  final  reduction 
of  the  results  took  place,  fatal  discrepancies  invariably  showed  themselves.  For 
example,  the  water  equivalent,  as  deduced  from  the  experiments,  increased  when  the 
mass  of  the  water  was  increased,  and  experiments  conducted  with  a  high  electro¬ 
motive  force  invariably  gave  too  great  a  value  for  the  time  as  compared  with  that 
obtained  when  a  lower  electromotive  force  was  used.  These  discrepancies,  as  it  now 
appears,  may  be  attributed  to  two  causes  ; — 

(1.)  To  insufficient  stirring  ; 

(2.)  To  the  rise  in  temperature  of  the  wire,  previously  referred  to. 

Throughout  these  experiments  I  was  conscious  of  the  error  introduced  by  ignorance 
of  the  actual  temperature  of  the  wire,  but  it  was  not  until  the  summer  of  1892  that  a 
satisfactory  method  of  estimating  this  difference  of  temperature  was  adopted. 

Unfortunately,  many  of  my  experiments  in  past  years  were  conducted  with  wires 
coated  with  a  thick  insulating  covering,  and  it  is,  therefore,  impossible  to  apply  the 
correction  ol  )tained  this  3mar  to  the  reduction  of  the  earlier  results.  The  observations 
were  excellent  in  themselves,  and  some  hundreds  of  experiments  were  performed. 
They  all  give  too  high  a  value  of  J  (almost  invariably  above  4 '2  X  10’’),  and  are  of  no 
Aulue  except  for  the  experience  gained  by  their  means  and  tlie  improvements  they 
suggested  in  the  apparatus. 
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Again,  the  thermometry  was  not  of  a  sufficiently  satisfactory  nature.  The  ther¬ 
mometers  were  standardized  by  direct  comparison  with  B.A.  thermometers  calibrated 
at  Kew  *  As  these  B.A.  thermometers  were  only  divided  into  xq  of  a  degree,  the 
YXo  0^"  ^  degree  had  to  be  estimated,!  and  the  order  of  accuracy  was  not  sufficient. 

1890.  — Throughout  this  year  I  devoted  my  attention  entirely  to  the  measurement 
of  temperatures  by  platinum  thermometers,  and  I,  at  that  time,  proposed  to  use  such 
thermometers  in  place  of  mercurial  ones  during  my  J  experiments.  Excellent, 
however,  as  platinum  thermometers  are,  for  the  accurate  determination  of  tem¬ 
perature,  they  are  not  suitable  when  the  observations  have  to  be  taken  at  exact 
intervals  of  time.  A  thermometer,  whose  readings  are  at  all  times  visible,  must  be 
used  in  such  a  case. 

1891.  — By  the  kind  permission  of  the  Master  and  Fellows  of  Sidney  College,  the 
Chemical  Laboratory  was  placed  at  my  disposal  during  this  summer.  This  building 
was  unsuitable  for  physical  work,  for  the  traffic  in  the  adjoining  street  was  so  great 
that  galvanometers  became  at  times  unmanageable,  and  many  of  the  observations  had 
to  be  taken  during  the  night,  under  conditions  somewhat  conducive  to  personal 
errors. 

The  steel  regulating  chamber,  described  in  Section  III.,  was  first  used  in  this  year 
(1891),  and  the  results  are  therefore  of  more  value  than  the  preceding  ones;  but 
the  same  persistent  error  in  the  measurement  of  B  still  remained,  and  tlie  form  of 
stirrer  adopted  was  unsatisfactory.  The  summer’s  work  was,  however,  of  some  value, 
as  it  gave  sufficient  data  for  calibrating  the  mercury  thermometer  tvhen  rising. 

A  platinum  wire  coil,  having  a  single  coating  of  amber  varnish,  was  used,  and  it  is 
reasonable  to  suppose  that  its  increase  of  temperature  above  the  surrounding  water 
was  of  a  similar  order  to  that  ascertained  to  be  the  case  in  the  coil  of  1892.  Assu¬ 
ming  the  increase  of  its  resistance  to  bear  the  same  ratio  to  its  total  resistance  as  in 
the  case  of  the  1892  coil,  and,  applying  a  similar  correction  to  our  results,  we  obtain 

J  =  4T88  X  10^ 

expressed  in  terms  of  water  at  18°' 8  8  C,  and  assuming  the  coefficient  of  the  change  in 
specific  heat  of  water  obtained  in  1892,  we  get 

4T92  X  lO^j; 

as  the  value  expressed  in  terms  of  the  thermal  unit  as  previously  defined. 

*  The  accuracy  of  the  Kew  corrections  for  the  inequality  of  the  bore  has  been  pi-eviously  discussed, 
see  ‘  B.A.  Report,’  1890. 

t  I  find  that  many  observers,  by  means  of  such  thermometers,  determine  temperatures  (without  using 
a  micrometer  scale)  to  -roVo  ^  degree.  I  envy,  but  cannot  lay  claim  to,  such  powers  of  observation. 

+  The  wires  connecting  the  lid  of  the  calorimeter  with  the  steel  chamber  (see  fig.  2,  infra)  had  (in 
1891)  a  slightly  higher  resistance  than  those  used  in  1892.  I  am  unable  to  make  the  necessary  correc¬ 
tion,  as  1  have  not  sufficient  data.  The  effect  of  the  correction  (which  would  certainly  be  less  than 
in  6000)  would  be  to  slightly  increase  the  value  of  J  here  given. 
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I'his  agrees  within  1  in  2000  with  our  later  determinations.^ 

1892. — The  difficulties  experienced  in  obtaining  an  altogether  suitable  room  for  the 
work  compelled  me  to  have  a  special  building  erected  in  which  to  cany  on  the 
investigation. 

The  apparatus  is  so  involved  and  complicated  that  it  requires  weeks  to  put  it 
together  and  to  get  it  into  working  order,  and  such  spare  time  as  I  had  in  the  early 
part  of  this  year  was  devoted  to  these  preparations.  On  previous  occasions  the 
constant  day  and  night  changes  in  temperature  of  the  rooms  in  which  experiments 
were  conducted  had  been  a  cause  of  uncertainty  ;  for  the  numbers,  obtained  by  using 
resistance  boxes  or  Clark  cells  whose  temperature  is  constantly  changing,  are  always 
of  doubtful  accuracy.  I  therefore  designed  a  regulator  which,  except  in  cases  of 
severe  frost  or  extreme  heat,  automatically  maintained  the  room  at  a  constant 
temperature.  I  found  this  arrangement  so  effective  that  I  have,  in  the  hope  that  it 
may  be  useful  to  others,  given  a  short  description  of  it  in  Appendix  II. 

If  I  endeavoured  to  adequately  describe  how  much  I  owe  to  the  assistance  of  others 
during  this  investigation  I  should  unduly  increase  the  length  of  this  introduction.  I 
must,  however,  express  my  thanks  to  the  Council  of  the  Royal  Society,  to  Lord 
Kelvin,  Lord  Eayleigb,  Professor  G.  Darwin,  Professor  Hicks,  Professor  J.  J. 
Thomson,  Dr.  Feuszner,  Dr.  Guillaume,  Mr.  Ci^LUENDAR,  Mr.  Vernon  Harcourt, 
Mr.  Heycock,  Mr.  Larmor,  and  Mr.  Neville  for  the  encouragement  and  assistance 
they  have  afforded  me.  More  especially  am  I  indebted  to  Mr.  Glaze  brook,  not  only 
for  his  advice  and  help,  but  for  the  careful  and  laborious  comparison  of  my  resistance 
box  with  the  standards  of  the  B.A.  ;  and  also  to  Mr.  Skinner  for  his  repeated  com¬ 
parison  of  my  Clark  cells  with  the  Cavendish  standards.  My  thanks  are  also  due 
to  Mr.  A.  IvATT,  B.A.,  Christ’s  College,  Cambridge,  for  his  assistance  in  the  experi¬ 
mental  work  during  1887  and  part  of  1888. 

Nearly  the  whole  of  the  apparatus  (some  of  it  of  a  novel  and  intricate  character) 
was  constructed  by,  or  under  the  direction  of,,  Mr.  F.  Thomas,  J esus  Lane,  Cambridge. 
Had  it  not  been  for  his  unremitting  attention  and  skill,  the  results  of  my  investiga¬ 
tion  would  have  been  far  from  satisfactory. 

From  1888  onwards  I  was  assisted  by  Mr.  G.  M.  Clark,  B.A.,  Sidney  College, 
Cambridge,  who  has  from  the  commencement  of  our  joint  work  been  indefatigable  in 
his  exertions.  Our  respective  contributions  are  so  intimately  associated  that  I  find  it 
impossible  to  make  the  remainder  of  this  communication  in  the  first  person,  and 
although,  by  his  own  wish,  his  name  does  not  appear  on  the  title-page,  it  should,  in 
justice,  be  regarded  as  a  joint  contribution. 


*  The  Clavk  cells  used  as  oui'  standards  of  E.M.F.  are  those  given  in  Table  IX.  of  Messrs.  GlazE- 
BROOK  and  Skinner’s  paper,  ‘  Phil.  Trans.,’  A,  1892,  p.  605. 
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Section  I. — General  Description. 

Let  R  be  the  resistance  of  a  conductor  at  a  certain  standard  temperature  d,  then 
if  the  ends  of  the  conductor  be  kept  at  a  constant  ditference  of  potential  E 

dt  J.E . ^ 


where  Q,  is  the  quantity  of  heat  generated  by  the  current,  t  is  time,  and  J  the 
mechanical  equivalent  of  heat. 

If  the  wire  is  immersed  in  water,  and  if  the  capacity  for  heat  of  the  water  and  the 
calorimeter  at  the  standard  temperature  6  is  M,  then 


dQ 

dt 


It  is  necessary  to  distribute  the  heat  generated  in  the  wire  throughout  the  whole 
calorimeter  as  quickly  as  possible,  otherwise  we  cannot  accurately  observe  cWjdt, 
hence,  since  work  must  be  done  when  stirring,  we  have  to  deal  with  a  mechanical  as 
well  as  with  an  electrical  supply.  Let  the  rise  in  temperature  per  second  due  to  the 
mechanical  supply  be  cr,  and  let  ^  denote  the  quantity  of  heat  generated  by  both 
electrical  and  mechanical  sources.  Then 


dQe,  o- 
dt 


y  ~  “h  crlVI  —  IM 

O  .  ll 


dt 


(3). 


It  is  certain  that  some  heat  will  be  gained  or  lost  by  radiation,  conduction,  and 
convection.  Let  p  be  the  rise  or  fall  per  second  in  temperature  due  to  radiation,  &c., 
when  the  difference  between  the  external  and  internal  temperatures  is  1°  C.  Denote 
the  temperature  of  the  surrounding  envelope  by  9q,  and  the  temperature  of  the  calori¬ 
meter  at  any  time  by  6^ ;  also  suppose  that  M  becomes  M'  and  R  becomes  R'  when 
0  becomes  6^ 

We  now  have 


dQ.,  I 

dt 


=  +  <rW  -  pW  {6,  -  e,)*  =  M 


dt 


(4). 


where  ^  denotes  the  gain  of  heat  due  to  all  causes,  hence 


E2 


J.E'.  M 


7  +  {or  -  p{d^  —  6>o)} 


dt 


*  It  E  shown  in  Section  Xll.  that  we  are  justified  in  assuming  that  Newton’s  law  of  cooling  holds 
true  over  our  range  of  temperature. 
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If  E  =  0,  this  becomes 


o-  —  p  (6>i  —  6>o)  = 


\  l<r,  p 


(6). 


Provided  that  the  mechanical  supply  is  regular,  and  6q  is  kept  constant,  we  can,  by 
a  sufficient  number  of  observations  over  small  ranges,  determine  the  values  of  {ddijdt)^^^ 
for  different  values  of  and  by  substituting  in  equation  5,  we  obtain  the  value  of 
E^/J.Pd.M'  =  A,  where  A  is  known. 

Assuming  that  over  small  ranges  the  values  of  R'  and  M'  are  linear  functions  of 
we  have 

Pd  =  Pv{l  +  /v(6>,  -  ^)}+,  and  M'  =  M  (1  +  I  {9,  -  9)], 

hence 

_ E _  _  A  (7)' 

0)}  . ^ 

Now  the  values  of  E  and  P  at  the  standard  temperature  can  be  ascertained  by 
comparisons  with  the  standards,  and  the  value  of  I'  can.  be  ascertained  by  direct 
measurements  of  P'  at  different  temperatures,  hence 


J.M.  U  +  l{9,  -  9)} 


A.R.{1  +  A;(^i  -  ffi} 


B,  where  B  is  known  .  (8), 


we  have  thus  one  equation  connecting  the  three  quantities,  J,  M,  and  1. 

Let  IV  and  be  the  capacities  for  heat  of  the  water  and  the  calorimeter  respec¬ 
tively  at  the  standard  temperature  9,  and  let  the  temperature  coefficients  of  their 
specific  heats  be  f  and  g  respectively,  then 

M  {1  +  /  —  d)]  {=  ?(;  [1  -\-f{9i  —  9)}  -f  iv,f  {1  -{-g  [9^  —  9)], 

hence  equation  (8)  becomes 

=  B  ....  (9). 

If  observations  are  taken  with  different  weights  ('?fq  and  u'^)  of  water,  we  obtain 
Bp  B^  the  corresponding  values  of  B,  thus 

J  bh  { 1  +/(^i  -  9)]  +  {1  +  (7  (di  -  9)}]  =  Bi 

and 

J  [^^3  {1  +.m  -  9)]  +  [1  -f  g{9,  -  0)}]  =  B,  ; 

*  In  this,  and  siinilar  cases,  we  use  the  suffix  to  denote  the  sources  of  heat, 
t  The  value  of  dO,  during  our  experiments,  was  about  1°  C. 

t  The  true  vahie  of  R'  =  R  {1  +  +  d  —  ^)}  where  /3  is  the  excess  of  the  temperatui’e  of  the 

wire  above  dj  the  temperature  of  the  calorimeter.  See  Section  XIV.,  p.  478. 
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by  subtraction  we  obtain 

J  -  tcg)  (1  +/6'i  -  6»)  =  . (10). 

Hence,  when  9^  =  9,  the  value  of  J  can  be  found  without  ascertaining  the  value 
of  the  water  equivalent  or  the  temperature  coefficient  of  the  specific  heat  of  water. 
As  J  is  a  constant  quantity  we  can,  by  repeating  the  observations  at  different 
temperatures,  obtain  from  equation  (10)  the  value  of  f. 

Or  we  can  obtain  f  without  finding  J,  for  repeating  the  observations  at  tempera¬ 
tures  9-^  and  9^ 

J  -  iv^)  (1  -f  /  9^-9)  =  Bi,i  -  B^,! 

and 

J  {w^  -  ?c,)  (L  -1-/6»3  -  9)  =  Bi,3  -  B2,2 

the  second  suffix  of  B  denoting  the  temperatures. 

Hence,  by  division,  we  obtain 

1  +  f9\  —  9 _ 

I  +/03  -  0  “  ]h,2  -  B2,2 . ^ 

An  alternative  method  of  finding  J  is  to  first  find  /^by  equation  (11),  and  then  to 
find  the  value  of  iv^.  and  g*  The  value  of  J  can  then  be  deduced  from  a  single 
experiment  by  means  of  equations  (8)  or  (9),  and  as  this  method  enables  us  more 
easily  to  compare  the  results  of  individual  experiments  we  have,  as  a  ride,  adopted  it 
in  our  reductions. 

In  the  remainder  of  this  section  we  briefly  indicate  the  manner  in  which  we  have 
determined  the  various  quantities  grouped  together  and  denoted  in  the  above  equa¬ 
tions  by  B. 

The  calorimeter  was  suspended  by  means  of  glass  tubes  in  an  air-tight  chamber 
whose  walls  were  kept  at  a  constant  temperature.  The  pressure  of  the  dry  air  in 
this  chamber  was  reduced  to  under  ’5  millim.  The  water  in  the  calorimeter  was 
stirred  at  a  very  rapid  rate  throughout  the  experiments,  and  the  value  of  [cWjdt) 
ascertained  at  all  parts  of  the  range  14°  to  26°  C.  ;  firstly,  when  the  work  was  done 
by  the  stirrer  only,  secondly,  when  the  rise  was  due  to  both  the  electrical  and  the 
mechanical  supply  of  heat. 

The  masses  of  water  used  during  the  experiments  varied  in  the  ratio  of  about 
1  to  3,  and  the  difference  of  potential  at  the  ends  of  the  coil  was  so  altered  that  the 
heat  developed  by  the  current  was  changed  in  the  proportion  of  1  to  9. 

As  shown  by  equation  (10)  supra,  there  was  no  necessity  to  ascertain  the  water 
equivalent  of  the  calorimeter,  although  it  was  found  convenient,  as  a  check  upon  the 

*  These  values  can  be  obtained  from  the  preceding  equations  without  first  determining  J .  The 
process  is  fully  explained  in  Section  XIV. 

MLCCCXCIII. — A.  3  B 
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calculations,  to  deduce  it  from  the  differences  in  time  caused  by  differences  in  the 
mass  of  the  contained  water. 

The  walls  of  the  chamber  containing  the  calorimeter  were  maintained  at  a  constant 
temperature  throughout  each  experiment,  this  being,  in  general,  the  mean  tempera¬ 
ture  of  the  above-mentioned  range.  Direct  observations  of  the  changes  in 
caused  by  changes  in  dj,  enabled  us  to  ascertain  the  values  of  both  cr  and  p. 

(1.)  Potential  (E). — A  detailed  account  is  given  in  Section  YI.  of  the  method  by 
which  the  ends  of  the  calorimeter  coil  were  maintained  at  a  constant  potential 
difference.  Briefly,  the  principle  on  which  our  method  depended  was  as  follows. 

The  extremities  of  the  wires  CA,  CB,  will  (when  the  galvanometer  G  shows  no 

Fig.  1. 


deflection)  be  maintained  at  a  difference  of  potential  equal  to  that  due  to  the 
cells  at  C. 

Let  K  be  an  adjustable  resistance  placed  in  the  circuit  which  communicates  with  S 
(the  storage  cells),  and  let  R  be  the  resistance  of  the  wire  AB.  Whatever  variations 
may  take  place  in  R  and  in  the  E.M.F.  at  S  it  is  always  possible  (provided  the  adjust¬ 
ment  of  K  is  sufficiently  under  control)  to  maintain,  by  close  attention  to  the 
indications  of  the  galvanometer,  the  points  A  and  R  at  a  constant  difference  of 
potential. 

A  special  rheostat  was  designed  by  means  of  which  it  was  found  possible,  in  spite 
of  variations  in  the  resistance  of  AB,  to  maintain  the  potential-difference  unchanged 
throughout  an  experiment,  and  we  believe  that  in  no  case  did  the  variations  exceed 
roT^T)  of  the  mean  difference  of  potential  during  each  experiment. 

The  Clark  cells  (which  were  placed  at  C)  were  constructed  by  us  according  to  the 
directions  of  Messrs.  Glazebrook  and  Skinner,  and  have,  on  several  occasions,  been 
directly  compared  with  the  Cavendish  and  indirectly  with  the  Berlin  standard. 

Their  differences  from  the  standard  are  small,  and  their  mean  E.M.F.  at 
15°  C.  =  1'4344  volts  (see  Section  VI.). 

(2.)  Resistance  (R). — Had  it  been  possible  to  maintain  a  constant  value  for  R  it 
would  have  greatly  simplified  both  the  experimental  work  and  the  calculations.  In  the 
year  1890  we  devoted  much  time  to  the  examination  of  the  various  copper-manganese- 
nickel  alloys,  and  we  performed  a  series  of  determinations  with  a  coil  whose  tempera 
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lure-coefficient  was  practically  zero.  The  reasons  which  led  us  to  reject  these  alloys 
and  adopt  a  platinum  wire  will,  we  think,  be  found  sufficient  (see  section  VII.). 

The  value  of  R  was  first  determined  by  a  dial-box  (legal  ohms)  constructed  by 
Messrs.  Elliott.*  Mr.  Glazebkook  has  been  so  kind  as  to  perform  a  complete 
standardization  of  this  box  by  means  of  the  B.A.  standards.  The  resulting  correc¬ 
tions  have  been  applied,  and  the  values  of  R  expressed  in  true  ohms,  as  defined  by 
the  B.A.  Report,  1892. 

The  method  by  which  we  ascertained  the  true  temperature,  and  therefore,  the 
resistance  of  the  wire  when  traversed  by  a  current,  is  fully  described  in  Section  VII. 
We  found  that  the  difference  in  temperature  between  the  wire  and  that  indicated  by 
the  thermometer  could  be  accurately  determined,  and,  other  conditions  being  equal, 
varied  as  C^. 

The  arrangement  of  our  connections  enabled  us  to  dispense  with  exterior  resistance, 
as  the  ends  of  the  coil  itself  were  maintained  at  a  constant  potential-difference. 

(3.)  Current  (C). — The  current  was  maintained  by  storage  cells  of  the  (L)  type, 
supplied  to  us  by  Messrs.  Bailey  and  Geundy.  The  E.M.F.  of  these  cells  was 
wonderfully  constant.  This  constancy,  although  not  a  necessity,  was  a  convenience. 
As  previously  pointed  out,  C  was  not  directly  measured. 

(4.)  Time  (T). — An  electrical  clock  with  a  seconds  pendulum  was  used  as  our 
standard  for  time.  It  was  carefully  compared  at  intervals  with  a  chronometer  by 
Dent.  A  chronograph  was  controlled  by  this  clock.  The  rate  of  the  clock  was  a 
losing  one  until  August  21st,  but  after  that  date  its  error  was  less  than  1/25,000, 
and  no  correction  was  necessary. 

(5.)  ff/ass  (M). — A  balance  sensitive  to  a  change  of  1/100,000  of  the  least  mass 
measured  by  us,  and  a  set  of  Oeetling’s  weights,!  were  used  in  our  determination  of 
mass. 

(6.)  Temperature  {9). — At  the  time  of  writing  (December,  1892)  our  thermoraeti’y  is 
based  on  measurements  made  by  platinum-thermometers.  We  propose  to  make,  at  an 
early  date,  a  direct  comparison  of  our  standard  thermometer  with  the  air  thermometer 
by  means  of  the  apparatus  described  by  Mr.  Callendae,  j  who  has  been  so  kind  as  to 
promise  his  assistance. 

In  a  previous  paper§  the  details  of  a  careful  comparison  of  the  platinum  and  the  air- 
thermometer  have  been  given.  It  was  then  shown  that  the  platinum-air  difference 
curve  8[0/lOOj'^  —  d/100]  gave  values  of  9  at  all  temperatures  from  0°  to  100°  C.,  accu¬ 
rate  within  ’01°  of  the  real  value  of  9,  and  that  discrepancies  appeared  to  have  an 
experimental  origin.  The  experience  of  two  years’  work  with  platinum-thermometers 
has  hut  increased  our  confidence  in  them.||  Should  a  direct  comparison  with  the 

*  Particulars  of  this  box  have  been  given  in  a  previous  paper.  ‘  Phil.  Trans.,’  A.,  1891,  p.  44. 

t  These  weights  were  re-standardized  by  Messrs.  Oertling  in  August,  1892. 

+  *  S'Oy-  Soc.  Proc.,’  Jan.,  1891. 

§  See  ‘Phil.  Trans.,’  1891,  A,  p.  155. 

II  ‘  Philosophical  Magazine,’  December,  1892. 

3  B  2 


372 


MR.  E.  H.  GRIFFITHS  OH  THE  VALUE  OF 


air-thermometer  modify  our  determinations  of  differences  of  temperature  (and  it  is 
only  differences  which  are  important  to  us),  our  results  will  be  modified  accordingly. 
This  will  not,  however,  necessitate  any  repetition  of  the  experimental  work,  as  the 
corrections  involved  will  be  of  a  numerical  order  only. 

Measurement  of  the  Heat  generated  hy  Stirring. 

The  difficulties  that  we  have  met  with  in  this  portion  of  our  work  have  been  very 
great.  As  will  be  shown  in  Section  XI.,  we  have,  against  our  will,  been  compelled  to 
increase  the  work  done  by  the  stirrer  until  the  heat  thus  generated  became  about  1/10 
of  the  whole  supply.  We  found  continuous  and  very  rapid  stirring  to  be  a  necessity. 
Variations  in  R  and  in  the  thermometer  readings  and  in  the  water  equivalent  of  the 
calorimeter  invariably  followed  if  the  mixing  was  insufficient.  Commencing  in  1888 
with  a  stirrer  revolving  at  the  rate  of  about  100  revolutions  per  minute,  the  rate  was 
gradually  increased  until,  in  our  last  series,  we  aimed  (with,  it  is  true,  a  different 
form  of  stirrer)  at  a  rate  of  nearly  2000  revolutions  per  minute. 

The  accurate  measurement  of  the  heat  thus  generated  is  only  second  in  importance 
to  the  determination  of  the  heat  due  to  the  current,  and,  accordingly,  a  great  portion 
of  our  time  and  attention  was  directed  to  it.  Fortunately,  we  were  able  to  com¬ 
pletely  establish  the  law  that,  with  our  form  of  stirrer,  the  work  done  varied  directly 
as  r®,  r  being  the  rate  of  rotation.  From  this  time  our  difficulties  rapidly  diminished. 

Radiation,  Conduction,  Convection,  &c. 

We  endeavoured,  as  far  as  possible,  to  diminish  loss  or  gain  due  to  the  above 
causes. 

Bottomley*  has  shown  that  there  is  a  rapid  fall  in  the  rate  of  loss  or  gain  by  radia¬ 
tion  and  convection  when  the  pressure  of  the  surrounding  gas  falls  below  1  millim. 
Most  of  our  observations  were  taken  with  the  surrounding  pressure  under  *5  millim. 

The  calorimeter  itself  had  a  bright  polished  surface,  and  the  walls  of  the  enclosing 
chamber  were  clothed  with  bright  speculum  metal.  In  Section  XI.,  we  show  that 
throughout  our  range  of  temperature,  Newton’s  law  of  radiation  holds — i.e.,  the  loss 
or  gain  varies  directly  as  the  differences  of  temperature.  It  must,  however,  be 
remembered  that  we  have  not  endeavoured  to  separate  the  partial  effects  of  the 
radiation,  conduction,  and  convection,  and  hence  we  can  only  say  that  the  combined 
effect  obeys  this  law.  The  total  loss  or  gain,  due  to  the  above  causes,  was 
determined  separately  for  each  change  in  the  contained  mass. 

Any  error  in  this  part  of  our  work  would  have  but  a.  small  effect  on  the  mean 
value  of  J,  since,  in  each  experiment  (if  taken  as  a  whole),  the  total  loss  or  gain  by 
conduction,  convection,  and  radiation,  must  have  been  smah. 


*  ‘  Phil.  Trans.,’  1887,  A,  p.  446. 
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Section  II. — The  Caloeimetee  and  Coil.  (See  Plate  2,  fig.  2.) 

The  calorimeter,  which  was  of  a  cylindrical  form,  was  made  of  “  gilding  metal  ” — 
73  per  cent,  copper  and  27  per  cent.  zinc. 

The  weight  of  the  lower  part  was  501 '84  grms.  ;  of  the  lid  245 '67  grins. 

The  internal  diameter  and  the  depth  were  each  8  centims. 

Its  capacity  was  therefore  about  400  cub.  centims. 

The  weight  of  the  calorimeter  may  appear  excessive  for  this  capacity.  However, 
as  any  “panting”  of  the  lid  or  base  would  have  thrown  the  stirrer  out  of  adjustment 
and  as  the  pressure  on  the  flat  base  of  the  calorimeter  would  amount  to  about 
120  lbs.,  when  the  space  surrounding  it  was  vacuous,  it  was  evident  that  considerable 
thickness  was  necessary  to  secure  rigidity.  The  two  parts  of  the  calorimeter  were 
held  together  by  eight  screw  bolts  ;  a  lead  ring  previously  placed  between  the  parts 
was  crushed  by  the  tightening  of  the  screws  and  thus  the  join  was  rendered  air¬ 
tight.  It  was  therefore  necessary  to  make  both  the  lid  and  the  projecting  lip  of  the 
calorimeter  sufficiently  strong  to  bear  the  strain  without  bending. 

As  we  expected  to  determine  the  water  equivalent  with  as  much  accuracy  as  other 
quantities,  the  large  mass  of  the  calorimeter  did  not  appear  to  be  a  serious  objection. 

The  whole  of  the  calorimeter  was  heavily  gilded  both  inside  and  out,  and  the 
surfaces  polished.  The  lead  ring'''  was  covered  witlr  gold  leaf  because  considerable 
quantities  of  PbCOs  were  formed  if  the  water  had  access  to  it ;  thus,  no  metal 
except  gold  was  exposed  to  the  action  of  the  water.  An  advantage  of  the  gold 
exterior  was  that  its  surface  did  not  tarnish,  and  thus  its  coefficient  of  radiation 
remained  constant. 

Fixed  on  the  interior  of  the  lid  were  eight  metal  tubes,  1  centim.  in  length.  Three 
of  these  were  18  millims.  in  diameter  and  served  to  hold  the  glass  tubes  by  which 
the  calorimeter  was  suspended.  The  others  were  5  millims.  in  diameter  and  supported 
the  glass  rods  on  which  the  coil  was  wound.  These  rods  reached  to  within  a  couple 
of  millimeters  of  the  base  when  the  lid  was  placed  in  position.  Two  copper  rods, 
7'5  centims.  in  length  (14  B.W.G.)  passed  from  the  insulated  junctions  at  M  and  N 
(fig.  2,  p.  382)  to  nearly  the  bottom  of  the  calorimeter.  These  were  also  heavily 
gilded,  and  the  ends  of  the  platinum  wires  were  fastened  to  their  lower  extremities. 
The  last  coil  used  by  us  was  about  13  inches  in  length,  and  was  wound  round  the 
lower  end  of  the  glass  rods  in  such  a  manner,  that  the  difference  of  potential  of  any 
two  adjacent  points  could  never  be  great.  Thus  the  first  6  inches  were  wound  on  one 
side,  the  remainder  on  the  further  side  of  the  calorimeter.  A  depth  of  1'5  centim. 
of  water  completely  covered  the  whole  coil. 

The  glass  tubes  passing  through  the  lid  were  held  in  position  by  perforated  india- 
rubber  corks.  Great  pressure  had  to  be  exerted  to  force  the  tubes  “  home,”  and 

*  A  pure  gold  ring  was  tried,  but  it  was  found  impossible  to  crush  it  sufficiently  to  render  the  join 
air-tight. 
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several  were  broken  in  the  process.  The  external  diameter  of  the  glass  tubes  was 
14  millims.,  the  interior  diameter  of  the  gold  tubes  18  millims.  ;  thus  the  annulus  of 
india-rubber  was  very  thin.  The  lower  ends  of  the  glass  tubes  were  turned  outwards 
so  as  to  nearly  cover  the  lower  end  of  the  india-rubber,  of  which  the  small  exposed 
surface  was  originally  coated  with  gutta-percha ;  but  (as  explained  elsewhere)  this 
was  removed  after  J  19,  and  replaced  by  amber  varnish.*  The  india-rubber  corks, 
where  they  appeared  above  the  lid,  were,  from  the  commencement,  coated  with  amber 
varnish.  No  diffusion  appeared  to  take  place  through  these  corks,  and,  as  other 
observers  seem  to  have  been  troubled  by  such  diffusion  when  using  india-rubber,  it 
is  probable  that  the  coating  of  amber  varnish  (which  adheres  very  firmly  to  the 
rubber)  is  an  effective  remedy.  In  any  case  it  prevented  any  contact  between  the 
rubber  and  the  contained  water.  We  may  thus  assert  that  the  water  came  into 
contact  with  the  following  substances  only — gold,  amber,  glass,  agate,  gutta-percha 
(before  experiment  J  20)  and  (after  experiment  J  20)  some  hard  shellac,!  very  small 
quantities  of  which  were  used  to  prevent  slipping  of  the  coil  on  the  glass  rods,  the 
substance  previously  used  for  this  purpose  being  gutta-percha.  The  platinum  coil 
itself  was  coated  with  amber  varnish,  but  it  is  possible,  that  owing  to  cracks  in  its 
coating  caused  by  movements  of  the  wire,  the  water  had  access  to  it  in  places.  The 
small  slabs  of  ebonite  used  at  the  junctions  M  and  N  (fig.  4,  p.  396)  were  also 
covered  with  several  layers  of  the  same  invaluable  varnish. 

Section  III. — The  Method  of  Maintaining  the  Walls  Surrounding  the 
Calorimeter  at  a  Constant  Temperature. 

The  necessity  of  maintaining  at  a  constant  temperature  the  walls  of  the  chamber 
containing  the  calorimeter  is  so  obvious  that  it  seems  unnecessary  to  dwell  upon  it. 
In  our  earlier  experiments,  the  calorimeter  was  suspended  in  a  copper  vessel  which 
was  immersed  in  a  large  tank,  and  the  uniformity  of  the  temperature  depended  on 
the  skill  of  the  observer  in  adjusting  the  temperature  of  the  tank  water  by  altering 
the  supply  of  hot  and  cold  water  admitted.  The  method  adopted  by  us  in  1891  and 
1892  worked  automatically,  and  enabled  ns  to  maintain  a  chamber  at  any  temperature 
within  the  range  of  our  experiments,  whether  that  temperature  was  above  or  below 
that  of  the  room.  Briefly,  the  arrangement  may  be  described  as  an  enormous 
thermometer-bulb  within  which  was  the  calorimeter. 

A  section  and  plan,  on  a  scale  of  are  shown  on  Plate  3.  The  steel  chamber, 
A,  B,  C  (a  very  fine  piece  of  work)  was  constructed  by  Messrs.  Whitworth  and  Co. 
A  detailed  description  of  its  various  parts  is  unnecessary,  as  all  particulars  are  given 
in  the  plate  referred  to.  The  annular  space  (coloured  black)  was  filled  with  mercury. 

*  See  Note,  p.  392,  infra. 

t  The  shellac  was  melted  on,  and  not  deposited  from  its  solution.  A  hard  surface  is  rarely  obtained 
by  the  latter  method. 


THE  MECHANICAL  EQUIVALENT  OF  HEAT. 


375 


As  it  was  advisable  to  free  that  space  from  air  bubbles,  the  screw  plug  P  was  removed 
before  the  insertion  of  the  mercury,  and  replaced  by  a  tube  leading  to  a  Geissler’s 
mercury  pump.  A  tube  from  D  dipped  into  a  basin  of  hot  mercury,  and  in  this  tube 
was  a  tap  which  was  at  first  closed.  The  air  in  the  annular  space  was  withdrawn 
until  the  pressure  was  a  small  fraction  of  a  millimeter,  and  the  hot  mercury  was  then 
slowly  admitted — the  exhaust  pump  being  worked  at  intervals.  When  the  mercury 
became  visible  within  the  tube  at  P,  the  tube  was  cautiously  removed,  and  the  air¬ 
tight  screw  plug  rej)laced.  The  mercury  necessary  to  fill  the  space  weighed  70  lbs. 

So  true  were  the  surfaces  of  the  two*  parts  of  the  metal  chamber,  which  were 
screwed  together  by  the  bolts  at  A  and  C,  that,  although  no  packing  except  the  finest 
possible  coating  of  grease  had  been  placed  upon  them,  they  proved  absolutely  air¬ 
tight.  These  twm  portions  of  the  chamber  were  each  formed  from  a  single  block  of 
steel  and,  when  placed  together,  somewhat  resembled  a  double  hat-box.  The  inner 
and  outer  surfaces  were  turned  smooth  and  true,  and  then  were  nickel-plated.  Two 
holes  on  opposite  sides  were  bored  down  between  the  mercury  chamber  and  the  inner 
surface,  as  shown  at  E  and  F.  These  holes  were  filled  with  mercury  and,  their  inner 
walls  being  very  thin,  the  thermometer  j^laced  in  them  would  accurately  indicate  the 
temperature  of  the  inner  surface  of  the  chamber.  This  inner  surface,  as  also  the  base 
of  the  chamber,  was,  in  our  more  recent  experiments,  covered  with  highly-polished 
speculum  metal.  A  ring  of  lead  wire  was  placed  round  the  top  edge  of  the  chamber, 
on  which  was  laid  that  portion  of  the  lid  shown  in  section  at  G  and  H,  and  in  plan 
at  G'  and  H' ,  and  the  twelve  bolts  securing  it  were  screwed  home.  Many  as  have 
been  our  difficulties  with  regard  to  air-tight  joints,  those  made  in  this  manner,  viz., 
by  the  crushing  of  a  lead  ring  between  two  surfaces,  have  never  given  us  any  anxiety. 
The  second  lid,  from  which  the  calorimeter  was  suspended,  and  whose  section  is  shown 
at  K  L,  and  plan  at  K'  L ,  was  secured  in  a  similar  manner. 

The  necessity  for  this  double  lid  is  not,  at  first  sight,  obvious,  but  it  must  be 
remembered  that  it  was  impossible  to  separate  the  calorimeter  from  the  portion  of  the 
lid  to  which  it  was  attached,  and,  therefore,  a  heavy  steel  plate  would  have  been 
inconvenient,  and  have  rendered  any  direct  weighings  impossible.  On  the  other 
hand,  the  total  pressure  on  this  lid,  when  the  chamber  was  exhausted,  was  very  great, 
and,  had  the  whole  of  it  consisted  of  one  thin  piece,  it  is  probable  that  it  would  not 
have  withstood  the  strain  v/ithout  “  panting,”  and,  as  it  was  necessary  on  account  of 
the  stirring  rod,  &c.,  that  the  whole  apparatus  should  be  absolutely  rigid,  it  was 
essential  to  avoid  any  phenomenon  of  this  kind.  The  first  lid,  therefore,  is  of  con¬ 
siderable  thickness,  and  the  orifice  in  it  only  just  sufficient  to  allow  for  the  intro¬ 
duction  of  the  calorimeter.  Again,  if  the  lid  had  been  of  one  piece,  it  would  have 
been  impossible  to  remove  it  without  disturbing  the  tubes  M  and  N. 

The  tube  M  communicated  with  a  five-way  Sprengel  pump  and  a  McLeod  gauge ; 
the  tube  N  with  a  Geissler  pump  and  a  water  pump.  The  arrangements  for  drying 
and  exhausting  by  means  of  these  tubes  is  described  in  Section  V. 
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The  steel  chamber,  together  with  the  mercury,  weighed  nearly  2  cuTs.  It  stood  on  a 
small  tripod  in  a  galvanized  iron  tank,  whose  capacity  was  about  20  gallons.  The  tank 
itself  was  placed  on  a  bed  of  Portland  cement  before  the  cement  had  hardened,  and 
thus  the  whole  erection  was  firm  and  stable.  When  the  outer  tank  was  filled,  the 
surface  of  the  water  was  about  3  inches  above  the  lid  of  the  steel  chamber  and  was 
maintained  at  that  level  by  a  constant  inflov^  of  water,  which  entered  almost  above 
the  screw  Q  and  left  by  an  overflow  pipe  shown  at  W.  The  screw  at  Q  rotated  in 
such  a  direction  that  the  water  was  forced  downwards,  passed  under  the  steel 
chamber,  and  returned  across  the  lid.  The  screw  revolved  about  800  times  a  minute, 
and  the  stirring  was  very  thorough,  so  that  it  was  impossible  to  detect  any  difference 
of  temperature  in  diflerent  portions  of  the  tank,  even  when  hot  water  was  being 
admitted,  unless  the  thermometer  was  held  immediately  against  the  entrance  pipe. 
A  glass  tube  with  narrow  bore  (Sprengel  tubing)  was  fixed  into  the  steel  tube  at  D 
and  communicated  with  the  regulating  apparatus  shown  in  Plate  4,  fig.  1.  Rh  the 
regulator — the  gas  entering  at  A  and  leaving  at  B.  The  tube  R  was  about  1  inch  in 
diameter  and  was  drawn  to  a  fine  opening  at  its  lower  end.  The  thin  glass  partition 
C  passed  down  the  centre  of  this  tube  and  projected  at  its  lowest  extremity  into  the 
narrow  opening.  To  render  the  partition  air-tight,  its  edges  were  coated  with  hard 
shellac,  and  after  it  had  been  thrust  into  position,  the  tube  was  warmed  until  the 
shellac  melted.  The  top  of  the  tube  was  closed  with  shellac,  thus  the  gas,  entering 
at  A,  could  only  arrive  at  B  by  passing  round  the  lower  end  of  this  partition,  and  a 
very  small  movement  of  the  mercury  in  the  narrow  neck  sufficed  to  cut  off  the  supply. 
We  adopted  this  form  of  regulator  after  considerable  experience  of  the  ordinary  fonn, 
in  which  the  supply  passes  down  an  inner  tube  and  up  the  annular  space  around  it, 
which  labours  under  the  defect  that  the  adhesion  between  the  mercury  and  the 
inner  tube  causes  the  gas  to  remain  cut  off  for  some  time  after  the  mercury  has  com¬ 
menced  to  contract.  The  form  here  shown  is  free  from  this  defect,  as  it  is  found  that 
the  mercury  does  not  adhere  to  the  thin  glass  partition.  Beneath  the  narrow  tube 
a  small  reservoir  (capacity  about  3  cub.  centims. )  at  jE”  allowed  considerable  contraction 
to  take  place,  and  yet  permitted  the  mercury  to  be  kept  in  view.  A  side  tube  passed 
from  E  to  the  three-way  taps  F  and  H,  and  thus,  by  means  of  the  tap  at  F,  mercury 
could  be  withdrawn  when  necessary.  The  tubes  F[K  and  HL  were  about  4  feet 
in  length — K  terminating  in  a  thistle-funnel,  in  which  a  supply  of  mercury  was 
placed. 

The  tube  L  was  connected  with  the  three-way  tap  M,  by  which  communication 
could  be  made  with  the  exhaust  water-pump,  or  with  the  open  air.  Behind  the  tube 
L  was  fixed  a  vertical  scale  of  millimeters,  and  the  whole  of  the  tubing  was  rather 
wide-bore  Sprengel.  Through  the  tap  at  H  mercury  from  the  arm  KH  could  be 
passed  into  the  arm  KL  to  any  convenient  height.  By  means  of  the  taps  H  and  F 
any  portion  of  this  mercury  could  be  passed  into  the  regulator,  and,  if  necessary,  the 
same  amount  could  at  any  time  be  withdrawn  by  connecting  L  with  the  exhaust  (by 
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means  of  tap  M)  and  opening  i^^and  H — independently  of  the  level  of  the  mercury  in  the 
regulator.  This  contrivance,  therefore,  rendered  it  possible  to  “set”  the  instrument 
so  as  to  produce  any  required  change  of  temperature  in  the  tank  ;  for  it  was  found 
that  the  transference  of  about  312  millims.  of  the  column  HL  into  the  regulator 
caused  a  difference  of  1°  C.  in  the  temperature  of  the  tank.  It  was  thus  possible  to 
adjust  the  temperature  to  a  very  small  fraction  of  a  degree. 

The  connecting  tube  from  E  to  D  was  bent  into  a  spring  of  sufficient  length  to 
allow  of  some  play  to  the  lower  end,  and  thus  it  was  possible  to  withdraw  the  end 
from  D  without  moving  the  whole  edifice.  The  glass  work  was  supported  on  a 
vertical  board,  about  5  feet  in  height,  and  the  various  taps  were  placed  within  easy 
reach  of  the  observer.  All  gas  admitted  at  A  was  dried  by  passing  through  tubes 
containing  quicklime,  as  it  was  found  that  the  regulator  worked  in  a  much  more  satis¬ 
factory  manner  when  the  surface  of  the  mercury  was  clean.  After  leaving  B,  the  gas 
entered  a  tube  about  2  feet  long,  containing  a  very  large  number  of  small  pin-holes. 
The  tube  was  connected  by  two  cross  pieces  containing  similar  small  holes,  with  two 
pilot  lights  fed  by  an  independent  supply,  A  change  of  3-^0  of  a  degree  in  the  tank 
visibly  affected  the  brilliancy  of  the  tiny  gas  jets,  and  a  change  of  less  than  made 
all  the  difference  between  total  eclipse  and  a  complete  series  of  bright  blue  jets.  The 
supply  of  gas  through  the  regulator  was,  however,  sufficient  when  the  mercury  had 
receded  far  enough  to  maintain  the  jets  at  a  length  of  nearly  |-inch. 

Placed  above  this  row  of  jets,  but  so  far  from  the  pilot  lights  as  to  be  unaffected  by 
them,  was  a  flat  silver  tube,  the  section  of  whose  bore  was  a  rectangle  of  about  1  inch 
wide  and  inch  deep,  and,  through  this  tube,  the  water  passed  on  its  way  to  the 
tank.  The  supply  was  regulated  by  a  small  “  constant  level  ”  tank  of  the  usual 
pattern,  suspended  from  the  ceiling  by  a  string.  Alterations  in  the  level  of  this  tank 
afforded  a  fine  adjustment — the  temperature  depending  on  the  rate  of  flow.  The 
water  was  supplied  direct  from  the  main,  and  hence,  even  in  the  hottest  summer 
weather,  it  was  possible  to  maintain  the  tank  at  a  temperature  as  low  as  14°  ;  in 
winter,  as  low^  as  3°  or  4°  C.  Any  temperature  above  this  minimum  was,  of  course, 
obtainable,  but  we  considered  it  unadvisable  to  raise  it  above  40°  C.  on  account  of  the 
ebonite,  &c.  This  regulator  proved  itself  to  be  a  most  satisfactory  instrument. 
Although,  when  set  to  give  a  new  temperature,  it  v/as  slow  in  its  action  (the  capacity 
for  heat  of  the  tank  and  its  contents  being  great)  it  was  none  the  less  sure,  and,  after 
about  half-an-hour  from  the  readjustment,  the  temperature  would  be  found  to  have 
become  steady.  If  set  to  give  a  higher  temperature,  the  thermometer  at  E  (Plate  3) 
would  pass  that  temperature  by  about  3^5-  of  a  degree,  and,  after  this  preliminary 
oscillation,  would  become  steady,  although  it  is  probable  that  this  first  was  followed 
by  other  oscillations,  which  were  too  small  to  be  apparent.  It  is  possible  that 
the  temperature  of  the  inner  surface  of  the  steel  chamber  was,  to  some  extent, 
affected  by  the  temperature  of  the  calorimeter.  The  change  must,  however,  have 
been  very  small,  since  it  was  insufficient  to  affect  the  thermometer  at  E.  It  must 
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be  remembered  that  any  such  change  would  at  once  produce  an  effect  on  the 
mercury,  and,  by  its  action  on  the  regulator,  reproduce  the  original  condition. 

Section  IV. — The  Motor  and  its  Connections. 

A  belt  passed  from  the  motor  to  a  vertical  shaft  fixed  near  the  back  of  the  tank. 
This  shaft  carried  “  speed-wheels,”  from  which  ran  two  cords,  one  to  the  stirrer  in  the 
outer  tank,  the  other  to  the  stirrer  in  the  calorimeter.  In  order  to  prevent  any 
“  slipping,”  with  which  we  were  at  one  time  much  troubled,  all  these  cords  ran 
through  loose  pulleys  hung  by  strings,  which,  passing  over  small  fixed  pulleys,  were 
connected  with  pans  containing  shot.  The  tension  of  the  cords  could  thus  be  regu¬ 
lated  by  altering  the  weight  of  shot,  and  any  change  in  their  length,  due  to 
stretching,  &c.,  was  of  no  consequence.  The  shaft  of  the  calorimeter  stirrer  was 
connected  with  the  revolving  piece  above  it  by  a  double  Hooke’s  joint.  Until 
experiment  J  19  a  short  piece  of  brass  tubing  with  a  cross  wire  at  each  end  served 
as  the  Hooke’s  joint,  with  the  exception  of  J’s  17  and  18,  when  only  a  single 
Hooke’s  joint  was  used.  A  difference  in  the  “stirring  supply”  was  shown  in  these 
two  experiments  (see  p.  450),  probably  due  to  some  difference  in  pressure  between  the 
agate  cylinder  at  the  bottom  of  the  stirring-rod  and  the  ring  surrounding  it.  After 
experiment  J  19  the  connection  was  made  by  a  small  circle  of  thin  wire,  which 
passed  through  a  hole  in  the  revolving  shaft  and  dropped  into  a  slit  in  the  top  of  the 
stirring-rod.  Thus  all  rigidity  in  the  connection  was  avoided,  and  the  stirring  effect 
was  more  regular  after  the  change.  Above  the  stirring-shaft  was  a  Harding’s 
counter,  whose  axis  carried  at  its  upper  extremity  a  V-pulley,  and  at  its  lower 
extremity  the  Hooke’s  joint  (see  Plate  2,  fig.  2).  These  counters  move  in  steps,  and 
not  wfith  a  continuous  sliding  motion,  and,  as  it  was  essential  that  we  should  be  able 
to  read  with  considerable  accuracy  the  time  of  each  1000  revolutions,  this  form  of 
counter  was  the  best  adapted  to  the  purpose.  The  wear  that  these  instruments  will 
stand  is  surprising,  for,  on  many  occasions,  nearly  a  quarter  of  a  million  revolutions 
per  day  were  recorded,  and  the  same  counter  was  used  by  us  throughout  our  experi¬ 
ments  of  1891  and  1892,  with  the  exception  of  experiments  J  20  to  34,  when  the 
original  counter,  having  shown  some  slight  signs  of  wear,  was  replaced  by  another. 

The  motor  (one  of  the  fan  type)  was  by  Bailey  and  Co.,  and  of  the  usual  pattern. 
When  working  at  the  Sidney  Laboratory  in  1891,  the  changes  in  pressure,  and  there¬ 
fore  in  the  speed  of  the  motor,  were  so  frequent  that  we  w^ere  compelled  to  relinquish 
our  attempts  to  perform  our  J  experiments  during  the  day,  and  the  observations  had, 
therefore,  to  be  taken  between  10  p.m.  and  2  a.m.  Even  during  these  hours,  the 
regularity  was  far  from  satisfactory. 

As  has  been  explained  in  the  introduction  a  special  room  was  built  for  the  experi¬ 
ments  of  1892.  Here  the  supply  pipe  to  the  motor  led  directly  from  the  main,  but 
the  irregularities  of  pressure  were  still  so  great  as  to  render  some  improvement 
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imperative.  The  form  of  regulator  devised,  although  it  did  not  insure  that  absolute 
uniformity  which  we  could  have  wished,  was  yet  so  effective  that  we  venture  to 
describe  it  at  length,  in  the  hope  that  it  may  prove  useful  to  others  who  have  met 
with  the  same  difficulty. 

AB  (see  Plate  4,  fig.  2)  was  a  flexible  diaphragm  made  of  india-rubber  of  one  ply. 
This  was  bolted  between  two  brass  saucer-shaped  discs  with  tinned  surfaces.  The 
lower  of  these  discs  was  connected  with  a  tube  leading  to  the  motor  ;  the  upper,  by 
means  of  E,  F,  G,  with  an  iron  reservoir  (a  mercury  bottle)  placed  on  the  floor.  A 
thin  metal  rod  was  attached  to  a  plate  in  the  centre  of  the  diaphragm,  and  at  its  lower 
extremity  were  fixed  two  cylinders  placed  so  as  to  form  a  balance  valve.  The  ends 
of  these  cylinders  were  grooved  in  such  a  manner  that  any  upward  movement 
diminished,  and  any  downward  movement  increased  the  size  of  the  channels  through 
which  the  water  had  to  pass.  The  water  from  the  main  entered  at  (7,  and  after 
passing  through  the  grooved  channels  followed  the  path  indicated  by  the  arrows, 
until  it  arrived  at  the  injector  of  the  motor.  An  iron  tube  about  6  feet  high  was 
supported  by  a  vertical  plank,  which  reached  from  the  floor  to  the  roof  of  the  labora¬ 
tory,  The  lower  end  of  this  tube  entered  the  iron  reservoir  G  at  the  bottom,  and  to 
the  upper  extremity  was  fastened  about  4  feet  of  high  pressure  tubing  of  which  the 
free  end  was  lashed  to  a  mercury  jar  H,  similar  to  the  hand  one  used  in  a  Geissler’s 
pump.  This  jar  rested  on  a  movable  shelf  which,  by  means  of  a  rope  and  pulley, 
could  be  raised  from  about  4  feet  to  10  feet  above  the  vessel  G.  Sufficient  mercury 
was  placed  in  this  jar  to  fill  the  flexible  tube  and  the  lower  3  or  4  inches  of  the  iron 
vessel  G.  The  taps  at  K,  F,  and  L,  were  then  opened  and  water  passed  into  the  tube 
E,  K,  and  the  vessel  G.  As  the  pressure  increased,  the  mercury  was  forced  up  the 
tube  il/,  A  until  its  surface  became  visible  in  H.  The  tap  at  F  was  then  closed  and 
the  screw  plug  at  E  opened  to  allow  any  air  in  the  pipes,  or  above  the  diaphragm,  to 
escape.  E  was  then  closed  and  first  the  tap  L  was  opened,  then  the  tap  F,  until  the 
mercury  again  appeared  in  H.  F  wms  then  finally  closed  and  would  not  again  be 
used  unless  it  was  necessary  to  refill  the  apparatus.  The  pressure  above  AB  could 
now  be  adjusted  at  will  by  altering  the  elevation  of  H,  and  the  effective  pressure 
could  thus  be  changed  from  20  lbs.  to  60  lbs,  per  sq.  inch.  When  the  tap  L  was 
opened,  if  the  pressure  due  to  the  tap-water  on  the  lower  side  oi  AB  exceeded  the 
pressure  on  the  top,  the  valve  was  lifted  and  the  flow  to  the  motor  diminished  until 
the  pressure  of  the  water  which  had  passed  the  valves  became  the  same  as  that  above 
the  diaphragm.  Conversely,  if  the  water  pressure  diminished,  the  flow  to  the  motor 
increased.  The  tap  at  K  was  only  used  to  remove  the  pressure  of  the  mercury 
column  from  the  top  of  the  diaphragm  wdien  the  instrument  was  not  in  use.  Within 
certain  limits,  this  regulator  acted  excellently ;  but  if  the  water  pressure  fell  so  low 
that  the  diaphragm  assumed  its  lowest  position,  it  ceased  to  be  effective.  By  altering 
the  elevation  of  the  movable  shelf  at  H,  the  rate  of  the  motor  could  be  adjusted  at 
will,  and  a  scale  being  fixed  to  the  vertical  plank,  the  extent  of  the  adjustment 
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necessary  to  produce  a  given  alteration  was  approximately  knovTi  after  a  few 
observafions. 

[Note  by  E.  H.  G.  Added  April,  1893.  Lord  Rayleigh  has  discussed  the  prin¬ 
ciples  which  should  be  observed  when  using  a  motor  of  the  fan  type  (‘  Proc.  Soc.  Roy.,’ 
1881,  p.  109),  and  has  shown  that  when  the  motor  is  run  at  high  speed  the  curves  of 
work  and  of  resistance  cut  each  other  at  a  greater  angle  than  is  possible  when  the 
rate  of  revolution  is  small,  and  thus  a  more  uniform  motion  is  obtained  in  the  former, 
than  in  the  latter,  case.  Our  speed  wheels  were  so  arranged  that  the  motor  under 
ordinary  circumstances  ran  at  about  16  revolutions  per  second,  which  appeared  to  be 
as  high  a  sjieed  as  was  necessary.] 

Section  V. — The  Pressure  in  the  Surrounding  Space. 

As  already  mentioned,  the  tubes  M  and  N  (see  Plate  3)  led  to  the  pumps  and 
McLeod  gauge.  The  circuit  embraced  several  yards  of  glass  tubing,  a  large  number 
of  junctions  and  four  taps,  of  which  three  had  to  be  absolutely  air-tight.  In  addi¬ 
tion  there  were  the  four  insulated  junctions  in  the  steel  and  the  two  in  the  calori¬ 
meter  lid,  and  also  the  six  openings  (three  in  the  steel  and  three  in  the  calorimeter), 
through  which  the  glass  tubes  which  supported  the  calorimeter  passed.  All  who 
have  worked  with  low  pressures  will  appreciate  the  difficulty  of  making  such  a  series 
of  joints  sufficiently  air-tight. 

The  manner  in  which  the  difficulty  was  overcome  in  the  openings  through  the  steel 
and  calorimeter  is  described  in  Section  VII.  In  what  we  may  term  the  external 
circuit  the  greatest  difficulty  was  experienced  in  the  joints  between  the  glass  and  the 
steel  tubes  M  and  N.  Throughout  1891  we  used  telescopic  joints.  The  glass  tubes, 
wliich  closely  fitted  into  the  steel  ones,  were  coated  with  hard  shellac,  and,  wheu 
both  glass  and  steel  had  been  warmed,  were  pressed  into  position.  There  is  no  doubt 
that  such  joints  can  be  made  absolutely  air-tight ;  but  they  cannot  be  trusted  to  last 
for  any  length  of  time.  It  is  possible  that  shellac  is  sufficiently  viscous  to  yield  to 
long  continued  pressure,  or,  on  the  other  hand,  it  may  crack  when  exposed  to  sudden 
changes  of  temperature.  Whatever  the  cause  may  be,  we  have  found  such  joints 
most  treacherous.  Their  very  perfection  when  first  made  renders  them  the  more 
dangerous,  for  they  inspire  the  observer  with  a  false  confidence. 

Our  experiences  during  1891  led  us  to  reject  the  use  of  shellac  in  any  form."''  In 
1892  the  connection  between  the  glass  and  steel  was  made  by  platinum  tubes  of 
small  bore,  soldered  into  the  steel  at  one  end  and  fused  into  the  glass  at  the  other. 
However,  the  latter  form  of  junction  could  not  be  relied  on  unless  the  diameter  of 
the  platinum  was  small,  and  this  constriction  of  both  the  passages  leading  to  the 
pumps  greatly  increased  the  labour  of  exhausting,  for  the  process  of  diffusion  through 

*  From  the  commencement  Ave  avoided  the  use  of  india-rubber  tubing. 
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such  narrow  tubes  is  very  slow  when  the  difference  of  pressure  at  the  ends  falls  below 
1  millirn.  As  we  could  find  no  way  out  of  this  difficulty  we  had  to  content  ourselves 
with  a  higher  pressure  than  we  had  proposed  to  work  with. 

The  taps  used  were  of  a  kind  that  has  a  diagonal  hole  through  the  stopper  and  a 
mercury  cup  at  each  end  ;  they  appear  to  be  very  perfect,  and  any  leakage  from  either 
end  can  be  detected  by  its  effect  on  the  mercury.  One  of  these  taps  was  in  each 
glass  tube  leading  from  M  and  N,  and,  by  their  means,  all  the  rest  of  the  circuit 
could  be  cut  off  from  the  calorimeter. 

The  tube  connected  with  M  led  to  a  five-way  Sprengel  and  a  McLeod  gauge  (both 
by  Hicks),  The  tube  from  N,  after  passing  the  first  tap,  branched  into  two  arms, 
one  of  which  led  to  a  Geissler  pump,  while  in  the  other  was  a  three-way  tap 
establishing  connection  with  the  water  pump,  or  with  a  series  of  drying  bottles, 
containing  H2SO4,.  A  tube  containing  Ba(HO)3  was  fixed  between  the  drying  bottles 
and  the  calorimeter,  as  we  thought  it  just  possible  that,  otherwise,  sufficient  HoSO^ 
vapour  might  pass  into  the  chamber  to  produce  some  action  on  the  steel  surfaces. 

When  the  apparatus  was  fixed  together  the  temperature  of  the  tank  was  raised  to 
about  40°  C.  ;  the  air  was  then  exhausted  down  to  about  16  millims.  by  the  water 
pump,  dry  air  was  passed  in  slowly,  and  this  process  was  repeated  several  times. 
Finally  the  pressure  was  reduced  as  far  as  possible  by  the  water  pump  (to  about  12 
to  14  millims.),  and  the  Sprengel  and  Geissler  brought  into  play. 

It  took  about  100  double  strokes  with  these  pumps  to  bring  the  pressure  down  to 
1  millirn.,  so  the  labour  involved  was  great,  and  want  of  time  alone  prevented  our 
reducing  the  pressure  further  than  we  did.  By  increasing  the  number  of  the  platinum 
tubes  we  hope  to  be  able  in  future  to  work  with  much  better  vacua. 

The  absence  of  leakage  is  indicated  by  the  fact  that  the  lapse  of  a  week  made  no 
perceptible  difference  in  the  reading  of  the  McLeod  gauge,  although  a  change  of  '01 
millirn.  could  have  been  easily  detected. 

It  was  long  before  this  degree  of  perfection  was  attained,  for  the  difficulty  of 
ascertaining  the  position  of  a  slight  leakage,  in  such  a  circuit,  was  very  great,  and 
many  weary  hours  were  expended  in  leak  hunting  and  in  consec|uent  taking  to  pieces 
and  putting  together  again  the  various  portions  of  the  apparatus. 

Section  VI. — The  Method  of  Maintaining  a  Constant  E.M.F. 

General  plan  of  the  electrical  connections*  (fig.  2,  p.  382)  ; — 

Leads  passing  through  points  numbered  1  and  3  belong  to  the  Clark  cell  circuit. 

Leads  passing  through  points  numbered  2  and  4  belong  to  the  storage  cell  circuit. 

The  leads  1  and  2,  as  also  3  and  4,  unite  at  the  lid  of  the  calorimeter  itself,  as 
shown  in  the  small  sketch, 

*  The  actual  posifciou  of  the  galvanometers,  &c.,  was  different  from  the  sketch,  which  is  only  intended 
to  indicate  the  nature  of  the  arrangement. 
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All  connecting  wires  of  any  length  were  carried  overhead,  and  hung  by  silk  threads 
from  a  net  suspended  about  7  feet  above  the  table.  Thus  all  were  visible,  and  could 
be  traced  without  difficulty.  All  keys  and  instruments  through  which  communication 
with  earth  could  be  made  were  placed  on  slabs  of  paraffin  or  ebonite,  and  the  accumu¬ 
lators  were  also  insulated.  Each  lead  was  placed  as  close  as  possible  to  its  return  to 
avoid  any  electro-magnetic  action.  The  resistance  of  the  galvanometer  (7^  was  about 
9000  ohms.  Instruments  of  such  high  resistance  speedily  indicate  any  leakage  in 
the  circuit,  and  it  was  not  until  we  had  given  considerable  time  and  attention  to  the 
insulation  that  we  were  free  from  trouble  on  this  account. 


Fig.  2. 


The  galvanometer  (an  astatic  one  manufactured  by  the  Scientific  Instrument 
Company,  and  the  field  so  adjusted  that  the  time  of  a  single  oscillation  was  about 
4  seconds)  showed  no  deflection  unless  connected  with  the  Clark  cells,  although,  at 
times,  the  difference  of  potential  between  the  screws  2  and  4  amounted  to  10  volts. 
If  the  fingers  were  placed  on  the  ends  of  the  wires  communicating  with  it,  the  spot 
of  light  could  be  thrown  nearly  off’  the  scale.  The  galvanometer  was  placed  at  the 
farther  end  of  a  tunnel  (4  feet  in  length)  of  which  the  nearer  end  was  closed  by  a 
sheet  of  ground  glass.  The  beam  of  light  was  thrown  in  thi'ough  the  side  of  the 
tunnel,  reflected  on  to  the  galvanometer  mirror  and  thence  on  to  the  ground  glass,  which 
was  protected  by  a  hood  from  other  illumination.  Thus  the  “  spot  ”  was  easily  visible, 
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even  in  bright  day-light,  by  either  of  the  observers  when  in  the  situations  they 
occupied  during  the  experiments.  The  extreme  sensitiveness  of  this  galvanometer 
will  be  illustrated  when  dealing  with  the  comparison  of  our  Clark  cells. 

The  method  of  maintaining  the  ends  of  the  coil  at  a  constant  potential  difference 
has  been  indicated  in  Section  1.  The  experimental  accuracy  of  the  method  depends 
entirely  upon  the  action  of  the  rheostat  at  K  (fig.  1,  p.  370).  This  instrument  should 
be  capable  of  a  fine,  as  well  as  a  rough,  adjustment,  and,  above  all,  there  should  be  no 
possibility  of  uncertain  contact. 

The  majority  of  rheostats  establish  connection  by  the  pressure  of  a  sliding  piece 
upon  a  wire,  which  is,  at  the  best,  an  unreliable  form  of  contact.  The  instrument 
devised  by  us  has,  however,  proved  to  be  so  free  from  this  defect  that  we  describe  it 
at  some  length. 

It  is  well  known  that  the  electrical  contact  between  a  moving  platinum  wire  and 
mercury  is,  under  ordinary  circumstances,  an  unsatisfactory  one  ;  its  uncertain  nature 
being  probably  due  to  the  air-film  attached  to  the  wire.*  We  found  that  in  vacuo 
the  contact  was  in  every  way  satisfactory. 

A  and  B  (see  Plate  2,  fig.  3)  are  two  glass  tubes  about  7  feet  long,  with  a  platinum 
wire  running  through  the  interior  of  each — the  ends  of  the  wires  projecting  at  A  and  B. 
The  resistance  of  the  wire  in  A  is  about  6  ohms  per  foot,  and  of  that  in  5  P7  ohm 
per  foot.  C  and  D  are  two  wide  tubes  about  3^  feet  tong,  closed  at  the  lower  ends. 

A  and  B  were  carefully  filled  through  a  capillary  tube  with  hot  mercury,  and 
inverted  so  as  to  stand  in  C  and  D.  Practically,  A  and  B  are  two  barometers 
having  tubes  of  about  twice  the  usual  length.  C  and  D  are  firmly  fixed  in  a  stand, 
and  A  and  B  are  raised  or  lowered  by  handles  at  the  side,  connected  with  gearing 
wheels  which  move  two  racks,  fixed  upon  the  rods  carrying  A  and  B.  In  their 
lowest  position  the  barometer  column  reaches  almost  to  the  top  of  the  tubes ;  in  their 
highest,  about  4  feet  of  the  wire  is  left  above  the  mercury.  Spiral  wires  are  attached 
to  the  projecting  ends  of  the  platinum  wire  at  the  top,  and  the  ends  of  a  copper  fork, 
carrying  a  screw  connector  [E)  at  the  bend,  communicate  with  the  mercury  in 
Cand  D. 

The  current  enters  at  jP,  passes  down  the  wires  in  A  and  B  (which  are  thus  in 
parallel  arc),  and  leaves  the  instrument  at  E.  The  wire  from  F  to  B  is  so  arranged 
that  additional  resistance  can  be  placed  in  it  if  required. 

The  mean  resistance  of  the  calorimeter  coil  used  by  us  this  year  was  about  S'Sw ; 
the  minimum  external  resistance  about  l’3aj.  The  E.M.F.  of  each  storage  cell  was 
about  1'4  times  the  E.M.F.  of  one  Clark  cell.  Denoting  our  external  resistance  by  r, 
and  the  coil  resistance  by  P,  it  is  evident  that  (when  the  number  of  storage  and 
Clark  cells  were  equal)  an  approximate  balance  would  be  obtained  if  (R  +  ^’)/R  =  1‘4, 
which  gives  r  =  3*4,  i.e.,  wRen  the  rheostat  resistance  wms  about  2‘lco. 


*  If  the  wire  is  amalgamated  the  mercui’y  is  apt  to  cling  to  it  when  the  wire  is  withdrawn. 
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It  was  found  that  by  raising  A  about  6  indies,  B  about  24  inches,  and  introducing 
a  resistance  of  4&j  into  FB,  an  approximate  balance  was  obtained.  The  resistance  of 
A  was  then  about  ‘Sw,  and  B  7'30co.  B  thus  acted  as  a  shunt,  and  a  considerable 
alteration  in  it  caused  only  a  small  change  in  r.  By  altering  their  relative  positions 
the  ratio  A/B  could  be  changed,  and  the  sensitiveness  of  the  instrument  could  thus  be 
altered  when  required.  When  arranged  as  above,  a  movement  of  1  inch  in  B  would 
throw  the  galvanometer  spot  off  the  scale,  while  the  effect  of  a  change  of  1/25  inch 
was  distinctly  visible. 

Thus  a  rise  of  1  inch  in  B  would  change  r  from  ('3+  7’3)/ ('3  X  7’3)  to 
('3  +  7'44)  /  ('3  X  7'44),  i.e.,  a  change  of  •0003(y. 

And  thus  the  ratio  r/B  would  change  from  1'3  /  8'5  to  1’3003  /  8'5,  a  change  of  less 
than  1  /  50,000. 

The  scale  on  the  galvanometer  screen  had  divisions  of  about  1  inch  in  length,  and  a 
deviation  of  1  scale  division,  during  a  whole  experiment,  was  exceptional.  It  thus 
appears  that  the  variations  in  E  were  certainly  within  1  /  100,000  of  the  mean  value 
during  the  experiments,  and,  therefore,  changes  in  E,  consequent  on  changes  in  R  or  S, 
might  be  disregarded.*  It  was  necessary  that  throughout  each  experiment  one 
observer  should  give  his  entire  attention  to  the  adjustment  of  the  rheostat.  As 
the  temperature  of  the  coil  rose  steadily  the  value  of  r  had  to  be  increased,  its  total 
increase  (over  our  range)  being  about  '005co,  i.e.,  a  rise  of  about  36  inches  in  B.t  No 
doubt  this  adjustment  took  place  in  steps.  The  spot  was  observed  to  cross  the  zero 
line  and  was  then  thrown  back  to  the  further  side — a  rise  of  1  millim.  in  B  being,  as 
a  rule,  sufficient  for  this  purpose.  As  the  handle  had  a  large  radius,  this  small  change 
was  effected  without  difficulty.  The  effect  of  such  small  oscillations  about  the  zero 
position  would  probably  “  mean  out,”  and  if  not,  would  be  negligible. 

Other  possible  causes  of  alterations  in  the  value  of  E  are — 

(1)  Polarization,  as  a  consequence  of  the  current  required  to  affect  the  galvanometer. 
The  high  resistance  of  the  galvanometer  rendered  any  perceptible  polarization 
extremely  improbable.  In  our  earlier  experiments  an  additional  resistance  of  L0,000(u 
was  placed  in  the  circuit  ;  contact  was  intermittent  and  established  by  a  key  which 
was  worked  by  a  water  motor. 

Throughout  our  1891  experiments  we  made  it  a  rule  to  compare  before  and 
immediately  after  each  experiment  the  E.M.F.  of  the  cells  usedj  with  others  which 
were  kept  as  standards,  and,  as  we  were  unable  to  detect  any  change,  these  excessive 
precautions  were  abandoned.  On  twenty-six  occasions  when  no  extra  resistance  was 
introduced  these  cells  were  compared  before,  and  at  the  close  of,  an  experiment. 

*  When  the  external  circnit  became  lieated  by  the  current  at  the  commencement  of  an  experiment 
considerable  adjustment  was  required,  hut  it  was  made  without  difficulty. 

t  This  increase  is  in  addition  to  the  increase  in  r  due  to  the  heating  of  the  external  circuit. 

t  The  Clark  cells  used  in  1891  belonged  to  the  Cavezidish  Laboratory,  and  are  the  ones  referred  to  in 
Table  IX.,  ‘Phil.  Trans.,’  A,  1892,  p.  605. 
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Poggendorff’s  method  was  used  ;  a  change  of  one  plug  indicated  a  change  of  E/6000, 
each  cell  was  balanced  against  the  standard  ones  in  the  manner  adopted  by  Messrs. 
Glazebrook  and  Skinner,  and  in  no  case  could  any  alteration  whatever  be  detected. 
This  point  having  been  satisfactorily  established,  we  considered  it  unnecessary  to 
repeat  the  observations  in  a  similar  manner  this  year,  but  contented  ourselves  with 
occasional  comparison  of  the  cells  used  with  others  which  we  kept  as  standards. 

(2)  The  second  difficulty  was  not  surmounted  so  satisfactorily.  A.s  before  mentioned 
(Introduction)  the  laboratory  was  maintained  in  cold  weather  at  a  constant  tempera¬ 
ture  of  about  16°  C.,  by  an  automatic  regulator.  However,  during  the  months  of 
August  and  September,  1892,  while  the  nights  were  cool,  the  temperature  during  the 
day  was  extremely  high,  and  occasionally  rose  in  the  laboratory  to  over  20°  C.  The 
Clark  cells  were  contained  in  a  tank  of  water,  but  their  temperature  at  times  changed 
by  3°  or  4°  C. ;  and  under  such  circumstances  the  difficulty  was  to  know  wliat  tem¬ 
perature  to  take. 

Messrs.  Glazebrook  and  Skinner  have  shown  that  the  E.M.F.  does  not  change 
with  the  thermometer,  but  lags  considerably.  A  difference  between  the  “virtual” 
and  “real”  temperature  of  1°  C.  would  cause  a  difference  of  1  in  1000  in  our 
corrected  times,  and  we  believe  that  many  of  the  irregularities  in  our  results, 
especially  in  experiments  before  August  15,  are  attributable  to  this  cause.  On 
that  date  we  got  into  working  order  a  regulator  which  much  diminished  this  source 
of  error.  A  large  bulb  of  mercury  was  immersed  in  the  tank,  and  was  connected  by 
a  narrow  tube  with  a  trap  of  the  ordinary  gas  regulator  pattern,  through  which 
cold  tap-water,  instead  of  gas,  was  kept  flowing.  When  the  mercury  expanded,  the 
water  ceased  to  flow  through  the  regulator,  and  diverged  by  a  bye-way  into  the 
tank ;  when  the  mercury  contracted,  the  cold  water  passed  into  a  waste  pipe,  instead 
of  into  the  tank.  The  pressure  of  the  water  was  kept  constant  by  a  small  supply 
cistern,  with  an  overflow  pipe,  which  was  suspended  by  a  string,  and  the  head  of 
water  could  thus  be  regulated.  This  apparatus  worked  most  satisfactorily — a  change 
of  ^°  C.  turning  the  inflowing  water  from  the  tank  to  the  waste.  Unfortunately 
the  weather  became  so  warm  that  even  the  tap-water  at  that  end  of  the  laboratory 
rose  to  about  16°  C.  The  changes,  after  the  introduction  of  the  regulator,  were, 
however,  much  diminished,  and  rarely  amounted  to  0°'5  C.  As  regards  the  errors 
thus  introduced,  although  they  seriously  affect  individual  experiments,  they  must 
tend  to  eliminate  when  a  large  number  of  observations  are  taken. 

The  Clark  cells  used  for  the  1892  experiments  were  constructed  during  January 
and  February  of  that  year.  Particulars  of  their  construction  are  given  in  an 
Appendix  to  Messrs.  Glazebrook  and  Skinner’s  paper ;  therefore  it  is  unnecessary 
to  give  here  more  than  a  brief  summary. 

,  Although  the  method  of  preparing  the  solutions  for  different  batches  of  six  was 
varied,  the  E.M.F.  of  all  the  cells  is  practically  the  same.  In  all  cases,  the  platinum 
wires  were  amalgamated  by  being  dipped  in  mercury  when  red  hot.  The  mercury, 
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which  was  freshly  distilled,  was  about  1  centim.  in  depth,  and  was  nearly  touched  by 
the  ends  of  the  zinc  rods.  About  1  centim.  of  the  “  paste  ”  was  placed  on  the 
mercury,  then,  about  1'5  centim.  of  ZnSO^,  solution  and  some  crystals  of  ZnSO^. 
Above  this  solution  was  fixed  a  thin  cork,  on  which  was  a  thin  layer  of  parafiin  wax. 
On  this  was  placed  about  6  centiras.  of  glass-wool  and  then  about  2  centims.  of  marine 
glue.  The  diameter  of  the  cell  was  about  2‘5  centims.  The  platinum  wire  was 
sealed  into  a  thin  glass  tube,  the  end  of  which  projected  above  the  marine  glue.  In 
most  cases  the  upper  end  of  the  zincs  was  completely  burled. 

Nos.*  31  to  42.  —  HggSO^t  unwashed  but  shaken  up  with  Hg  and  the  ZnSO^  solution 
filtered  at  30°  C.,  zincs  not  amalgamated. 

Nos.  43  to  48. — Prepared  by  following  out  the  Board  of  Trade  directions  exactly. 

Nos.  49  to  54. — Boiled  the  ZnSO^  solution  with  ZnO,  allowed  to  cool  to  30°  C. 

Filtered  at  30°  C.  Added  to  this  a  small  quantity  of  Hg^SO^ 
paste.  Filtered  off  resulting  black  precipitate,  warmed  filtrate, 
and  again  filtered  at  30°  C.  The  cells  made  with  this  solution 
appeared  to  settle  down  to  their  final  E.M.F.  immediately  after 
their  manufacture,  unlike  the  others,  which  were  some  time 
before  they  became  steady. 

About  thirty  comparisons  of  these  cells  were  made  between  January  and  September, 
1892.  Nos.  31  to  42  remained  at  the  Cavendish  Laboratory  for  some  time,  and  were 
repeatedly  compared  with  the  Bayleigh  Standard  by  Mr.  Skinner,  to  whom  we  owe 
our  best  thanks  for  the  trouble  he  took  in  this  matter. 

We  select  as  examples  comparisons  made  on  three  different  dates.  The  results 
of  the  comparisons  on  other  dates  are  as  close,  but  it  is  unnecessary  to  give  them 
at  length. 

No  discrepancy  showed  itself  except  after  rapid  changes  of  temperature,  and  in  the 
most  extreme  case  the  difference  from  the  mean  did  not  amount  to  1  in  2000.  The 
comparison  of  cells  31  to  36  with  the  Cavendish  Standard,  on  February  13th  and 
20th,  gave  precisely  similar  results.  These  comparisons  were  only  the  last  of  a 
series.  On  both  dates  the  temperature  of  the  standard  was  slightly  higher  than 
that  of  the  cells,  and  therefore  the  equality  was  very  close.  Mr.  Skinner,  writing 
on  February  20th,  said,  “  You  may  take  it  that  Nos.  31  to  36  are  now  equal  to  our 
standard,  and  no  further  comparison  is  necessary.”  In  our  comparisons  the  cells 
were,  in  each  case,  placed  in  opposition  to  No.  31. 


*  These  cells  are  numbered  131  to  160  in  jMessrs.  Glazebkook  and  Skinner’s  paper,  ‘  Phil.  Trans., 
A,  1892,  pp.  622  to  624.  Numbers  154  to  160  were  not  used  bj  us  during  this  investigation, 
t  Chemicals  supplied  by  Messrs.  Harrington. 
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Table  I. 


Feb.  13  and  20,  1892. 

Comparison  with 
Cavendish  Standard. 
(Diff.  in  6000  parts.) 

May  1,  1892. 
Comparison  with 

No.  31. 

(Diff.  in  6000  parts-) 

July  3,  1892. 
Comparison  with 
No.  31. 

(Diff.  in  6000  parts.) 

Sept.  6,  1892. 
Comparison  with 

No.  31.* 

(By  potentiometer.) 

31 

+  1  + 

0 

0 

1-00000 

32 

+  1 

+  2  “h 

+  2  - 

+  -00002 

33 

-f  1 

+ 1 

0  + 

-  -00003 

34 

+  1 

- 1  ‘ 

-  1  - 

-  -00013 

35 

+  2  + 

- 1 

0 

-  -oooii 

36 

+  2  + 

0 

+  1 

•0 

37 

0 

+  1 

+  -00001 

38 

0 

+  1 

+  -00002 

39 

0  - 

+  1 

+  -00001 

40 

0 

+  1 

-  -00006 

41 

0  - 

0  + 

-  -00006 

42 

0  - 

0  + 

—  -00007 

43 

+  2 

+  3 

+  -00022 

44 

+  1 

+  2 

^  -00013 

45 

0  + 

+  2  -f 

-h  -00014 

46 

+  2  + 

+  3 

+  -00020 

47 

+  4 

+  3 

+  -00014 

48 

+  3  + 

+  5 

j 

-i-  *00016  j 

, 

49 

0  + 

0  + 

-  -ooooi 

50 

+  1 

+ 1  - 

-0 

51 

-  1 

0  H- 

-  -00002 

52 

-  1 

0  + 

-  -00009 

53 

0  - 

+  1  - 

-  -00007 

54 

-  1 

0  + 

-0 

Temperature  .  . 

12°' 2 

17°' 2 

16°'04 

On  May  1  and  July  3  the  total  resistance  of  the  two  boxes  used  was  12,00Q&j, 
so  the  numbers  given  represent  the  dilferences  in  6000  parts.  In  the  comparison 
on  September  6  a  Clark’s  potentiometer  (constructed  by  Messrs.  Elliott)  was 
used.  Readings  can  be  taken  with  an  instrument  of  this  kind,  with  much  greater 
ease  and  certainty  than  when  using  two  resistance  boxes. 

It  may  be  worth  mentioning  that  on  September  6,  the  instrument  was  adjusted 
by  one  observer  and  the  readings  taken  by  the  other,  who  then  moved  the  handle, 
thereby  compelling  a  fresh  adjustment  by  the  first  observer.  The  galvanometer  used 
was  the  high  resistance  one,  G^,  previously  referred  to,  and  gave  a  distinct  deflection 
for  a  change  of  1/1 0“®  in  R. 

Several  comparisons  were  also  made  at  different  dates  with  some  cells  belonging 

*  We  have  not  reduced  the  potentiometer  readings  to  the  same  form  as  that  adopted  in  the  previous 
columns,  as  a  difference  of  '00017  corresponds  to  1  in  6000,  and  the  differences  shown  on  September  6 
would  only  amount  to  +  1  -f  in  the  most  extreme  case. 

3  D  2 
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to  the  Cavendish  Laboratory.*  These  cellst  were  (early  in  August)  in  close  agree¬ 
ment  with  No.  31,  and  also  with  the  Cavendish.  They  have  since  been  compared 
with  the  Berlin  Standard,  and  appear  to  exceed  that  standard  by  about  ‘0002  volt. 

It  will  be  noticed  that  the  results  of  the  comparison  on  September  6th  are  in 
much  closer  agreement  than  those  of  previous  dates.  This  is  partially  due  to  the 
potentiometer,  since  the  adjustment  in  this  case  has  not  to  proceed  by  steps.  It 
must  be  remembered  also  that  the  cells  had  been  kept  (by  the  regulator  above 
described)  at  a  steady  temperature  for  a  considerable  time  ;  and  the  great  impoi’tance 
of  a  constant  temperature  is  rendered  evident  by  the  figures  given  in  Table  I.,  and 
illustrates  the  truth  of  Mr.  Glazebrook’s  remark  that  many  discrepancies  are  due 
to  the  different  “  lag  ”  of  the  cells  when  their  temperature  is  changing. 

A  consideration  of  the  above  facts  will,  we  believe,  bear  out  the  conclusion  that 
the  mean  value  of  our  Clark  cells  may  be  regarded  as  exceeding  that  of  the 
Cavendish  standard  by  not  more  than  '0002  volt  {i.e.,  by  about  1  in  7000).  During 
our  J  experiments  we  always  used  a  considerable  number  of  these  cells,  placing 
several  in  parallel  arc,  and  in  no  case  did  we  use  less  than  nine  of  them  at  any  one 
time.  Thus  no  correction  for  individual  cells  is  necessary. 

A  reference  to  Glazeerook  and  Skinner’s  paper  will  show  that  but  a  short  time 
elapsed  between  their  determination  of  the  absolute  value  of  the  Cavendish  standard, 
and  the  comparison  of  our  cells  with  that  standard.  The  absolute  value  of  the 
standard  is  given  by  them  as  1'4342  volt  we  are  therefore  justified  in  assuming 
the  mean  value  of  cells  No.  31  to  54,  as 

1-4344  [1  +  -00077  (15  -  t)], 

[Note  by  E.  H.  G.,  added  April,  1893.  All  the  cells  mentioned  above  practically 
maintain  their  relative  positions  at  this  date.  I  have  recently  taken  a  series  of 
observations  in  the  hope  of  throwing  some  light  on  the  gradual  approximation  of  the 
cells,  as  shown  by  Table  I.  I  find  that  if  the  temperature  is  suddenly  raised,  and 
then  kept  quite  constant,  the  initial  differences  steadily  decrease  with  lapse  of  time, 
and  that  the  cells  continue  to  converge  after  the  lapse  of  many  days,  and  even  weeks. 
The  cells  prepared  by  my  method  of  adding  some  Hg2S04,  to  the  solution  before 
filtering,  appear  to  settle  into  their  final  state  more  rapidly  than  the  others.] 

Section  VII. — The  Measurement  of  Resistance. 

The  coil  used  by  us  in  1888  was  of  platinum-iridium  wire,  and  had  a  mean  R  of 
about  19  w. 

*  We  take  tki.s  opportunity  of  thanking  Profe.ssor  Thomson  for  liis  kinilness  in  permitting  ns  to 
horrow  many  pieces  of  appa.ratus  belonging  to  the  Cavendish  Laboratory. 

f  Tliese  are  the  cells  Nos.  65,  69,  70,  77,  78,  and  79,  mentioned  in  IMessrs.  Glazebrook  and  Skinner  s 
paper.  No.  65  may  be  regarded  as  equal  to  our  No.  31.  See  ‘  Phil.  Trans.,’  A,  1892,  pp.  605,  623,  and  625. 

1  ‘Phil.  Trans.,’  A,  1892,  p.  582. 


THE  MECHA.NICAL  EQUIVALENT  OF  HEAT. 


38  9 

In  1889  we  used  two  coils  of  2  and  4  oj.  one  of  German  silver  and  one  of  platinum, 
both  covered  with  a  layer  of  gutta-percha. 

In  1891  we  used  a  coil  of  about  lOco  covered  with  amber  varnish  and  made  of 
copper-manganese-nickel  alloy,  and  also  a  platinum  wire  of  about  the  same  value. 

This  year  we  have  contented  ourselves  with  a  platinum  wire  of  about  8‘5  w. 

Since  H  oc  and  E  is,  throughout  each  experiment,  a  constant,  therefore  H  oc  1  /R- 
Hence  if  a  coil  of  large  resistance  is  used,  the  quantity  of  heat  developed  will  be 
small,  unless  E  is  great. 

It  appeared  to  us  desirable  to  keep  the  value  of  E  as  low  as  possible,  for  the  greater 
the  difference  of  potential  at  the  ends  of  the  coil,  the  greater  is  the  loss  arising  from 
imperfect  insulation,  &c.  On  the  other  hand,  if  the  coll  is  too  short  the  development 
of  heat  is  too  localized,  and  its  even  distribution  throughout  the  calorimeter  rendered 
more  difficult.  Our  experience  in  the  earlier  experiments,  as  also  a  consideration  of 
the  masses  of  water,  &c.,  led  us  to  the  conclusion  that  a  difference  of  potential  equal 
to  that  of  from  3  to  5  Clark  cells*  and  a  resistance  of  8  to  10  w  would  balance  the 
opposing  influences  in  the  manner  best  adapted  for  our  purpose. 

Platinum  would  at  first  sight  appear  to  be  an  unsuitable  metal  of  which  to  form 
the  coil,  for  its  temperature  coefficient  is  very  great,  and  the  element  of  change  thus 
introduced  involves  much  arithmetic  in  the  final  calculations.  For  the  same  reason 
the  error  due  to  its  rise  in  temperature  above  the  surrounding  water  is  likely  to  be  more 
serious  than  if  the  coil  was  formed  of  an  alloy.  These  considerations  carried  so  much 
weight  that  we  undertook  (in  the  summer  of  1890)  a  series  of  investigations  into  the 
resistance  of  the  various  copper-manganese-nickel  alloys,  which  had  been  recently 
introduced  by  Dr.  EeuszNer  of  Berlin.  Some  of  these  alloys  were  made  for  us 
by  Messrs.  Johnson  and  Matthey,  and  several  specimens  were  given  to  us  by 
Dr.  Eeuszner,  to  whom  we  owe  our  best  thanks  for  his  kindness ;  others  were 
obtained  from  Messrs.  Wolff,  Berlin. 

The  behaviour  of  these  alloys  was  investigated  over  a  range  of  from  —  20°  C. 
to  100°  C.  The  different  wires  passed  down  a  tube  about  4  feet  long,  together 
,  with  a  platinum  wire,  cut  from  the  same  coil  as  that  from  which  one  of  our  platinum 
thermometers  was  made.  The  resistance  of  this  wire  {in  situ)  was  determined  in  ice 
and  steam,  and  the  value  of  S  being  known,  by  its  determination  when  in  our 
^  platinum  thermometer,  the  mean  temperature  of  the  wires  surrounding  it  could  be 
deduced  with  great  accuracy. 

We  hoped  to  proceed  with  an  analysis  of  the  composition  of  all  the  wires  used  but 
time  has  not  been  sufficient. 

The  results  are  summarized  in  the  following  table. 

*  Had  we  felt  certain  that  the  insulation  of  the  wire  was  perfect,  we  should  have  had  no  hesitation  in 
increasing  the  potential  difference,  in  which  case  we  could  have  worked  with  larger  masses  of  water. 
The  uncertainty  as  to  the  temperature  of  the  wire  when  thickly  coated  would,  however,  more  than 
counterbalance  any  advantage  gained  by  the  use  of  larger  masses. 
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Date — July  24  to  September  18,  1890. 


A  =  Platinum  wire,  diameter  'OGo,  same  as  thermometer  H  (previously  annealed). 

B  =  Copper  wire  (commercial). 

C  =  Copper-manganese  alloy  made  by  Messrs.  Johnson  and  Matthey — approximate 
composition — ‘4  per  cent,  manganese  (previously  annealed  in  carbon).* 

D  =  Copper  and  manganese  (J  and  M),  16  per  cent,  manganese  (previously  annealed 
in  carbon). 

E  =  Copper  and  manganese  alloy  presented  to  us  by  Dr.  Feusznkr  (Mn  10  per  cent, 
and  Cu  90  per  cent.). 

F  =  Copper-manganese-nickel  alloy  from  Dr.  Feuszner  (diameter  '17  millini.),  rather 
more  Mn  than  G  and  H. 

G  =  Copper-manganese-nickel  alloy  from  Dr.  Feuszner  (diameter  ’14  millim.), 
Mn  12  per  cent.,  Ni  3  per  cent.,  Cu  85  per  cent. 

II  =  Copper-manganese-nickel  alloy  from  Dr.  Feuszner  (diameter  HO  millim.), 
Mn  12  per  cent.,  Ni  3  percent.,  Cu  85  per  cent. 

J  =  Copper-manganese-nickel  alloy  supplied  by  Wolff  (diameter  '24  millim.),  Mn, 
Ni,  and  Cu,  but  composition  uncertain. 

K  =  Copper-manganese-nickel  alloy  supplied  by  Wolff  (diameter  '17  millim.)  Mn, 
Ni,  and  Cu,  but  composition  uncertain. 

L  =  Copper-manganese-nickel  aUoy  supplied  by  Wolff  (diameter  '10  millim.),  Mn, 
Ni,  and  Cu,  but  composition  uncertain. 

M  =  German  silver. 

Table  II. — (Temperatures  by  Air  Thermometer.) 


-  20° 

0 

10 

15 

20 

25 

50 

75 

100 

A  (Pt) 

•9288 

1 

1-0352 

1-0525 

1-0700 

1-0874 

1-1745 

1-2608 

1-3468 

1 

B  (Cu) 

•9382 

1 

1-0306 

1-0468 

1-0627 

1-0790 

1-3054 

C 

•9805 

I 

1-0097 

1-0147 

1-0195 

1-0244 

1-0485 

1-0733 

1-0977 

D 

•9968 

1 

1-0014 

1-0021 

1-0027 

1-0033 

1-0058 

1-0078 

1-0096 

E 

•9976 

1 

1-0009 

1-0013 

1-0017 

1-00-20 

1-0032 

1-0036 

1-0031 

Max.  at  75°  C. 

F 

•9983 

1 

1-0008 

1-0012 

1-0015 

1-0019 

1-0032 

1-0042 

1-0052 

G 

•9966 

1 

1-0014 

1-0022 

1-0030 

1-0037 

1-0084 

1-0104 

1-0134 

H 

•9999 

1 

1-0000 

•9999 

•9999 

•9998 

•9991 

•9979 

•9967 

Max.  at  —  5°  C. 

J 

.9987 

1 

1-0005 

1-0007 

1-0009 

1-0011 

1-0015 

1-0014 

1-0004 

55°  C. 

K 

•9989 

1 

1-0006 

1-0009 

1-0011 

1-0014 

1-0023 

1-0026 

1-0027 

„  90°  C. 

L 

•9986 

1 

1-0005 

1-0007 

1-0008 

1-0010 

1-0014 

1-0014 

1-0011 

„  65“  C. 

M 

(calculated) 

•9920 

1 

1-0040 

1-0060 

1-0080 

1-0100 

1-0200 

1-0300 

1-0400 

The  above  resistances  were  taken  with  an  E.M.  F.  of  four  Leclanche  cells,  and  the 
arms  of  the  bridge  were  1000/10.  A  double  set  of  electrodes  was  used,  and  the 


*  Wc  have  to  thank  Mr.  C.  T.  Heycock  for  his  kindness  in  making  an  analysis  of  this  alloy. 
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external  resistance  determined  for  each  observation.  Also  the  resistance  of  the 
platinum  wire  was  observed  before  and  after  each  determination  of  the  other  wires. 
The  current  was  reversed  on  each  occasion  to  eliminate  thermal  effects.  The  total 
swing  of  the  galvanometer  averaged  about  150  scale  divisions  for  a  difference  of  '01  o), 
and  thus  the  next  figure  could  be  determined  with  accuracy.  The  actual  resistance 
of  the  wires  used  varied  from  1  to  50  oj ;  but  in  the  above  table  the  resistance  of  each 
at  0°  C.  is  assumed  as  1  w.  It  must  be  remembered  that  the  temperatures  are 
expressed  in  the  air  (not  mercury)  scale. 

According  to  the  analysis  given  by  Dr.  Feuszner,  G  and  H  have  the  same  composi¬ 
tion,  and  differ  only  in  their  diameters,  yet  the  difference  in  their  behaviour  is  very 
marked.  It  is  possible  that  this  difference  is  due  to  the  effect  of  the  “  drawing.” 

The  calculated  value  of  German  silver  alloy  is  given  for  the  sake  of  comparison. 
We  regret  that  we  did  not  include  a  wire  of  that  substance.  It  is,  of  course,  improb¬ 
able  that  its  increase  is  proportional  to  its  temperature — from  0°  to  1 00°  C. 

Our  observations  on  these  wires'^  extended  from  July  24  to  September  18,  1890, 
and  we  were  unable  to  detect  any  change  in  their  resistances  during  that  time. 

The  behaviour  of  the  alloy  C  is  curious.  Our  figures,  which  were  carried  to  a 
place  beyond  that  given  in  the  above  table,  prove  that,  over  the  above  range  the 
increase  in  resistance  varied  strictly  as  6.  In  order  to  test  the  straightness  of  its 
line  beyond  the  above  range,  we  constructed  a  thermometer  which  had  this  wire  for 
its  coil,  but  which  was,  in  all  other  respects,  constructed  in  the  same  manner  as  a 
platinum  thermometer  with  double  electrodes. 

This  thermometer  gave  Rq  =  12 '97 2,  =  14 '25 5,  and  R.,  {i.e.,  resistance  in  sulphur 

vapour  at  760  millims.)  =  '18 '677.  Assuming  the  straight  line  we  have 

e,  =  (R,  —  Ro)/(Ri  “  Ro)  X  100  =  444-6. 

According  to  an  investigation  subsequently  conducted  as  to  the  boiling  point  of 
sulphurt  the  true  air  temperature  ought  to  be  444°'53  C.  It  is  difficult  to  imagine  a 
closer  approximation.  A  thermometer  thus  constructed  is,  therefore,  a  very  simple 
and  accurate  instrument.  It  would,  however,  be  exceedingly  difficult  to  make  another 
specimen  of  the  alloy  of  a  precisely  similar  composition,  and  the  above  table  shows 
that  the  effect  of  small  changes  may  be  considerable. 

A  consideration  of  the  results  led  to  the  conclusion  that  the  wire  marked  H  was 
the  one  most  suitable  for  our  purpose.  Its  change  in  resistance  from  10°  to  25°  C.  was 
only  1  in  5000,  and  since  the  resistance  diminished  as  6  increased,  it  was  easy  to 
compensate  by  the  addition  of  a  little  of  the  C  wire.  All  difficulties  connected  with 
change  of  resistance  consequent  on  the  rise  of  temperature  of  the  water,  or  of  the 

*  All  these  wires  had  been  previously  heated  to  a  temperature  o£  about  150°  G. 

t  It  must  be  borne  in  mind  that  the  date  of  this  determination  preceded  the  work  of  Callendar  and 
Griffiths  on  this  subject,  and  at  this  time  (July  27,  1890)  the  boiling  point  of  sulphur  was  accepted 
as  448°'4  C.  (Regnault). 
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difference  in  temperature  of  the  wire  and  the  water,  appeared,  therefore,  to  have  heen 
overcome.  This  conclusion,  however,  led  to  the  loss  of  many  weeks’  work,  and  was 
the  cause  of  much  disappointment  and  delay.  In  the  summer  of  1891  we  commenced 
a  series  of  direct  determinations  of  J,  the  arrangement  of  the  apparatus  being  very 
nearly  the  same  as  that  of  1892.  Our  coil  consisted  of  about  30  inches  of  the  above 
wire,  H,  which  w'as  first  annealed  at  a  temperature  of  about  200°  C.  in  an  atmosphere 
of  CO3.  The  fine  white  silk  covering  was  allowed  to  remain,  and  it  was  painted  wuth 
Mr.  Laurie’s,  amber  varnish.* 

The  resistance  of  this  coil,  and  of  the  leads  from  it  to  the  calorimeter  lid  'svhen  in 
situ  and  immersed  in  rapidly  stirred  water,  is  shown  in  the  following  table. 


Table  III. 


Temperatures  . 

14° 

16° 

18° 

20° 

to 

to 

0 

24° 

August  21,  1891  .  . 

R=10-5214 

1 0-5220 

10-5223 

10-5225 

10-5226 

10-.5225 

Eesistance  of  the  coil  at  temperature  14°  C.,  on  different  dates. 


Aug.  22 

. 

10-5228 

„  23, 

11  A.M. 

10-5275 

„  23, 

1  1  P.M. 

10-5299 

„  24 

•  .  •  . 

10-5342 

25 

•  «  .  • 

10-5398 

27, 

before  exp. 

J3 

10-5559  ; 

after 

exp.  Jg  . 

•  •  «  •  • 

10-5600 

„  28, 

>5  n 

Jr 

10-5570  ; 

9 '9 

ii  Jr  • 

10-5632 

„  29, 

J?  J) 

J5 

10-5618  ; 

99 

■>•>  J5 

10-5696 

,,  30, 

9J 

Jc« 

10-5760  ; 

9J 

Jca  • 

10-5860 

„  31, 

9  9  9) 

Jt 

10-5867  : 

99 

„  Jt  . 

10-5962 

„  31, 

9  9  9  9 

Jg4 

10-5953  ; 

99 

Jes  • 

10-5977 

Sept  1, 

10  A.M.  . 

. 

10-5968  ; 

(some  current  passed)  11  p.m. 

10-5982 

The  resistance  of  the  ware  at  different  temperatures  was  also  ascertained  in  the 
observations  taken  August  21  to  25. 

It  is  unnecessary  to  give  the  resistance  at  temperatures  other  than  14°  C.,  since  the 
resulting  curves  are  all  parallel  to  the  one  on  August  21.  The  alteration  caused  by 
a  rise  of  10°  C.  being  only  1  in  10,000,  the  steady  diurnal  rise  in  the  resistance  (at 
the  same  temperature)  amounts  to  nearly  1  in  500  in  the  above  interval  of  time.  We 
trusted  that  this  might  be  a  result  of  the  annealing,  and  that  the  wure  would  assume  a 
stable  condition  in  course  of  time. 

*  Mr.  Laurie  was  so  kind  as  to  allow  us  to  have  a  bottle  of  this  varnisli  prepared  by  bimself ;  for  par¬ 
ticulars  concerning  this  varnish,  see  ‘  Proceedings  Cambi’idge  Phil.  Soc.,’  vol.  7,  part  2,  p.  52. 
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It  should  be  noticed  that  on  the  above  dates  we  were  constantly  passing  currents 
through  the  coil  in  order  to  adjust  the  temperature  of  the  calorimeter  during  our 
stirring  experiments.  As,  however,  there  was  but  little  current  when  ascertaining 
the  resistance  of  the  wire  at  different  temperatures,  the  curves  were  not  appreciably 
altered,  and  we  did  not  recognize  the  fact  that  the  rise  was  a  consequence  of  the 
current. 

On  August  27,  we  performed  one  of  our  “J”  experiments.  We  then  had 
a  current  of  about  half  ampere  passing  through  the  coil  for  about  1|-  hours.  We 
had  determined  the  resistance  at  the  commencement  of  the  experiment,  and,  on 
repeating  our  observations  at  its  close,  we  found  that  the  value  of  H  had  risen  from 
10 '5  5  6  to  10 ‘5  60.  It  would  thus  appear  that  the  rise  was  a  function  of  the  current 
rather  than  of  the  time.  We  continued  the  series  of  experiments  until  September  1, 
when  we  decided  to  abandon  the  use  of  this  alloy.'""  The  labour  thus  expended  was 
not  altogether  lost,  for,  as  will  be  explained,  in  the  section  on  the  measurement 
of  temperature,  the  results  were  of  considerable  value  to  us. 

Had  the  rise  been  a  function  of  the  time  it  would  not  have  been  so  disastrous,  since 
we  could  have  deduced  the  resistance  during  each  experiment.  As,  however,  the 
change  was  caused  by  the  current,  it  was  impossible  to  determine  (with  sufficient 
accuracy)  the  actual  value  of  R  at  each  stage  of  the  experiment.  It  appeared  probable 
that  electrolysis  of  some  kind  took  place.  If,  after  a  current  had  been  passing 
for  some  time,  the  ends  of  the  wires  from  the  coil  were  connected  with  the  galvano¬ 
meter,  a  considerable  deflection  was  produced,  and  it  was  impossible  to  determine  the 
resistance  of  the  coil  for  about  half  an  hour  after  the  completion  of  an  experiment, 
owing  to  the  disturbance  of  the  galvanometer  thus  caused.  The  effect  was  apparently 
due  to  polarization  rather  than  to  thermal,  or  “  Thomson  ”  effects,  and  decreased 
regularly  until  it  might  be  neglected,  although  the  differences  of  temperature  in  the 
circuit  were  maintained  unaltered.  Much  time  and  energy  having  already  been 
expended  in  experimenting  with  these  various  alloys,  we  decided  to  retrace  our  steps 
and  revert  to  a  platinum  wire  coil.  Another  consideration  which  influenced  us,  was 
that  we  had,  during  the  past  few  years,  given  considerable  time  and  attention  to  the 
behaviour  of  platinum  wires  when  used  in  platinum  thermometers,  and  we  considered 
that  the  experience  thus  gained  of  the  changes  in  the  resistance  of  such  wires  under 
varied  conditions,  might  enable  us  to  proceed  with  more  confidence. 

The  smaller  the  diameter  of  the  wire  the  less  its  capacity  for  heat  and,  in  com¬ 
parison,  the  greater  its  cooling  surface.  The  wire  selected  for  this  year’s  experiments 
was  supplied  by  Messrs.  Johnson  and  Matthey.  It  had  a  diameter  of  '004  in.,  and 

*  Mr.  Skinner  has  recently  conducted  some  experiments  with  the  same  coil  immersed  in  parathn 
instead  of  in  water  ;  and  although  he  has  passed  far  greater  currents  than  any  used  by  us,  he  was  unable 
to  trace  any  signs  of  consequent  increase  in  R.  The  increase  shown  during  our  experiments  was,  there¬ 
fore,  probably  due  to  some  action  between  the  wire  (when  carrying  a  current)  and  the  watei’,  this  is  not 
unlikely  when  we  remember  that  one  of  the  metals  present  was  Mn. 
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was  of  as  pure  platinum  as  could  be  obtained.  The  length  used  was  about  13  in., 
and  the  wire  was  so  disposed  that  parts  near  to  each  other  should  have  only  a  small 
difference  of  potential.  This  wire  was  covered  with  a  coating  of  the  amber  varnish 
before  referred  to.  Several  coatings  form  an  excellent  insulating  covering  for  such  a 
wire,  but  we  contented  ourselves  with  a  thin  skin.  The  better  the  insulation  between 
the  wire  and  the  water  the  slower  the  flow  of  heat  across  the  insulator,  and  the 
greater  the  difference  in  temperature  between  the  surfaces  which  it  separates. 

If  the  insulation  was  not  perfect  we  have  little  doubt  but  that  it  was  sufficient.  In 
order  to  throw  more  light  on  this  point  we  decided  to  make  a  careful  determinatioi; 
of  the  value  of  R,  with  the  coil  immersed  in  a  pure  paraffin  (pentane),  but  othervfise 
under  the  same  conditions  as  those  of  the  experiment.  We  selected  pentane  (l) 
because  it  would  be  difficult  to  And  a  more  perfect  non-conductor  ;  (2)  if  pure,  it 
would  be  easy  to  free  the  calorimeter  from  all  traces  by  passing  through  it  a  cm’rent 
of  warm,/lry  air.  The  latter  was  an  important  consideration,  for  any  substance  such 
as  ordinary  impure  paraffin  might  so  alter  the  interior  surfaces  of  the  caloruneter  as 
to  change  the  stirring  coefficient. 

On  December  8,  1892,  about  250  cub.  centims.  of  pentane^  were  introduced  into 
the  calorimeter,  which  had  previously  been  dried  with  extreme  care,  and  the  resist¬ 
ance  of  the  coil  was  taken  at  twelve  different  temperatures.  A  summary  of  the 
results  is  given  at  the  end  of  this  section  (see  p.  413),  and  a  very  slight  increase  in 
the  resistance  is  observable,  amounting  to  one  j)art  in  22,000.  It  is  satisfactory  to 
find  that,  whatever  may  be  the  eftect  of  conduction  through  the  water,  it  is,  in  this 
case,  so  small  as  to  be  unimportant. 

The  measurements  of  II  were  made  when  the  coil  was  immersed  and  the  water 
stirred  in  the  same  manner  as  during  the  experiments,  hence  it  follows  that  if  the 
water  acted  merely  as  a  conductor  it  would  in  no  way  affect  our  results. 

Even  if  its  conductivity  changed  with  the  temperature  our  values  of  R  include  the 
effects  of  such  change,  and  the  manner  in  which  R  is  built  up  at  each  temperature  is 
of  no  consequence. 

Again,  if  electrolysis  takes  place  (of  which,  however,  we  have  had  no  sign),  polariza¬ 
tion  must  ensue.  The  best  proof  of  the  absence  of  polarization  is  the  fact  that 
when  the  storage  and  Clark  cell  circuits  were  reversed  (and  this  was  invariably 
done  more  than  once  during  each  J  experiment)  no  readjustment  of  the  rheochord 
was  required  when  using  the  platinum  coil,  although  when  using  the  manganine  coil 
a  cousiderable  readjustment  was  necessary. 

Had  electrolysis  occurred,  it  is  almost  certain  that  HNOg  would  have  been 
formed.  In  our  earlier  experiments  (both  in  the  platinum  and  silver  calorimeters), 

*  Great  difficulty  was  experienced  in  obtaining  tliis  specimen  of  pentane,  and  it  was  only  tbrougli 
the  kindness  of  Mr.  Yeenon  Harcouet  that  we  were  able  to  procure  it.  It  was  prepared  under  his  own 
direction  and  was  free  from  all  impurities,  except  some  trac(3S  of  tetrane  and  hexane. 
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although  the  same  water  was  never  used  for  two  experiments,  we  found  that  it  became 
acid — in  some  cases  strongly  so. 

This  year  the  water  remained  unchanged  for  twenty  consecutive  experiments  and 
we  were  unable  to  detect  any  acidity,  although  all  water  withdrawn  from  the  calori¬ 
meter  was  invariably  subjected  to  a  careful  examination. 

The  insulation  of  the  leads  passing  through  the  steel  cover  and  the  lid  of  the  calori¬ 
meter  was  a  troublesome  matter,  as  there  was  great  difHculty  in  making  the  insulating 
junctions  absolutely  air-tight. 

Fig.  3. 


A,  B  was  a  brass  pin,  which  had  a  screw  thread  on'the  end  B  and  terminated  in  a 
nut  Sit  A.  C  was  a  ring  of  ebonite  fitting  tightly  into  the  hole'  in  the  metal  plate 
and  having  a  j^rojecting  flange  at  the  lower  end. 

The  surface  of  the  ebonite  was  moistened  with  gutta-percha  solution  (made  by 
dissolving  gutta-percha  in  chloroform) ;  the  ring,  C,  was  then  forced  into  the  hole  and 
the  brass  pin  passed  through  it.  A  ring  of  ebonite,  D,  was  then  threaded  on  to  the 
pin  and  a  brass  nut,  E,  firmly  screwed  down — the  ends  of  the  wire  being  soldered  on 
at  A  and  B. 

This  form  of  joint  proved  to  be  an  excellent  one,  and  when  once  adopted  (after  the 
failure  of  many  other  contrivances)  gave  no  further  trouble.  The  steel  lid  was  pierced 
by  such  junctions  in  four  places,  and  the  calorimeter  lid  in  two.  As  tap-water  was 
continually  flowing  over  the  top  of  the  steel  lid  it  was  necessary  to  insulate  the 
exposed  parts  at  B.  A  j^iece  of  wide  india-rubber  tubing  enveloped  the  wire,  the 
lower  end  fitted  over  the  ebonite  ring  D,  and  was  wired  firmly  on  to  it.  The  upper 
end  of  this  tubing  projected  above  the  surface  of  the  water  in  the  tank.  The  tubes 
themselves  were  filled  with  distilled  water  to  prevent  any  rise  in  temperature  of  the 
leads.  The  general  arrangement  is  shown  in  Plate  2,  fig.  2. 

Leads  1  and  3  (fig.  4,  p.  396)  were  connected  with  the  Clark  cells,  and  thus  no  current 
passed  along  them.  2  and  4  carried  the  current.  Any  heat  developed  in  the  parts 
above  AD  passed  into  the  water  of  the  outside  tank,  and  might  be  disregarded.  A 
portion  of  the  heat  developed  in  the  wires  hM  and  clN  would  pass  to  the  water  in  the 
calorimeter.  By  sufficiently  diminishing  the  resistance  of  hM  and  clN  the  heat  thus 

3  E  2 
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developed  could  be  diminished  indefinitely  ;  on  the  other  hand,  the  conduction  of  heat 
between  the  calorimeter  and  the  steel  chamber  would  be  increased.  The  wire  selected 
was  of  pure  copper  (No.  21,  B.W.G.),  and  each  arm  was  about  10  centims.  in  length. 
The  resistance  of  hM  +  clN  was  carefully  determined,  and  found  to  be  ‘OOSSw.  It  is 
probable  that  half  the  heat  generated  in  these  wares  would  find  its  way  to  the  inner, 
and  half  to  the  outer,  vessel.  We  may,  therefore,  in  order  to  determine  the  heat 
thus  added  to  the  calorimeter,  assume  this  external  resistance  (r)  as  'OOSIoi. 


Fig.  4. 


Let  II  be  the  coil  resistance.  Then  in  any  time  T,  the  quantity  of  heat  developed 
in  the  calorimeter,  will  be  J.  IT  =  (R  +  r)  T.  Now  C  =  E/R,  and  since  M  and  N  are 
maintained  at  a  constant  difference  of  potential,  therefore 


J.H  = 


E3 

E 


therefore  the  effective  value  of  the  resistance  =  R  —  r  (neglecting  terms  involving 
r~/R  and  higher  powers  of  r).  Since  the  mean  vailue  of  R  is  about  8 '7,  the  correction 
is,  in  any  case,  a  small  one. 

In  order  to  test  the  insulation  an  arm  of  the  bridge  wms  constructed,  wLich  included 
wire  No.  4,  the  insulators,  and  the  steel  casings — good  connection  wuth  the  steel  being 
insured  by  passing  a  wire  into  the  mercury  contained  in  the  thermometer-hole.  High 
battery  ]30wer  was  used,  and  the  resistance  wms  found  to  be  greater  than  we  could 
measure — that  is,  greater  than  10  megohms.  Since  No.  4  was  in  connection  with 
all  the  junctions  in  the  plate  AD,  the  insulation  of  all  the  junctions  through  the  steel 
was  thus  established. 

The  arm  was  then  made  to  include  No.  4,  the  insulators  in  the  lid  of  the  calori¬ 
meter,  and  a  copper  wire,  wdiich  wms  passed  dowm  the  glass  tubes  until  in  contact 
with  the  floor  of  the  calorimeter.  The  resistance  of  the  two  calorimeter  junctions 
was,  in  the  same  wmy,  found  to  be  greater  than  10  megolnus. 
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Method  of  finding  B. 

and  P3  (see  fig.  2,  p,  382)  were  blocks  of  paraffin.  The  wires  leading  from  the 
calorimeter  to  the  junctions  on  the  ebonite  rod  H  passed  through  the  block  P„,  down 
which  holes  were  then  bored  until  the  wires  were  exposed.  These  exposed  portions 
were  carefully  amalgamated  and  the  holes  filled  with  mercury.  Two  thick  pieces  of 
copper  were  so  bent  that  communication  could  be  established  between  any  of  the  holes 
in  Pi  and  the  two  troughs  in  P3.  When  placed  in  position,  the  ends  of  these  con¬ 
necting  strips  rested  on  the  conductors  at  the  bottom  of  the  holes.  Two  thick  wires 
led  from  the  troughs  in  to  the  resistance  box,  and,  in  order  to  bring  their  resistance 
up  to  a  convenient  quantity,  a  coil  was  introduced  into  one  of  these  leads. 

Denoting  the  total  resistance  of  the  conductors  from  the  box  to  the  lid  of  the 
calorimeter  by  ?q,  r^,  it  is  obvious  that  all  the  following  resistances  could  be 

taken  by  a  movement  of  the  connectors  between  Pj  and  Pg,  viz.,  rj  +  E,  +  rg, 

’ 2  +  ’3  -f  The  determinations  were  always  made  in  the  order  thus  given. 

If  N|,  Ng,  Ng,  and  are  the  resulting  numbers,  we  have 

E  =  {(N3  -f  Ng)  -  (N,  +  N,)]/2. 

The  galvanometer  used  had  a  resistance  of  about  Scj,  and  was  fitted  with  a  micro¬ 
scope  containing  a  micrometer  eyepiece  by  Zeiss.  The  image  of  a  black  line  placed 
on  a  slip  of  paper  in  front  of  the  mirror  was  thrown  on  to  the  micrometer  scale. 

A  galvanometer  fitted  in  this  way  is  a  very  convenient  instrument,  for  the  swings 
can,  with  practice,  be  read  with  greater  ease  and  accuracy  than  when  the  ordinary 
lamp  and  screen  arrangement  are  used. 

When  a  resistance  was  taken  (whether  of  the  coil  or  of  a  platinum  thermometer) 
the  order  of  the  observations  was  as  follows  : — 

Having  determined  between  which  plugs  the  resistance  lay,  the  swing  corresponding 
to  the  lower  one  was  taken,  the  battery  inverted  and  the  swing  in  the  opposite 
direction  read.  This  process  was  repeated  when  the  higher  plug  was  in  place.  In 
this  way  all  thermal  or  other  effects  are  practically  eliminated,  and  the  method  is 
independent  of  small  changes  in  the  zero  position  of  the  spot. 

In  some  cases,  as  when  working  with  platinum  thermometers  at  high  temperatures, 
the  thermal  effects  are  considerable,  and  the  position  of  the  zero  point  becomes  so 
changed  that  the  spot  is  thrown  off  the  scale  when  connection  with  the  galvanometer 
is  made,  although  the  battery  circuit  is  not  connected.  To  meet  this  difficulty  a 
special  key  was  constructed. 

The  ends  of  a  and  h  (fig.  5)  and  also  of  e  anciy  are  connected  with  the  galvanometer 
circuit,  the  ends  of  c  and  d  with  the  battery.  The  screw  at  a  is  so  arranged  that, 
when  the  key  is  untouched,  the  galvanometer  circuit  from  the  box  is  completed. 

The  position  of  the  spot  at  any  time,  therefore,  is  that  due  to  the  influence  of  any 
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E.M.F.  in  the  circuit  exterior  to  the  battery  circuit.  Thus  the  spot  can  be  placed  in 
a  convenient  position  by  the  control  magnet,  although  a  perceptible  current  is  passing 
through  the  galvanometer.  When  H  is  sharply  pressed  down  the  connection  at  a  is 
first  broken  ;  then  the  battery  circuit  is  established  by  c  and  d  and  the  galvanometer 
circuit  by  e  and  f  (the  projecting  blocks  on  h  and  d  being  insulators).  By  proper 
adjustment  of  the  key,  the  whole  oj)eration,  performed  by  one  movement,  is  accom¬ 
plished  in  a  small  fraction  of  time.  Thus  the  observed  swing  is  due  to  the  difference 
of  potential  caused  by  the  battery  and  bridge,  and  is  independent  of  any  electro¬ 
thermal  effects. 

Fig.  5. 


We  have  described  this  form  of  key  at  some  length  because,  simple  as  it  is,  we 
have  not  seen  any  similar  arrangement,  and  we  have  found  it  a  great  convenience, 
especially  when  working  with  platinum  thermometers. 

As  an  example  of  our  method  of  observation,  we  give  one  of  our  determinations  of 
the  value  of  R.*  It  should  be  remembered  that,  although  the  exterior  leads  were 
made  as  equal  as  possible,  the  measurement  of  R  does  not  depend  on  their  equality 
and  Nj  and  N^;  N3  and  N3  are  not  necessarily  equal.  Arms  of  bridge  1000/10. 
E.M.F.  that  of  2  Leclanche  cells.  When  measuring  Nj  and  N4  a  resistance  of 
1400w  was  thrown  into  battery  circuit,  in  order  to  make  the  total  swing  a  convenient 
size. 


*  A  summary  of  our  determinations  of  R  is  given  at  the  end  of  this  section  (see  Table  XVI.,  p.  413) ; 
the  value  of  R  in  the  last  column  but  one  of  Table  lY.  has  yet  to  be  corrected  for  box  errors,  &c. 
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Table  IV. 


R  =  {(N,  +  N3)  -  (Ni  +  N4)1/2. 

A  large  number  of  similar  observations  were  taken  at  temperatures  ranging  from 
13°  to  26°  C.  Observations  at  certain  temperatures  were  repeated  at  regular 
intervals,  and  no  change  of  any  kind  could  be  detected.  The  resulting  resistance 
curve  was  the  characteristic  platinum  one,  and  in  no  way  differed  from  those  given 
by  our  platinum  thermometers.  This  in  itself  seems  to  us  to  be  an  adequate  proof 
that  the  insulation  of  the  coil  was  sufficient. 

On  September  4,  the  calorimeter  was  taken  to  pieces,  and  the  method  of  fastening 
the  wire  to  the  glass  rods  within  the  calorimeter  was  altered.  The  wire  was  a  little 
strained  during  the  operation  ;  but  the  only  effect  was  to  slightly  increase  its  resist¬ 
ance  at  all  temperatures.  A  new  resistance  curve,  however,  had  to  be  drawn,  and 
new  values  of  II  used  after  that  date. 

It  may  be  mentioned  that  this  coil  was  often  used  by  us  as  a  platinum  thermometer 
to  determine  the  temperature  of  the  calorimeter  when  below,  or  above,  the  range 
of  E,,. 

The  reversing  keys  in  the  storage  and  Clark  cell  circuit  (see  fig.  2,  p.  332)  were 
of  the  ordinary  “rocker”  form,  but  so  constructed  that  as  the  wires  on  one  side 
passed  out  of  the  mercury  cups,  the  wires  on  the  other  almost  immediately  made 

*  See  Section  X.  The  mercury  thermometer  E,„  was  used  throughout  all  observations  on  the 
temperature  of  the  calorimeter. 
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contact ;  the  interval  of  time  between  the  break  and  make  being  less  than  we  could 
measure. 

If  a  current  be  passed  through  a  naked  wire,  immersed  in  water,  it  is  certain  that 
the  temperature  of  the  wire  will  be  greater  than  that  of  the  water,  even  when  the 
latter  is  rapidly  stirred. 

Had  we  been  able  to  use  the  alloy  wire  previously  referred  to  this  would  have  been 
a  matter  of  small  importance.  Since,  however,  the  value  of  R,  when  a  platinum  wire 
is  used,  varies  greatly  with  the  temperature  of  the  wire,  we  felt  it  necessary  to  com¬ 
mence  a  series  of  investigations  into  the  extent  of  the  change.  Hence  we  proceeded 
to  determine  the  resistance  of  the  coil  wRen  there  was  a  considerable  difference  of 
potential  at  its  ends.  Our  first  trial  was  a  modification  of  Poggendorff’s  method  of 
comparing  E.M.F.’s.  The  storage  cells  were  put  in  circuit  through  the  coil,  and  a 
potentiometer  arranged  in  series.  One  end  of  the  Clark  cell  circuit  was  connected  to 
the  storage  end  of  the  coil,  the  other  forming  a  sliding  contact  on  the  potentiometer ; 
thus  when  the  galvanometer  in  this  circuit  showed  no  deflection, 

E.M.F.  of  Clark  cells  _  Rj 

E.M.F.  of  storages  Ej  +  /3  ’ 

when  is  the  resistance  of  the  coil  and  part  of  the  potentiometer,  and  p  the  resist¬ 
ance  of  the  rest  of  the  storage  circuit.  We  had  supposed  that  the  internal  resistance 
of  the  storages  might  be  neglected  so  that  p  could  be  determined  directly  after 
adjustment  by  throwing  the  storages  out  and  completing  the  circuit  by  a  short  length 
of  wire.  The  ratio  of  the  E.M.F.’s  could  also  be  obtained  by  the  usual  method 
through  the  potentiometer,  and  thus,  by  noting  the  temperature  of  the  coil  when 
adjustment  was  perfect,  we  had  sufficient  data  from  which  to  calculate  the  resistance 
of  the  coil.  The  results  obtained  by  this  method  were  very  unsatisfactory,  owing 
probably  to  the  following  causes  : — 

(l.)  The  heating  up  of  the  circuit  p  in  the  same  manner  as  the  coil  itself. 

(2.)  The  internal  resistance  of  the  storages,  although  almost  zero  when  no  current 
is  passing,  increases  when  the  circuit  is  established,  and  hence 

(3.)  The  ratio  of  the  E.M.F.’s  is  not  the  true  one. 

Of  these,  the  first  was  probably  the  greatest  source  of  error,  although  this  circuit 
was  entirely  composed  of  naked  wires,  which  had  a  large  cooling  surface. 

We  therefore  relinquished  the  attempt  to  find  the  whole  resistance  of  the  coil,  and 
devised  a  method  whereby  we  could  find  the  increment  of  the  resistance  due  to 
increasing  electromotive  force;  the  resistance  when  E  =  '004  volt  having  been  found 
at  all  points  of  our  range  as  described  above  (Table  IV.).  For  this  purpose  a  temporary 
Wheatstone’s  bridge  was  arranged,  constructed  as  follows  : — 

The  arm  AB  (fig.  6)  was  formed  by  the  coil  alone.  BC  contained  three  large  coils  of 
uncovered  wire,  the  first  of  which  (Cavendish  Laboratory  coil)  was  of  German  silver 
and  had  a  resistance  of  5&j  ;  the  second,  also  of  German  silver  (belonging  to  the 
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British  Association),  had  a  resistance  of  2‘5co ;  and  the  third,  of  copper,  had  a 
resistance  '5(0* 

Fig.  6. 


The  arms  AD,  DC  (about  6  feet  each)  were  made  of  uncovered  copper  wire.  A 
preliminary  rough  adjustment  could  be  made  at  D  and  the  final  adjustment  of  the 
whole  bridge  was  made  by  altering  the  temperature  of  the  coil  in  the  arm  AB.  This 
alteration  in  temperature  was  produced  by  the  heat  developed  in  the  wire  itself,  and 
thus  the  whole  calorimeter  was  under  the  same  conditions  as  those  prevailing  during 
our  determination  of  J. 

The  temperature  on  thermometer  E,,;  was  read  at  the  moment  when  the  galvano¬ 
meter  (Gj)  showed  no  deflection.  The  behaviour  of  the  galvanometer  indicated  that 
the  flow  of  heat  from  the  coil  was  not  quite  steady,  but  took  place  in  gushes,  owing 
probably  to  the  coating  of  insulating  varnish  on  the  wire  ;  for  when  the  key  was 
depressed,  the  mirror  did  not  swing  steadily  back  to  its  zero,  but  oscillated  about  it, 
and  the  moment  had  to  be  estimated  when  the  mean  of  these  oscillations  coincided 
with  the  zero.  That  this  could  be  done  with  considerable  accuracy  is  showui  by  the 
fact  that  the  individual  observations  agreed  well  amongst  themselves. 

The  general  conduct  of  a  series  of  these  experiments  was  as  follows. 

We  first  found  the  temperature  of  the  coil  when  the  bridge  was  in  adjustment,  the 
E.M.F.  at  the  ends  of  the  coil  being  that  used  when  taking  a  resistance  in  the 
ordinary  way.  When  the  calorimeter  was  cooled  down,  the  E.M.F.  was  raised  and 
the  coil  allowed  to  warm  up  until  a  new  balance  was  obtained  and  the  temperature  at 
that  moment  noted. 

As  the  temperature  and  consequently  the  resistance  of  the  arm  BC  remains  constant, 
and  since  the  arms  AD,  DC  are  practically  equal,  their  ratio  remains  unchanged. 
The  resistance  of  the  arm  AB  (the  coll)  must  also  be  the  same  as  before,  hence  the 
difference  in  the  two  observed  temperatures  gives  us  the  number  of  degrees  that  the 
coil  is  hotter  than  the  surrounding  water ;  or  we  can  express  the  result  in  terms  of 
increase  in  resistance,  as  the  resistance  (whenE  =  *004)  at  all  temperatures  is  known. 


*  The  total  mass  of  metal  in  this  arm  of  the  bridge  amounted  to  several  pounds. 
MDCCCXCIII. — A.  3  F 
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Table  V. 


The  following  Table  gives  a  series  of  observations  taken  on  August  22,  1892  : — 


' 

,  Temp.  E,„. 

Temp.  C. 

Time. 

Battery  in  circuit. 

I- 

R  when 

cR. 

E  =  -004. 

At  which  bridge  balances. 

5..3.5 

1  Leclanche  .... 

344-7 

6.22 

343-9 

20-397 

8-7519 

6.47 

1  Storage  .... 

337-8 

20-240 

8-7471 

•0048 

6.55 

6.58 

2  Storages  .... 

)?  .... 

316-5  \ 
316-7] 

19-698 

8-7311 

•0208 

1  7.15 

1  Leclanche  .... 

343-7 

20-395 

8-7518 

7.40 

3  Storages  .... 

277-0 

7.45* 

279-0  C?)  > 

18-684 

8-7010 

•0507 

7.55 

>)  .... 

276-8 

8.17 

1  Leclanche  .... 

344-4 

20-409 

8-7021 

9.9 

342-5 

20-361 

8-7508 

9.40 

9.50 

4  Storages  .... 

.... 

221  ^ 
2-21-2 

17-286 

8-6600 

•0899 

10.13 

10.22 

5  Storages  .... 

1.37  1 
139  J 

15-231 

8-5995 

•1485 

10.44 

1  Leclanche  .... 

337-9 

20-243 

8-7472 

When  the  readings  obtained  by  using  1  Leclanche  differ  (the  change  being 
probably  due  to  changes  in  the  temperature  of  the  bridge),  intermediate  values  are 
deduced  from  the  times. 

It  seemed  absolutely  immaterial  whether  the  current  was  on  for  only  a  few  seconds 
or  indefinitely.  In  the  above  set,  when  three  storage  cells  were  being  used,  the 
current  was  not  broken  at  all,  the  calorimeter  being  cooled  down  by  the  ether 
apparatus!  in  defiance  of  the  heat  developed  in  the  coil.  Although  a  quarter  of  an 
hour  elapsed  between  the  observations,  they  were  in  very  good  agreement.^ 

To  determine  the  E.M.F.  at  the  ends  of  the  coil,  the  various  batteries  used  were 
compared  with  the  Clark  cells.  This  method  was  therefore  open  to  the  sources  of 
error  mentioned  on  p.  400,  Nos.  (2)  and  (3).  The  resistance  of  the  other  parts  of  the 
bridge  were  then  determined  and  were  as  follows  : — 

Resistance  of  whole  bridge  4'30w. 

,,  large  coils  7'69oj. 

,,  coil  and  its  ratio  arm  9‘17&>.  Hence  coil  =  8 '75,  arm  '42. 

,,  large  coils  and  ratio  arm  8‘06co.  Hence  coil  =  8 '75,  arm  '369. 

„  wires  forming  battery  circuit  •030<y, 

The  E.M.F. ’s  were  determined  by  the  ordinary  Poggendorff’s  method  in  terms 

*  This  observation  was  uncertain  ;  the  observer  at  the  galvanometer  remarking  so,  before  he  kneAV 
that  the  reading  of  the  temperatui-e  was  different. 

t  See  p.  419,  infra. 

t  Tins  would  show  that  the  increase  in  resistance  of  the  other  arms  of  the  bridge  was  not  appreciable. 
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of  the  Clark  cell  at  temperature  16°’8  C.,  hence  E.M.F.  =  1‘434  volts  ;•  another  set  of 
storage  cells  being  used  to  give  the  current  through  the  potentiometer. 


Table  VI. 


Potentiometer  readings. 

Battery. 

E.M.F. 

For  battery. 

For  Clark  cells. 

No. 

1  Leclancbe  .  . 

. 

32-232  ^ 
32-225  j 

I 

.  33-832 

1-366 

I  Storage  .  .  . 

. 

23-915' 

23-936 

I 

.  17-188 

1-994 

2  „  ... 

■  • 

47-735  1 
47-734  j 

2 

.  34-195 

4-004 

3  „  ... 

72-088 1 
72-083 

3 

.  51-847 

6-0.39 

4  „  ... 

64-105 

4 

.  45-602 

8-064 

5  „  ... 

•  . 

79-844 1 
79-857  J 

5 

.  57  029 

10-040 

To  determine  the  internal  resistance  of  the  batteries,  the  current  from  them  was 
sent  through  the  coil  and  balanced  in  our  usual  manner  with  the  mercury  rheostat 
(see  Section  VI.).  The  temperature  being  noted,  when  "the  galvanometer  was  steady, 
the  resistance  of  the  whole  battery  circuit  external  to  the  coil,  was  immediately 
taken ;  then  if  x  is  the  internal  resistance  of  the  battery,  R  the  resistance  of  the 
coil  approximately  corrected  for  the  rise  due  to  the  current,  then, 

E.M.r.  of  Clark  cell  _  K 
E.M.F.  of  battery  II  +  p  -|-  .r 

but  this  ratio  was  given  by  the  potentiometer  comparison,  hence  we  found  x,  the 
internal  resistance  of  the  storages,  =  •OlSw,  and  of  the  Leclanches  2’24(y. 

Hence  we  have  the  following  results  : — 


Table  VII. 


Battery. 

E*. 

At  end  of  coil. 

cR. 

I  Leclancbe  being- 
called  0. 

cR. 

E  =  -004. 

I  Leclancbe 

1-035 

0 

-0016 

1  Storage 

1-90 

-0048 

•C064 

2  „  .  .  .  . 

3-81 

-0208 

-0224 

3  „  .  .  .  . 

5-74 

-0507 

•0523 

4  „  .  .  .  . 

7-67 

-0899 

-0915 

5  „  .  .  .  . 

9-55 

-1485 

-1501 

*  It  is  probable  that  the  values  of  E  are  too  high,  for  (as  before  pointed  out)  these  are  the  values  of 

3  F  2 
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These  observations  will  be  seen  to  agree  fairly  w^ell  with  the  parabola 

8R  =  -00160  E2. 

This  method,  although  the  results  were  concordant,  was  unsatisfactory  in  the 
manner  in  which  the  difference  of  potential  at  the  ends  of  the  coil  had  to  be  calculated. 
"We  therefore  adopted  the  following  arrangement  (fig.  7),  which  possessed  the  great 
advantage  of  at  once  giving  us  the  difference  of  potential  at  the  ends  of  the  coil  in 
terms  of  our  standards.  The  Clark  cell  circuit  was  connected  to  the  ends  1  and  3  of 


Fig.  7. 


the  coil,  and  the  mercury  rheostat  introduced  into  the  storage  circuit ;  thus,  by 
adjustment  of  the  rheostat  the  E.M.F.  at  the  ends  of  the  coil  could  be  made  equal  to 
that  of  1,  2,  3,  &c.,  Clark  cells.  No  difficulty  was  experienced  in  working  the  two  gal¬ 
vanometers  together,  the  observer  at  the  low  resistance  one  being  entirely  unaware 
whether  the  high  resistance  circuit  was  made  or  broken.  As  it  was  felt  that  the 
whole  success  of  the  method  depended  on  the  non-heating  of  the  lai-ge  coils,  the 
two  smaller  were  replaced  by  one  large  one  of  German  silver,  wound  double,  so  as  to 
expose  a  very  great  surface  to  the  air.  The  resistance  of  this  coil  was  selected  so 
that  when  placed  in  series  with  the  Cavendish  large  coil,*  their  united  resistance 
was  very  nearly  equal  to  that  of  the  calorimeter  coil ;  thus  the  remaining  arms  of  the 
bridge  were  more  nearly  equal  than  before,  and  were  made  of  stout  German  silver 
wire,  so  that  each  arm  was  about  5  feet  in  length  and  had  a  resistance  of  -30).  We 
believe  that  these  results  wmre  quite  satisfactory,  since  (l)  there  was  no  difficulty 
in  the  measurement  of  E ;  (2)  the  mass  of  metal  in  the  large  coils  was  veiy  great, 
their  cooling  surface  large  (a  thermometer  placed  on  the  coils  never  showed  any 
tendency  to  rise)  and  their  temperature  coefficient  small ;  (3)  the  other  arms  of  the 

E  -when  the  exterior  resistance  is  infinitely  great,  hence  the  value  of  a  (in  the  equation  ^R  =  aE-) 
is  too  low. 

*  The  Cavendish  coil  was  a  triple  strand  one,  containing  nearly  1400  feet  of  single  German  silver 
wire,  the  other  coil  had  a  double  strand  and  contained  more  than  400  feet  of  a  stouter  wire. 
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bridge  were  so  nearly  equal,  and  were  so  arranged,  that  they  would  be  affected  to 
the  same  degree  by  any  temperature  changes. 

The  figure  shows  the  comiections — ■ 

BC  the  arm  containing  the  coil. 

BD  contains  the  two  large  German  silver  coils. 

AC,  AD  the  two  German  silver  wires  forming  the  remaining  arms  of  the 
bridge. 

Gi,  G3  the  high  and  low  resistance  galvanometers. 

L,  S  the  Clark  cells  and  storages. 

K  the  mercury  rheostat. 


Table  VIII. — The  following  Table  gives  the  observations  taken  September  20,  1892. 


Time. 


3.40 

3.46 

3.. 54 
3.56 
4.  3 
4.17 
4.21 
4.25 
4.33 

4.. 36 
4.38 

4.50 
4.59 

5.50 
6.  0 


7.12 
7.18 
7.26 
7.30 
7.45 
8.  0 


No.  of 
Clark  cells. 


1 

2 

3 

4 

5 

6 


1 

2 

3 

4 

5 


Temperature  at  which  bridge  is 
balanced. 


E„,. 


379-4 

363-4 

.333-4 

333-6 

292 

240-4 


} 


C°. 


Rat  C° 

(in  Legal  ohms). 


cR. 


21-226 

8-7790 

X 

20-818 

8-7671 

a;  +  -0119 

20-100 

8-7458 

a;  + -0332 

19-080 

8-7157 

33+ -0633  1 

1 

17-760 

8-6771 

a;  +  -1019 

16-202 

8-6316 

a;  +  -1474 

21-306 

8-7814 

X 

20-895 

8-7692 

a:  +  -0122 

20-130 

8-7468 

iti  -|-  *0346 

19-067 

8-7156 

a;  + -0658 

17-765 

8-6772 

a:  + -1042 

Of  the  second  series  of  experiments,  the  first  was  taken  immediately  after  entering 
the  laboratory,  when  the  arms  AC,  AD  (being  very  near  one  observer,  and  the  gas 
having  been  lighted)  had  not  probably  reached  a  state  of  thermal  equilibrium,  but 
they  evidently  did  so  during  the  series. 
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Table  IX.^ 


The  following  numbers  were  plotted: — 

1 

i 

' 

, 

aR 

cR  deduced  from 

(Legal  ohms.) 

cR  =  •00422w2. 

No.  of  cells. 

Increase. 

0 

—  X 

0 

0 

1 

0 

■0042 

•0042 

2 

•0120 

•0163 

•0168  ; 

3 

•0333 

:  -0376 

•0378  ,  i 

4 

•0638 

•0681 

•0675 

5 

•1023 

•1066 

•1055 

6 

•1478 

•1516 

•1519 

Hence  x  —  ‘0042, 

and  the  above  agree  within  the  limits  of  experimental  error  with  the  parabola 
8R  =  '00422  X  ;  where  n  is  number  of  Clark’s  cells. 

In  this  case  there  can  be  no  doubt  about  the  actual  D.P.  at  the  ends  of  the  coil. 
The  results  of  the  previous  investigation  (p.  404)  are  of  great  importance,  in  so  far  as 
they  confirm  the  conclusion  that  814  =  aE^,  but  are  of  little  use  for  determining  the 
value  of  a. 

In  order  to  complete  these  experiments  variations  in  the  rate  of  stirring  were  tried. 
It  was  found,  as  would  be  expected,  that  the  more  perfect  the  stirring,  the  less  the 
wire  became  heated  ;  but,  within  the  limits  of  our  rate  of  stirring,  the  change  was  so 
slight  that  no  correction  was  thought  necessary. 

The  observer  at  the  high-resistance  galvanometer  could,  however,  always  detect 
minute  changes  in  the  rate  of  stirring  by  the  irregular  behaviour  of  the  spot.  These 
changes,  although  thus  rendered  very  evident,  had  an  exceedingly  small  effect  and 
thus  they  served  as  a  proof  that  the  oscillations  observed  during  our  J  experiments 
also  indicated  variations  too  minute  to  affect  our  measurements. 

[Note. — As  illustrating  the  importance,  as  also  the  accuracy,  of  the  correction 
rendered  necessary  by  the  difference  between  the  temperature  of  the  wire  and  of  the 
water,  we  here  give  a  summary  of  the  results  of  J  9  and  J  34.  These  two  experi¬ 
ments  were  performed  in  order  to  subject  the  corrections  (both  for  radiation,  &c.,  and 
for  the  difference  in  the  temperature  of  the  wire)  to  a  severe  test,  the  heat 
developed  per  second  in  the  wire  during  J  34  being  nine  times  as  great  as  that 
developed  per  second  throughout  J  9. 

*  In  comparing  the  last  two  columns,  it  must  be  remembered  that  a  difference  of  ‘0010  corresponds  to 
a  difference  of  but  I  in  8600  in  R. 
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J  9. 

J  34. 

E.M.F.  (expressed  in  terms  of  a  Clai-k  cell  at  15°) . 

Weight  of  water  -j-  water  equivalent  —  (M)  — . 

Mean  rise  per  1"  (after  correction  for  stirring,  radiation, 

&c.)  =  7  = . 

Mean  temperature . 

2 

273-77  grms. 

8225°  X  10-7 
19°-540  C. 

6 

345-20  grms. 

5778°  X  10-6 
19°-540  C. 

Hence,  thermal  grms.  generated  per  1",  when  E  is  that  due  to  1 
Clark  cell  =  ^7  x  = . . 

56295  X  10-6 

55404  X  10-6 

Now,  resistance  of  wire  at  19'540,  as  determined  by  box  in  the 
ordinary  manner  —  (Ro)  — . 

8-7084 

8-712-2* 

Hence,  thermal  grms.  per  1"  if  R  =  Iw ;  |  ^7  x  Rq  |  = 

49026  X  10-6 

48270  X  10-5 

These  quantities  (which  ought  to  be  equal,  and  from  which  we  deduce  the  value  of  J)  here  differ  by 

nearly  1  part  in  60. 

If,  however,  we  deduce  the  values  of  R.,e  and  R^e  from  Table  IX.,_, 
we  get  8-7084  +  '0168  and  8-7122  4-1519 . 

8-7252 

3-8641 

Hence  (^7  x  R^  = . 

49111  X  10-5 

49110  X  10-5 

We  did  not  see  how  to  apply  a  more  severe  test,  and  we,  therefore,  considered  it 
unnecessary  to  carry  the  investigation  further,  although  we  had  supposed  that  a 
repetition  would  be  necessary.] 


Comparison  of  our  Resistance  Coils  ivith  the  Standards. 

The  resistance  box  was  taken  to  the  Cavendish  Laboratory  on  October  31,  1892, 
to  he  compared  with  the  standard  coils  in  possession  of  the  British  Association. 

In  order  to  be  able  to  standardize  each  coil  separately,  two  plugs  were  made,  half 
ivory  and  half  brass,  so  that  good  contact  was  secured  with  the  outer  circle  of  the 
dials  through  the  brass,  but  no  contact  was  possible  with  the  inner  circle  through  the 
ivory.  The  insulation  of  these  plugs  was,  however,  defective,  the  shunt  so  formed 
being  sufficient  to  bring  the  10  legal  ohms  down  to  10  B.A.  ohms. 

Two  brass  bridges  were  then  made  which  rested  over  the  outer  circles  of  the  dials, 
one  end  of  each  bridge  fitted  into  the  plug-holes,  but  was  cut  away  so  as  not  to 

*  The  resistance  of  the  coil  had  been  altei’ed  between  these  two  experiments  (see  p.  411). 
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touch  the  central  circle.  By  tightening  up  a  screw  in  the  other  end  of  the  bridge  a 
good  and  regular  contact  was  secured.  To  the  centre  of  each  bridge  a  binding  screw 
was  fixed,  and  connection  was  made  by  thick  wire  leads  from  these  to  the  Carey- 
Foster  bridge. 

In  the  comparison  of  the  units  and  tens,  the  Carey-Foster  bridge  belonging  to  the 
B,A.  was  used,  and  the  difference  between  the  standard  and  the  box-unit  was  found 
in  terms  of  a  length  of  bridge- wire.  In  the  comparison  of  the  lOO’s  and  lOOO’s,  the 
bridge  described  by  Glazebrook  (‘B.A.  Report,’  1883)  was  always  used.* 

The  standard  coils  used,  and  their  values,  are  given  in  the  following  Table  : — 


Table  X. 


Coil. 

Value. 

Elliott  269  . 

1 

+  -000282  {t  -  15-1) 

„  270  . 

1 

+  -000286  {t  -  15-3) 

„  288  . 

10 

+  -00265  {t  -  16-2) 

„  289  . 

10 

-1-  -00260  {t  -  15-4) 

Nalder  3634  . 

100 

-f  -0308  (^  -  17-2) 

„  3637  . 

100 

+  -0308  (^-  17-05) 

1000  h.w.d . 

05000  +  -0000715  (t  -  18-2) 

The  same  thermometer  (Hicks,  No.  352,601)  that  had  been  employed  in  aU  our 
determinations  was  again  used  in  the  standardization,  and,  since  its  bore  was  very 
nearly  uniform,  no  correction  was  necessary.  The  B.A.  thermometer  (K.O.,  75,149) 
was  used  for  the  temperatures  of  the  standards  ;  its  correction  was  —  TO  at  the 
temperatures  of  our  observations. 

The  resistance  of  the  connections  between  the  box  and  bridge  was  taken  in  terms 
of  the  bridge-wire  of  the  Carey-Foster  bridge. 

The  results  of  observations  on  different  days  agree  well,  the  average  departure 
from  the  mean  being  less  than  to oVoo* 

The  differences  could,  in  most  cases,  be  easily  accounted  for  by  small  temperature 
changes  in  the  interior  of  the  coils,  which  could  not  be  indicated  by  the  thermometer. 

The  accompanying  Table  gives  the  results. 

(Although  the  coils  in  the  1000  dials  were  not  used  during  the  determinations  of 
the  resistance  of  the  calorimeter  coil,  we  have  included  them  in  this  Table,  since  many 
of  them  were  required  when  ascertaining  the  platinum  temperatures,  and  also  because 
a  complete  standardization  of  this  kind  is  interesting,  as  it  shows  the  order  of 
accuracy  of  boxes  of  this  joattern.) 

*  In  comparing  the  100  and  1000  ohms  coils,  two  Leclanche  cells  were  nsed.  The  currents  in  the 
battery  circuit  were  '090  and  ‘023  ampere  respectively. 


Table  XI. 
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Note. — The  box  is  marked  by  Messrs.  Elliott  as  “  Legal  ohms  at  17°  C.,  hence  the  value  of  each  coil,  in  terms  of  a 
True  ohm,  should  be  ‘99757.  The  mean  value  of  all  the  coils  is  '99801,  at  a  true  temperature  of  16  92  C.,  or  17  by  its 
own  thermometer. 
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As  the  terminals  were  used  for  testing  at  the  time  the  box  was  constructed, 
the  resistance  of  the  connections  through  the  dials  was  then  taken.  This  is  sufficient 
to  account  for  the  apparently  low  value  of  the  first  unit,  as  the  resistance  of  the  box 
with  all  the  plugs  at  0  is  ‘OOSST.  In  testing  the  arms  of  the  bridge,  the  centre  and 
end  terminals  were  used  in  the  same  manner  as  when  the  box  itself  formed  the  bridge, 
so  that  no  plug  resistance  correction  had  to  be  applied. 

A  table  was  constructed,  giving  the  total  difference  between  the  reading  and  the 
real  value  (in  terms  of  legal  ohms)  for  every  position  of  the  plugs  in  each  dial.  This 
difference  we  termed  the  “  plug  correction.”*  Having  made  this  correction,  we  then 
had  to  correct  for  any  inaccuracy  in  the  ratio  of  the  arms  of  the  bridge,  and  as  aU 
determinations  of  the  calorimeter  coil  resistance  were  made  with  the  1000  (right)  and 
10  (left)  as  the  arms,  it  is  here  only  necessary  to  give  the  correction  for  these  coils. 

Now  10L/1000R=  10-0077/1000-30  =  -0100047.  This  we  termed  the  “bridge 
correction.” 

The  resulting  values  are  expressed  in  legal  ohms,  and  true  ohms  =  reading  in  legal 
ohms(l  —  -0024275). 

By  applying  the  corrections  in  the  above  form  it  was  possible  to  perform  all 
the  operations  by  means  of  the  slide  rule,t  as  it  was  only  necessary  to  detei-mine 
the  quantity  to  be  added  or  subtracted  in  one  case  to  three,  and  in  the  other  to 
four  figures. 

(When  working  with  platinum  thermometers  the  last  two  corrections  are  omitted, 
as  it  is  only  necessary  that  the  resistances  should  be  expressed  in  terms  of  the  same 
unit,  the  absolute  value  of  that  unit  being  unimportant). 

Table  XII.  gives  the  values  of  B,  when  the  calorimeter  coil  was  in  water,  stirred  in 
the  same  way  as  daring  a  “  J  ”  determination.  Each  number  in  the  column  II  was 
obtained  in  the  manner  given  in  full  on  p.  399,  and  includes  the  correction  for  tempera¬ 
ture.  The  “  plug  correction  ”  cannot  be  deduced  from  column  R,  because  the  differ¬ 
ence  between  the  correction  on  E,  -h  r  and  r  has  to  be  used  in  each  case.  The  plug 
correction  however  is,  in  every  case,  about  the  same  as  that  required  by  the  values 
of  R  -|-  n  and  r  as  given  in  .Table  IV. 


*  The  correction  for  the  temperatnre  of  the  box  was  made  before  applying  the  “  plug  con’ection.”  The 
values  of  the  temperatui’e  coefficient  for  each  dial  had  been  previously  determined  b}’  Messrs.  Elliott, 
and  the  accuracy  of  the  coefficients  has  been  exposed  to  severe  tests. 

As  the  temperatnre  of  the  box  was  controlled  by  a  special  regulator,  it  never  differed  greatly  from 
17°  C.  (See  ‘  Phil.  Trans.,’  vol.  182,  A,  p.  45.) 

+  Fuller’s  spiral  slide  rule  gives  results  correct  to  1  in  20,000  or  30,000. 
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Table  XII. 


Date. 

C°. 

R  (at  17°). 

R  corrected 
for  “plugs.” 

R  corrected 
for  bridge. 

True  ohms. 

Aug.  6  .  .  . 

18-701 

8-70152 

8-70514 

8-70923 

8-68809 

„  6  .  .  . 

13-133 

8-53685 

8-54041 

8-54442 

8-52368 

„  10  .  .  . 

25-217 

8-89343 

8-89701 

8-90119 

8-87958 

„  17  .  .  . 

19-231 

8-71690 

8-72046 

8-72456 

8-70338 

„  24  .  .  . 

20-.337 

8-74906 

8-75260 

8-7.5671 

8-/3545 

„  31  .  .  . 

17-066 

8-65267 

8-65627 

8-66034 

8-639.32 

Sept.  4  .  .  . 

15-325 

8-60104 

8-60459 

8-60863 

8-58773 

Between  September  4  and  11  the  coil  was  readjusted,  and  was  probably  somewhat 
strained  in  the  process.  The  value  of  R  was  slightly  increased. 


Table  XIII. 


Date. 

C°. 

R  (at  17°). 

R  corrected 
for  “  plugs.” 

R  corrected 
for  bridge. 

True  ohms’. 

Sept.  11  .  .  . 

19-560 

8-73058 

8-73416  ^ 

8-73827 

8-71706 

„  11  .  .  . 

25-522 

8-90563 

8-90923 

8-91342 

8-89178 

„  11  .  .  . 

13-280 

8-.54471 

8-54826 

8-55228 

8-.53I52 

„  11  .  .  . 

15-086 

8-59816 

8-60171 

8-60575 

8-58486 

»  11  .  .  . 

22-154 

8-80618 

8-80975 

8-81389 

8-792.50 

,  „  11  .  .  . 

23-274 

8-83966 

8-84326 

8-84742 

8-82594 

„  14  .  .  . 

16-952 

8-65268 

8-65628 

8-660.35 

8-63933 

„  19  .  .  . 

18-697 

8-70415 

8-70777 

8-71186 

8-69072 

The  sixth  figure  is,  of  course,  unnecessary.  The  numbers  in  the  first  and  last 
columns  were  plotted  on  a  very  large  scale,  so  that  the  fifth  figure  could  be  read 
distinctly.  The  resulting  curves  differ  in  no  respect  from  those  given  by  platinum 
thermometers.  The  difference  between  the  curve  reading  (at  any  of  the  above 
temperatures)  and  the  corresponding  value  in  the  table  in  no  case  exceeds  '0005  [i.e., 
1  in  17,000). 

The  values  of  II  after  September  4  exceed  the  values  before  that  date  (when  the 
temperature  is  the  same)  by  ‘0038. 

The  values  of  R  (true  ohms)  at  other  temperatures  than  those  in  the  above  tables 
were  obtained  from  the  curves.* 

*  In  order  to  trace  the  changes  in  the  specific  heat  of  water  throughout  our  range,  we  had  decided  to 
find  the  time  of  rising  1°  at  each  of  the  following  temperatures,  viz.,  14°,  15°,  16°,  18°,  20°,  22°,  24°,  and 
25°  C.  It  would  have  been  difficult,  if  not  impossible,  to  arrange  our  actual  observations  throughout  our 
experiments  so  that  they  were  exactly  grouped  about  these  points.  The  value  of  each  millim.  of  our 
thermometer  stem  varied  as  the  temperature  changed,  and  the  above  temperatures  in  no  case  corresponded 
with  any  integral  number.  The  values  of  our  variables  at  these  temperatures  had  to  be  obtained  by 
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As  mentioned  (p.  394)  the  resistance  of  the  coil  when  innnersed  in  pentane  was 
ascertained.  The  observations  were  taken  in  the  same  manner  and  with  the  same 
rate  of  stirring  as  those  whose  residts  are  given  in  the  above  tables. 

Table  XIV. 


c°. 

Determination  of  R  in  pentane. 

R  at  (17h. 

True  ohms  (after 
“plug”  and  bridge 
coi’rections). 

13-632 

8-.5.0513 

8-54195 

14-010 

8-56516 

8-55197 

14-982 

8-59544 

8-582-23 

16  202 

8-62941 

8  61612 

17-161 

8-65892 

8-64557 

18-214 

8-69058 

8-67699 

19-164 

8-71857 

8-70506 

20-502 

8-75805 

8-74443 

21-702 

8-79354 

8-77989 

23-001 

8-83186 

8-81812 

24-699 

8-88218 

8-8G836 

24-699 

8-88204 

8-86822 

24-713 

8-88275 

8-86891 

The  residts  must  be  compared  with  those  in  Table  XIII.,  since  the  observations 
were  made  after  the  change  in  the  coil. 

In  order  to  find  what  difference,  if  any,  was  caused  by  the  change  from  water  to 
pentane,  the  values  of  R  in  water  at  the  above  temperatures  were  taken  from  the  curve 
plotted  from  Table  XIII. 


large  scale  curves.  No  purpose  would  be  served  by  reproducing  auy  of  these  curves  in  this  paper, 
because  if  drawn  on  a  small  scale  they  -would  be  useless  and  misleading  ;  for  they  would  give  an  exag¬ 
gerated  idea  of  the  accuracy  of  our  results — the  discrepancies  being  imperceptible.  In  every  case  we 
give  data  by  which  the  curves  could  be  reproduced,  and  where  any  marked  departure  is  shown  by  au 
individual  observation  we  mention  it. 
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Table  XV, 


c°. 

R  (pentane). 

R  (water). 

Difference.* 

13'6.32 

8-5420 

8-5419 

+  -0001 

14-010 

8-5520  ? 

8-5528 

--0008? 

14-982 

8-58-22 

8-5818 

+  -0002 

16-202 

8-6161 

8-6148 

+  -0013 

17-161 

8-6456 

8-6456 

4- -0000 

18-214 

8-6770 

8-6766 

+  -0004 

19-164 

8-7051 

8-7046 

+  -0005 

20-502 

8-7444 

8-7444 

+  -0000 

21-702 

8-7799 

8-7794 

+  -0005 

23-001 

8  8181 

8-8176 

+  -0005 

24-699 

8-8683 

8-8676 

+  -0007 

24-713 

8-8689 

8-8680 

+  •0009 

Mean  difference  =  ’0004, 


showing  a  rise  of  about  ^  when  in  pentane. 

The  specific  heat  of  pentane  is  so  small  that  it  is  possible  that  the  wire  would  be 
at  a  slightly  higher  temperature  than  when  in  water,  as  it  would  not  be  robbed  so 
rapidly  of  the  heat  supplied  by  the  current,  and  thus  some  portion  of  the  small  rise 
observable  might  be  due  to  this  cause. 

The  following  tables  give  the  resistances  used  by  us  for  the  reduction  of  our  “  J  ” 
experiments  : — 

denotes  the  resistance  when  the  current  is  so  small  as  to  produce  no  visible 
change  in  R. 

(Rq  =  R,  as  deduced  from  Table  XIIL,  diminished  by  '0034,  see  p.  396.) 

Re,  R2E,  &c.,  the  resistance  wdren  the  difference  of  potential  at  the  ends  of  the  coil 
is  that  due  to  1,  2,  &c.,  Clark  cells. 

(Rne  =  1^0+  ^^^0)  where  SRg  =  ‘00421  X  n‘^  true  ohms,  see  p.  406.) 


Table  XVI. — Series  II.  Values  of  R.  For  Series  I.  subtract  ‘0038. 


ct 

R,). 

ftjE- 

ItsE- 

R4E- 

R5E. 

Roe- 

14-477 

8-.5626 

8-5794 

8-6012 

8-6.307 

8-6686 

8-7149 

15-581 

8-5959 

8-6127 

8-6337 

8-6632 

8-7011 

8-7474 

16-682 

8-6282 

8-6450 

8-6660 

8-6955 

8-7334 

8-7797 

17-683 

8-6578 

8-6746 

8-6956 

8-7251 

8-76.30 

8-8093 

18-688 

8-6876 

•8-7044 

8-7254 

8-7549 

8  7928 

8-8391 

19-835 

8-7214 

8-7382 

8-7592 

8-7887 

8-8266 

8-8729 

21-115 

8-7592 

8-7760 

8-7970 

8-8265 

8-8644 

8-9107 

22-409 

8-7972 

8-8140 

8-8350 

8-8645 

8-9024 

8-9487 

23-862 

8-8399 

8-3567 

8-8777 

8-9072 

8-9451 

8-9914 

25-006 

8-8735 

8-8903 

8-9113 

8-9408 

8-9788 

9-0250 

*  The  differences  in  the  last  column  show  a  slight  tendency  to  increase  as  the  temperature  rises, 
Indicating  a  decrease  in  the  resistance  of  water. 
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Section  VIII. — The  Measurement  or  Time, 

As  previously  mentioned,  an  electrical  clock  (made  by  Mr,  Thomas)  was  used  as 
our  standard.  The  energy  required  was  supplied  by  two  Leclanche  cells.  The  pen¬ 
dulum  (a  seconds  one)  was  very  heavy,  weighing  about  ^  cwt.  Its  rod  was  of  wood, 
and  we  were  unable  to  detect  that  any  appreciable  change  in  rate  was  caused  by  the 
small  changes  of  temperature  to  which  it  was  exposed.  The  working  parts  of  an 
electrical  clock  of  this  kind  are  so  simple  that,  wdren  once  standardized,  it  is  a  very 
reliable  instrument.  The  pendulum  was  fitted  with  a  rough  and  a  fine  adjustment, 
and  comparisons  were  made  at  regular  intervals  with  a  (“rated”)  Dent’s  chrono¬ 
meter.  Until  August  21,  1892,  the  rate  of  gain  was  —  1  in  2424;  after  that  date 
the  rate  of  gain  was  certainly  less  than  1  in  25,000,  and  such  variations  as  were 
observed  may  have  been  due  to  temperature  changes,  as  they  were  irregular  and,  in 
any  case,  so  small  as  to  render  corrections  unnecessary.  All  observations  of  time 
made  before  the  above  date  (August  21)  were  corrected  for  clock  error,  before  they 
were  used  in  the  calculations.  The  actual  uncorrected  observation  is,  however,  the 
one  given  in  all  columns  headed  “time.” 

The  chronograph,  which  was  worked  by  a  separate  battery,  was  of  a  somewhat 
peculiar  construction.  It  was  contrived  so  that  on  “making”  the  circuit  connecting 
it  with  the  clock,  the  tape  was  at  once  started,  and,  on  breaking  that  circuit,  the  tape 
came  to  rest.  Thus  the  observer  could,  without  moving  his  position,  start  or  stop  the 
chronograph  by  pressing  a  key.* 

We  rarely,  however,  used  this  contrivance,  because,  as  our  observations  lasted  over 
considerable  intervals  of  time,  the  instrument  had  to  be  continuously  at  work.  The 
regulator  was  so  adjusted  that  the  tape  passed  through  about  f  of  an  inch  per  second 
— the  fractions  of  a  second  being  rapidly  read  off  by  means  of  glass  scales.  The 
labour  of  numbering  the  seconds  was  great,  for  the  instrument  was  not  so  contrived 
that  it  could  make  a  distinguishing  mark  every  tenth  second.! 

Immediately  before  the  observer  were  placed  two  keys  connected  wdth  the  chrono¬ 
graph,  one  of  which  made  permanent  connection  with  the  clock  pendulum,  the  other 
was  a  spring  key  for  recording  the  times  of  passing  certain  temperatures,  or  the  time 
of  each  1000  revolutions  of  the  stirrer. 

Some  preliminary  observations  indicated  that  the  personal  error  the  difference 
between  the  actual  time  and  those  read  off  from  the  tape)  amounted  to  about  of  a 
second.  As,  however,  all  times  were  recorded  by  the  same  observer,  this  constant 
“  lag  ”  was  of  no  consequence. 


*  It  was  found  necessary  to  place  the  chronograph  at  a  considerable  distance  from  the  galvanometer, 
t  The  Table  XIX.,  given  in  Section  XII.,  shows  that  one  experiment  alone  lasted  more  than  10,000 
seconds. 
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Section  IX. — The  Measurement  of  Mass. 

Eowland,  in  the  paper  to  which  reference  has  already  been  made,  takes  objection 
to  Weber’s  determination  of  “  J,”  on  the  ground  that  he  used  only  250  grms.  of 
water.  Also  M.  Arnoux  in  the  discussion  which  followed  D’Arsonval’s  paper 
said,  “  Its  determination  has  always  been  carried  out  in  diminutive  apparatus  ...  in 
which  the  losses  by  radiation  attained  a  high  figure.  With  large  apparatus  the  loss 
by  radiation  becomes  negligible  since  the  volume  increases  as  the  cube  and  its 
radiating  surface  as  the  square  only  of  the  linear  dimensions.  With  appliances 
capable  of  transforming  into  heat  a  few  hundred  kilogrammetres  per  second,  we  ought 
to  succeed  in  determining  the  mechanical  equivalent  to  three  or  four  (sic)  places.”* 
Now  as  the  quantity  of  water  used  by  us  was  small,  it  will  be  well  to  point  out  the 
considerations  by  which  we  were  influenced. 

Besides  the  mass  of  water,  which  is  used  in  the  calorimeter,  account  must  be  taken 
of  what  is  usually  termed  the  “  water  equivalent”  of  the  calorimeter.  [We  take  this 
opportunity  of  remarking  that  when  we,  in  subsequent  statements,  use  the  word 
“  equivalent  ”  we  refer  to  the  water  equivalent  of  our  calorimeter,  and  do  not  use  the 
word  in  the  sense  in  which  it  occurs  in  Bowland’s  paper  as  meaning  “  the  mechanical 
equivalent;”  this  we  have  designated  by  the  letter  “  J.”]  Now  it  is  the  very 
difficulty  of  satisfactorily  determining  this  equivalent,  rather  than  the  estimation  of 
loss  by  radiation,  which  has  led  experimenters  to  prefer  a  large  mass  of  water,  when 
practicable,  in  order  to  make  any  error  in  the  equivalent  one  of  the  second  order. 

Up  to  the  time  of  writing,  only  twm  methods  seem  to  have  been  generally  adopted 
for  determining  the  equivalent,  (1)  the  method  of  mixtures,  (2)  the  method  by  calcula¬ 
tions  from  the  specific  heats  and  masses  of  the  component  parts  of  the  calorimeter. 
Of  the  first  of  these  we  need  say  but  little,  for  Joule  himself  obtained  values  which 
varied  amongst  themselves  by  12  per  cent.t  We  did  not,  however,  dismiss  this 
method  without  trial,  for  having  applied  it,  with  every  conceivable  precaution,  to  one 
of  our  calorimeters,  we  obtained  numbers  whose  differences  were  so  great  as  to  render 
them  useless  for  the  purposes  of  this  investigation. 

The  second  method  is  attractive  on  account  of  its  simplicity,  but  since  the  specific 
heats  have  probably  been  determined  by  the  application  of  the  first  method, j  the 
accuracy  is  not  of  a  superior  order.  Of  greater  weight  is  the  consideration  that  a 
calorimeter  has  no  definite  limits,  it  being  impossible  to  foretell  to  what  extent  and  in 
what  manner  the  necessary  supports,  connections,  and  surrounding  envelopes  have  to 
be  introduced.  The  method  which  we  have  adopted  of  making  the  experiments 

*  Rowland’s  calorimeter,  when  full,  weighed  over  12  kilos..  Joule’s  about  6  kilos. 

t  See  Table,  p.  639,  ‘Joule’s  Scientific  Papers,’  vol.  1. 

X  We  may  quote  from  Prof.  Eyeeett's  ‘Units  and  Physical  Constants,’  “Specific  Heat  of  Liquids.” 

“  We  have  omitted  decimal  figures  after  the  fourth,  as  even  the  second  figure  is  different  with  different 
observers.”  To  this  we  may  add  that  the  specific  heat  of  solids  will  bear  no  closer  scrutiny. 
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themselves  give  us  the  value  of  the  equivalent  appears,  to  us,  to  be  the  onlv  wav  in 
which  this  difficulty  can  be  successfully  overcome,  and,  as  our  results  will  show,  the 
equivalent  was  determined  with  the  same  accuracy  as  the  other  quantities.^  ■ 

There  does  not  appear  to  be  any  argument  in  favour  of  using  a  small  mass  of  water 
when  the  value  of  “J”  is  to  be  determined  according  to  Joule’s  original  method  bv  the 
friction  of  water  ;  but  the  complexion  of  the  case  is  completely  changed  if  the  mode 
of  investigation  is  altered,  for  in  each  different  method  the  accuracy  of  the  result  will 
be  some  function  of  the  variables  at  our  disposal,  and,  since  we  cannot  apply  the 
calculus,  these  ought  to  be  so  selected  from  general  considerations,  as  to  make  that 
accuracy  a  maximum.  In  the  method  which  we  have  adopted  the  variables  are  the 
mass  of  water,  the  resistance  of  the  coil,  the  difference  of  potential  at  its  ends,  and, 
dependent  upon  these,  is  the  rate  of  rise  in  temperature. 

Now  the  most  satisfactory  method  of  ascertaining  the  rate  of  rise  in  temperatm’e, 
consists  in  timing  the  transit  of  the  mercury  column  across  the  spider-wire  of  a 
reading  telescope.  This  wire,  being  set  along  the  graduations  of  the  thermometer, 
several  successive  transits  are  recorded  at  different  parts  of  the  range  and  the  mean 
time  is  taken  at  each  place.  Although  the  rate  of  rise  ought  to  be  fairly  great,  in 
order  to  diminish  the  importance  of  radiation  losses,  if  the  rate  is  too  rapid  the 
observer  has  not  sufficient  time  to  set  his  cross-wire  to  the  successive  graduations, 
and  only  one  observation  can  be  recorded  at  each  part  of  the  range.  The  confusion 
which  would  be  introduced  by  attempting  to  observe  every  other  scale  division  need 
scarcely  be  mentioned.  It  was  only  by  constant  practice  that  one  of  the  observers 
was  able  to  take  observations  with  accuracy  at  the  rate  we  adopted. 

If,  on  the  other  hand,  the  advance  of  the  column  is  too  slow,  the  time  of  apparent 
contact  with  the  telescope  wire  is  uncertain  and,  at  the  same  time,  the  phenomenon 
of  “  sticking  ”  is  rendered  more  probable.  As  during  these  experiments  the  strain 
on  the  observer  was  very  great,  mere  personal  fatigue  would  be  sufficient  to  prevent 
accurate  observations  being  taken  if  the  duration  of  the  experiment  was  extended 
beyond  an  hour.  In  the  case  of  the  experiments  on  the  heat  developed  by  the 
stirrer,  it  will  be  seen  by  reference  to  the  tables  that  these  sometimes  lasted  three  or 
four  hours  ;  but  the  nature  of  these  experiments  not  being  so  complicated,  the  strain 
was  less  and  the  observer  had  short  intervals  of  rest. 

The  rate  of  rise  in  temperature  thus  practically  determines  the  values  which  we 
must  assign  to  the  other  quantities  at  our  disposal,  for  to  make  the  rate  great  we  must 
either  diminish  the  mass  or  resistance,  or  else  increase  the  difference  of  potential. 
The  considerations  which  led  us  to  give  to  E  and  II  the  limiting  values  assigned  to 

*  The  value  of  J  can  be  obtained  without  ascertaining  the  value  of  the  water  equivalent  (see  p.  481). 
and  the  determination  of  the  changes  in  the  capacity  for  heat  of  water  is  entirely  independent  of  it. 
Our  conclusions  are  based  on  observations  of  differences  in  time  caused  by  differences  in  the  mass  of 
water,  and  we  see  no  reason  why  such  differences  could  be  ascertained  with  greater  accuracy  if  the  water 
equivalent  was  diminished.  Thetotal  times  would  be  decreased, but  the  differences  would  remain  unaltered. 
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hem  during  these  experiments  have  already  been  mentioned  on  p.  389.  We  were 
hus  restricted  to  masses  of  water  varying  from  130  to  300  grms. 

As  the  determination  of  the  equivalent  and  the  change  in  capacity  of  the  whole 
lass  due  to  increase  of  specific  heat  are  fully  discussed  in  another  section,  it  is  only 
ecessary  here  to  deal  with  the  mass  of  water  added  to  the  calorimeter.  The  balance 
sed  by  us  was  by  Becker,  carrying  500  grins,  and  turning  with  a  milligramme.  As 
his  type  of  balance  is  not  provided  with  a  rider-arm,  it  was  found  convenient  to  add 
.^eights  to  the  nearest  5  milligrms.  above  and  below,  and  to  interpolate  by  the 
aethod  of  oscillations.  Nearly  the  whole  of  the  measurements  were  conducted  by 
he  ordinary  method  of  direct  weighing,  as  the  balance,  when  once  in  good  adjustment, 
emained  so.  The  adjustment  "was  however,  occasionally  checked  by  the  method  of 
louble  weighing. 

Holes  were  bored  through  the  bottom  of  the  balance  case  and  the  top  of  the  cupboard 
)n  which  it  stood,  and  wires  suspended  from  the  pans  for  use  when  weighing  flasks,  &c, 
\.s  it  was  necessary  to  open  this  cupboard  whenever  a  flask  had  to  be  weighed,  it  would 
lave  been  difficult  to  keep  the  air  within  the  cupboard  in  a  state  of  dessication,  and 
,:hus  if  proper  precautions  had  not  been  taken  a  considerable  error  might  have  been 
ntroduced  in  the  weighing  of  glass  vessels  of  large  area,  owing  to  the  hygroscopic 
lature  of  their  surfaces.  The  usual  simple  expedient  of  taring  one  glass  vessel  against 
mother  of  approximately  equal  surface  appeared  eminently  satisfactory,  as  the 
weighings  could  be  repeated  at  varying  intervals  of  time  (generally  a  few  hours,  but  in 
me  test  case  four  days)  and  the  results  were  always  found  to  agree  to  a  milligramme. 

In  our  earlier  series  of  experiments  (1887-1890)  the  calorimeter  could  be  rapidly 
taken  to  pieces,  dried,  any  required  mass  of  water  added  by  means  of  a  fine  dropping- 
pipette,  weighed,  and  put  together  again.  As,  however,  those  experiments  had  shown 
us  the  necessity  of  keeping  the  outer  space  perfectly  dry,  we  now  decided  to  reduce,  if 
possible,  the  pressure  to  less  than  1  millim.,  since,  in  this  case,  radiation,  &c.,  would 
be  considerably  diminished,  and  any  moisture  present  would  immediately  be  detected. 

It  thus  became  impossible  to  take  the  calorimeter  to  pieces,  and  means  had  to  be 
devised  for  introducing  and  withdrawing  water  through  the  supporting  glass  tubes. 

The  impossibility  of  removing  the  calorimeter  without  destroying  our  vacuum  led 
^to  another  difficulty,  for,  at  the  end  of  the  experiment,  the  water  had  been  heated  to 
the  highest  point  of  our  range,  and  before  we  could  conduct  a  second  experiment  we 
had  either  to  cool  the  whole  apparatus  down,  which  would  have  been  an  extremely 
slow  process,  owing  to  the  smallness  of  the  radiation,  and  would  also  have  rendered 
it  necessary  to  throw  the  regulator  of  the  outer  bath  entirely  out  of  adjustment ;  or 
else  withdraw  part  of,  or  all,  the  water  in  the  calorimeter,  adding  sufficient  cold  water 
to  bring  the  temperature  down  below  the  point  at  which  our  observations  commenced. 
During  the  earlier  part  of  our  1891  series  we  withdrew  a  portion  only  of  the  water  by 
means  of  a  modified  form  of  weighed  pipette,  and  then,  by  the  same  means,  added  a 
weighed  quantity  of  cold  water.  This  method  was  in  some  respects  satisfactory, 
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except  that  every  withdrawal  involved  four  weighings,  so  that,  after  a  short  time, 
the  mass  of  water  in  the  calorimeter  was  dependent  upon  a  very  great  number  of 
weighings,  and  small  errors  in  each,  if  cumulative,  might  have  become  serious.  We. 
therefore,  soon  abandoned  this  as  a  general  method,  and  only  resorted  to  it  occa¬ 
sionally.  Since  then  we  have  always  used  the  following  method  of  adding  a  known 
mass  of  water  to  the  calorimeter  : — 

Pairs  of  glass  flasks  (with  india-rubber  stoppers),  of  100,  200,  and  300  cub.  centims. 
capacity,  were  selected  and  carefully  cleaned.  One  of  each  pair  was  kept  as  a  tare 
for  its  fellow.  In  introducing  the  water  into  the  calorimeter  it  was  necessary  to  avoid 
loss  either  by  accident  or  by  evaporation,  and  to  guard  against  losses  of  this  kind  the 
following  device  was  employed  : — A  thin  glass  tube,  30  centims.  in  length,  had  a 
wider  piece,  about  7  centims.  long  and  2  centims.  in  diameter,  fused  to  its  upper 
end,  thus  forming  a  funnel.  Up  the  centre  of  this  wide  portion  a  piece  of  glass  rod 
was  fixed,  its  upper  extremity  projecting  above  the  top  of  the  wider  tube,  so  that  the 
lip  of  the  flask,  from  which  water  was  poured,  could  rest  against  it,  and  thus  prevent 
any  drops  running  down  the  outside  of  the  flask  or  tube.  By  forming  a  slight 
support,  it  also  somewhat  relieved  the  difficulty  of  the  operation,  which,  even  with 
its  aid,  was  a  trying  one.  A  cork  was  fixed  to  the  stem  of  the  funnel,  in  such  a 
manner  as  to  permit  its  lower  end  to  dip  into  the  calorimeter.  This  funnel  was 
provided  with  a  case,  consisting  of  a  length  of  glass  tube  closed  permanently  at  the 
lower,  and  temporarily  at  the  upper,  end  by  an  india-rubber  stopper.  A  piece  of 
similar  tubing,  closed  at  both  ends,  was  used  as  a  tare.  The  full  flask  and  funnel 
having  been  weighed,  the  funnel  was  withdrawn  from  its  case,  placed  in  one  of  the 
tubes  leading  to  the  calorimeter,  and  the  water  poured  down  it  from  the  flask.  This 
is  the  only  part  of  the  process  during  which  evaporation  could  possibly  take  place, 
and  any  such  loss,  during  the  few  seconds  the  operation  lasted,  would  be  a  matter  of 
no  consequence.  The  empty  flask  was  immediately  re-stoppered,  the  funnel  with¬ 
drawn  and  returned  to  its  case,  and  the  weight  ascertained  at  any  convenient  time. 
This  method  also  enabled  us  to.  add  water  below  the  dew-point  of  the  room  without 
any  error  due  to  moisture  condensed  on  the  flask  and  funnel,  for  it  was  only  necessary 
to  first  weigh  the  flask,  then  cool  it,  and  pour  its  contents  into  the  calorimeter.  The 
exterior  of  the  funnel  was  dried  before  returning  it  to  its  case,  and  the  stoppered 
.flask  idaced  in  a  dessicator  for  some  time  before  the  final  weiahino;.  This  method 
appeared  to  be  satisfactory,  and,  although  it  was  impossible  to  add  exactly  the  same 
amount  on  different  occasions,  still,  as  the  difference  was  only  the  fraction  of  a  gramme, 
it  was  easy  to  apply  any  necessary  correction  to  the  resulting  numbers.  A  glass 
tube,  reaching  to  the  bottom  of  the  calorimeter,  was  connected  with  an  exhaust  pump, 
which  enabled  us  to  withdraw  nearly  all  the  water,  and  the  remaining  moisture  was 
removed  by  passing  a  current  of  hot  dry  air  through  the  calorimeter  for  several  hours. 

Owing  to  some  difficulty  with  regard  to  the  air-tight  joints,  we  were  obliged  to 
take  the  calorimeter  to  pieces  at  the  beginning  of  July,  1892,  and  to  our  astonishment 
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we  found,  although  we  had,  as  we  thought,  dried  completely,  there  still  remained 
several  cub.  centims.  of  water.  We  subsequently  ascertained  that  the  calorimeter 
could  be  properly  dried  in  the  above  manner,  provided  that  sufficient  time  was 
allowed ;  but  the  hot  air  had  to  pass  for  several  days  before  a  drying  tube,  suspended 
within  the  calorimeter  for  12  hours,  showed  no  increase  in  weight.  Now,  as  the  first 
method  involved  too  many  weighings,  and  the  second  was  unsafe,  unless  two  or  three 
days  elapsed  between  each  experiment,  we  were  compelled  to  seek  a  different  mode  of 
procedure.  Thus,  as  we  could  neither  withdraw  any  portion  of  the  water,  nor  cool 
the  whole  calorimeter  down  without  great  labour,  means  had  to  be  devised  for  cooling 
it  from  within.  A  tube,  through  which  a  freezing  mixture  could  be  forced,  was 
evidently  objectionable,  as  there  would  always  be  uncertainty  as  to  whether  all  the 
freezing  mixture  had  been  removed.  We  found  the  following  arrangement  worked 
admirably,  for  the  temperature  of  the  calorimeter  fell  as  rapidly  when  cooling,  as  it 
rose  when  the  current  was  passing.  We  were  thus  able  to  use  the  same  water  again 
and  so  save  a  numerical  reduction. 

A  very  thin  glass  tube,  closed  at  its  lower  end,  passed  down  the  support  tube  F 
(Plate  2,  fig.l)  of  the  calorimeter,  just  clearing  the  base,  and  the  upper  end,  which  was 
open,  projected  about  ^  inch  above  the  top  of  the  tube  F.  Gare  was  taken  to  so  fix  this 
tube  that  no  water  could  find  its  way  up  the  annular  space  between  the  two  tubes. 
When  not  in  use,  the  upper  end  was  closed  by  a  cork,  so  as  to  prevent  air- currents 
circulating  down  to  the  calorimeter.  When  used  for  cooling,  this  tube  was  partially 
filled  with  ether,  through  which  a  rapid  current  of  dried  air  was  sucked  by  means  of 
the  arrangement  shown  in  Plate  2,  fig.  1.  The  fine  capillary  point  reached  just  to  the 
bottom  of  the  closed  tube,  so  that,  when  the  cooling  had  proceeded  far  enough,  the 
remaining  ether  could  be  withdrawn  by  reversing  the  connections  to  the  exhaust  pump 
and  th^  H^SO^  drying  bottles.  Any  ether  or  impurity  left  at  the  bottom  of  this  tube 
would  have  caused  great  irregularities  in  the  experiments,  so,  as  a  precaution,  only 
freshly  distilled  ether  was  used,’*  and  when  the  temperature  had  been  sufficiently 
lowered,  dry  air  was  passed  for  a  considerable  time  and,  finally,  the  cooling  tube 
thoroughly  cleaned  by  means  of  an  absorbent  mop.  The  joint  at  G  was  made  by  slipping 
a  small  ring  of  india-rubber  tubing  round  the  projecting  end  of  the  cooling  tube,  and, 
by  slightly  splaying  out  the  mouth  of  the  aspirating  portion,  a  sufficiently  good  union 
was  effected,  the  extreme  thinness  of  the  walls  rendering  a  ground  glass  joint  impractic¬ 
able.  The  entrance  tube  K  was  used  for  adding  fresh  ether  as  occasion  required. 

As  soon  as  we  perceived  that  this  method  of  cooling  was  a  success,  it  was  at  once 
evident  that  it  could  be  applied  to  finding  the  latent  heat  of  evaporation  of  liquids, 
for  by  regulating  the  rate  of  evaporation  we  could  make  the  cooling  effect  such  as  to 
counterbalance  the  heat  developed  by  a  known  current.  We  have  already  made  a  few 
rough  determinations,  but  prefer  to  postpone  their  publication  until  we  have  applied 
the  method  with  greater  precautions. 

*  The  ether  was  always  redistilled  by  us  immediately  before  use — at  a  temperature  under  40°  C. 
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Section  X. — The  Measueement  of  Temperatuee. 

When  commencing  this  account  of  our  experiments,  we  proposed  to  give  full  details 
of  the  calibration  and  standardization  of  the  mercury  thermometer  E,«,  upon  which  all 
our  measurements  depend.  Nearly  half  of  our  time  and  attention  has  been  devoted 
to  this  part  of  the  subject,  and  there  are  but  two  courses  open  to  us,  viz,,  to  give  a 
full  account  of  our  method  of  standardization,  with  the  tables  upon  which  oui’  con¬ 
clusions  are  based  ;  or  to  reserve  a  detailed  description  for  a  further  communication, 
and  give  a  short  summary  of  the  results  in  the  present  paper.  We  have  decided  to 
adopt  the  latter  course,  for  the  following  reasons  : — 

(1.)  We  are  (with  the  help  of  Mr.  Callendar)  now  entering  on  a  careful  direct 
comparison  of  thermometer  E,„  with  a  new  form  of  air  thermometer,  which,  there  is 
every  reason  to  believe,  will  give  very  accurate  results ;  but  we  are  unable  to  assign 
any  definite  limit  to  the  time  that  this  investigation  may  take. 

(2.)  Dr.  Guillaume  is  now”'  engaged  in  the  comparison  with  the  Paris  standard  of 
a  thermometer  specially  constructed  for  us  by  M.  Tonnelot,  and  some  time  must 
elajise  before  this  comparison  can  be  completed. 

(3.)  The  dimensions  of  this  communication  are  already  very  great,  and  if,  in  addi¬ 
tion,  we  gave  a  full  account  of  our  thermometric  comparisons,  its  length  would  become 
immoderate. 

(4.)  We  consider  that  the  success  of  the  method  of  exact  determination  of  tem¬ 
perature  by  platinum  thermometers  may  now  be  regarded  as  established,  and  that  the 
accuracy  of  the  results  obtained  by  platinum  thermometers  in  our  possession  is  proved 
by  communications  already  published.! 

(5.)  The  results  of  our  J  experiments  may  themselves  be  taken  as  a  proof  of  the 
accuracy  of  the  method  of  time-calibration  adopted  by  us,  and  described  on  pp.  423 
and  424,  infra. 

Assuming  the  accuracy  of  the  calibration  it  is  possible  we  are  in  error — 

(1.)  In  the  actual  elevation  ;  , 

(2.)  In  the  value  of  our  total  range. 

No.  (1)  may  be  disregarded,  for  it  is  only  the  changes  in  the  specific  heat  of  water 
which  render  the  actual  elevation  of  any  consequence  whatever.  Now  it  is  impossible 
that  we  are  in  error  by  0°*2  C.,  for  the  comparisons  we  have  made  with  the  B.A. 
thermometers,  which  have  been  carefully  standardized  at  Kew,  would  alone  have 
been  sufficient  to  detect  an}^  error  of  that  kind,  and  an  error  of  0°‘2  C.  in  elevation 
would  mean  an  alteration  of  only  1  in  20,000  in  the  value  of  J. 

No.  (2)  is,  of  course,  of  vital  importance. 

In  ‘  Pliil.  Trans.,’  vol.  182,  A,  p.  155,  will  be  found  the  results  of  a  comparison  of  one 

*  December,  1892. 

t  ‘B.A.  Report,’  1890;  ‘Phil.  Trans.,’  vol.  182,  A,  pp.  43-72  and  119-157;  ‘Phil.  Mag.,’  December, 
1891 ;  ‘  Chem.  Soc.  Journ.,’  1890,  p.  656. 
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of  our  platinum  thermometers  (H)  and  the  air  thermometer  over  a  range  of  0°  to  100°, 
and  the  numbers  there  given  show  that  the  probable  limit  of  error  at  any  point  in  the 
above  range  is  0°‘01  C.  This  limit  may  be  further  diminished  by  the  “  plug  correc¬ 
tions”  (see  p.  410),  then  neglected  by  us.  It  must  be  remembered  that  this  limit 
of  error  refers  to  the  actual  elevation,  and  is  probably  decreased  when  we  come  to 
consider  differences  over  a  range  of  11°  C.  Further,  the  table  there  given  is  a  record 
of  only  a  single  series  of  observations,  and  must  include  experimental  errors,  which 
would  tend  to  mean  out  if  sufficient  observations  were  taken. 

Again  as  regards  differences,  the  quantity  which  chiefly  affects  us  (apart  from 
experimental  errors,  etc.)  is  the  value  of  8  in  the  equation 

d  =  e  —pt  =  B  [B/lOOf  —  d/100]  ; 

and  it  is  therefore  important  to  point  out  to  what  extent  the  variations  we  have 
observed  in  the  value  of  8  may  influence  our  results. 

We  have  standardized  our  mercury  thermometer  by  means  of  the  platinum 
thermometer  N.*  (For  particulars  see  ‘Phil.  Trans.,’  1891,  A,  p.  151.)  This 
thermometer  contained  two  wires,  and  by  placing  these  in  series  a  third  resistance 
could  be  determined  ;  it  thus  practically  contained  three  coils,  which  we  denote  by 
A  -f  B,  A,  and  B. 

The  fixed  points  (B^,  Bj,  and  B^)  of  this  thermometer  have  been  re-determined  at 
regular  intervals  during  the  past  two  years,  and  no  change  of  any  consequence  has 
been  observed. 

The  values  of  its  constants  are  as  followst : — 


A  +  B. 

A. 

B. 

Rg 

9-8636 

5-9881 

3-8762 

Ri 

13-2987 

8-0743 

5-2252 

R, 

24-2703 

14-7631 

9-5.343  hence 

6 

1-641 

1-645 

1-640 

Now,  the  value  of  d  at  14°  C.  and  25°  C.  obtained  by  assuming  the  above  values  of 
8  are  —  ‘198  and  —  ‘308,  and  it  is  on  the  difference  between  these  numbers  ('110) 
that  possible  error  in  the  value  of  our  range  depends.  Assume  it  as  j^ossible  that  the 
true  value  of  8  is  as  high  as  1‘70  or  as  low  as  1’60  (our  greatest  differences  in  any 
determinations  of  this  constant  have  been  ’009)  we  should  then  get  —  ‘20.5,  —  •319, 


*  The  coil  of  thermometer  H  was  so  long  that  it  was  barely  contained  in  the  calorimeter,  and,  as  it 
required  complete  immersion,  it  was  not  suitable  for  use  in  this  case. 

t  The  constants  differ  slightly  from  those  previously  published  (‘  Phil.  Mag.,’  December,  1892),  as  the 
“plug  correction”  (see  p.  410),  has,  for  the  first  time,  been  applied  to  them.  By  assuming  that  R  =  0 
we  get  for  the  absolute  zero  —  270'66,  —  270’55,  and  —  270'86  instead  of  the  numbers  there  given. 
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and  —  '193  and  —  '300  as  the  differences,  thus  causing  changes  of  '004  and  '003, 
respectively,  in  our  range,  although  causing  differences  of  '010  and  '008  in  the 
elevation. 

Apart  from  errors  of  observation,  we  may,  therefore,  regard  the  limit  of  our  range 
error  as  •003  in  11°  C.,  i.e.,  1  in  4000  ;  and  we  believe  it  to  be  much  less. 

As  to  experimental  errors,  it  must  be  remembered  that  we  have  made  the 
comparison  of  the  platinum  and  mercury  thermometers  under  the  most  favourable  cir¬ 
cumstances.  Both  were  immersed  in  the  calorimeter,  the  cooling  tube  (Plate  2,  fig.  2), 
having  been  removed  to  allow  of  the  insertion  of  the  platinum  thermometer.  The 
observer,  with  his  eye  at  the  telescope  and  his  hand  on  the  key  could,  by  means  of 
the  current,  set  the  temperature  with  extreme  exactitude  to  any  required  reading  E„, 
stirring  being  maintained  at  the  same  rate  as  during  an  experiment.  Observations 
could  thus  be  repeated  at  the  same  reading  as  often  as  necessary. 

Again,  the  observations  taken  by  the  observer  at  the  galvanometer  were  enth’ely 
independent  of  the  readings  of  the  observer  at  the  telescope,  yet  a  difference  of 
0°'004  C.,  on  the  repetition  of  an  observation,  was  very  unusual. 

Many  hundreds  of  comparisons  were  made,  the  particulars  of  which  we  reserve  for 
our  second  communication. 

We  may  mention  that  the  comparisons  made  in  1892  differ  from  those  of  1891  by 
'003  in  range,  but  show  a  rise  of  about  '010  in  the  actual  elevation  of  E;,^. 

E,„  was  one  of  three  thermometers  specially  constructed  for  this  work  by  Hicks. 
We  set  him  a  somewhat  difficult  task,  as  the  dimensions  of  the  bulb  were  strictly 
limited  both  in  length  and  diameter,  and  the  weight  of  mercury  was  also  specified. 

The  stem  was  divided  into  millimetres,  about  40  millims.  to  1°  C.,  and  the  lower 
18  centims.  were  out  of  sight  within  the  calorimeter  tube,  the  graduation  marked  0 
being  within  this  tube  and  the  26th  millimetre  just  appearing  ahovm  it. 

The  reading  87'5  =  13°'990  C.  ;  the  reading  537*5  =  25°'471  C. 

The  graduations  continued  to  580  millims. 

Our  method  of  observation  obviated  the  necessity  of  attempting  to  divide  the 
millimetres  by  eye.  The  thermometer  was  fixed  in  such  a  position  that  the  view  of 
the  bore  was  unimpeded  by  any  of  the  shorter  graduations.  When  timmg  changes 
of  temperature  the  spider-wire  of  the  telescope  was  placed  on  these  graduations  and 
the  time  of  contact  with  the  spider-wire  observed.  No  attempt  was  made  to  take 
any  reading  terminating  in  0  or  5,  as  these  graduations  extended  across  the  bore  and 
obscured  the  edge  of  the  mercury  column  for  about  l/20th  millim.  Thus  to  obtain 
the  time  of  passing  a  given  point  we  were  limited  to  the  observation  of  four  con¬ 
secutive  transits,  and  for  this  reason,  our  “fixed  points”  were  determined  at  87'5, 
127'5,  &c.,  and  the  time  of  passing  these  points  deduced  from  the  times  at  86,  87, 
88,  and  89,  &c. 

A  consideration  of  the  behaviour  of  this  thermometer  (as  well  as  of  other  narrow 
bore  ones)  rendered  it  evident  that  the  ordinary  method  of  calibration  was  insufficient 
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if  the  thermometer  was  to  be  used  for  the  determination  of  changing  temperatures. 
We  believe  that  no  calibration  can  be  considered  satisfactory  unless  made  under  the 
same  circumstances  as  those  in  which  the  thermometeris  to  be  used.  As  an  illus¬ 
tration  of  our  meaning  we  may  mention  that  the  range  87‘5  to  I27'5  =  0°'975  C. 

when  the  thermometer  was  stationary,  but  =  0°‘973  C.  when  rising  at  the  normal  rate 
of  our  experiments,  ^.e.,  in  addition  to  calibration  for  inequalities  in  the  bore,  a  ther¬ 
mometer  used  under  circumstances  similar  to  ours  must  be  calibrated  for  “  sticking  ” 
and  for  certain  periodic  alterations  in  the  rate  of  advance  which  are  probably  due  to 
the  behaviour  of  the  glass  bulb.  Whatever  may  be  the  case  with  other  thermometers, 
a  close  and  prolonged  study  of  the  thermometer  has  rendered  it  certain  that  the 
rate  of  advance  of  the  column  (when  the  rise  in  temperature  is  uniform)  is  influenced 
by  other  conditions  than  mere  irregularities  in  the  bore,  but  that  these  changes  in 
rate  will,  under  the  same  conditions,  almost  always  recur  at  the  same  places. 

During  1891  the  times  of  rising  every  10  millims.*  throughout  the  whole  range 
were  observed  and  the  observations  repeated  on  more  than  thirty  occasions  with 
varying  rates  of  rise.  Nearly  half  of  these  observations  were  taken  with  the  alloy 
wire,  whose  resistance  did  not  increase  as  the  temperature  rose,  the  remainder  with 
a  platinum  wire.  During  this  series  of  observations  the  weights  of  water  were 
different,  the  supply  of  heat  was  trebled,  the  exterior  temperature  was  shifted  from 
the  bottom  to  the  top  of  our  range,  the  pressure  changed  from  I  to  760  millims., 
and,  in  fact,  all  the  conditions  were  altered.  The  times  of  rising  10  millims.  under 
all  these  different  circumstances  were  thus  determined  at  42  points  in  our  range,  and 
the  results  plotted ;  the  mean  path  in  each  case  was,  of  course,  diflerent,  but  the 
deviations  from  it  were  regular  in  their  occurrence  and  similar  in  them  nature.  Such 
deviations  as  invariably  occurred  throughout  all  the  altered  conditions  must  have 
had  their  oiugin  in  the  thermometer  itself. 

We  hope  to  publish  some  of  these  curves  in  our  further  communication  for,  although 
the  changes  in  the  curves  themselves  are  great,  the  steady  repetition  of  lag  and 
acceleration  is  both  curious  and  interesting.  This  year  these  differences  recurred 
with  another  coil  and  a  different  method  of  stirring. 

The  mean  values  of  these  deviations,  which  were  repeated  throughout  the  whole 
I  of  the  exjDeriments,  were  expressed  in  terms  of  the  curve -reading  at  each  point  and 
plotted  as  ordinates  on  a  straight  line,t  and  the  remainder  of  the  calibration  com¬ 
pleted  in  the  usual  manner.  The  effect  of  the  application  of  the  resulting  corrections 
to  the  numbers  obtained  from  our  J  experiments  is  a  sufficient  proof  of  the  accuracy 
of  the  method.  An  error  of  0°’001  C.  in  the  comparative  value  of  any  of  our  ranges 
would  produce  a  difference  of  from  '4  to  ’7  second  between  the  “  mean  times  ”  given 

*  10  millims.  on  thermometer  E*  =  0°’25  C.  approximately. 

t  E.g.,  if  t"  was  observed  time  over  a  small  range  6^  —  0^,  and  if  t'  was  the  value  over  that  range 
as  given  by  the  smooth  curve,  then  f'/t'  was  plotted  as  ordinate  and  f  (dj  —  0Q  as  abcissa,  and  the 
areas  thus  obtained  were  integrated,  &c. 
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in  columns  5,  9,  14,  18,  and  22,  Table  XL.,  and  the  curve  numbers  in  the  succeeding 
columns.  Further,  this  difference  would  recur  in  each  experiment.  No  persistent 
discrepancy  of  any  consequence  is  observable.  In  our  own  work  we  have  expressed 
the  value  of  these  ranges  to  another  figure,  but  we  refrain  from  printing  it  until  we 
produce  more  evidence.  One  possible  cause  of  error  in  our  total  range  yet  remains, 
viz.,  the  difference  caused  by  unequal  lag  at  the  beginning  and  end  of  that  range,  and 
this  difficulty  cannot  be  surmounted  by  means  of  the  same  method  as  that  used  for 
determining  the  comparative  values  of  the  smaller  ranges. 

Our  experiments  on  this  point  were  of  the  following  nature  : — 

A  platinum  thermometer  E  (Pt)  of  exceedingly  small  capacity  for  heat  (the  external 
diameter  was  only  3/16  inch)  was  placed  in  the  calorimeter.  The  coil  of  this  ther¬ 
mometer  was  pressed  tightly  against  its  glass  envelope,  which  was  of  egg-shell  thin¬ 
ness,  and  thus  the  thermometer  was  rendered  extremely  sensitive.  Its  stem  passed 
down  a  condenser-tube,  through  which  the  tank  water  was  continually  drawn  bv 
means  of  the  water  pump.  The  stem-resistance,  therefore,  remained  constant,  and 
thus  only  one  observation  was  required,  whereas  with  N  three  observations  had  to  be 
taken  to  accurately  determine  a  temperature.  The  value  of  II  when  the  temperature 
of  the  calorimeter  was  steady  was  determined  at  the  initial  and  final  points  of  our 
range.  The  temperature  was  then  lowered  to  our  usual  starting-point  (10°  C.),  and 
raised  in  the  same  manner  as  during  an  experiment.  The  value  of  R  was  ascertained 
when  the  reading  of  (mercury  thermometer)  again  indicated  the  initial  and  final 
points.  No  doubt  the  platinum  thermometer  also  lagged,  but  we  proved  by  inde¬ 
pendent  experiments  that  it  did  so  to  an  extremely  small  extent,  and,  if  uniform,  the 
lag  was  of  no  consequence,  as  it  would  only  affect  the  elevation  and  not  the  range. 
Now  in  the  platinum  thermometer  we  have  no  “  sticking,”  &c.,  and  there  is  every 
probability  that  the  lag  is  regular.  The  observer  at  the  galvanometer  called  at  the 
moment  when  the  “  spot  ”  was  seen  to  pass  the  zero  point,  the  other  observer  taking 
the  mercury  readings  at  the  same  instant.  This  was  done  over  four  or  five  consecu¬ 
tive  plugs,  and  the  resistance  deduced  at  the  moment  of  passing  the  required  points. 
The  results  indicated  that  the  lag  of  the  mercury  thermometer  was  greater  at  the 
commencement  than  at  the  end  of  our  range  by  (at  our  normal  rate  of  rise)  about 
0°'008  C.*  The  “  stationary  range  ”  would,  therefore,  require  diminishing  by  about 
•008  in  11°  C.,  or  by  1  in  1400. 

In  order  to  investigate  this  point  more  fully  another  platinum  thermometer  (Q), 
having  a  naked  wire,  was  placed  in  the  calorimeter.  The  coil  of  this  thermometer 
had  fifty  turns  to  the  inch,  and  thus  the  different  parts  of  the  wire  were  very  close 
together.  The  results  were  not  satisfactory,  the  conduction  across  the  water,  under 

*  The  average  lag  of  the  mercury  thermometer  proved  to  be  less  than  we  anticipated.  It,  of  course, 
depends,  in  a  great  measure,  on  the  thoroughness  of  the  stiri’ing ;  but  when  the  mass  of  mercury  that 
has  to  be  heated  is  considered,  the  extreme  lag,  observed  at  our  rate  of  rise,  viz.,  •02'),  is  surprisingly 
small. 
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such  circumstances,  being  sufficient  to  render  the  galvanometer  uncertain  and  to  pro¬ 
duce  irregularities  in  our  results.  We  propose  to  repeat  these  “  lag  ”  determinations, 
using  the  naked  wire,  but  placing  pentane  instead  of  water  within  the  calorimeter. 
In  the  meantime  we  have  left  our  total  range  uncorrected  for  the  difference  in  the 
initial  and  final  lag,  as  our  own  data  are  not  at  present  sufficiently  accurate  for  us 
to  apply  the  correction,  which  is  certainly  less  than  1  in  1400.  Its  effect  would  be  to 
increase  the  value  of  J,*  but  it  would  not  affect  the  changes  in  the  specific  heat  of 
water  or  the  calorimeter. 

The  correction  will  only  have  to  be  applied  to  the  final  result. 

The  exterior  temperature  was  determined  by  a  mercury  thermometer  A  (by  Hicks), 
which  was  similar  in  most  respects  to  E^,  but  its  range  was  not  so  open — about 
27  miUims.  =  1°  C.  It  was  placed  in  the  calorimeter  with  E,„  and  the  readings  com¬ 
pared  at  every  5  millims.  of  E^.  When  conducting  our  experiments  we  only  required 
to  know  accurately  the  difference  between  the  internal  and  external  temperature,  and, 
for  such  a  purpose,  this  comparison  was  sufficient.  As  A  was  to  be  used  for  the 
reading  of  stationary  temperatures,  a  careful  calibration  of  the  usual  kind  was  made 
by  means  of  the  Cavendish  dividing  microscopes.t 

Our  method  of  experimenting  eliminated  several  of  the  errors  which  are  associated 
with  the  use  of  mercury  thermometers. 

(1.)  Changes  of  temperature  of  stem. 

The  exposed  portion  of  the  stems  of  A  and  E^  was  always  immediately  above  the 
surface  of  the  water  in  our  twenty-gallon  tank.  The  water  was  always  maintained  at 
a  constant  temperature  (see  p.  454)  and  (as  we  ascertained  by  direct  measurements) 
the  temperature  of  the  air  above  it  varied  but  slightly.  The  lower  portion  of 
the  stem  passed  through  a  tube  immersed  in  this  tank  water,  and  thus  the  stem 
temperature  remained  steady  when  the  temperature  of  the  bulb  was  rising.  The 
change  in  the  temperature  of  even  the  upper  portion  of  the  stem  never  exceeded 
three  or  four  degrees  throughout  the  year,  and  the  change  in  the  average  stem 
temperature  must  have  been  much  smaller.  At  the  time  of  determination  of  the 
values  of  the  ranges,  the  stem  was,  therefore,  under  exactly  the  same  conditions  as 
those  prevalent  during  an  experiment. 

(2.)  The  effect  of  changes  of  pressure  on  the  bulb. 

The  only  changes  to  which  it  was  exposed  were  atmospheric  ones,  which,  even  if 
they  affected  the  elevation,  would  not  affect  the  range.  Again,  A  and  'Em  were  so 

*  Rowland  appears  to  have  paid  no  attention  to  the  effect  of  this  difference  in  initial  and  final  lag. 
It  is  probable,  therefore,  that  tlie  correction,  if  it  was  possible  to  obtain  it,  would  cause  a  greater  increase 
in  his  value  than  it  is  likely  to  effect  in  ours,  since  his  average  rate  of  rise  was  three  times  as  great. 

t  This  calibration  is  in  practical  agreement  with  another  calibration  of  A  conducted  by  platinum 
thermometers;  the  inequalities  as  determined  by  the  latter  method  are,  however,  always  greater  than 
those  shown  by  the  former.  This  is  to  be  expected  when  the  length  of  the  mercury  thread  used  in 
the  ordinary  method  of  calibration  is  considered. 
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similar  in  construction  and  dimensions  that  the  result  of  such  changes  would  be  nearly 
the  same  in  both.  Thus  the  differences  of  temperature  deduced  from  the  readings 
would  not  be  altered  to  any  appreciable  extent,  and  it  was  only  with  such  differences 
that  we  had  to  deal. 

(3.)  The  changes  in  zero  caused  by  the  sudden  changes  in  temperature. 

The  history  of  thermometer  'Eim*  was  much  the  same  from  day  to  day.  During  the 
night  it  remained  about  the  temperature  of  the  tank.  Before  an  experiment,  its 
temperature  was  lowered  to  10°  C.  and,  during  an  experiment,  it  was  steadily  raised 
from  10°  C.  to  25°  C.,  no  readings  being  taken  until  it  reached  13°’9  C.  When 
determining  the  fixed  points,  the  same  routine  was,  as  nearly  as  possible,  observed ; 
thus  the  conditions  were,  in  all  cases,  so  alike  that  the  effects  were  probably  similar. 
In  any  case,  we  have  been  unable  to  detect  any  irregularities  arising  from  this  cause. 


Table  XVII. — Values  of  “  Fixed  Points”  on  Thermometer  E,„  when  the  Temperature 

is  Steady. 


C. 

8  7-. 5 

13-990 

127  5 

14-965 

177-5 

16-198 

217-5 

17-187 

257-5 

18-180 

297-5 

19-196 

.347-5 

20-474 

397-5 

21-755 

447-5 

23-061 

507-5 

24-662 

537-5 

25-471 

The.  following  Table  shows  the  difference  between  the  comparative  values  of  the 
ranges  when  the  thermometer  is  steady  and  when  rising. 


Range  E,„. 

Range  C. 

Thermom  eter  stead jn 

Range  C. 

Thermometer  rising. 

87-5-127-5 

-975 

•973 

1-27-5-177-5 

1  233 

1-235 

177-5-217-5 

-989 

•987 

217-5-257  5 

-993 

•995 

257-.5-297-5 

1-016 

1-016 

297-5-347-5 

1-278 

1-278 

347-5-397-5 

1-281 

1-282 

397-5-447-5 

1-.306 

1-307 

447-5-507-5 

1-601 

1-598 

507-5-537-5 

-809 

-811 

*■  E,„  remained  in  the  calorimeter  from  the  commencement  to  the  close  of  our  work  except  on  tte 
few  occasions  when  water  was  added  or  wdthdrawn. 
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[  The  calibration  of  those  portions  of  the  thermometer  between  our  “  fixed  points  ” 
was  conducted  in  the  same  maimer  as  the  calibration  over  the  whole  range. 

[Note  by  E,  H.  Geiffiths,  added  March  31st,  1893. 

On  February  14  I  received  the  thermometer  by  M.  Tonnelot  (No.  11048), 
which  had  been  standardized  both  by  Dr.  Guillaume,  and  under  his  direction,  at  the 
Bureau  International  des  Folds  et  Mesures. 

This  thermometer  is  of  hard  glass,  with  transparent  stem,  and  is  divided  into 
tenths  of  a  degree  Centigrade.  The  scale  is  continuous  from  —  3°  to  27°  C.  when  there 
occurs  a  bulb,  then  a  narrow  portion  giving  readings  48°  to  52°  C.,  then  a  second  bulb, 
and,  finally,  readings  from  98°‘5  to  101°'5  C.  The  length  of  each  degree  is  about 
10  mlllims. 

The  study  of  this  thermometer  has  been  a  most  exhaustive  one ;  two  separate 
calibrations  were  performed  for  the  most  useful  part  (10°  to  26°’5  C.) — the  greatest 
difference  between  any  two  values  given  by  the  separate  determinations  being 
0°'0028  C.  The  fundamental  interval  and  the  coefficients  of  external  and  internal 
pressure  were  repeatedly  determined.  Several  hours  must  have  been  occupied  in  the 
mere  copying  of  the  observations  forwarded  to  me — although  the  record  consists, 
almost  entirely,  of  numerals.  I  mention  this  as  indicating  the  labour  which  has  been 
devoted  to  this  standardization,  and  I  owe  my  warmest  thanks  to  the  Bureau  Inter¬ 
national  for  the  care  and  attention  bestowed  upon  it. 

The  papers  include  printed  tables  for  the  reduction  of  the  corrected  mercury  readings 
both  to  the  hydrogen  and  the  nitrogen  scale  as  resulting  from  the  comparisons  of  Dr. 
Chappuis. 

The  comparison  between  this  thermometer  (denoted  hereafter  by  P)  and  the 
thermometer  was  conducted  in  the  outer  tank,  for  had  the  comparison  been  made 
in  the  .calorimeter,  the  lower  readings  of  P  would  have  been  invisible.  E„  was, 
therefore,  under  the  same  conditions  as  during  our  J  experiments,  except  in  the 
following  particulars  : — 

(l.)  The  external  pressure  was  increased  by  about  110  millims.  of  water.  A  series 
of  observations  proved  that  the  resulting  correction  was  —  '3  millim.  (rather  less 
than  0°'001  C.)  and  this  correction  was  always  made  before  entering  the  reading 
,  ofE;„. 

(2.)  When  in  the  calorimeter,  the  lower  portion  of  the  stem  passed  through  tubes 
washed  by  the  tank  water.  About  60  millims.  were  thus  maintained  at  a  constant 
temperature,  whatever  the  extent  of  alteration  in  the  bulb  temperature.  About 
50  minims,  intervened  between  the  top  of  the  calorimeter  and  the  lower  end  of  this 
constant  temperature  portion.  We  may  consider  that  this  50  millims.  assumed  the 
mean  temperature  between  the  tank  and  the  calorimeter.  Thus  a  length  of  (60  +  25) 
millims.  of  the  stem,  which  during  our  previous  experiments  was  at  the  tank  tem¬ 
perature  19°'26,  assumed,  during  this  comparison,  the  temperature  of  the  bulb  6-^. 
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The  correction  in  millimeters  is  given  with  sufficient  accuracy  by  the  formula 

85  (^1  -  19-3)  X  -00016, 

and  as  the  mean  value  of  1  millim.  is  0°’025  C.,  the  resulting  correction  is 

85  {6^  —  19-3)  X  -00016  X  0°-025  C . (a). 

This  amounts  in  the  greatest  case  to  0°-002  C. 

The  readings  of  P  were  taken  by  a  microscope  (re-levelled  before  each  observation) 
which  was  fitted  with  a  micrometer  scale.  The  one  hundredth  of  a  degree  Centigrade 
was  thus  read  directly  and  no  difficulty  was  experienced  in  estimating  the  one 
thousandth,  the  scale  being  an  unusually  clear  one,  made  by  the  Cambridge 
Scientific  Instrument  Company. 

The  thermometer  was  placed  in  a  tube,  open  at  the  lower  extremity,  and  an 
opening  at  the  upper  end  was  connected  with  a  rubber  tube  leading  to  the  waste 
pipe.  This  arrangement  was  used  as  a  siphon  and  the  thermometer  stem  was  thus 
maintained  at  the  bulb  temperature,  and,  therefore,  as  the  mercury  column  rose,  any 
alteration  in  the  stem  immersion  was  rendered  unnecessary. 

In  order  that  the  readings  might  be  obtained  under  the  exact  conditions  observed 
by  Dr.  Guillaume,  I  implicitly  followed  the  instructions  given  in  a  printed  note 
added  to  the  certificate.  After  the  tank  had  arrived  at  the  required  temperature 
at  least  half-an-hour  was  allowed  to  elapse  before  taking  a  reading,  and  immediately 
after  the  observation  the  thermometer  P  was  transferred  to  ice,  and  a  series  of  readings 
taken  to  obtain  the  greatest  zero  depression.  The  admirable  methods  adopted  by  the 
Bureau  International  are  less  known,  or,  if  known,  are  less  practised  in  this  country 
than  they  deserve  to  be.  I  therefore  give  one  example  in  full  showing  the  various 
corrections. 
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CoMPAEisoN  of  the  Reading  87'5  on  with  P  (March  15,  1893). 
Temperature  reading  by  P. 

Barometer  (corrected) . 

H^O  pressure  (expressed  in  terms  of  Hg) 

Total  external  pressure 

Observed  reading . 

Calibration  correction . 


Internal 


Zero 


Fundamental  error  correction 


Sum  corrections 


millims. 

754-1 

12-1 

Zero  point, 
millims. 

754-1 

4-4 

766-2 

758-5 

14-025 

—  -036 

—  -026 

0 

—  -001 

0 

+  -026 

-f  -008 

+  -028 

—  -028 

—  -006 

. +  •021 

Correction  for  stem  [see  (a),  suprci]  —  ’002. 

Hence  reading  on  the  mercury  scale  =  14’044. 
Correction  to  H  scale  —  ’067  ;  to  N  scale  —  ’059. 


Hence 


Reading  E„.. 

87-5 


Hydrogen  scale. 

13-977 


Nitrogen  scale. 

13-985 


I  confess  that  I  did  not  know  until  I  adopted  in  detail  the  precautions  advised  by 
Dr.  Guillaume  in  his  “  Traite  de  Thermometrie,”  that  it  was  possible  to  regard  the 
mercury  thermometer  as  an  iiistrument  of  precision,  and  I  had  considered  such  correc¬ 
tions  as  too  refined  for  so  rough  an  instrument.  I  am,  however,  now  convinced  that, 
given  the  right  conditions,  it  is  possible  to  ascertain  temperatures  by  a  mercury 
thermometer  with  a  limit  of  error  of  0°-002  or  0°-003.  It  is  rarely,  however,  that  such 
conditions  prevail.  The  labour  involved  in  the  previous  standardization  of  the, 
thermometer  is  enormous,  and  there  are  but  few  men  capable  of  constructing  ther¬ 
mometers  on  which  such  labour  may  be  profitably  expended.  The  actual  operation  of 
observing  and  reducing  the  results  is  also  considerably  greater  than  is  the  case  when 
platinum  thermometers  are  used. 

The  following  table  gives  the  results  of  all  observations  made  with  the  micrometer 
eye-piece.  I  had  previously  made  several  comparisons  whose  mean  result  is  in  fair 
agreement  with  those  here  given ;  but,  as  the  last  two  figures  of  the  readings  had  to 
be  estimated,  the  discrepancies  are  greater,  and  the  results  of  less  value. 
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It  thus  appears  that  our  temperatures,  as  deduced  by  platinum  thermometers, 
exceed  those  of  the  Paris  Hydrogen  and  Nitrogen  Standards  in  actual  elevation  by 
0°'014  C.  and  0°'005  C.  respectively,  but  that  the  value  of  our  total  temperature  range 
is  practically  the  same  by  both  methods  of  standardization.* 

It  is  true  that  slight  discrepancies  appear  in  the  value  of  the  smaller  ranges,  but 
here  I  am  inclined  to  place  greater  reliance  on  our  previous  determinations  than  on 
those  obtained  by  the  comparison  with  P,  for  mistakes  of  observation  are  far  less 
likely  to  occur  when  using  platinum,  than  when  reading  mercury,  thermometers,  and 
also  the  former  values  are  deduced  from  the  observation  of  several  different  resist¬ 
ances  at  each  temperature,  all  of  which  after  the  correction  given  by  the  standardization 
of  the  resistance-box  (see  p.  408,  supra)  are  in  practical  agreement,  although  the  ' 
actual  values  of  P  differ  greatly. 

The  difference  in  actual  elevation  is  of  no  consequence,  although  it  is  interesting 
to  notice  that  the  agreement  with  the  Paris  Nitrogen  Scale  is  nearer  than  that  with 
the  Hydrogen  Scale.  This  was  to  be  expected,  since  the  boiling-point  of  sulphur 
was  ascertained  by  Mr.  Callendae,  and  myself  by  means  of  an  air  thermometer,  and 
our  values  of  d  depend  on  that  determination. 

We  have  not,  as  yet,  been  able  to  commence,  by  means  of  Mr.  Callendar’s  new 
form  of  air  thermometer,  our  direct  comparison  with  the  nitrogen  scale,  for  the 
calibrating  and  cleaning  of  the  instrument  have  occupied  much  time.  Pending  the 
completion  of  that  work  the  results  of  the  above  comparison  are  of  great  value,  and, 
in  the  meantime,  we  are  justified  in  assuming  that  the  temperature  range  values,  as 
determined  by  us,  are  in  such  close  agreement  with  the  Paris  nitrogen  thermometer 
as  to  render  any  alteration  in  our  results  unnecessary.  The  reduction  of  our  tempe¬ 
rature  from  the  air,  to  the  absolute,  scale  would  diminish  the  value  of  our  total 
temperature  range  by  nearly  ’002,  but  I  do  not  consider  the  accuracy  of  our  results 
of  such  an  order  as  to  render  the  resulting  correction  (about  1  in  5000)  more  than  a 
matter  of  form. 

I  have  forwarded  this  note  to  Dr.  Guillaume  with  the  request  that  he  would  be 
so  good  as  to  add  his  opinion  as  to  the  probable  limit  of  error  of  the  observations 
with  thermometer  P,  together  with  any  other  comments  which  he  may  think  advis¬ 
able.  His  remarks  are  as  follows  : — 

“  Le  resultat  fort  remarquable  des  comparaisons  faites  par  M.  Griffiths  est  sans 
doute  le  mellleur  criterium  de  la  limite  d’erreur,  tant  des  observations  du  thermo¬ 
metre  que  de  son  etude  ;  et  I’estimation  que  j’en  aurais  faite  d  priori  aurait  ete 
sensiblement  plus  elevee.  En  effet,  dans  le  rdsultat  final  viennent  s’ajouter  toutes  les 
causes  d’erreurs  suivantes  : — 


*  The  ranp^e  value  on  the  corrected  mercury  scale  is  (in  the  case  of  this  thermometer)  II  508,  and  this 
would  diminish  our  value  of  J  by  1  part  in  367. 
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1°.  £tude  du  thermomHre  P. 

a.  Calibrage  (y  compris  I’interpolation  dans  la  supposition  quo  la  division  est  equi 
distante) ; 

h.  Determination  du  coefficient  de  pression  ; 

c.  Determination  de  I’intervalle  fondamental. 

Les  corrections  resultant  de  ces  deux  dernieres  etudes  n’agissent  que  sur  le  range; 
et  sont  de  peu  d’importance  (moins  de  *001  degre)  sur  un  intervalle  de  10  degres. 
Le  calibrage,  au  contraire,  peut  introduire  de  point  en  point  des  erreurs  irregulieres. 
J’ai  montre  autrefois^  que,  dans  un  calibrage  fait  avec  tons  les  soins  possibles  par  un 
observateur  tres-exerce,  I’extr^me  limite  d’erreur,  pour  un  thermometre  divise  en 
dixiemes  de  degre  est  de  ‘001  ;  le  calibrage  du  thermometre  P  a  ete  fait  avec  soin,  mais 
par  une  methode  abregee  et  Ton  peut  s’attendre  a  des  erreurs  de  ‘002  environ  sur  les 
points  determines  directement ;  le  tube  etant  assez  irregulier  les  erreurs  des  points 
interpoles  peuvent  atteindre  ‘OOS. 

0 

2°.  Reduction  au  tlicrmomUre  d  azote. 

Cette  reduction  se  fait  au  moyen  des  tables  generales  determinees  par  la  comparalson, 
faite  une  fois  pour  toutes,  d’un  groupe  de  thermometres  en  verre  dur  avec  le  thermo¬ 
metre  a  gaz.  Dans  I’application  de  cette  table  au  thermometre  P,  on  suppose  que  les 
corrections  sont  les  memes,  c’est-a-dire  que  le  verre  et  le  mercure  de  ce  thermometre 
sont  identiques  ^  ceux  des  thermometres-etalons,  Cette  identite  thermique  a  ete 
verifiee  approximativement  par  des  comparaisons  precises  faites  sur  un  grand  nombre 
de  thermometres ;  mais  si  Ton  songe :  [a)  que  le  verre  est  un  corps  chimiquement 
complique,  et  dont  la  dilatation  est  soumise  a  des  lois  singulieres ;  (5)  qu’il  suffit  d’une 
difference  relative  de  (2'10~^^  en  valeur  absolue)  dans  le  coefficient  de  6^  dans  la 
formule  de  la  dilatation  lineaire  du  verre  pour  provoquer  une  difference  de  ’001  degi’^ 
dans  les  indications  du  thermometre  a  50°,  on  ne  peut  etre  que  fort  etonne  d’une  telle 
concordance,  qui  resout  la  question  vitale  du  thermometre  a  mercure,  et  detruit  tons 
les  prejugds  que  Ton  avait  contre  cet  instrument,  aussi  bien  que  sur  la  dilatation  du 
verre. 


3°.  Com-paraisons. 

Celles-ci  comprennent : — 

(a.)  les  observations  a  diverses  temperatures  ; 

(6.)  les  determinations  du  zero. 

On  peut  vraisemblablement  s’attendre  a  ce  que  les  erreurs  de  temperature,  les 
defauts  de  I’dclairage,  les  irregidarites  du  menisque  provenant  en  partie  des  irr^gu- 

*  “  Etudes  thermometriques,”  ‘  Travaux  et  Memoires  du  Bureau  International  des  Poids  et  Mesures,’ 
tome  5,  p.  23  (1886). 
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larites  du  tube,  enfiu  les  erreurs  de  I’estimation  produisent  au  total  des  discordances 
de  ‘001  degre  au  minimum  dans  (a)  et  dans  (b). 

Toutes  les  causes  mentionnees  ci-dessus  et  ne  concernant  que  le  thermometre  P 
auraient  pu,  sans  aucune  doute,  conduire  dans  la  reduction  au  thermometre  a  azote  a 
des  erreurs  irregulieres  atteignant  ’005. 

La  difference  systematique  de  ’005  en  moyenne  s’expliqiie  suffisamment  par  deux 
causes : — 

(a.)  Pression  capillaire  moindre  dans  la  colonne  toujours  descendante  a  zero  que 
dans  la  colonne  a  menisque  le  plus  souvent  ascendant  ou  en  equilibre  moyen  aux 
autres  temperatures. 

Dans  les  tubes  de  thermometres  Tangle  de  raccordement  varie  entre  46°  et  75° 
environ,  ce  qui,  dans  les  tubes  de  '1  millim.  de  diametre,  correspond  a  une  variation 
de  pression  de  50  millims.  de  mercure  au  maximum. 

(6.)  Le  zero  se  releve  des  Tinstant  ou  le  thermometre  est  plonge  dans  la  glace  ;  ce 
relevement  au  moment  initial  est  a  peu  pres  independant  de  la  depression,  et 
depasse  ’001  degre  par  minute. 

Ces  deux  causes  reunies  suffiraient  a  expliquer  des  differences  constantes  plus 
fortes  meme  que  celle  qu’a  trouvee  M.  Geiffiths  ;  pour  la  plupart  des  recherches, 
comme  dans  le  cas  actuel,  elles  sont  sans  nulle  consequence.  II  me  sera  permis  en 
terminant  d’insister  sur  la  sdcurite  que  donne  aux  mesures  de  temperatures  le 
controle  si  indirect  et  en  meme  temps  si  parfait  qui  resulte  des  comjraraisons  de 
M.  Geiffiths,  et  d’exprimer  le  voeu  que  la  verification  soit  bientot  btendue  a  un 
intervalle  de  temperature  aussi  large  que  possible.  Jusqu’a  ce  jour,  Tetude  du  ther¬ 
mometre  a  mercure  au  Bureau  International  a  ete  faite  entre  —  25°  et  -|-  100°; 
Techelle  sera  prochainement  etendue  jusqu’a  200°.  Le  thermometre  a  toluene  a  ete 
parfaitement  etudie  et  compare  au  thermombtre  a  hydrogene  jusqu’a  —  75°  ;  a  cette 
temperature  la  discordance  entre  divers  instruments  etudies  individuellement 
n’atteint  pas  *05  degre.”] 

Section  XI. — The  Heat  Developed  by  the  Stieeing. 

During  our  earlier  experiments  (1887)  we  stirred  by  means  of  a  screw  which 
revolved  about  200  times  per  minute.  Throughout  1888  and  1889  we  continued  to 
use  the  same  form  of  stirrer,  but  endeavoured  to  make  the  mixing  more  efficient  by 
increasing  the  rate  of  revolution.  As  our  experience  increased  we  became  strongly 
impressed  with  the  necessity  of  thorough  mixing.  Any  slackness  in  this  respect 
makes  itself  evident  (a)  in  changes  in  resistance  of  the  wire,  owing  to  changes  in  its 
rate  of  cooling ;  (h)  irregularities  in  the  radiation  and  conduction,  probably  owing  to 
varying  temperatures  of  the  lid ;  (c)  irregularities  in  the  thermometer  readings  ; 
(d)  in  the  water  equivalent,  which  then  is  found  to  alter  to  some  extent  with  the 
mass  of  the  contained  water. 

MDCCCXCIII. — A.  3  K 
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One  assumption  underlies  all  the  calculations,  viz.,  that  whatever  the  mass  of  the 
contained  water,  the  water  equivalent  of  the  calorimeter  remains  constant.*  "We 
find  this  assumption  is  not  correct,  unless  the  water  is  thrown  against  every  part  of 
the  calorimeter  throughout  each  experiment.  At  first  sight  it  would  appear  that, 
whatever  might  be  the  “lag”  of  any  un wetted  portion  of  the  calorimeter  when  the 
flo  V  of  heat  had  become  steady,  the  quantity  of  heat  absorbed  by  it  for  each  rise  of 
1°  C,  would  be  the  same,  and  that  it  would  only  be  at  the  commencement  of  each 
experiment  that  differences  would  be  observable.  It  must,  however,  be  remembered 
that  the  radiation  coefficient  of  the  whole  calorimeter  would  be  altered  by  the  exist¬ 
ence  of  this  colder  portion ;  and,  as  this  cause  of  error  would  continue  to  exist 
throughout  the  whole  experiment,  the  effect  would  be  appreciable. 

In  1891  we  adopted  a  new  form  of  stirrer.  An  ebonite  shaft,  passed  dovm  the 
central  tube,  and  terminated  at  its  lower  extremity  in  an  agate  point,  which  rested 
on  a  metal  hearing  on  the  base  of  the  calorimeter.  Two  gold  tubes  joined  together  in 
the  form  of  a  V  were  fastened  to  this  shaft,  the  apex  of  the  V  being  downwards  and 
immediately  above  the  agate  point.  This  stirrer  acted  as  a  centrifugal  pump,  and, 
when  revolving  at  a  rate  of  about  1200  per  minute,  threw  the  water  upwards  and 
outwards  with  great  rapidity — the  whole  contents  of  the  calorimeter  being  removed 
in  a  few  seconds  when  the  lid  was  off.  There  could  be  no  doubt  that,  provided  there 
was  sufficient  water  to  at  all  times  cover  the  lower  openings  of  the  tubes,  the  stu-ring 
was  sufficient,  and  that  no  portion  of  the  calorimeter  could  remain  for  any  appreciable 
time  at  a  different  temperature  to  the  water.  This  form  of  stirrer  appeared  to  us  so 
satisfactory  that  we  did  not  attempt  to  improve  upon  it  during  our  experiments  in 
1891  ;  and  it  was  this  misplaced  confidence  which  was  the  chief  cause  of  our  failure, 
in  that  year,  to  obtain  satisfactory  results. 

Its  defects  may  shortly  be  summed  up  as  follows  : — 

(1.)  As  the  depth  of  water  in  the  calorimeter  increased,  the  work  expended  in 
forcing  the  tubes  through  the  water  also  increased  ;  and  the  rate  of  rise  in  tempera¬ 
ture  (which  ought  to  have  dmrinished)  was  much  greater  when  the  mass  of  the  water 
was  large. 

(2.)  This  change  in  the  quantity  of  heat  developed  would  not  have  been  fatal,  since 
it  could  have  been  determined  separately  for  each  mass  of  water  used,  and  we  per¬ 
severed  in  our  attempts  to  thus  determine  it.  Unfortunately,  however,  it  varied 
capriciously,  even  when  the  mass  of  water  and  rate  of  revolution  were  constant ;  and 
we  have  never  arrived  at  any  satisfactory  explanation  of  these  variations.  It  appears 
probable,  however,  that  their  origin  was  due  to  differences  in  pressure  between  the 

*  If  the  water  equivalent  varies,  the  fact  is  rendered  very  evident  when  the  values  of  J  deduced  from 
different  masses  of  water  are  compared.  Until,  in  1891,  we  adopted  forms  of  stirrers  which  threw  the  water 
against  the  roof  of  the  calorimeter,  our  experiments  were  rendered  useless  by  this  constant  source  of 
error.  The  agreement  between  the  values  obtained  in  1892  is  a  satisfactory  pi’oof  that  this  difficulty 
had  been  overcome. 
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agate  point  and  its  bearing,  the  slightest  variation  in  the  position  of  the  shaft  of  the 
stirrer  causing  very  different  quantities  of  heat  to  be  generated.  The  quantity  of  heat 
generated  by  the  stirrer  varied  from  about  one-sixth  to  one-fifteenth  of  the  heat 
generated  by  the  current,  according  to  the  electromotive  force  used  ;  and  as  the 
capricious  changes  above  referred  to  amounted,  in  some  cases,  to  5  or  6  per  cent,  of 
the  heat  due  to  the  stirring,  they  might  affect  our  ultimate  result  by  as  much  as  a 
half  and,  in  some  cases,  nearly  1  per  cent.  The  quantity  of  heat  appeared  to  vary 
with  the  rate  of  revolution  in  such  a  manner  that  was  a  constant,  where  t  was  the 
time  of  rising  1°  C.  and  r  the  rate  of  revolution. 

Our  experienee  of  this  stirrer  led  to  the  following  conclusions  : — 

(l.)  The  ideal  stirrer  must  be  able  to  throw  the  water  from  the  bottom  to  the  top 
of  the  calorimeter  whatever  the  mass  of  the  water. 

(2.)  The  “  work  done  ”  by  the  stirrer  should  be  the  same,  whatever  the  depth  of 
the  water. 

(3.)  The  “  work  done  ”  by  the  stirrer  should  be,  as  far  as  possible,  employed  in 
throwing  the  water  upwards  to  the  lid,  rather  than  in  simply  causing  a  rotation  of 
the  water  near  the  bottom  of  the  calorimeter. 

(4.)  The  whole  of  the  energy  should,  if  possible,  be  employed  in  lifting  the  v/ater 
and  not  in  overcoming  the  friction  between  solid  surfaces,  i.e.,  the  bearings  should  be 
outside  the  calorimeter. 

Although  we  found  it  impracticable  to  devise  a  form  which  would  entirely  fulfil 
the  above  requirements,  the  one  adopted  by  us  during  our  1892  experiments  was 
satisfactory. 

During  the  spring  of  1892,  we  made  a  large  number  of  trial  experiments  with 
different  forms  of  stirrers,  and  it  should  be  borne  in  mind  the  form  it  ultimately 
assumed  was  an  example  of  the  “  survival  of  the  fittest.”  A  section  will  be  found  in 
Plate  2,  fig.  2. 

A  cylindrical  tube  AB,  1  inch  in  diameter,  closed  at  the  lower  end,  rested  on  four  little 
feet  about  1/16  of  an  inch  in  length,  which  were  fixed  to  the  base  of  the  calorimeter. 
The  plate  at  the  lower  end  was  perforated  in  the  centre,  so  as  to  allow  the  end  of  the 
revolving  shaft  to  pass  through  without  touching  it.  Ptound  this  centre  hole  were 
four  slits  through  which  the  water  in  the  calorimeter  passed  into  the  cylinder.  The 
end  of  the  revolving  shaft  v/as  fitted  with  a  small  cylinder  of  agate,  wdiich  hung 
loosely  within  a  ring  fixed  to  the  base  of  the  calorimeter  at  C.  The  end  of  the 
agate  was  not  in  contact  with  the  base  of  the  calorimeter.  The  bearing  by  which 
the  stirrer  was  supported  was  fixed  at  the  top  of  the  central  glass  tube,  and  thus  any 
increased  downward  thrust  of  the  stirrer  did  not  alter  the  friction  wdthin  the  calori¬ 
meter.  The  stirrer  consisted  of  an  inverted  cone  with  nearly  vertical  paddles  at  its 
extremities  (a  section  is  shown  at  D).  When  the  stirrer  revolved,  the  water  was 
drawn  in  through  the  base  of  the  cylinder,  thrown  outwards  by  the  paddles,  and, 
being  unable  to  escape  at  the  lower  end,  mounted  rapidly  to  A,  whence  it  was  ejected 
with  considerable  violence  against  the  roof  of  the  calorimeter.  If  the  rate  exceeded 
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about  twenty-six  revolutions  per  second,  it  was  found  that  when  the  lid  was  removed, 
the  water  was  thrown  many  inches  above  the  top  of  the  cylinder,  while  the  stirring- 
shaft  remained  dry.  A  small  window  at  E  caused  a  stream  of  water  to  be  continuaDv 
thrown  on  to  the  top  of  the  thermometer  bulb. 

The  bearings  at  the  top  of  this  shaft  ultimately  assumed  the  form  shown  at  H.  A 
small  block  of  steel  was  fastened  by  a  screw  to  the  shaft,  and  the  lower  end  of  this 
steel  terminated  in  a  projecting  ring,  which  revolved  in  a  brass  bearing  of  the  form 
shown  at  H.  This  brass  bearing  was,  as  already  mentioned,  fixed  to  the  top  of  the 
central  glass  tube.  A  drop  of  oil  placed  in  the  channel,  on  the  top  of  the  brass, 
rendered  this  bearing  practically  air-tight,  at  all  events,  sufficiently  so  to  prevent 
any  possibility  of  evaporation.*  The  shaft  from  TI  to  the  top  of  the  calorimeter  was 
about  8  inches  long,  and  made  of  ebonite ;  the  conduction  of  heat  along  this  shaft 
was,  therefore,  very  small.  The  heat  generated  in  the  bearing  at  H  passed  almost 
entirely  into  the  water  of  the  outer  tank,  for  the  brass  tube  which  terminated  there 
was  continued  downwards  to  the  steel  lid,  and  thus  the  lower  three  inches  were 
immersed  in  the  water. 

The  portion  at  D  was  at  first  shaped  like  a  horizontal  paddle-wheel.  It  was,  how¬ 
ever,  found  that  although  it  would  work  excellently  for  a  time,  a  gradual  accumu¬ 
lation  of  air  at  the  centre  of  the  paddle-wheel  greatly  diminished  its  efficiency. 
Many  attempts  were  made  to  surmount  this  difficulty,  and  it  was  only  by  the  con¬ 
version  of  the  upper  portion  into  the  form  of  an  inverted  cone  that  it  wms  finally 
overcome. 

To  adjust  the  stirrer,  the  screw  in  S  was  loosened  and  the  shaft  lowmred  until  the 
end  of  the  agate  touched  the  base  of  the  calorimeter.  The  stirrer  was  then  raised 
about  1  millim.,  and  fixed  in  that  position  by  means  of  the  screw  at  S.  When 
investigating  the  action  of  these  stirrers,  the  lid  of  the  calorimeter  was  replaced  by  a 
sheet  of  glass  which  prevented  the  contents  from  being  ejected.  As  far  as  it  was 
possible  to  see  the  interior  through  the  shower  of  water  that  poured  against  the  glass, 
the  water  without  the  cylinder  assumed  a  slow  circular  movement  only.  At  the  same 
time,  there  can  be  but  little  doubt  that  the  entire  contents  passed  from  the  bottom  to 
the  top  within  the  space  of  a  second  or  two.  As  long  as  the  volume  of  the  contained 
water  exceeded  130  cub.  centims.,  the  throw  appeared  to  be  the  same,  whatever  the 
quantity,  and,  as  the  figures  will  show,  the  work  done  altered  only  slightly. 

Our  first  series  of  experiments  was  performed  with  the  object  of  ascertaining  (l)  If, 
under  the  same  conditions,  the  work  done  by  the  stirrer  was  constant ;  (2)  In  what 
respect  the  work  done  varied,  if  at  all,  with  the  mass  of  water ;  (3)  If  there  was  any 
constant  relation  between  the  heat  developed  and  the  rate  of  revolution. 

The  results  of  our  preliminary  series  are  given  in  the  following  table,  the  rise  in 
temperature  being  expressed  in  millimeters  of  thermometer  E,,,,  since  our  object  at 
this  time  was  not  to  determine  the  actual  quantity  of  heat  developed,  but  to  investi¬ 
gate  the  points  mentioned  in  the  above  headings. 

*  It  was  found  tliat  this  “  join  ”  would  support  a  pressure  of  7  or  S  inches  of  water  without  leakage. 
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Table  XVIII. — Experiments  indicating  that  tr^  —  constant. 
{t  =  time  of  rising  1  millim.  r  =  rate  of  revolution  in  seconds. ) 


Date,  1892. 

Weight. 

Exp. 

Range  in 
millims. 
E,„. 

Time  in 
seconds. 

r. 

t. 

tr^ 

XlO-3. 

Remarks. 

July  12  .  . 

104-015 

1 

1 

276-296 

900-5 

29-19 

1  Prelim 

inary. 

Outer  temp.  286  5  E,,,. 

„  12.  . 

2 

276-296 

9129 

28-76 

f  Stirrer 

not  in  ad 

justment. 

„  12.  . 

3 

279-294 

832-3 

27-.34 

55-49 

1134 

„  13.  . 

4 

279-294 

533-9 

31-71 

35-60 

1135 

„  13.  . 

5 

279-294 

845-6 

27-27 

56-37 

1143 

„  13.  . 

6 

279-294 

907-0 

26-62 

60-47 

1141 

„  13.  . 

7 

279-294 

466-9 

32-95 

31-13 

1114 

Motor  very  irregular. 

14.  . 

8 

279-294 

803-0 

27-70 

53-53 

11.38 

„  14.  . 

9 

279-294 

628-2 

30*05 

41-88 

1137 

1134 

.luly  14  . 

194-200 

10 

281-292 

642-1 

.30-13 

58-37 

1596 

Outer  temp.  286-5  E„,. 

„  14.  . 

11 

283-290 

507-4 

28-01 

72-49 

159.3 

„  14.  . 

12 

281-292 

514-8 

32-38 

■  46-80 

1590 

„  14.  . 

13 

283-290 

618-3 

26-33 

88-33 

1511 

„  15.  . 

14 

281-292 

711-9 

29-15 

64-72 

1603 

„  15.  . 

15 

280-293 

643-7 

31-87 

49-37 

1603 

„  15.  . 

16 

282-291 

648-5 

28-li 

72-06 

1600 

1600 

July  18  .  . 

194-190 

31 

283-290 

483-1 

28-62 

69-01 

1619 

Outer  temp.  285-5  E„. 

July  15  . 

2.39-73 

17 

283-290 

439-6 

.30-78 

62-74 

18.30 

Outer  temp.  286-5  E„,. 

„  15.  . 

•  « 

18 

283-290 

628-2 

27-44 

89-74 

1850 

„  16.  . 

19 

283-290 

544-6 

28-73 

77-80 

1846 

1842 

July  18  .  . 

239-27 

30 

283-290 

606-0 

27-69 

86-57 

1839 

1843  for  Avt.  239-73. 

July  16  .  . 

285-37 

20 

282-291 

767-0 

29-10 

85-22 

2100 

Outer  temp.  286-5  E„.. 

„  16.  . 

21 

280-293 

909-2 

30-98 

69-95 

2080 

16.  . 

22 

283-290 

793-7 

26-60 

113-4 

2134 

„  16.  . 

23 

28.3-290 

711-2 

27-57 

101-6 

2129 

„  17.  . 

24 

282-291 

841-1 

28-39 

93-45 

21.38 

17.  . 

25 

282-291 

703-8 

30-02 

78-20 

2116 

17.  . 

26 

282-291 

735-3 

29-68 

81-70 

21.35 

2119 

July  17  .  . 

275-40 

27 

283-290 

608-9 

28-82 

87-00 

2081 

Outer  temp.  286  5  E„. 

„  17.  . 

•  • 

28 

282-291 

6.35-5 

30-61 

70-61 

2025 

„  18.  . 

1 

29 

282-291 

821-5 

28-39 

91-27 

2089 

2065 

1 
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From  the  above  results  we  drew  the  following  conclusions  : — 

(1.)  That  under  the  same  conditions  the  quantity  of  heat  developed  was  the  same. 

(2.)  That  the  work  done  increased  slightly  with  the  mass  of  water. 

(3.)  That  tr^  was  a  constant  quantity.* 

If  Nos.  1  and  3  were  established,  No.  2  was  of  little  consequence,  as  we  proposed 
to  determine  the  heat  developed  for  each  mass  of  water. 

When  it  is  remembered  that  our  “  rate  ”  varied  in  the  above  experiments  from  26 
to  34  revolutions  per  second,  the  close  approximation  of  to  a  constant  is  remarkable, 
and,  as  we  proposed  to  maintain  a  rate  of,  as  nearly  as  possible,  30  revolutions  per 
second  throughout  our  experiments,  it  was  evident  that  any  assumption  based  on 
this  conclusion,  could  lead  to  no  appreciable  error.  Again,  a  considerable  variation 
in  the  value  of  tr^  would  have  but  little  effect  on  the  value  of  t,  i.e,  the  time  of 
rising  1°  C. 

These  experiments  were  regarded  as  only  preliminary,  and  no  special  care  was  taken 
with  regard  to  external  temperature  or  pressure,  and,  it  is  probable,  that  many  of  the 
apparent  discrepancies  arose  from  such  causes.  Again,  when  the  movement  of  the 
mercury  column  was  so  slow  that  from  50  to  100  seconds  were  taken  in  rising  1  miUim., 
it  was  difficult  to  estimate  with  great  precision  the  time  of  apparent  contact  of  the 
mercury  column  and  the  spider  wire  of  the  telescope.  Personal  errors  of  this 
description  must,  however,  in  the  long  run,  tend  to  “mean  out”  and  give  a  true  average. 

Had  we  been  able  to  bring  our  mechanical  arrangements  to  such  perfection  that 
the  rate  of  revolution  was  absolutely  constant,  it  would  have  rendered  the  above 
investigation  unnecessary,  for  the  stirring  correction  would  have  been  constant 
whenever  the  mass  of  water  was  the  same. 

Although  by  the  pressure  regulator,  described  p.  378,  the  regularity  of  the  motor 
was  increased  to  an  extent  which  those  accustomed  to  the  behaviour  of  these 
instruments  hardly  anticipated,  we  were  unable  to  ignore  the  residual  variations.  It 
was,  therefore,  necessary  to  record  the  revolutions  (the  time  per  1000  being  taken  in 
each  case)  throughout  all  our  experiments.  The  labour,  both  of  observing  and 
calculating,  was  thereby  greatly  increased ;  but  as  we  had  no  better  means  at  our 
disposal,  we  had  to  submit  to  the  inevitable. 

The  establishment  of  the  law  that  (with  this  stirrer)  tr'^  might  be  regarded  as 
constant,  enabled  us  to  apply  with  certainty  the  necessary  corrections. 

As  previously  stated,  our  object  was  to  deduce  the  rise  in  temperature  per  1  second, 
at  rate  30.  If  t  is  time  of  rise  of  1°  in  any  scale,  then  \jt  —  K'?*®,  therefore, 
S.  1/^  =  3Kr^.  Sr.  Knowing  l/ig  (the  rise  per  1  second  at  any  observed  rate),  and 
1/q  (the  rise  at  rate  30),  we  know  1/b  —  l/(2>  is  the  term  required  to  reduce  the 
observation  to  the  rate  30. 

The  accuracy  of  the  correction  can  be  estimated  by  means  of  the  above  table.  For 

*  t  =  time  rising  1°  (in  any  scale),  in  seconds. 

r  =  rate  of  revolution,  i.e.,  number  of  revolutions  per  second. 
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example,  the  mean  value  of  t7^  for  the  weight  194‘20  is  1600,  the  greatest  departure 
from  the  mean  is  1611  in  Experiment  13.  By  assuming  tr^  —  1600,  we  find  the  rise 
per  1  secojid  at  rate  30  =  '001687  (expressed  in  millims.  of  E,„),  whereas  if  we  assume 
that  tr^  =  1611  and  correct  Experiment  13  (rate  26'33)  to  rate  30,  we  get  '001676.* 
Again,  the  mean  value  of  tr^  for  weight  285'37  is  2119,  which  gives  the  rise  at  rate  30 
as  '001274.  Experiment  22  (rate  26'60)  is  an  extreme  case;  this  would  give  '001265 
at  rate  30. 

Experiment  7  (weight  104'02)  shows  a  greater  divergence  from  the  mean  value, 
since  it  would  give  a  rise  of  '00242  per  1  second  as  against  '00238,  the  value  as  given 
by  the  mean  tr^.  As,  however,  we  discarded  all  J  experiments  where  the  weight  of 
water  was  less  than  130  grms.,  this  extreme  case  did  not  afiect  our  results. 

During  our  J  experiments  our  rate  was  always  between  29  and  31  (generally 
between  29 '8  and  30 '2),  hence  the  divergences  in  the  cases,  above  selected,  are  far 
greater  than  any  which  occurred  during  our  experiments. 

The  value  of  tr^  appeared  to  increase  very  regularly  as  the  quantity  of  wmter 
increased,  and  thus  changes  in  its  value  caused  by  small  changes  in  the  mass  could 
he  deduced.  Thus  experiment  30  (239'27  grms.)  gave  a  value  of  1839.  Hence  we 
deduced  that,  if  the  weight  of  water  was  239'73  (as  in  Nos.  17  to  19),  the  value  of 
tr^  —  1843  as  against  1842,  the  mean  of  the  actual  experiments  with  the  latter 
weight. 

Had  the  work  done  by  the  stirrer  been  independent  of  the  quantity  of  water,  we 
could  have  deduced  the  water  equivalent  of  the  calorimeter  from  the  values  of  for. 


if  Kj,  Kg,  etc.,  are  the  values  of  when  W^,  Wg  are  the  weights,  we  have  — ^ 

as  the  value  of  the  water  equivalent.  Using  the  values  of  K  deduced  from 
Table  XVHI.,  we  get 


f 


w. 

K. 

Water  equivalent. 

^  M/K. 

104-02 

1134 

1 

>  ,  115-5 

(  105-7 

.  J  73-5 

•1418 

194-20 

1600 

J 

•1740 

239-73 

1843 

1 

•1769 

285-37 

2119 

J 

•1753 

We  ultimately  ascertained  that  the  water  equivalent  was  as  nearly  as  possible 
86'0.  Assuming  this  value  and  denoting  by  M  the  mass  of  contained  water  +  water 
equivalent,  then,  if  the  work  done  by  the  stirrer  was  constant,  M/K  would  be  constant 
The  numbers  in  the  last  column  show  that  the  quantity  of  heat  developed  increases 
rapidly  at  first  and  arrives  at  a  maximum. 

This  maximum,  as  well  as  we  can  estimate,  occurs  when  the  quantity  of  water  is 

*  We  required  but  three  significant  figures  when  we  applied  a  similar  correction  to  our  J  experiments. 
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sufficient  to  fill  the  calorimeter  to  about  the  top  of  the  tube  up  which  the  water  is 
thrown,  and  it  is  possible  that  the  conditions  would,  at  this  depth,  change  slightly. 

In  any  case,  the  work  done  by  the  stirrer  alters  but  very  little  as  the  height  of 
water  changes,  jarovided  that  130  cub.  centims.  is  regarded  as  the  minimum  quantity.* 

The  examples  given  above  show  that  the  limit  of  error  introduced  by  appl}dng  this 
method  of  reduction  to  variations  far  exceeding  any  occurring  during  our  experiments 
is  less  than  1  per  cent.,  and  as  the  heat  generated  by  the  stirrer  during  the  majority 
of  our  1892  experiments  varied  from  about  to  ^  of  the  heat  due  to  the  current,  it 
is  evident  that  any  error  must  be  less  than  xo-q-o  of  whole  supply.  Bearing  in 
mind  the  small  variations  which  actually  occurred,  we  may  safely  regard  the  limits  of 
error  as  a  small  fraction  of  this  tvoo- 

As  will  be  seen  later  on,  we  performed  an  experiment  in  which  the  current  was  so 
diminished  that  the  stirring  supply  was  half  that  due  to  the  current  (see  J  9),  and 
another  in  which  the  current  was  so  increased  that  the  proportions  were  as  1  : 20 
(see  J  34).  Any  inaccuracy  in  the  determination  of  the  stirring  supply  would  have 
caused  considerable  divergence  in  the  corrected  results ;  but  the  numbers  obtained  are 
themselves  a  proof  of  the  accuracy  of  the  method  adopted.  (See  note,  p.  406.) 

It  appeared  possible  that  changes  in  the  viscosity  of  water  at  different  temperatures 
would  have  an  influence  on  the  results. 

This  may  be  the  case,  although  our  experiments  do  not  lead  to  that  conclusion 
(see  p.  448).  If  so,  however,  it  would  not  affect  us,  for  the  total  heat  lost  or  gained 
by  the  calorimeter  at  different  temperatures  (independently  of  the  current  supply) 
was  directly  determined  for  each  weight  of  water,  and  therefore  although  our  values 
of  the  radiation  coefficient,  &c.,  might  be  modified,  the  expression  for  the  total  loss  or 
gain  would  remain  unchanged. 

Want  of  time  alone  prevented  our  investigating  this  matter  more  fully,  but  the 
consideration  that  neither  the  value  of  J,  nor  the  changes  in  the  specific  heat  of 
water  would  be  affected  thereby,  justified  its  postponement  to  another  season. 

No  use  was  made  of  the  numbers  obtained  in  Table  XVIII.  ;  our  only  object  being 
to  establish  the  law  tr®  =  K.  This  was  fortunate,  for  on  afterwards  examining  the 
water  used  for  this  series  we  had  reason  to  believe  that  it  had  become  slightly  soiled. 
We  found  that  the  lead  ring  used  in  the  calorimeter  lid  had  been  insufficiently  gilded, 
and  also  we  had  not  allowed  the  gutta-percha  varnish,  which  we  used  as  a  “  size  ” 
for  the  gold  leaf,  to  harden  sufficiently  before  introducing  the  water. 

The  results  of  nearly  ninety  additional  experiments  of  a  similar  kind  indicate  that 
the  irregularities  of  the  numbers  in  the  above  table  are  unusual,  and  that  the  actual 
values  of  obtained  from  them,  are  unreliable,  but  that  the  conclusion  drawn 
(viz.,  that  under  the  same  circumstances  tr^  is  a  constant)  is  correct. 

Very  small  changes  in  the  adjustment  caused  considerable  changes  in  K,  but  its 


*  This  minimum  qxiantitj,  130  cub.  ccntims.,  is  deduced  from  the  rcsxdts  of  latei’  experiments. 
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value  remained  constant  so  long  as  the  adjustment  was  unaltered.  Any  alteration 
in  the  fixing  of  the  stirring  shaft  necessitated  a  re-determination  of  K. 

After  experiment  J  19,  the  whole  apparatus  was  taken  to  pieces.  It  was  then 
found  that  small  fragments  of  gutta-percha  had,  by  the  continued  impact  of  the 
water,  been  detached  from  the  ring  of  gutta-percha  which  had  been  placed  between 
the  cooling  tube  and  the  tube  down  which  it  passed.  Many  of  these  fragments  had 
collected  beneath  the  base  of  the  cylinder  at  and  must  have  considerably  impeded 
the  flow  of  water.  In  consequence,  therefore,  before  putting  the  apparatus  together 
again,  we  removed  all  remaining  gutta-percha  surfaces  which  were  exposed  to  the 
action  of  the  water.  The  values  obtained  for  K  were,  from  this  time,  very  different 
from  preceding  ones,  and,  once  obtained,  remained  constant  as  long  as  the  same  mass  ' 
of  water  was  used. 

The  experiments  J  20  to  34,  are  in  better  agreement  amongst  themselves  than  the 
earlier  ones,  and  the  cause  no  doubt  is  that  just  indicated. 

The  mean  result  of  the  earlier  experiments  is  satisfactory  as  likewise  the  mean 
time  of  each  experiment,  but  the  times  over  small  ranges  (especially  in  experiments 
Nos.  J  5  to  12)  leave  much  to  be  desired.  The  fact  that  the  quantity  of  heat 
developed  by  the  stirrer  was  increased  by  the  removal  of  the  gutta-percha  frag¬ 
ments  is  a  proof  that  the  flow  of  water  was  appreciably  diminished  by  the 
obstruction. 


Section  XII. — The  Gain  or  Loss  by  Eadiation,  &c. 

It  has  already  been  pointed  out  that  the  method  of  observation  adopted  enabled  us 
to  determine,  with  sufficient  accuracy,  the  total  loss  or  gain  of  heat  per  second  at  any 
temperature,  apart  from  the  supply  due  to  current.  We  propose  to  use  the  phrase 
“  non-electrical  supply  ”  to  denote  heat  due  to  all  other  sources  than  the  current. 

By  the  method  described  in  Section  XL,  we  were  enabled  to  deduce  the  rise  per 
second  when  the  rate  of  revolution  of  the  stirrer  was  30,  although  the  actual  rate 
differed  slightly  from  our  standard  one.  The  rate  of  rise,  when  radiation,  &c.,  was 
eliminated,  was  first  ascertained  by  noting  the  time  of  a  small  rise  across  the  outside 
temperature.  The  temperature  of  the  calorimeter  was  then  gradually  raised  through 
the  whole  range  by  means  of  stirring  only,  and  the  times  ascertained  of  small  changes 
at  the  different  temperatures.  Assuming  the  “stirring  heat  ”  to  be  the  same  at  all 
temperatures  (when  the  rate  is  the  same),  we  can  deduce  the  radiation  coefficient. 
(By  radiation  coefficient  we  denote  the  loss  or  gain  in  temperature  per  second,  due  to 
the  combined  effects  of  radiation,  conduction,  and  convection,  for  a  diiference  in 
temperature  of  1°  C). 

One  advantage  of  this  method  is,  that  all  observations  of  temperature  are  taken  on 
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*  Plate  2,  fig.  2. 
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a  rising  thermometer,  for  “  sticking  ”  is  far  less  likely  to  occur  when  the  mercury  is 
advancino;  than  when  receding^. 

We  have  found  that  all  observations  of  slowly  falling  temperatures  (when  taken 
with  a  mercury  thermometer)  are  unsatisfactory  for  the  above  reason.  Again,  the 
conditions  resemble  more  nearly,  in  every  respect,  those  prevalent  during  a  “  J  ” 
experiment.  On  this  account,  we  did  not  desire  to  reduce  the  “  stirring  heat,”  even  if 
we  had  been  able  to  do  so,  since  the  loss,  due  to  radiation,  &c.,  would,  at  the  higher 
portions  of  the  range,  have  mastered  the  stirring  supply,  and  the  observations  would 
have  had  to  be  taken  on  a  falling  thermometer,  a  mode  of  observation  which,  guided 
by  the  results  obtained  in  previous  years,  we  had  decided  to  reject. 

It  appeared  unlikely  that  Newton’s  Law  of  Radiation  would  hold  over  our  range, 
and  we  anticipated  a  decided  curvature  in  the  line  showing  our  ‘‘  non-electrical 
supply.” 

We  first  proceeded  to  determine  Isolated  points  on  this  curve  (ordinate  =  rise 
in  temperature  per  second,  abscissa  =  difference  in  temperature  betw^een  the  calori¬ 
meter  and  the  outside  temperature),  but  these  appeared  to  fall  so  nearly  on  a  straight 
line,  that  we  decided  to  follow  its  course  over  our  range  of  temperature,  using  a  small 
mass  of  water  so  that  the  chang-es  in  the  value  of  the  rise  should  be  as  marked 
as  possible.  A  very  large  number  of  experiments  wmre  made  in  order  to  decide  this 
point — for,  if  the  exponential  formula  given  by  Dulong  and  Petit  holds,  the  curvature 
ought  to  have  been  marked.  Although  changes  in  the  specific  heat  of  water  and  of 
the  calorimeter  would  influence  the  inclination  of  the  line,  it  appeared  unlikely  that 
they  would  affect  it  in  such  a  manner  as  to  straighten  it  ;  and  further,  the  effect 
of  such  changes  would  alter  as  the  mass  of  water  changed.* 

The  numbers  alone  resulting  from  these  observations  half  fill  a  large  note-book,  and 
to  give  them  in  full  would  occupy  too  much  space.  As  an  example,  we  venture  to 
give  experiments  51  to  54,  exactly  as  they  appeared  in  our  notes.  As  the  method 
employed  never  varied,  we  will,  in  other  cases,  simply  give  results,  and  we  select  this 
series  because  it  was  the  first  done  by  us  with  the  object  of  tracing  the  “non-electrical 
supply  ”  curve  throughout  the  greater  part  of  our  range. 

The  numbers  in  the  columns  marked  “  time,”  are  those  given  by  the  chronograph 
tape.  New  tapes  were  used  after  the  readings  at  343,  407,  and  458,  and  the  times  of 
rising  between  these  temperatures  Avere  not  noted  ;  therefore,  the  experiments  at  those 
ranges  are  numbered  as  separate  experiments  although  taken  consecutively. 

No  temperatures  were  taken  whose  readings  ended  in  0  or  5  because,  as  these  were 


*  We  may  state  at  once  that  (although  some  slight  signs  of  cni’Tature  are  visible  ■when  the  mass  of 
water  is  great)  by  assiiming  the  non-electrical  supply  to  be  a  linear  function  of  the  temperature  (when 
the  rate  of  stirring  is  constant),  we  introduce  no  error  snfBcient  to  affect  our  results,  and  this  con¬ 
clusion  is  based  on  the  data  supplied  bjr  more  than  100  “  stirring  and  radiation”  experiments.  If  the 
results  were  expressed  in  terms  of  the  mercury  thermometer  scale,  the  curvature  would,  of  course,  be 
marked. 
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denoted  by  longer  lines  on  the  thermometer  scale,  the  time  of  contact  with  the 
“  spider  wire  ”  was  not  sufficiently  definite,  and  the  thickness  of  the  graduation  wmuld 
have  made  a  considerable  difference  in  the  value  of  t. 

We  did  not  attempt  to  record  the  time  for  every  individual  1000  revolutions,  but 
sufficient  observations  were  taken  to  enable  us  to  detect  any  change  in  rate. 

The  pressure  in  the  annular  space  round  the  calorimeter  was  high  (‘98  millim.) 
during  experiments  51  to  54,  as  we  had  only  recently  commenced  re-exhausting. 


Table  XIX. — Experiment  LI.  Aug.  1  1,  1892. 

McLeod  gauge  =  62  millims.  Outside  temp.  =  241 '3  A,  =  300E„,. 

Pressure  =  ‘98  millim.  Mass  of  water  {in  vacuo)  =  103’01  grm. 
Clock  error  =  *0004125. 


Experiment. 

Temperature  Em. 

Time. 

Revolutions. 

Time. 

seconds. 

thousands. 

seconds. 

LI. 

86 

1110 

6 

0-8 

87 

137'9 

8 

67-6 

88 

164-8 

10 

134-0 

89 

193-0 

1 

167-4 

91 

248-4 

2 

200-7 

92 

275-9 

3 

234-3 

93 

302-5 

4 

267-7 

94 

330-2 

5 

300-9 

96 

386-0 

6 

334-0 

97 

412-5 

7 

36/ -3 

98 

9 

433-5 

99 

469-3 

21 

501-0 

101 

524-4 

2 

533-9 

102 

552  8 

3 

567-2 

103 

579-8 

4 

601-0 

104 

609-8 

*  • 

38 

1065-2 

121 

1095-6 

9 

1098-4 

122 

1124-2 

40 

1131-6 

123 

1154-4 

1 

1164-8 

124 

1183-3 

2 

1197-9 

126 

1244-3 

4 

1264-6 

127 

1274-0 

128 

1304-0 

7 

1364-7 

129 

1334-2 

8 

1397-8 

131 

1394-6 

50 

1463-9 

132 

1425-4 

1 

1497-3 

133 

1455-3 

2 

1530-5 

134 

1485-0 

53 

1563-5 

136 

1546-0 

.  , 

76 

2332-4 

161 

2345-9 

7 

2365-8 

162 

2379-4 

8 

2399-3 

163 

2412-0 

9 

2432-6 

164 

2444-9 

80 

2466-0 

166 

2511-2 

1 

2499-3 

167 

2544-0 

3 

2565-8 

168 

2578-0 

4 

2599-4 

169 

2611-7 

5 

2632-5 

•  - 

109 

3435-0 

3  L  2 
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Table  XIX. — continued. 


Experiment. 

Temperature  E^. 

Time. 

Revolutions. 

Time. 

1  LI. 

193 

seconds. 

3440-9 

thousands. 

110 

seconds. 

3468-3 

194 

3477-5 

1 

3501-6 

196 

3548-0 

3 

3568-2 

197 

3583-8 

4 

3601-8 

198 

3619-6 

5 

3635-0 

199 

.3656-6 

6 

3668-5 

201 

3727-2 

7 

3701-7 

8 

3735-0 

226 

4665-0 

145 

4633-2 

227 

4704-5 

7 

4699-9 

228 

4743-0 

8 

47,33-2 

229 

4782-0 

9 

4766-6 

231 

4859-9 

150 

4800-0 

232 

4900-0 

1 

4833-3 

233 

4939-2 

2 

4866-6 

234 

4978-8 

4 

49.32-9 

•  • 

155 

4966-2 

252 

5719-8 

178 

57.32-0 

253 

5762-9 

180 

6798-9 

254 

5806-7 

2 

5865-9 

256 

5892-1 

4 

59.3-2-4 

257 

5935-8 

6 

5999-3 

2.59 

6023-0 

8 

6066-0 

261 

6110-6 

190 

6132-8 

262 

6154-6 

2 

6199-3 

276 

6787-7 

210 

6797-6 

277 

6834-6 

2 

6864-3 

278 

6881-9 

6 

6964-4 

279 

6929-4 

6 

6997-5 

281 

7021-3 

8 

7064-0 

282 

7071-5 

9 

7097-3 

296 

7763-0 

240 

7797-7 

297 

7813-7 

1 

7831-0 

298 

7864-7 

3 

7897-8 

299 

7917-1 

245 

7964-5 

301 

8020-9 

6 

7998-0 

302 

8073-4 

8 

8064-9 

303 

8127-0 

250 

8131-9 

304 

8179-4 

2 

8198-6 

306 

8285-9 

4 

8265-6 

322 

9163-7 

280 

9133-5 

323 

9220-8 

3 

9234-2 

324 

9277-9 

5 

9301-4 

326 

9393-5 

7 

9368-0 

327 

9452-2 

9 

9435-4 

328 

9510-6 

291 

9502-2 

337 

10044-7 

307 

10038-0 

338 

10104-8 

310 

10138-9 

339 

10167-3 

2 

10206-0 

341 

102908 

4 

10272-5 

342 

10350-2 

6 

10339-2 

343 

10411-5 

8 

10406-0 
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Table  XX. — Experiment  LII.-LIV.  Aug.  11,  1892.  The  constants  are  the  same  as 

for  LI. 


Experiment. 

Temperature  E^. 

Time. 

Revolutions. 

Time. 

seconds. 

thousands. 

seconds. 

LII. 

403 

10 

0 

15-0 

404 

93-7 

3 

116-4 

406 

281-6 

6 

217-1 

407 

378-5 

10 

352-3 

408 

472-0 

3 

453-4 

409 

465-5 

6 

554-2 

411 

757-4 

9 

655-0 

21 

722-0 

LIII. 

456 

1-0 

3 

36-8 

457 

149-6 

6 

137-4 

458 

297-4 

10 

271-6 

459 

438-5 

4 

405-5 

461 

7320 

22 

673-6 

462 

883-7 

8 

875-6 

LIV. 

507 

1-1 

3 

13-8 

508 

290-5 

10 

247-8 

509 

560-2 

2 

314-4 

511 

1179-9 

20 

580-3 

39 

1215-2 

Method  of  reducing  the  results  in  the  above  Table. 

The  time  over  any  range  is  the  mean  time  obtained  by  taking  the  observations  in 
pairs — thus  the  time  over  the  range  87'5-97'5  is  the  mean  of  the  times  taken  in 
rising  from  86-96,  87-97,  88-98,  and  89-99.  Thus  each  number  in  column  4  of  the 
following  Table  is  the  mean  of,  at  least,  four  intervals  of  time. 
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Mean  rise  due  to  stirring  alone  =  ’0004971. 

Hence  tr^  =  5420  X  10^  (The  “Correction  to  rate  30”  is  deduced  from  this  value  of  tr^. 
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The  outside  temperature  throughout  the  above  experiments  was  19°’260  C.  The 
actual  observation  across  that  temperature  was  over  a  range  of  0°' 128  C.  only,  and  an 
error  of  0°‘001  C.  in  the  range  would  make  a  difference  of  4  in  the  number  in  the  last 
column.  As  the  rise  at  this  point  was  one  of  the  most  important  of  all,  a  straight 
line  was  drawn  through  the  numbers  obtained  from  the  pairs  of  observations  on  each 
side  of  it,  the  resulting  value  being  •000497.  Assuming  this  to  be  the  rise  due  to 
stirring  only  (at  rate  30),  we  get  radiation  coefficient  (p)  =  (y — •000497)/(l9’260  —  t), 
where  y  is  rise  (gain)  per  second  due  to  all  non -electrical  sources. 

The  mean  temperature  of  the  first  four  observations  is  14°'475  C.,  and  the  mean 
value  of  y  =  '853  X  10“'’,  hence 

p  =  -000744. 

The  straightness  of  this  “  non-electrical  supply  line  ”  is  a  matter  of  extreme 
importance,  as  if  there  were  any  marked  curvature  it  would  seriously  affect  our  con¬ 
clusions  as  to  the  specific  heat  of  water.  In  the  last  columns  of  the  above  Table  we 
give  the  numbers  obtained  by  direct  calculation,  assuming  p  =  ’000744  and 
a-  =  '000497,  also  the  difference  between  the  calculated  and  experimental  results. 
The  irregularities  are  obviously  experimental  ones,  and  are  to  be  expected  when  it  is 
remembered  that  an  error  of  0°’001  C.  in  the  “range”  would  account  for  nearly  all  of 
them.  Again,  we  are  here  dealing  with  our  smallest  mass  of  water,  and  the  indi¬ 
vidual  experiments  are  in  better  agreement  when  the  depth  of  water  is  greater.  The 
even  distribution  of  the  numbers  about  a  straight  line  is  rendered  more  evident  to 
the  eye  when  plotted  on  a  large  scale  than  when  presented  in  rows  of  figures.  The 
Table  also  illustrates  the  accuracy  of  the  coiTection  for  differences  in  rate  of  stirring.* 

Assuming  the  value  of  the  water  equivalent  of  the  calorimeter  as  8 5 ’70,  the  value 
of  M  (mass  of  water  +  water  equivalent)  =  103’01  -|-  85‘70  =  188‘71,  we  get  '0140 
as  the  number  of  thermal  grammes  lost  or  gained  by  radiation,  &c.,  per  second  for  a 
difference  in  temperature  of  1°  C. 

In  order  to  test  to  what  extent  any  change  in  the  viscosity  of  the  water  caused  a 
change  in  the  stirring  heat,  we  performed  a  few  experiments  with  different  external 
temperatures. 


*  This  “  non-electrical  snpply  curve”  liein^  a  straight  line,  we  are  enabled  to  deduce  the  values  of 
both  p  and  o-  by  two  experiments  only,  conducted  at  any  two  different  temperatures. 
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Table  XXII. 


Date. 

Exp. 

Range  E^. 

Range 

C. 

Mean 
tempe¬ 
rature 
and 
tempe¬ 
rature  of 
outer 
batli. 

Time. 

Rate. 

Range  ^  ^ . 
-n--  -  X  10®. 
iime 

(Rate 

correc¬ 

tion) 

X  106. 

1 

i 

(Eise  pet 
second  at 
rate  30)  i 

X  106.  ; 

Aug.  12,  1892 

LY. 

87'5-108-5 

•509 

14-251 

1009-2 

29-99 

504 

-H  1 

505 

LVI. 

394-5-409-5 

•389 

21-873 

802-7 

29  80 

485 

+  10 

495 

n 

LYII. 

494-5-503-5 

•241 

24-433 

470-9 

30-21 

512 

-11 

501 

As  we  regarded  these  experiments  only  as  preliminary,  they  were  somewhat 
hurriedly  performed,  and  we  proposed  investigating  this  point  more  fully  later  on. 
It  has  been  previously  pointed  out  (p.  440)  that,  in  any  case,  the  conclusions  arrived 
at  would  not  affect  our  results,  and  we  only  give  them  to  show  that  no  marked 
change  is  indicated.  Some  similar  exjDeriments  performed  in  1891  had  led  to  the 
same  conclusion. 

During  this  year’s  (1892)  experiments  we  were  not  troubled  by  any  air,  or  water, 
leakages  into  the  annular  space  between  the  calorimeter  and  the  steel  chamber.  A 
great  portion  of  our  time  and  attention  in  previous  years  having  been  devoted  to 
leak-hunting,  we  had  considerable  (unwished  for)  opportunities  of  investigating  the 
effects  of  changes  of  pressure,  or  alterations  in  the  dryness  of  the  surrounding 
medium. 

The  smallest  trace  of  moisture  has  a  most  astonishing  effect  on  the  radiation 
coefficient.  The  change  in  the  rate  of  rise  is  most  marked,  and  if  the  moisture 
present  is  sufficient  to  saturate  the  space  when  the  calorimeter  is  cooled  down,  aU 
attempts  to  obtain  a  radiation  coefficient  are  hopeless.  Any  trace  of  aqueous  vapour 
could  immediately  be  detected  by  its  effect  on  the  rate  of  rise,  and  on  one  or  two 
occasions  was  sufficient  to  prevent  any  rise  whatever. 

Considerable  effect  was  also  caused  by  changes  in  pressure,  and  when  comparing 
the  results  obtained  from  different  masses  it  must  be  remembered  that  the  pressure 
was  frequently  changed.  Although  we  were  then  not  conscious  of  the  full  import¬ 
ance  of  this  point,  we  endeavoured  to  maintain  the  pressure  unaltered  from  the  time 
that  any  set.  of  stirring  determinations  were  made  until  the  corresponding  J  experi¬ 
ments  were  completed. 
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Results  of  the  Stirring  and  Radiation  Experiments. 

Throughout  the  remainder  of  this  section  the  following  notation  is  adopted  : — 

W  =  weight  of  water  {in  vacuo). 

M  =  W  +  water  equivalent  of  calorimeter. 
p  =  pressure  in  annular  space. 
t  =  time  of  rising  1°  C. 

r  =  rate  of  revolution  of  stirrer  (revolutions  per  1  second). 

K  =  value  of 

cr  =  rise  per  1  second  (in  degrees  C.)  due  to  stirring  only. 

p  =  gain  or  loss  (in  degrees  C.)  per  1  second  due  to  radiation,  conduction,  and 
convection,  when  the  difference  of  temperature  =  I'’  C. 

Q  =  thermal  grms.  lost  or  gained  per  1  second  by  radiation,  conduction,  and 
convection  =  Mp, 

Experiments  1  to  31  (see  Table  XVIII.). — These  were  all  observations  taken  acros 
the  outside  temperature  only,  and  were  used  to  establish  the  relation  tr^  =  K. 

Experiments  32  to  40. — Are  only  of  use  for  the  same  purpose,  but  they  bear  out 
the  conclusion  that  tr^  =  K. 

As  the  calorimeter  was  taken  to  pieces  after  Experiment  40  (before  any  of  our 
J  experiments  were  commenced)  the  results  are  of  no  special  value. 

Experiments  41  to  50  : — 

W  =  103-01 
a-  =  -000498 
p  =  -0000743 

Q  =  -0104.  p>  —  millims. 


Experiments  51  to  57. — (Tables  XIX.,  XX.,  and  XXII.)  (Nos.  41  to  54  were  used 
in  the  reduction  of  J  1  to  4.) 

Experiments  58  to  65. — During  this  series  the  value  of  cr  began  to  show  signs  of 
alteration.  The  cause  has  already  been  mentioned ;  flakes  of  gutta-percha  having 
collected  at  the  base  of  the  inner  cylinder,  the  “throw”  of  the  stirrer  became  less 
regular.  Also  (as  we  were  not  at  this  time  aware  of  the  importance  of  maintaining 
the  pressure  unaltered),  we  both  diminished  and  increased  the  pressure  during  this 
series.  Fortunately,  however,  we  performed  sufficient  radiation  expeiiments  to  enable 
us  to  deduce  the  probable  values  of  the  variables  appropriate  to  the  respective  J 
determinations.  W  =  188-065  throughout  this  series. 

Experiments  58  and  59  : — 


o-  =  -000354 
p  =  -000490 
Q  -  -0134.  2'> 


>  J  5  to  7. 

—  -40  millim. 

3  M 
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Experiments  60  and  61  : — 


P 

Q 

Experiments  62  to  65 


o-  =  -000358 
•000478 

•0131.  p  =  -2)7  millim. 

cr  =  -000360 
p  =  -000483 

Q  =  -0132.  p  =  -37  millim. 


>  J  8  and  9. 


>  J  10  to  12. 


Experiments  66  to  80. — The  cause  of  irregularity  had  not  yet  been  ascertained,  and 
therefore  not  removed.  During  this  series  we  made  several  changes  in  the  connections 
between  the  stirring  rod  and  the  revolving  shaft  above  it,  and  also  in  the  pressure 
around  the  calorimeter. 

W  =  277‘971  throughout  this  series. 


Experiments  66  to  71  : — 


o-  =  -000276  ■] 

p  =  -000361  I  J  13  and  14. 

Q=-0131,  p  —  ’37  millim.^ 


Experiments  72  and  73. — The  position  of  the  revolving  shaft  and  counter  was 
slightly  altered,  and  the  whole  of  this  portion  of  the  apparatus  re  aclj listed. 

a- =-000272 
p  =  -000374 

Q  =  -0136.  p  =  -38  millim.  ?  * 


>-  J  15  and  16. 


Experiments  74  to  78. — The  double  Hooke’s  joint  was  now  removed  and  replaced 
by  a  single  one  in  the  hope  of  diminishing  the  vibration  of  the  stirring  rod,  the 
pressure  was  at  the  same  time  somewhat  reduced. 

The  value  of  cr  showed  considerable  alteration. 


cr  =  -000267 


p  =  -000363  W  17  and  18. 

Q  =  -0132.  p  =  -37  millim.  _ 


*  There  is  probably  some  error  hei’e.  We  have  only  a  single  note  of  the  pressure  during  this  day 
(August  28),  and  we  have  no  means  of  checking  it  since  Experiment  74  was  not  performed  until 
August  30.  Now  (as  we  find  recorded  in  our  notes),  we  gave  twenty-three  strokes  to  the  mercury 
pumps  on  August  29,  the  resulting  pressure  on  August  30  being  '37  millim. ;  it  appears  almost 
certain,  therefore,  that  the  pressure  on  August  28  must  have  exceeded  '38  millim. 
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Experiments  79  and  80. — The  simple  Hooke’s  joint  was  now  replaced  by  a  light 
ring  of  wire,  which  passed  through  holes  in  the  stirring  rod  and  the  revolving  shaft. 


o-  =  -000272 
p  =  -000374 

Q  =  -0136.  p  =  *44  millun. 


^  J  19. 


It  thus  appeared  that  both  a  and  p  had  resumed  their  former  values. 

Experiments  81  and  82. — These  two  experiments  were  intended  to  be  the  first 
pair  of  a  series.  On  commencing  J  20,  the  same  evening  (September  4),  it  was 
discovered  that  the  coil  in  the  calorimeter  had  become  loose.  The  calorimeter  had, 
in  consequence,  to  be  taken  to  pieces,  and  a  week  elapsed  before  we  were  able  to 
resume  our  J  determination.  These  two  experiments  are  consequently  of  no  use,  but 
they  are  interesting  as  showing  the  kind  of  accuracy  obtainable. 

W  =  140-270. 

o-  =  -000439. 

V  =  -000578. 

Q  =  -0130.  p  =  -36  millim. 

Experiments  83  to  93. — After  Experiment  82  a  marked  difference  is  observable  in 
the  value  of  cr.  Between  September  4  and  10  the  calorimeter  had  been  thoroughly 
cleaned,  and  all  gutta-percha  surfaces  removed  from  its  interior.  The  “  throw  ”  of 
the  stirrer  was  evidently  improved,  and  as  a  consequence  the  value  of  cr  was  raised. 

The  series  of  J  Experiments  (Series  II.,  J  20  to  34),  performed  after  this  change, 
are  so  much  superior  to  their  predecessors  that  we  base  our  conclusions  almost 
entirely  upon  them.  We  feel  it  right,  therefore,  to  give  more  particulars  concerning 
their  “  non-electrical  supply  ”  determinations  than  we  have  considered  necessary  in  the 
case  of  Series  I.  (J  1  to  19).  The  following  table  is  a  summary  of  the  “  stirring 
experiments  ”  used  in  the  reduction  of  J  20  to  25. 


Table  XXIII.— W  =  139-776. 


Date. 

Range  E„. 

Range  C. 

Time. 

Rate. 

Range 
Time  ’ 

Rate 

correction 

X  106. 

Rise  at 
rate  30. 

Mean 

tem¬ 

perature 

C. 

Sept.  10  . 

292-5-30;-5 

•384 

752-05 

29-93 

•000510 

+  3 

•000513 

19-260 

55 

10  . 

87-5-127-5 

•973 

1173-43 

30-35 

•000829 

-  18 

•000811 

14-476 

)> 

10  . 

292-5-.307-5 

•384 

746-75 

.30-07 

•000514 

-  4 

•000510 

19-260 

)5 

11  . 

292-5-307-5 

•384 

7.33-6 

.30-18 

•000523 

-  9 

•000514 

19-260 

11  . 

292-5-.307-5 

•384 

753'22 

29-96 

•000510 

+  2 

•000512 

19-260 

11  . 

442-5^52-5 

•263 

899-23 

30-31 

•000293 

-  13 

•000280 

23064 

13  . 

292-5-307-5 

•384 

72.3'05 

30-20 

•000522 

-  10 

•000512 

19-260 

95 

13  . 

87-5-127-5 

•973 

1168-85 

30-39 

•0008.32 

-  20 

•000812 

14-476 

59 

13  . 

442-5-4.52-.5 

•263 

890-65 

30-30 

•000296 

-  15 

•000281 

23-064 

3  M  2 
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Hence 


*cr  =  '000512,  therefore  tr^  =  5273  X 

p  =  -000620 

Q  =  '0140.  p  =  1’15  millims. 


lOM 

J  20  to  25. 

J 


Experiments  94  to  102. 

Table  XXIY.— W  =  199 '674. 


Hate. 

Range  E„,. 

Range  C. 

Time. 

Rate. 

1  Range 
Time 

Rate 

correction 
X  106. 

Rise  at 
rate  30. 

1 

Mean 
tem¬ 
perature  1 

C.  i 

1 

i 

Sept.  14  . 

292-5-307-5 

•884 

898-68 

30-10 

•000428 

-  4 

•000424 

19-260  ! 

„  14  . 

442-5-452-5 

•263 

1161-05 

29-81 

•000227 

+  8 

•000235 

23-064 

„  14  . 

442  •5-452-5 

•263 

1110-62 

.30-04 

•000237 

—  2 

•000235 

23-064 

„  14  . 

87-5-127-5 

•973 

1481-7 

30-16 

•000657 

-  7 

•000650 

14-476 

„  15  . 

292-5-307-5 

-.384 

856-65 

30-52 

•000448 

—  22 

•000426 

19-260 

„  15  . 

87-5-127-5 

•973 

1519-8 

29-77 

•000640 

+  io 

•000650 

14-476 

„  16  . 

292-5-307-5 

•384 

880-98 

30-25 

•000437 

- 11 

•000426 

19-260 

Hence 


or  =  '000426,  therefore  tr^  =  6353  X  10“*' 


p  =  '000485 


W  26  to  29. 


Q  =  '0138.  p  =  '48  milliin. 


Experiments  103  to  110. 

Table  XXV.— W  =  259 '500. 


Hate. 

Range  E^. 

Range  C. 

Time. 

Rate. 

Range 

Time 

Rate 

correction 
X  106. 

Rise  at 
rate  30. 

Mean 

tem- 

peratm-e 

C. 

Sept.  16 

292-5-307-5 

•384 

1081-6 

30-03 

•000355 

-  1 

•000354 

19-260 

„  17  . 

292-5-307-5 

-.384 

1025-7 

30-50 

•000374 

-  18 

•000356 

19-260 

„  17  . 

87-5-127-5 

•973 

1816-5 

29-78 

•000536 

+  8 

•000544 

14-476 

„  18  . 

87-5^127-5 

•973 

1784-2 

30-05 

•000545 

-  2 

•000543  1 

14-476 

„  18  . 

292-5-307-5 

•384 

1081-8 

30-03 

•000355 

-  1 

•000354 

19-260 

„  18  . 

292-5-307-5 

•384 

1078-7 

30-03 

•000356 

-  1 

•000355 

19-260 

„  18  . 

442-5-452-5 

•263 

1335-7 

29-88 

•000197 

+  4 

•000201 

23-064 

„  18  . 

442-5-452-5 

•263 

1284-1 

30-10 

•000205 

-  4 

•000201 

23-064 

„  18  . 

452-5-462-5 

•265 

1278-6 

29-78 

•000207 

-  14 

•000193 

23-327 

- 1 

*  The  values  of  a  and  p  given  at  the  end  of  the  Tables  are  derived  from  large  scale  curves,  and  thus 
give  the  mean  of  all  the  observations. 
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Hence 

a-  =  *000355  tr^  =  7606  X  10^* 
p  =  *000399 

Q  =  *0138  p  =  *48  millims. 

The  reduction  of  our  observations  involved  so  much  arithmetic  that  the  whole 
series  of  experiments  was  concluded  before  we  were  able  to  get  the  results  in  the 
form  now  given. 

Although  we  were  prepared  to  find  a  rapid  reduction  in  the  value  of  Q  as  the 
pressure  diminished,  we  had  not  realized  the  importance  of  small  changes  in  the 
pressure.  This  was  unfortunate,  for,  as  the  figures  show,  our  average  pressure  v/as 
just  that  at  which  small  alterations  produced  the  greatest  effect.  We  usually  con¬ 
sidered  it  sufiicient  to  record  the  pressure  each  day,  whereas  it  appears  that  a  careful 
observation  of  the  pressure  during  each  stirring  experiment  ought  to  have  been  made. 
It  is  evident  that  we  should  have  doue  better  to  select  pressures  of  not  less  than 
1  millim,,  and  thus  small  variations  would  have  had  but  little  effect. 

At  the  time  of  the  observations  we  did  not  know  the  real  value  of  the  water 
equivalent.  It  was  thus  impossible  for  us  to  obtain  Q  with  any  accuracy,  and  it  is 
only  by  the  changes  in  the  value  of  Q  that  the  effects  of  changes  in  pressure  are 
rendered  evident. 

The  results  compare  very  favourably  with  the  conclusions  arrived  at  by  Bottomley.* 

Collecting  the  numbers  given  in  this  section  (with  the  exception  of  Experiments  72 
and  73,  see  note,  p.  450),  we  get 

Table  XXVI. 


Date. 

Experiment. 

Mass  of  water. 

Pressure  in 
millims. 

Thermal  grms. 
per  second. 

Sept.  10-13  . 

83-  93 

139-78 

1-15 

•0140 

Aug.  8-10  . 

41-  50 

103-01 

1-15 

•0140 

„  11  ...  . 

51-  54 

103-01 

-98 

•0140 

Sept.  14-16  .  .  . 

94-102 

199-67 

-48 

•0138 

„  16-18  .  .  . 

103-110 

259-50 

•48 

•0138 

Aug.  26  ...  . 

79-  80 

277-93 

-44 

•0136 

„  14-26  .  .  . 

58-  59 

188-07 

-40 

•0134 

„  24,  25  .  .  . 

62-  65 

188-07 

-37 

•0132 

„  30,31  .  .  . 

74-  78 

277-93 

-37 

•0132 

„  26,27  .  .  . 

66-  71 

277-93 

-37 

•0131 

„  17,18  .  .  . 

60-  61 

188-07 

-37 

•0131 

Sept.  4  .  .  .  . 

81-  82 

140-27 

•36 

•0130 

These  numbers  are  plotted  in  fig.  8  the  abscissse  denoting  pressures  and  the  ordinates 
the  number  of  the  thermal  grms.  gained  per  second.  When  it  is  remembered  that 
adjacent  points  are  obtained  from  very  different  masses  of  water,  the  close  agi’eement 
is  a  proof  of  the  accuracy  of  the  observations.  The  sudden  change  in  the  value  of  Q 

*  ‘  Phil.  Trans.,’  1887,  A. 
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when  the  pressure  falls  below  '50  millim.  is  remarkable;  but  a  reference  to  Botto:mley’s 
paper  will'  show  that  the  curve  given  by  him  is  of  a  similar  type,  although  the 
critical  point  is  at  a  higher  pressure  arid  the  bend  in  the  curve  is  less  sharp. 


Fig.  8. 


Although  all  the  observations  on  the  “non-electrical  supply”  have  been  brought 
together  in  this  section  for  the  purposes  of  comparison,  they  were  not  taken  con¬ 
tinuously  but  in  groups.  Each  group  of  observations  was  used  for  the  reduction  of 
J  experiments  performed  at  the  same  time  and  on  the  same  weight.  The  stirring 
experiments  were  usually  performed  during  the  daytime,  the  corresponding  J  experi¬ 
ments  in  the  evening,  and  it  was  rarely  that  two  sets  of  J  observations  were  taken 
on  the  same  day.  Throughout  the  whole  of  the  experiments  J  1  to  34,  as  also  their 
corresponding  stirring  experiments,  the  surrounding  temperature  was  maintained  at 
300  E  =  19-260  a* 


If  02  —  temperature  of  calorimeter,  then  —  19"260)  p  gives  the  rise  or  fall  in 
temperature  per  second  due  to  radiation,  &c.,  hence  cr  +  —  19 ‘260)  p,  gives  the 

rise  in  temperature  per  second  due  to  the  whole  “  non-electrical  ”  supply.  As 
previously  pointed  out  (see  note,  p.  411)  we  proposed  to  reduce  the  numbers  obtained 
from  our  J  experiments  at  certain  fixed  temperatures  and  the  following  Table  gives 
the  changes  in  temperature  per  1  second,  due  to  the  “  non-electrical  ”  supply  at  these 
points.  The  numbers  were  obtained  from  large-scale  curves,  but  can  be  calculated 
from  the  values  of  cr  and  p  given  in  this  section. 


*  In  previous  years  we  Lad  performed  several  pairs  of  experiments  in  wliicli  the  outside  temperatui’e 
was,  in  one  case  at  the  bottom,  and  in  the  other  at  the  top,  of  our  range.  By  “  meaning  ”  the  reciprocals 
of  the  times  of  rising  1°,  the  effect  of  radiation,  &c.,  could  he  eliminated.  We  hoped  to  repeat  these 
experiments  this  year,  but  want  of  time  prevented  our  doing  so. 


Table  XXVII. — Rise  per  second  due  to  non-electrical  supply,  at  temperatures  required  for  the  reduction  of  the 

J  experiments. 
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The  above  Table  is  deduced  from  “stirring”  experiments  Nos.  41  to  110.  Th 
values  of  p  and  cr,  obtained  by  repeating  an  experiment  under  the  same  conditions, 
rarely  show  any  difference  as  great  as  ‘000004,  and  thus  a  difference  from  the  mean 
value  of  ‘000002  may  be  regarded  as  our  limit  of  experimental  error.  Now  a  change 
of  two  in  the  last  digit  would,  when  5  Clark  cells  wnre  used,  cause  a  difference  of  less 
than  1  in  4000  in  the  resulting  value  of  J  ;  but  as  the  numbers  in  each  column  are 
obtained  from  independent  experiments,  and  as  all  the  columns  are  used  in  the  final 
determination  of  J,  it  is  probable  that  the  mean  resulting  error  is  of  very  small 
dimensions. 

[Note  by  E.  H.  G.  Added  April,  1893,  The  statement  that  the  loss  or  gain  by 
radiation,  convection,  and  conduction  is,  in  our  apparatus,  a  linear  function  of  the 
difference  in  temperature  may  at  first  sight  appear  to  differ  from  the  conclusions 
arrived  at  by  Dulong  and  Petit,  Macearlane,  and  other  observers,  but  I  think 
that  the  contradiction  is  more  apparent  than  real.  The  curve  which  shows  the 
absolute  loss  or  gain  (fig.  8,  p.  454)  indicates  that,  if  we  had  reduced  the  pressure 
to  something  under  one-thousandth  of  a  millimetre,  the  loss  or  gain  by  radiation, 
convection,  and  conduction  might  almost  have  been  disregarded  over  our  range,  and 
hence  it  is  evident  that  convection  plays  by  far  the  greatest  part  at  such  pressures 
as  those  with  wdrich  we  were  working ;  and  the  wonderful  experiments  of  Professor 
Dewar  (the  account  of  which  had  not  been  published  when  the  preceding  section 
was  written)  appear  to  place  this  conclusion  on  a  firm  foundation.  Now  Duloxg  and 
Petit  make  the  loss  or  gain  by  convection  vary  directly  as  the  difference  in  tempera¬ 
ture  when  the  density  of  the  gas  remains  constant.  In  our  apparatus  the  density 
of  the  air  surrounding  the  calorimeter  must  have  remained  nearly  constant  through¬ 
out  each  experiment,  and  therefore  our  observations  appear  to  corroborate,  rather 
than  to  contradict,  the  conclusions  arrived  at  by  Dulong  and  Petit.] 

Section  XIII. — The  Method  of  Performing  a  J  Experiment, 

The  general  method  of  procedure  was  as  follows. 

Freshly  distilled  ether  having  been  placed  in  the  cooling  tube,  the  temperature  of 
the  calorimeter  was  lowered  until  the  resistance  of  the  coil  indicated  a  temperature 
of  10°  C,,  any  remaining  ether  was  then  withdrawn  and  dried  air  passed  through  the 
cooling  apparatus  for  about  ten  minutes.  The  aspirating  portion  of  the  apparatus 
was  removed  and  the  cooling  tube  cleaned  by  a  small  mop  of  absorbent  cotton  wool. 
The  open  end  was  closed  by  a  long  cork,  and  a  metal  tube  placed  over  the  whole  of 
the  projecting  portion,  the  lower  end  of  this  tube  being  washed  by  the  tank  water. 

The  storage  circuit  wms  then  completed  and  the  rheostat  adjusted  until  the 
balance  with  the  Clark  cells  was  obtained.  About  twenty  minutes  elapsed  before  the 
temperature  rose  to  86  E„j — the  point  at  which  we  commenced  our  observations. 
During  this  interval  the  chronograph  circuit  was  tested,  and  any  final  adjustment  of 
the  motor  and  external  circuit  completed. 
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The  task  of  one  observer  was  invariably  that  of  maintaining  the  potential  balance 
by  means  of  the  rheostat,  and  also  inverting  the  currents  at  regular  intervals.  The 
attention  of  the  second  observer  was  directed  to  recording  the  group  of  transits  about 
each  fixed  point,  the  chronograph  key  being  placed  at  the  base  of  the  telescope  stand. 

In  the  intervals  he  recorded  the  times  of  the  revolutions  of  the  stirrer,  which  were 
distinguished  on  the  tapes  from  the  temperature  records  by  double  marks.  He  also 
occasionally  recorded  the  readings  of  thermometer  A  (the  external  temperature),  but 
these  were  as  a  rule  so  regular  as  to  render  this  observation  a  matter  of  form. 

Thus,  during  the  progress  of  an  experiment,  no  notes  had  to  be  taken  unless  some 
exceptional  incident  occurred.  We  believe  this  to  be  an  important  matter  during 
observations  of  this  description,  for  the  mechanical  operation  of  note-taking  greatly  , 
distracts  the  attention! 

The  chronograph  required  rewinding  about  every  twenty  minutes,  and  in  the  press 
of  the  other  observations  this  was  sometimes  forgotten.  Some  of  the  omissions  in 
the  tables  are  due  to  this  cause.  The  duration  of  a  whole  experiment  varied  from 
40  to  80  minutes,  according  to  the  weight  of  water  present  and  the  E.M.F.  used. 

At  the  end  of  an  experiment,  the  chronograph  tape  was  counted  and  the  results 
tabulated  in  the  form  shown  in  Tables  XXVIII.  to  XXXIII.  These  six  experiments 
are  typical  of  the  rest,  and  have  not  been  in  anyway  selected,  except  that  the}''  are 
the  first  performed  on  each  weight,  in  Series  II.,  with  different  E.M.F.  s. 


MDCCCXCm. — A. 
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Table  XXVIII. — Series  II.  J  20.  September  11,  1892. 

Weight  of  water  {in  vacuo)  =  139 '776  grms. 

Clark  Cells.*  n  =  4.  Nos.  (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48). 

Temperature  =  15°'05  C. 

External  temperature  throughout  experiment  =  241‘2  A  =  300  E  =  19°‘260  C. 

Pressure  =  '97  millim. 

Calorimeter  cooled  to  10“‘00  C.  before  commencing  experiment.  Connections 

reversed  at  t. 


Readiiig 

E;„. 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revelations. 

Rate. 

seconds. 

thousands. 

seconds. 

86 

7 

4 

4 

87 

11-8 

88 

16-8 

89 

21-8 

5 

36-8 

Mean 

126 

206 

199 

10 

200-2 

127 

211 

199-2 

128 

216 

199-2 

129 

221-2 

199-4 

11 

233-2 

Mean 

199-2 

30-54 

176 

464-2 

258-2 

17 

431 

177 

469-2 

258-4 

178 

474-7 

258-7 

179 

479-8 

258-5 

19 

496-6 

fMean 

258-45 

30-37 

216 

673-8 

209-6 

217 

679-1 

209-7 

218 

684-5 

209-8 

219 

689-9 

210-1 

25 

693-5 

Mean 

00 

30-47 

256 

888-3 

214-5 

30 

857-5 

257 

893-8 

214  7 

258 

899-2 

214-7 

259 

904-8 

214-9 

32 

922-8 

Mean 

214-7 

•  • 

30-53 

*  The  cells  in  brackets  were  placed  in  pai’allel  arc. 
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Table  XXVIII. — (continued). 


ReadiDff 

Time. 

Time  over 

Revolu- 

Time  of 

Rate. 

E„,. 

interval. 

tions. 

revolutions. 

seconds. 

thousands. 

seconds. 

296 

IIII-3 

223 

37 

1087 

297 

1II6-9 

223-1 

298 

1122-7 

223-5 

299 

112&-3 

223-5 

Mean 

223-38 

30-45 

346 

1398 

286-7 

46 

1.383-5 

347 

1403-9 

287 

348 

1409-6 

286-9 

349 

1415-4 

287-1 

Mean 

286-93 

30-35 

396 

1691-5 

293-5 

397 

1697-4 

293-5 

398 

1703-4 

293-8 

.399 

1709-5 

294-1 

56 

1712-4 

fMean 

293-75 

.30-41 

446 

1997-4 

305-9 

447 

2003-7 

.306-3 

448 

2010-0 

306-6 

449 

2016-2 

.306-7 

66 

2039-6 

Mean 

306-38 

30-56 

506 

2380-8 

383-4 

76 

2366-7 

507 

2387-5 

383-8 

508 

2394-2 

384-2 

509 

2400-8 

384-6 

78 

2431-5 

Mean 

384 

.30-54 

536 

2579-8 

199 

82 

2563-8 

537 

2586-8 

199-3 

538 

2593-5 

199-3 

5.39 

2600-3 

199-5 

84 

2629-7 

Mean 

199-.38 

.30-42 

3  N  2 
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Table  XXIX.^ — Series  II.  J  23.  September  12,  1892. 

Weight  of  water  (in  vacuo)  —  139 '776  grms. 

Clark  cells,  n  =  3.  Nos.  (37,  38,  39),  (40,  41,  42),  (43,  44,  45).  Temperature  15°-21  C. 
External  temperature.  241 '2  A  =  300  E  =  19'’‘260  C.  Pressure  =  ‘78  milliiu. 

Calorimeter  cooled  to  10°' 10  C.  before  commencing  experiment.  Connections 

reversed  at  t. 


Reading 

Efli. 

Time. 

Time  over 
interval . 

Revolu¬ 

tions. 

Time  of 
revolution. 

Rate. 

seconds. 

thousands. 

seconds. 

86 

-  9-5? 

87 

-  1-7 

88 

6 

89 

14 

7 

21 

Mean 

126 

.305-2 

314-7  ? 

127 

313-2 

314-9 

128 

321 

315 

129 

329-5 

315-5 

17 

3.54-2 

Mean 

315-03 

•  • 

30-01 

176 

714-2 

409 

177 

723-6 

409-4 

178 

731 

410 

179 

739-2 

409-7 

29 

753-4 

fMean 

409-52 

30-06 

216 

1050-3 

336-1 

217 

1058-7 

3.36-1 

218 

1067-3 

336-3 

219 

1076 

336-8 

40 

1120 

Mean 

•  • 

336-33 

•  • 

•  • 

30-01 

256 

1397-2 

346-9 

257 

1406 

.347-3 

258 

1415 

347-7 

259 

1423-9 

347-9 

50 

1453 

Mean 

•  • 

347-45 

•  • 

30-02 
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Table  XXIX. — (continued). 


Reading 

Em. 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolution. 

Rate. 

seconds. 

thousands. 

seconds. 

296 

1760-9 

363-7 

59 

1753-6 

297 

1770-2 

364-2 

298 

1779-7 

364-7 

299 

1789 

365-1 

61 

1820*3 

Mean 

•  • 

364-43 

•  • 

•  • 

29-95 

346 

2231-0 

470-6 

73 

2219-9 

347 

2240-9 

470-7 

348 

2250-5 

470-8 

349 

2260 

471 

75 

2286-7 

iMean 

470-78 

•  • 

30-02 

396 

2719 

487-5 

87 

2686-6 

397 

2729 

488-1 

398 

2739 

488-5 

899 

2749-3 

489-3 

89 

2753 

fMean 

•  • 

488-35 

30-02 

446 

32.33-9 

514-9 

103 

.3219-3 

447 

3244-8 

515-8 

448 

3254-9 

515-9 

449 

3265-8 

516-5 

105 

3286 

Mean 

•  • 

•515-78 

■■ 

1 

.30-02 

Owing  to  the  breakage  of  a  -w’ire  in  the  clock  and  chronograph  circuit,  the  records  of  the  times 
from  449  to  539  are  so  uncertain  that  we  have  decided  to  omit  them. 
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Table  XXX. — Series  II.  J  26.  September  14,  1892. 

Weight  of  water  (wt  vacuo)  =■  199 '674  grms. 

Clark  cells.  n  =  L  (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48). 

Temperature  15°T2  C. 

External  Tempereture  241 '2  A  =  300  E  =  19 '260°  C.  Pressure  =  ’48  millim, 
Calorimeter  cooled  to  10°'00  C.  Connections  reversed  at  h 


Reading 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolutions. 

Rate. 

seconds. 

thousands. 

seconds. 

86 

45-2 

0 

19-6 

87 

51-7 

88 

57-9 

89 

64T 

2 

86-1 

126 

297-7 

252-5 

8 

285-3 

127 

304 

252-3 

128 

310 

252-1 

129 

316-8 

252-7 

Mean 

• 

252-4 

30-10 

176 

623-8 

326-1 

18 

617-6 

177 

630 

326 

178 

636-7 

326-7 

179 

643 

326-2 

19 

650-8 

t  Mean 

• 

326-25 

•  “ 

30-12 

216 

888-6 

264-8 

26 

883-2 

217 

895-2 

265-2 

218 

902 

265-3 

219 

908-9 

265-9 

27 

916-4 

Mean 

• 

265-3 

•  • 

30-12 

256 

1160-7 

272-1 

31, 

1148-8 

257 

1167-1 

271-9 

258 

1174 

272 

259 

1181 

272-1 

Mean 

272-03 

30-10 
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Table  XXX. — (continued). 


Reading 

E». 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolutions. 

Rate. 

seconds. 

thousands, 

seconds. 

296 

1442T 

281-4 

42 

1414-6 

297 

1449-4 

282-3 

298 

1456-5 

282-5 

299 

1463-8 

282-8 

44 

1481 

Mean 

282-25 

30-12 

346 

1804-3 

362-2 

53 

1780-3 

347 

1811-7 

362-3 

348 

1818-9 

362-4 

349 

1826-5 

362-7 

55 

1847-3 

Mean 

362-4 

30-02 

396 

2175 

370-7 

64 

2147 

397 

2182-9 

371-2 

398 

2190-5 

371-6 

399 

2198 

371-5 

66 

2213-7 

t  Mean 

371-25 

•  • 

•  • 

30-02 

446 

2562 

387 

76 

2546-4 

447 

2569-9 

387 

448 

2577-7 

387-2 

449 

2585-6 

387-6 

78 

2613 

Mean 

387-20 

•  • 

30-05 

506 

8046 

484 

90 

3012 

507 

3054-8 

484-4 

508 

.3062-8 

485-1 

509 

3071-2 

485-6 

92 

3078-5 

Mean 

>• 

484'  i  8 

30-08 

536 

3297-4 

251-4 

97 

3244-7 

537 

3305-9 

251-6 

538 

3314 

251-2 

539 

3322-6 

251-4 

98 

3278 

Mean 

•  • 

251-4 

•  • 

30-07 
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Table  XXXI. — Series  IL  J  27.  September  15,  1892. 

Weight  of  water  {in  vacuo)  =  199 ‘67 4  grms. 

Clark  cells,  n  =  5.  Nos.  (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48),  (52,  53, 54) 

Temperature  15°  C. 

External  Temperature  241*1  A  =  299*8  E  =  19°*258  C.  Pressure  =  *48  millim. 
Calorimeter  cooled  to  10°*01  C.  Connections  reversed  at  t. 


Reading 

E,„. 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolutions. 

Rate. 

seconds. 

tlionsands. 

seconds. 

86 

76-7 

7 

22-9 

87 

80-9 

88 

85-2 

89 

89-4 

Mean 

126 

249-7 

173 

13 

223-7 

127 

254 

173-1 

128 

258-4 

173-2 

129 

262-6 

173-2 

15 

290-7  ■ 

Mean 

173-13 

•  • 

•  • 

29-88 

176 

471-8 

222-1 

20 

457-5 

177 

476 

222 

1 

178 

480-6 

222-2 

1 

1 

179 

485 

222-4 

21 

490-5 

Mean 

222-18 

•  • 

30-13 

1216 

651-6 

179-8 

25 

623-2 

217 

656 

180 

218 

660-5 

179-9 

219 

665 

180 

27 

689-5 

Mean 

•  • 

179-95 

30-15 

256 

8.34-7 

183-1 

31 

822-4 

257 

839-5 

183-5 

258 

844 

183-5 

259 

848-8 

183-8 

32 

855-6 

Mean 

183-48 

30-22 
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Table  XXXI.— (continued). 


Reading 

E„,. 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolutions. 

Rate. 

1 

seconds. 

thousands. 

seconds. 

i 

296 

1024-4 

189-7 

37 

1021-6 

297 

1029 

189-5 

1 

298 

1034 

190 

! 

299 

1038-6 

189-8 

38  . 

1054-8 

Mean 

189-75 

30-12 

346 

1267-2 

242-8 

44 

1254-4 

347 

1271-8 

242-8 

348 

1276-7 

242-7 

849 

1281-6 

243 

45 

1287-5 

Mean 

242-83 

i 

30-08 

1 

396 

1513-6 

246-4 

i 

397 

1518  6 

246-8 

398 

1523-6 

246-9 

1399 

1528-8 

247-2 

53 

1553-2 

^Mean 

246-83 

30-11  ' 

446 

1769-3 

255-7 

59 

1752-6 

447 

1774-7 

256-1 

448 

1779-9 

256-3 

449 

1785 

256-2 

Mean 

256-08 

30-10 

506 

2087-5 

318-2 

68 

2051-1 

607 

2092-8 

318-1 

508 

2098-4 

318-5 

509 

2103-7 

318-7 

70 

2117-3 

1  Mean 

318-38 

.. 

30-16 

536 

2-251 

163-5 

73 

2216-6 

537 

2266-8 

164 

538 

2262-2 

1 63-8 

539 

i 

2267-9 

164-2 

!  Mean 

163-88 

30-22 

O 


O 
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Table  XXXII. — Series  II.  J  33.  September  18,  1892. 

Weight  of  water  (m  lacuo)  =  259 '500  grms. 

Clark  cells,  n  =  5.  (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48),  (52,  53,  54). 

Temperature  15°'06  C. 

External  temperature  24T2  A  =  300  E  =  19°'260  C.  Pressure  =  •44miUim. 
Calorimeter  cooled  to  1  0°T0  C.  Connections  reversed  at  t. 


Readino^ 
E„..  ^ 

Time. 

1 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolutions. 

Rate. 

seconds. 

thousands. 

seconds. 

86 

42-9 

8 

18 

87 

48 

88 

53-1 

89 

58‘5 

10 

84-6 

Mean 

126 

2517 

208-8 

127 

257 

209 

128 

2r;2-2 

209-1 

129 

2677 

209-2 

16 

283-8 

Mean 

209-03 

30-10 

176 

520-4 

268-7 

177 

525-7 

268-7 

178 

531-2 

269 

179 

536-5 

268-8 

24 

549-2 

]\Iean 

268-75 

30-15 

t216 

7.37-7 

217-3 

217 

743 

217-3 

218 

748-5 

217-3 

219 

754-1 

217-6 

31 

781-6 

INIean 

217-38 

.30-12 

1 

2.56 

959-3 

221-6 

36 

947-4 

257 

965 

222 

1 

258 

970-6 

222-1 

259 

996-5 

222-4 

37 

980-7 

Mean 

222-03 

1 

1 

THE  MECHAHJCAL  EQUIVALENT  OF  HEAT. 


467 


Table  XXXII — (continued). 


Reading 

E,„. 

Time. 

Time  over 
interval. 

'  Revolu¬ 
tions. 

Time  of 
revoluiions. 

Rate. 

seconds. 

: 

tEousands. 

seconds. 

296 

1188-9 

229-6 

43 

1180-3 

297 

1194-7 

229-7 

298 

1200-4 

229-8 

299 

1206-2 

229-7 

44 

1213-6 

Alean 

« 

229-7 

1 

1 

30-06 

346 

1482 

293-1 

52 

1479-7 

347 

1487-8 

293-1 

348 

1493-6 

293-2 

349 

1499-2 

293 

53 

1512-9 

^[ean 

293  1 

1 

30-07 

396 

1780 

298 

i 

397 

1786-2 

298-4 

1 

398 

1792-3 

298-7 

399 

1798-4 

299-2 

62 

1812 

Mean 

298-58 

30-10 

t446 

2088-8 

308-8 

70 

2077-7 

447 

2095 

308-8 

448 

2101-2 

308  9 

1 

449 

2107-7 

309-3 

71 

2110-9 

Mean 

308-95 

•  • 

30-11 

506 

2472 

383-2 

81 

2441-7 

507 

2478-6 

383-6 

508 

2485-2 

384 

509 

2491-7 

384 

83 

2507-6 

Mean 

383-7 

•  • 

30-25 

536 

2669-7 

197-7 

87 

2639-8 

537 

2676-4 

197-8 

538 

2682-9 

197-7 

539 

2689-9 

198-2 

Mean 

_ 

j 

I 

197-85 

•  • 

30  26 

3  o  2 
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Table  XXXIII. — Series  11.  J  34.  September  18,  1892. 

Weight  of  water  [in  vacuo)  =  259 '500  grms. 

Clark  cells,  n  =  6.  Nos.  (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48), 
(49,  50,  51),  (52,  53,  54).  Temperature  15°  C. 

External  temperature  241 ‘2  A  =  300  E  =  19°‘260  C.  Pressure  =  '48  millim. 
Calorimeter  cooled  to  10°'0I  C.  Connections  reversed  at  C 


Reading 

E,„. 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolutions. 

Rate. 

seconds. 

ihousauds. 

seconds. 

86 

65-9 

0 

18-5 

87 

69-6 

88 

73-7 

89 

77-3 

2 

85-5 

126 

217-4 

151-5 

5 

184 

127 

221-4 

151-8 

128 

225-2 

151-5 

129 

228-9 

151-6 

7 

250 

1 

]\Iean 

151-6 

30-23 

176 

411-5 

194  1 

11 

382-5 

i 

177 

415-4 

194 

178 

419-3 

194-1 

179 

423-2 

194-3 

13 

448-5 

fMean 

■ 

•  • 

194-13 

30-25  ; 

I  216 

568 

1565 

16 

547-5 

!  217 

572 

156-6 

218 

576 

156-7 

219 

580 

156-8 

18 

613-5 

, 

Mean 

156-65 

30-30 

256 

727-5 

159-5 

21 

712-4 

i 

257 

731-5 

159-5 

1 

258 

735-5 

1595 

259 

1 

739-6 

159-6 

22 

/  45*4 

iMean 

159-53 

■■ 

30-23 
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Table  XXXIII. — (continued). 


Reading 

E,n. 

Time. 

Time  over 
interval. 

Revolu¬ 

tions. 

Time  of 
revolutions. 

Rate. 

seconds. 

thousands. 

seconds. 

296 

891-7 

164-2 

26 

877 

297 

895-8 

I64-3 

298 

900 

164  5 

299 

904-2 

164-6 

27 

910 

Mean 

164-4 

30-28 

346 

1100-8 

209-1 

347 

1104-8 

209 

348 

1109 

209 

349 

1113 

208-8 

34 

1140-3 

Mean 

208-98 

30-40 

396 

1312-5 

211-7 

39 

1304-7 

397 

1317 

212-2 

398 

13-21 

212 

399 

1325-4 

212-4 

40 

1337-7 

Mean 

212-08 

30-40 

f446 

1531-2 

218-7 

447 

1535-7 

218-7 

448 

1540 

219 

449 

1544-6 

219-2 

47 

1567-7 

Mean 

218-9 

30-43 

506 

1802-7 

271-5 

54 

1797-8 

507 

1807-2 

271-5 

508 

1811-9 

271-9 

509 

1816-5 

271-9 

55 

1830  6 

Mean 

271-7 

•  • 

30-43 

536 

1942-3 

139-6 

58 

1929-8 

537 

1947 

139-8 

538 

1951-7 

139-8 

539 

1956-3 

139-8 

Mean 

1 

139-75 

30-33 
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For  convenience  of  reference  in  the  succeeding  Tables,  we  repeat  here  the  Table 
showing  the  values  we  have  assigned  to  each  range  on  the  rising  thermometer. 


Table  XXXIV. 


No.  of 
range. 

P„,- 

C. 

Mean. 

de. 

I 

87'.5-I27-.5 

I3-990-14-963 

14-477 

-973 

2 

I27'5-I77-5 

14-963-I6T98 

15-581 

1-235 

3 

I77-5-2I7-5 

I6-I98-17-I85 

16-682 

-987 

4 

217-5-257-5 

17-J85-I8T80 

17-683 

-995 

5 

257-5-297-5 

I8T80-19T96 

18-688 

1-016 

6 

297'5-.347-5 

I9-I96-20-474 

19-835 

1-278 

7 

347-5-397-5 

20-474-21 -756 

21-115 

1-282 

8 

397-5-447-5 

21-756-23-063 

22-409 

1-307 

9 

447-5-507-5 

23-063-24-G61 

23-862 

1-598 

10 

507-5-537-5 

24'661-25-471 

25-006 

-811 

We  consider  it  unnecessary  to  give  more  of  our  original  observations  in  full, 
but  have  collected  in  Tables  XXXV.  and  XXXVI.  the  unreduced  experimental 
results  of  all  the  J  experiments,  with  the  exception  of  J  1  to  4.  (See  p.  475.) 
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Table  XXXVL — Series  II.  Experiments  20-34. 
Group  A.  W  =  139'776  grms. 


THE  MECHANICAL  EQUIVALENT  OE  HEAT, 


473 


00  (M 

o  o 

lO  CO 

X 

o 

CO 

oi 

04  CO 

r  1 

1  1 

CO  04 

r-H 

Cl  o 

o  o 

r—  Ci 

1  1 

1  1 

b  b 

Ci  CO 

CO  CO 

O  OI 

CC)  X 

f-H 

04 

rH 

1 

1 

o 

CO  !>► 

O  00 

lO  CO 

O  CO 

' 

O  1-0 

CO  CO 

CO 

1  1 

04 

cc  04 

! 

o 

Ai  o 

&J  o 

!>•  Ci 

1  1 

O  f-H 

o 

i 

00  CO 

lO  CO 

00  OI 

lO  X 

X  X 

1 

CO 

Cl 

CO 

04 

X 

00 

O 

i:^  X 

X  04 

lO  CO 

X  LO 

CO  lO 

CO 

Ci  CO 

1>  o 

X  o 

X  04 

00 

o  o 

bi  o 

00  bi 

lb  'b 

^H  f-H 

b 

O  CO 

O  CO 

O  04 

rH  X 

O  CO 

O  CO 

CO 

04 

CO 

L-O 

04 

X 

iO  T—l 

00  1>- 

■04  Oi, 

lO  04 

X 

X  X 

!>• 

CO  CO 

CO 

X  o 

X  Ci 

lO  04 

cb  o 

lO  o 

cb  o 

00  o 

-tP  O 

Ar  O 

C5  CO 

CT:  ‘v^ 

Oi  04 

X  X 

Oi  X 

Cl  X 

04 

04 

p-H 

04 

i — 1 

M 

CO  o 

00  o 

lO  X 

X  04 

O 

O  P-H 

■  Ov  CO 

O  OI 

O  1-0 

o 

CO  O 

^  04 

o 

o  o 

O 

Oi  cb 

o  o 

b  f-H 

lb  b 

OO  CO 

O  CO 

X  04 

X 

Oi  X 

X  X 

O 

2 

ce 

oi 

04 

04 

Eh 

O 

00  lO 

O  04 

O  CO 

X  LO 

lO  CO 

OO 

O 

CO  ^ 

CO  CO 

CTj 

to  OI 

X  04 

CQ 

cb  o 

o  o 

lb  OI 

At  c> 

b  b 

X  b 

02 

Ol  CO 

LO  CO 

04  04 

CO  04 

^  'CO 

04  X 

oi 

r— 1 

04 

X 

r-H 

04 

CD 

a 

Ph 

O  CO 

CO  CO 

o  ^ 

lO  04 

X  o 

X  rH 

lO 

O  I-H 

o  ^ 

-P  o 

!>•  X 

O  04 

A  o 

ib  o 

Oi 

b 

o 

lb  o 

1—1  CO 

CO 

1— i  OI 

^  CO 

CO 

rH  X 

C<I 

04 

X 

i-H 

04 

O 

lO  1^ 

o 

X  rH 

lO  IN. 

LO  X 

00 

rt<  CO 

CO  CO 

X  o 

O  XI 

r-H 

CO 

A  o 

Ol  o 

I—*  <b 

cb  b 

04  b 

o  o 

o  CO 

-+  CO 

^  OI 

X  X 

f-H  X 

oi 

04 

X 

r-H 

04 

lO  tN- 

00 

O  CO 

X  CO 

X  Ci 

X  X 

Ol 

CO 

Oi  CO 

CO  lO 

lO  o 

04  X 

CO  rH 

00  o 

lb  o 

O  G1 

b  b 

»b  b 

do  b 

iiO  CO 

1>-  CO 

CO  04 

O  X 

X 

lO  X 

1— ! 

04 

t-H 

04 

o 

O  CO 

O  X 

X  f-H 

X  04 

O  lO 

0-1  LO 

CO  CO 

— p 

o  o 

t-H  X 

X  04 

1—i 

o  o 

cb  o 

04  cb 

lb  b 

b  b 

CTj  o 

O  CO 

CYC  CO 

O  OI 

f-H  X 

X  X 

Cl  X 

nH 

1— < 

CM 

X 

I-H 

I-H 

£  a 

£  o 

O  <i;) 

£  s> 

o  D 

0  -10 

a  -ts 

.ci  a 

r« 

•  n  H 

•P  'S 

£- 

r- 

H  A 

ri  Ph 

H  Ph 

t3  w 

o  ^ 

- .  o 

lO 

c:> 

o 

o 

o 

LO 

o  ^ 

o 

o 

o 

f— ' 

o 

04 

s  t 

LO 

A. 

,A 

V,  X 
lO  '  - 

lb  ^ 

ib-p 

o  ^ 

S  2 

_l 

1— H 

d  pin 

S  o 

1-H 

04 

04 

X 

X 

i  s 

o 

rH 

r— ( 

f-H 

rH 

£ 

O 

p^c<j 

^04 

^  04 
^04 

^  X 
^04 

^  HP 

<0,04 

^  LO 
^04 

d 

5 

o 

Q 

CD 

CD 

CD 

0 

Q 

m 

m 

xn 

m 

xn 

xn 

. — A.  3  P 


MDCCCXCIII, 


Table  XXXVI. — (continued). 
Group  C.  W  =  199 ’6 74  grins. 


474 


MR.  E.  H.  GRIFFITHS  ON  THE  VALUE  OF 


X 

M 

O 

Cv 

H 

<v 

(V 


O 

to 

c3 

Ph 


CO 


I> 


CO 


01 


!  'HH  M 

-  O 


s 

si  5 


a; 


c3 


d 

Cw 

0)  ' 
■+^ 
ct 


O 

CO  Cl 

o  o 

CO  Cw 

CO  o 

CO  o 

xc  GI 

1-0  to 

X.0  CO 

o 

CO  Cl 

O  t- 

CO 

O 

Cl  d 

Cl  r- 

CO  d 

In  “ 

r— i  O 

CO  CD 

b  b 

cb  b 

b  b 

oc  c 

b  b 

L-  o 

c;  b 

lO  CO 

CD  CO 

^  CO 

'O  CO 

O  d 

Ci  CO 

cd  CO 

Gi  ro  ■ 

CM 

I—j 

Cl 

rH 

r^ 

rr 

rH 

r«- 

00  00 

CO  o 

IC  ts- 

O  <M 

O  rH 

O  00 

00  ^ 

O  x-C 

O  CO 

1--  o 

CO  <— 1 

rH 

o 

to  I—I 

xc  rH 

In  Cl 

In  r? 

o 

C»  CD 

CM  CD 

o 

b  b 

P?  o 

Pp  o 

CO  b 

— ^  b 

CO  CO 

1— 1  CO 

CO  CO 

rH  CO 

00  G-3 

00  CO 

CO  CO 

00  CO 

IN  CO 

CO 

CO 

CO' 

'  *■ 

CO 

CO 

OJ 

O  lO 

00  o 

JlC 

O  Ci 

O  CO 

H*'  >'T> 

00  o 

X.O  — 

O 

oi  o 

O  rH 

CO  CO 

xo  1-0 

b  r^ 

CO  rH 

G;  ^ 

D  ^ 

l>~  CD 

:0  O 

b 

lb  b 

b  b 

b  b 

b  b 

6o  o 

00  b 

OD  03 

lO  CO 

00  CO 

IC  CO 

rH  Cl 

o  CO 

O  CO 

O  CO 

CO 

Cl 

CO 

Cl 

CO 

CO 

rri 

•C0‘ 

d 

lO  CM 

CO  ^ 

>iO  o 

o  CO 

1-0 

CO  CO 

xc  xC 

00  o 

CO  o 

(M  O 

00  rH 

rH 

o 

O 

to  o 

G^  Gi 

O  r? 

1— i  o 

■i  o 

CD  CD 

b  b 

b  b 

00  o 

00  <D 

00  b 

d  c 

CO 

^  CO 

'*-0  CO 

CO 

O  Cl 

Gi  CO 

G:;  Cl 

O  CO 

rH  CO 

CO 

d 

CO 

d 

CO 

d 

d 

d 

oi 

o  oi 

CO  GO 

CO  CO 

CO  ^ 

o  o 

CO  t> 

O  CO 

O  IN 

00  o 

o 

00  o 

d  CO 

o  cc 

rj^  xo 

Cl  o 

00  CO 

1-i  o 

01  CD 

Cl  o 

rH  b 

rH  b 

b  b 

‘CO  b 

cb  b 

CO  b 

00  b 

O  CO 

CO 

CO  CO 

'Xfl  CO 

a:-  d 

g:  CO 

03  OI 

g:  CO 

O  CO 

CO 

d 

0*^ 

Cl 

Cl 

d 

d 

d 

xh 

rT 

lO  oi 

^  Cl 

O  CO' 

O  !>• 

00  o 

o  o 

00  Cl 

o  o 

O  X 

01  rH 

!>•  ^ 

rH  rH 

CO  Cl 

CJO 

xo 

o  o 

to  Gi 

1^  o 

G-  04 

^  o 

cb  b 

Cl  b 

o  6 

O  D 

o  o 

b  b 

Gi  b 

^  b 

00  CO 

CO  CO 

CO  CO 

00  CO 

(3 

CO  Cl 

CO  CO 

CM  CM 

d  CO 

•H  '70 

oi 

d 

rH 

o 

Cl 

d 

d 

d 

-H 

XO 

03 

CO  o 

00  d 

CO  iC 

lO  CO 

UO 

O  X0> 

O  00 

00  ^ 

CO 

I»v^ 

O  t-H 

C  l 

o  o 

Cl  CO 

CO  00 

-cfX  C3 

CO  o 

O  rH 

x-O  d 

oi  o 

b  b 

Cl  b 

cb  b 

Cl  b 

d  b 

d  b 

d  b 

.rn  G 

!>.  00 

00  CO 

CO 

00  CO 

Cl  d 

d  Cl 

d  CO 

d  CO 

xb  b 

CM 

rH 

Cl 

rH 

CM 

d 

d 

d 

~ 

o  oi 

iC  lO 

00  IC 

iC  Ci 

O  CO 

lO  xo 

00  00 

00  d 

xo  O 

CO  rH 

>— ! 

rH  rH 

O  CO 

. 

00  Oi 

C3  O 

o 

CO  rH 

w  CO 

iio  o 

CD  O 

lb  b 

03  O 

d 

b  b 

IN.  o 

IN  b 

b 

b  o 

CO  CO 

00 

^  CO 

!>.  CO 

rH  d 

r— 1  CO 

rH  CO 

rH  CO 

xO  CO 

Cl 

rH 

d 

rH 

H)  1 

Cl 

d 

(M 

rr 

0 

g 

lO  Ol 

00  CO 

O 

00  CO 

o 

O  CO 

CO  IN. 

In  rH 

XxO  xO 

CO  xO 

Cl  1—1 

rH  r— 1 

O  rH 

00  CO 

rH  Gi 

d  o 

Gi  rH 

In*  rH 

r-  d 

cb  o 

Cl  b 

b  b 

lb  b 

b 

b  b 

00  o 

00  b 

Pf  6 

Cl  CO 

Cl  CO 

Cl  CO 

d  CO 

CO  Cl 

to  CO 

to  tTN 

tG  CO 

G  'to 

CO 

(M 

CO 

CM 

d 

d 

d 

d 

rH 

■  o  o 

CO  00 

o  o 

O  ic 

CO  CO 

to  o 

ct  o 

CO  o 

O  X 

'Tf^  1-H 

rH  00 

rH 

IN.  d 

CO  Gi 

o 

rH  O 

O  rH 

rH  d 

CM  CD 

CO  b 

Cl  b 

Cl  b 

b  b 

b  b 

b  b 

b  b 

b  O 

lO  CO 

Cl 

IC  CO 

r>-  CO 

O  d 

O  CO 

O  CO 

O  CO 

xO  CO 

Cl 

rH 

Cl 

rH 

d 

Cl 

CM 

d 

o  a; 

2  CD 

(?■) 

2  <D 

2  oi 

0  n 

2  03 

2  ® 

0  0 

H  -H 

d  -H 

^  -4^ 

d  •  -H 

d  HI 

.d 

H  Ph 

.5  d 

B  Ph 

•  d  ^ 

H  P^ 

•  P  ci 

H  pp 

•  S  ce 

H  PP 

H  1^' 

.5 

C“'  Ph 

bPH 

o 

o 

o 

o 

IC  • 

o 

o 

o 

rH 

.  o 

o 

d 

?  xo 

rH 

^lO 

rH 

/o^ 

xb  ^ 

xb 

xb 

lb 

lb  ^ 

rH 

— H 

rH 

rH 

rH 

-Tf* 

)C 

lO 

CO 

o 

00 

00 

X 

rH 

^H 

rH 

rH 

rH 

r^ 

rH 

rr 

r-i 

CO 

c,Cl 

O^d 

00 

^d 

A  ^ 

A  O 

^co 

-4^*  d 
^CC 

■:  CG 

1 

•D 

CD 

0 

o 

0 

0 

0 

0 

m 

Ul 

m 

U1 

m 

U1 

CO 

CO  1 

1 

THE  MECHANICAL  EQUIVALENT  OF  HEAT.  475 

1 

Observations  on  Tables  XXXV.  and  XXXVI. 

Experiments  1  to  4. 

These  have  been  rejected  and  the  observations  are  not  included  in  the  Tables. 
The  discrepancies  over  the  shorter  ranges  are  absurdly  great,  and  the  mean  times 
far  too  large.  During  these  experiments  we  had  great  difficulty  in  maintaining  the 
potential-balance ;  this  ought  to  have  been  sufficient  to  indicate  the  source  of  error, 
but,  at  the  time,  we  attributed  it  to  want  of  practice  in  the  observers. 

It  must  be  borne  in  mind  that  it  was  not  until  many  weeks  after  the  close  of  our 
observations  that  the  reductions  were  completed,  so  that,  at  the  time  of  experimenting, 
we  were  wholly  in  the  dark  as  to  the  actual  value  of  our  results.  Our  only  means  of 
obtaining  any  glimpse  of  the  value  of  a  particular  experiment  was  its  resemblance  to 
some  other  one  taken  under  similar  conditions,  but,  as  all  the  conditions  were  never 
precisely  the  same,  we  could  thus  obtain  little  information. 

We  have  now  no  hesitation  in  assigning  the  following  cause  to  the  failure  of  these 
four  experiments.  With  this  weight  of  water,  the  depth  in  the  calorimeter,  when 
the  stirrer  was  at  rest,  was  only  2  centims.,  and  as,  when  rapid  stirring  took  place,  a 
great  portion  of  the  contents  must  have  been  within  the  cylinder  and  in  the  upper 
portion  of  the  calorimeter,  it  is  evident  that  the  higher  parts  of  the  coil  must  have 
been  at  times  uncovered,  since  it  required  1’5  centims.  for  complete  immersion.  This 
would  account  (1)  for  the  irregular  behaviour  of  the  potential-balance,  and  (2)  for  the 
great  lengthening  of  the  times  shown  in  these  experiments.  We  at  no  time  antici¬ 
pated  success  with  so  small  a  mass  of  water,  but  the  excellent  results  obtained  from 
our  stirring  experiments  on  this  weight  (see  Table  XXI.)  justified  the  attempt. 

Experiments  5  12.  {Group  B.) 

These  experiments  are  only  slightly  more  satisfactory  than  those  we  have  rejected. 
The  cause  is  partly  that  so  frequently  alluded  to  in  Section  XII.,  viz.,  obstructions  in 
the  openings  at  the  base  of  the  internal  cylinder,  the  resulting  irregularities  in  the 
throw  of  the  stirrer  affecting  not  only  the  non-electrical  supply,  but  also  changing  the 
coefficient  of  increase  in  the  resistance  of  the  wire.  That  this  is  the  case  is  indicated 
I  by  the  results  of  Experiment  9,  where  the  E.M.F.  was  so  reduced  that  the  current 
was  only  •!  ampere,  and  the  changes  in  the  temperature  of  the  wire  were  less  marked. 
This  experiment  was  performed  in  order  to  test  the  accuracy  of  our  various  corrections, 
rather  than  as  a  serious  effort  to  determine  the  value  of  J.  The  observations  in  this 
experiment  only  extended  over  f  of  our  total  range,  for,  had  we  endeavoured  to  carry 
it  out  through  the  upper  ranges,  its  duration  would  have  extended  over  some  hours. 

In  every  case  (excepting  as  above  stated.  Experiments  1  to  4)  we  have  given  all 
the  numbers  recorded,  because,  however  bad  individual  observations  may  appear,  we 
have  no  sufficient  grounds  for  their  rejection.  The  omissions  in  the  table  represent 
experimental  mistakes ;  in  No.  5,  E-ange  7,  the  storage  circuit  was  broken  foi  a  second 
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ox  two  by  an  accident  with  the  reversiag  key;  in  No.  6,  the  chronograph  refused  to 
work  throughout  the  first  two  ranges ;  in  No.  10,  some  contact  must  have  taken  place 
between  the  wires  of  the  coil,  as  the  potential-halance  was  entirely  destroyed  after 
the  7th  range.  No.  11  was  an  exceptionally  bad  experiment,  especially  in  the  latter 
half ;  the  changes  in  water  pressure  were  so  rapid  and  violent  as  to  pass  beyond  the 
control  of  the  motor-regulator,  the  rate  changing  from  29 ‘43  to  30'36  in  two  consecu¬ 
tive  observations.  Had  it  not  been  for  our  desire  to  present  our  results  in  full,  we 
would  certainly  have  rejected  this  experiment. 

Exipei^ments  13  to  19.  {Gro^i^  E.) 

In  this  group,  our  heaviest  weight,  the  observations  although  still  somewhat 
irregular  are  in  better  agreement.  As  might  be  anticipated  the  throw  of  the  stiri’er 
was  less  affected  by  the  obstructions  at  the  base  when  the  depth  of  water  was 
greater.  The  alterations  made  in  the  connections  of  the  stirring  rod  have  been 
already  alluded  to. 

Our  conclusions  as  to  the  value  of  J  and  the  changes  in  the  specific  heat  of  water 
are  based  almost  entirely  on  the  results  of  Series  IT.  Although  the  results  deduced 
from  Nos.  13  to  19  are  in  almost  perfect  harmony  with  those  from  Series  II.,  the 
agreement,  for  the  reasons  given  above,  must  be  in  part  fortuitous.  The  mean  value 
of  J  deduced  from  Nos.  5  to  12  agrees  with  the  most  probable  value,  but  the  change 
in  the  specific  heat  of  water  alters  from  positive  to  negative  according  as  the  group  is 
compared  with  the  results  obtained  from  a  lighter  or  a  heavier  weight. 

Series  II. 

This  series  contains  but  fifteen  experiments,  which  may  appear  a  small  number  on 
which  to  base  our  conclusions.  We  would,  however,  point  out  that  these  are  only 
the  concluding  series  of  many  hundred  J  experiments  conducted  by  the  same 
observers,  who  are  therefore  in  the  best  position  to  judge  of  their  value.  Further¬ 
more,  these  fifteen  experiments  are  conducted  on  very  different  weights  of  water  and 
with  very  different  currents,  and  our  conclusions  would  be  but  little  altered  if  they 
were  based  on  any  two  individual  experiments  rather  than  on  the  mean  results  of  all. 
Want  of  time  alone  prevented  our  increasing  their  number,  but  we  believe  that  such 
increase  would  have  given  them  small  additional  weight.  The  results  of  Series  I.  are 
quite  sufficient  to  corroborate  the  value  of  J,  although  the  least  trustworthy  group 
of  that  series  gives  contradictory  values  for  the  change  in  specific  heat  of  water. 

Such  irregularities  as  are  observable  in  the  members  of  these  series,  are  we  believe 
inseparable  from  the  use  of  mercury  thermometers.  Although  many  irregularities 
which  would  otherwise  he  apparent  have  been  eliminated  by  the  method  of 
calibration  adopted  (Section  X.),  there  yet  remain  residual  ones,  not  strlctl}''  recurrent, 
whose  effect  can  only  be  eliminated  by  taking  the  mean  path  of  a  series  of  obser¬ 
vations  over  consecutive  ranges.  The  magnitude  of  such  irregularities  can  be 
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estimated  by  a  comj)arison  of  the  columns  headed  “  mean  ”  and  “  from  curve  ”  in 
Table  XL. 

None  of  these  experiments  call  for  special  comment,  with  the  exception  of  No.  34. 
This  was  performed  with  the  object  of  testing  the  accuracy  of  the  correction  given  by 
the  formula  §Tl  =  aC®  (Section  VII.,  Table  IX.),  and  we  did  not  anticipate  from  it 
results  of  much  value.  The  irregularities  in  ranges  8,  9,  10,  of  Group  D,  Column  21, 
Table  XL.,  are  clearly  an  example  of  the  eccentric  behaviour  of  the  thermometer 
when  rising  at  this  rapid  rate ;  their  mean  however  is  excellent. 

Section  XIV. — The  Calculation  of  the  Results. 

The  method  which  we  have  adopted  in  our  calculations  can  be  put  into  a  general 
form,  thus  : — 

Suppose  a  to  be  the  rate  of  production  of  heat  in  the  calorimeter  at  some  standard 
temperature  6,  whilst  a  denotes  the  value  of  a  at  any  other  temperature  0-^  ; 

p  the  change  in  temperature  per  one  second  due  to  radiation,  &c.,  when  the  differ¬ 
ence  between  the  external  and  internal  temperature  is  1“  C  ; 

M  the  capacity  for  heat  of  the  calorimeter  and  its  contents  at  the  standard 
temperature  d,  M'  its  value  at  9-^  ; 

Then  if  6i  is  the  temperature  of  the  calorimeter  at  any  time  t,  the  rate  (a')  of 
production  of  heat  is 

M'  +  M>  (0,  -  0,}, 


where  6q  is  the  temperature  of  the  surrounding  envelope. 

Thus  the  equation  of  condition  is 

M' 'I' =  «' -  MV  (^1  -  «„) . (1), 

Now,  by  Joule’s  law, 

JM'^  =  C®R . (2), 

therefore 

“•  =  “W  =  T-=je . (3), 


where  a,  is  the  rate  of  production  of  heat  due  to  the  electrical  supply,  and  E  is 
the  E.M.F.  of  a  Clark  cell,  and  n  is  the  number  of  cells  used. 

But  since  the  rate  of  production  of  heat  is  dependent  on  the  resistance  of  a  platinum 
wire,  and  E  is  kept  constant,  this  rate  will  diminish  as  the  temperature  rises,  or, 

tt’j  —  cc^  {1  —  k  6^  —  9  -j-  /8}  . (4), 


*  We  have  changed  the  notation  adopted  in  Section  I.  to  one  more  suited  for  arithmetical  operations, 
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where  h  is  the  resistance  temperature'coefficient  of  the  wire,  and  ^  is  the  number  of 
degrees  that  the  wire  is  hotter  than  the  water  in  contact  wuth  it. 

Similarly 

M'  =  M  {1  +  le^^e] 

where  I  is  the  mean  coefficient  of  increase  of  specific  heat  of  the  water  and  calornneter. 

For  the  non-electrical  supply,  we  have  shown  that  tr^  =  K  (p.  438),  where  t  is  the 
time  of  rising  1°  C.  and  r  is  the  rate  of  revolution  of  the  stirrer,  and  therefore  the 
rise  per  second  is  oiven  by 

o-=r3/K . (5), 

and 

O..0. 

. (6). 


Scr  =  Y  Sr 


By  (6)  we  can  reduce  all  observations  to  the  standard  rate  r. 
Equation  (1)  after  introducing  terms  due  to  stirring  becomes 


that  is. 


JR 


M  [1  -f  Z  —  d)]  ^  —  ^}  +  (cr  —  p  6*^  —  (9q)  M(1  +  Z  dj  —  ^)  (7); 

.  .  .  (8^1. 


or 


dOy  _  1  —  k  {6y  ^  —  0) 


dt  JRM  1  +  /  (Pj  _  p) 


+  o-  —  p(di  -  do) 


If  we  write 


‘li).  (f 


for  the  electrical  and  non-electrical  terms  in  this  expression, 


ddl  ^  {d^\  fd_ly 

dt  \  dt  /e  \  dt  /o 


(9). 


*  Equation  (8)  may  be  expressed  in  the  following  form — 

deyidt  =  K  +  \0y, 

where  A  is  the  sum  of  quantities  independent  of  0y,  and  X  is  the  sum  of  a  number  of  small  quantities. 

The  range  d0y  is  reckoned  from  slightly  below  0y,  say  from  0',  to  slightly  above  say  0”  ;  hence  if  t' 
and  t”  are  the  times  at  0'  and  d",  we  may  assign  to  dOyjdt  the  value  (d''  --  0')  j  {t"  —  t'). 

Strictly  speaking,  the  equations  ought  to  be  integrated  from  t  =  t',  Avhen  d^  =  d',  to  t  =  t",  when 

0i  —  d",  but  the  error  introduced  by  the  above  method  may,  provided  the  ranges  are  sufficiently  small, 
be  neglected. 

We  have  adopted  throughout  our  experiments  ranges  of  from  1°  to  1°'5  C.  It  does  not  appear  prob¬ 
able  that  increased  accuracy  would  have  resulted  from  the  adoption  of  smaller  ranges,  for  the  effect  of 

errors  in  the  thermometry  is  increased  as  the  size  of  the  ranges  is  diminished, 
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The  experiments  on  the  heat  developed  by  the  stirrer  give  ns  the  values  of 
(See  Table  XXVII.) 

1 .  The  first  step  in  the  calculation  of  our  observations  has  been  to  correct,  where 
necessary,  all  times  for  the  clock  error,  which  was  +  ‘0004125,  up  to  J  9  inclusive. 
This  correction  has  been  applied  in  Table  XXXYIII. 

2.  We  found  the  value  of  cWJdt,  i.e.,  the  rise  per  second  jn’oduced  by  the  combined 
effect  of  aU  sources  of  gain  or  loss  (Table  XXXVII.,  col.  4). 

3.  Since  the  rate  of  revolution  throughout  an  experiment  was  always  nearly  30  per 
second,  Ave  eliminated  irregularities  in  the  rate  by  reducing  to  rate  30  by  means  of 
the  formula  given  in  (6).  Thus  we  obtained  the  value  cW^lclt  would  have  had,  had 
the  rate  been  uniformly  30  per  second.  This  reduction  is  shown  in  Table  XXXVII., 
cols.  5  and  6. 

4.  In  order  to  be  able  to  more  readily  compare  experiments  performed  under 
almost  identical  circumstances,  the  next  correction  applied  was  that  for  the  tem¬ 
perature  of  the  Clark  cells.  Lord  Rayleigh  gives  the  formula 

Ejg  =  E^-|l  +  *00077  {t  -  15)} 

hence 

E^,.  =  Wt  {1  +  ’00154  {t  -  15)} . (11), 

where  t  is  the  temperature  of  the  Clark  cells. 

This  correction  cannot  be  applied  to  dB-^jdt  as  a  whole  (equation  9)  but  only  to  the 
portion  [dOJdt)^  the  electrical  supply.  the  correction  was  always  very  small,  it 
was  sufficient  to  find  the  approximate  value  of  {ddijdt)^  by  subtracting,  at  any 
temperature,  the  value  of  {dO^fdt)^  as  given  in  Table  XXVII.,  and  then  find  the 
correction  on  the  value  of  {dOjdt)^  so  obtained  by  formula  (ll).  The  result  of  this 
correction  gives  col.  7,  Table  XXXVII. 

The  correction  wms  applied  in  this  order  as  we  could  thus  compare  all  the  experi¬ 
ments  performed  Avith  the  same  E.M.F.’s  so  long  as  the  values  of  cr  and  p  Avere  the 
same.  The  results  at  this  stage  of  their  reduction  are  given  in  Tables  XXXVIII. 
and  XXXIX. 

5.  Table  XXXVII.,  col.  8,  gives  the  Amlue  of  {d6jdt)Q  taken  from  Table  XXVII. 
This  subtracted  from  col.  7  gives  the  value  of  [ddjdt)^,  i.e.,  the  rise  per  second  due 
to  the  current  only,  the  difference  of  potential  at  the  ends  of  the  coil  being  n  Clark 
cells  (col.  9). 

Hence  equation  (8)  is  reduced  to 
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cWA  {1  -kd^- e  + 

clt  “  JEM  (1  +  I  6^6) 


6.  In  the  section  on  resistance  in  Table  XVI.  we  have  collected  the  values  of 
li 

- - T-—Z - - - T-  at  the  mean  temperature  of  each  range.  The  value  of  n,  the 

1  —  k  {Vy  —  a  -\-  p) 

number  of  Clark  cells  used,  is  given  with  each  experiment.  Substituting  their  values 
we  obtain  the  time  of  rising  1°  C.  with  unit  resistance  and  one  Clark  cell,  or 


E' 


3M(1  +  /  -  d)  =  T 


(12). 


This  gives  column  1 0  of  Table  XXXVII. 

7.  The  results  of  all  the  experiments  were  then  meaned  and  plotted,  the  columns 
headed  “  Mean  ”  and  “  From  curve  ”  in  Tables  XL.  and  XLI.  giving  the  results. 
From  these  smoothed  curves  the  values  of  the  required  constants  were  calculated 
thus  : — 

8.  If  W.^  is  the  water-equivalent  of  the  calorimeter,  and  f  and  g  are  the  tem¬ 
perature  coefficients  of  the  specific  heat  of  water  and  of  the  calorimeter  respectively, 
and  suffixes  written  to  W,  I,  T,  denote  the  values  of  these  quantities  for  different 
weights  of  water,  then  from  (12)  we  obtain 


and 


where 


(W,  +  WJ  (1  +  =  tG 

1- 

I  (W,  +  W.)  (1  +  kep^e)  =  tJ 


/W,  +  ,j\N. 
C-  Wi-fW, 


and 


_/W, 

2  W,  +  Mb 


(13) . 

(14) . 


Hence,  subtracting  equations  (13),  we  get 


or 


I  (w,  -  Wj)  (1  +/», -D)  =  n  -  T, 


(w,  -  wo  (1  +f0,  -  d)  =  -  T,,„ 

i(w,  -  wo(i  =  n.  -  T,, 


j 


(15). 


and 
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where  the  observations  are  taken  at  two  temperatures  and  $2,  the  second  suffix  of 
the  T’s  referring  to  these  temperatures. 

Hence,  by  division,  we  obtain  the  value  of  f,  the  temperature-coefficient  of  the 
specific  heat  of  water. 

And.  if  9q  is  our  standard  temperature,  the  value  of  J  is  found  without  any  know¬ 
ledge  of  the  water-equivalent  of  the  calorimeter. 

Now  (Tg.o  —  T2,o)/(W2  —  Wj)  is  the  time  that  grins,  of  water  at  tempera¬ 
ture  9q  would  take  to  rise  1°  C.  Subtracting  this  from  and  dividing  by 

(T,,„-T,,,)/(W,- W  1)  we  obtain  the  number  of  grins,  of  water  at  6q,  to  which 
the  calorimeter  also  at  9q  is  equivalent  . . (ifi)* 

Similarly  the  expression 

(T,.2  -  Ti.,)/(W2  -  WQ 

(T2.0  -  -  v\h)  . 

gives  the  number  of  grammes  of  water  at  0q  to  which  the  calorimeter  at  is  equiva¬ 
lent.  Thus  we  obtain  both  the  water-equivalent  of  the  calorimeter  and  also  its 
temperature-coefficient  g. 

Finally  J  is  calculated  from 

T  EhT 

“  M  (I  +  Z  0^^) . 


3  Q 


MDCCCXCIII. — A. 


The  following’  Table  gives  the  complete  working  out  of  J  20.  This  experiment  was  selected,  because  it  was  the  first 
of  which  we  have  given  the  experimental  details  (See  Table  XXYIII.). 
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The  two  following  Tables,  XXXVIII.  and  XXXIX.,  give  the  values  of  {cWJdt)  X  10®,  corrected  to  rate  30  and  for 
the  temperature  of  the  Clark  cells.  They  correspond  to  Col.  7  of  Table  XXXVII.  : — 
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Obtained  by  producing  the  curve  through  the  preceding  numbers.  (See  Table  XXIX.) 
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Remarks  on  Table  XL. 

The  column  headed  “Mean”  was  obtained  by  multiplying  the  numbers  in  the 
preceding  columns  of  each  section  by  the  number  of  experiments  from  which  they 
were  deduced,  and  dividing  the  sum  of  the  products  by  the  total  number  of  experi¬ 
ments.  The  “means”  were  plotted  on  a  scale  such  that  inch  of  ordinate  repre¬ 
sented  a  difference  of  '1  second  in  T,  and  the  smooth  curve  in  each  case  so  drawn  that 
the  sum  of  the  positive  and  negative  areas  included  between  it  and  the  experimental 
curve  was  zero.  The  curvature  is  so  slight  over  our  range  that  by  assuming  T  to  be 
a  linear  function  of  our  “  curve  numbers  ”  are  not  affected  when  written  to  four 
figures. 

It  will  be  found  that  our  results  (obtained  from  the  “  smooth  curve  ”  values  of  T) 
are  in  much  closer  agreement  than  might  be  exjDected  from  a  study  of  Table  XL. 
This  indicates  that  the  irregularities  are  due  to  some  (or  all)  of  the  following  causes. 

(1.)  Errors  in  the  comparative  values  of  the  ranges.  The  effect  of  such  errors 
would  be  common  to  all  the  experiments,  and  there  is  evidence  that  the  sixth  range 
is  too  small,  the  value  of  T  over  that  range  being  nearly  always  too  large  ;  the  error, 
however,  does  not  amount  to  0°’00L.  Again,  the  ninth  range  is  evidently  too  great. 
These  errors  do  not  affect  the  result  when  the  values  of  T  over  two  or  three  consecu¬ 
tive  ranges  are  meaned  (as  is  done  by  the  smooth  curve),  the  excess  in  one  case  is 
then  compensated  by  the  deficiency  in  another. 

(2.)  The  irregular  (as  apart  from  the  strictly  recurrent)  “stickings”  of  the  ther¬ 
mometer  ;  these,  as  previously  mentioned,  must  mean  out  wLen  sufficient  observations 
are  taken  over  the  same  range. 

(3.)  Irregularities  in  the  temperature  of  the  water  ejected  through  the  opening  in 
the  cylinder  on  to  the  thermometer  bulb,  water  from  cooler  parts  of  the  calorimeter 
being  followed  by  a  gnsh  of  warmer  water  brought  direct  from  the  hot  wire.  This, 
no  doubt,  is  a  fruitful  cause  of  alternate  lag  and  acceleration,  but  again,  it  is  evidently 
an  irregularity  which  would  but  slightly  affect  the  results  of  many  experiments  con¬ 
tinued  through  a  sufficient  number  of  intervals  of  time.  We  have  previously  pointed 
out  that  the  “  throw  ”  was  irregular  throughout  Groups  B  and  E,  and  the  effect  on 
the  individual  experiments  is  very  marked  ;  nevertheless  the  values  of  T  derived  from 
the  fifteen  experiments  in  those  groups  are  in  practical  agreement  with  the  values 
deduced  from  the  experiments  in  Series  II. 

(4.)  Personal  errors  of  observation  which,  from  their  very  nature,  are  unlikely  to 
recur  at  regular  intervals  or  over  identical  ranges.  These,  no  doubt,  are  the  origin  of 
many  discrepancies,  the  strain  on  the  observer  during  these  experiments  being  great. 

The  cumulative  effect  of  all  the  above  causes  of  irregularity  may  at  times  be  large. 
In  Series  I.  differences  of  1  in  500  occasionally  present  themselves,  although,  in 
Series  II.,  there  is  only  one  case  in  which  the  difference  between  the  mean  and  the 
curve-numbers  exceeds  1  in  1000,  and  only  two  others  in  which  it  exceeds  1  in  2000. 
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The  values  of  J  deduced  from  the  different  groups  (using  the  numbers  given  by  the 
respective  smooth  curves)  are,  however,  in  much  closer  agreement,  the  extreme 
divergence  being  less  than  1  in  4000  (see  Table  XLIII.). 

It  is  worth  mentioning  that  in  previous  years  we  found  the  agreement  between 
individual  experiments  in  the  same  group  (having  the  same  E.M.F.)  was  closer  than 
that  shown  in  the  above  Table  ;  but,  on  the  other  hand,  the  values  of  J  and  of  the 
water  equivalent  given  by  different  groups  (or  by  members  of  the  same  group  when 
the  number  of  cells  was  changed),  differed  hopelessly,  in  some  cases  by  more  than 
1  per  cent.,  showing  that  constant  causes  of  error  had  not  been  eliminated.  We 
attribute  the  improvement  (l)  to  the  alteration  in  the  form  of  stirrer,  for  the 
mechanical  work  done  in  previous  years  varied  capriciously,  although  no  doubt  the 
thermometer  bulb  was  more  thoroughly  “washed”  than  before  the  alteration;  (2)  to 
the  correction  (now  introduced  for  the  first  time)  for  the  difference  between  the 
temperature  of  the  wire  and  that  indicated  by  the  thermometer. 

As  it  is  more  convenient  to  examine  the  values  of  T  for  integral  values  of  the 
temperature,  we  have  read  off  from  the  smooth  curves  the  values  of  T  for  every  two 
degrees  covered  by  our  range,  and  also  the  values  at  15°  C.  and  25°  C.  These  are 
given  in  the  following  table. 


Table  XLI. — Values  of  T  from  Smoothed  Curve. 


Temperature. 

Series  I. 

Series  II. 

Group  B. 

W  =  188-065. 

Group  E. 

W  =  277-931. 

Group  A. 

W  =  139-776. 

Group  C. 

W  =  199-674. 

Group  D. 

W  =  259-500. 

14-000 

557-04 

740-44 

458-77 

580-90 

702-88 

15 

557-14 

740-46 

4.58-87 

580-95 

702-91 

16 

557-24 

740-48 

458-97 

581-01 

702-95 

18 

557-43 

740-55 

459-16 

581-13 

703-00 

20 

557-62 

740-60 

459-35 

581-25 

703-05 

22 

557-80 

740-66 

459-53 

581-37 

703-11 

24 

557-99 

740-72 

459-72 

581-49 

703-17 

25 

558-09 

740-75 

459-81 

581-55 

703-20 

26 

558-18 

740-77 

459-92 

581-61 

703-2-2 

1 

2 

3 

4 

5 

6 

Taking  the  data  given  in  Columns  4  and  6  of  the  above  table,  Ave  giAm  an  example 
of  the  final  calculation  of  our  results. 

Using  the  notation  of  pp.  478-481,  Ave  ]ia\m  the  following  A^alues 
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Wi  =  139776 
Tj,o  =  458-87 
Ti,3  =  459-81 


Wa  =  259-500 
T2,o=  702-91 
To, 3  =  703-20 


=  15°  C. 

=  25°  a 

E  =  1-4344*  volts. 


Substituting  these  values  in  equation  (15)  and  dividing,  we  obtain 


1  +  15/  _  243-39 
1  +  25/  ~  244-04 


•99734. 


As  the  difference  in  weight  of  water  here  amounts  to  nearly  120  grins.,  it  is 
probable  that  the  value  obtained  in  this  case  is  the  most  reliable. 

In  the  same  manner  using  the  values  of  W  and  T  given  in  Columns  4  and  5, 
we  get 


1  +  15/  _  121-74 
l'+  25/“  122-08 


-99722. 


And  again  from  Columns  5  and  6, 


1  +  15 /  _  121-05 
1  +  25/”  121-96 


-99746. 


Hence  mean  value  of  ^  deduced  from  Series  II.  =  -99734. t 

1  +  25/ 

Hence,  adopting  15°  C.  as  the  standard  temperature,  the 

Specific  Heat  ofWater  =  1  —  *000266  {0^  —  15).| 


Also  by  means  of  equation  (15)  we  get  the  following  values  of  J, 

Columns  4  and  6  .  .  .  .  J  =  4-1939  X  10'^ 

„  4  „  5  .  .  .  .  J  =  4-1940  X  10^ 

„  5  „  6  .  .  .  .  J  =  4-1940  X  10^ 

Mean  ....  4*1940  X  10/ 


This  value  of  J,  as  pointed  out  on  p.  481,  is  entirely  inde]jendent  of  the  value 
assigned  to  the  voater  equivalent  of  the  calorimeter. 

Performing  the  operations  of  equation  16,  we  find  that  the  water  equivalent  at 

*  See  p.  388,  supra. 

t  If  we  mean  tlie  results  from  Columns  4  and  5  and  5  and  6,  we  must  of  course  obtain  the  same  result 
as  that  given  by  Columns  4  and  6.  We  have  however  given  the  numbers  in  the  above  form  as  they 
show  the  nature  of  the  agreement  between  the  different  groups. 

+  Over  the  range  14°  to  26°  C. 


3  R  2 


492 


MR.  E.  H.  GRIFFITHS  OH  THE  VALUE  OF 


15°  C.  in  terms  of  water  at  15°  C,  =  85 '340  grins.  ;  and  from  the  operations  indi¬ 
cated  in  equation  (17),  we  get  water  equivalent  at  25°  C.  in  terms  of  water  at 
15°  C.  =  86'174  grins.  Hence 

Water  equivalent  =  85*340  {1  +  *000977  {di  —  15)].''^ 

We  are  now  in  a  position  to  find  the  value  of  M  ( 1  +  ^  ^i  —  ^)  for  any  weight  of 
water  at  any  temperature,  and  the  value  of  J  can  then  be  found  by  equation  (18). 

The  following  Table  gives  the  value  of  M  ( 1  -f  Z  t'j,  —  6*)  for  each  weight  of  water  at 
temperatures  1  5°,  20°,  and  25°  C. 


Table  XLII.— Value  of  M(1  +  Z  —  6>)  at  15°,  20°,  and  25° 


Group. 

W. 

15°. 

20°. 

25°.  j 

A 

139-776 

225-116 

225-347 

225-578 

B 

188-065 

273-405 

273-572 

273-739 

0 

199-674 

285-014 

285-165 

285-317 

D 

259-500 

344-840 

344-912 

344-984 

E 

• 

277-931 

363-271 

363-318 

363*366  , 

Substituting  the  values  of  T  (Table  XLI.)  and  M  (1  -f  Z  6*^  —  ^)  in  equation  (18), 
we  get  the  following  values  of  J,  The  first  column  shows  the  group  of  experiments 
from  which  each  value  is  derived. 


Table  XLIII. — Values  of  J  given  by  each  Group  at  difterent  Temperatures. 


Group. 

15°. 

C  * 

O 

25°. 

Mean. 

A 

4-1940  X  107 

4-1940  X  107 

4-1939  X  107 

4-1940 

B 

4-1930  „ 

4-194U  „ 

4-1949  „ 

4-1940 

0 

4-1939  „ 

4-1938  „ 

4-1937  „ 

4-]  938 

D 

4-1940  „ 

4-1939  „ 

4-1940  „ 

4-1940 

E 

4-1938  „ 

4-1940  „ 

4-1943  „ 

4-1940 

4-1940 

We  have  in  the  above  Table  given  the  values  resulting  from  the  calculation  at 
different  temperatures  since  the  limit  of  our  experimental  errors  is  thus  clearly 
indicated ;  for  the  values  of  J  ought  (in  the  absence  of  experimental  errors)  to  be 
identical  at  all  temperatures.  The  close  agreement  between  the  values  from  difierent 
groups,  and  from  the  same  group  at  difterent  temperatures,  is  a  satisfactory  proof  of 


*  Over  the  range  14°  to  26°  C. 
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the  accuracy  of  our  determination  of  the  water  equivalent  of  the  calorimeter,  and  oi 
the  changes  in  it  and  in  the  capacity  for  heat  of  the  water.  If  we  reject  Group  B 
(and  we  have  already  shown  that  it  has  little  value)  the  results  are  practically 
identical. 

Hence  if  we  assume — 

(1.)  The  unit  of  resistance  as  defined  in  the  ‘  B.A.  Pmport,’  1892. 

(2.)  That  the  E.M.F.  of  the  Cavendish  standard  Clark  cell  at  15°  C.  =  1‘4342 
volts. 

(3.)  That  the  thermal  unit  =  quantity  of  heat  required  to  raise  1  grm.  of  water 
through  1°  C.  at  15°  C. 

The  most  probable  value  of 

J  =  4'1940  X  lOht 

This,  by  reduction,  gives  the  following  : — 

J  =  427 '45  kilogrammetres  in  latitude  of  Greenwich  {g  =  981 '17). 

J  =  140 2 '2  ft. -lbs,  per  thermal  unit  C  in  latitude  of  Greenwich  {g  =  981 '17). 
778*99  „  ,,  F  ,,  „  „  „ 

Section  XV. — Discussion  of  the  Results. 

As  stated  in  the  Introduction,  we  proposed  to  determine  the  value  of  J  in  terms  of 
the  thermal  unit  there  defined,  viz.,  the  quantity  of  heat  required  to  raise  unit  mass 
of  water  through  1°  C.  at  15°  C.  Rowland  has  preferred  to  tabulate  his  results  by 
giving  the  changes  in  tlie  numerical  value  of  J  caused  by  changes  in  the  capacity  for 
heat  of  water.  We  can,  however,  deduce  from  his  table  the  expression  for  the  change 
in  the  specific  heat  of  water  over  our  range. 

Expressed  in  the  same  form  as  above,  it  becomes 

1  -  '000400  -  15). 

The  difference  between  our  results  on  this  point  is  marked,  and  it  is  evident  that 
further  investigation  is  required.  Rowland  finds  that  the  minimum  value  lies 
between  30°  and  35°  C, ;  we  hope  to  carry  the  investigation  beyond  that  temperature, 
and  some  explanation  of  the  difference  in  our  results  may  then  present  itself.  The 
whole  question  is  probably  one  of  thermometry,  and  possibly  our  revision  of  this  part 
of  the  subject  may  bring  our  results  into  closer  agreement.  Rowland  himself 
(p.  198)  points  out  that  the  whole  matter  depends  on  a  small  difference  which  he 

*  If  we  assume  the  E.M.F.  of  oui’  Clark  cells  to  be  the  same  as  that  of  the  Cavendish  standard  (and 
we  are  inclined  to  think  we  have  over-estimated  the  difference),  we  get  J  =  4*  1930  X  10^. 

t  The  value  obtained  by  us  in  1891  =  (4*192  -b)  X  10^ ;  supra,  p.  365. 
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denotes  by  the  letter  m.  This  quantity  appears  to  be  of  the  same  nature  as  that 
which  we  term  d{=  0  —  iii  the  platinum-thermometer  formulae.  This  quantity  m 
had  to  be  determined  from  a  difference  of  the  order  of  0°'05  C.  between  the  air-  and 
mercury-thermometers.  The  method  adopted  for  finding  the  value  of  the  analogous 
quantity  d  would  appear  much  less  liable  to  error. 

Howland  himself  was  evidently  anxious  to  throw  more  light  on  this  portion  of  his 
investigation,  for  he  performed,  with  great  care,  a  series  of  experiments  by  the  method 
of  mixtures.  These  are  given  on  pp.  125  to  130  ;  he  has  not,  however,  tabulated  his 
results.  We  give,  with  one  exception  (No.  10),  the  results  of  all  these  experimenis 
which  did  not  involve  temperatures  above  30°  0. 

Table  XLIV. — Specific  Heat  of  Water  by  the  method  of  Mixtui'e  (Howland). 


Experiment. 

Rowland’s  result. 

Mean  coefficient 
of  decrease. 

! 

1 

Mean  sp.  heat  0°— 18° _ 

18°  — 27°  ...  . 

5,  ,,  -LU  1 

•000185 

2 

Above  our  range . 

—  : 

3 

Mean  sp.  heat  0°— 17°  , 

„  „  17°-29°  .... 

■000165  ! 

i 

4 

Rejected  bj  Rowland . 

— 

5 

Mean  sp.  heat  0°  — 18°  ,  nri«7 

„  „  18°-30°  •  • 

•000447 

. 

G 

Rejected  by  Rowland . 

—  . 

7 

Mean  sp.  heat  0° — 16°  i.nn'in 

„  „  16°-24° 

•000083 

8 

Mean  sp.  heat  0°— 17° _ .nn.^7 

17°— 25°  '  '  ' 

,,  ,,  a.  <  -JL/ 

•000216 

9 

Meansp.  heat  0°  —  21°  _  ,  r, 

21°  — 28°  ^  a  .  .  .  . 

,,  ,,  .JJ-  -,o 

•000321 

10 

Requires  explanation,  as  it  gives  an  in¬ 
creasing  specific  heat.  Also  the  difference 
between  the  mean  temperatures  (2°'5  C.) 
is  too  small  to  enable  us  to  expect  an 
accurate  result.  The  remaining  experi- 

ments  are  above  our  range . 

— 

Mean  .... 

•000236 

It  is  thus  apparent  that  the  results  of  Howland’s  investigation  by  this  method  are 
in  closer  agreement  with  our  conclusions  than  thev  are  with  his  own.*  We  do  not, 
however,  attach  much  importance  to  this  point,  since — as  he  justly  remarks — the 
method  by  the  mechanical  equivalent  is  of  far  greater  value. 


*  Our  valuo  ’OOO^GG. 
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The  values  of  J  deduced  from  the  two  groups  of  Series  I.  and  the  middle  group  of 
Series  II.  are  dependent  upon  the  value  of  the  water  equivalent  deduced  from  the 
highest  and  lowest  weights  of  Series  II.  The  agreement  in  the  results  is  a  sufficient 
proof  of  the  accuracy  of  the  value  assigned  to  that  equivalent. 

The  coefficient  of  increase  in  the  specific  heat  of  the  calorimeter  may  appear  large. 
Tomlinson  (‘Hoy.  Soc.  Proc.,’  1885),  gives  the  following  as  the  specific  heat  of  copper 
and  zinc  : — 

Specific  heat  of  copper^  =  '09008  +  '000065  0^, 

,,  „  zinc  =  '09009  +  '000075  0^, 

and  he  quotes  the  values  given  by  BI:de  as 

Copper  =  '0892  +  '000065  d,, 

Zinc  =  '0859  +  '000084  0^. 

Expressing  the  mean  of  these  results  in  the  same  form  as  that  given  to  the  expres¬ 
sion  for  the  water  equivalent,  we  get 

Specific  heat  of  copper  =  '0896  (1  +  '00071  0^), 

„  „  zinc  =  '0876  (l  +  '00091  0^). 

Tomlinson  states  that  when  reducing  his  observations,  he  used  Regnault’s  expres¬ 
sion  for  the  capacity  for  heat  of  water,  viz.,  1  +  '00004  0^  +  '0000009  0i^. 

Unfortunately  the  account  of  these  experiments  given  in  the  ‘  Proceedings  ’  does  not 
supply  us  with  sufficient  data  to  estimate  the  changes  in  the  coefficient  of  0^  that 
would  be  caused  by  assuming  our  expression  for  the  specific  heat  of  water.  We  are, 
therefore,  unable  to  say  how  far  our  rate  of  increase  in  the  water  equivalent  agrees 
with  the  above  determinations.  We  are,  however,  enabled  to  state  that  the  values  of 
the  specific  heats  at  0°  C.  would  be  reduced  by  about  6  parts  in  1000,  on  the  assump¬ 
tion  that  our  formula  holds  over  so  large  a  range. 

Our  calorimeter  may  be  regarded  as  a  mixture  of  copper,  zinc,  gold,  glass,  and 
mercury,  and  the  coefficient  of  increase  of  such  a  mixture  can  only  be  obtained  by 
(  direct  experiment. 

Howland,  in  order  to  compare  his  results  with  those  of  Joule,  expressed  both  in 
I  kilogrammetres  at  Baltimore  {g  =  980'05),  and  gave  the  numerical  value  of  J  in  terms 
of  water  at  differing  temperatures,  assuming  his  own  value  of  the  specific  heat  of  water. 
In  order  to  make  a  similar  comparison  we  give  our  results  in  the  same  form.  The 
following  Table  is  extracted  from  the  Appendix  to  Howland’s  paper,  with  the  excep¬ 
tion  of  the  last  column,  which  we  have  added. 


*  Tomlinson’s  paper  (Table  II.,  p.  497)  contains  an  obvious  mispi’int  in  the  coefficient  of 
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Table  XLV. — Comparative  values  of  J  given  by  Joule,  Rowland,  and  Griffiths. 


Date. 

Joule’s  method. 

Tempera¬ 
ture  of 
water. 

Joule’s  value 
in  the 

metric  system. 

Reduced  to 
Rowland’s  air- 
thermometer. 

Rowland, 
1880.  ! 

Griffiths, 

1892. 

1847 

Friction  of  water  . 

o  C. 

15 

442-8 

427-4  ! 

427-9 

1850 

•  •  • 

14 

426-8 

427-7  i 

428-1 

1850 

Friction  of  mercury  . 

9 

427-5 

428-8 

428-6 

1850 

99  99  •  • 

9 

428-7 

428-8 

428-6 

1850 

Friction  of  iron .... 

9 

429-1 

428-8 

428-6 

1850 

99  99  •  •  •  • 

9 

428-0 

428-8 

428-6 

1867 

Electric  heating 

18-6 

428-0* 

426-7 

427-6 

1878 

Friction  of  water  . 

14-7 

425-8 

427-6 

427-9 

1878 

99  S9  •  •  • 

12-7 

427-1 

428-0 

428-2  , 

1878 

9  9  9  '>  •  •  * 

15-5 

426-0 

427-3 

427-9 

1878 

14-5 

422-7 

427-5 

428-0 

1878 

99  99  •  *  • 

17-3 

426-3 

426-9 

427-7 

Rowland  remarks  as  follows  :  “Joule  rejected  quite  a  number  of  his  results,  but 
I  have  thought  it  best  to  include  them,  giving  them  small  weight  however.  In  this 
way  we  obtain  a  value  of  Joule’s  experiments  of  426’75  at  14°’6  C.,  my  value  at 
this  point  being  427*52  ;  the  difference  amounts  to  1  in  550  only,” 

Adopting  this  method  of  comparison  we  get  (at  14°*6  C.,  and  expressed  in  kilo- 
grammetres  at  Baltimore) : 

Joule,  Rowland,  Griffiths, 

426*75  427*52  427*98 

Thus  our  difference  from  Joule  amounts  to  1  in  350, t  and  our  difference  from 
Rowland  amounts  to  1  in  930.| 

The  difference  between  Rowland’s  determinations  of  the  changes  in  the  specific 
heat  of  water  and  ours,  would  cause  the  values  of  J  to  be  identical  if  expressed  in 
terms  of  a  thermal  unit  at  11°*5  C.,  and  below  that  temperature  Rowland’s  value 
would  be  the  greater, 

[Notes  by  E,  H,  G,,  added  April,  1893, 

1,  No  change  in  the  value  of  the  various  units,  or  constants,  involved  in  our 


*  Value  deduced  by  Rowland  by  assuming  bis  own  value  of  the  obm. 

f  If  we  attach  equal  weight  to  the  different  values  given  by  Joule  (Rowland  in  obtaining  the  above 
numbers  attached  ai’bitrary  values  to  different  experiments  and  methods)  wm  obtain  J  =  42S'23  as  the 
mean  value  at  13°'2  0.,  i.e.,  J  =  428'08  at  14°'6  C.  This  exceeds  our  value  by  1  in  4281. 

t  If  we  assume  the  E.M.F.  of  our  cells  to  be  that  of  the  Cavendish  standard,  our  value  would  be 
427'86  and  these  diffei’ences  would  become  1  in  386  and  1  in  1260  respectively. 
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investigation  could  bring  our  results  into  absolute  agreement  with  those  obtained  by 
Rowland,  since,  owing  to  the  difference  in  the  expressions  for  the  temperature  coeffi¬ 
cients  of  the  specific  heat  of  water,  it  is  inevitable  that  our  conclusions  should  agree  at 
some  one  temperature,  but  must  necessarily  differ  when  expressed  in  terms  of  a  thermal 
unit  at  any  other  temperature,  and,  thus,  changes  in  the  values  of  the  units  would  only 
alter  the  temperature  of  agreement.  For  example,  Dr.  Guillaume  has  pointed  out 
to  me  that  the  experiments  of  Commandant  Defeoeges  lead  to  the  conclusion  that 
tlie  value  of  g,  at  Greenwich,  should  be  increased  from  981 ‘17  centims.  to  981 '24 
centims.  A  similar  correction  would  slightly  increase  Rowland’s  value  of  J,  and 
thus  cause  our  point  of  agreement  to  be  about  12°  C.  instead  of  11°‘5  C.  Again,  the 
value  of  g,  assumed  by  Lord  Rayleigh  (‘Phil.  Trans.,’  A.,  1884,  p.  427),  would  have 
to  be  slightly  increased,  and  the  resulting  values  of  the  electro-chemical  equivalent  of 
silver,  and  of  the  absolute  electromotive  force  of  a  Clark  cell,  would  require  modifi¬ 
cation,  but  the  only  result  of  any  such  change  would,  as  before,  be  to  shift  the 
temperature  of  agreement. 

It  is,  therefore,  evident  that  the  difference  is  chiefly  due  to  ermrs  in  thermometry. 
An  error  of  0°'01  C.,  in  the  value  of  the  range  14°  to  25°  C.,  would  suffice  to  explain 
the  discrepancy  between  the  results,  and  the  close  agreement  in  the  range  value,  as 
obtained  from  our  standard  and  the  Paris  nitrogen  standard  (see  p.  430,  supra), 
appears  to  me  to  warrant  a  brief  criticism  of  Rowland’s  methods  and  conclusions. 

The  science  of  exact  thermometry  has  made  great  strides  during  the  past  fourteen 
years,  and,  no  doubt,  much  of  this  progress  is  due  to  Rowland’s  initiative,  for  his 
work  undoubtedly  marks  a  distinct  advance  in  this  subject.  Great,  however,  as  his 
services  have  been,  he  would,  I  feel  sure,  be  the  first  to  admit  that  his  investigations 
of  1878-79,  by  no  means  exhaust  the  possibilities  of  further  progress  in  the  science 
of  thermometry.  In  his  paper,  he  constantly  indicates  possible  causes  of  error,  and, 
in  some  cases,  makes  valuable  suggestions  as  to  methods  by  which  they  may  be 
eliminated. 

In  a  previous  paper  (‘Phil.  Trans.,’  A.,  1891,  p.  155)  it  was  pointed  out  by 
Mr.  Callendae  and  myself  that  “  the  indications  of  the  air-thermometer  cannot  be 
relied  on  beyond  0°‘01  C. . . .  the  limit  of  accuracy  of  a  single  reading  of  the  barometer.” 

On  p.  95  of  his  paper,  PvOWLAND  gives  the  data  on  which  the  following  state¬ 
ments  are  based.  A  difference  of  ’03  millim.  in  the  reading  of  his  barometer  gave  a 
difference  of  0°’01  C.  in  the  air-temperature,  and  an  error  of  0°’3  C.  in  the  estimation 
of  the  temperature  of  his  barometer-column  would  produce  the  same  effect.  From 
his  remarks,  it  is  evident  that  he  regarded  his  possible  error  from  this  cause  alone 
as  ±  0°-01  C. 

Again,  his  temperatures  depended  on  the  direct  observation  of  the  height  of  a 
mercury  manometer  column  by  means  of  a  cathetometer,  and  everyone  who  has 
worked  with  such  an  instrument  knows  the  difficulty  of  obtaining  measurements 
accurate  to  ’02  millim.  (It  is  true  that  small  differences  can  be  read  to  a  much 
mdcccxciii.— A.  3  s 
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closer  degree  of  accuracy  by  means  of  a  microscope  fitted  with  a  micrometer  scale, 
but  this  method  is  not  applicable  when  large  differences  have  to  be  read,  nor  does  it 
appear  to  have  been  adopted  by  Rowland.)  On  p.  94,  Rowland  remarks  that  on 
repeating  the  observations  upon  an  accurate  scale,  they  “  agreed  with  the  scale  to 
within  two  or  three  hundredths  of  a  millimetre,  which  was  as  near  as  I  could  read  on 
such  an  object,”  and  0‘03  millim.  appears  to  have  been  equivalent  to  0°’01  C.  Also, 
the  temperature  of  the  manometer  column  was  only  ascertained  by  means  of  a 
thermometer  placed  alongside  it,  and  the  uncertainty  thus  introduced  might  nearly 
double  the  residting  error. 

A  study  of  Rowland’s  Tables,  XL  to  XV.,  leads  to  the  conclusion  that  the  dis¬ 
crepancy  between  individual  observations,  due  to  the  above  and  other  causes,  in  some 
cases  amounted  to  as  much  as  0°‘03  to  0°'04  C. 

The  following  extract  will,  I  think,  show  that  Rowland  did  not  rely  upon  his 
observations  to  i  0°‘01  C.  In  his  concluding  remarks  he  says  :  “I  now  believe  that, 
with  the  improvement  to  the  air-thermometer  of  an  artificial  atmosphere  of  constant 
pressure,  we  could  be  reasonably  certain  of  obtaining  the  temperature  at  any  point  up 
to  50°  C.,  within  0°‘01  C.  from  the  mean  of  two  or  three  observations.  I  believe  that 
my  own  thermometers  scarcely  differ  much  more  than  that  from  the  absolute  scale  at 
any  point  up  to  40°  C.,  but  they  represent  the  mean  of  eight  observations.  How¬ 
ever,  there  is  an  uncertainty  of  0°'01  C.  at  the  20°  C.  point,  owing  to  uncertainty  in 
the  value  of  m.  But,  taking  m  —  •0001  5,  I  hardly  think  that  the  point  is  uncertain 
to  more  than  that  amount  for  the  thermometers  Nos.  6163,  6165,  and  6166.” 

The  causes  of  error  above  enumerated  do  not  affect  the  platinum  thermometer 
determinations  to  the  same  extent.  It  is  true  that  the  values  of  d  (which  corresponds 
to  Rowland’s  quantity,  m),  are  dependent  upon  the  boiling-points  of  water  and 
sulphur,  wdiich  are  again  dependent  on  barometer  readings,  but,  on  the  other  hand, 
an  error  of  as  much  as  0°'l  C.,  at  those  points,  would  produce  so  little  change  in  d  as 
to  leave  the  value  of  our  range  unaltered,  although  it  would  slightly  affect  the  actual 
elevation ;  more  especially,  it  should  be  noticed  that  any  small  changes  of  pressure 
which  may  take  place  during  the  comparison  of  the  platinum  thermometer  with  other 
thermometers  do  not  affect  the  results. 

The  above  considerations  appear  to  me  to  justify  the  conclusion  that  the  value  of 
Rowland’s  temperature  range,  14°  to  25°  C.,  may  be  in  error  by  as  much  as  0°'011  C., 
and,  if  this  is  the  case,  the  values  of  the  C.G.S.  unit  of  heat,  and  of  the  temperature 
coefficients  of  the  specific  heat  of  water,  as  deduced  from  his  experiments,  may  be 
identical  with  ours. 

2.  I  have,  since  the  publication  of  an  abstract  of  this  paper,  received  several  com¬ 
munications  criticising  our  statement  (see  p.  496,  supra),  that  we  differ  from  the 
results  obtained  by  Joule,  by  “1  part  in  350,”  and  my  correspondents  have  pointed 
out  that  the  ratio,  772‘55  to  778’99,  is  very  different  from  that  of  349  to  350.  It 
would,  therefore,  appear  necessary  that  I  should  indicate,  more  fully  than  I  have 
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done,  the  ground  upon  which  we  based  the  above  statement.  Joule  himself,  in 
1879,  made  a  careful  comparison  of  his  thermom-eter  with  one  which  had  been 
standardized  by  Rowland  (Baudin’s  Therm.,  No.  6166).  The  results  were  pub¬ 
lished  as  an  appendix  to  Rowland’s  paper  in  the  ‘  Proceedings  of  the  American 
x4.cademy’  for  March,  1880.  A  considerable  correction  in  the  values  obtained  by 
Joule  was  then  found  to  be  necessary.  Again,  Joule  had  assumed  Regnault’s 
expression  for  the  specific  heat  of  water,  and  a  correction  for  the  capacity  for  heat  of 
the  calorimeter  was  also  rendered  necessary  by  the  changes  in  the  thermometry.  As 
the  appendix  above  referred  to  appears  to  be  but  little  known  in  this  country,  I  give 
one  example  (p.  44,  ibid.)  to  indicate  the  nature  of  the  various  corrections. 


Joule’s  result  in  1878  (friction  of  water) .  774’6 

Correction  for  thermometer . -f  3’ 7 

,,  ,,  capacity  for  heat . +  '2 

,,  „  latitude  (to  Baltimore) . -f-  '9 

,,  ,,  vacuum . —  '9 


Corrected  value  (at  12°’7  C.)  .  .  .  77 8  A 


As  these  corrections  were  published  in  1880,  it  appears  probable  that,  had  they  not 
met  with  Joule’s  approval,  he  would  have  signified  his  dissent,  but  1  can  find  no 
record  of  any  such  expression  of  opinion  on  his  part. 

As  previously  stated,  Rowland  attached  what  appear  to  me  to  be  curiously  arbitrary 
values  to  certain  of  Joule’s  experiments.  If  we  accept  his  verdict  as  to  their  respec¬ 
tive  merits,  the  mean  of  the  selected  experiments,  as  corrected  by  Rowland  (but 
reduced  by  me  to  temperature  15°,  and  to  latitude  Greenwich),  is  776*75  ft.-lbs,  ;  but 
if  we  assign  equal  value  to  all  Joule’s  published  results,  the  corrected  mean  becomes 
779*17  ft.-lbs.,  and  it  was  on  these  numbers  that  our  statement  was  based. 

It  is  extraordinary  that,  although  these  results  (or  rather  the  corrections  by  which 
they  are  deduced)  were  published  as  far  back  as  1880,  we  still  find  that  our  modern 
books  of  reference  continue  to  give  772*55  as  the  number  resulting  from  Joule’s  own 
experiments.] 
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Appendix  I. 


Determination  of  the  ‘'Null  Point"  and  an  alternative  Method  of  calculating  the 

Results. 

As  stated  in  the  introduction  we  append  a  full  analysis  of  the  “  null  point,”  i.e.,  the 
point  at  which  the  radiation  is  self-eliminated. 

Using  a  similar  notation  to  that  on  p.  478,  we  have  as  the  equation  of  condition 

=  . w- 

where  the  temperatures  are  measured  from  that  of  the  surrounding  envelope. 

For  the  sake  of  simplicity  we  can  assume  that  the  values  of  a  and  M  remain 
constant. 

Integrating  and  putting  X  =  p/M,  p  =  a/M,  and  determining  the  constant  from 
the  fact  that  when  t  =  0,  6  =  —  we  obtain  the  equation 


- 


X 


If  there  had  been  no  radiation,  p  =  0,  and  the  equation  of  condition  would  have 
been  dOldt  =  p. 

Integrating,  and  using  the  same  constant  as  before 

0  =  pt  —  6q . (3). 


If  we  find  the  points  of  intersection  of  (2)  and  (3)  one  point  ( —  6q,  0)  is  that  at 
which  the  experiment  commenced,  the  other  (@,  T)  is  the  point  on  (2)  at  which  the 
radiation  is  eliminated. 

It  is  more  convenient,  for  experimental  work,  to  obtain  an  expression  involving  T 
rather  than  ©  ;  substituting  therefore  the  value  of  6  given  by  (3)  in  (2),  we  obtain 


\  a 

y  -1-  t'o  _  1 
p  T 


=  0  . 


This  equation  can  be  solved  for  T  when  the  values  of  X,  p,  $q  are  known. 

In  order  to  obtain  X,  p,  we  can  take  the  following  observations :  Commence  an 
exjrej-iment  at  —  6q,  note  the  time  t  when  ^  =  0,  and  again  note  the  time  t.,,  when 

^  ^0- 

Then  equation  (2)  gives  the  relations 
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e><k  — 


if' 
A 


and 


From  this  pair  of  equations  we  can  eliminate  obtain 


2[e^(«2-o  _  _  X]  =  0 


bOl 

(5) . 

(6) .* 

(7). 


which  is  the  equation  from  which  to  determine  X. 

So  far  as  we  are  aware,  the  solution  of  these  equations  cannot  be  exjiressed  as  an 
algebraical  expansion,  except  on  the  assumption  that  Xq,  Xq,  XT  are  small.  Making 
this  assumption,  and  writing  x  =  —  2q,  successive  ap^Droximation  leads  to 
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(8). 


The  method  which  we  have  found  best  adapted  to  the  numerical  solution  of  such 
equations  amounts  practically  to  tracing  their  graph,  using,  for  instance,  in  equation 
(7),  X  and  /(X)  as  abscissa  and  ordinate,  A  rough  approximation  to  the  value  of  X  is 
soon  obtained,  and  afterwards  by  means  of  a  table  of  logarithms  as  close  an  approxi¬ 
mation  as  is  necessary  can  be  found. 

Since  [x  does  not  occur  as  an  exponential,  its  value  is  at  once  found  from  (5)  or  (6). 

Equation  (4)  can  be  solved  for  T  in  a  similar  manner  to  equation  (7),  using  T  and 
/(T)  as  abscissa  and  ordinate.  A  rough  approximation  to  the  value  of  T  is  given  by 
equation  (8), 

T  =  +  i  ((3  -  2(,). 

The  forms  given  to  equations  (4)  and  (7)  are  those  which  we  have  found  most  con¬ 
venient  from  which  to  calculate  the  values  of /"(X)  and /’(T). 

Besides  being  thus  able  to  eliminate  radiation,  we  can  at  the  same  time  eliminate 
the  change  in  all  those  quantities  whose  rate  of  variation  can  be  expressed  as  a  linear 
function  of  the  temperature.  Thus,  on  p.  477,  we  have  shown  that  when  the 
variations  in  M  and  a  are  considered,  their  full  values  are 

.  *  Equation  (6)  shows  that  Oq  is  not  altogether  at  our  disposal,  but  must  be  less  tha.n  ///X.  For, 
otherwise,  the  calorimeter  would  reach  its  final  state,  where  the  loss  by  radiation  balances  the  supply  of 
heat,  and  could  never  attain  the  temperature  + 


502 


MR.  E.  H.  GRIFFITHS  ON  THE  VALUE  OF 


a  =  a[l  —  Tc  {9  /3)} 

and,  hence,  equation  (I )  becomes 

in 

^il  +  l0)~=a{l-k{9  +  ^)]-p9 . (9).* 

By  neglecting  squares  and  products  of  small  quantities  (9)  can  be  written  in  the 
same  form  as  (l),  thus, 

=  -k^)-  {p-{-  a{k  +  l)]9, 

CIO 

and  the  values  of  X  and  p,  become 

l  +  a(h  +  l)  a(l—k/3)  ^  ^ 

^  =  - M - ’  - M . . .  • 

where  a  =■ 

Let  Xj]^,  denote  the  values  of  X  and  /x  when  a  weight  of  water  W]  and  an 
E.M.F.  of  fly  Clark  cells  are  used,  the  first  suffix  referring  to  the  weight,  the  second 
to  the  number  of  Clark  cells  ;  further,  as  before,  let  be  the  water  equivalent. 
Then 

_  { 1  —  ^ 

~  JR  (Wi  +  vg . ^  ’ 

(ySj  is  written  for  ^  as  its  value  is  dependent  on  n). 

Similarly 

JR(W3  +  W,) . ^ 

Hence,  by  division  of  (11)  and  (12), 

^11 _ 2  +  W,; 

+  W, . ^ 

Equation  (13)  gives  the  means  of  calculating  the  water  equivalent. 

Writing  M;^,  Mg  for  Wj  +  W.^.  and  Wg  +  W.^.  respectively,  we  have 

^^2=  “  . 

which,  with  (if),  gives 

F'la  ^^2”^  f 

~  ^ - ITq . 

^11  ^h  ^  ^Pi 

*  This  does  not  introduce  a,  the  heat  developed  by  the  stirrer,  but  this  can  be  found  by  preliniinaiy 
experiments  and  due  allowance  made  for  it. 
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If  h,  the  temperature  coefficient  of  the  resistance  of  the  wire,  is  determined  by 
prehminary  observations,  and  we  assume  yS  =  pW'  where  y?  is  a  constant  (p.  400),  we 
have  with  (15)  sufficient  data  to  determine  the  values  of  yS^.  Equation  (11)  then 
gives 


_  {1  - 
Mx-E.y^n 


(16). 


Affain  equation  (10)  gives 

p  + 

“  Ml  J.E.Mi 

and 

V  _  P  f  wyE"  {k  +  q) 

^  J.E.Mi 


(u). 

(18). 


which  are  two  equations  to  give  p  and  l-^. 

Similarly,  by  performing  the  operations  X^i  and  Xoj,  we  could  determine  the  value 
of  ;  and  since  (p.  480) 


,  /Mb  +  pW,  /W,  +  gW 

1-  Wi  +  W,  Wi  +  M^ 


we  can  find  both  f  and  g,  the  coefficients  of  increase  in  specific  heat  of  water  and  of 
the  calorimeter. 


Appendix  II. 

The  Regulator  for  Maintaining  the  Laboratory  at  a  Constant  Temperature. 

A  narrow  glass  tube,  several  feet  in  length,  was  fixed  in  a  horizontal  position  on 
one  of  the  walls.'''  This  tube  contained  chloride  of  silver,  and  a  stream  of  dry 
ammonia  gas  at  a  low  temperature  was  passed  through  it  until  the  compound 
AgCbSNHg  was  formed.!  This  compound,  as  pointed  out  by  Isambert,  dissociates 
at  ordinary  temperatures,  the  pressure  of  the  vapour  at  about  15°  C.  altering  by  more 
than  12  millims.  per  degree.  Care  had  to  be  taken  to  completely  saturate  the 
AgCl,  for  the  pressure  of  the  vapour  AgCl,2NH3  changes  at  ordinary  tempera¬ 
tures  by  a  much  smaller  amount.  The  horizontal  tube  communicated  with  a  gas 
regulator  of  the  ordinary  pattern,  except  that  the  diameter  of  the  regulator  tube 
could  be  made  of  any  size,  since  we  are  dealing  with  the  pressure  of  a  saturated 
vapour,  not  with  that  of  a  gas,  and  thus  the  changes  in  volume  caused  by  a  movement 
of  the  mercury  column  could  be  disregarded,  the  diameter  of  the  smallest  pipe  in  our 

*  The  exterior  of  this  tube  was  blackened, 
t  This  substance  was  suggested  by  Mr.  C.  T.  Hetcock. 
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regulator  exceeding  1  centim.  In  order  to  diminish  the  effect  of  changes  in  the 
atmospheric  pressure,  some  air  was  allowed  to  remain  in  the  horizontal  tube.  As  the 
column  of  mercury  communicating  with  the  regulator  was  about  800  millims,  in 
height,  this  residual  air  was  under  a  pressure  of  two  atmospheres,  and,  its  volume 
being  very  small,  and  the  diameter  of  the  mercury  tube  large,  a  small  movement 
sufficed  to  compensate  changes  in  atmospheric  pressure.  Thus,  an  alteration  of 
20  millims.  in  the  barometer  produced  a  change  of  only  a  fraction  of  a  degree  in  the 
resulting  laboratory  temperature.  The  gas,  after  passing  through  the  regulator, 
communicated  with  a  large  Doulton  ware  stove,  in  which  small  pilot  lights  were 
always  kept  burning  by  means  of  an  independent  supply.  An  entrance  and  an  exit 
tube,  closed  by  glass  taps,  were  so  fixed  in  the  vertical  tube  containing  the  mercury 
that,  by  their  means,  the  instrument  could  be  adjusted. 

The  action  of  the  apparatus  is,  in  many  ways,  interesting.  On  a  day  when  the  gas 
would  be  burning,  if  the  room  was  unoccupied,  the  presence  of  one  person  in  the  room 
would  diminish  the  supply,  whereas  the  j^resence  of  two  or  three  would  cause  it  to  be 
entirely  cut  off.  We  were  surprised  to  learn,  by  this  means,  the  amount  of  heat 
communicated  to  a  room  by  the  presence  of  a  human  being. 
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VII.  On  the  Thickness  and  Electrical  Resistance  of  Thin  Liquid  Films. 

Bij  A.  W.  Keinold,  M.A.,  F.R.S.,  Professor  of  Physics  in  the  Roycd  Naval  College, 
Greemcich,  and  A.  W.  Rucker,  M.A.,  F.R.S.,  Professor  of  Physics  in  the 
Royal  College  of  Science,  London. 

Received  March  10, — Read  May  4,  1893. 

In  a  paper  on  the  “  Limiting  Thickness  of  Liquid  Films,”  presented  to  the  Royal 
Society  in  1883,"^  we  proved  that  in  the  case  of  a  large  number  of  films  the  mean 
thickness  of  that  part  which  was  thin  enough  to  display  the  black  of  the  first  order 
of  Newton’s  rings  was  11 '6  p-./r.  (micromillimetres). 

The  validity  of  the  methods  employed  was  assured  by  the  agreement  between  the 
results  obtained.  The  mean  thickness  of  a  number  of  black  films  was  measured 
optically  by  a  method  which  involved  the  assumption  that  the  refractive  index  of  the 
substance  of  the  film  was  the  same  as  that  of  a  large  mass  of  the  same  liquid.  The 
thickness  of  black  films  was  also  determined  by  measuring  their  electrical  resistances, 
and  assuming  that  the  specihc  resistance  was  the  same  as  that  of  the  liquid  in  mass. 
The  means  of  the  results  obtained  by  the  two  methods  were  11 ’8  g.g.  and  11 ’3  ju,./x. 
respectively,  which  were  sufficiently  in  accord  to  justify  the  assumptions. 

While,  however,  there  was  this  close  agreement  in  the  mean  results,  the  numbers 
obtained  by  different  experiments  differed  rather  widely.  We  then  expressed  the 
opinion  that  “  the  differences  between  the  numbers  given  by  the  optical  method  are, 
perhaps,  not  much  in  excess  of  the  probable  error  of  experiment,  but  in  the  case  of 
the  electrical  observations  they  far  exceeded  it.”t  We  then  proceeded,  in  a  passage 
which  it  is  perhaps  unnecessary  to  quote  at  length,  to  give  reasons  for  our  belief  that 
“  the  thickness  of  the  black  portions  is  really  different  in  different  films,”  and  added 
that  “  into  the  cause  of  the  variations  in  the  thickness  of  different  black  films  we  do 
not  now  propose  to  enquire.”  Since  that  date  we  have  made  a  large  number  of  new 
experiments  in  which  the  thicknesses  of  black  films  of  different  composition  have 
been  determined  both  by  electrical  and  optical  methods.  Some  of  the  observations 
were  described  to  the  Society  in  a  paper  “  On  Black  Soap  Films,”  which  was  read  on 
March  1,  1890.  The  main  object  then  before  us  was  to  enquire  whether  the  rate  of 
formation  of  the  black  depends  on  its  thickness.  Before  the  paper  was  published, 
fresh  facts  came  to  our  knowledge  which  appeared  to  show  that  however  this  might 
be,  there  was  an  undoubted  and  much  more  clearly  marked  relation  between  the  com- 

*  ‘  Phil.  Trans.,’  1883,  Part  2,  p.  64-5. 
t  Loc.  cit.,  p.  660. 
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position  of  the  film  and  the  thickness  of  the  black  which  it  produces.  We  therefore 
requested  that  the  publication  of  our  paper  might  be  delayed,  and  we  now  include 
the  results  then  obtained  in  an  account  of  further  experiments  which  have  been 
carried  out  as  opportunity  offered  during  the  last  three  years. 

We  think  that  it  will  be  most  convenient  to  state  our  results  in  a  series  of  pro¬ 
positions,  and  to  describe  in  each  case  the  experimental  evidence  on  which  the 
conclusions  are  based.  It  is  necessary  to  state,  by  way  of  preface,  that  the  optical 
and  electrical  methods  of  measuring  the  thickness  of  the  films  are  in  all  essentials 
identical  with  those  described  in  our  paper  “  On  the  Limiting  Thickness  of  Liquid 
Films,”  already  referred  to,  and  that  the  precautions  therein  detailed  have  been 
carefully  attended  to. 

Proposition  I.  — In  the  case  of  soap  flms  formed  ivith  a  solution  of  oleate  of  soda  [one 
part  of  oleate  in  about  70  of  water)  containing  about  3  percent,  of  potassium 
nitrate,  the  mean  thickness  when  they  are  thin  enough  to  appear  black,  is  the  same 
whether  measured  optically  or  electrically ,  and  is  about  12‘1  p./x. 

The  proof  of  this  ^proposition  is  contained  in  our  paper  on  the  limiting  thickness  of 
liquid  films  already  referred  to. 

It  will,  perhaps,  be  remembered  that  a  similar  statement  is  also  true  when  the 
solution  is  mixed  with  two-thirds  of  its  volume  of  Price’s  glycerine. 

In  the  next  two  propositions  we  deal  exclusively  with  results  obtained  by  the 
optical  method  of  measuring  the  thickness  of  the  films. 

Proposition  II. — If  the  proportion  of  potassium  nitrate  mingled  ivith  the  solution  he 
diminished  the  thickness  of  the  film  as  measured  by  the  optical  method  increases. 

This  is  proved  by  the  following  Table.  In  all  cases  oleate  of  soda  was  used,  the 
proportion  being  1  part  of  soap  to  50  of  water  in  the  case  of  the  first  two  liquids,  and 
1  of  soap  to  40  of  water  in  the  last  two.  These  variations  in  the  proportion  of  soap 
to  water  were  made  from  time  to  time  in  consequence  of  the  great  difiiculty  of 
getting  black  films  at  all.  Often  an  entire  day  was  devoted  to  the  work  without  a 
single  result  being  obtained.  It  thus  became  necessary  to  try  a  new  solution,  which 
w^as  purposely  made  a  little  different  from  the  old  one,  in  the  hope  of  securing  some 
black  films  on  which  measurements  could  be  made.  Even  had  we  been  aw^are,  at  the 
time  when  many  of  these  experiments  were  carried  out,  of  the  effect  on  the  thickness 
of  the  film  of  a  change  in  the  proportion  of  soap,  we  could  hardly  have  made  all  the 
experiments  under  precisely  similar  conditions.  The  question  as  to  why  a  particular 
solution  sometimes  does  and  sometimes  does  not  readily  thin  to  the  black  cannot  at 
present  be  answered,  and  it  is  only  by  varying  the  conditions  that  any  results  can  be 
obtained. 
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In  the  Table  the  results  of  the  individual  experiments  are  given,  each  thickness 
being  the  mean  of  the  thicknesses  of  about  100  films. 


Table  I. 


Percentage  of 
KNO3. 

Thickness  of  black  films  in 
/c/i.,  measured  optically. 

Mean. 

30 

12-6,  12-2,  12-3 

12-4 

10 

15-7,  11-4,  13-7,  13-2 

13-5 

0-5 

13-4,  15-7 

14-5 

0-0 

23-2,  22-3,  20-3,  22-8 

22-1 

It  is  satisfactory  to  note  the  close  agreement  of  the  above  thickness  for  the  3  per 
cent,  solution  with  that  previously  obtained  by  us  (‘  Limiting  Thickness,’  loc.  cit., 
p.  661),  the  numbers  being  12‘4  and  12’1  respectively.  We  may  note,  however, 
that  the  solution  previously  used  contained  less  soap  (viz.,  1  in  70  instead  of  1  in  50), 
a  point  to  which  we  shall  refer  again. 

The  number  of  observations  is  hardly  sufficient,  and  the  discrepancies  between  the 
individual  measures  on  1  per  cent,  and  0'5  per  cent,  solutions  are  too  great  to  warrant 
our  insisting  on  the  gradual  increase  in  the  thickness  at  these  percentages.  There 
can,  however,  be  no  possible  doubt  that  when  no  KNOg  is  present,  the  numbers  are 
much  larger  than  when  the  solution  contains  3  per  cent,  of  the  salt. 

This  result  is  confirmed  by  the  following  measurements  in  which  soft  soap  (oleate 
of  potash)  was  used  instead  of  oleate  of  soda,  and  sodium  sulphate  instead  of 
potassium  nitrate.  The  solution  became  thick  when  a  larger  proportion  than  one  per 
cent,  of  Na2S04  was  mingled  with  it. 


Table  II. — Soft  soap  ;  1  part  in  40  of  water. 


Percentage  of 
NaoSO^. 

Thickness  of  black  films  in  fi.jn.,  measured 
optically. 

Mean. 

1-0 

141,  16-3,  14-3 

14-9 

0-0 

20-1,  18-2,  19-8,  21-3,  17-8,  197 

19-5 

A  further  confirmation  is  obtained  by  the  use  of  liquicle  glyceriqiie.  It  is  practi¬ 
cally  impossible  to  employ  a  soap  solution  in  which  more  than  3  per  cent,  of  potassium 
nitrate  has  been  dissolved,  as  the  liquid  becomes  “  ropy  ”  and  does  not  thin  to  the 
black.  With  a  Uquide  glycevique,  however,  containing  two  parts  by  volume  of 
glycerine  to  three  of  soap  solution,  the  proportion  of  potassium  nitrate  can  be  largely 
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increased.  The  following  Table  (Table  III.),  exhibits  the  results  obtained.  We  follow 
the  plan  which  we  have  adopted  in  previous  papers  of  calculating  the  percentage  of 
KNO3  reference  to  the  soap  solution  only.  Thus,  if  equal  volumes  of  the  two 

liquids  were  compared,  a  10  per  cent,  liquide  glyceriqiie  would  contain  the  same 
amount  of  KNO3  as  a  6  per  cent,  solution  of  soap  in  water  only,  the  proportion  of 
salt  to  soap  being  the  same  in  each  case. 


Table  III. — Liquide  Ghjceriqiie  ;  1  part  of  soap  to  40  of  water  in  all  cases. 


Date. 

Percentage  of 
KNO3. 

Thickness  in  yu./t.,  measured 
optically. 

Mean. 

1891 

8-66 

8-.3,  9-7,  9-4,  10-5 

9-5 

95 

0-2 

/107,  11-0,  10-6  1 

111-8,  11-2,  11-2/ 

11-1 

188.3 

30 

flO-6,  10-2,  12-5,  10-71 

110-2,  11-0,  9-4  / 

10-7 

1891 

0-0 

23-9,  2.y4 

• 

24-7 

These  figures  are,  we  think,  sufficient  to  prove  the  truth  of  the  proposition. 

We  now  23ass  from  a  study  of  the  effect  of  a  change  in  the  proportion  of  salt  to 
that  of  an  alteration  in  the  quantity  of  soap  dissolved,  the  optical  method  of 
measuring  the  thickness  being  still  adhered  to. 

O  O 

Proposition  III. — If  the  p>roportion  of  oleate  of  soda  in  a  solution  containing  no 
p)Otassium  nitrate  he  diminished,  the  thickness  of  the  film,  as  measured  by  the  optical 
method,  increases. 

Table  IV. — Hard  Soap.  No  dissolved  Salt. 


Proportion  of 
soap  to  water. 

Thickness  of  black  film  in  /t.a., 
measured  optically. 

Mean. 

1  to  30 

21-8,  21-7,  21-0,  22-0 

1 

21-6 

1  „  40 

23-2,  22-3,  20-3,  22-8 

22-1 

1  „  60 

28-1,  27-4,  27-6 

27-7 

1  „  80 

28-8,  29-4,  29-8 

29-3 

The  first  point  to  notice  is  that  the  results  given  in  this  Table  strengthen  the 
argument  in  favour  of  Proposition  II.  One  part  of  soap  was  used  with  50  of  water 
in  the  two  solutions  first  referred  to  in  Table  I.,  but  in  the  case  of  the  last  two  the 
proportion  was  1  to  40.  The  above  Table  proves  that,  had  the  proportion  of  soap 
been  the  same  in  all  cases,  the  relative  thickness  of  the  films  formed  with  a  solution 
containing  no  KNO3  would  have  been  even  greater  than  appears  from  Table  1.  It  is, 
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therefore,  not  too  much  to  say  that  the  average  thickness,  measured  optically,  of  a 
black  soap  film  formed  of  a  solution  of  I  part  soap  in  50  of  water,  but  containing  no 
KNOg,  is  double  that  of  a  similar  film  made  of  a  solution  of  the  same  composition  in 
which  3  per  cent,  of  KNOg  has  been  dissolved. 

The  results  obtained  with  the  plain  hard  soap  solution  are  confirmed  by  experiments 
on  liquide  glycerique. 


Table  V. — Liquide  glycerique.  No  Salt  dissolved. 


Proportion  of 

Thickness  of  black  film  in 

Mean. 

soap  to  water. 

measured  optically. 

I  to  40 

23-9,  25-4 

24-6 

I  „  60 

28-6,  30-0,  327,  27-9 

29-8 

In  this  case,  again,  a  decrease  in  the  proportion  of  soap  produces  an  increase  in  the 
apparent  thickness  of  the  black. 

When  the  solution  contains  3  per  cent,  of  KNOg,  variation  in  the  proportion  of 
dissolved  soap  has  comparatively  little  influence  on  the  thickness  of  a  black  film. 
This  statement  is  justified  by  the  figures  given  in  Table  VI. 


Table  VI. — Hard  Soap.  3  per  cent,  of  KNOg. 


Proportion  of 
soap  to  water. 

Mean  thickness  of  black  in  /(./<., 
measured  optically. 

Greatest  and  least 
values. 

Date. 

1  in  40 

130 

13-5-12-7 

April,  1891 

1  „  50 

I2I 

12-9-I1-6 

1  ,,  60 

11-55 

Single  observation 

July,  1892 

1  „  70 

12-1 

14-4-10-3 

1883 

■  The  question  now  arises  whether  the  large  increase  in  the  thickness  of  black  films, 
formed  from  what  we  may,  perhaps,  for  convenience,  call  an  unsalted  solution  is  real, 
or  whether  it  is  due  to  some  incorrect  assumption.  The  only  point  where  error  is 
possible  is  in  the  hypothesis  that  the  refractive  index  is  the  same  as  in  the  liquid  in 
mass.  The  thickness  of  the  film  varies  inversely  as  n  —  1  [n  being  the  refractive 
index),  and  as  the  refractive  index  of  the  soap  solution  is  about  1‘34,  itvvould  have  to 
be  reduced  to  about  1T7  in  order  that  the  calculated  thickness  might  be  doubled. 
It  appears,  therefore,  d  priori,  extremely  improbable  that  the  mere  addition  of 
3  per  cent,  of  KNOg  should  so  completely  change  the  optical  properties  of  the  liquid 
that,  whereas,  if  the  salt  be  added,  the  refractive  index  is  practically  the  same  in 
thin  films  and  in  the  liquid  in  mass,  as  is  proved  both  by  our  experiments  of  1883 
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and  by  many  made  subsequently  (see  Tables  I.  and  VI.) ;  yet,  without  the  salt,  the 
refractive  index  of  the  film  should  be  as  much  as  13  per  cent,  less  than  that  of 
the  liquid  in  mass. 

To  this  d  priori  argument  the  following  may  be  added.  During  the  progress  of  our 
work  a  paper  has  appeared  by  Herr  Drude  (‘ Wied.  Ann.,’  vol.  43,  1891,  p.  169),  in 
which  the  author,  using  an  experimental  method  totally  different  from  that  employed 
by  us,  compares  the  refractive  indices  of  black  and  coloured  soap  films,  of  which  the 
latter  may  unquestionably  be  taken  as  nearly  the  same  as  if  not  absolutely  identical 
with  that  of  tlie  liquid  in  mass.  Using  solutions  both  with  and  without  the  addition 
of  a  salt  (viz.,  Na^SOJ,  the  author  finds  that  the  refractive  indices  of  the  black  and 
coloured  films  do  not  differ  by  more  than  about  1  part  in  140.  Such  a  variation,  if 
satisfactorily  established,  would  only  affect  the  apparent  thickness  of  the  films  as 
measured  by  the  optical  method  by  2 ‘6  per  cent.,  whereas,  according  to  the  measure¬ 
ments  given  above,  the  presence  or  absence  of  the  salt  alters  the  apparent  thickness 
by  100  per  cent. 

On  the  whole,  then,  we  certainly  think  that  the  differences  of  thickness  indicated 
by  the  optical  method  of  measurement  may  be  relied  upon  as  being  not  merely 
apparent  but  real,  and  we  shall  hereafter  treat  this  point  as  established. 

Having  thus  studied  the  effect  of  the  composition  of  the  films  on  their  thickness, 
we  proceed  to  describe  the  results  of  observations  in  which  the  apparent  thickness 
was  measured  by  the  electrical  method. 


Proposition  IV. — If  the  p)roportion  of  potassium  nitrate  mingled  ivith  the  solution  he 
diminished,  the  thichness  of  a  hlach  film,  as  measured  hy  the  eleetrical  method, 
increases,  hut  in  a  far  larger  ratio  than  ivould  he  inferred  from  the  optical 
method.  If  the  prop)ortion  of  salt  he  diminished  to  zero  the  tliichiesses  thus  cal¬ 
culated  are  greater  than  the  greatest  thichness  at  ivhich  a  film  can  appear  hlach. 
Pi  such  cases,  therefore,  the  electrical  method  does  not  give  the  true  thichness  of 
the  film,  and  the  hypothesis  that  the  specific  conductivities  of  the  film  and  of  the 
liquid  in  mass  are  identical  is  untenable. 

This  statement  is  proved  by  the  following  table.  A  very  large  number  of  observa¬ 
tions  have  been  made  with  unsalted  solutions,  but  we  give  the  results  of  the  latest 
experiments  only  which  were  made  with  all  the  precautions  which  experience  has 
shown  to  be  necessary. 
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Table  VII. — Hard  Soap ;  1  part  to  70  of  water. 


Percentage  of 
KNOg. 

Thickness  in  /t./t.,  measured 
electrically. 

Mean. 

3 

9-6,  II-6,  12-3,  7-7,  lO-O,  12-5 

10-6 

2 

12-3,  20-0,  8-3,  10-7,  lO'S,  II-3,  II’I,  17-3 

12-7 

1 

20-1,  28-0,  22-1,  30-3,  21-6 

24'4 

O’o 

29-8,  29-8,  25-2,  25'8,  22-0,  26'4,  26-4 

26-5 

0-0 

146,  103,  139,  215,  197,  240,  134.  98,  149, 
155,  129,  79,  118,  167 

148 

0-0* 

156,  84,  213,  240,  159,  250 

184 

The  first  thing  to  notice  with  regard  to  this  table  is  that  when  the  solution 
contained  3  per  cent,  of  KNOg,  both  the  variations  in  the  results  of  the  individual 
experiments  and  the  mean  value  of  the  thickness  are  in  close  agreement  with  the 
corresponding  values  obtained  by  us  in  1883  (“Limiting  Thickness,”  &c.,  loc.  cit., 
p.  661).  This  fact  is  proved  by  the  following  table,  in  which  the  thicknesses  are  as 
usual  expressed  in  /r.ju. 

Table  VIII. 


Date. 

Largest  value. 

Smallest  value. 

Mean  of  all  values. 

1882  .  .  . 

14-5 

7-2 

11-7 

1891  .  .  . 

12-5 

7-7 

10-6 

Next  we  note  that  in  Table  VII.  the  indications  of  an  increase  in  the  calculated 
thickness  are  unmistakable  when  the  quantity  of  dissolved  salt  is  reduced  to  1  per 
cent.  When  no  salt  is  used,  and  the  proportion  of  soap  to  water  is  as  1  to  40,  the 
mean  thickness  is  in  one  case  no  less  than  184  p,./r.  The  colour  corresponding 
approximately  to  this  would  be  the  beginning  of  the  yellow  or  of  the  red  of  the  first 
order,  according  as  the  incidence  of  the  light  was  grazing  or  normal. 

Under  no  possible  circumstances  could  a  film  of  this  thickness  appear  black.  The 
beginning  of  the  black,  according  to  Newton,  occurs  when  the  thickness  is  36  /r./r., 
which  is  only  about  one-fourth  or  one-fifth  of  the  mean  value  obtained  for  un salted 
solutions.  We  are  therefore  driven  to  the  conclusion  that  the  close  agreement 
between  the  results  of  the  optical  and  electrical  measures  of  the  thickness  of  black 


*  One  part  of  soap  to  40  of  water. 
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films  obtained  both  in  1883  and  in  1890-92,  when  the  solution  contained  3  per  cent, 
of  KNOg,  does  not  hold  in  the  case  of  unsalted  solutions.  We  have  already  stated 
that  we  believe  the  optically  measured  thicknesses  to  be  correct  mean  values  in  all 
cases,  but,  whether  this  is  so  or  not,  the  electrically  measured  values  cannot  for  the 
reasons  just  given  be  real  thicknesses.  There  must,  therefore,  when  no  metallic  salt 
is  present,  be  a  difference  between  the  specific  conductivities  of  a  film  and  the  liquid 
of  which  it  is  formed. 

This  conclusion  is  borne  out  by  the  results  of  experiments  made  with  soft  soap. 

The  following  table  contains  the  results  of  measurements  on  23  films  made  in  the 
summer  of  1889. 

Table  IX. — Soft  soap.  No  salt  dissolved. 


Thickness  in  /<./*.  as  given  by  the  electrical  method. 


169, 

166, 

185, 

171, 

189, 

173, 

120, 

126, 

1-50, 

151, 

150, 

145, 

142, 

143, 

148, 

150, 

188, 

80, 

157, 

165, 

179, 

252, 

232, 

Mean  162. 


Proposition  V. — The  apparent  thickness,  as  measured  hy  the  dectriccd  method,  of 
different  black  films  formed  of  an  unsalted  solution  is  very  variable.  In  some 
cases,  at  all  events,  this  is  due  to  a  real  variation  in  thickness. 

The  results  given  above  are  sufficient  proof  of  the  apparent  variability  of  the 
thickness  of  the  film. 

The  best  proof  that  this  variability  is  sometimes  real,  is  the  fact  that  we  have 
distinctly  seen  two  different  shades  of  black  in  the  same  film.  Newton  recognised 
two  different  intensities  of  black  in  soap  bubbles,  and  Lord  Kelvin  has  on  more  than 
one  occasion  asked  us  whether  we  have  noticed  the  same  phenomenon.  So  long  as 
our  experiments  were  made  with  a  solution  containing  a  relatively  large  proportion  of 
salt  our  answer  was  always  in  the  negative.  Since  we  have  been  working  with 
solutions  which  contain  but  little  salt,  we  have  occasionally  noticed  traces  of  two 
different  black  tints  in  films  containing  not  more  than  one  per  cent,  of  KNOg.  In 
films  containing  no  salt  the  phenomenon  is  of  frequent  occurrence.  The  difference  of 
tint  is  but  slight  and  may  easily  be  overlooked,  but  in  many  cases  a  definite  line  of 
demarcation  can  be  observed  between  the  two  tints,  so  that  we  can  certainly  state 
that  the  upper  part  of  the  film  showed  one  tint  and  the  lower  part  the  other,  which 
may  be  distinguished  as  and  respectively.  The  line  of  separation  is  very 
irregular  in  form.  That  which  divides  the  black  and  coloured  parts  of  the  cylindrical 


THICKNESS  AND  ELECTRICAL  RESISTANCE  OF  THIN  LIQUID  FILMS.  513 


films  we  employ  is  almost  always  a  horizontal  circle.  This  is  by  no  means  the  case 
with  the  boundary  between  the  two  black  tints.  Sometimes  one  completely  encloses 
a  patch  of  the  other,  sometimes  the  line  of  separation  is  sinuous  or  stands  higher  at 
one  part  of  the  film  than  at  another.  In  some  cases  when  no  difference  of  hue  was 
observed,  the  passage  of  an  electrical  current  through  the  film  either  created  the 
difference  or  enabled  us  to  notice  a  boundary  line  which  we  had  not  before  perceived. 
It  is  a  very  curious  fact  that  under  such  circumstances  tiny  white  flecks  appear  in 
the  black  along  the  boundary  line  between  the  two  tints.  Sometimes  this  line  has 
been  observed  before  the  passage  of  the  current,  sometimes  it  has  not  been  noticed 
until  the  flecks  have  drawn  attention  to  its  existence. 

These  eye  observations  are  confirmed  by  electrical  measurements.  It  is  indeed  only 
on  one  fortunate  occasion  that  we  have  been  able  to  measure  electrically  the  apparent 
thicknesses  corresponding  to  the  two  black  tints  when  exhibited  by  the  same  film. 
Both  hues  were  then  seen  and  the  line  of  demarcation  was  above  the  upper  needle. 
The  thickness  (measured  electrically)  of  the  part  between  the  needles  was  200  /r./r. 
When  the  line  of  separation  was  about  half-way  between  the  two  needles,  the  thick¬ 
ness  (assumed  uniform  throughout,  and,  therefore,  really  the  mean  thickness  of  the 
two  parts)  was  157  p./r.  When  the  line  had  reached  the  lower  needle,  so  that  both 
needles  had  passed  through  the  upper  black  region,  the  thickness  was  116  /r./r.  In  this 
film  the  curve  of  separation  was  approximately  a  horizontal  circle,  so  that  when  the 
needles  were  in  the  upper  or  lower  black  region  the  whole  of  the  corresponding 
horizontal  ring  on  the  cylinder  was  of  the  same  hue.  In  a  few  other  cases  we  have 
seen  the  line  of  demarcation  pass  the  upper  needle,  and  as  it  sank,  the  apparent 
thickness  of  the  film,  as  measured  electrically,  invariably  diminished.  In  one  case  we 
obtained  a  measurement  when  the  two  needles  were  in  the  apparent  thickness 
was  110  /x./r.,  which,  as  will  be  seen  by  comparing  the  results  for  unsalted  solutions 
in  Table  VII.  and  IX.  is  relatively  small,  but  agrees  with  the  value  116  /x./x.  obtained 
on  the  occasion  already  described.  Unfortunately  on  this  occasion  no  measure  could 
be  made  on 

The  value  of  the  confirmation — given  by  the  variation  of  the  electrical  measures 
made  upon  the  same  film — of  the  fact  disclosed  by  eye  observation  that,  in  an 
uusalted  film  there  are  discontinuous  thicknesses,  both  of  which  are  black,  is 
enhanced  by  comparison  with  the  extreme  constancy  of  electrical  measures  which 
we  have  previously  obtained  with  salted  solutions,  provided  only  that  they  were 
made  upon  the  same  film. 

When  experimenting  with  salted  solutions  we  have  failed  (“  Limiting  Thick¬ 
ness,  &c.,”  loc.  cit.,  p.  652)  to  detect  any  change  in  the  thickness  of  the  black  part  of 
a  film  which  lasted  for  more  than  two  hours. 

These  observations  certainly  suggest  that  even  in  cases  where  we  have  not  noticed 
a  line  of  separation,  which  is  the  only  optical  indication  of  the  discontinuity  of  the 
black  part  of  the  film  which  our  methods  allow,  the  extreme  variability  in  the 

MDCCCXCIII. — A.  3  u 
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electrically  measured  thicknesses  is  to  be  accounted  for  by  the  gradual  substitution 
of  one  black  tint  for  the  other.  The  line,  as  we  have  said,  is  difficult  to  see.  It  is 
quite  probable  that  the  white  flecks  which  draw^  attention  to  it  are  more  numerous 
on  some  occasions  than  on  others,  or  may  sometimes  be  altogether  absent,  and  thus 
the  fact  that  no  line  has  been  seen  does  not  prove  that  the  black  film  was  not  really 
divided  into  the  two  parts-  of  different  thicknesses.  It  will  be  observed,  however, 
that  we  have  so  framed  the  proposition  under  discussion  that  the  possible  agency  of 
other  causes  in  bringing  about  changes  in  the  electrically  measured  thickness  is  not 
denied. 


Proposition  VI. —  Whereas  the  specific  conductivity  ofhlach  films  formed  of  solutions 
containing  about  3  per  cent,  of  KNO^  is  approximately  the  same  as  that  of  the 
liquid  in  mass,  the  specific  conductivity  of  similar  films  formed  of  solutions  con¬ 
taining  no  KNO^,  hut  consisting  of  a  .solution  of  oleate  of  soda  or  oleate  of 
potash  in  water  is  very  different  from  that  of  the  liquid  in  mass. 

Idiis  is  merely  a  deduction  from  our  previous  work  and  from  Propositions  III. 
and  IV. 

If  the  optical  and  electrical  methods  give  the  same  result,  it  may  be  infeiTed  that 
the  specific  resistance  is  not  affected  by  the  tenuity  of  the  film.  Hence,  since  this  is 
the  case  for  films  which  contain  considerable  proportions  of  salt,  the  first  part  of  the 
proposition  is  true.  If  the  results  obtained  by  the  optical  and  electrical  methods  are 
at  variance,  one  of  the  assumptions  made  (viz.,  that  the  refractive  index  and  the 
specific  conductivity  are  independent  of  the  thickness)  is  incorrect.  We  havm  already 
shown  that  the  change  is  too  great  to  be  accounted  for  by  a  variation  in  the  refractive 
index.  We  are,  therefore,  driven  to  attribute  the  anomalous,  or  rather  imjDossible, 
values  of  the  thickness  of  unsalted  films,  obtained  by  the  electrical  method,  to  a  change 
in  the  specific  conductivity. 


Proposition  VII. —  The  change  in  specific  conductivity — 

(l.)  Is  independent  of  moderate  changes  of  temperature ; 

(2.)  Is  not  due  to  the  absorption  or  evaporation  of  ivater  by  the  film; 

(3.)  Is  not  due  to  a  change  in  the  composition  of  the  liquid  by  electrolytic 
decomposition  produced  by  the  current  used  to  measure  the  resistance  of 
the  film ; 

(4.)  Is  not  affected  by  a  very  large  change  in  the  quantity  of  carbonic  acid  in 
the  air  around  the  film. 

(1.)  The  first  of  these  statements  is  proved  by  such  facts  as  the  following.  The 
value  of  /3  (the  apparent  thickness  of  the  black)  was,  on  one  occasion,  139  p.p.  when 
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the  temperature  was  22°'2  C.  The  same  liquid  on  the  same  day  gave  =  103  /r./x.. 
at  18°,  and,  in  the  case  of  another  film,  /3  =  147  /x./x,  at  18°.  In  this  case  the 
variations  of  /3,  when  the  temperature  was  constant,  were  greater  than  the  change 
which  might  otherwise  have  been  attributed  to  a  rise  of  4°  in  temperature.  Some¬ 
times  the  larger  value  was  found  at  the  lower  temperature.  Thus,  in  one  case,  when 

^  =  26°-3  y8  135  y./x. 

t  =  21°-0  ^8  =  237  /x./x. 

Sometimes  precisely  the  reverse  result  was  obtained,  as 

i  =  21°'l  ;S=  201  /x./x. 

t  18°'7  /?  =  171  /x./x. 

Instances  such  as  these  might  be  multiplied  indefinitely,  and  suffice  to  show  that  the 
relatively  small  variations  of  temperature  which  occurred  during  our  experiments  are 
not  the  cause  of  the  fact  that  a  film,  of  which  the  true  thickness  is  about  22  /x./x., 
appears  when  measured  electrically  to  have  a  thickness  of  184  /x./x. 

(2.)  The  precautions  taken  to  prevent  absorption  or  evaporation  by  the  films  were 
precisely  the  same  as  those  which  our  previously  published  results  have  shown  to  be 
efficient  in  the  case  of  liquide  glyceriqiie,  which  is  much  more  sensitive  to  changes  of 
hygrometric  state  than  solutions  containing  no  glycerine. 

The  bottom  of  the  vessel  in  which  the  films  were  formed  was  flooded  with  the 
liquid.  A  continuous  roll  of  linen  dipped  into  the  liquid,  and  could  be  moved  so  that 
all  portions  in  turn  were  moistened,  thus  exposing  a  large  evaporating  surface.  A 
hair  hygrometer  was  enclosed  in  the  vessel.  No  observations  were  made  until  the 
index  of  the  hygrometer  ceased  to  move.  A  constant  hygrometric  state  was  there¬ 
after  maintained.  In  the  case  of  liquids  not  containing  glycerine,  we  found  that  the 
layer  of  liquid  at  the  bottom  of  the  vessel  was  sufficient  for  this  purpose,  as  the  results 
were  the  same,  whether  the  roll  of  linen  was  or  was  not  used.  The  vessel  in  which  the 
films  were  made  was  surrounded  by  a  tank  of  water,  the  object  of  which  was  to  check 
variations  of  temperature.  To  assure  ourselves  that  the  measurements  were  not 
affected  by  the  diffusion  of  water  vapour,  into  the  interior  we  made  experiments  when 
the  tank  was  empty  as  well  as  when  it  was  full,  and  obtained  precisely  the  same 
results  in  the  two  cases.  Hence,  considerable  variations  in  the  hygrometric  state  of 
the  air  close  to  the  vessel,  and  in  the  means  taken  to  secure  a  constant  hygrometric 
state  within  the  vessel  produced  no  effect  on  the  results. 

(3.)  As,  in  order  to  assist  in  reducing  the  thickness  of  a  film,  we  frequently  use 
electric  currents  which,  although  they  are  very  weak,  pass  for  some  time  through  the 
film  and  are  relatively  strong  when  it  is  thick,  we  thought  it  very  important  to  prove 
that  the  change  in  specific  conductivity  is  not  due  to  the  passage  of  the  current. 
Comparative  observations  were  therefore  made,  in  some  of  which  a  cuirent  from  a 
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battery  of  from  fourteen  to  twenty-eight  Leclanche  cells  was  passed  through  the  film 
from  the  moment  of  its  formation,  in  others  no  current  was  used  until  the  time  for 
measurement  arrived,  and  then  it  was  produced  by  seven  Leclanche  cells  only,  and 
was  applied  intermittently  so  that  the  circuit  was  not  completed  unless  an  observa¬ 
tion  was  actually  in  progress. 

The  following  results  were  obtained  with  an  unsalted  oleate  of  potash  solution. 
Each  of  the  values  of  ^  was  derived  from  a  different  film,  and  the  number  of  cells 
indicated  is  in  each  case  that  employed  to  pass  a  continuous  current  from  the  first 
formation  of  the  film.  Of  course  in  all  cases  a  current  was  used  at  the  moment  of 
measurement. 

Table  X. 


Number  of 

P  (apparent  tbickness  of  black 

cells. 

film  measured  electrically). 

0 

150,  171,  148,  150 

14 

151,  145,  142 

28 

150,  157,  179 

These  numbers  prove  that  the  results  were  not  affected  by  the  strength  or  duration 
of  the  current  which  was  passed  through  the  film  before  the  measurements  were 
actually  made. 

These  observations  were  supplemented  by  others  in  which  the  resistance  of  films 
could  be  compared  by  means  of  currents  which  were  practically  instantaneous.  For 
this  purpose  the  needles  were  connected  with  the  terminals  of  the  secondary  of  a 
Ruhmkorfif  coil,  a  ballistic  galvanometer  being  included  in  the  circuit. 

The  primary  circuit  could  be  completed  or  broken  by  an  independent  key.  In 
experiments  on  different  films  the  circuit  was  always  completed  for  the  first  time 
when  the  black  had  descended  to  the  same  distance  below  the  lower  needle,  so  that 
the  throw  would  be  nearly  inversely  proportional  to  the  resistance  of  the  black  film. 

The  deflections  of  the  galvanometer  were  identical  in  two  cases,  in  one  of  which  a 
current  from  twenty  cells  had  been  passed  through  the  film  (formed  of  an  unsalted 
hard  soap  solution)  from  the  time  of  its  formation,  while  in  the  other  a  film  formed  of 
the  same  liquid  had  not  been  subjected  to  any  electrical  action  until  the  transient 
current  used  in  the  measurement  was  employed.  It  might  possibly  be  urged  in 
answer  to  this  that  we  have  no  evidence  that  the  thickness  of  the  black  was  the  same 
in  each  case — that  we  may  have  been  dealing  with  in  the  one  case  and  /3o  in  the 
other.  If  this  were  so  the  equality  of  the  throws  could  only  be  explained  by  the 
hypothesis  that  the  product  of  the  thickness  and  specific  conductivity  is  the  same  for 
Pi  and  ySj,  and  this  is  inconsistent  with  the  large  change  in  resistance  which  the 
substitution  of  one  for  the  other  has  been  proved  above  to  produce. 
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In  fact  the  observations  are  perhaps  open  to  criticism  of  a  precisely  opposite  kind, 
viz.,  that  in  view  of  the  irregularities  in  the  value  of  /3  obtained  by  our  ordinary 
method  of  measurement,  it  is  strange  that  on  this  occasion  we  should  have  obtained 
the  same  result  in  the  case  of  two  consecutive  films.  Such  coincidences  were  not 
uncommon  ;  but  the  objection  is,  perhaps,  best  answered  indirectly  by  comparing  the 
throws  in  the  case  of  salted  and  unsalted  solutions,  and  thus  determining  whether 
the  ratio  of  the  computed  apparent  thicknesses  is  about  the  same  when  transient  and 
continuous  currents  are  used.  This  experiment  we  have  performed.  With  a  solution 
containing  3  per  cent,  of  KNO3  the  throw  was  19  divisions  of  the  scale.  With  an 
unsalted  solution  when  the  black  had  descended  to  the  same  level  the  throw  was 
9 '5  divisions.  The  specific  resistances  of  the  two  liquids  were  36  and  890  ohms  per 
cubic  centim.  respectively.  If  rq  and  q  are  the  resistance  and  calculated  thickness  of 
the  unsalted  film,  and  is  the  specific  resistance  of  the  liquid  of  which  it  is  formed  ; 
and  if  7\,  t.2,  have  similar  meanings  with  respect  to  the  salted  film,  we  have  the 
equation 

h  _  P\  '\ 

4  Pa'^’i 


or,  remembering  that  the  throws  are  inversely  proportional  to  the  resistances, 


h 

h 


890  9-5 

- V  —  19 

36  19 


A 

4:. 


But  1.2,  the  thickness  of  a  salted  film,  is  about  12  p-./r.  Hence  the  calculated 
apparent  thickness  of  the  unsalted  film,  =  149  p.p.  This  number  is  intermediate 
between  the  largest  and  smallest  of  those  obtained  by  the  continuous  current  method 
and  exhibited  in  Table  VII,  and  does  not  differ  very  widely  from  the  mean,  which  is 
about  160. 

On  the  whole  then  the  evidence  clearly  points  to  the  conclusion  that  the  passage  of 
the  current  does  not  produce  the  change  of  specific  conductivity  under  discussion. 

(4.)  Passing  now  to  the  question  as  to  whether  absorption  of  CO3  from  the  air  is 
the  efficient  cause,  it  must  be  remembered — and  this  remark  applies  also  to  the 
possibility  of  the  results  having  been  affected  by  evaporation  or  change  of  tempera¬ 
ture — that  all  our  observations  are  based  on  a  comparison  between  two  solutions 
which  differ  only  in  the  addition  to  one  of  them  of  not  more  than  3  per  cent,  of  KNO3, 
or  1  per  cent,  of  Na2S04.  If,  therefore,  the  change  in  specific  conductivity  were 
ascribed  to  any  one  of  these  causes,  it  is  not  only  necessary  to  assume  that  the  cause 
was  competent  to  produce  the  change,  but  that  its  efficiency  was  very  greatly  modified 
by  the  addition  of  the  salt. 

As  it  is  difficult  to  argue  from  the  results  of  experiments  conducted  on  the  liquid 
in  mass  to  the  behaviour  of  a  film,  and  as  it  is  probable  that,  if  sufficient  time  were 
allowed,  the  amount  of  CO^  absorbed  by  a  liquid  containing  a  substance  such  as 
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oleate  of  soda,  upon  which  it  acts,  might  be  very  considerable,  we  have  tested  the 
matter  by  direct  experiment.  A  series  of  observations  were  made  when  the  air  which 
surrounded,  and  that  which  was  used  to  blow  the  films  had  been  carefullv  freed  from 
C0.2  by  passage  through  three  tubes  containing  caustic  alkali.  As  it  would  have 
been  extremely  inconvenient  to  have  made  the  apparatus  air-tight,  a  current  of  the 
purified  air  was  passed  through  it  continuously  during  the  whole  of  the  experiment. 
Although,  therefore,  the  proportion  of  CO^  in  the  air  around  the  films  was — if  not 
absolutely  nil — very  much  reduced  below  its  normal  value,  the  results  as  regards  the 
electrical  thickness  were  practically  identical  with  those  obtained  when  no  such 
precautions  were  taken. 

Table  XI, 


Proportion 

Electrical  thickness  of  black  in  /i./x. 

Date. 

of  oleate 
to  water. 

Highest. 

Lowest. 

Mean  of  all. 

Number  of 
films. 

June  and  July,  1890  . 

T 

7  0 

240 

79 

148 

14 

Taken  without  any  special  precaution.  Linen 
band  not  used. 

November  and  December,  1890  . 

1 

7  0 

243 

73 

154 

7 

Linen  band  used.  Films  blown  with  air  freed 
from  CO2,  but  no  continuous  flow  of  purified 
air  through  the  film  box. 

i 

July,  1891 . 

4  0 

250 

84 

184 

6 

See  Table  VII.  Every  known  precaution  used. 
Continuous  flow  of  air  freed  from  COo  through 
the  film  box. 

Although  the  mean  values  differ  somewhat,  it  will  be  observed  that  the  highest 
and  lowest  values  in  each  set  are  about  the  same.  There  is  thus  no  indication  that 
the  presence  or  absence  of  COo  in  the  air  surrounding  the  film  has  any  marked 
influence  on  its  electrical  thickness.  This  argument  against  CO3  being  the  cause  of 
tlie  high  conductivity  of  the  thin  films  is  much  strengthened  if  we  consider  the  ratio 
of  the  electrical  to  the  optical  thicknesses,  i.e.,  the  ratio  of  the  specific  conductivity  of 
the  film  to  that  of  the  liquid  in  bulk.  Dividing  each  of  the  electrical  thicknesses  in 
the  above  table  by  the  corresponding  optical  thickness  given  in  Table  IT,,  w^e  get  the 
three  values,  5*2,  5 '4,  8'3.  Hence  the  specific  conductivity  of  the  film  was  about 
50  per  cent,  greater  when  every  precaution  was  taken  to  exclude  CO3  than  when  no 
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such  precaution  was  taken,  which  is  certainly  opposed  to  the  theory  that  CO2  is  the 
efficient  cause. 


Proposition  VIII. — Tlie  change  in  specific  conductivity  is  practically  unaltered  ifi  the 

I  films  are  formed  in  cm  atmosphere  of  oxygen. 

\ 

When  the  films  were  formed  in  an  atmosphere  of  either  oxygen  or  nitrogen  they 
did  Dot  thin  in  the  normal  way.  The  black  was  either  not  formed  at  all,  or,  if  formed, 

'  was  streaked  wfith  lines  and  flecks  of  other  colours.  An  electrical  measurement 
*  therefore  only  gave  the  mean  apparent  thickness  of  a  non-uniform  mass,  from  which 
!  the  thickness  of  the  black  could  not  be  deduced.  When  the  film  case  was  filled,  and 
I  the  film  itself  blown  with  purified  oxygen,  from  which  all  traces  of  chlorine  had  been  ' 
I  carefully  removed,  it  was,  however,  possible  to  make  observations  when  the  thickness 
!  corresponded  to  the  white  of  the  first  order.  This  colour  changes  so  slowly  as  the 
film  thins  that  no  accurate  estimate  of  the  thickness  can  be  based  upon  it.  Alternate 
series  of  measurements  were,  however,  made  when  the  box  was  filled  with  air  and 
oxygen  respectively  with  the  following  results  : — 

Table  XII. 


Air  pnrified  from  CO2. 

Oxygen. 

Air  purified  from  CO^. 

Colour  of  the  first 
order. 

Electrical 

thickness 

in 

Colour  of  the  fii’st 
order. 

Electrical 
thickness 
in  /i./n 

Colour  of  the  first 
order. 

Electrical 

thickness 

in 

Yellow . 

407 

Yellowish-white  . 

403 

White  .... 

465  to  383 

White . 

.387 

Grey  to  white 

326 

White,  full  of  black 

346 

Grey  (with  black 

296 

Grey  to  white  .  . 

316 

spots 

specks)  to  grey 

Grey . 

286 

Grey  (mixed  with 

245 

Grey  to  white  .  . 

296 

9?  . 

261 

black  spots)  to 

9)  ..... 

236 

white 

It  must  be  clearly  understood  that  the  estimates  of  colours  of  films  as  thin  as  these 
are  very  untrustworthy,  but  they  are,  we  think,  sufficient  to  prove  that  the  phenomena 
are  substantially  identical  in  air  and  in  oxygen. 

The  thickness  corresponding  to  the  white  of  the  first  order,  as  given  in  Newton’s 
table,  is  97  /x.^a.  Hence,  in  all  cases,  the  electrical  very  much  exceed  the  true  thick¬ 
nesses.  The  first  two  numbers  in  the  case  of  oxygen  (in  Table  XII.)  correspond  to 
colours  given  by  thicknesses  a  little  greater  and  less  respectively  than  that  which 
corresponds  to  the  white.  Taking  the  mean  of  these,  and  also  the  mean  of  the 
extreme  thicknesses  for  which  the  film  appeared  white  in  the  second  air  experiment, 
we  get  the  following  Table  : — 
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Table  XIII. 


Electrical 
thickness  of  ■white. 

Ratio  to 
true  thickness. 

Air . 

387 

3-99 

Oxygen . 

364 

3-75 

Air . 

424 

4-37 

Air  (later  experiments ;  see 

p.  522  . 

434 

4'47 

The  ratio  obtained  when  oxygen  was  used  is  less  than  in  the  other  cases,  but  the 
difference  is  small  when  the  uncertainty  of  the  colour  estimates  is  allowed  for ;  and 
the  agreement  is,  at  all  events,  sufficiently  close  to  prove  that  a  very  great  increase  in 
the  quantity  of  oxygen  in  the  neighbourhood  of  this  film  produces  little  or  no  change 
in  the  specific  resistance. 

The  nitrogen  used  was  produced  by  heating  a  mixture  of  ammonium  chloride  and 
potassium  nitrite,  and  was  passed  through  dilute  sulphuric  acid  and  caustic  potash. 
Whatever  the  cause  may  have  been,  we  found  that  in  this  gas  the  film  did  not  thin 
regularly,  so  as  to  exhibit  pure  and  unmixed  colours.  Estimates  of  the  thickness 
were  therefore  impossible. 

Before  proceeding  to  discuss  these  results  further,  it  may  be  well  to  ask  whether 
the  large  changes  in  specific  conductivity  affect  the  black  films  only,  or  whether 
similar  phenomena  can  be  detected  when  the  thickness  is  greater.  On  this  point  we 
have  made  numerous  observations,  which  have  led  us  to  the  following  conclusion  : — 

Propositio7i  IX. — The  specific  conductivity  of  a  soap  film  increases  as  the  thickness 
decreases,  hut  this  mcrease  is  less  in  the  case  of  a  film  formed  of  a  solution  to 
tvhich  a  salt  has  heen  added,  a7id  cannot  he  detected  in  the  case  of  a  “  liquide 
glycerique  ”  such  as  that  ive  have  emq)loyed. 

To  justify  this  statement  we  adduce  the  following  facts  which  are  only  samples  of 
the  results  of  a  large  number  of  experiments.  Perhaps  the  most  convenient  way  of 
testing  the  constancy 'of  the  specific  conductivity  of  a  film  is  to  calculate  the  thickness 
from  observations  on  the  electidcal  resistance,  assuming  that  the  specific  resistance  is 
the  same  as  that  of  the  liquid  in  mass,  and  to  compare  the  number  so  obtained  with 
the  thickness  given  by  a  direct  optical  measurement  based  on  the  colour.  If  the 
ratio  of  the  electrical  thickness  to  the  optical  thickness  is  unity  there  is  no  reason  to 
suspect  a  change  in  the  specific  conductivity.  If  it  differs  much  from  unity  the 
presumption  is  in  favour  of  such  a  change.  One  film,  formed  of  a  solution  containing 
one  part  of  oleate  of  soda  to  GO  of  water  without  the  addition  of  any  metallic  salt, 
which  was  observed  on  July  7,  1892,  lasted  two  hours  and  a  half.  During  this 
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time  it  thinned  to  the  white  of  the  first  order,  was  thickened  by  sending  a  current  up 
it,  and  was  again  allowed  to  become  thin.  The  following  table  gives  the  optical 
thickness  and  the  ratio  of  the  electrical  to  the  optical  thickness.  It  will  be  observed 
that  the  latter  differs  considerably  from  unity,  and  increases  as  the  film  becomes 
thinner. 

Table  XIV. 


Optical  thickness  in  /<./<. 

Ratio  of  electrical  to  optical, 
i.e.,  to  true  thickness. 

641 

1-66 

484 

1-69 

388 

1-60 

332 

1-81 

320 

1-78 

314 

2-07 

1-90 

307 

1-84 

296 

1-98 

The  electrical  thickness  was  also  measured  on  each  occasion  when  the  film  displayed 
the  white  of  the  first  order.  Another  film  was  then  formed,  and  after  its  thickness 
had  been  very  rapidly  reduced  by  means  of  a  current,  the  electrical  thickness  of  the 
white  was  again  determined.  The  numbers  thus  obtained  were  407,  430,  and  465  fx.fx. 
respectively,  the  mean  being  434  fi.fji.  As  the  true  thickness  corresponding  to  this 
colour  is  97  ja.p..,  it  will  be  seen  that  the  ratio  is  4 '47. 

Summing  up  we  have  the  results  given  in  the  following  Table. 

Table  XV. — Solution  of  oleate  of  soda  containing  1  part  of  oleate  in  60  of  water, 

but  no  metallic  salt. 


Colour. 

Optical,  i.e.-,  true  thick¬ 
ness,  in 

Ratio  of  electrical  to 
optical  thickness. 

Green  of  fourth  order  G  (4,  I)  . 

641 

1-66 

Green  of  second  order  G  (2,  1)  . 

296 

1-98 

White  of  first  order . 

97 

4'47 

Black . 

27-7 

5-8 

The  optical  thickness  assumed  for  the  black  is  the  mean  of  those  obtained  from 
films  of  similar  constitution  (see  Tables  IV.  and  VII.),  the  electrical  thickness,  viz., 
160  /x.p,.,  is  deduced  from  the  value  obtained  for  films  containing  1  part  of  soap  to 
40  and  70  of  water  respectively. 

It  is  important  to  remember  that  after  the  white  had  been  exhibited,  the  film  was 
thickened  and  then  allowed  to  thin  to  the  white  again,  and  that  the  ratio  of  the 
electrical  and  optical  thicknesses  changed  from  a  large  to  a  relatively  small,  and  then 
again  to  a  large  value.  This  is  shown  below. 

MDCCCXCITI. — A.  3  X 
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Table  XVI. 


Time. 

Colour. 

Optical 

thickness. 

, ! 

Ratio.  ' 

li.  m.  s. 

3  16  0 

Fellow  of  the  second  order  T  (2,  0). 

320 

1-78 

3  17  45 

Green  of  the  second  order  G  (2,  3)  . 

301 

1-84 

Later 

White  of  the  first  order . 

97 

4T9 

4  23  15 

Red  of  the  second  order  after  the  film 
had  been  thickened . 

388 

1-60 

4  49  0 

White  of  the  first  order . 

97 

447 

The  numbers  given  in  this  Table,  combined  with  the  fact  that  we  always  get  a 
much  larger  ratio  (of  which  the  mean  is  5’8),  when  the  film  is  thin  enough  to  display 
tlie  black,  are  certainly  consistent  with  the  view  than  when  the  same  colour  is  repro¬ 
duced,  the  ratio  is,  at  all  events,  approximately  the  same,  and  that,  therefore,  the 
change  in  specific  conductivity  indicated  by  the  value  of  the  ratio  is  a  function  of 
the  thickness.  The  connection  is  further  illustrated  by  the  curve  on  p.  526. 

We  now  proceed  to  consider  films  formed  of  liquid,  to  which  a  metallic  salt  has 
been  added. 

The  following  Table  gives  the  values  of  the  ratios  of  the  electrical  and  optical 
thickness  as  obtained  from  a  number  of  different  films.  The  numbers  are  arranged 
in  such  a  way  as  to  bring  out  the  various  points  which  are  worth  attention. 


Table  XVII. 


SolntioDs  containing  3  per  cent,  of  KNOobut  no  glycerine. 

Number  of  film. 

Date. 

Optical,  i.e.,  true 
thickness. 

Ratio  of  electrical  to 
optical  thickness. 

1892. 

Film  2 

July  11 

662 

1-06 

563 

1-07 

.) 

„  12 

600 

1-03 

545 

1-00 

528 

0-94 

496 

0-93  ! 

429 

1-08 

! 

412 

1-15  i 

.337 

1-24 

305 

1-21 

253 

1-16  ; 

„  3 

„  n 

320 

1-28 

300 

114 

289 

1-12 

„  4 

„  11 

401 

1-22 

307 

1-25 

305 

1-27 

215 

1‘25 

j 
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In  the  first  place  it  will  be  noticed  that  in  all  cases  the  ratio  is  much  less  than 
when  no  salt  is  added  to  the  solution.  At  optical  thicknesses  above  450  /n./x.,  the 
number  varies  on  each  side  of  unity,  giving  no  evidence  of  a  change  in  specific  con¬ 
ductivity.  This  is  proved  by  the  films  numbered  2,  on  J uly  1 1  and  12.  At  thicknesses 
between  200  and  450  /x./x.,  the  ratio  is  generally  above  unity,  being  in  some  cases  as 
large  as  1‘27  or  1'28.  It  is,  however,  to  be  observed  that  there  is  no  clear  indication 
of  an  increase  in  the  ratio  as  the  film  thins.  The  value  corresponding  to  the  smallest 
optical  thickness  is  not  the  greatest  in  the  cases  of  film  2,  July  12,  and  film  4, 
July  11,  and  is  actually  the  least  of  those  furnished  by  measurements  on  film  3, 
July  11. 

The  optical  and  electrical  measurements  of  the  thickness  of  black  films  formed  of 
a  3  per  cent,  solution  are  in  as  close  accord  as  the  nature  of  the  experiments  will 
permit,  the  electrical  being  as  a  matter  of  fact  rather  the  snialler  of  the  two.  Thus, 
from  Tables  VII.  and  L,  we  get  10'6  /x./x.,and  12'4  /x./x.,  for  the  mean  electrical  and  optical 
thicknesses  respectively.  The  discrepancies  between  the  individual  experiments  are 
too  great  to  enable  us  to  insist  on  the  accuracy  of  this  difference,  but  it  is  evident 
that  there  is  no  such  striking  divergence  between  the  results  of  the  two  methods  as 
is  remarked  when  no  salt  is  present. 

We  have  tried  from  time  to  time  to  obtain  some  measures  of  the  electrical  thick¬ 
ness  of  films  formed  of  a  solution  containing  3  per  cent.  KNOg,  at  thicknesses  inter¬ 
mediate  between  that  corresponding  to  the  black  and  200  /x./x.  Such  observations 
would  he  very  valuable  in  helping  us  to  decide  whether  there  is  or  is  not  a  real 
maximum  of  specific  conductivity  at  about  100  /x./x.,  which  is  suggested  by  the  fact 
that  (in  spite  of  the  discrepancies  above  noted)  the  ratio  of  the  electrical  to  the 
optical  thickness  is  less  for  thick  films  and  for  black  films  than  for  those  whose 
thicknesses  lie  between  200  /x./x.,  and  400  /x./x.  Unfortunately,  though  we  have 
exhausted  every  device  known  to  us,  sometimes  leaving  the  film  to  thin  unaided, 
sometimes  passing  weak  and  sometimes  strong  currents  through  it,  we  have  never 
succeeded  in  getting  the  white  of  the  first  order.  This  connecting  link  cannot,  there¬ 
fore,  be  at  present  supplied,  but  the  facts  are  sufficient  to  justify  the  proposition  that 
the  increase  in  specific  conductivity  observed  in  the  case  of  an  unsalted  solution  is 
largely  diminished  by  the  addition  of  a  salt.  It  is  indeed  open  to  question  whether 
the  evidence  would  not  support  the  statement  that  there  is  no  appreciable  change  in  the 
specific  conductivity  of  a  film  containing  3  per  cent,  of  salt,  but  although  we  hardly  feel 
justified  in  drawing  this  general  conclusion,  there  can  be  no  doubt  whatever  that 
it  is  true  for  a  liquide  glycerique  for  the  black  on  the  one  hand,  and  for  thicknesses 
greater  than  374  /x./x.  on  the  other,  and  therefore,  in  all  probability  (though  not  quite 
certainly)  for  intermediate  thicknesses.  This  conclusion  rests  upon  our  previous 
work.  In  1881  we  proved  that  there  is  no  change  in  the  specific  resistance  of  a  film 
of  salted  liquide  glycerique  down  to  a  thickness  of  374  /x./x.  (‘  Phil.  Trans.,’  Part  2, 
1881,  p.  447,  et  seq.)  while  the  optical  and  electrical  thicknesses  of  black  films  are  10‘7 
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and  11'9  [x.fx.,  respectively  (‘Phil.  Trans.,’  1883,  Part  2,  p.  661).  Both  of  these 
conclusions  have  been  verified  by  more  recent  experiments.  In  the  following  table 
we  give  the  ratios  of  the  electrical  to  the  optical  thicknesses  found  in  the  case  of  two 
films  observed  on  Jan.  9,  1892,  which  are  in  entire  agreement  with  our  1881  observa¬ 
tions  on  thick  films. 

Table  XYIil. 


Optical  thickness  in  /<./<. 

Ratio  of  electrical  to  optical  thickness. 

Film  1. 

Film  II. 

789 

0-996 

735 

1-012 

732 

1-064 

711 

1-022 

708 

0-989 

672 

1-012 

661 

1-045 

631 

1-052 

627 

1-014 

618 

1-023 

611 

1-005 

585 

0-995 

Taking  the  means  of  these  values  and  making  the  proper  corrections  for  tempe¬ 
rature  we  get 

Specific  resistance  of  liquid  in  mass . 142’G  ohms,  per  cub.  centim. 

,,  ,,  from  Film  1 . 142’0  ,,  ,, 

,,  ,,  from  Film  II . 138’0  ,,  ,, 

On  referring  to  page  479  of  our  paper  of  1881  it  will  be  seen  that  the  agreement 
here  obtained  is  as  good  as  that  on  which  our  former  conclusions  are  based. 

The  thickness  of  black  films  formed  of  salted  liquide  glycerique  has  also  been 
measured  again  and  again,  with  the  result  that  the  accuracy  of  our  1883  measure¬ 
ments  has  in  every  case  been  confirmed. 

Preliminary  Discussion  of  the  Results. 

Up  to  this  point  we  have  as  far  as  possible  confined  our  attention  to  experiment. 
We  now  propose  to  give  our  reasons  for  postponing  any  full  discussion  of  the  possible 
causes  of  the  phenomena  we  have  observed. 

The  most  probable  directions  in  which  to  look  for  an  explanation  are  in  the 
formation  of  a  pellicle  of  dlfierent  conductivity  from  the  interior,  or  in  a  change 
in  the  conductivity  due  to  the  direct  action  of  the  surface  forces  as  the  film  becomes 
thin,  or  in  a  combination  of  both. 

If  we  assume  that  the  film  consists  of  two  surfirce  layers  and  an  interior,  which  can 
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be  sharply  distingalshed  from  each  other,  and  whose  properties  are  different,  it  is 
easy  to  express  the  relation  between  the  optical  and  electrical  thicknesses  by  a 
formula. 

Let  T  and  x  be  the  total  thickness  and  the  thickness  of  a  surface  layer  of  the  film 
respectively. 

Let  K,  li,  and  k  be  the  conductivities  of  the  liquid  in  bulk,  of  the  interior  of  the 
film,  and  of  the  surface  layer  respectively. 

Then  if  T,  be  the  thickness  deduced  from  a  measurement  of  the  resistance  we 
have,  if 

T  >  2a:, 

,  Te  _{T-2x)k+2XK 
’  “  T  “  TK 

Hence 

rp  TZ:  2x  {k  —  h) 

'  ~  ~K  K 


If,  now,  the  results  of  the  experiments  be  plotted  with  T,  and  T  for  ordinate  and 
abscissa  respectively,  the  formula  shows  that — 

(1.)  If  the  film  be  of  constant  conductivity  equal  to  that  of  the  liquid  in  bulk, 
the  results  will  be  represented  by  a  straight  line  through  the  origin  inclined 
at  45°  to  the  axes.  This  follows  from  the  assumption  K  =  ^  =  /c. 

(2.)  If  the  conductivity  be  constant  throughout  the  film,  but  different  from  that 
of  the  liquid  in  bulk,  the  line  will  pass  through  the  origin,  but  will  not  be 
inclined  at  45°  to  the  axes. 

In  this  case  K  ^  ^  and  h  =  k. 

(3.)  If  the  conductivity  of  the  surface  layers  be  different  from  that  of  the 
interior  Jc,  and  the  line  will  not  pass  through  the  origin. 

(4.)  If  the  conductivity  of  the  interior  be  variable,  and  if  k  can  be  expressed  by 
a  formula  of  the  type 

^  =  A’o  +  +  &c.. 


the  expression  becomes 


T  = 


K 


I 


All  terms  similar  to  that  in  which  A  occurs  vanish  when  T  =  2x.  Hence  if  n  be 
large,  the  term  in  T"  will  be  small  when  T  is  large,  and  will  vanish  when  T  =  2x. 
Thus  a  straight  line  will  pass  through  the  points  corresponding  to  large  values  of  T 
and  through  the  point  corresponding  to  T  =  2x.  For  intermediate  values  the  points 
given  by  the  observations  will  not  lie  on  the  line  in  question. 
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The  accompanying  diagram  shows  how  far  our  observations  can  be  made  to  accord 
with  these  theories. 

The  point  D  is  determined  from  the  mean  optical  and  electrical  thicknesses  of  the 
black,  It  must,  however,  be  remembered  that  we  have  every  reason  to  believe  that 
there  are  two  thicknesses  corresponding  to  this  tint,  and  that  unless  the  conductivity 
and  the  thickness  are  connected  by  a  linear  relation,  the  mean  thickness  of  a  large 
number  of  films  will  not  necessarily  correspond  to  their  mean  conductivity. 


The  three  crosses  at  W  correspond  to  the  three  electrical  thicknesses  of  the  white 
obtained  by  different  observations.  The  optical  thickness  is  assumed  to  be  100  p.ju,. 
The  circles  indicate  the  extreme  errors  which  could  be  due  to  errors  in  colour  estima¬ 
tion.  The  other  observations  represented  by  A  and  B,  and  the  group  represented  by 
C,  do  not  require  special  remark.  The  principal  deductions  which  can  be  made  from 
these  observations  are  as  follows  : — 

(1.)  The  points  do  not  lie  on  a  straight  line  inclined  at  45°  to  the  axes.  Hence 
the  conductivity  of  the  interior  of  the  film  is  different  from  that  of  the 
liquid  in  mass. 

(2.)  The  points  A,  B,  D,  and  the  centre  of  the  group  C,  lie  nearly  on  a  straight 
line.  If,  therefore,  we  waive  the  objection  above  pointed  out  with  regard  to 
D,  and  note  the  fact  that  the  group  W  certainly  does  not  lie  on  this  line, 
the  facts  are  consistent  with  the  theory  that  the  film  consists  of  an  interior 
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of  diiferent  conductivity  from  the  liquid  in  mass,  bounded  by  pellicles  of 
different  conductivity  from  itself,  and  that  when  it  becomes  thin  (about 
300  /x./r.),  new  forces  (presumably  surface  forces)  modify  the  conductivity  in 
a  way  which  can  be  approximately  represented  by  supposing  that  the  con¬ 
ductivity  of  the  interior  alone  alters. 

We  do  not,  however,  at  present  wish  to  draw  from  these  observations  any  but  two 
conclusions  : — 

(1)  The  theory  of  the  formation  of  a  pellicle  of  different  conductivity  from  the 

rest  of  the  film  will  not  by  itself  explain  all  the  facts. 

(2)  Something  in  the  nature  of  a  discontinuity  appears  to  occur  at  a  thickness  of 
about  100  /x./x.,  which  is  but  little  greater  than  that  which  we  have  already 
fixed  as  the  upper  limit  of  the  range  of  unstable  thicknesses  to  which  we 
attribute  the  discontinuity  at  the  edge  of  the  black  part  of  a  film. 

On  the  whole,  then,  we  think  it  most  likely  that  the  changes  observed  at  the 
smaller  thickness  are  in  part  at  all  events  due  to  the  direct  action  of  the  surface 
forces,  but  that  their  action  is  complicated  by  some  cause  which  at  greater  thicknesses 
forms  a  pellicle  and  also  affects  the  interior  of  the  film. 

There  is  indeed  a  great  deal  of  evidence  for  the  fact  that  if  the  surface  of  a  solution 
of  soap  in  water  has  been  long  exposed  a  pellicle  is  formed  upon  it.  The  surface 
tension  of  such  a  solution  is  about  one-third  of  that  of  pure  water,  but  Lord  Rayleigh 
has  shown  that  there  is  no  measurable  difference  if  the  surface  of  the  solution  has 
only  been  formed  for  a  very  small  portion  of  a  second.  It  is  obvious,  therefore,  that 
the  surface  of  a  solution  of  soap  in  water  is  modified  when  exposed  to  the  air. 

We,  on  the  other  hand,  have  proved  (‘Phil.  Traus.,’  177,  Part  2,  1886,  p.  659)  that 
every  disturbance  of  the  surface  of  a  soap  film  increases  its  surface  tension,  and  that 
the  normal  value  proper  to  wLat  may  be  called  an  aged  surface  is  not  regained  for 
several  minutes. 

In  this  respect  the  variations  of  surface  tension  and  of  electrical  conductivity 
behave  similarly.  Both  are  affected  when  the  film  is  disturbed  by  the  passage  of  an 
electrical  current. 

On  referring  to  Table  XIV.  we  observe  that  two  of  the  values  of  the  ratio  of  the 
electrical  to  the  true  thickness  (r),  viz.,  those  which  correspond  to  the  thicknesses 
388  and  314  /x./x.  respectively,  are  inconsistent  with  the  others. 

If  the  table  is  rearranged  in  the  order  in  which  the  experiments  were  performed, 
these  facts  gain  significance.  The  exact  sequence  of  events  was  as  follows 

Current  from  20  cells  sent  down  the  film  before  the  measurement  was  made  : 

(1)  T  (true thlckuess)  =  641  /x./x.,  r=  1'66. 
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Current  from  20  cells  sent  up  the  film  ; 

(2)  T  =  484  /x./r . r  =  1'69, 

332  „ .  1-81, 

314  „ .  1-90, 

White .  4-19. 

Current  sent  up  and  down  the  film  in  turn  : 

(3)  T  =  320  /x./x . r=178, 

307  „ .  1-84, 

296  „ .  1-98. 

Film  began  to  thicken  spontaneously  : 

(4)  T  =  314 /x./x . r=2-07. 

An  upward  current  was  next  applied  and  the  film  allowed  to  thin  with  the 
following  results  : 

(5)  T  =  388  )a./x . r=l-60. 

White . r  =  4'47. 

It  will  be  noticed  that  every  time  the  film  was  disturbed  the  value  of  r  fell,  i.e., 
the  specific  conductivity  of  the  film  was  reduced  more  nearly  to  that  of  the  liquid  in 
mass,  nor  was  this  merely  due  to  the  fact  that  the  first  effect  of  the  currents  was  in 
every  case  to  thicken  the  film,  the  value  of  corresponding  to  a  given  thickness  was 
always  less  in  a  more  recently  disturbed  film.  This  is  proved  by  comparing  the 
values  of  r  corresponding  to  320  /x./x.  in  groups  (3)  and  (2),  and  those  corresponding 
to  388  /x./x.  in  groups  (5)  and  (2). 

We  take  it  that  this  is  sufficient  proof  that  though  the  phenomenon  we  are 
studying  depends  on  the  thickness,  it  is  not  merely  an  explicit  function  of  the 
thickness  of  the  film,  i.e.,  is  not  due  exclusively  to  a  peculiar  molecular  constitution 
depending  on  the  thickness.  If  this  were  so,  the  molecular  conditions  peculiar  to  a 
particular  thickness  would  be  immediately  re-established  as  soon  as  the  film  regained 
that  thickness  after  disturbance. 

We  think  that  the  next  step  should  be  to  try  to  separate  the  effects  due  to  the 
pellicle  and  to  the  capillary  forces  if  both  co-exist.  The  pellicle  is  possibly  due  to 
chemical  actions  between  the  liquid  and  the  atmosphere.  An  apparatus  is  in  course 
of  construction  which  will  enable  us  to  exjjeriment  in  other  gases  more  satisfactorily 
than  hitherto.  For  the  moment  we  venture  to  lay  our  results  before  the  Society 
without  a  full  explanation. 

We  believe  that  the  main  fact,  viz.,  the  change  in  the  conductivity  of  an  unsalted 
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soap  film  is  entirely  new.  We  hope  that  the  observations  which  we  have  made  on  it 
will  be  of  interest. 

It  is  difficult  to  assign  a  reason  why  the  addition  of  salt  to  the  liquid  should 
produce  so  great  a  change  in  the  results.  In  part,  the  better  conducting  salt 
probably  masks  effects  which  when  soap  alone  is  used  become  predominant,  but  we 
think  it  likely  that  in  part  at  all  events  it  actually  prevents  the  changes  to  which 
the  change  of  conductivity  is  due. 

However  this  may  be,  wm  venture  to  think  that  there  can  be  no  doubt  as  to  the  facts 
that  whereas  the  conductivity  of  a  thin  unsalted  soap  film  is  considerably  greater 
than  that  of  the  liquid  in  bulk,  the  difference  is  so  reduced  in  the  case  of  a  salted 
film  with  or  without  the  addition  of  glycerine  that  the  mean  thickness  of  a  number 
of  black  films  whether  measured  electrically  or  optically  is  the  same  to  within  the 
limits  of  the  error  of  experiment. 
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This  paper  contains  some  of  the  results  and  a  description  of  the  methods  employed  in 
a  series  of  experiments  on  the  rate  of  change  of  an  electric  current,  immediately  after 
the  application  or  reversal  of  a  constant  electromotive  force,  in  a  circuit  containing 
the  magnetizing  coil  of  a  large  electromagnet  or  the  primary  coil  of  a  transformer. 
The  experiments  have  been  carried  out  in  the  Electrical  Laboratories  of  the  Rose 
Polytechnic  Institute,  Terre  Haute,  Ind.  The  results  seem  to  be  of  considerable 
interest,  and  the  method  of  studying  the  magnetic  properties  of  iron  here  proposed 
has,  I  believe,  some  important  advantages  in  many  practical  cases  where  the  magnetic 
circuit  is  closed  and  of  large  section. 

In  the  experimental  determination  of  the  magnetic  properties  of  iron  it  lias  been 
usual  to  determine  by  means  of  a  series  of  successive  experiments  the  value  of  the 
total  magnetization  produced  by  different  magnetizing  forces.  From  these  results  the 
magnetic  permeability  of  the  iron,  the  self-induction  of  the  circuit,  and  so  forth,  can, 
of  course  be  calculated.  Several  methods  are  well  known,  by  means  of  which  reliable 
results  can  be  obtained  in  this  way,  but  they  are,  in  many  cases,  inconvenient.  For 
closed  magnetic  circuits,  for  example,  the  method  commonly  employed  has  been  to 
measure,  by  means  of  the  current  induced  in  a  coil  of  wire  surrounding  the  iron,  and 
in  circuit  with  a  ballistic  galvanometer,  the  changes  of  magnetization  produced  by 
different  changes  of  the  current  in  a  magnetizing  coil.  By  this  method,  the  value  of 

the  integral  |  L  dc,  or  its  equivalent  |  e  dt,  can  be  measured.  In  the  first  form  of 

the  integral,  and  are  the  initial  and  final  values  of  the  current  in,  and  L  the 
coefficient  of  induction  of,  the  magnetizing  coil.  In  the  second  form,  t^  —  b 
interval  of  time  required  for  the  current  to  change  from  the  value  to  the  value  c^, 
and  e  is  the  back  electromotive  force  induced  by  the  rate  of  change  of  the  current  at 
any  instant  between  the  times  q  and  t^.  When  the  masses  of  iron  experimented  on 
are  large,  the  interval  of  time  t^  —  G  becomes  too  great  for  the  value  of  the  integral 
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to  be  accurately  measured  by  means  of  any  ordinary  form  of  ballistic  galvanometer 
joined  in  circuit  with  a  second,  or  induction,  coil  surrounding  the  iron. 

It  occurred  to  me,  somewhat  more  than  a  year  ago,  that  the  cause  of  the  difficulty 
in  the  ordinary  method  of  measuring  magnetic  quality  in  large  masses  of  iron  might 
be  made  an  advantage  if  the  method  of  experiment  were  changed,  that,  in  fact,  the 
desirefl  information  might  be  more  easily  obtained  by  recording,  not  the  total  value 
of  the  induction  for  each  of  several  particular  values  of  the  magnetizing  force,  but  the 
curve  showing  the  rise  of  current  with  time,  immediately  after  the  circuit  is  closed. 
Preliminary  experiments  showed  that,  for  many  of  the  cases  most  difficult  by  the 
ordinary  method,  this  could  be  done  both  accurately  and  easily.  In  these  preliminary 
experiments  the  coils  of  a  large  electromagnet,  having  laminated  cores  and  pole  pieces, 
were  joined  in  circuit  with  a  storage  battery  and  a  non-inductive  resistance.  An  auto¬ 
matic  arrangement  was  devised,  by  means  of  which  the  circuit  could  be  closed  and 
the  instant  of  closing  recorded  by  a  chronograph.  The  ends  of  the  non-inductive 
resistance  were  at  the  same  time  connected  to  the  quadrants  of  an  electrometer.  At 
any  desired  interval  after  the  closing  of  the  circuit  the  electrometer  could  be  discon¬ 
nected  from  the  resistance,  and  the  instant  of  disconnecting  recorded  by  the  chrono¬ 
graph.  The  deflection  of  the  electrometer  needle  then  showed  the  difference  of 
potential  between  the  ends  of  the  non-inductive  resistance  at  the  instant  when  it  was 
disconnected.  By  this  means  a  sufficient  number  of  points  on  the  curve  of  rise  of 
current  could  be  observed  to  enable  it  to  be  drawn.  The  results  obtained  in  these 
early  experiments  agree  with  those  given  in  this  paper,  and  the  method  may  be  found 
useful  in  cases  where  the  rise  of  current  is  too  rapid  to  allow  of  the  successful  opera¬ 
tion  of  the  method  since  used.  It  is  evident  that  a  modification  of  this  method  with 
a  ballistic  galvanometer  substituted  for  the  electrometer  could  be  easily  arranged  to 
give  satisfactory  results.  The  ordinary  ballistic  galvanometer  and  induction  coil 
method  can  also  be  used  with  a  break  circuit  arrangement,  allowing  the  total  time 
integral  to  be  taken  by  steps.  This  method  of  experiment  was  not  used  after  the 
preliminary  results  for  which  it  was  devised  had  been  obtained.  It  was  abandoned, 
partly  because  of  its  considerable  complication,  but  mainly  because  a  considerable 
number  of  separate  experiments  are  required  to  obtain  the  complete  curve,  thus 
involving  a  corresponding  number  of  independent  magnetizations  of  the  magnet. 

The  arrangement  of  the  apparatus  used  in  the  experiments,  the  results  of  which 
are  here  illustrated,  is  shown  in  the  annexed  diagram  (fig.  1 ).  In  this  diagram  M  is 
the  electromagnet  experimented  on  ;  G,  a  commutator  for  reversing  the  battery,  or, 
when  the  connection  to  it  was  as  shown  by  the  dotted  lines,  for  simultaneously  cutting 
out  the  battery  and  short-circuiting  the  magnet  coils ;  B  is  the  battery,  and  R  a 
resistance  of  about  one  ohm  in  its  circuit  to  prevent  excessive  current,  when,  by  the 
operation  of  the  commutator,  it  is  for  an  instant  short-circuited ;  (?  is  a  mirror  galva¬ 
nometer,  nearly  “dead  beat”  and  of  short  period ;  L,  the  galvanometer  lamp ;  Ch,  a 
chronograph,  and  S,  a  key  for  closing  the  circuit.  The  drum  of  the  chronograph  is 
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14  inches  long  and  20  inches  in  circumference,  and  it  can  be  run  at  a  rate  of  one  turn 
per  minute  or  of  six  turns  per  minute,  the  speed  being  in  each  case  almost  perfectly 
uniform.  The  galvanometer  lamp  stand  was  provided  with  cross-wires,  the  galvano¬ 
meter  with  a  light  plane  mirror,  and  the  cross-wires  were  clearly  focussed  on  the 
chronograph  sheet  by  means  of  a  lens  placed  between  the  lamp  and  the  mirror.  The 
chronograph  sheets  were,  for  convenience  of  experiment  and  subsequent  reduction, 
formed  of  “  cross-section  ”  paper,  the  cross-lines  on  which  were  one  tenth  of  an  inch 


apart. 


Pis'.  I. 


B 


R 


Ch 


The  method  of  experiment  is  simply  to  hold  the  finger  on  the  switch  ^  and  observe 
the  motion  of  the  chronograph  until  the  image  of  the  cross-wires  comes  to  a  particular 
line  on  the  paper  sheet ;  at  this  instant  close  the  switch,  and  then  follow  the  image 
of  the  cross-wires  with  a  soft  sharp  pencil,  dotting  the  line  occasionally,  but  taking 
care  not  to  influence  the  motion  of  the  chronograph.  When  the  deflection  has  reached 
a  maximum,  the  commutator  is  suddenly  turned  as  the  image  of  the  wires  passes  a 
known  position  and  the  cycle  of  reversal  marked  out  on  the  paper.  The  chronograph 
is  now  stopped,  and  the  complete  curve  lightly  marked.  The  experiment  is  then 
repeated,  the  image  of  the  wires  being  simply  observed  as  it  passes  over  the  curve, 
and  any  disagreement  noted.  Any  disagreement  being  corrected  and  tested,  the 
curve  is  ready  for  reduction.  The  time  required  to  take  a  complete  set  of  curves, 
check,  and  correct  them,  only  requires  a  few  minutes,  after  a  little  dexterity  has  been 
acquired  in  dotting  out  the  curves.  The  curves  obtained  by  this  method  have  the 
advantage  of  being  drawn  to  a  large  scale,  the  galvanometer  sensibility  being  varied 
by  means  of  shunts,  so  as  to  make  the  double  deflection  nearly  cover  the  whole 
breadth  of  the  chronograph  sheet,  while  for  many  of  the  experiments  made  the  length 
of  the  diagram  extended  several  times  round  the  drum.  T  am  at  present  constructing 
an  automatic  recording  apparatus  on  the  principle  of  the  Thomson  recorder  for  the 
purpose  of  drawing  diagrams  for  smaller  masses  of  iron,  where  the  interval  of  time  is 
so  short  as  to  make  the  initial  motion  of  the  spot  of  light  too  rapid  to  be  followed 
with  certainty.  Should  this  apparatus  prove  successful,  I  hope  to  apply  it  to  invest!- 
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gate  the  effect  of  cyclic  speed  on  the  dissipation  of  energy,  using  a  varying  impressed 
electromotive  force. 

The  results  here  quoted  were  obtained  from  experiments  on  a  large  electromagnet 
belonging  to  the  Electrical  Laboratory  of  the  Rose  Polytechnic  Institute.  I  have, 
however,  found  it  easy  to  trace  curves  for  an  ordinary  6000-watt  transformer, 
although  the  time  is  in  this  case  considerably  shorter  than  thad  required  for  the 
magnet.  I  hope  to  supplement  the  results  here  given  by  results  for  various  trans¬ 
formers,  as  soon  as  they  can  be  reduced.  The  electromagnet  was  constructed  in  the 
shops  of  the  Ptose  Polytechnic  Institute,  and  was  designed  by  my  colleague.  Dr.  C. 
L.  Mees,  and  myself  for  convenient  use  in  the  instruction  of  students  in  magnetic 
measurements.  It  consists  of  two  cores  C  C  (fig.  2),  each  surrounded  by  four  coils  of 


Fig.  2. 


insulated  wire,  2'5  millims.  diameter.  Each  coil  is  divided  into  four  concentric  coils 
of  five  layers  each,  and  there  are  24  turns  in  each  layer.  The  total  number  of  turns 
in  the  magnetizing  coils,  when  all  are  joined  in  series,  is  thus  3840,  while  the  arrange¬ 
ment  allows  a  considerable  variation  to  be  made,  if  desired,  in  the  distribution,  position, 
power,  or  resistance  of  the  coil.  For  example,  the  inside  set  of  concentric  coils  may 
be  compared  with  the  outside  set  to  illustrate  the  law  that  the  magnetizing  effect  is 
proportional  to  the  number  of  turns,  and  for  closed  magnetic  circuits  practically 
independent  of  the  diameter  of  the  turns.  Again,  one  set  of  alternate  coils  may  be 
used  for  a  primary,  wlnle  the  others,  joined  in  any  way,  may  be  used  for  the  secondary 
of  a  transformer.  The  magnet,  when  joined  in  this  way,  is  capable  of  transforming 
from  30,000  to  40,000  watts.  For  transformer  purposes  this  arrangement  has  the 
advantage  for  purposes  of  instruction  and  experiment  that  the  action  of  an  open  and 
a  closed  circuit  transformer  can  be  directly  compared.  Various  other  modifications 
of  the  arrangement  of  the  magnet  coils  and  cores  will  readily  be  seen,  with  which  we 
are  not  concerned  in  this  j^aper. 

The  cores  C  C  rest  on  a  yoke  Y,  and  on  the  top  of  the  cores  the  pole  pieces  P  P 
rest.  The  lengtli  of  the  iron  circuit  can  be  varied  by  moving  the  cores  further 
apart  and  pushing  forward  the  pole  pieces.  To  facilitate  this  operation,  a  screwed 
rod  is  run  from  end  to  end  of  the  yoke,  sunk  just  beneath  the  surface ;  one  half  has 
a  right,  and  the  other  half  a  left-handed  screw,  which  work  in  half  nuts  fixed  in  the 
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cores.  Thus,  bj  turning  the  screw,  the  cores  can  be  moved  apart  or  brought  closer 
together.  A  similar  arrangement  serves  to  move  the  pole  pieces  and  to  pull  them 
apart  after  they  have  been  strongly  magnetized  on  closed  circuit.  When  an  air 
space  is  left  between  the  pole  faces,  the  magnetic  attraction  is  resisted  by  distance 
pieces,  placed  between  the  poles.  The  necessity  for  the  soniewliat  elaborate  arrange¬ 
ment  just  described  arises  from  the  great  weight  of  the  pieces,  the  cross  section  of 
the  iron  circuit  being  about  50  square  inches,  and  the  length  of  the  yoke  40  inches. 
The  cores  and  pole  pieces  were  constructed  of  soft  homogeneous  iron,  laminated  in 
sheets  one- twentieth  of  an  inch  thick.  Each  part  is  held  together  by  plates  three- 
eighths  of  an  inch  thick,  bolted  together  through  the  sheets.  One  plate  of  eacli  piece 
forms  a  common  nut  for  all  the  bolts,  while  the  heads  of  the  bolts  are  countersunk 
into  the  other  plate.  The  insulation  between  the  sheets  and  between  the  bolts  and  the 
holes  is  simply  the  oxidized  surface  of  the  rolled  metal  coated  with  shellac  varnish. 

Let  the  impressed  electromotive  force  be  E,  the  resistance  of  the  circuit  R  and  the 
current  at  any  instant  C.  Then  E  —  PtC  =  e,  tlie  back  electromotive  force  on  the 
magnetizing  coil  due  to  induction.  This  is  also  equal  to  L  idCldt),  and  hence  we  have 
e  =  E  —  RC  =  L  {dQjdt)  or  edt  =  dG.  Consider  the  curve  Ohd  in  the  diagram. 


Fift-.  3. 


fig.  3,  to  be  a  curve  showing  the  relation  between  current  and  time  immediately  after 
the  magnetizing  circuit  is  closed.  Let  the  distance  along  OX  to  any  point  represent 
the  interval  of  time  —  C  and  the  vertical  ordinates  the  successive  values  of  RC. 
Then  the  maximum  vertical  ordinate  Oc  =  E,  and  the  line  ah  corresponding  to  any 
time  T  is  the  value  of  e  at  (diat  time.  Hence  the  area  Ohac  is  the  value  of  the  integral 

ecZ^orof  j  Lc/C,  the  total  change  of  induction  from  the  time  of  closing  the  circuit 

to  the  time  T ;  the  current  being  supposed  zero  when  T  is  zero.  By  means  of  this 
curve  the  total  induction  produced  by  any  current  between  zero  and  the  maximum 
that  the  impressed  E.M.F.  is  capable  of  producing  can  thus  be  studied.  Again,  by 
drawing  tangents  to  the  curve  at  points  corresponding  to  diiferent  values  of  the 
currents  flowing  through  the  circuit,  the  value  of  dQjdt  and,  consequently,  of 


536 


MR.  T.  GRAY  ON  THE  MEASUREMENT  OF 


eKdCjdt)  —  L,  the  coefficient  of  induction  at  any  instant,  can  be  obtained  for  different 
values  of  the  magnetomotive  force  applied,  or  by  comparison  with  the  curve  of  total 
induction,  for  different  degrees  of  magnetization.  Similarly,  if  the  curve  of  variation 
of  current  from  maximum  in  one  direction  to  maximum  in  the  other  direction,  due  to 
a  reversal  of  the  impressed  E.M.F.  be  traced,  the  various  changes  of  total  induction, 
and  of  L  through  a  complete  cycle  can  be  studied.  The  curve  of  total  induction  for 
the  cycle  forms  generally,  as  is  well  known,  a  closed  loop.  The  area  of  this  loop  is 
the  difference  of  the  values  of  JeC  dt  for  the  two  halves  of  the  cycle,  and,  consequentlv, 
is  proportional  to  the  energy  dissipated  in  a  cycle  of  magnetization.  This  area  includes 
the  dissipation  due  to  magnetic  retentiveness,  and  also  that  due  to  currents  set  up  in 
the  iron  or  in  conducting  currents  surrounding  the  iron.  It  is  interesting  to  study  these 
curves,  as  is  done  for  a  few  cases  below,  for  different  conditions  of  the  magnetic  circuit. 

This  method  of  experiment  applied  to  electrical  transformers  has  the  advantage 
of  giving  directly  the  total  dissipation  of  energy  in  the  iron,  and  also  of  furnishing 
data  from  which  the  magnetic  quality  of  the  iron  can  be  studied.  The  electromagnetic 
arrangement  used  for  the  experiments  quoted  in  this  paper  was,  as  has  already  been 
stated,  of  such  a  form  that  it  could  be  used  either  for  a  simple  electromagnet  or  for 
an  open  or  closed  circuit  transformer.  Diagrams  are  given  illustrating  the  action  in 
these  different  cases.  It  should  perhaps  be  stated  that  these  curves  are  copies  on  a 
reduced  scale  of  the  original  curves  from  which  the  calculations  were  made,  and  may 
not  be  sufficiently  accurate  to  bear  exact  comparison.  The  values  of  the  dissipation 
of  energy,  total  induction,  &c.,  calculated  from  the  original  curves,  are  therefore 
marked  on  the  diagrams.  The  method  usually  adopted  in  reducing  the  curves  was  to 
integrate  by  means  of  the  cross-section  paper  the  successive  values  of  edt  for  succes¬ 
sive  values  of  t,  say,  for  one,  two,  three,  &c.,  seconds,  and  plot  a  new  curve  with  these 
areas  as  ordinates  and  the  corresponding  value  of  the  current  through  the  magnetizing 
coil  as  abscissse.  When  the  proper  scale  is  adopted  this  gives  the  magnetization  curve 
with  magnetomotive  force  as  abscissse  and  density  of  magnetic  induction  as  ordinates. 
From  this  curve,  by  a  repetition  of  the  integration  of  areas,  the  dissipation  of  energy 
was  deduced.  The  values  of  L  used  in  the  curves  for  coefficients  of  induction  were 
obtained  by  drawing  tangents  to  the  current  curve  at  a  sufficient  number  of  points, 
and  from  these  tangents  reading  the  values  of  dCjdt.  The  corresponding  value  of  e, 
for  example,  ah  in  fig.  3,  was  then  divided  by  dCjdt,  and  the  quotients  used  as  ordi¬ 
nates  in  curves  ha,vir)g  current  through  the  coil,  that  is,  with  proper  change  of  scale, 
magnetomotive  forces,  as  abscissae.  Curves  of  permeability  can,  of  course,  be  also 
obtained  by  taking  the  ratio  of  the  ordinates  to  the  abscissae  of  the  induction  or 

magnetization  curves,  that  is  LcZC^y'^lTruC  as  ordinates,  and  the  corresponding  values 

of  IttuC  as  abscissae.  These  curves  have  not  been  drawn,  as  the  curves  on  the  diagrams 
seem  to  be  already  sufficiently  numerous,  and  should  the  permeability  be  wanted  at 
any  time  it  can  be  readily  obtained  from  those  already  given.  The  lines  of  impressed 
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E.M.F.  have  also  been  omitted  from  the  diagrams  as  unnecessary.  In  the  results,  as 
shown  by  the  derived  curves,  it  should  also  be  stated  that  no  correction  has  been 
made  for  the  induction  through  the  coils  which  did  not  pass  through  the  iron. 

The  curves  in  hgs.  1-6  show  the  rise  of  current  through  the  circuit  of  the  electro¬ 
magnet  with  different  impressed  E.M.F. ’s.  The  full  line  curves  were  obtained  after 
the  magnet  had  been  several  times  magnetized  in  the  same  direction  as  that  produced 
by  the  current,  while  the  dotted  line  curves  show  the  rise  of  current  when  the  magnet 
had  been  previously  magnetized  in  the  opposite  direction  by  a  current  of  the  same 
maximum  strength.  The  iron  circuit  was  closed  during  these  experiments,  and  had 
a  mean  length  of  about  265  centims.  It  will  bo  observed  from  these  figures  that  the 
time  required  to  complete  the  magnetization  is  nearly  inversely  proportional  to  the 
E.M.F.  applied  to  the  poles  of  the  magnet,  and,  also,  that  the  shape  of  the  curve 
changes  considerably  with  change  of  impressed  E.M.F.  The  time  required  for  the 
current  to  reach  different  percentages  of  its  maximum  value  is  shown  in  figs.  7  and  8. 
The  ordinates  of  these  curves  are  proportional  to  the  time  required,  and  the  abscisspe 
to  the  impressed  E.M.F.  It  appears  from  these  curves  that  for  any  particular 
percentage  of  the  maximum  current  there  is  always  a  particular  voltage  which 
requires  greatest  time.  The  curves  also  indicate  that  above  a  certain  voltage,  higher 
than  the  percentage  considei’ed,  the  time  required  to  complete  the  magnetization  will 
become  nearly  constant.  Figs.  9  and  10  show  the  values  of  the  coefficient  of  induc¬ 
tion  for  different  values  of  the  current  flowino’  throuo’lj  the  maD-netizino'  coil,  and  the 
eftect  on  this  coeflficient  of  the  degree  of  magnetization  ultimately  reached.  The  most 
noticeable  feature  of  these  curves  is  the  gradual  change  in  the  value  and  position  of 
the  maximum.  This  depends  largely  on  the  amount  of  residual  magnetism  previously 
existing  in  the  magnet,  and  consequently,  on  the  maximum  value  of  the  current 
which  had  previously  flowed  through  the  circuit.  The  exact  value  of  the  maximum 
coefficient  is  somewhat  difficult  to  obtain  by  this  method  when  the  current  produces  a 
reversal  of  magnetization,  because  of  the  extreme  smallness  of  dCldt  at  the  point  of 
the  curve  where  this  maximum  occurs.  No  particular  importance  is  attached,  there¬ 
fore,  to  the  apparent  maximum  of  maxima  shown  in  fig.  10.  That  there  is  a 
maximum  of  maxima,  as  shown  in  fig.  10,  is,  however,  possible  when  we  consider  the 
cause  of  the  change  in  position  and  magnitude  of  the  maximum  value  of  L  from  the 
point  of  view  of  the  magnetization  curve.  It  is  well-known  that  this  curve  begins  to 
rise  somewhat  slowly,  and  has  a  point  of  zero  curvature  corresponding  to  a  com¬ 
paratively  small  value  of  the  magnetizing  force.  When  the  residual  magnetism  is 
great,  and  in  the  same  direction  as  that  which  the  current  produces,  the  results  show 
that  the  curve  never  attains  to  so  great  a  steepness,  and  attains  the  greatest  steep¬ 
ness  later  than  if  no  residual  magnetism  existed.  When  the  residual  magnetism  is  of 
opposite  kind  from  that  produced  by  the  current,  the  maximum  steepness  seems  at 
first  to  increase  with  increase  of  residual  magnetism,  and  afterwards  to  diminish ;  the 
position  of  the  point  of  greatest  steepness  corresponding  to  greater  and  greater 
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magnetizing’  forces  as  the  residual  magnetism  is  increased.  That  there  is  a  particular 
value  of  the  residual  magnetism,  which  gives  greatest  steepness  of  the  I’eversal  of  the 
magnetization  curve,  is  possible,  but  it  is  not  here  considered  established.  The  inter¬ 
pretation  of  the  results,  with  reference  to  this  point,  is  somewhat  complicated  bj  the 
fact  that  Foucault  currents  no  doubt  produce  considerable  shifting  of  the  position  of 
the  point  of  maximum,  as  indicated  by  the  apparent  magnetizing  current.  These 
currents  may  also  modify  the  value  of  the  maximum  coefficient.  This  point  will  be 
more  readily  understood  in.  connection  with  the  effect  of  a  secondary  coil  referred  to 
below. 

In  fig.  11,  a  set  of  curves  are  sliowii  which  illustrate  the  rise  of  current  when  the 
previous  residual  magnetism  is  in  the  same  and  in  the  opposite  direction,  together 
with  a  continuation  of  the  curve  showing  the  rate  of  diminution  of  current  when 
the  battery  is  suddenly  cut  out,  the  magnet  circuit  being  left  closed.  The  dotted- 
line  curves  show  the  rise  and  fall  of  the  magnetic  induction  for  the  two  cases,  the 
curve  of  ffill  of  current  being,  of  course,  the  same  for  both.  It  will  be  observed, 
from  the  total  induction  or  magnetization  curves  here  shown,  that  the  residual 
magnetism  has  amounted  to  about  60  per  cent,  of  the  whole  magnetization  produced. 
These,  and  similar  curves  shown  further  on,  also  illustrate  the  points  referred  to 
in  connection  with  figs.  9  and  1 0,  as  to  the  variation  and  great  difference  in  the 
value  of  the  coefficient  of  induction,  as  depending  on  previous  magnetization.  Fig.  12 
shows  the  current  and  derived  curves  for  a  complete  cycle  of  magnetization.  The 
full  line  shows  the  variation  of  the  current  after  reversal  of  the  impressed  E.M.F., 
while  the  dotted  line  shows  the  corresponding  variation  of  the  coefficient  of  induction. 
The  dot-dash  line  shows  the  induction  cycle,  and  the  area  enclosed  by  this  curve 
gives  the  dissipation  of  energy  due  to  the  combined  effects  of  magnetic  retentiveness 
and  Foucault  currents. 

The  curves  in  figs.  13-16  are  similar  to  those  in  figs.  11  and  12.  The  impressed 
E.M.F.  was  23  volts  for  all  three  sets,  but  the  iron  circuit  in  the  magnet  contained 
half  a  centimetre  of  air-space  for  figs.  13  and  14,  and  two  centimetres  of  air-space  for 
figs.  15  and  16.  Comparing  the  latter  two  sets  of  curves  with  those  obtained  when 
the  iron  circuit  was  closed,  we  find  as  one  of  the  most  noticeable  features  the  evidence 
they  afford  of  the  great  effect  a  small  air-space  has  on  the  magnetic  retentiveness  of 
the  magnet.  Curves  (1)  and  (2)  of  figs.  13  and  15  are  now  nearly  the  same,  and  the 
sharp  rise  in  the  coefficient  of  induction  has  disappeared.  The  maximum  value  of  the 
coefficient  of  induction  is  now  nearly  the  same,  whether  the  current  repeats  or  reverses 
previous  magnetization,  but,  somewhat  curiously,  seems  to  be  somewhat  less  for 
reversal  than  for  repetition.  The  ftill  of  current  curves  show  slower  fall  at  first,  due, 
apparently,  to  the  less  firm  hold  of  the  residual  magnetism  and  consequent  larger 
initial  value  of  the  coefficient  of  induction  just  after  reversal.  This  effect  would 
probably  be  still  more  marked,  were  the  total  induction  not  considerably  diminished 
by  the  air-space.  Figs.  14  and  16  show  the  complete  cycle,  and  thus  correspond  to 
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fig.  12,  The  sharp  inllection  in  the  current  curve  does  not  appear  in  these  curves, 

,  and  there  is  evidence  that,  for  a  given  impressed  E.M.F.,  there  will  be  a  particular 
air-space,  which  will  give  the  maximum  time  for  the  current  to  pass  through  zero,  and 
reverse  after  the  reversal  of  the  impressed  E.M.F.  The  curves  of  coefficient  of  induc¬ 
tion  are  now  comparatively  flat,  and  the  curve  of  total  induction  is  nowhere  nearly  so 
steep  as  it  is  for  the  closed  magnetic  circuit.  There  is  an  important  difference  also  in 
the  amount  of  energy  dissipated  in  the  cycle.  Of  course,  a  direct  comparison  of  the 
amount  of  energy  dissipated  in  the  cycle  cannot  be  made  from  these  curves  alone,  but 
a  separate  set  of  experiments,  illustrated  in  figs.  22-27,  bring  out  the  result  that 
considerably  less  energy  is  dissipated  on  the  open  circuit  for  the  same  amount  of  total 
induction  than  is  the  case  with  the  closed  circuit.  From  the  curve  (fig.  26)  it  appears 
that  the  energy  dissipated  per  cycle  on  closed  magnetic  circuit  for  total  density  of 
induction  of  13,200  C.G.S.  units  is  92  X  10”^  ergs,  while  the  actual  experiment  on  open 
circuit  only  gives  74  X  10^  ergs,  the  air-space  being  only  half  a  centimetre.  Again, 
from  the  same  curve,  it  appears  that,  for  closed  magnetic  circuit  and  a  total  density 
of  induction  of  8610  C.G.S.  units,  the  energy  dissipated  per  cycle  is  4  X  10®  ergs, 
while  for  the  actual  experiment,  with  two  centimetres  of  air-space  in  the  circuit,  it  is 
-only  3X10®  ergs  per  cycle.  This  is  ec[ui valent  to  a  saving  of  about  two  and  a  half  foot- 
‘  pounds  of  energy  per  cycle.  That  the  dissipation  of  energy  due  to  magnetic  retentive¬ 
ness  becomes  comparatively  small  when  the  distance  between  the  poles  is  as  much  as 
half  a  centimetre,  was  proved  by  static  experiments  made  for  the  purpose.  These 
experiments  showed  that,  for  a  total  induction  of  14,000  C.G.S.  units  per  square  centi¬ 
metre  across  the  air-space,  the  dissipation,  as  measured  by  the  variation  of  the  field  in 
the  air-space,  was  only  590  X  10®  ergs.  The  intensity  of  magnetization  here  cpioted 
was  obtained  with  a,bout  130  volts  on  the  terminals  of  the  magnet,  and  approaches 
near  to  saturation  of  the  cores.  When  the  circuit  is  open,  the  dissipation  of  energy 
is  largely  due  to  Foucault  currents  in  the  iron,  and,  as  wil]  be  seen  from  the  values 
calculated  and  marked  on  the  curves,  it  approaches  towards  beiiig  proportional  to  the 
square  of  the  induction  through  the  iron.  This  is  a  result  which  we  should  expect  so 
long  as  the  law  of  the  variation  of  the  induction  is  not  very  different  in  the  cases 
compared.  Tire  practical  bearing  of  the  result  here  arrived  at  on  the  question  of  open 
I  versus  closed  circuit  transformers  is  evident. 

The  group  of  figs.  17-21  illustrate  results  obtained  with  the  magnet  used  as  a  trans¬ 
former  with  equal  numbers  of  turns  on  the  primary  and  secondary  coils.  The  coils 
were  joined  alternately  so  as  to  form  two  sets  of  four  coils  each,  each  pair  of  j^rimaries 
containing  between  them  one  secondary  and  vice  versa.  Fig.  17  is  similar  to  fig.  12, 
except  that  the  current  is  greater  and  the  number  of  turns  in  the  magnetizing  coil 
less.  The  different  curves  in  this  set  will  be  at  once  recognized.  In  fig.  18,  the  effect 
of  closing  the  secondary  coil  through  a  total  resistance,  consisting  of  the  coil  and 
incandescent  lamps,  is  shown.  The  curves  of  primary  and  secondary  current  are 
clearly  marked  in  the  figure,  and  can  be  better  studied  fi-om  it  than  from  a  description. 
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It  may  be  remarked  that  tlie  curve  of  secondary  current  is  slightly  affected  by  the 
heating  of  the  lamps,  which  became  a  dull  red  towards  the  end  of  each  reversal  of 
current  in  the  primary.  The  effect  is  slight,  however,  and  the  equality  of  the  back 
E.M.F.  on  the  primary,  and  the  forward  E.M.F.  on  the  secondary,  is  as  perfect  as  the 
experiment  can  show.  The  heavy  dot-dash  line  encloses  an  area  which  represents  the 
total  dissipation  of  energy  in  the  iron  and  in  the  secondary  coil  and  circuit.  AYe  have 
here  the  means  of  illustrating  the  effect  of  Foucault  currents  on  the  L  curve.  It  will 
be  noticed,  by  comparing  figs.  17  and  18,  that  the  high  values  of  the  L  curve  are 
displaced  to  right  and  left  by  the  existence  of  the  secondary  currents,  which,  by  their 
demagnetizing  action,  allowmd  the  primary  current  to  become  stronger  before  taking 
the  inflection  due  to  high  permeability.  The  magnetizing  force  being  now  the  differ¬ 
ence  of  the  magnetizing  forces  of  the  twm  coils,  the  curve  of  coefficient  of  induction 
should  be  plotted  to  this  difference  as  abscissae.  This  is  done  in  figs.  20  and  21,  which 
show  that  the  maximum  value  of  the  coefficient  comes  earlier  the  stronger  the  current 
in  the  secondary.  Fig.  19  is  the  same  as  fig.  J  8,  except  that  the  resistance  of  the 
secondary  is  now  simply  that  of  its  own  coil  and  the  galvanometer  circuit,  namely, 
5 ’62  ohms.  There  is  now,  of  course,  a  greater  dissipation  area  and  a  greater  displace¬ 
ment  of  the  L  curve.  There  are  one  or  two  points  of  interest  in  connection  with  the 
L  curves  and  the  curves  shown  by  fine  dotted  lines  which  may  be  noted.  The  L 
curve,  when  calculated  from  the  primary  current,  besides  being  displaced,  has  a  higher 
maximum  value  the  greater  the  current  in  the  secondary.  The  dissipation  of  energy 
in  the  magnet  itself  is  less  the  greater  the  dissipation  in  the  secondary  circuit.  When 
there  was  no  current  in  the  secondary,  the  energy  dissipated  per  cycle  was  1950  X  10® 
ergs  ;  when  the  resistance  in  the  secondary  W’as  J  27  ohms,  this  fell  to  1440  X  10®  ergs, 
and  when  the  secondary  was  short-circuited,  it  fell  to  946  X  10®,  or  less  than  half  the 
first  value.  When  the  differences  of  the  magnetizing  forces  are  considered,  the  L 
curve  has  its  maximum  nearer  to  zero  current,  the  greater  current  in  the  secondary, 
and  has  nearly  a  constant  value. 

The  effect  of  varying  the  impi-essed  E.M.F.  on  the  dissipation  of  energy  is 
illustrated  in  figs.  22  to  25,  the  abscissm  of  vdiich  are  proportional  to  the  impressed 
E.M.F.,  and  the  ordinates  to  the  induction  as  calculated  from  the  reversal  of  current 
curves  which  were  similar  to  that  shown  in  fig,  12.  Although  the  number  of 
experiments  here  shown  are  not  sufficient  to  allow  any  law^  to  be  accurately’  deduced 
from  them,  the  results  are  sliown  by  the  black  dots  in  the  curves  figs.  26  and  27. 
Fig.  26  is  drawn  from  an  equation  of  the  form  e  =  AE  +  BI,  wdiere  e  is  the  energy 
dissipated,  E  the  impressed  E.M.F.,  I  the  total  induction,  A  and  B  constants.  For  this 
particular  curve  A  =  |  and  B  =  25300.  The  curve  shown  in  fig.  27  has  impressed 
E.M.F"'.  for  abscissae  and  dissipation  for  ordinates,  and  is  drawn  to  show  that  for  the 
range  of  experiment  taken  the  dissipation  was  practically  proportional  to  the 
mqDressed  E.M.F.  Indej^endent  experiments  indicate  that  the  amount  of  energy’ 
dissipated  in  the  secondary  circuit  when  the  magnet  is  used  as  a  transformer,  in  the 
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1  way  above  described,  is  nearly  proportional  to  the  impressed  E.M.F.,  and  hence  this 

■was  assumed  to  be  the  case  for  the  Foucault  currents  also.  The  other  constants 
were  then  obtained  by  solving  for  them  by  means  of  simultaneous  equations  of  the 
form  e  =  AF  +  BF,  the  necessary  data  to  form  the  equations  being  taken  from  the 
experimental  results.  It  was  found  in  this  way  that  x  was  practically  unity,  not 
differing  by  more  than  one  ])er  cent,  for  the  cases  taken,  and  hence  it  is  taken  unity 
in  the  curve.  The  results  of  static  experiments  would  indicate  that  the  term  BF, 
which  represents  the  energy  dissipated  due  to  the  retentiveness  of  the  iron,  should 
vary  more  rapidly  than  the  induction,  that  is,  that  x  should  be  greater  than  unity, 
about  1'6  for  the  experiments  of  Ewing  and  others.  This  result  does  not  seem  to 
be  reached  by  the  kinetic  method  here  adopted,  and  an  examination  of  recent  work 
on  the  subject  seems  to  confirm  the  results  here  arrived  at.  In  an  elaborate  series 
of  experiments  recently  published  by  Mr.  C.  P.  Steinmetz  an  attempt  is  made  to 
show  that  the  exponent  x  is  always  1'6.  Unfortunately  his  results  have  most  of 
them  been  reduced  on  this  assumption,  together  with  another  based  partly  on 
calculation  for  Foucault  currents.  When  the  value  of  x  given  by  the  results  is  deduced 
from  a  series  of  equations  by  the  methods  indicated  above  the  exponent  unity  seems 
to  agree  just  as  well,  sometimes  better,  than  1’6.  An  excellent  series  of  experiments 
for  this  purpose  have  recently  been  made  by  Mr.  Alexander  Siemens  and  the  results 
communicated  to  the  Institute  of  Electrical  Engineers.*  In  this  paper  also  the  losses 
from  Foucault  currents  are  calculated  on  an  assumption  of  size  of  wire,  specific  resist¬ 
ance,  &c.  The  estimate  of  the  energy  dissipated  seems  to  be  somewhat  too  small,  and 
with  a  proper  correction  on  it,  about  25  per  cent.,  the  dissipation  given  under  hysteresis 
becomes  simply  proportional  to  the  induction.  The  results  of  these  experiments 
treated  by  the  simultaneous  equation  method  for  the  determination  of  the  law  of 
variation  of  the  different  elements  of  the  dissipation  give  for  Foucault  currents  AI^ 
and  for  hysteresis  BF  with  almost  perfect  exactness.  The  fact  that  a  sufficient 
number  of  fairly  accurate  ex^ieriments  furnishes  data  for  the  mathematical  deter¬ 
mination  of  the  law  of  variation  of  the  different  elements  entering  into  the  dissipation 
of  energy  in  cases  like  that  here  considered  seems  to  have  been  very  generally 
overlooked. 

I 

[Note  added  June  20,  1893. — Subsequent  experiments,  the  results  of  which  I 
hope  soon  to  place  before  the  Royal  Society,  show  that  the  constant  A  in  the  above 
equation  should  have  been  zero,  as  there  is  practically  no  Foucault  current  loss.  The 
exponent  x  is  also  shown  by  these  experiments  to  agree  closely  with  the  number 
obtained  by  Mr.  Steinmetz  from  Professor  Ewing’s  experiments  and,  since  this 
paper  was  written,  more  fully  established  by  his  own  experiments. 


*  “Some  Experimental  Investigations  on  Alternate  Currents.”  See  ‘Electrical  Engineer,’  February 
19th  and  26th,  1892. 
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The  simultaneous  equation  method  referred  to  above  is  more  generally  stated  as 
follows : — ^Let  the  dissipation  of  energy  e  be  expressed  by  an  equation  of  the  form 
e  =  AF  +  BF  +  &c.  Then,  if,  by  proper  experiments,  the  curve  expressing  e  in 
terms  of  I  be  determined,  the  values  of  the  constants  K,  B,  &c.,  and  a,  &c.,  can  be 
determined  from  the  curve  by  taking  a  sufficient  number  of  corresponding  particular 
values  of  e  and  I  from  the  curve  to  form  the  requisite  number  of  equations.  Experience 
shows,  however,  that  it  is  difficult  to  obtain  the  experimental  curve  with  sufficient 
accuracy.  In  the  particular  case  given  above,  the  results  were  neither  sufficiently 
numerous  nor  sufficiently  accurate  for  the  purpose,  and  the  conclusion  arrived  at  is 
undoubtedly  wrong. — T.  G.] 
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IX,  On  the  Composition  of  Water  hy  Volume. 

By  Alexander  Scott,  M.A.,  D.Sc.,  Jaxksonian  Demonstrator  in  the  University 

of  Cambridge. 

Communicated  hy  Lord  Rayleigh,  Sec.  R.S. 


Received  March  4, — Read  March  23,  1893. 

In  a  preliminary  note,  “  On  the  Composition  of  Water  by  Volume,"  presented  to  the 
Society  in  June,  1887,  I  remarked  that  up  to  that  time  we  had  no  direct  measure¬ 
ments  of  this  important  constant,  except  those  of  Gay-Lussac  and  Humboldt.  The 
value  they  deduced  from  their  experiments  corresponded  so  far  with  the  number  I 
then  gave  as  the  most  probable  one,  in  that  it  required  rather  less  than  two  volumes 
of  hydrogen  to  one  volume  of  oxygen.  The  results  of  my  experiments,  in  spite  of 
this  coincidence,  astonished  me,  for  it  was  to  he  expected  that  as  oxygen  is  more 
compressible  than  hydrogen  (to  say  nothing  of  its  coefficient  of  expansion),  it 
would  contain  more  molecules  per  unit  volume  than  hydrogen,  and,  therefore, 
necessarily  require  more  than  two  volumes  of  hydrogen  for  one  volume  of  oxygen. 

In  a  short  note,  published  in  “  Nature,”  of  March  8th,  1888,  I  announced  that  I 
had  detected  a  most  important,  and  hitherto  unsuspected,  source  of  error  which  had 
led  to  the  consumption  of  oxygen,  and  this  naturally  accounted  for  the  relatively 
small  number  for  the  hydrogen.  This  source  of  error  lay  in  the  use  of  a  lubricant  of 
a  combustible  nature,  not  because  of  its  volatility,  but  because  of  its  tending  to  form 
a  greasy  layer  on  the  surface  of  the  eudiometer,  and  which  was,  to  a  certain  extent, 
burnt  with  each  explosion  in  the  eudiometer. 

In  the  ‘American  Journal  of  Science,’  for  March  and  April,  1891,  E.  W.  Mobley 
gives  an  account  of  twenty  experiments  made  with  a  very  elaborate  apparatus  for 
preparing  his  gases,  and  with  a  measuring  apparatus  practically  the  same  as  I 
described  in  my  former  paper,  except  that  he  explodes  his  gases  in  his  measuring 
vessel,  which  is  a  wide  cylindrical  tube,  thus  necessitating  microscopical  readings  of 
levels  and  heights,  which  he  claims  he  can  make  with  accuracy  to  ^  milli¬ 

metre,  and  that  they  actually  were  made  to  g-^th  in  his  experiments.  How  this  can 
be  done  satisfactorily  after  the  explosion  and  the  accumulation  of  water  as  the  result 
of  it,  must  astonish  all  who  have  tried  to  measure  heights  of  mercury  in  glass  tubes 
with  accuracy.  No  mention  is  made  as  to  where  the  water  was  expelled  to,  or  how 
it  could  be  got  rid  of 
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Throughout  I  have  endeavoured  to  use  the  simplest  apparatus  possible  and  to 
prepare  the  gases  themselves  from  only  the  purest  materials,  and  those  of  the  simplest 
composition  that  I  could  find,  so  that  no  purification  shoidd  be  required  and  all 
unnecessary  contact  with  other  chemical  substances  avoided,  to  work  with  an 
apparatus  of  glass  throughout,  so  that  no  diffusion  could  take  place,  and,  finally,  so  to 
work,  that  with  a  given  amount  of  materials,  I  might  compare  the  gas  given  off 
in  the  first  fractions  continuously  to  the  last  fractions,  and  thus  endeavour  to  detect 
any  possible  impurity,  either  by  variation  of  the  ratio,  or  by  actual  observation  from 
the  residual  gas. 

My  new  experiments  are  divided  primarily  into  two  series,  as  two  different  forms  of 
measuring  vessel  were  used,  one  of  the  tyj^e  described  in  my  former  paper  in  which 
both  pressure  and  volume  had  to  be  measured,  in  the  later  form  the  pressure  onlv 
required  measurement,  the  volume  being  kept  constant.  This  tended  greatly  to 
increase  the  accuracy  of  measurements,  both  because  it  lessened  the  number  required, 
and,  also,  even  if  the  total  volume  were  as  much  as  one  cubic  centimetre  wrong,  it 
would  make  no  appreciable  error  in  the  ratio  found,  as  all  were  measured  in  the  same 
vessel.  This  will  be  obvious  on  slight  consideration  of  the  conditions. 

The  hydrogen  required  was  obtained  from  the  following  sources  ; — 


1. 


3. 

4. 


Electrolysis  of  dilute  sulphuric  acid 


Using  in  both  cases  a  platinum  elec¬ 
trode  for  the  hydrogen  to  be 
hydrochloric  acid  j  evolved  from,  and  amalgamated  zinc 
[  for  the  absorption  of  the  oxygen. 


Action  of  steam  on  sodium. 

Palladium  hydride,  formed  by  passing  hydrogen  from  sources  2  and  3  over 
palladium  at  the  ordinary  temperature. 


The  oxygen  was  prepared  from — 

1.  Re-crystallized  potassium  chlorate,  sometimes  with  the  addition  of  a  little 

pure  sodium  hydrate  (from  sodium). 

2.  Mercuric  oxide. 

3.  Silver  oxide. 

4.  Silver  oxide  and  barium  sulphate. 

Before  using  either  the  sulphuric  or  hydrochloric  acid,  after  the  necessary  dilution 
it  was  boiled  with  some  zinc  amalgam  for  an  hour  or  an  hour  and  a-half  to  get  rid  of 
all  dissolved  srases,  and  then  added  to  the  o’eneratino'  vessel  while  hot. 

The  sodium  used  was  such  as  had  never  been  at  any  time  in  contact  with  paraffin 
or  naphtha,  and  was  obtained  direct  from  the  manufiicturers.  It  was,  before  use, 
fused  in  a  clean  iron  ladle  and  cast  in  an  iron  mould.  It  was  always  heated  up  till 
the  anhydrous  oxide  fused  so  that  the  metal  could  be  poured  quite  free  from  all  scimi. 
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The  palladium  was  used  in  the  form  of  thin  sheets  and  was  ignited  in  a  current  of 
pure  air  for  some  time  to  a  full  red  heat,  to  remove  all  traces  of  greasy  matter  which 
it  might  have  acquired  during  the  rolling. 

The  potassium  chlorate  was  very  carefully  recrystallized  and  fused  in  a  platinum 
dish  before  use,  and  in  the  later  experiments  a  small  quantity  of  pure  sodium 
hydrate  made  from  the  metal  was  added,  to  prevent,  if  possible,  the  evolution  of  small 
quantities  of  chlorine. 

Very  few  experiments  were  made  with  mercuric  oxide  as  the  temperature  required 
for  its  decomposition  was  rather  high  for  soft  German  glass  to  stand  with  safety. 
Two  samples  were  used,  the  first  of  which  at  first  gave  off  some  carbon  dioxide,  so  a 
sample  was  prepared  with  great  care  from  the  metal,  by  first  converting  it  into 
mercurous  chloride,  then  into  mercuric  chloride,  and  finally  into  the  oxide  which, 
after  thorough  washing,  was  moistened  with  pure  soda  solution  and  dried.  The 
soda  efiectually  retained  any  carbon  dioxide  in  this  sample,  but  the  repeated  fractures 
of  the  tubes  containing  the  mercuric  oxide  led  me  to  abandon  its  use.  Silver  oxide 
seems  to  be  by  far  the  most  convenient  source  of  pure  oxygen,  and  has  been  used 
in  all  the  later  experiments.  It  was  made  at  first  by  precipitating  silver  nitrate 
solution  by  means  of  pure  barium  hydrate,  washing  free  from  barium  nitrate,  and  then 
drying  rapidly  on  the  water  bath.  The  first  sample  prepared  had  absorbed  so  much 
carbon  dioxide  from  the  air  during  its  drying  that  it  rendered  worthless  several 
experiments.  The  second  sample  was,  therefore,  prepared  by  the  same  reaction,  but 
was  very  carefully  washed  with  thoroughly  boiled  water  in  closed  flasks,  and  dried, 
in  vacuo,  in  vessels  with  ground  glass  stoppers,  free  from  all  grease.  Thinking  that 
nitrates  might  still  adhere  to  the  precipitate  as  Stas  showed  they  were  so  prone  to  do, 
a  quantity  of  silver  sulphate  was  precipitated  wdth  barium  hydrate,  so  that  a  mixture 
of  silver  oxide  and  barium  sulphate  was  obtained  and  used  after  drying  as  above,  and 
worked  extremely  well.  The  silver  oxide  used  in  the  last  experiments,  and  which 
has  given  gas  in  which  no  impurity,  however  small,  can  be  detected,  was  prepared 
from  silver  sulphate  and  excess  of  pure  potassium  hydrate,  and  after  washing,  giving 
another  treatment  with  some  fairly  dilute  potassium  hydrate  solution  by  boiling  for 
half  an  hour  or  so,  again  washing  with  wmter  well  boiled  and  just  coloured  with 
^  potassium  permanganate,  till  free  from  sulphates,  then  allowed  to  settle,  and  the  clear 
liquid  decanted  and  a  little  pure  soda  added  (as  was  done  always  with  the  silver 
oxide)  and  the  oxide  dried,  in  vacuo,  at  110°  C. 

Fig.  1  show^s  the  apparatus  as  used  in  the  later  series  of  experiments,  and  is  drawn 
to  scale  as  regards  the  size  of  the  principal  parts  ;  the  tubes  are  merely  elongated 
I  so  as  to  show  their  connection  clearly.  The  scale  F,  wdiich  is  1  metre  in  length, 
indicates  the  size  of  the  various  parts. 

The  constant  volume  is  contained  between  a  mark  on  the  narrow  tube  above  B, 
and  a  similar  mark  about  the  middle  of  the  tube  D.  The  internal  diameter  of  these 
tubes,  which  are  of  strong  Sprengel  tubing,  is  almost  exactly  2  millims. ,  as  they 
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A,  Rulb  for  measuring  volume  of  gas. 

R,  Graduated  tube  calibrated  for  measuring  residual  volumes. 

C,  Manometer  tube. 

D,  Narrow  tube  with  mark. 

EE,  Barometer. 

F,  Standard  metre  scale  divided  into  millimetres. 

G,  Thermometer  graduated  in  C. 

H,  Jar  for  mixing  gases  before  explosion. 

I,  Wooden  block  to  support  mercury  trough. 

J,  Tube  for  exploding  gases  under  diminished  pressure. 

K,  Mercury  trough  of  wood,  varnished. 

L,  Water  tank,  for  maintaining  temperature  steady,  with  stirrer  aird  levelling  screws  (con¬ 

tents  =  about  14  litres). 

M|,  Mo,  Mercury  reservoirs. 

No,  Nji,  Small  mercury  reservoirs  for  driving  gases  out  of  tubes  into  A  and  B. 

O,  Tube,  with  silver  oxide. 

P,  Tube,  with  palladium. 

R,  S,  Geissler’s  bulbs,  with  pure  water. 

T,  Geissler’s  bulbs  with  pure  sodium  hydrate  (from  sodium  and  water). 

U,  Tube  for  hydrogen  to  pass  in  at  from  generating  vessel,  but  sealed  up  when  palladium  hydride 

is  used. 

Vo,  Vn,  Gauges  and  safety  valves  tvith  mercury  covered  with  water  for  oxygen  and  hydrogen. 
1,  2,  3,  4,  5,  G,  7,  8,  and  0,  safety  taps  with  syrupy  phosphoric  acid. 
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contain  '0395  grm,  of  mercury  per  millim.  length.  The  capillarity  correction,  due  to 
the  difference  in  diameter  between  the  manometer  tube  C  and  the  tube  D,  amounted 
to  3'9  millims.,  and  between  B  and  C  to  '1  millim.  Temperatures  were  read  to 

Fig.  2. 


A,  Bulb  for  measuring  gases.  B,  Tube  for  measuring  residues. 

C,  Manometer  tube.  U,  Calibrated  tube. 

Xoofh  of  a  degree  centigrade  in  the  later  series  of  experiments,  hut  only  to  i-yth 
previously,  by  means  of  the  thermometer  G,  after  thorough  mixture  by  means  of  a 
stirrer  not  shown  in  the  figure.  All  heights  were  referred  to  the  standard  scale  F, 
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both  those  of  the  barometer  EE,  as  well  as  those  in  C  and  D,  by  means  of  a  catheto- 
meter  Z  (fig.  4)  constructed  specially  for  the  purpose.  This  consisted  essentially  of  a 
vertical  steel  axis  carrying  two  horizontal  telescopes  wfith  cross  wires,  which  were  set 
one  at  each  level,  and  then  the  axis  rotated  to  the  scale  F,  and  the  heights  registered 
to  0  millim.  This  method  was  necessitated  from  the  want  of  steadiness  in  the  floor 
of  the  room  in  Durham  School  Laboratory,  where  the  majority  of  the  experiments 
were  carried  out.  The  same  arrangement  (which  is  very  convenient  as  well  as 
accurate)  was  also  used  in  the  later  experiments  which  were  carried  out  under  more 
favourable  conditions  in  the  gas  analysis  room  of  the  Cambridge  University  Chemical 
Laboratory. 

Fig.  2  shows  the  earlier  form  of  measuring  vessel  used  wdien  the  varying  pressures 
and  volumes  were  both  measured.  The  tubes  B,  C,  and  D  were  all  of  the  same 
diameter,  so  that  no  capillarity  corrections  were  required. 


Fig.  3. 


S,  Flask  for  sodium. 

T,  Washing  tube,  with  very  dihite  hydrochloric  acid. 

U,  Exit  tube  for  hydi’ogen,  sealed  to  U  (fig.  I)  Avheu  in  use. 

W,  Small  india-rubber  stopper. 

Fig.  3  shows  the  simple  apparatus  employed  for  the  preparation  of  hydrogen  from 
sodium  by  acting  on  it  with  steam.  When  it  was  used  the  end  of  the  tube  U  was 
sealed  to  the  tube  U  (fig.  l),  which  contained  palladium  in  its  wider  part,  P.  The 
only  india-rubl)er  connection  is  at  W,  where  there  is  a  stopper  of  that  material,  but 
diftusion  through  this  was  practically  impossible  to  any  injurious  extent,  as  the  space 
between  the  tubes  was  very  narrow  and  the  stopper  was  6  to  8  milliras.  long,  and 
after  setting  up  the  apparatus  it  was  sealed  over  with  parafilu  containing  enough 
vaseline  to  prevent  its  cracking,  whilst  it  allowed  of  its  being  easily  shaken. 
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Before  beginning  a  series  of  experiments  the  apparatus  was  carefully  exhausted  by 
filling  A,  B,  and  C  with  mercury,  as  well  as  the  tubes  leading  to  the  bulbs  No  and  Nn, 
by  having  the  taps  open,  and  by  raising  the  reservoir  M^,  closing  all  the  taps  1,  3,  4,  5,  6, 
and  7,  then  lowering  and  opening  tap  5,  which  opened  communication  v/ith  the 


General  view  of  apparatus  from  front,  showing  catlietometer. 

hydrogen  generating  apparatus,  being  lowered  until  the  mercury  fell  to  D.  Then 
tap  5  was  closed  and  Mj  raised  till  the  air  was  under  more  than  atmospheric  pressure, 
tap  6  opened  and  the  air  inside  the  apparatus  expelled  by  forcing  mercury  up  into 
.the  bulb  Nfj,  This  was  repeated  till  no  more  air  could  be  thus  pumped  out.  A 
little  hydrogen  was  now  generated  and  pumped  out,  and  the  process  repeated  twice. 


Eis’.  4. 
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when  the  gas  now  generated  might  be  regarded  as  absolutely  free  from  admixed  air. 
Idle  same  was  repeated  with  the  oxygen  apparatus.  It  was  easy  to  arrange  before 
raising  the  reservoir  so  that  there  was  no  “  un traversed  space'’  by  filling  the 
tubes  with  mercury  from  the  bulbs  Nh  and  Nq. 

The  mode  of  using  the  apparatus  will  be  liest  understood  liy  the  description  of  an 
actual  experiment. 

Oxygen  was  evolved  from  the  oxide  of  silver  in  O  b}^  heating  till  it  was  almost 
equal  in  pressure  to  that  of  the  external  atmospjhere,  as  indicated  by  the  gauge  and 
safety  valve  Vo,  when  taps  3  and  2  were  opened,  being  about  the  level  indicated, 
and  the  heating  continued  till  B  and  A  were  almost  filled  to  the  mark  on  I),  when 
the  flame  was  extinguished  and  tap  2  shut,  and  then  mercury  was  run  into  the  fine 
tubes  from  No,  so  that  it  passed  the  tap  4  a  short  distance,  that  tap  was  then  closed, 
and  2  opened  carefully,  so  that  the  gas  in  the  tube  was  driven  into  the  calibrated 

space,  and  the  mercury  rvas  stopped  at  the  mark  by  closing  taps  2  and  4.  Tap  1  on 

the  manometer  was  ojoened  generally  before  filling  the  volume  with  gas,  as  one  could 
judge  better  of  the  exact  pressure  by  so  doing.  All  being  noAv  ready  for  the  final 
adjustments  the  mercury  reservoir  was  raised  or  lowered  by  a  fine  screw  on 
its  holder  till  the  mercury  came  exactly  to  the  mark  on  D,  and,  after  thorough 
Stirling  of  the  water  in  L,  left  for  a  quarter  of  an  hour,  and  the  adjustments  looked 
to,  and  then  repeatedly  stirred,  and  readings  taken  in  about  half  an  hour  after  filling 
if  the  volume  was  quite  steady.  The  temperature  and  liarometric  pressure  were  then 
read.  Closing  tap  1  on  the  manometer,  and  opening  taps  2  and  7,  the  oxygen  was  next 
expelled  into  the  jar  H  (which  had  been  completely  filled  with  mercury)  by  raising 
Mj  sufficiently.  When  all  the  gas  has  been  thus  driven  over  into  H,  tap  7  is  closed, 
is  returned  to  its  former  position,  tap  1  opened  again,  and  the  same  operation 

repeated  twice  for  the  hydrogen.  By  opening  tap  8  quantities  of  the  mixed  gases 

are  drawn  over  into  the  explosion-tube  J,  and  there  caused  to  combine  under 
diminished  pressure  by  passing  a  spark,  and  this  continued  till  nearly  all  has 
combined,  when  what  remains  in  the  explosion-tube  is  passed  back  into  the  jar  H, 
and  mixed  and  drawn  back  again,  and  exploded  as  Ijefore.  A  small  residue  of  one  or 
other  gas  in  excess  now  remains.  This  was  now  passed  into  H,  but  the  water  formed 
was  expelled  by  closing  tap  8  and  opening  tap  9  when  the  water  flowed  out  on  to  the 
surface  of  the  mercury  ;  it  was  easy  to  arrange  so  that  nothing  but  the  gaseous  residue 
was  driven  into  H,  from  which  it  was  now  drawn  into  B,  and  its  volume  accurately 
determined.  After  measurement  it  was  again  expelled  into  H,  and,  if  h^’drogen,  S0D)e 
oxygen  in  excess  was  drawn  into  B,  and  measured  as  l)efore,  passed  into  H,  and  the 
mixture  exploded,  and  the  new  residue,  measured  as  before,  again  passed  back  into  H, 
and  then  into  J,  and  expelled  into  an  absorption-tube,  measured  and  treated  first 
with  pure  potassium  hydrate  solution  to  estimate  any  carbon  dioxide,  and  then  with 
solution  of  pyrogallol  to  absorb  the  oxygen  and  determine  the  amount  of  impurity,  if 
any,  present.  The  final  residue  gave  thus  a  maximum  value  for  any  impurity  which 
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existed  as  permanent  gas,  and  might  be  either  nitrogen,  carbon  monoxide,  or  hydrogen 
which  had  escaped  combination  in  the  relatively  large  excess  of  oxygen  which  usually 
was  present  in  the  final  explosion.  In  all  probability  this  is  the  real  explanation  of 
the  permanent  gas  found,  as  the  apparent  impurity  w^as  almost  always  larger  when 
the  excess  of  oxygen  was  large  than  when  it  was  small  and  was  roughly  in  proportion 


Fig. 


5. 


General  view  of  apparatus  from  back,  with  barometer  turned  round. 


to  it.  This  will  be  easily  seen  on  inspection  of  the  table  of  results, 
examples  in  Series  lie,  we  have 

Residue.  Impurity. 

10'2  -3 

28‘9  *5 

41T  ‘8 


Taking  a  few 


There  are,  no  doubt,  exceptions  to  this,  but  it  seems  to  hold  generally  that  the 
larger  the  oxygen  residue  the  larger  the  impurity  found  as  shown  above.  The  other 
explanation  which  might  account  for  the  same  thing  is,  that  carbon  monoxide  might 
be  given  off  easily  (from  the  pyrogallol)  to  the  small  extent  usually  found, 

‘3  corresponding  to  an  impurity  of  about  •34;Vb'b- 
1*0 


10,000‘ 


>5 


5) 
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The  impurity  was  called  0  when  the  impurity  was  less  than  '1  =  about  of  a 
cubic  centimetre,  or  =  TcnrUoo  of  volume  of  the  gases  used. 

The  gases  were  measured  moist,  and  the  surface  of  the  measuring  vessel  was  kept 
thorouglily  moist  by  washing  the  apparatus  with  distilled  water  in  the  evening  and 
expelling  the  water,  and  then  leaving  it  full  of  mercury  and  expelling  what  had  risen 
through  the  night,  so  that  no  appreciable  error  was  introduced  from  water  present  as 
such  in  the  vessel.  One  advantage  of  working  with  moist  gases  and  vessels  with 
moist  surfaces  is  that  the  gases  can  be  so  completely  got  rid  of,  none  remaining  as  a 
film.  When  both  manometer  and  measuring  vessel  were  completely  filled  with 
mercury  and  the  reservoir  lowered  so  as  to  produce  a  Torricellian  vacuum  in  both,  it 
was  usual  for  the  mercury  to  remain  for  some  time  300  to  400  millims.  higher  in  the 
measuring  vessel  than  in  the  manometer,  the  mercury  not  leaving  the  moist  glass  till 
a  trace  of  gas  from  the  stopcock  2  set  it  off. 

The  following  experiments  taken  at  random  show  the  modes  of  measurement  and 
calculation  adopted. 

August  24th,  1889.  Experiment  XXXIV.,  Series  If.  Apparatus  with  Variable 

Volume. 

Oxygen  from  mercuric  oxide — 

Volume  50'0  =  3881'0.  Temperature  ==  15'4°  C. 

millims.  millims. 

Height  of  mercury  in  manometer  tube  on  scale  =  71 ’3  on  cathetometer  =  lO'O 
,,  ,,  volume  tube  on  scale  .  =  71’6  ,,  — ■  10‘3 

Correction . =  —  0*3  =  —  O'o 

millims. 

Barometer  777d  —  2G‘0 . =:=75L1' 

Pressure  of  aqueous  vapour  .  .  .  .  =  13‘0 

.•.  Pressure  of  oxygen  =  751T  —  ’3  —  13'0  .  .  =  737'8 

Hydrogen  from  electrolysis  of  dilute  hydrochloric  acid — 

Volume  45 '3  =  38 19 ’6.  Temperature  =  15 ’35°  C. 


millims. 

Height  of  mercury  in  manometer  tube  on  scale  .  .  .  .  118'5 

,,  ,,  volume  tube  on  scale .  118'5 


Correction . =  ’0 

Barometer  777-4  -  25-8  . =  751-G 

Pressure  of  aqueous  vapour . =  13-0 

.-.  Pressure  of  hydrog;en  =  751-0  —  13-0  . =  738-6 
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Hydrogen  as  before — 

Volume  45'6  =  3823’5  Temperature  =  15'4°  C. 

millims.  millims 

Height  of  mercury  in  manometer  tube  on  scale  =  115'8  on  cathetometer  =  7'1 
,,  „  volume  tube  on  scale  .  =  115*5  ,,  =  6*8 

Correction  ....  =  +  0*3  +0*3 

millims. 

Barometer  777*6  -  25*7  . =  751*9 

Pressure  of  aqueous  vapour  .  .  .  .  =  13*0 

Pressure  of  hydrogen  =  751*9  +  '3  —  13*0  .  =  739*2 


Residue  (of  oxygen) — 

Volume  8*6  =  56*5  Temperature  =  15*4°  C. 

millims.  millims. 

Height  of  mercury  in  manometer  tube  on  scale  =491*9  on  cathetometer  =■  10*0 
,,  ,,  Amlume  tube  on  scale  .  =  484*7  ,,  =  2*8 

Correction . +  7*2  +7*2 

millims. 

Barometer  =  777*7  —  25*4  .  .  .  .  =  752*3 
Pressure  of  aqueous  vapour  .  .  .  .  =  13*0 

Pressure  of  gas  =  752*3  +  7*2  —  13*0  .  .  .  =  746*5 


On  analysis  of  residue  *6  of  unabsorbable  gas  remained  after  treatment  with 
potassium  hydrate  and  pyrogallol ;  no  carbon  dioxide  being  detected. 

Total  oxygen  volume  reduced  to  0°  C.  and  760  millims.  pressure,  becomes 


3881*0  X 


Residual  volume 


Hydrogen  volumes  become 


millims. 

7.S-R  X/  9  7. SO 

7  a  0  0  ^  ‘2  S  S  i 

.  =  3566*4 

740-5  y  2  7  3  0 

7  0  0  0^  2  8  8-4 

.  =  52*5 

*6 

Oxygen  in  residue  . 

.  =  51*9 

738-0  2  730 

7  0  0-0  2  8  8-3  5  * 

7  3  9-2  V  2  7  3  0 

7000  ''  2  88-4 

.  =  3514*4 

.  =  35*30*2 

Total  hydrogen  volume 

.  =  7034*6 

4  B 
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Assuming  the  impurity  to  he  equally  distributed  between  the  two  gases  we  have 

7034'2  of  hydrogen  unite  with  3514'3  of  oxygen, 
or 

2-0016  „  „  1 
If  all  impurity  be  in  oxygen,  we  get  the  ratio 

2-0019  :  ], 

and  if  all  in  the  hydrogen, 

2-0014  :  1. 

For  the  experiment  with  the  apparatus  arranged  as  in  fig.  1,  I  have  chosen  an 
ex])eriment  in  which  the  hydrogen  measured  is  in  excess  of  the  oxygen.  The 
constant  volume  of  the  ajiparatus  =  3826-3  grms.  of  mercury. 

April  7th,  1892.  Experiment  XXXIII.,  Series  He. 

Oxygen  from  silver  oxide  (from  silver  sulphate  and  potassium  hydrate)  — 

millims. 

Height  of  mercury  in  manometer  tube . =154-5 


,,  ,,  volume  tube . =145-4 

Correction . +  9-1 

Pressure  of  aqueous  vapour . =  13-4 


Capillarity  correction  .  .  .  .  =  3-9 

-  17-3 


Barometer  790-6  —  29-1  . =  761-5 

Pressure  of  oxygen  =  761-5  +  9-1  —  17-3  . =  753-3 


Temperature  =  15-92°  C. 

Hydrogen  from  palladium  hydride — 

milHins. 

Height  of  mercury  in  manometer  tube . =154-6 

,,  ,,  volume  ,,  . =145-3 


Correction . +  9-3 

Pressure  of  aqueous  vapour .  J3-5 


Capillarity  correction .  3-9 

-  17-4 

Barometer,  790-7  —  29-0  . =  761-7 

Pressure  of  hydrogen  =  761-7  +  9-3  —  17*4  .  .  .  .  =  753-6 

Temperature  =  15-97°  C. 
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Hydrogen,  second  volume — 

niillims. 

Height  of  mercury  in  manometer  tube . z=l55'0 

,,  ,,  volume  ,,  . =  145‘5 

Correction . +  9'5 

Pressure  of  aqueous  vapour . =  13’2 

Capillarity  correction  3 ‘9 

-  17-1 

Barometer,  791'7  —  28’0 . =  7637 

Pressure  of  hydrogen  =  7637  +  —  17’1  .  .  ,  .  =  756'1 

Temperature,  1570°  C. 

The  oxygen  volume  and  the  first  hydrogen  volume  were  measured  in  the  afternoon, 
the  second  hydrogen  volume  in  the  evening.  This  is  why  there  is  such  a  differeuce 
in  the  temperature  and  barometric  pressure  in  the  latter  case. 

Volume  of  residue,  6*5  =  15 ’3. 

millims. 

Pleight  of  mercury  in  manometer  tube . =127‘1 

„  ,,  volume  ,,  . =  5627 

Correction . — 435'6 

Pressure  of  aqueous  vapour . =13-3 

Capillarity  correction  .  .  .  .  =  -1 

=  -  13-4 

Barometer,  791’4  —  28'2  . =  763’2 

Pressure  of  hydrogen  =  763'2  —  435’6  —  13'4  .  .  .  =  314‘2 

Temperature,  15 ‘80°  C. 

These  volumes,  when  reduced  to  0°  C.  and  760  millims.  pressure,  become — 

For  the  oxygen .  3826‘3  X  f|f^  X  f  =  3396-4 

„  hydrogen  ....  3826-3  X  ^  X  =  3397-0 

...  3826-3  X  fip  X-Ufif^  =3^5 

Total  hydrogen  volume .  6 80 8 -.5 

For  the  residue  (hydrogen)  15-3  X  IW-  X  =  5-98  :=  6-0 

Hydrogen  used  ...  .  .  .  .  =  6802-5 
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In  o]’der  to  analyse  the  residue  it  was  passed  into  the  jar  H,  and  a  quantity  of 
oxygen  drawn  from  the  oxygen  apparatus  and  measured  in  B,  in  exactly  the  same 
way  as  the  residue  ;  then  both  were  mixed  and  again  measured,  giving  the  corrected 
volume  ]4’8  for  the  volume  before  explosion.  After  explosion  5 '9  remained,  and 
on  treatment  as  in  the  other  experiment  described  above,  first  with  potassium  hydrate 
and  then  with  pyrogallol,  no  carbon  dioxide  could  be  detected,  and  all  the  gas  was 
absorbed  with  the  exception  of  a  minute  bubble  of  as  nearly  as  possible  1  millim.  in 
diameter.  The  residue  of  5 ‘98  was  therefore  pure  hydrogen,  being  confirmed  by  the 
analysis  f  (14’8  ~  5'9)  =  5’93. 

The  coml3inincr  volumes  are  therefore — 

6808 ‘5  —  6‘0  =  6802‘5  of  hydrogen  with  3395 ‘8  of  oxygen, 

or— 

2-0028  „  „  1-0 


In  order  to  determine  the  degree  of  accuracy  with  which  the  volumes  of  the  gases 
might  be  determined,  the  same  volume  of  gas  was  repeatedly  measured  during  a 
fortnight,  so  as  to  have  it  under  much  greater  variations  of  temperature  and  pressure 
than  ever  occurred  during  any  experiment.  The  following  corrected  values  were 
found  : — 


3279- 4 

3280- 3 
3280-6 
3280-1 


3279-7 

3279-4 

3279-8 


giving  as  a  mean  3279-9,  with  the  probable  error  on  a  single  observation  of  fi:  -3. 

These  are  highly  satisfactory  when  one  remembers  that  ‘I  millim.  in  pressure 
corresponds  to  about  *5  in  volume,  and  "01°  C.  to  rather  more  than  -I. 

In  the  followdng  experiments  the  volumes  of  the  gases  measured  and  the  residues 
are  given  reduced  to  0°  C.  and  760  millims.  pressure.  They  are  divided  into  two 
j^rimary  series,  corresponding  to  the  two  forms  of  measuring  vessel  employed ;  and 
these  are  again  divided  into  sub-series,  according  to  the  sources  of  the  oxygen  and 
hydrogen. 

All  experiments  are  given  which  were  completed,  except  a  very  few,  which  were 
contaminated  by  such  large  quantities  of  impurity,  such  as  carbon  dioxide  (as  in  the 
first  experiments  with  oxygen  from  mercuric  and  argentic  oxide),  wdiich  rendered  the 
determination  of  the  ratio  impossible  or  very  unsatisfactory.  The  first  seven  experi¬ 
ments  of  Series  Ia  were  also  omitted,  as  they  were  rendered  practically  valueless,  as 
w^ere  all  those  formerly  published,  owdng  to  the  use  of  vaseline  as  a  lubricant  for  the 
glass  taps.  Experiments  VIII.  and  IX.  show  ho-w  this  source  of  error  was  detected, 
and  on  using  syrupy  phosphoric  acid  as  the  lul)ricant,  and  safety  taps  with  cups, 
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carbon  dioxide  vanished  as  an  ordinary  impurity,  and.  the  total  impurity  fell  away  to 
a  very  small  amount  indeed. 


In  the  following  Tables  the  following  data  are  given  : — 


Column  A  gives  the  number  of  the  experiment, 

,,  B  ,,  ,,  date  on  which  it  was  performed. 

,,  C  „  „  hydrogen  volume  as  measured  and  corrected  to  0°C+  760 millims. 

D  „  „  oxygen 

„  H  ,,  ,,  hydrogen  in  residue. 

„  0  „  „  oxygen  „ 

,,  N  „  ,,  impurity,  determined  by  potash  and  pyrogallol. 

,,  Pt.  ,,  ratio  of  combining  volume  of  hydrogen  to  that  of  oxygen  when 

the  impurity  was  assumed  to  be  equally  distributed  in  both 


S  ,,  ,,  ratio  of  combining  volume  of  hydrogen  to  that  of  oxygen  when 

the  impurity  was  supposed  to  be  all  in  the  hydrogen. 

T  ,,  ,,  source  of  the  hydrogen. 

W  ,,  „  „  ,,  oxygen. 


5? 


•9 


Series  Ia. 
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The  experiinent.s  in  Series  I.  were  all  made  in  the  apparatus  with  variable  volume. 

Series  Ia. 

Only  two  experiments  are  given  of  this  series,  and  these  two  the  last  that  were 
done  with  taps  lul^ricated  with  a  very  stiff  mixture  of  vaseline  and  paraffin.  The 
ratios  of  the  volumes  of  carbon  dioxide  and  caiTon  monoxide  to  one  another  are 
interesting,  being  almost  i  :  1,  when  the  excess  of  hydrogen  is  rather  small,  and  2  ;1 
when  the  excess  of  hydrogen  is  much  larger,  recalling  the  results  of  Bunsen’s  experi¬ 
ments  on  limited  oxidation  of  carbon  monoxide. 

Series  Ib. 

These  show  how  experiments  failed  frequently.  They  also  led  to  the  discoverv 
that  the  fracture  of  the  eudiometer  was  generally  due  to  its  being  allowed  to  become 
too  hot  from  the  number  of  explosions  following  one  another  too  rapidly,  and  then  the 
cold  mercury  cracked  the  glass.  The  temperature  at  which  they  were  performed  was 
about  4°  C.  The  ordinary  glass  taps  were  lubricated  v.dth  syrupy  phosphoric  acid. 

Series  Ic. 

These  experiments  were  made  with  the  apparatus  fitted  with  safety  taps,  and 
lubricated  with  phosphoric,  acid. 

Series  Id. 

These  experiments  were  the  first  made  with  dilute  hydrochloric  acid  instead  of 
dilute  sulphuric  acid,  and  it  will  be  noticed  that  the  ratio  gradually  falls  from  the 
first  to  the  last  of  the  four  experiments,  pointing  out  clearly  that  either  the  hydrogen 
is  not  the  same  or  that  the  oxygen  is  not  the  same  throughout,  and  that  the  impurity 
tends  to  increase  or  to  diminish  as  the  materials  get  used  up.  The  first  experiment 
of  this  series  is  the  first  in  which  the  ratio  exceeds  2:1. 

Se.ries  Ie. 

The  experiments  in  this  series,  especially  the  later  ones,  seem  to  indicate  clearly 
that  the  low  values  found  for  the  ratio  were  due  to  traces  of  chlorine  escaping  with 
the  oxygen,  even  after  passing  through  Geisslee’s  bulbs  filled  ^^uth  pure  soda,  as  the 
value  rises  except  in  the  first  case,  after  which  potassium  chlorate  mixed  with  a  little 
pure  soda  was  used  as  the  source  of  the  oxygen. 


Series  If. 


Oxide  of  mercury  was  used  instead  of  potassium  chlorate  as  the  source  of  oxygen 
when  the  value  found  is  practically  the  same  as  in  the  later  experiments  of  the  last 
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sub-series.  It  is  plain  that  the  source  of  the  hydrogen  ought  to  be  varied.  This  was 
done  by  passing  the  hydrogen  over  palladium,  and  getting  the  hydrogen  from  the 
hydride  formed  by  heating  it. 

Finally  silver  oxide  was  substituted  for  mercuric  oxide,  as  it  decomposes  at  a  more 
convenient  temperature. 

The  fracture  of  the  measuring  vessel  rendered  a  new  apparatus  necessary,  and  one 
or  two  improvements  were  now  introduced,  the  chief  being  the  use  of  a  constant 
volume,  so  that  pressures  only  required  to  be  measured  for  the  large  volumes,  and  the 
use  of  a  narrower  tube  for  measurina:  the  residues. 

One  interesting  point  about  the  fracture  of  the  measuring  vessel  is  that,  while 
surrounded  by  water  and  full  of  mercury,  it  broke  in  exactly  the  same  way  that  a  ' 
spare  one  which  was  kept  ready  for  fear  of  accidents  broke  at  the  same  time.  The 
one  in  use  was  found  fractured  on  a  Wednesday  morning,  and  the  spare  one  had  been 
handled  and  put  on  a  shelf  on  the  Monday  afternoon  just  preceding.  On  going  on 
the  Wednesday  to  take  it  down  to  replace  the  other  which  had  broken,  it  was  found 
to  have  broken  in  such  a  similar  manner  that  the  pieces  had  to  be  fitted  to  each  other 
to  find  out  to  which  apparatus  they  belonged.  The  spare  one  had  never  been  used, 
and  not  even  calibrated. 


In  Series  II.  the  oxygen  was  always  got  from  oxide  of  silver,  and  the  hydrogen 
from  sodium  and  water  or  from  palladium  hydride,  the  hydrogen  for  which  -was 
furnished  by  sodium  and  water,  with  the  exception  of  the  first  four  experiments  in 
Series  IIa.,  when  the  hydrogen  charge  in  the  palladium  was  what  was  left  in  it  from 
Series  If.,  the  hydrogen  for  which  was  obtained  by  tlie  electrolysis  of  dilute  hydro¬ 
chloric  acid.  The  93  grms.  of  palladium  absorbed  usually  somewhat  over  G  litres  of 
hydrogen,  enabling  twelve  experiments  to  be  done  consecutively  from  one  charge. 

In  Series  IIa.  the  only  two  experiments  which  perhaps  ought  to  be  rejected  are 
Nos.  XII.  and  XIII. ,  w'hich  were  the  first  two  performed  after  the  apparatus  had 
stood  unused  for  over  a  year.  Why  these  results  should  be  so  low  I  can  ofter  no 
suggestion,  but  they  differ  notably  from  those  of  the  same  charge  both  before  and 
after  them. 

Series  Iln. 

The  results  in  this  series  vary  remarkably,  two  of  the  ratios  being  very  high  and 
the  mean  ol  the  whole  being  high,  but  with  a  large  probable  error.  The  oxygen  from 
the  mixture  of  silver  oxide  and  barium  sulphate  seemed  to  be  very  pure. 


Series  lie. 

The  hydrogen  from  the  palladium  hydride  at  first  behaved  in  a  peculiar  way,  and 
some  air  seemed  somehow  to  have  got  in  with  the  oxygen,  and  in  two  of  the  experi- 
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merits  the  residues  were  very  large,  so  large  that  the  results  were  absolutely  valueless, 
the  D on-absorbable  residue  amounting  to  many  cubic  centimetres  in  Experiments  IX. 
and  XL  It  is  therefore  advisable  to  neglect  also  Experiments  YIII.,  X.,  and  XII., 
the  results  of  which  are  somewhat  abnormal.  No  reason  can  be  given  for  the 
abnormal  behaviour  of  all  five  experiments,  but  being  all  consecutive  there  is  no 
doubt  that  some  common  source  of  impurity  infected  all  five. 


Series  IId. 

The  first  experiment  was  made  with  the  last  lot  of  hydrogen  from  a  charge  of  sodium  ; 
fresh  sodium  was  added,  and  the  second  experiment  was  made  with  the  hydrogen  at 
first  given  ofii  Both  these  results  are  high.  The  next  three  agree  wonderfully  with 
one  another  and  are,  as  it  were,  made  with  the  purest  hydrogen  obtainable  from 
sodium,  any  impurity  whicb  wouhi  come  off  first  being  used  in  Experiment  XXL, 
and  any  whicb  tended  to  remain  being  left  behind,  and  was  rejected  as  not  quite 
enough  sodium  remained  to  give  hydrogen  for  another  experiment.  The  gases  were 
in  the  last  three  experiments  also  perfectly  pure  as  far  as  residual  gas  was  concerned. 
The  silver  oxide  in  this  series  and  the  next  was  the  same  sample  and  prepared  from 
silver  sulpiiate  and  potassium  hydrate. 


Series  He. 

This  series  as  a  whole  is  the  best  which  has  been  done,  the  gases  being  throughout 
pure,  with  the  exception  of  very  small  impurity  in  the  first  experiment.  They  agree 
remarkably  with  one  another,  whether  the  hydrogen  or  the  oxygen  was  in  excess. 
The  whole  twelve  experiments  were  successful  without  exception,  and  were  all  that 
could  be  performed  with  one  charging  of  the  palladium. 

The  values  deduced  from  the  various  series  are  given  below  and  together  so  that 
they  may  readily  be  compared.  The  equations  employed  in  their  reduction  are  the 
following  well  known  ones  : — 

1.  E(n’  the  probable  error  of  the  arithmetical  mean 


ju’obable  error  = 


dz  •G745 


Avhere  n  —  nmnber  of  observations, 

6’  =  sum  of  squares  of  the  variations  of  the  individual  results  from  the  mean. 
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2.  For  the  probable  value  of  the  result  from  several  series  of  experiments 


iAI  = 


A  B  C  „ 

B  -  &c. 
a-  0-  c“ 

11^1. 

«-  0"  C“ 


M  =  general  mean. 

A,  B,  C,  &c.,  being  the  mean  results  as  above. 
a,  I),  c,  &c.,  being  the  probable  error  of  each. 


3.  For  the  probable  error  of  this  general  mean  =  m 


1 


These  mean  values  are  for 


Senes  I. 


Number 

of  experiments  in 
eacb  sub-series. 

Impurity  equally 
in  both  gases. 

Number 
of  experiments. 

Impurity  all  in 
hydrogen. 

Ib. 

(2) 

1-9976  ±-001 

(2) 

1-9975  ±-001 

Ic. 

(2) 

1-9990.5  ±-0001 

(2) 

1-9988  ±-00006 

Id. 

(4) 

1-9985  ±-0007 

(4) 

1-9982  ±-0007 

1e. 

(6) 

•2-00011  ±-0004 

(6) 

2-00055  ±-0005 

If. 

(5) 

2-0014  ±-00005 

(5) 

2-00104±-00018 

General  mean  for 

Series  I. 

(19) 

2-000903±*00004 

(19) 

l-999-25±-00005 

Series  II. 


Number 

of  experiments  in 
each  sub-series. 

Impurity  equally 
in  both  cases. 

N  umber 
of  experiments. 

Impurity  all  in 
hydrogen. 

IIa. 

(19) 

2-0020  ±-00024 

(19) 

2-0019  ±-00024 

IIb. 

(^) 

2-0038  ±-0062 

(7) 

2-0037  ±-0060 

He. 

(10) 

2-0015  ±-00036 

(9) 

2-0016  ±-00036 

IId. 

(-5) 

2-0030  ±-000-22 

(5) 

2-00.30  ±-00022 

He. 

(12) 

2-00245  ±-00007 

(12) 

2-00245  ±-00007 

General  mean  for  S 

ei'ies  II. 

(5.3) 

2-002435  ±-00006 

(52) 

2-002431  ±-00006 
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If  we  omit  experiment  XIIT.,  Series  IIa. 

„  „  VIIL,  X.,  XIL,  Series  lie. 

,,  ,,  XX.,  XXI.,  Series  IId. 


we  get  for 


]Sr  umber 

of  expen'ments  in 
each  sub-series. 

Impurity  equally 
in  both  gases. 

Number 
of  experiments. 

Impurity  all  in 
hydrogen. 

IIa. 

(18) 

2-0022  ±-00022 

2-0021  ±-00022 

lie. 

(^) 

2-0024  ±-00024 

2-0023  ±-00026 

IId. 

(3) 

2-00247  ±-0000033 

2-00247  ±-0000033 

which  with  the  values  above  for  IIb.,  He.,  gives  the  general  mean  for  Series  II. 

i 

i 

1 

1 

1  IL 

1 

i 

i 

i 

2-002466  ±-000003 

(46) 

2-002466  ±-000003 

Neglecting  altogether  Series  L,  as  in  all  probalhity  (as  pointed  out  above)  the 
oxygen  was  contaminated  by  chlorine,  we  have  the  values — ■ 

2-002433, 

2-002466, 

as  the  extreme  values  for  the  number  of  volumes  of  hydrogen  uniting  with  1  volume 
of  oxygen  to  form  water.  As  Series  D  was  a  small  one,  especially  when  the  two 
first  experiments  in  it  are  omitted,  the  second  value  is  unduly  -weighted  by  the 
extremely  small  probalde  error  in  the  remaining  three,  I  think  that  the  value — 

2-00245, 

may  he  taken  as  the  true  value  for  the  ratio  sought. 

It  is  highly  satisfactory  to  note  that  this  is  exactly  the  value  found  in  the  last 
series  of  twelve  experiments  made  -with  the  purest  gases,  and  the  advantage  of 
prolonged  experience  in  the  manipulation  of  these  difficult  and  tedious  experiments. 
Although  the  last  of  the  ex]-)eriments  was  performed  in  April  of  last  year,  I  have 
refrained  from  publishing  the  results  till  I  could  feel  certain  that  I  was  unable  to 
detect  any  further  source  of  error,  and  until  I  felt  assured  that  all  the  possible 
sources  of  error  which  have  been  suggested  to  me  various  friends  who  have  taken 
an  active  interest  in  my  work,  had  been  successfully  overcome  or  did  not  apply  to  my 
methods  of  manipidation  and  measurement. 

With  regard  to  the  results  published  by  Morley,  I  think  I  may  fairly  claim  that 
the  simplicity  of  my  apparatus  for  measuring-  and  preparing  my  gases,  the  fact  that 
they  were  never  transferred  from  one  mercury  trough  to  another,  that  they  were 
always  saturated  with  \vater  in  the  same  way,  and  that  the  water  formed  by  the 
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union  was  never  admitted  to  ray  mea,suring  vessel,  amongst  other  advantages,  render 
my  results  more  worthy  of  confidence  than  his.  The  means  adopted  by  him  for 
detecting  any  impurity  are  unable  to  detect  such  small  amounts  of  foreign  gas  as 
were  not  only  easily  detected  but  measured  by  my  method.  As  long  as  the  bubble 
could  be  seen  it  could  be  measured,  and  this,  as  measured,  was  always  a  maximum. 
His  excess  over  2  volumes  is  just  one-tenth  part  of  what  I  find. 

The  value  for  the  ratio  found  by  Leduc^  from  his  determinations  of  the  densities  of 
hydrogen,  oxygen,  and  the  detonating  gas  from  the  electrolysis  of  strong  potassium 
hydrate  solution,  agrees  far  more  nearly  with  my  value,  which  it  exceeds  somewhat, 
being — 

2'0037. 

I  do  not  think,  however,  that  this  method  can  compare  in  accuracy  with  a  direct 
method,  even  if  it  be  proved  that  the  detonating  gas  so  prepared  unites  completely 
without  any  residue  whatever  of  either  oxygen,  hydrogen,  or  foreign  gas. 

There  is  but  little  doubt  that  the  carbon  in  Morley’s  hydrogen  is  due  to  acetates 
in  his  potassium  hydrate  giving  ethane  on  electrolysis,  some  of  which,  although 
evolved  at  the  opposite  pole,  being  soluble  to  a  certain  extent  in  wmter,  will  find  its 
way  into  the  hydrogen.  It  is  well  known  that  potassium  hydrate,  purified  by 
alcohol,  is  useless  for  gas  analysis.! 

The  values  for  the  ratio  of  the  volumes  are,  therefore, 


Moeley . 2’00023  :  1, 

Leduc . 2 '0037  :  1, 

Scott .  2-00245  :  1, 

and  for  densities — 

Lord  Eayleigh  .  .  .  .  15-882, 

Leduc .  15-905. 

Combining  my  value  with  that  of  Lord  Eayleigh,  we  get  for  the  atomic  weight 
of  oxygen — 

1  5-862, 

a  number  almost  identical  with  that  of — 


and  with 


Dittmar  '.  .  .  . 

Cooke  and  Etchards 


=  15-866, 
=  15-869. 


Combining  Leduc’s  two  values,  we  get  for  the  same — 

15-876. 


*  ‘  Compt.  Renclus,’  August  8,  1892. 
t  Hempel’s  ‘Gas  Analysis,’  Dennis’  Translation,  p.  115. 
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The  value  2 "00245  is  for  temperatures  about  14°  to  18°  C.  If,  however,  the  values 
for  the  coefficients  of  expansion  of  oxygen  and  hydrogen  be  taken  as  2T^“6 
respectively,  we  have  for  the  ratio  at  0°  C.,  2 "00 2 8 5. 

In  conclusion,  I  have  only  to  say  that  every  measurement  in  all  the  experiments 
was  made  by  me,  and  that  all  the  solutions  required  were  made  up,  and  cleansings 
of  the  apparatus,  &c.,  were  carried  out  by  my  own  hands,  so  that  no  ambiguity 
could  arise  without  my  being  in  the  position  to  elucidate  any  possible  error  at  any 
time. 
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X.  The  Absolute  Th  ermal  Conductivities  of  Iron  and  Cojoper. 

By  R.  Wallace  Stewart,  B.Sc.  [Lond.),  Assistant  Lecturer  and  Demonstrator  in 

Physics,  University  College,  Bangor. 

Communicated  by  Lord  Kelvin,  Pres.  P.S. 

Received  March  2,— Read  March  23,  1893. 


The  experiments  described  in  this  paper  were  undertaken  at  the  suggestion  of  Pro¬ 
fessor  A.  Gray,  M.A.,  University  College,  Bangor,  with  the  object  of  contributing 
something  to  the  results  still  pecessary  to  establish  the  experimental  work  bearing 
on  the  absolute  thermal  conductivity  of  metals  on  a  more  satisfactory  basis.  They 
were  also  intended  to  furnish  a  determination  of  the  absolute  conductivity  of  pure 
copper  at  different  temperatures. 

The  data  already  accumulated'"  on  the  thermal  conductivities  of  iron  and  copper 
are  due  chiefly  to  Angstrom,  Forbes,  Neumann,  Tatt  and  Mitchell,  and  more 
recently  to  Kirchhoff  and  Hansemann  and  Lorenz. 

Forbes  first  published, t  in  1861  and  1865,  the  details  of  his  determination  of  the 
conductivity  of  iron,  and  showed  that  its  value  diminished  with  rise  of  temperature. 
Some  years  later  Tait  confirmed^  this  result,  and  in  addition  gave  determinations  of 
the  conductivities  of  copper,  lead,  &c.  His  results  for  copper  showed  that,  unlike 
iron,  its  conductivity  increased  wdth  increase  of  temperature.  Angstrom,  however, 
in  1861,  published^  results  for  iron  and  copper,  evidently  obtained  with  great  care  and 
by  a  very  reliable  method,  which  showed  that  the  thermal  conductivities  of  both 
metals  decreased  with  increase  of  temperature.  As  pointed  out  by  Tait,  both 
Angstrom  and  Forbes  omitted  to  correct  their  results  for  change  of  specific  heat  witli 
temperature,  but  the  application  of  this  correction  does  not  materially  affect  the 
nature  of  their  results.  NeumannH  also  determined  the  absolute  conductivities  of 

*  See  table  giA^en  below,  p.  688. 

t  ‘Trans.  Roy.  Soc.  Edinb.,’  vol.  23,  pp.  13.3-146,  and  vol.  24,  pp.  73-110.  A  preliminary  comninni- 
cation  bad  previously  been  made  to  tlie  British  Association  at  Belfast  in  1852. 

+  ‘  Trans.  Roy.  Soc.  Edinb.,’  1878. 

§  Communicated  to  the  Royal  Swedish  Academy  in  January,  1861.  German  and  English  translations 
of  his  paper  are  to  be  found  in  Poggendorfp’s  ‘Annalen’  for  1863  and  in  the  ‘Phil.  Mag.,’  1863  (first 
half-year). 

II  ‘Ann.  de  Chim.,’  vol.  66,  pp.  183-185. 
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several  metals,  but  gave  no  results  bearing  on  the  change  of  conductivity  with  tempe¬ 
rature,  More  recently  Kirchhoff  and  Hansemann^  and  LoREXzt  have  published 
results  for  iron  and  copper,  but  their  methods  were  not  so  reliable  as  their  work, 
and  the  results  for  copper  are  exceptionally  low. 

Although  there  can  be  no  doubt  as  to  the  substantial  accuracy  of  most  of  the 
results  obtained  by  the  experimenters  mentioned  above,  yet  it  is  evident  that  those 
bearing  on  the  change  of  conductivity  with  temperature  are  very  unsatisfactory,  and 
that  a  good  deal  of  work  has  yet  to  be  done  on  the  subject. 

The  method  of  determination  adopted  in  the  work  here  described  was  that  due  to 
Forbes,  with  the  exception  that  a  single  thermo-electric  couple  was  employed  for  the 
determination  of  temperatures  instead  of  a  number  of  thermometers.  In  addition  to 
the  uniformity  secured  by  measuring  all  temperatures  on  the  same  scale,  there  is  the 
advantage  that  by  this  method  the  holes  in  the  bar  for  the  insertion  of  one  junction 
of  the  couple  may  be  very  much  smaller  than  those  required  for  thermometers,  and 
may  therefore  be  drilled  at  shorter  distances  apart,  thus  admitting  of  a  more 
accurate  determination  of  the  distribution  of  temperature  along  the  bar.  Further, 
as  no  mercury  is  put  in  the  holes,  no  lining  of  iron  is  necessary  in  the  copper  bar. 
Another  advantage  in  the  use  of  a  thermo-electric  couple  is,  that  in  observing  the 
cooling  of  the  short  bar  used  to  determine  the  rate  of  cooling  at  different  tempera¬ 
tures,  the  junction  inserted  in  the  bar  cools  at  practically  the  same  rate  as  the  bar, 
wliereas,  in  the  case  of  a  thermometer,  the  coolino-  of  the  thermometer  alwavs  lasfs 
behind  that  of  the  bar;|  an  experiment  showed  that  at  temperatures  between 
150°  C,  and  200°  C.  the  temperature  of  the  thermometer  may  be  nearly  a  degree 
higher  than  that  of  the  bar  in  ’which  it  is  inserted  even  when  this  bar  is  sufficiently 

massive  to  cool  rather  slowlv. 

«/ 

The  bars  used  in  the  experiments  were  of  iron  and  copper.  The  iron  bar  was  a 
f-inch  square  bar,  about  4^  feet  long,  of  ordinary  commercial  wrought-iron,  having 
its  surface  filed  up  and  very  lightly  polished  with  black-lead  to  secure  uniformity  of 
radiating  power. 

The  copper  bar  was  a  round  hard-drawn  bar  half-an-inch  in  diameter  and  about 
7  feet  long,  of  practically  pure  electrolytically  deposited  copper,  prepared  by  Messrs. 
Bolton  and  Co.,  Oakamoor  Mill,  Staffordshire,  The  sectional  area  of  the  bar  was 
perfectly  uniform  and  its  surface  was  smooth  and  polished. 

For  the  reception  of  the  thermo-electric  junction,  holes  about  a  millimetre  in 
diameter  were  drilled  in  these  bars  at  distances  apart  which  preliminary  experiment 
had  shown  to  be  suitable.  The  depth  of  the  holes  was  about  equal  to  three-quarters 
of  the  diameter  of  the  bar,  and  care  was  taken  in  drilling  that  their  axes  were  at 
right  angles  to  the  bar,  and  passed  approximately  through  its  central  axis. 

*  Wiedemann’s  ‘  Annalen,’  9,  p.  1  ;  13,  p.  406. 
t  Wiedemann’s  ‘Annalen,’  13,  p.  422. 
t  See  FouiiiKR’s  ‘Tlieoi’y  of  Heal,’  §§  298-300. 
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The  arrangement  of  apparatus  finally  employed  was  that  shown  in  fig.  1.  One  end 
of  the  experimental  bar  was  immersed  in  a  vessel  of  melted  lead  maintained  at  a 
constant  temperature,  and  the  rest  of  its  length  was  exposed  to  the  air,  but 
protected  from  draughts  and  external  radiation  by  a  wide  trough  of  sheet  zinc,  T  T  T, 
arranged  as  shown  in  the  figure.  The  molten  lead  was  maintained  at  a  constant 
temperature  by  a  thermostat,  Th.,  which  consisted  of  an  air  thermometer  having  its 
bulb  immersed  in  the  lead,  and  controlling,  by  means  of  a  column  of  mercury  in  the 
U'shaped  bend  of  its  stem,  the  passage  of  the  gas  at  m,  the  junction  of  the  entrance 
and  exit  tubes  a  and  h.  By  means  of  this  arrangement  the  lead  could  be  maintained 
at  a  temperature  constant  within  a  range  of  about  half  a  degree  for  any  length  of 
time. 

f 

Fio-.  1. 

O 


A.  Wooden  screen. 

B.  Wooden  box  lined  with  sheet  ii  on. 

C  C.  Metal  bar. 

1>.  Gas  brerner. 

E.  Pan  containing  melted  lead.  - 
T  T  T.  Trough  (of  sheet  zinc)  protecting  bai'. 


Tk.  Thermostat  (air  thermometer  with  rner 
cury  cut-off  at  di). 
c  c.  Thin  copjier  tube. 
i'j  w.  Cotton  wool. 

*■  Strings  supporting  bar. 

IF  IF.  Blocks  of  wood  supporting  T. 


The  bar  was  protected  from  the  radiation  from  the  heating  apparatus  by  enclosing 
this  apparatus  in  a  box  B,  lined  with  sheet  iron,  and  by  screening  oti*  this  box  by  a 
Avooden  screen  A,  and  lightly  packing  the  space  between  the  box  and  screen  with 
cotton  wool.  The  tube,  c.c.,  shown  in  the  figure  was  intended  to  sliield  the  part  of 
the  bar  within  the  box  fi’om  irregular  beating  by  the  flame  of  the  burner,  and  served 
also  to  prevent  contact  betw’een  the  cotton  wool  and  hot  bar.  The  space  between 
this  tube  and  the  bar  Avas  packed  at  one  end  with  asbestos  to  prevent  a  current  of 
liot  air  passing  out  of  the  box  along  the  bar. 

The  thermo-electric  couple  employed  was  one  of  a  good  soft  iron  Avire  and  German 
siBer.  The  AAures  were  al^out  ‘5  millim.  in  diameter,  and  the  junctions  Avere  made  by 
fusing  the  wires  together  under  borax  and  filing  down  to  the  recjuired  size.  Repeated 
calibration  shoAved  that  Avith  tliis  couple  the  deflection  on  the  galvanometer  scale  was, 
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between  0°  C.  and  200°  C.,  strictly  proportional  to  the  ditierence  between  the  tempe¬ 
ratures  of  it's  junctions.  The  galviinometer  in  use  Avith  the  couple  Avas  a  Ioav 
resistance  reflecting  galvanometer,  adjusted  so  as  to  giA^e  a  deflection  of  about  four 
scale-divisions  for  a  difference  of  1°  C.  between  the  temperatures  of  the  junctions. 
The  scale  deflections  could  be  easily  read  to  half  a  diAusion,  so  that  the  difference 
between  the  temperatures  of  the  junctions  could  be  estimated  to  about  one-tenth  of 
a,  degree. 

The  distribution  of  temperature  along  the  bars  in  the  stationary  state  was  deter¬ 
mined  by  inserting  one  junction  successively  into  the  small  holes  drilled  in  the  bar, 
Avhile  the  other  junction  was  maintained  at  a  constant  temperature^  by  inserting  it  in 
a  hole  in  a  short  iron  bar  restinn  on  the  bottom  of  the  zinc  troimh  T.  The  deflections 

O  O 

obtained  were,  iii  this  way,  proj^ortional  to  the  difference  of  temperature  between  the 
seA-eral  points  on  the  bar  and  the  temperature  of  the  surrounding  air.  It  Avas  found 
necessary  to  carefully  insulate  the  ends  of  the  Avires  of  the  couple  from  one  another 
just  above  the  junctions,  and  from  the  bars  in  Avhich  they  were  inserted  ;  this  Avas 
done  by  filing  down  the  wires,  inserting  a  thin  slip  of  silk  between  them,  and  then 
whipping  them  round  with  a  fine  silk  thread.  The  outer  surface  of  the  thread 
charred  slightly  at  the  higher  temperatures,  but  not  sufficiently  to  destroy  its 
efficiency. 

In  taking  a  series  of  observations  of  the  distribution  of  temperature  along  the 
bar,  the  heating  AAms  alloAved  to  go  on  for  fiA'e  or  six  hours,  and  then  the  deflections 
corresponding  to  each  hole  along  the  bar  Avere  observed,  up  and  down  the  bar,  time 
after  time,  until  a  set  of  perfectly  constant  and  concordant  readings  Avere  obtained. 
It  was  not  always  possible  to  attain  this  end  ;  a  change  in  the  tem23erature  of  the 
room,  or  any  cause  tending  to  produce  draught  in  the  room,  destroyed  the  constancy 
of  the  results,  but  by  repeated  obserA-ations  under  favourable  circumstances,  and  by 
shielding  the  bar  from  draughts  by  means  of  the  trough  TT,  it  Avas  fouiul  possible  to 
obtain  perfectly  constant  data,  except  in  the  case  of  the  copper  bar,  for  the  holes 
iiearest  the  heated  end.  It  Avas  found  that  the  temperatures  of  these  holes  A\dien 
above  180°C.  to  200°  C.  varied  continually,  through  a  range  haAuiig  a  maximum  A'alue 
of  about  1°  for  the  hole  nearest  the  end,  and  quicklv  diminishing  to  zero  at  the 
third  or  fourth  hole  from  the  end.  This  fluctuation  in  temperature  Avas  pi'obably 
due,  partly  to  the  want  of  massiveness  of  the  bar  and  partly  to  the  formation  of  a 
film  of  oxide  on  the  surface  of  this  part  of  the  bar ;  but  by  keeping  the  temperature 
from  going  much  above  200°  C.  and  by  taking  the  mean  of  ten  or  tAveh'e  successive 
readings  the  mean  temperature  of  these  holes  Avas  determined  Avith  certainty  to 

*  This  temperature  Avas  indicated  by  a  thermometer  25iaced  with  its  bulb  in  a  hole  drilled  in  tlie  bar 
close  to  the  small  hole  in  Avhich  the  junc^oii  was  placed.  In  no  case  aa'us  the  A-ariation  of  temperature 
more  than  a  fifth  of  a  degree.  The  bar  Avas  a  short  massive  iron  bai',  not  the  one  used  for  cooling 
cxporimeiits. 
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within  a  quarter  of  a  degree.  A  much  greater  error  than  this  would  have  no  effect 
on  the  results  given  below,  which  are  for  temperatures  below  200°  C. 

The  rates  of  cooling  of  the  bars  at  different  temperatures  were  determined  by 
heating  a  piece  of  each  bar,  about  a  foot  long,  in  a  sand-bath  to  a  temperature  higher 
than  required,  and  observing  its  rate  of  cooling  under  the  same  conditions  as  those  to 
which  the  experimental  bar  was  exposed.  For  this  purpose  it  was  suspended  in  the 
position  originally  occupied  by  the  long  bar,  the  thermo-electric  junction  inserted  in  a 
hole  drilled  at  its  middle  point,  and  the  deflection  of  the  galvanometer  observed  at 
regular  intervals  during  the  cooling.  It  \vas  found  that  the  observations  of  the  rate 
of  cooling  were  not  trustworthy  for  the  first  few  minutes  after  it  had  commenced,  so 
that  it  was  necessary  to  heat  the  bar  to  a  temperature  considerably  higher  than  the 
highest  at  which  the  rate  of  cooling  was  required.  With  this  precaution  it  was  found 
that  the  data  obtained  for  rates  of  coolino-  under  similar  conditions  agreed  "well 

^  O 

together — for  example,  the  data  given  in  columns  a  and  h  of  Ta,ble  I.  2  were  obtained 
on  different  days  but  under  similar  conditions.  Experiments  showed  that  the  presence 
of  a  thin  film  of  oxide  on  the  surface  of  the  copper  bar  had  no  perceptible  effect  on  its 
rate  of  cooling,  for  it  was  found  that  the  film  did  not  form  unless  the  heating  was 
continued  for  a  long  time,  so  that  by  varying  the  time  of  heating  in  the  sand  bath 
it  was  possible  to  observe  the  cooling  with  the  surface  in  the  diflerent  initial  stages  of 
oxidation,  and  the  rate  of  cooling  was  found  to  be  practically  the  same  in  all  cases. 

In  reducing  the  insults,  the  graphical  method  was  largely  used — the  distribution  of 
temperature  along  the  bars  and  the  cooling  observations  were  plotted  in  the  usual 
way,  and  from  the  curves  so  obtained  differential  curves  were  plotted  showing,  in  tlie 
one  case,  the  gradient  of  temperature  at  any  point  on  the  bars,  and,  in  the  other,  the 
rate  of  cooling  at  any  temperature.  In  the  case  of  the  curves  showing  the  stationaiy 
state  of  the  bars,  the  scale  adopted  was  such  that  abscissae  represented  actual  distances 
along  the  bar,  and  the  lengths  of  the  ordinates  in  millimetres  ga.ve  the  corresponding 
temperatures  in  scale  divisions.  In  the  differential  curves,  however,  showing  the 
gradient  of  temperature  at  any  point  on  the  bar,  the  ordinates  were  drawn  on  ten 
times  this  scale,  so  that  one  millimetre  represented  about  ^-Q-th  of  a  degree  Centigrade. 

The  cooling  curves  were  drawn  on  a  somewdiat  larger  scale  in  overlapping  sections. 
The  scale  varied,  according  to  the  data  to  be  plotted,  from  one  in  which  4  centims. 
represented  one  minute  and  5  millims.  one  scale  division  (1  millim.  to  -^vjth  of  a  degree 
Centigrade)  to  one  in  which  1  centim.  represented  one  minute  and  4  millims.  one  scale 
division.  Owing  to  the  size  of  the  scale,  it  w^as  necessary  to  draw  the  curves  in 
sections,  and.  experience  showed  that  the  sections  must  overlap  considerably,  in  order 
to  secure  continuitv.  The  differential  curves  showinof  the  rate  of  coolino’  at  anv 
temperature  were  drawn  with  abscissae  on  the  same  scale  as  the  observational  curves, 
but  the  ordinates  were  in  each  case  on  a  scale  ten  times  as  great.  As  it  is  impossible 
to  reprciduce  these  curves  on  the  scale  to  which  they  were  drawn,  two  specimen  curves 
are  given  on  a  reduced  scale  in  figs.  I  and  II  (p.  5'JO).  Fig.  I  shows  the  up})er  portion 


574 


MLi.  R.  W.  STEWART  ON  THE  ABSOLUTE  THERMAL 


of  the  temperature  curve  for  the  copper  bar,  and  fig.  II  gives  the  rq^per  part  of  the 
coolingf  curve  for  the  iron  bar. 

The  experimental  results  obtained  and  the  details  of  their  reduction  are  set  out  in 
the  Tables  given  below,  which,  taken  in  connection  with  the  following  general  expla¬ 
nation  of  the  notation  adopted,  indicate  the  successive  steps  of  the  reductions. 

Let  h  denote  the  absolute  thermal  conductivity  at  any  normal  section  of  the  bar  at 
a  distance  x  from  the  heated  end,  and  where  ddjdx  is  the  gradient  of  temperature. 
Then,  if  a  denote  the  area  of  cross-section  of  the  bar,  ha  [ddjdx)  denotes  the  heat 
which  crosses  the  section  considered  in  unit  time.  This  heat  is  lost  by  radiation 
from  the  surface  of  the  bar  beyond  this  section,  hence,  if  I  denote  the  length  of  a 
short  element  in  this  part  of  the  bar,  9  its  mean  temperature,  and  ddjdt  its  rate  of 
cooling  at  this  temperature,  then  the  heat  lost  per  unit  of  time  from  the  surface 
of  this  element  is  lasd  [dOjdt),  where  denotes  the  specific  heat,  and  d  the  density  of 
the  material  of  the  bar  at  the  temperature  6.  From  this  it  follows  that,  if  all  the 
units  involved  be  consistent,  we  have 

ha  {ddjdx)  =  S  lasd  [ddjdt) . (l). 


Introducing  corrections  for  temperature  this  relation  becomes 


/v  (1  +  2oid)  [ddjdx)  =  [ddjdt) 


where  /y,  d^  are  the  values  of  I,  a,  d  at  0°  C.,  d  the  temperature  of  the  cross 
section  of  the  bar,  and  a  the  coefircient  of  linear  expansion  of  the  metal.  The  value 
of  h  for  any  cross-section  can  evidently  be  found  directly  from  (2)  by  calculating  the 
corresponding  value  of  %IqS  [ddjdt),  where  5  has  its  proper  value  for  each  element 
of  the  bar the  reduction  can  however  be  more  conveniently  made  by  taking 
IIqS  [ddjdt)  as  erpial  to  s%Iq  [ddjdt),  where  s  is  the  specific  heat  at  a  mean  tem¬ 
perature  d,  which  is  given  by 


This  gives  us 


or 


d  =  [S/o  [ddjdt)  d'\jltk  [ddldt)\ 

^■(1  +  ‘lad)  [ddjdx)  =  dQs'Sl^  [ddjdt), 

7.  _  'b  2;  h  (ddldt)  _  J /q  (ddjdt) 
l+2u0  {ddjdx)  (ddjdx)  ’ 


where  M  denotes  the  factor  involving  s‘. 

In  the  reductions  given  below  it  will  be  seen  that  the  absolute  conductivity,  h. 


*  [An  eiTor  ooiniccted  with  this  point,  in  the  results  first  communicated  to  the  Royal  Society,  w 
pointed  out  to  mo  and  has  now  been  corrected. — R.  tVh  S.,  13.7.93.] 
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first  calculated  from  the  values  of  M,  cWjdx,  and  S  (cW/dt),  and  the  diftusivity  k, 
afterwards  calculated  by  dividing  by  the  proper  values  of  (sd),  the  thermal  capacity 
of  unit  volume  of  the  material  of  the  bar. 

To  obtain  the  values  of  s  and  d  the  densities  of  the  iron  and  copper  were  carefully 
determined  in  the  usual  way,  and,  as  the  iron  was  not  pure  its  specific  heat  at  different 
temperatures  could  not  be  obtained  from  previous  results  ;  it  was  therefore  determined 
by  Bunsen’s  calorimeter,  as  described  below.  For  the  specific  heat  of  the  copper 
the  results  given  by  Bede^  were  adopted. 

It  will  be  evident  that  if  dOjdx  and  ddUlt  are  expressed  in  the  same  units,  the 
absolute  value  of  these  units  need  not  be  known,  hence,  in  what  follows,  temperatures 
are  given  in  scale  divisions  (galvanometer  deflections),  and  the  absolute  value  of  a 
scale  division  in  degrees  Centigrade  has  but  little  bearing  on  the  results  obtained. 


Iron. 


Table  I.  1. — Table  showing  distribution  of  temperature  along  iron  bar  during  steady 

state. 


Number  of  bole. 

Distance  in  centims.  from  fixed 
point  at  heated  end. 

[,r.] 

Excess  of  temperature  in 
scale  divisions. 

[d.] 

1 

1-00 

539 

2 

3-00 

458 

.3 

.5-55 

375 

4 

8-55 

283 

5 

12-30 

221 

(1 

20-00 

130 

7 

27-65 

81 

8 

35-35 

50 

9 

45-60 

26 

10 

55-90 

14 

11 

66-20 

( 

12 

81-55 

4 

13 

96-95 

2 

(end  of  bar) 

103-20 

— 

Temperature  of  air .  83  scale  divisions. 

Between  0°  C.  and  100°  C.,  1°  C.  =;  375  „  ,, 

„  100°  C.  „  200°  C.,  1°  C.  =  37  4  „ 


*  ‘  Memoire.s  couronnes  cle  I’Acad.  de  Bruxelles,’  vol.  27,  p.  1. 
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Table  I.  2. — Table  giving  Cooling  Data  for  Short  Iron  Bar. 
[Temperature  of  the  air  21°  C.] 


1  Time  (t). 

Temperature  in  scale  divisions  (ff). 

a. 

b. 

Mean. 

Til. 

0  0 

482 

483 

482-5 

0  15 

474 

476 

475  1 

1  0  30 

468 

470 

469 

j  0  45 

464 

461 

462-5 

*  1  0 

457 

453 

455 

'  1  15 

450 

446 

448 

i  1  30 

443 

440 

441-5 

1  45 

435 

433 

434 

1  2  0 

428 

428 

428 

2  15 

421 

422 

421-5 

2  30 

414 

415 

414-.5 

2  45 

407 

407 

407 

i  3  0 

400 

400 

400 

i  3  15 

395 

394 

394-5 

3  30 

389 

390 

389-5 

3  45 

384 

385 

384-5 

4  0 

377 

.378 

377-5 

4  15 

373 

372 

372-5 

4  30 

368 

366 

367 

4  45 

362 

361 

361-5 

5  0 

357 

356 

356-5 

5  15 

353 

350 

351-5 

i  5  30 

347 

346 

346-5 

5  45 

341 

340 

340-5 

G  0 

335 

334 

334  5 

G  15 

330 

329 

329-5 

G  30 

325 

.325 

325 

G  45 

321 

320 

320-5 

7  0 

315 

315 

315 

7  15 

.311 

310 

310-5 

7  30 

308 

306 

307 

,  7  45 

304 

301 

302-5 

8  0 

298 

297 

297-5 

S  15 

293 

294 

293-5 

8  30 

288 

290 

289 

8  45 

284 

285 

284-5 

1  0  0 

281 

281 

9  15 

278 

278 

278 

9  30 

274 

,  , 

274 

9  45 

270 

269 

•269-5 

10  0 

266 

266 

10  30 

2.59 

262 

260-5 

11  0 

252 

255 

253-5 

11  30 

246 

247 

246-5 

12  0 

239 

240 

2.39-5 

12  .30 

232 

233 

232-5 

13  0 

226 

227 

2-26-5 

13  30 

222 

222 

222 
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Table  I.  2  (continued). 


Time  (0- 

Temjmrature  in  scale  divisions  (6). 

1 

a. 

1 

b. 

Mean. 

m.  s. 

14  0 

216 

216  1 

216 

14  30 

210 

211  ! 

210-5 

15  0 

204 

205 

204-5 

15  30 

199 

199 

199 

;  iG  0 

194 

194 

194 

!  16  30 

189 

189 

189 

1  17  0 

184 

184 

184 

17  30 

181 

180 

180-5 

j  18  0 

177 

176 

176-5 

18  30 

172 

172 

172 

19  0 

168 

168 

168 

19  30 

164 

164 

20  0 

159 

159 

21  0 

150 

i 

150 

22  0 

145 

145 

23  0 

139 

139 

24  0 

132 

132 

25  0 

125 

125 

26  0 

119 

119 

27  0 

112 

114 

113 

28  0 

109 

109 

29  0 

103 

103 

103 

30  0 

100 

100 

31  0 

96 

96 

32  0 

91 

91 

33  0 

87 

87 

34  0 

83 

83 

35  0 

79 

79 

36  0 

76 

76 

37  0 

73 

73 

38  0 

70 

70 

39  0 

67 

67 

40  0 

64 

64 

42  0 

59 

59 

43  0 

57 

57 

57 

46  0 

49 

49 

49  0 

44 

44 

52  0 

40 

40 

55  0 

35 

35 

60  0 

29 

29 

65  0 

26 

26 

70  0 

21 

21 

73  0 

18 

18 

84  0 

_ 

12 

1 

12 

1 

4  E 


MPCCCXCiri. — A. 
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Table  I.  3, — Table  giving  Loss  of  Heat  from  Surface  of  Iron  Bar. 


[For  Notation,  see  p.  574.] 


1 

1 

b- 

0  (scale  divisions). 

dOjdt  (scale  divisions 
per  minutel. 

Iq  (dOjdt). 

centinjs. 

19-2 

2'o 

0-09 

1*73 

1-73 

10 

4 

•15 

1-50 

3-23 

10 

6 

•23 

2-30 

5-53 

5 

10 

•39 

1-95 

7-48 

5 

14 

•55 

2-75 

10-23 

5 

18 

•63 

3-15 

13-38 

5 

25 

•90 

4-50 

17-88 

2 

30 

1-10 

2-20 

20-08 

2 

35 

1-35 

2-70 

22-78 

2 

40 

1-55 

310 

25-88 

2 

46 

1-85 

3-70 

29-58  i 

2 

52 

2-15 

4-30 

33-88  i 

2 

58 

2-40 

4-80 

38-68 

2 

66 

2-80 

5-60 

44-28 

o 

74 

3-20 

6-40 

50-68  i 

2 

84 

3-70 

7-40 

58-08  ; 

2 

95 

4-25 

8-50 

66-58  1 

1 

103 

4-65 

4-65 

71-23  j 

1 

110 

5-05 

5^05 

76-28  1 

1 

118 

5-5 

5-50 

81-78 

1 

126 

5-9 

5-90 

87-68 

1 

136 

6-5 

6-50 

94-18  1 

1 

144 

6-9 

6-90 

101-08  ! 

1 

154 

7-5 

7-50 

108-58 

1 

166 

8-3 

8-30 

116-88 

1 

178 

9^0 

9-00 

125-88 

1 

190 

9-7 

9-70 

135-58 

1 

204 

10-6 

10-60 

146-18 

1 

218 

11-5 

11-50 

157-68 

1 

282 

12^4 

12-40 

170-08 

1 

248 

13-4 

13-40 

183-48 

1 

266 

14-0 

14-60 

198-08 

1 

286 

15-9 

15-90 

213-98  1 

0-5 

298 

16-7 

8-35 

2-22-33 

•5 

310 

17-5 

8-75 

231-08  j 

•5 

320 

18-3 

9-15 

240-23  ' 

•5 

332 

19-1 

9-55 

249-78 

•5 

344 

20-0 

10-00 

259-78 

•5 

356 

20-9 

10-45 

270-23 

•5 

370 

22-0 

11-00 

281-23 

•5 

385 

23-0 

11-50 

292-73 

•5 

400 

24-2 

12-10 

304-83 

•5 

415 

25-4 

12-70 

317-53 

•5 

432 

26-8 

13-40 

830-93 

•5 

450 

28-2 

14-10 

345-03 

•5 

468 

29-7 

14-85 

359-88 

2-5 

•  • 

•  • 

•  • 
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Table  I.  4. 

Table  showing  values  of  k,  the  absolute  thermal  conductivity  of  iron,,  at  temperatures 

between  60°  C.  and  150°  C. 


T. 

X. 

dOfdx 

(per  centim.). 

N  [Zo  {deidt)l 
(per  minute). 

e. 

M. 

h 

[C.G.S.  units]. 

1  °C. 

centims. 

°C. 

60 

19-90 

9-0 

93-0 

41 

0-856 

[-147] 

1  80 

13-70 

14-2 

146-7 

51 

-862 

[-148] 

'  100 

9-20 

20-1 

206-6 

63 

-868 

-148 

;  110 

7-50 

23-4 

235-3 

68 

-871 

-146 

120 

5-90 

26-9 

267-0 

73 

-873 

-144 

1  130 

4-60 

30-6 

297-6 

79 

-877 

-141 

'  140 

3-45 

84-5 

325-7 

84 

-880 

•138 

150 

1 

2-50 

38-5 

352-7 

88 

-882 

•135 

From  these  values  (between  100°  C.  and  150°  C.),  if  we  assume  the  conductivity  at 
f  C.  to  be  given  by 

kf  =  a  —  ht, 

we  have,  on  reducing  by  method  of  least  squares, 

ki  =  T75  —  -OOO'iGf, 
or 

ki  =  -175  (I  -  -00150. 

Determination  oj  Specific  Heat  of  Iron. 

Advantage  was  taken  of  the  snowfall  in  January  to  use  Bunsen’s  calorimeter  for 
^  this  determination.  The  calorimeter  was  prepared  for  use  by  the  inethod  described 
by  Bunsen  in  his  paper  given  in  the  ‘Phil.  Mag.,’  1871,  p.  161,  and  all  the  pre¬ 
cautions  there  detailed  were  observed.  The  tube  used  for  determining  the  change  of 
volume  attendant  on  the  melting  of  ice  was  of  very  fine  l)ore,  but  was  perfectly  clean, 
so  that  there  was  no  trouble  with  the  sticking  of  the  mercury  thread.  This  tube 
was  carefully  calibrated,  and  a  calibration  curve  drawn  from  which  a  length  measured 
in  any  part  of  the  tube  could  be  converted  into  a  length  corresponding  to  the  uniform 
bore  taken  as  the  basis  of  the  calibration. 

The  heater  used  was  made  specially  for  the  work.  It  consisted  of  a  hollow 
cylindrical  oil  bath  shown  in  section  at  BB  (fig.  2).  This  bath  was  heated  up  to  a 
temperature  of  about  250°  C.,  aiid  then  quickly  placed  in  the  woOden  case  shown  in 
the  figure  and  packed  round  on  all  sides  with  cotton  wool.  Thus  packed,  the  bath 
took  nearly  a  day  to  cool,  and  could,  therefore,  be  used  for  a  complete  series  of 
determinations  at  temperatures  below  200°  C. 

The  piece  of  iron  to  be  heated  was  suspended  by  a  silk  fibre  in  the  cylindrical 

4  E  2 
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space  in  the  centre  of  the  heater  in  close  proximity  to  the  bulb  of  the  thermometer, 
Th.,  which  passes  through  a  cork  in  the  lid  of  the  case.  The  silk  thread  passed  through 
the  glass  tube,  t,  and  was  attached  at  the  other  end  to  a  small  hook  in  the  end  of  the 
slide,  S.  The  tube,  t,  was  just  long  enough  to  be  in  contact  with  the  piece  of  iron,  so 
that  when  the  slide,  S,  was  withdrawn  quickly  the  thread  broke  and  the  iron  was 
free  to  fall  through  the  holes  in  the  double  bottom  of  the  case,  between  which  the 
slide,  previous  to  withdrawal,  acted  as  a  screen.  When  it  was  desired  to  make  a 
determination  the  heater  was  lifted  on  to  the  lid  of  the  calorimeter  case  and  placed 
in  a  marked  position,  so  that  the  holes  in  the  bottom  were  direct!}^  over  the  mouth  of 
a  paper  funnel,  F,  acting  as  a  guide  to  the  calorimeter  tube,  T.  When  placed  in 
position,  the  thermometer  was  watched  and  the  slide,  S,  withdrawn,  when  the 
required  temperature  was  indicated.  The  iron  at  once  fell  straight  into  the  calori¬ 
meter  tube  and  the  heater  was  then  removed,  the  mouth  of  the  funnel,  F,  closed 


Fig.  2. 


i 

i;! 

\Th'. 


T 

w 


with  cotton  wool,  and  the  observation  of  the  mercury-thread  in  the  indicating-tube 
proceeded  with.  In  the  meanwhile,  a  second  piece  of  iron  was  suspended  in  the 
heater  so  as  to  be  ready  for  another  determination.  The  cooling  of  the  heater  was  so 
slow  that  there  was  no  doubt  about  the  temperature  of  the  iron  vdren  dropped  into 
the  calorimeter,  and  the  time  of  fall  into  the  tube,  T,  was  too  small  to  admit  of  any 
appreciable  cooling.  Experiment  also  showed  that  placing  the  heater  on  the  lid  of 
the  calorimeter  case,  even  for  a  lonof  time,  had  no  effect  on  the  calorimeter. 

In  the  reduction  of  the  results  obtained  the  latent  Ijeat  of  water  and  the  specific 
heat  of  ice  were  assumed  to  be  correct  as  given  by  Bunsen. 

The  rapid  melting  of  the  snow  and  some  accidents  wuth  the  calorimeter  limited  the 
time  of  working  and  prevented  any  extension  of  the  results  given. 

The  principal  data  of  two  sets  of  experiments  are  given  in  the  followung  Table. 
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I. 


Table  showing  the  Data  for  Determination  of  Bore  of  Tube. 


Temperatcire. 

Weight  of  mercury. 

Length  of  thread. 
[Corrected  by  cali¬ 
bration  curve.] 

Volume  of  1  centim. 
of  bore. 

°C. 

grms. 

centims. 

13 

0-9092 

99-80 

-000672 

13 

0-8700 

9.5-15 

•000674 

"000673  (mean) 

Table  giving  Data  for  Specific  Heat  Determinations. 


Mass  of  iron. 

Temperature  of 
iron  (^). 

Deflection  of 
mei’cury  thread. 

Heat  required  to  raise 
unit  mass  of  iron 
from  0°  C.  to  t°  C. 

Und 

grms. 

°  C. 

centims. 

2-1025 

41 

16-0 

4-5172 

2-1025 

55 

21-7 

61264 

2-1025 

98 

.39-3 

11-0950 

2-10-25 

102 

40-6 

11-4360 

1-3440 

150 

39-7 

17-5340 

1-3440 

170 

44-/ 

19-7420 

Assuming 


]i(  —  Lit  -h 


and  reducing  by  method  of  least  squares,  we  have 


and,  therefore. 


or 


lit  —  -1095^  +  •000040D-^ 
dhtidt  =  Si  =  a  2bt  —  T095  +  -OOOOSq 
-1095  (1  +  -00073^) 


where  St  denotes  tlie  true  specific  heat  at  f  C. 


Determination  of  Density  of  Iron,  and.  the  Value  of  (sd)  the  Thermal  Capacity  oj 

Unit  Volume. 

The  density  of  the  iron  was  found  bo  be  7 ’556  at  0°  C.  For  present  purposes  this 
may  be  taken  as  7 ’5 6,  and  the  density  at  f  C.  will  be  given  ty 


7-56  (1  -  -0000380. 
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Hence  the  value  of  (sd)  at  f  C.  is  given  by 

7-56  (1  -  -0000380  X  -1095  (1  +  -000730  =  -828  (I  +  -0006920- 


Value  of  K,  the  Diffiisivity  of  Iron,  in  Absolute  Units. 
From  the  results  obtained  above  the  value  of  k  at  f  C.  will  be  given  by 
Ki=  {klsd)i=  -175  (1  —  -00150  -t-  *828  (1  +  -0006920- 

That  is, 


or, 


Ki—  -211  (1  -  -00150  (1  -  -0006920, 
Kt=  -211  {1  ~  -00219^  +  -00000105^0- 


This  result  is  probably  represented  with  sufficient  accuracy  by 


/ct  =  -211  (1  —  -00221). 
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COPPEE. 


Table  C.  1. — Table  showing  Distribution  of  Temperature  along  Copper  Bar  for 

Two  Independent  Determinations,  I.  and  II. 


Number  of  hole. 

Distance  from 
first  bole. 

Excess  of  temperature  (0)  (in  scale 
divisions). 

I. 

II. 

1 

centims. 

•0 

764 

889 

2 

2-65 

697 

807 

3 

5-35 

.  637 

735 

4 

8-00 

584 

671 

5 

10-67 

537 

615 

G 

13-28 

493 

565 

7 

15-81 

454 

520 

8 

19-63 

405 

463 

9 

23-40 

362 

413 

10 

27-20 

326 

369 

11 

31-06 

293 

329 

12 

36-20 

254 

284 

13 

41 -.30 

219 

245 

14 

46-41 

189 

212 

15 

51-55 

166 

184 

16 

56-70 

144 

159 

17 

61-80 

124 

139 

18 

69-48 

102 

115 

19 

77-07 

85 

95 

20 

84-70 

70 

79 

21 

92-34 

58 

66 

22 

102-47 

45 

52 

23 

112-59 

35-5 

41 

24 

122-73 

28 

33 

25 

132-84 

22 

27 

26 

142-89 

17-5 

22 

27 

152-95 

14 

18 

28 

168-14 

10 

14 

29 

183-29 

8 

12 

30 

198-49 

7 

10-5 

Temperature  of  room,  L,  15°  C.  ;  11. ,  17°  C. 

From  calibration  of  couple  before  experiments, 

1°  C.,  between  0°  C.  and  100°  C.  =  4 '24  scale  divisions. 

1°  C.,  between  100°  C.  and  200°  C.  =  4*25  scale  divisions. 

From  calibration  of  couple  after  experiments, 

1°  C.,  between  0°  C.  and  200°  C.  =  4'25  scale  divisions. 

In  determinations  I.  the  end  of  the  copper  bar  was  inserted  in  a  socket  in  a 


584 


MR.  R.  W,  STEWART  ON  THE  ABSOLUTE  THERMAL 


thick  piece  of  copper  standing  in  the  melted  lead,  which  was  kept  at  a  constant 
temperature  of  345°  C, 

For  II.  the  whole  apparatus  was  taken  down  and  the  end  of  the  cojDper  bar  bent 
round  so  that  it  could  be  directly  inserted  in  the  melted  lead  in  the  way  shown  in 
fig.  1.  By  a  coincidence  the  constant  temperature  of  the  lead  during  this  determina¬ 
tion  was  345°  C.  as  in  I. 


Table  C.  2. — Table  giving  Cooling  Data  for  Short  Copper  Bar. 
[Temperature  of  the  room  constant  at  15°  C.] 


Time  (t). 

Temperature  (0) 

scale  divisions). 

Time  (t). 

Temperature  (9) 
(ill 

scale  divisions). 

Time  (t.) 

Temperature  (0)  . 

(in  _  I 

scale  divisions). 

h. 

m. 

s. 

h. 

ni. 

s. 

h. 

ni. 

s. 

1 

/ 

34 

0 

829 

7 

41 

30 

473 

7 

51 

0 

247  i 

15 

814 

45 

464 

30 

239 

30 

799 

7 

42 

0 

455 

7 

52 

0 

232 

45 

785 

15 

446 

7 

53 

0 

219 

7 

35 

0 

771 

30 

439 

7 

54 

0 

205 

15 

756 

45 

432 

7 

55 

0 

193 

30 

742 

7 

43 

0 

424 

7 

56 

0 

181 

45 

729 

15 

415 

7 

57 

0 

170 

n 

/ 

30 

0 

715 

30 

409 

7 

58 

0 

161 

15 

702 

45 

403 

7 

59 

0 

152 

30 

688 

7 

44 

0 

397 

8 

0 

0 

144 

45 

675 

15 

389 

8 

1 

0 

137 

7 

37 

0 

663 

30 

382 

8 

2 

0 

129 

15 

650 

45 

376 

•8 

4 

0 

114 

30 

638 

7 

45 

0 

309 

8 

6 

0 

102 

45 

627 

15 

364 

8 

8 

0 

92 

7 

38 

0 

014 

30 

357 

8 

10 

0 

83 

15 

602 

45 

351 

8 

12 

0 

75 

30 

589 

7 

46 

0 

345 

8 

14 

0 

67 

45 

579 

15 

339 

8 

17 

0 

57 

7 

39 

0 

568 

30 

333 

8 

20 

0 

49 

15 

557 

45 

328 

8 

23 

0 

43 

30 

547 

7 

47 

0 

323 

8 

26 

0 

38 

45 

536 

30 

313 

8 

29 

0 

33 

7 

40 

0 

527 

7 

48 

0 

302 

8 

34 

0 

27 

15 

515 

30 

292 

8 

39 

0 

22 

30 

507 

7 

49 

0 

282 

8 

49 

0 

15 

45 

497 

30 

273 

9 

9 

0 

7 

7 

41 

0 

189 

7 

50 

0 

265 

9 

29 

0 

3 

15 

480 

30 

256 

• 
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Table  C.  3. — Table  showing  Loss  of  Heat  from  Surface  of  Copper  Bar  for 

Determinations  I.  and  II. 


[y- 

[0]. 

[Zq  ((70 

ldt)l 

Centims. 

I. 

II. 

I. 

II. 

I. 

II. 

I. 

II. 

10 

7 

10-4 

0-25 

0-40 

2-5 

4-0 

2-5 

4-0 

10 

7-5 

11-5 

-28 

-45 

2-8 

4-5 

5-3 

8-5 

10 

8-5 

13-0 

-30 

•56 

3-0 

5-6 

8-3 

14-1 

10 

10-5 

15-0 

•40 

•68 

4-0 

6-8 

12-3 

20-9 

10 

13-2 

17-5 

•50 

•75 

.5-0 

7-5 

17-3 

28-4 

10 

16-5 

21-0 

•70 

•85 

7-0 

8-5 

24-3 

36-9 

10 

20-7 

25-5 

•85 

1-00 

8-5 

10-0 

32-8 

46-9 

10 

26-2 

31-0 

1-05 

1-30 

10-5 

13-0 

43-3 

59-9 

10 

83-G 

39-0 

1-41 

1-75 

14-1 

17-5 

57-4 

77-4 

10 

42-5 

49-0 

1-94 

2-35 

19-4 

23-5 

76-8 

100-9 

5 

50-5 

58-5 

2-37 

2-88 

11-85 

14-4 

88-65 

115-3 

5 

57-3 

65-5 

2-78 

3-30 

1.3-90 

16-5 

102-55 

131-8 

5 

65-0 

73-8 

.3-21 

3-82 

16-05 

19-1 

118-60 

150-9 

5 

73-5 

83-0 

3-75 

4-35 

18-75 

21-75 

137-35 

172-65 

5 

83-5 

94-0 

4-38 

5-05 

21-90 

25-25 

159-25 

197-90 

5 

94-5 

105-5 

5-05 

5-85 

25-25 

29-25 

184-50 

227-15 

5 

107-3 

119-2 

5-88 

6-85 

29-40 

34-25 

213-90 

261-40 

5 

122-0 

1.36-0 

6-90 

7-85 

34-50 

39-25 

248-40 

300-65 

5 

140-0 

155-3 

8-00 

9-25 

40-00 

46-25 

288-40 

346-90 

5 

160-0 

178-5 

9-38 

10-75 

46-90 

53-75 

335-30 

400-65 

2 

176-5 

197-0 

10-62 

12-20 

21-24 

24-4 

356-54 

425-05 

2 

187 

208-0 

11-45 

13-00 

22-90 

26-0 

379-44 

451-05 

2 

197 

220-5 

12-10 

13-90 

24-20 

27-8 

403-64 

478-85 

2 

209 

233 

13-00 

14-90 

26-00 

29-8 

429-64 

508-65 

2 

221 

247 

13-95 

16-00 

27-90 

32-0 

457-54 

540-65 

2 

234 

261 

14-90 

17-10 

29-80 

.34-2 

487-34 

574-85 

2 

248 

277 

16-00 

18-2 

32-00 

36-4 

519-34 

611-25 

2 

262 

293 

17-04 

19-4 

,34-08 

.38-8 

553-42 

650-05 

2 

277 

311 

18-20 

20-7 

36-4 

41-4 

589-82 

691-45 

2 

293 

329 

19-40 

22-1 

38-8 

44-2 

628-62 

735-65 

2 

309 

349 

20-70 

23-6 

41-4 

47-2 

670-02 

782-85 

2 

.328 

.370 

22-10 

25-4 

44-2 

50-8 

714-22 

833-65 

2 

347 

393 

23-60 

27-3 

47-0 

54-6 

761-22 

888-25 

o 

367 

418 

25-05 

29-5 

50-1 

59-0 

811 -.32 

947-25 

2 

389 

444 

26-9 

31-9 

53-8 

63-8 

865-12 

1011-05 

2 

413 

472 

29-0 

34-5 

58-0 

69-0 

923-12 

1080-05 

2 

439 

502 

31-3 

37-1 

62-6 

74-2 

985-72 

1154-25 

2 

467 

534 

33-8 

39-9 

67-6 

79-8 

1053-32 

1234-05 

2 

498 

569 

.36-6 

42-9 

7.3-2 

85-8 

1126-52 

1.319-85 

2 

530 

608 

.39-3 

46-1 

78-6 

92-2 

1205-12 

1412-05 

1 

557 

638 

41-5 

48-6 

41-5 

48-6 

1246-62 

1460-65 

1 

575 

660 

4.3-0 

50-2 

4.3-0 

60-2 

1289-62 

1510-85 

1 

594 

682 

44-5 

52-1 

44-5 

52-1 

1334-12 

1562-95 

1 

614 

706 

46-1 

.54-0 

46-1 

54-0 

1380-22 

1616-95 

1 

634 

731 

47-6 

55-9 

47-6 

55-9 

1427-8-2 

1672-85 

1 

655 

757 

49-2 

57-9 

49-2 

57-9 

1477-02 

1730-75 

1 

677 

784 

50-8 

60-0 

50-8 

60-0 

1527-82 

1790-75 

1 

700 

812 

52-6 

62-2 

52-6 

62-2 

1.580-42 

18,52-95 

1 

725 

842 

54-4 

64-5 

54-4 

64-5 

1634-82 

1917-45 

1 

751 

873 

56-3 

67-0 

56-3 

67-0 

1691-12 

1984-45 

The  values  given  in  the  last  column  of  this  Table  are  subject  to  a  correction  (a 
MDCCCXCIII. — A.  4  F 
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reduction  of  about  2  per  cent.),  due  to  the  fact  that,  in  the  case  of  the  short  bar  used 
in  determining  the  rates  of  cooling,  the  cooling  surface  includes  the  terminal  faces  of 
the  bar. 


Table  C.  4. — Table  showing  the  values  of  Jx,  the  absolute  thermal  conductivity  of 
Copper,  at  temperatures  between  40°  C.  and  200°  C. 

I. 


T. 

X. 

dOjclx 

(per  centim.). 

2 

(per  minute). 

e. 

M. 

k 

(C.G.S.  units). 

°C. 

centims. 

°C. 

40 

68 

2-70 

192-50 

28 

0-816 

[-956] 

60 

46-2 

5-20 

369-74 

39 

•821 

[-973] 

80 

33-1 

7'65 

558-66 

60 

•828 

1-007  : 

100 

23-5 

10-55 

758-50 

59 

•833 

•999 

120 

16-5 

13-60 

950-70 

71 

•840 

•979  ■ 

140 

11-0 

16-80 

1142-60 

84 

•846 

•958  : 

160 

6-4 

20-20 

1334-50 

93 

•851 

•937  i 

180 

2-5 

23-90 

1623-70 

103 

•856 

•909  1 

II. 


T. 

dOjdx 

(per  centim.). 

S  [/()  (deldt)] 
(per  minute). 

0. 

M. 

k 

(C.G.S.  units). 

°C. 

centims. 

°C. 

40 

75-50 

2-40 

191.5 

29 

0-816 

1-085 

60 

51-65 

5-00 

375-2 

40 

•822 

[1-027] 

80 

38-10 

7-60 

561-9 

49 

•826 

[1-018] 

100 

28-60 

10-30 

753-6 

60 

•833 

1-015 

120 

21-45 

13-25 

945-8 

69 

•838 

•995 

140 

15-65 

16-50 

1145-7 

80 

•844 

•976 

160 

11-00 

19-93 

1339-1 

89 

•850 

•953 

180 

7-00 

23-53 

1532-3 

100 

•854 

•927 

200 

3-70 

27-20 

1714-5 

109 

•860 

•903 

Note  1. — On  comparing  the  results  here  tabulated,  it  will  be  noticed  that  the  data 
of  columns  3  and  4  are  very  similar  in  I.  and  II.  ;  but  reference  to  column  2  shows 
that  the  data  of  column  4  extend  over  a  different  length  of  the  bar  in  the  two  cases. 

Note  2. — In  I.  we  find  the  same  falling-olf  in  the  value  of  Jc  at  temperatures  below 
j00°  C.  as  occurs  in  the  case  of  the  iron  bar. 


Reducing  the  results  given  in  these  tables  by  the  method  of  least  squares,  and 
assuming  that  the  conductivity  at  t°  C.  is  given  by 

ki  =  a  —  ht, 

we  have 
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T.  Tct  =  1-113  -  -00112^  1-11.3  (1  —  -OOU) 
IL  ht  —  1-130  -  ”00112^  =  1-130  (1  -  -OOl^). 

The  mean  value  of  these  results  gives 

kt  =  1*12  (i  -  -OOlt). 


Determination  of  Density  and  Value  of  {sd),  the  Thermal  Capacity  of  Unit  Volume  of 

Copper. 

The  density  of  the  copper  was  found  to  be  8-907  at  0°  C.  Taking  this  as  8-9,  we 
may  take  the  density  of  copper  at  f  C.,  as  given  by  8-9  (1  —  -000056^). 

The  specific  heat  of  copper  at  f  C.  is  given  by  Bede*  as  -0892  +  -000065^.  This 
result  may  be  expressed  as  -0892  (1  +  -00073i),  hence  the  value  of  [sd)  at  f  C.  is 

8-9  (1  -  -0000560  X  -0892  (1  +  *000730, 
or 

-794  (1  +  -0006740. 


Value  of  K,  the  Diffusivity  of  Copper,  in  Absolute  C.G.S.  Units. 

From  the  results  obtained  above  the  value  of  k  at  C  will  be  given  by 
Kt  =  {Klsd)t  =  1-12  (1  -  -OOlO  ^  -794  (1  +  -0006740. 

That  is, 

Kt  =  1-41  (1  -  -OOU)  (1  -  -0006740, 
or, 

Kt  =  1-41  (1  —  -0017^  +  -0000007^0- 

This  result  is  probably  represented  with  sufficient  accuracy  by  the  formula 

/ct  =  1-41  (1  -  -00174). 

It  AAoll  be  seen  that  the  results  of  the  experiments  here  described  go  to  show  that 
for  both  iron  and  copper  the  conductivity  decreases  with  rise  of  temperature. 

*  [Recent  determinations  of  tte  specific  heat  of  pure  copper  (probably  identical  with  that  used  in 
these  experiments)  give  the  specific  beat  at  100°  C.  as  ‘0928.  Bride’s  formula  gives  '0957,  a  value  about 
3  per  cent,  too  high.  The  determinations  here  referred  to  were  made  by  J.  Jolt,  Esq,  F.R.S.,  with  bis 
steam  calorimeter,  and  were  kindly  communicated  to  me  by  Mr.  James  H.  Gray,  M,A.,  B.Sc.,  Glasgow 
University. — 12.4.93.] 


4  F  2 


588 


MR.  R.  W.  STEWART  OR  THE  ABSOLUTE  THERMAL 


For  convenience  of  comparison  these  results  are  given  below,  followed  by  a  Table 
showing  previous  results. 


Values  obtained  for  Absolute  Thermal  Conductivities  of  Iron  and  Copper  from. 

Experiments  detailed  in  this  Paper. 

[C.G.S.  units.] 

Iron  .  .  =  0-175  (1  - -OOISO- 

Copper  .  =  1-12  (1  —  *001^). 


Table  showing  the  results  of  previous  Determinations  of  the  Absolute  Thermal 

Conductivity  of  Iron  and  Copper. 


[C.G.S.  units.] 


Iron. 

Copper. 

Authority. 

1 

0-209  (1- -001470 
-164 

0-199  (1- -0028740 

0-197  (1--000020 

0-17  (1--000020 

0-17  (1--0020 

1-108 

/  1-027  (1- -002140  1 

I  -983  (1--001520  J 
f  1-08  (1  + -001301 

I  -71  (1  + -00140  J 

0-72  (1  + -000040 

0-51  (1  + -00570 

Forbes 

N  EUIIAXN 

o 

Angstrom 

Tait 

Lorenz 

Kirchhoff  and  Hansemann 

The  Emissive  Poivers  of  the  Surfaces  of  the  Iron  and  Copper  Bars. 

From  the  data  obtained  in  the  cooling  experiments  involved  in  the  conductivity 
research,  it  is  evidently  possible  to  calculate  the  emissivities  of  the  surfaces  of  the 
bars  at  different  temperatures. 

As  it  may  be  of  interest  to  place  these  on  record,  they  are  given  in  the  following 
table. 

The  iron  bar  was  a  f-inch  square  bar,  and  its  surface  was  blackened  and  lightly 
polished  with  blacklead. 

The  copper  bar  was  a  round  bar  of  -l-inch  diameter,  and  its  surface  was  smooth 
and  polished. 
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Table  showing  the  emissive  powers  of  the  surfaces  of  the  Iron  and  Copper  Bars. 


The  emissivities  are  given  in  gramme  degrees  of  heat  lost  per  square  centim.  of 
surface  for  each  degree  Centigrade  difference  of  temperature  between  the  surface  and 
the  surrounding  air.  The  results  are  corrected  for  variation  of  specific  heat  with 
temperature. 


Diffei’cnce  of  Tem¬ 
perature. 

Emissive  Power. 

Blackened  surface  of 
Iron  Bar. 

Polished  smTace  of 
Copper  Bar. 

°C. 

20 

0-000275 

0-000220 

40 

313 

253 

60 

348 

280 

80 

378 

297 

100 

405 

315 

120 

429 

333 

140 

454 

346 

160 

476 

360 

180 

374 

On  comparison  of  these  results  with  those  published  by  Mr.  D.  Macfarlane"^ 
and  by  Professor  TAiT,t  for  somewhat  similar  surfaces,  it  wfill  be  found  that  the 
agreement  is  fairly  close. 

The  experience  gathered  in  the  conduct  of  the  experiments  descrilied  above  goes 
to  show  that  in  order  to  obtain  a  thoroughly  satisfactory  determination  of  thermal 
conductivity  and  its  variation  with  temperature,  the  bars  emplo3md  should  be 
somewhat  massive — not  less  than  an  inch  in  diameter — and  their  surface  should  be 
plated  (to  prevent  oxidation)  and  well  polished.  Further,  to  avoid  the  use  of  very 
long  bars,  and  to  diminish  as  far  as  possible  the  importance  of  the  loss  of  heat  from 
the  surface  of  the  bar  as  an  element  in  the  determination.  Angstrom’s  method  should 
be  adopted  in  preference  to  Forbes’. 

It  is  noteworthy  that  with  Forbes’  method  the  influence  of  expetimental  errors 
seems  to  cause  an  apparent  decrease  of  conductivity  with  fall  of  temperature.  A 
trace  of  this  effect  is  seen  in  the  tables  giving  the  values  of  k  for  iron  and  copper,  but 
the  reduction  of  an  unsatisfactory  set  of  observations  made  with  the  copper  bar 
before  the  use  of  the  trough  T  T  (fig.  1)  gave  results  which  were  not  only  much  too 
low,  but  which  decreased  rapidly  with  fall  of  temperature. 

In  conclusion  the  author  has  to  express  his  thanks  to  Professor  Gray  for  constant 
help  and  advice  during  the  progress  of  the  work. 

*  ‘  Proc.  Roy.  Soc.,’  1872,  p.  93,  or  Everett’s  ‘Physical  Constants,’  p.  107. 
t  ‘  Proc.  Roy.  Soc.  Ediub.,’  1869-70,  p.  207. 


590 


ABSOLUTE  THERMAL  CONDUCTIVITIES  OE  IRON  AND  COPPER. 


Fig.  I. 
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[Plates  17,  18.] 

In  1884t  and  in  1887];  I  had  the  honour  of  submitting  to  the  Boyal  Society  the 
results  of  certain  experimental  determinations  of  thermal  emission  in  absolute  measure. 
In  these  experiments  metallic  wires  heated  by  an  electric  current  were  used.  Much 
remains  to  be  done  by  the  methods  and  with  the  apparatus  then  employed ;  and  I 

*  [Since  this  paper  was  written,  and  since  it  was  accepted  by  the  Royal  Society,  a  paper  has  appeared 
in  the  ‘Philosophical  Transactions,’  1893,  A.,  vol.  183,  by  Professor  W.  E.  Ayrton,  F.R.S. ,  and  Mr.  H. 
Kilgour,  “  On  Thermal  Emissivity  of  Thin  Wires.”  In  their  preliminary  remarks  the  authors,  referring 
to  my  previous  papers  (among  others),  say  :  “But  it  was  not  part  of  these  investigations  to  determine 
the  change  in  the  emissivity  that  is  produced  by  change  in  the  shape  and  size  of  the  cooling  body.” 

1  cannot  avoid  pointing  out  that  this  remark  is  wholly  erroneous.  My  work  on  thermal  emission, 
which  was  commenced  on  November  9,  1883,  had  altogether  for  its  object,  in  the  first  instance,  the 
finding  of  the  effect  of  dimensions  and  form  of  the  cooling  body  on  the  thermal  emission ;  and  the 
question  of  dimensions  has  never  been  lost  sight  of  by  me,  and  has,  1  think,  been  referred  to  in  every 
paper  1  have  published  on  this  subject. 

In  the  ‘  Electrician’  for  April  19, 1884,  there  appeared  a  short  account  of  my  experiments,  which  were 
commenced  as  an  experimental  counterpart  to  a  paper  on  “  The  Efficiency  of  Clothing,”  read  by  Lord 
Kelvin  to  the  Royal  Society  of  Edinburgh,  on  March  3,  1883.  I  found,  however,  that  Professor  G. 
Forbes  had  already  (British  Association,  1882,  and  ‘  Electrician,’  September,  1882)  given  important 
conclusions,  derived  theoretically,  as  to  the  effect  of  dimensions  on  the  temperature  of  wires  carrying  the 
electric  current.  The  theoretical  conclusions  of  Professor  G.  Forbes  were  completely  borne  out  by  the 
results  of  my  experiments ;  and  those  now  given  by  Professor  Ayrton  and  Mr.  Kilgour  agree. 

On  June  17,  1884,  1  had  the  honour  of  reading  a  paper,  which  was  wholly  occupied  with  the  effect  of 
dimensions,  before  the  Royal  Society  (‘  Proc.  Roy.  Soc.,’  No.  232,  1884).  In  the  autumn  of  the  same 
year  I  contributed  a  paper  to  the  British  Association  on  the  same  subject.  These  papers  (of  which  the 
latter  was  published  in  ‘  Nature,’  September,  1884)  contain  a  practical  experimental  investigation  of  the 
loss  of  heat  from  thin  bare  wires  in  air,  so  far  as  dimensions  are  concerned,  as  well  as  experimental  results 
as  to  the  effect  of  coverings  of  various  kinds  and  different  thicknesses. 

I  have  still  a  large  number  of  results  on  these  subjects  hitherto  unpublished;  and  as  1  have  received, 
from  the  £4000  Scientific  Fund,  grants  in  aid  of  these  researches,  I  am  unwilling  that  there  should  be 
any  misunderstanding  in  this  matter. — March  2,  1893.] 
t  ‘  Proceedings  Royal  Society,  No.  232,  1884. 
t  ‘Phil.  Trans.,’  1887. 
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have  made  some  progress,  particularly  in  the  determination  of  radiation  from  incan¬ 
descent  filaments  of  carbon.  The  loss  of  heat  from  a  heated  body,  however,  depends 
to  some  extent  on  the  form  and  dimensions  of  the  body,  and  it  seemed  very  important 
to  experiment  on  the  emission  of  heat  from  bodies  differing  in  form  from  the  wires 
I  had  been  using,  and  larger  in  dimensions.  I  desire  now  to  give  an  account  of  some 
experiments  in  this  direction.'^ 

In  the  autumn  of  1889  I  commenced  to  experiment  on  loss  of  heat  from  the  copper 
globes  used  in  the  experiments  of  Mr.  D.  Macfarlane,  ‘Roy.  Soc.  Proc.,’  1872, 
p.  93.  These  globes  are  two  exactly  equal  solid  copper  spheres,  4  centims.  in 
diameter  ;  one  has  a  smooth  copper  surface,  the  other  is  now  thoroughly  well  electro¬ 
plated  with  silver.  A  considerable  number  of  preliminary  experiments  were  tried, 
using  apparatus  similar  to  that  which  Macfarlane  employed,  and  in  particular  the 
same  enclosure ;  and  then,  as  my  object  was  to  experiment  first  with  full  air  pressure 
and  afterwards  with  vacuum  more  or  less  complete  up  to  the  highest  attainable,  new 
and  suitable  arrangements  were  made  for  this  purpose. 

It  is  unnecessary  here  to  describe  in  detail  the  apparatus  used  and  the  mode  of 
experimentiug  in  these  preliminary  investigations.!  It  was  similar  in  every  respect  to 
that  of  Macfarlane.  The  thermo-junctions  were  new,  however,  and  were  standard¬ 
ized  for  the  purpose  of  these  experiments  ;  the  galvanometer  arrangements  were  also 
fresh  and  were  very  carefully  made  to  secure  sensitiveness  and  permanence  of  the 
thermometric  value  of  the  deflections.  The  globes  had  their  surfaces  prepared  in 
the  waj^s  shown  in  the  columns  of  the  table  on  p.  593  ;  and  the  metallic  enclosure 
used  by  Macfarlane  was  employed.  The  headings  of  the  table  will,  it  is  hoped, 
make  it  self-explanatory. 


*  The  experiments  described  in  what  follows  were  concluded  some  time  ago.  I  have  delayed  the 
giving  an  account  of  them  in  the  hopes  of  finding  time  and  opportunity  for  obtaining  further  results ; 
but  I  have  been  unable  to  do  so  up  to  the  present,  and  judge  it  best  to  publish  now  the  results  which  I 
have  obtained. 

f  In  connection  with  these  preliminaiy  experiments  I  Avish  to  acknoAvledge  Amry  cordially  the  great 
assistance  I  received  from  Mr,  James  H.  Gray,  M.A.,  B.Sc.,  at  the  time  of  the  experiments  a  young 
student  in  the  Laboratory,  noAv  the  holder  of  the  first  1851  Exhibition  Scholarship  for  Glasgow  Uni¬ 
versity.  To  his  care  and  assiduity  I  am  greatly  indebted. 


Table  I. — Showing  Loss  of  Heat  per  square  centim.,  per  second,  per  1°  C.  of  Excess  of  Temperature  of  Cooling  Glol)e 
above  Temperature  of  SuxTounding  Enclosure  ;  Macearlane’s  Enclosure  being  used,  and  the  Surface  of  Globe 
being  jxrepared  in  various  ways  as  shown  in  the  Headings  of  the  Colunxns. 
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*  N.B. — It  is  the  temperatiu’e  of  the  cooling  body  which  is  stated  in  this  column,  not  the  excess  temperature. 
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Ill  two  cases,  the  highest  polished  copper  and  the  sooted  globe,  the  surfaces  are 
similar  to  those  used  by  Macfarlane.  In  the  other  two  cases,  “  copper  polished 
and  finely  lacquered”  and  “copper  silvered,”  the  surfaces  are  new.  It  is  interesting 
to  note  that  the  results  for  lainp-hlack  differ  very  appreciably  from  those  obtained  by 
Macearlane.  All  my  experiments  show  that  there  is  difference  in  radiation  from 
different  kinds  of  lamp-black  ;  though  I  doubt,  considering  the  way  in  which  “  lamp¬ 
black  radiation”  is  often  referred  to,  whether  the  ideas  commonly  held  quite  corre¬ 
spond  with  this  view. 

On  the  other  hand,  the  column  showing  loss  of  heat  from  the  “  copper  ball  polished 
bright,”  agrees,  with  almost  perfect  exactness,  with  the  numbers  obtained  by 
Macfarlane  under  the  same  circumstances.  This  confirms,  in  a  very  important 
way,  both  sets  of  results.  It  is  quite  natural  that  if  both  are  accurate  the  two 
should  agree  perfectly,  because  to  obtain  a  well-polished  surface  of  copper  again  and 
again  in  much  the  same  condition  is  comparatively  easy.  It  was  found  very  difficult, 
however,  to  keep  the  polished  surface  of  copper  unoxidized,  even  for  a  few  hours. 
Hence,  I  tried  a  thinly-laccj^uered  copper  surface.  The  lacquer,  of  course,  alters  the 
condition  entirely  from  that  in  which  the  surface  is  highly  polished  and  unlacquered, 
but  the  condition  was  permanent,  and,  indeed,  it  is  only  in  this  condition  that  briglit 
copper  is  ever  met  with  in  the  arts  or  in  the  laboratory.  It  might  be  interesting  to 
try  a  dull  surface  of  copper  lacquered,  just  because  it  is  the  most  common  of  all. 
The  silvered  surface  was  the  first  I  had  tried  of  the  kind.  It  was  bright  ;  but  no 
special  pains  were  taken  (such  as  I  afterwards  took)  to  get  the  very  highest  possible 
polish.  It  is  worth  observing  that  the  bright  fresh  copper  shows  a  slightly  lower  rate 
of  loss  of  heat,  probably  lower  radiation,  than  the  silver-coated  globe,  while  the  increase 
with  temperature  of  the  rate  of  loss  is  almost  the  same  in  these  two  cases,  but  very 
different  in  the  other  cases. 

In  all  these  cases  the  air  was  at  the  natural  pressure  of  the  day.  It  was  not 
artificially  moistened,  as  was  the  case  in  Macfarlane’s  experiments,  nor  artificially 
dried,  as  in  the  case  of  my  own  experiments  which  followed. 

The  experiments  of  Macfarlane,  and  those  just  referred  to,  were  made  with  the 
copper  globes  suspended  in  an  enclosure  of  large  dimensious,  and  at  ordinary  atmos¬ 
pheric  pressure.  To  make  use  of  a  Spreugel  vacuum,  however,  and  to  compare 
results  obtained  with  vacuum  of  various  degrees  of  pressure  and  at  full  air  pressure, 
it  is  necessary,  according  to  the  theory  of  Crookes’  results,  to  have  an  enclosure 
of  moderate  dimeusions,  so  that  the  condition  may  be  reached  in  which  the  length  of 
free  path  of  the  gas  molecules  becomes  comparable  with  distances,  from  point  to 
point,  of  portions  of  the  enclosure. 

For  the  reasons  stated  in  my  former  paper,*  I  also  considered  it  essential  that  the 
enclosure  should  be  metallic.  I  considered  whether  a  glass  globe  lined  inside  with 

*  ‘Phil.  Trans.,’  1887,  p.  444.  Uncertainty,  ■svitli  a  substance  so  badly  conducting  and  so  little 
diatliermanons  as  glass,  as  to  the  temperature  of  the  inner  skin  of  such  an  enclosure. 
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metal,  by  first  silvering  and  subsequently  depositing  copper  on  the  silver,  would  be 
satisfactory ;  but  finally  determined,  in  spite  of  the  difficulty  of  joining  a  metal 
enclosure  to  the  Sprengel  pump,  to  use  a  hollow  copper  sphere. 

At  the  centre  of  the  hollow  sphere,  the  heated  globe  is  suspended  and  allowed  to 
cool,  the  enclosure  being  kept  immersed  in  water  at  a  known  temperature.  The 
temperature  of  the  cooling  globe  is  read  off  at  equal  intervals  of  time  by  means  of  a 
thermo-electric  junction,  and  from  these  readings  the  rate  of  cooling,  and  the  absolute 
loss  of  heat  per  unit  of  cooling  surface,  per  unit  difference  of  temperatures  of  surface 
and  surroundings,  per  unit  of  time,  are  calculated. 

The  details  of  the  arrangement  will  be  understood  from  the  following  description, 
by  reference  to  figs.  1  and  2,  Plate  17.  In  fig.  1,  aa  is  the  spherical  enclosure.  It  is 
a  copper  spherical  shell,  10  centims.  in  internal  diameter,  constructed  like  the 
Magdebourg  hemispheres,  but  surmounted  by  a  brass  tube,  tt,  which  is  brazed  to  the 
upper  opening  of  the  copper  shell.  At  the  top  of  the  brass  tube  is  a  groove,  made 
by  brazing  on  a  small  piece  of  wider  brass  tube  ;  and  into  this  groove  the  extremity 
of  the  glass  tube,  gg,  is  inserted.  The  extremity  of  the  glass  tube  is  prepared  by 
grinding  to  fit  the  socket ;  and  it  is  joined  in,  air-tight,  at  the  last  moment,  when  all 
the  other  preparations  are  complete,  by  means  of  siegelwaclis,  a  soft  German  cement 
which  I  have  faund  invaluable  for  these  purposes,  and  have  already  mentioned  in  my 
former  paper. By  means  of  a  narrow  glass  tube,  ee,  the  enclosure  is  attached  to  the 
Sprengel  pump,  being  hermetically  sealed  to  it  in  the  usual  way.  An  outer  tube  of 
brass,  TT,  forms  a  water-jacket  to  the  tube,  tt ;  and,  by  means  of  a  suitably-arranged 
tube,  water  is  kept  flowing  round  the  siegelwaclis  joint.  The  copper  sphere  is  sus¬ 
pended  in  the  enclosure  by  one  of  the  wires  of  the  thermo-junction. 

For  the  thermo- junction  I  employ  platinoid  and  platinum.  The  latter  is  used 
because  it  is  to  be  sealed  into  the  glass  tube  gg,  as  is  shown  at  s ;  and  no  wire  is 
known  at  present,  except  platinum,  or  an  alloy  of  platinum,  which,  when  sealed  into 
glass,  will  make  a  joint  sufficiently  tight  for  a  Sprengel  vacuum.  I  have  found 
platinum  and  platinoid  to  give  a  very  satisfactory  thermo-junction;  and,  along  with 
Mr.  A.  Tanakadate,  have  published  a  paper  on  the  thermo-electric  position  of 
platinoid  alloy.  + 

The  platinoid  wire  is  passed  through  the  brass  tube  tt  at  p,  and  soldered  in 
its  place.  It  is,  therefore,  not  insulated  ;  and  it  bears  the  weight  of  the  copper 
sphere.  The  platinum  wire  bears  no  weight.  It  is  insulated  all  the  way  up  through 
the  brass  tube  by  being  encased  in  a  very  thin  tube  or  sleeve  of  glass,  which  is  slipped 
over  it.  The  platinum  wire  has  a  small  length  of  spiral  at  the  top  to  take  up  any 
slack  that  may  exist  (as  it  is  not  desirable,  for  glass-blowing  reasons,  to  cut  off  the 
platinum  wire  to  the  exact  length),  and  to  avoid  any  pull  on  the  glass  at  the  place 
where  the  wire  is  sealed  into  the  wall  of  the  tube.  The  platinoid  v.ure  is  cut  by 
trial  to  the  proper  length,  so  that,  when  the  weight  of  the  copper  globe  is  on  it,  the 

*  ‘  Phil.  Trans.,’  A.,  1887,  p.  4.3.3.  t  ‘  Roy.  Soc.  Proc.,’  vol.  46,  1889,  p.  286. 
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globe  shall  hang  at  the  centre  of  the  spherical  enclosure  :  the  ends  of  the  platinum  and 
platinoid  are  then  brought  together  and  inserted  into  a  hole  drilled  m  a  copper  plug, 
and  are  silver-soldered  to  each  other  and  into  the  hole.  This  copper  plug  is  firmly- 
fitted  by  screwing  into  a  hole,  which  is  carefully  cut  in  each  of  the  cojDper  globes. 

The  operations  just  described  are,  of  course,  cariied  out  at  the  commencement  of  a 
series  of  experiments,  the  copper  plug  being  once  for  all  attached  to  the  thermo - 
junction.  The  globes  can  be  attached  or  detached  at  pleasure  for  the  purpose  of 
having  the  surfaces  polished,  sooted,  or  otherwise  treated.  When  a  globe  has  been 
hung  in  its  place  for  experiment,  the  lower  half  of  the  spherical  enclosure  is  brought 
up,  pressed  firmly  to  the  upper  half,  and  soldered  there. 

It  has  already  been  mentioned  that,  during  the  cooling  of  the  heated  globe,  the 
enclosure  is  immersed  in  a,  bath  of  cold  water,  which  is  kept  at  constant  temperature. 
An  ordinary  chemical  water-bath  of  copper  is  used  for  this  purpose.  It  is  shown 
surrounding  the  enclosure  aa.  One  of  the  thermo-junctions  being,  as  has  been 
described,  at  or  near  the  centre  of  the  cooling  globe,  the  second  junction  is  soldered  to 
a  small  lump  of  copper,  which  is  tied  to  the  bulb  of  a  thermometer  and  immersed  in 
the  water-bath.  The  platinum  Avire  is  made  sufficiently  long  to  pass  from  the  globe 
up  through  the  brass  tube,  out  through  the  side  of  the  glass  tube  at  s,  and  doAvn  to 
the  water-bath,  where  its  extremity  joins  the  second  platinoid  wire  at  m,  the  small 
lump  of  copper  just  mentioned.  The  two  platinoid  wires,  pc?,  one  coming  from  the 
centre  of  the  cooling  globe,  and  the  other  from  the  junction  are  carried  forward 
to  0,  where  they  are  soldered  to  the  copper  Avire  electrodes  of  a  reflecting  galvano¬ 
meter  to  be  spoken  of  immediately.  It  is  necessary  that  no  electromotive  force,  due 
to  differences  of  temperature,  should  arise  at  these  joinings.  These  joinings  are, 
therefore,  wrapped  in  tissue  paper  for  insulation  ;  and  then  a  large  quantity  of  cotton 
Avool,  0,  is  wrapped  round  the  whole  and  along  the  Avires  for  some  distance.  The 
protection  and  equable  distribution  of  temperature  is  so  perfect  that  the  cotton  avooI 
bundle  may  be  handled  freely  Avith  wanned  hands  Avithout  the  galA'anometer  being 
in  any  way  disturbed. 

The  galvanometer  used  in  these  experiments  is  a  Thomson’s  reflecting  galvanometer. 
It  has  a  very  excellent  coil,  0'9  ohm  resistance,  specially  wound  for  me  for  use  with 
thermo-junctions,  by  James  White,  GlasgOAv.  1  use  a  Steinheil  plane  parallel 
mirror,  hung  by  a  spider  line  instead  of  silk  fibre,  in  a  Thoaison’s  dead-beat  plug. 
The  comfort  and  satisfaction  of  a  spider  line  for  purposes  Avhere  the  galvanometer 
deflection  is  to  be  read,  and  not  merely  a  zero  noted,  or  Avhere  a  steady  unchanging 
zero  is  desired,  are  almost  indescribable.* 

Placed  opposite  the  mirror  is  a  Steinheil  telescope  and  a  scale.  Every  part  of  the 
galvanometer  apparatus  is  screAved  down  on  a  Avooden  bracket  fixed  to  the  stone 
Avail  of  my  experimenting  room,  and  the  field  magnets  are  fixed  doAvn  firmly  Avith 
cement.  I  use  a  small  Aveak  “  zero  magnet,”  Avith  its  magnetic  axis  perpendicular  to 
*  .T.  T.  Bottomlet  and  A.  Tanakadate.  ‘  Roy.  Soc.  Proc.,’  \"ol.  4G,  1889,  p.  28G. 
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the  plane  of  the  mirror,  for  the  purpose  of  bringing  the  zero  of  the  scale  to  the  cress 
wire  of  the  telescope.  This  is  not  often  required,  but  occasionally,  wdien  the  sun 
shines  strongly  on  the  iron  frames  of  the  Glasgow  University  windows,  the  zero 
may  be  pulled  round  by  a  few  divisions  ;  and,  occasionally,  also  a  movement  of 
some  iron  in  the  laboratory  slightly  displaces  the  zero.  The  “  zero  magnet  ” 
being  moved  slightly,  with  its  axis  along  a  line  perpendicular  to  the  plane  of  the 
mirror,  adjusts  the  zero  without  altering  the  field  of  force.  I  find  it  an  excellent 
plan  to  put  a  little  “  soft  wax  on  the  zero  magnet,  and  press  it  on  to  the  table  in 
front  of  the  galvanometer  shelf.  By  cautiously  pressing  on  the  magnet  it  may  be 
made  to  slide  very  slowly,  with  viscous  yielding  of  the  wax,  for  the  purpose  of 
setting  the  zero  of  the  galvanometer. 

I  have  mentioned  already  that  I  have  made,  with  the  assistance  of  my  friend, 
Mr.  A.  Tanakadate,  a  determination  of  the  thermo-electric  value  of  a  platinum- 
platinoid  couple.  We  considered  it  necessary,  however,  to  make  special  determi¬ 
nations  of  the  values  of  the  actual  couples  used  in  these  experiments,  and  this  was 
done  each  time  a  fresh  soldering  of  the  platinoid  and  platinum  was  made.  Platinum 
wire  is  so  variable  in  its  qualities  that  it  is  not  safe  to  assume  that  the  physical 
properties  of  difiPerent  portions  of  the  same  hank  even  are  the  same.t 

The  standardizing  of  the  thermo-junction  is  performed  with  the  circuit  precisely  as 
it  is  to  be  used  during  the  radiation  experiments,  with  every  joint  soldered,  and  with 
the  field  of  force  of  the  galvanometer  suitably  adjusted  and  rendered  unchangeable, 
as  described  above.  Along  with  the  thermo-electric  wires,  the  leads,  and  the  galvano¬ 
meter,  a  platinoid  resistance  of  about  12  ohms  was  introduced  into  the  circuit.  The 
sensitiveness  of  the  arrangement  was  quite  suflficient  to  permit  of  this  being  done  ;  and 
it  was  of  great  advantage  to  introduce  this  added  resistance,  as  it  rendered  insensible 
small  variations  of  resistance  (due  to  temperature)  in  the  long  platinum  thermo¬ 
electric  wire,  which  in  early  experiments  gave  rise  to  curious  and  embarrassing 
variations  in  the  galvanometer  readings. 

From  the  standardizing,  or  calibration,  as  it  is  often  called,  of  the  thermo-electric 
circuit  in  use,  a  formula  is  obtained,  from  which  is  calculated,  from  the  '■  corrected 
deflection  of  the  galvanometer,  the  difference  of  temperatures  of  the  two  junctions 
in  terms  of  centigrade  temperatures  on  the  air  thermometer.§  Every  temperature 

*  The  material  used  by  chemists  for  making  diachylon  sticking  plaster  answers  admirably. 

t  The  best  makers  will  not,  I  believe,  guarantee  to  .supply  uniform  platinum,  in  the  physical  sense  of 
the  word  uniform,  knowing  that  it  cannot  be  done,  at  present  at  all  events. 

t  The  deflection  is  read  off  on  a  plane  scale,  and  is  corrected  for  the  fact  that  the  angle  turned  through 
by  the  light  ray  is  twice  the  angle  of  deflection  of  the  magnet  and  mirror.  In  order  to  apply  this 
correction  with  facility,  a  table  of  numbers  was  constructed.  The  correction  may  now,  however,  be 
easily  applied  by  the  use  of  the  recently  published  “  Reductions-Tabellen  zur  Gauss-Poggendorffschen 
Spiegelablesung,”  by  Dr.  Paul  Czeemak.  J.  Springer,  Berlin. 

§  Sir  William  Thomson’s  article  “Heat,”  ‘  Encyc.  Brit.,’  and  J.  T.  Bottomley,  ‘  Proc.  Roy.  Soc., 
Edinburgh,’  1888,  and  ‘  Phil.  Mag.,’  August,  1888. 
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referred  to  in  this  paper  is  thus  temperature  on  Eegnault’s  ‘‘normal  constant 
volume”  air  thermometer.  All  the  mercuiy-in-giass  thermometers  employed  for 
subsidiary  purposes  were  also  compared  directly  with  the  air  thermometer,  and  the 
suitable  corrections  applied  wherever  they  were  sensible. 

One  part  of  the  arrangement  of  the  thermo-electric  circuit  still  remains  to  be  men¬ 
tioned.  By  far  the  most  satisfactory  way  of  experimenting  for  purposes  like  those 
under  consideration  is  to  take  readings  (in  the  way  to  be  described  immediately)  of 
the  galvanometer  deflection  on  each  side  of  the  middle,  or  zero,  position,  at  equal 
intervals  of  time,  instead  of  reading’  only  the  deflection  on  one  side,  as  is  often  done. 
Accordingly,  I  inserted  in  the  circuit  a  mercury  reverser,  constructed  with  care  to 
avoid  the  introduction  of  small  uncertainties  as  to  resistance.  The  use  of  this  piece 
of  apparatus  also  enabled  me  from  time  to  time  to  apply  to  the  galvanometer  and  its 
leading  wires  a  very  small  known  current  from  a  standard  cell,  in  order  to  assure 
myself  of  the  constancy  of  the  magnetic  field. 

I  may  now  explain  the  mode  of  experimenting.  The  value  of  the  thermo-junction 
having  been  determined,  and  the  copper  globe  screwed  on  to  the  plug,  and  the 
apparatus,  which  is  supported  by  clips  on  a  retort  stand,  having  been  adjusted  so 
that  the  globe  shall  hang  in  the  centre  of  the  enclosure,  the  lower  half  of  the  enclo¬ 
sure  is  brought  up  and  held  pressed  against  the  upper  half  by  means  of  temporary 
clips.  Owing  to  the  edges  of  the  flange  having  been  well  prepared  by  grinding,  and 
by  having  a  very  thin  layer  of  solder  or  tinning  applied  to  them,  the  parts  fit  together 
very  exactly;  and  in  this  position  they  are  now  soldered  together,  wdth  the  help  of  a 
soldering  bolt  and  a  Bunsen  burner.  Besin  is  used  for  the  soldering,  except  just  at 
the  end  of  the  operation,  when  a  little  soldering  fluid  is  apjflied  round  the  outer  edges 
to  make  sure  of  perfect  filling  up  of  the  minutest  holes.  The  soldering  up  of  these 
edges  in  such  a  wmy  as  to  be  tight  for  the  Sprengel  vacuum  is  a  very  troublesome 
operation,  and  one  which  requires  the  greatest  care. 

When  the  soldering  is  finished,  the  joint  between  the  brass  tube  and  the  glass  tube 
is  made  complete  by  means  of  siegelwachs ;  and  finally  the  apparatus  is  connected  to 
the  Sprengel  pump  by  means  of  a  portable  blow^pipe.  The  intention,  generally 
speaking,  in  these  experiments,  was  to  determine  the  loss  of  heat  from  surfaces 
prepared  in  various  ways,  both  with  air  jDresent  (and  later  with  other  gases),  and  also 
in  more  or  less  complete  vacuum.  Sometimes  the  cooling  in  vacuum  was  tried  first, 
and  the  cooling  in  air  afterwards  ;  sometimes  the  order  was  reversed.  Sometimes  the 
cooling  in  air  was  determined,  then  in  vacuum,  and  then  in  air  again. 

This  being  understood,  I  may  say  that  everything  being  prepared  as  described  above, 
water  was  now  poured  into  the  rvater  bath  ;  a  flame  wms  applied  beneath,  and  the 
boiling  water  communicated  heat  to  the  enclosure,  and  gradually  to  the  suspended  ball 
within.  The  galvanometer  was  watched  and  the  time  roughly  noted  to  show  the  progress. 
I  have  not,  horvever,  made  use  hitherto  of  these  observations  on  speed  of  heating. 

With  full  air  present,  the  process  of  heating  was  not  inconveniently  slown  With 


RADIATION  IN  ABSOLUTE  MEASURE. 


599 


vacuum  it  was  excessively  tedious,  several  hours  being  required  for  the  heating.  The 
process  was  carried  on  till  the  thermo-junction  showed  that  the  boiling-point  of  water 
had  been  very  nearly  reached  by  the  suspended  globe. 

Then,  preparations  having  previously  been  made,  the  lamp  was  extinguished  ;  the 
boiling  water  was  very  quickly  run  out  with  the  help  of  sij)hons,  and  cold  water  run 
in,  in  place  of  it.  A  supply  of  cold  water,  at  very  nearly  the  temperature  of  the 
laboratory,  was  kept  in  readiness  for  this  process,  and  a  plentiful  supply  was  run 
through  the  water-bath  until  all  the  surroundings  had  come  to  a  steady  temperature. 
Neighbouring  parts  of  the  table,  retort  stands,  &c.,  were  often  cooled  by  wetting  to 
obtain  subsequent  steadiness  of  temperature.  In  my  experiments  I  had  the  advantage 
of  the  able  assistance  of  Mr.  A.  Tanakadate.  I  cannot  sufficiently  express  my, 
indebtedness  to  him,  either  for  his  dexterous  manual  aid,  or  for  his  many  ingenious 
and  valuable  suggestions  during  the  progress  of  the  work.  Single-handed,  some  of 
the  work  would  have  been  impossible ;  and  there  are  few,  even  of  trained  experi¬ 
menters,  who  could  render  such  help  as  he  gave  me. 

As  soon  as  the  galvanometer  could  be  read,  after  the  cold  water  had  been  applied, 
regular  observation  commenced,  and  the  method  of  observation  was  as  follows  : — 
It  was  found  that  an  observation  every  5  minutes  was  sufficient.  (In  experiments  at 
higher  temperatures,  described  below,  the  intervals  were  2-|  minutes.)  A  chrono¬ 
meter,  beating  half-seconds,  stood  close  by ;  and  by  listening  to  the  beats,  as  in 
astronomical  observations,  the  galvanometer  reading  was  taken  at  10  seconds  before  the 
exact  minute.  The  reverser  was  instantly  shifted,  and  the  first  reading  then  recorded. 
By  the  time  that  4  or  5  seconds  after  the  exact  minute  was  reached,  the  observer  was 
once  more  ready,  looking  through  the  telescope  and  counting  the  seconds,  and  the 
vibrations  of  the  galvanometer  (well  damped"^)  had  long  before  completely  subsided  ; 
and,  at  exactly  10  seconds  after  the  minute,  the  observer  was  able  to  take  the  second 
reading.  The  sum  of  these  readings,  to  right  and  left  of  the  galvanometer  zero,  was 
taken  to  represent  the  temperature  at  the  exact  minute  noted ;  and  the  mean  of  the 
pairs  of  readings,  if  it  agreed  with  the  known  zero  of  the  galvanometer,  afforded  a  check, 
and  showed  (1)  that  no  mistake  had  been  made  in  noting  ;  (2)  that  the  galvanometer 
needle  was  7iot  on  the  swing  at  the  second  reading ;  and  (3)  that  there  was  no  disturbance 
from  the  distant  dynamo  or  from  the  moving  about  of  magnets  in  the  laboratory. 

The  readings  were  at  once  plotted  down  on  squared  paper  ;  and  at  first  this 
plotting  revealed  little  faults  hi  observation,  shakiness  of  apparatus,  change  of 
resistance  in  the  leads,  &c.,  all  of  which  faults  were  soon  eliminated.  The  curves 
then  became  so  perfectly  regular  as  to  leave  nothing  to  be  desired. 

Before  giving  an  account  of  the  results  obtained,  I  will  briefly  describe  a  modified 

*  Damped  by  the  air  damping  of  a  Thomson  dead-beat  galvanometer  plug.  It  seems  strange  that  the 
Thomson  dead-beat  plug  is  so  little  known  to  instrument  makers,  and  to  users  of  the  reflecting  galvano¬ 
meter.  It  has  been  in  use  in  all  the  galvanometers  sunplied  by  James  White  for  about  twenty-five  years, 
and  no  instrument  of  the  kind  which  is  not  dead-beat  would  be  tolerated  in  the  Glasgow  laboratory. 
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apparatus  which  L  found  it  necessary  to  use  for  temperatures  higher  than  the  boiling 
point  of  water. 

When  I  had  finished  a  considerable  number  of  determinations,  carried  on  precisely 
as  described  above,  with  boiling  water  for  the  superior  temperature,  I  attempted  to 
get  to  a  temperature  of  200°  C.  or  2.50°  C.  I  found,  however,  that  the  soldered  joint 
would  not  bear  a  temperature  of  anything  like  200°  when  the  Sprengel  vacuum 
was  applied.  The  solder  became  crystalline  and  brittle  and  leaky  below  150°.  The 
solder  used  was  good  ordinary  solder  ;  and  I  think  that  slight  leakiness  (very  per¬ 
ceptible  to  the  vSprengel)  manifested  itself  at  a  temperature  at  which  the  solder  was 
for  ordinary  purposes  quite  good  and  sound.  I  am  not  sure,  however  ;  and  it  is  quite 
possible  that  by  trials  I  might  have  got  a  better  solder  by  using  less  tin  in  the  com¬ 
position.  I  did  not  delay  with  such  trials,  but  preferred  to  alter  the  enclosure  to  the 
form  shown  in  fig.  2.  cm  is  a  copper  shell  nearly  spherical,  but  wuth  a  wide  mouth 
and  neck.  The  shell  is  beaten  into  shape.  The  neck  is  carefully  brazed  on,  and  the 
parts  round  the  brazing  finished  by  beating.  The  neck  has  a  flange  with  the  upper 
edge  ground  flat.  The  whole  is  very  thick  and  solid,  and  an  outer  shell  of  copper 
was  subsequently  added,  squeezed  into  shape  and  fitting  loosely  round  the  other  for 
tlie  purpose  of  equalizing  the  heating  (and  cooling)  of  the  enclosure.  The  brass  tube 
tt  and  outer  water-jacket  are  also  shown  in  the  diagram ;  and  it  will  be  seen  that, 
to  close  the  copper  shell,  the  whole  of  this  piece  is  brought  down  on  the  flange  at  the 
neck  of  the  shell  ;  and  the  soldering  is  made  at  this  joint.  This  construction  was 
found  to  be  in  every  way  an  improvement  on  that  used  at  first.  The  only  little 
trouble  being  the  lowering  in  of  the  copper  globe  without  touching  the  sides,  and  the 
making  the  measurements  necessary  for  bringing  the  copper  globe  to  the  centre  of 
the  enclosure.  These  troubles  are  scarcely  worth  mentioning,  and  the  new  arrange¬ 
ment  gave  much  greater  freedom  for  working  at  the  globe  while  it  was  hanging  on 
the  wire  before  being  lowered  into  its  place. 

In  the  arrangement  just  described  it  will  be  seen  that  the  soldering  is  kept  cool  by 
the  proximity  of  the  cold  water  in  the  water-jacket ;  and  this  can  be  done  even 
although  the  temperature  of  the  shell  enclosure  is  very  high.  In  practice  a  stream 
of  cold  water  was  kept  running  through  the  water-jacket  during  the  heating  process 
described  above,  and  for  heating  the  enclosure  a  Bunsen  burner  or,  in  the  latest 
experiments,  one  of  Fletcher’s  high-power  burners  was  applied  direct  to  the 
bottom  of  the  copper  shell.^'  When  the  temperature  of  the  globe  inside  was  found. 


*  A  curious  phenomenon,  which  requires  farther  examination,  was  noticed  during  the  heating  of  the 
globe  described  in  the  text.  I  found  it  impossible  to  exhaust  the  enclosure  with  the  Sprengel  pump 
while  the  flame  was  applied ;  but  as  soon  as  the  flame  was  removed  I  could  exhaust  the  enclosure  per¬ 
fectly.  Whether  the  copper  shell  became  porous  at  the  high  temperature  (just  visible  redness)  and  thus 
admitted  gas  enough  to  prevent  my  obtaining  a  vacuum’;  or  whether  some  minute  crack  or  opening  was 
made  at  some  of  the  joints  owing  to  the  great  variation  of  temperature  from  point  to  point  of  the  shell, 
I  am  unable  to  say  at  present.  The  leaking  ceased,  however,  as  soon  as  the  heating  ceased.  This  leak- 
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by  means  of  the  galvanometer,  to  have  risen  to  the  ciesired  point,  the  flame  was 
withdrawn,  and  the  cold  water,  at  the  temperature  of  the  laboratory,  applied  as 
before.  It  was  also  found  advisable  for  steadiness  of  temperature  to  stop  the  current 
of  cold  water  through  the  water-jacket,  and  to  warm  up  the  water  in  the  water- 
jacket  (which,  while  the  flow  continued,  was  kept  at  the  temperature  of  the  public 
supply)  to  be  roughly  the  same  as  the  air  temperature  of  the  laboratory. 

The  Sprengel  pump  used  for  exhausting  the  enclosure  and  the  duplicated  MacLeod 
gauge  used  for  determining  the  residual  pressure  are  fully  described,  and  certain 
difficulties  and  uncertainties  are  pointed  out,  in  my  former  paper,  and  need  not  be 
further  spoken  of  here. 

For  the  purpose  of  calculation  two  pieces  of  numerical  information  are  still 
required.  One  is  the  capacity  for  heat  of  the  copper  globes ;  and  the  other,  the 
cooling  surface. 

The  capacity  for  heat  was  determined  very  carefully  for  these  particular  globes  by 
Mr.  D.  Macfarlane  in  1872  ;  and  my  determination  has  not  sensibly  varied  from 
his  result.  I  propose,  however,  to  make  a  fresh  determination  of  this  constant  as 
soon  as  possible. 

The  surface  of  the  globe  is  obtained  by  careful  measurement  with  calipers.  But  it 
will  be  observed  that,  besides  loss  of  heat  by  radiation,  there  is  also  a  loss  by  con¬ 
duction  along  the  two  thermo-electric  ^rires.  When  a  sooted  globe  is  cooling  in 
full  air  pressure  the  amount  of  heat  conducted  along  the  thin  wires  used  is  very 
small  in  comparison  with  that  lost  by  radiation  and  convection.  But  when  the  globe 
is  cooling  in  vacuum  or,  at  any  rate,  when  a  highly  ^^olished  silvered  globe  is  cooling 
in  vacuum,  the  heat  lost  by  the  wires  is  by  no  means  negligible  in  calculating  the 
value  of  the  surface  emissivity. 

In  making  use  of  the  results  obtained  up  to  the  present  time  I  have  used  for 
calculation  an  equation  of  the  form 

-  c  'I’  =  eS  {v  -  Vo), 


ing  gave  rise  to  a  most  distarbing  difficulty  at  the  commencement  of  the  corresponding  vacuum  series  ; 
because  it  was  desirable  to  commence  the  observations  on  cooling  as  soon  as  the  cooling  commenced,  but 
it  was  not  till  ten  or  fifteen  minutes  later  that  a  proper  vacuum  could  be  secured,  even  with  the  most 
vigorous  use  of  the  pump. 

*  ‘  Phil.  Trans.,’  1887,  pp.  444-446.  There  is  just  one  remark  which  it  seems  worth  while  to  make,  on 
account  of  repeated  misunderstanding,  namely,  that  the  MacLeod  gauge  does  not  measure  (nor  profess 
to  measure)  pressure  in  the  pump  of  any  gas  collapsible  by  pressure,  for  any  reason  whatever,  at  the 
existing  temperature  of  the  gauge.  Thus  it  does  not  measure  the  pressure  of  mex’cury  vapour  which 
may  be  present  in  the  so-called  vacuum,  nor  the  pressure  of  vapour  of  water,  for  example.  Nor  does  it 
even  measure  the  pressure  of  any  gas  which  may  with  the  help  of  a  small  pressure  be  caused  to  collapse 
against  the  walls  of  the  tube,  or  by  absorption  into,  or  on,  the  mercury  used  in  the  gauge.  I  have  shown 
the  possibility  of  this  last-named  occurrence  in  a  paper  on  an  “  Improved  Mercury  Pump,”  British 
Association,  1886. 

MDCCCXCIII. - A.  4  H 
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where  v  is  the  temperature  of  the  cooling  globe,  i^Qthat  of  the  enclosure,  c  the  capacity 
for  heat  of  the  globe,  and  S  its  surface,  while  e  is  a  co-efl&cient  wdiich  has  been  called 
the  emissivity.  It  is  easy  to  show  by  an  application  of  Fourier’s  equations  that,  to 
a  first  approximation,  sufficient  for  my  present  purpose,  the  loss  by  conduction  by  the 
wdres  may  be  allowed  for  by  adding  to  S,  or  I  should  rather  say  to  eS,  a  small 
quantity  depending  on  the  diameter,  conductivity,  and  emissivity  of  the  wure,  the 
length  of  the  wires  being  so  great  that  no  heat  passes  away  by  conduction  at  the 
ends.  The  numerical  value  of  the  quantity  to  be  added  to  cS  I  have  not  yet 
determined  exactly  ;  but  I  have  made  an  estimate  of  it  and  applied  it  as  a  correction 
in  obtaininof  the  results  given  below. 

Another  interesting  point  requiring  consideration  is  the  following  : — The  arrange¬ 
ments  explained  above  give  approximately  the  temperature  at  or  near  the  centre  of 
the  copper  globes.  Those  of  Mr.  D.  Macfarlane  did  the  same  in  the  case  of  his 
experiments.  In  a  criticism  of  Macfarlaxe’s  results,  by  M.  CoRXU,  ‘Journal  de 
Physique,’  December,  1873,  an  objection  was  taken  to  the  thermo-electric  method  as 
compared  w'itli  the  method  used  by  Duloxg  and  Petit,  w’here  the  bulb  of  a  thermo¬ 
meter  wms  the  cooling  body,  on  the  ground  that  the  temperature  of  the  centre  may 
be  different  from  that  of  the  surface.  This  objection  was  completely  answered  by 
numerical  calculations  founded  on  the  dimensions  and  conductivities  of  the  globes  in 
question  ;  and,  in  an  interesting  appendix  the  whole  Cjuestion  is  discussed  in  the 
‘  Poyal  Society  Proceedings,’  June  10,  1875.^ 

With  these  explanatory  remarks  I  proceed  to  a  brief  statement  of  the  results 
obtained,  but  I  wash  it  to  be  clearly  understood  that  I  do  not  yet  consider  myself 
entitled  to  draw  general  conclusions  as  to  laws  of  radiation  from  the  observations 
completed  and  calculated  down  to  tlie  present  date.* * * §".  Theories  of  radiation  have,  m 
recent  years,  been  discussed  by  Stef  ax,  t  PI.  F.  Weber,!  Ferrel,§  and  others ;  but 
it  apjiears  to  me  that  the  main  difficulty  of  making  any  satisfactory  theory  is  the 
want  of  experimental  data  on  which  to  found  a  theory,  and  by  wdiich  to  test  it.  I 
venture  to  think  that  the  data  required  are  still  far  from  sufficient ;  and,  indeed, 
this  is  admitted  and  pointed  out  as  a  difficulty  by  the  most  recent  of  these  w'riters, 
the  late  Mr.  Ferrel. 

I  have  experimented  solely  on  the  copper  globes  wdth  their  surfaces  prepared  by 
sooting  and  silvering.  The  sooting  was  done  very  carefully  with  a  gas  flame  or 
wdth  paper  or  cotton  waste  impregnated  with  powxlered  resin,  or  powxlered  camphor, 
or  moistened  wdth  turpentine.  The  endeavour  was  to  put  on  a  thoroughly  con¬ 
tinuous  but  thin  coating  of  lamp-black,  and  thus  to  obtain  wdiat  I  presume  w'e  may 
take  to  be  a  surface  giving  maximum  of  radiation.  On  the  other  hand  the  silvered 

*  Republished  iu  ‘  Lord  Kelyix’s  Collected  Papers,’  vol.  3,  p.  245. 

t  Stefan,  ‘  Bericbte  der  Wiener  Akademie,’  vol.  79,  1879. 

t  Professor  H.  F.  Weber,  ‘Akademie  der  Wissenscliaften  zu  Berlin.’  Berlin,  1888. 

§  W.  Ferrel,  ‘  American  Journal  of  Science,’  July,  1889,  and  Feln-uarv,  1890. 
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globe  was  polished  to  the  highest  degree  possible.  The  polishing  was  done  very 
frequently,  and  with  special  care,  by  the  kindness  of  Mr.  Thomas  Smith,  Electro¬ 
plater,  Glasgow.  After  polishing  the  globe  was  wrapped  in  tissue  paper  and  kept, 
surrounded  by  a  very  large  quantity  of  cotton  wool,  in  a  box  until  tlie  last  moment 
before  it  was  screwed  on  to  the  plug  by  whiich  it  was  suspended.  It  was  never 
touclied  by  the  bare  hands,  being  held  in  its  tissue-paper  cover  while  the  op^ei’ation 
of  screwing  on  was  performed.  The  surface  was  so  smooth  and  slippery  that  it  was 
difficult  to  keep  fast  hold  of  the  globe  while  it  was  being  screwed  on;  and  when 
suspended  it  presented  the  most  beautiful  mirror  surface  I  have  ever  seen. 

I  am  supposing  that  the  minimum  of  radiation  is  had  from  such  a  silver  surface  a^ 
has  just  been  described  ;  and  it  was  extremely  interesting  to  hnd  that  a  marked 
effect,  in  reducing  the  amount  of  radiation  in  vacuum  from  the  silvered  globe,  was 
produced  Ijy  effbrts  to  attain  the  highest  possible  degree  of  polish. 

In  calculating  the  emissivity  from  the  recorded  deflections  of  the  galvanometer, 
the  first  process  was  to  obtain  the  “corrected  deflection”'^  of  the  galvanometer. 
Secondly,  a  correction  is  applied  to  the  numbers  for  the  fact  that  the  deflection 
produced  by 'the  thermo-junction  is  not  in  simple  proportion  to  the  difierence  of 
temperatures  (defined  by  the  ah'  thermometer)  between  the  two  junctions.!  Thus  a 
series  of  numbers  is  obtained  corresponding  to  the  successive  times  noted,  the 
intervals  being  5  minutes  or  2^  minutes,  as  has  already  been  mentioned.  From  these 
numbers  I  have  calculated  the  value  of  the  “  emissivity,”  or  quantity  of  heat  lost  per 
second,  per  square  centimetre  of  surface,  per  degree  centigrade  of  difference  of 
temperatures  of  surface  and  surroundings. 

Let  c  be  the  capacity  for  heat  of  the  cooling  globe,  S  the  surface,  and  {v  —  ly)  tlie 
difference  of  temperatures  of  source  and  surroundings  at  any  time  t.  Then  in  the 
formula 

-  c  I'  =  eS  (r  -  i\), 

the  coefficient  e  corresponds  with  the  definition  of  “emissivity  ’’just  given  ;  and  this 
formula  is  commonly  taken  to  be  a  representation  of  the  “  law  of  cooling,”  whether  in 
air  or  in  any  other  gas,  or  in  vacuum,  the  range  of  temperatures  dealt  with  being 
moderate.  The  numerical  value  of  e,  however,  depends  on  the  circumstances  under 
which  the  cooling  takes  pfiace ;  and,  when  air  is  present,  on  the  dimensions  and 
shape  of  the  cooling  body.  Important  theories,  to  which  I  have  already  alluded, 
have  been  from  time  to  time  put  forward  as  to  the  form,  practically  .speaking,  of  e  as 
a  function  of  v  for  the  case  of  pure  radiation. 

One  way,  hovmver,  of  dealing  with  the  matter,  from  an  experimental  point  of  view, 


*  See  note  p.  o99. 

t  Eor  example,  one  of  the  formulas,  with  numerical  coefficients  actually  used,  was  as  follows  :  — 


t  =  G  8  _  -000086 
S'So 


where  t  is  the  difference  of  temperatures,  and  c  the  corrected  deflection  ”  of  the  galvanometer. 
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is  to  solve  the  equation  above  as  though  e  were  constant — which  is,  of  course, 
approximately  true  if  the  ditference  of  temperatures  is  small — and  then  to  determine, 
numerically,  the  value  of  e  at  different  places  in  the  temperature  scale,  taking  an 
exact  account  of  the  circumstances.  When  a  sufficiently  large  number  of  such  values 
have  been  obtained  a  basis  for  a  proper  theory  will  have  been  laid  in  a  logical  way. 
This  is  practically  what  I  am  endeavouring  to  do. 

Taking,  then,  the  equation 

-  =  eS  (^  -  v^), 


and  its  solution 


V  —  V, 


where  v  is  the  temperature  of  the  cooling  globe  when  t  =  0,  we  have  for  the 
numeiical  calculation  of  e 

e  =  [Ic'ge  (y  -  'f’u)  -  log. 

or,  using  common  logarithms, 

e  =  [log  (ff  -  -  log  {v  -'Vq)]. 


Here  t  =  300,  the  intervals  of  time  used  in  my  experiments  being  5  minutes ; 
c  =  28'31  and  S  =  50'26,  with  an  addition  which,  for  the  present,  I  roughly  estimate 
at  about  0'6  per  cent. — the  correction  applied  for  the  carrying  away  of  heat  by  the 
conducting  wires.  This  I  calculate,  assuming  that  the  emissivity  of  the  surface  of  the 
conducting  wires  is  much  the  same  as  that  of  a  tolerahly  clean  silvered  surface. 

The  following  tables  and  curves  (Plate  18)  show  most  of  the  numerical  results 
obtained.  The  tables  are  made  self-explanatory,  as  far  as  possible,  by  means  of  suitable 
headings  ;  and  the  curves  which  I  have  drawn  corresponding  to  most  of  the  series  are 
dated,  and  the  multiplier  is  given  for  reducing  the  ordinates  to  C.G.S,  measure. 
The  curves  were  drawn  chiefly  for  my  own  satisfaction  ;  but  there  are  one  or  two 
matters  to  which  I  may  be  permitted  to  call  attention. 

In  the  first  place,  it  will  be  seen  from  the  curves  that  in  each  series  the  results  are 
in  very  exact  accordance.  Certainly  they  are  more  so  than  I  ventured  to  hope  when 
I  commenced  putting  them  down.  The  difficulties  surrounding  experiments  of  this 
kind  are  really  very  great,  if  anything  more  than  rough  approximation  is  aimed  at ; 
and,  unfortunately,  uncertainties  connected  with  the  temperature  measurement  easily 
creep  in,  and  are  difficult  to  detect  till  it  is  too  late  to  remedy  them,  or  even  to 
determine  the  limits  of  possible  error. 

The  different  series  of  determinations  represented  by  the  several  curves  are  also  in 
agreement,  and  some  of  them,  as,  for  instance,  those  of  March  7  and  10  (silvered 
globe  in  air),  and  those  of  October  29,  1889,  and  April  2  and  8  (sooted  globe  in 
vacuum),  are  quite  unexpectedly  close  to  each  other.  There  are  differences  between 
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the  absolute  positions  of  the  curves,  but  most  of  these  depend  on  some  differences  of 
circumstances.  The  only  case  which  I  cannot  explain  is  that  of  the  silvered  globe 
in  air,  November  6,  I  do  not  understand  why  the  loss  of  heat  was  so  small  in  an 
experiment  which  bears  every  sign  of  being  thoroughly  good.  I  have  no  note  (such 
as  would  certainly  have  been  made)  of  any  change  of  galvanometer  zero  (indicating 
possible  alteration  of  magnetic  field)  ;  nor  was  there  alteration  of  the  apparatus  of 
any  kind.*  Extreme  dryness  of  the  air  is  a  possible  explanation. 

A  feature,  which  seems  to  me  remarkable,  about  the  curves  representing  these  late 
experiments  is  that  none  of  them  show  any  sign  of  emissivity,  as  it  were,  accelerated 
with  increase  of  temperature,  that  is  to  say,  having  an  increasing  rate  of  increase  of 
emissivity  with  increasing  temperature,  but  rather  the  reverse.  The  curves  are  all  » 
slightly  concave  towards  the  axis  of  temperatures.  It  is,  however,  well  ascertained, 
particularly  from  the  experiments  of  Schleiermacher  and  myself,  that,  at  all  events, 
in  the  case  of  wires  losing  heat  there  is  a  very  rapid  acceleration  or  increase  of  rate 
of  increase  of  radiation  with  increase  of  temperature.  This  is  most  easily  seen  by 
looking  at  the  curves  of  my  former  paper,  ‘  Phil.  Trans.,’  1887,  A,  Plate  25.  Looking 
at  the  matter  in  this  light  also,  it  will  be  seen  from  those  curves  that  the  curvature 
(proportionate  acceleration)  is  greatly  masked  when  more  than  ^  millim.  or  ^  millim. 
of  air  pressure  is  present,  and  that  the  lower  the  air  pressure  the  more  striking  is  the 
convexity  towards  the  axis  of  temperatures  in  that  series  of  curves. 

Referring  now  particularly  to  the  tables  accompanying  this  paper.  Table  I.  has 
been  already  explained  (pp.  591,  592,  593).  Table  II.  shows  the  results  of  four  nearly 
successive  days  of  experimenting  in  air  and  in  vacuum  on  a  globe  wdth  two  different 
coatings  of  lamp-black.  In  the  first  pair  the  coating  was  much  more  dense  than  in 
the  second  pair.  In  the  latter  case  the  globe  was  passed  quickly  a  few  times  through 
the  gas  flame  of  my  blowpipe  table.  In  this  way  a  coating  of  the  finest  texture  was 
obtained ;  the  colour  of  the  copper  globe  was  distinguishable  through  it.  I  had  a 
reason  for  wishing  to  keep  the  coating  very  thin  in  connection  with  experiments  on 
incandescent  wires  which  I  am  making. 

Table  III.  shows  the  results  of  similar  experiments  on  a  silvered  globe. 

Both  these  sets  of  experiments  were  made  with  the  apparatus  of  fig.  1  ;  and  I 
believe  that  in  neither  was  the  interior  of  the  enclosure  sooted  in  the  way  whicli 
was  afterwards  done. 

Tables  IV.  and  V.  show  the  results  of  experiments  on  the  sooted  globe  in  air  and 
in  vacuum,  and  on  the  silvered  globe  in  air  at  very  high  temperatures.  These  experi¬ 
ments  were  made  in  apparatus  of  fig.  2,  Plate  17,  and  were  most  satisfactory  in 
every  way. 

I  come  lastly  to  Table  VI.  It  was  in  the  hope  of  finding  time  (three  months  at 
least)  for  repeating  and  extending  these  experiments  that  I  have  delayed  the  publi- 

*  To  imagine  a  cause  for  unexpected  excessive  loss  would  be  easy;  but  it  is  not  easy  to  account  for 
the  globe  retaining  its  heat. 
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cation  of  this  paper.  The  operation  of  soldering  up  the  enclosure  so  thoroughly  as  to 
withstand  the  high  temperature  required  for  heating  up  the  hanging  globe  and  to 
remain  perfectly  air-tight  for  the  Sprengel  pump  was  at  all  times  difficult.  But 
when  the  enclosure  contained  the  silvered  globe,  in  the  highest  state  of  polish,  it 
became  almost  impossible  to  perform  the  operation  without  tarnishing  the  globe. 
The  experiment  of  April  14  was  satisfactory,  except  for  the  somewhat  variable  state 
of  the  vacuum  ;  which  was,  however,  very  high  throughout.  The  numbers  quoted 
show  the  eflect  of  this  variableness.  A  new  experiment  was  tried  on  April  17  ;  but 
the  result  was  less  satisfactory ;  the  globe  turned  out  to  be  tarnished  when  the 
enclosure  was  opened  ;  and  the  rapidity  of  loss  of  heat  corresponds. 

Unfortunately,  the  time  at  which  these  experiments  were  tried  was  the  very  end 
of  the  Glasgow  winter  session.  Indeed  at  this  time  I  had  already  become  involved 
in  the  heavy  University  work  belonging  to  this  period  of  the  year.  Before  we  could 
resume  experimenting,  my  friend  Mr.  Tanakadate  was  obliged  to  leave  Glasgow  for 
Berlin  ;  and  I  have  not  since  then  found  the  time  and  circumstances  necessary  for 
repeating  these  last  experiments  with  an  enclosure  slightly  modified  to  make  the 
soldering  more  easy  and  more  sure. 


Table  II. — Copper  globe  sooted.  (Apparatus  fig.  1.) 


October  22,  1889.  Vacuum. 

Pressure M.* 

Temperature  of  bath  surrounding  enclosure, 
17°-5  0. 

October  24,  1889.  Air. 

Pressure  75  centims. 

Temperature  of  bath  surrounding  enclosure,  ' 
16°-4  C. 

Excess  of  temperature 
of  globe  above  tempera¬ 
ture  of  surroundings. 

Loss  of  heat  per  sq. 
centini.  per  second 
per  1°  C.  of  excess. 

Excess  of  temj^erature 
of  globe  above  tempera- 
tui’e  of  surroundings. 

Loss  of  heat  per  sq.  1 
centim.  per  second 
per  1°  C.  of  excess. 

7y'G 

1-37  X  10-1 

O 

72-1 

2-76  X  10--1 

74-0 

1-36  „ 

62-3 

2-69  „  ' 

08-9 

1-34  „ 

54-1 

2-62 

64-2 

P32 

47-2 

2-55 

69-9 

1-30 

41-3 

2-48 

5o'9 

1-29 

36-2 

2-41 

52-2 

1-27 

31-9 

2-34 

48-8 

1-25 

28-2 

2-27 

45-7 

1-23 

25-1 

2-20 

42-8 

1-22 

22-4 

213 

40 -1 

1-20 

20-0 

2-06 

37-7 

1-18 

18-0 

1-99 

36 '4 

1T6 

16-2 

1-92 

31-3 

1T3 

27-8 

1-09 

24-8 

1-06 

22-2 

1-02 

20-0 

0-989 

18-0 

0-954 

1 

1 

M  clsnotcs  a  pi6Sh>urG  equal  to  (uic-iuillioiith  of  au  atiuospliere.  H'lie  lucasurenieut,  towevci',  is  not 
of  the  TOTAL  pressure  in  the  enclosure ;  but  only  of  the  pressure  of  the  gas  not  collapsible  in  the  MacLeod 
gauge. 
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Table  IT.  (continued). — Copper  globe  very  finely  sooted. 


October  25,  1889.  Air. 

Pressure  76  centims. 

Temperature  of  bath  surrounding  enclosure, 

17“  C. 

October  29,  1889.  Vacuum, 

Pressure  M. 

Temperature  of  bath  surrounding  enclosure. 
15°-3  C. 

Excess  of  tempei’ature 

Loss  of  beat  per  sq. 

Excess  of  temperatui’e 

Loss  of  heat  per  sq. 

of  globe  above  tempei’a- 

centim.  per  second 

of  globe  above  tempera- 

centim.  per  second 

ture  of  surroundings. 

per  1°  C.  of  excess. 

ture  of  suri  oundings. 

per  1°  C.  of  excess. 

O 

76T 

2-80  X  10-^ 

■  83-6 

1-25  X  10-^ 

68-25 

2-73 

78-2 

1-23 

59-1 

2-65 

733 

1-21 

51-6 

2-57 

68-7 

1-19 

45-1 

2-50 

64-6 

1-17 

39-75 

2-42 

60-7 

1-15 

.34-8 

2-34 

57-1 

1-14 

30-7 

2-26 

53-9 

1-12 

27-2 

2-19 

50.-7 

1-10 

24-2 

2-11 

47-8 

1-08 

21-6 

2-03 

45-13 

1-06 

19-6 

1-95 

42-7 

1-05 

18-1 

1-88 

40-4 

1-03 

36-3 

0-99 

32-7 

0-95 

It  will  be  of  interest,  in  order  to  observe  tlie  way  in  whicli  the  cooling  proceeds,  to 
remark  that  the  excess  temperatures  set  down  in  the  temperature  columns  are 
practically  those  observed  at  the  ends  of  successive  intervals  of  five  minutes. 
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Tab-le  III,  —Copper  globe,  silvered  and  polished.  (Apparatus,  fig.  1.) 


November  4,  1889.  Vacuum. 

Pressure--^  M. 

.r04 

Temperature  of  bath  suiTound- 
ing  enclosure,  14^‘4  C. 

November  5,  1889.  Vacuum,  and 
most  thorough  diying  since 
yesterday. 

Pressure  —  M . 

2 ’5 

Temperature  of  bath  surround¬ 
ing  enclosure,  15°'6  C. 

November  6,  1889.  Air,  very 
cby,  admitted  in  full  pressure  to 
enclosure  of  yesterday. 
Barometer  not  noted. 
Temperatui’e  of  bath  surround¬ 
ing  enclosure,  15°‘7  C. 

Excess  of  tem¬ 
perature 
of  globe  above 
tempei’ature  of 
surroundings. 

Loss  of  heat  per 
sq.  centim.  per 
second  per  1°  C. 
of  excess. 

Excess  of  tem¬ 
perature 
of  globe  above 
temperature  of 
surrouncRngs. 

Loss  of  heat  per 
sq.  centim.  per 
second  per  1°  C. 
of  excess. 

Excess  of  tem¬ 
perature 
of  globe  above 
temperature  of 
surroundings. 

Loss  of  heat  per 
sq.  centim.  per 
second  per  1”  C. 
of  excess. 

6?-4 

4-53  X  10-5* 

72°  1 

3-54  X  10-5 

66°8 

1-75  X  10“^ 

65-6 

4-50  * 

70-8 

3-52 

61-2 

1-72 

64-0 

4-50  * 

69-5 

3-50 

55-9 

1-68 

;  62-5 

4-44 

68-2 

3-47 

51-2 

1-65 

!  597 

4-38 

'  66-9 

3-45 

46-9 

1-61 

i  57-0 

4-32 

657 

3'44 

43-1 

1-58 

i  54-2 

4-25 

64-5 

3-42 

397 

1-54 

!  52  0 

4-20 

63-4 

3-40 

36-6 

1-51 

j  49T 

4-12 

62-2 

3-38 

.33-8 

1-47 

46-6 

4-05 

61-1 

3-36 

31-25 

1-44 

45-6 

4-02 

59-0 

3-32 

29-0 

1-41 

437 

3-96 

58-0 

3-.30  1 

26-9 

1-37 

41-9 

3-90 

56-0 

3-26 

25-0 

1-34 

40-2 

3-84 

54-1 

3-22 

1 

36-4 

3-69 

53-2 

3-20 

34-4 

3-00 

5P4 

3-16 

497 

3-12  : 

48-1 

3-08  ! 

46-6 

3-04 

45-1 

3-00 

437 

2-96  ! 

i 

*  Vacmim  not  satisfactoiy  at  commencement.  Improved  to  amount  stated,  M,  by  working 

pump;  but  somewhat  variable  all  through.  Probable  cause,  want  of  perfect  drying.  This  would  not 
be  indicated  as  pressure  by  the  MacLeod  gauge. 
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Table  IV. — Copper  globe  sooted.  (Apparatus,  tig.  2.) 


March  29,  1890.  Globe 
freshly  sooted,  very 
thin  coat,  but  very  com-  1 
plete  and  uniform. 

Air.  Pressure  75 '6 
centims.  Temperature  of 
bath  sun’ounding 
enclosure  17°‘5  0. 

April  8,  1890.  Vacuum. 

Pressure  —  M. 

5-1 

Temperature  of  bath  surrounding 
enclosure  15°  C. 

! 

April  10,  1890.  Dry  air  admitted  to 
enclosure  of  April  8. 

Pressure  75-5  centims. 
Temperature  of  bath  surrounding  i 
enclosure  15°-5  C. 

Excess 
of  tem¬ 
perature 
of  globe 
above  tem¬ 
perature 
of  sur¬ 
roundings. 

Loss  of  heat 
per  sq. 
centim. 
per  second 
per  1“  C.  of 
excess. 

: 

Excess  of 
temperature 
of  globe 
above  tem¬ 
perature  of 
surround¬ 
ings. 

Average  loss  of  heat  per 
sq.  centim.  per  second 
per  1°  C.  of  excess, 
between  the  tem¬ 
peratures  indicated  iir 
preceding  column. 

Excess  of 
temperature 
of  globe 
above  tem¬ 
perature  of 
surround¬ 
ings. 

Average  loss  of  heat  per 
sq.  centim.  per  second 
per  1°  C.  of  excess, 
between  the  tem¬ 
peratures  indicated  in 
preceding  column. 

221-0 

3-92  X  10-^ 

2.30-4 

250-3 

1 

189-9 

3-82 

2-23  X  10^^ 

1 

4-44  X  10-  t 

155-5 

3-68 

-204-6 

217-3 

128-2 

3-55 

2-00 

4-26 

106-5 

3-42 

1S4-0 

189-6 

89-1 

3-29 

1-78 

4-12 

75-0 

3-16 

152-2 

173-7 

63-6 

3-03 

1-63 

3-81 

54-3 

2-90 

139-5 

157-0 

46-7 

2-77 

1-52 

3-70 

40-4 

2-64 

128-7 

142-2 

35-3 

2-51 

1-44 

3-70 

31-0 

2-38 

119-2 

126-4 

1-42 

' 

3-63 

110-5 

1  116-9 

1-36 

i 

3-55 

102-8 

106-4 

1-27 

1 

3-48 

96-1 

89-25 

1-29 

1 

1 

3-23 

89-7 

81-9 

1-20 

3  02 

84-1 

58-5 

1-22 

2-98 

CO 

00 

49-9 

1-20 

2-86 

74-0 

' 

42-9 

1-26 

69-2 

1-15 

65-0 

1-07 

61-4 

4  I 
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Table  V. — Copper  globe  silvered  and  highly  polished.  (Apparatus,  fig,  2.) 


Marcli  7,  1890.  Air. 

Marcli  10,  1890.  Air.  : 

Pressure  75’8  centims. 

Pressure  76  centims.  | 

Temperatui’e  of  bath  surrounding  enclosure, 

12°  C. 

1 

Temperature  of  bath  surrounding  enclosure, 

13°  C.  i 

1 

1 

■  Excess  of  temiieraturc 
of  globe  above  tempera¬ 
ture  of  surroundings. 

Loss  of  heat  per  sq. 
centim.  per  second  per 
1°  C.  of  excess. 

Excess  of  temperature 
of  globe  above  tempera¬ 
ture  of  surroundings. 

Loss  of  heat  per  sq. 
centim.  per  second  per 
1°  C.  of  excess. 

O 

214-9 

2-53  X  10-^ 

0 

2.31-3 

2  ,55  X  10-^ 

188-7 

2-49 

221-1 

2-52 

165-5 

2-45 

193-4 

2-48 

145-4 

2-41 

169  5 

2-44  1 

128-0 

2-37 

148-9 

2-40 

113-0 

2-33 

131-2 

2-35 

99-9 

2-29 

118-5 

2-31 

88-5 

2-25 

102-4 

2-27  ! 

78-6 

2-21 

90-8 

2-23 

i  69-8 

2-17 

80-7 

2-18 

1  62-3 

2-13 

71-9 

2-14 

55-8 

2-09 

64-2 

2-10 

50-0 

2-05 

57-4 

2-06 

44-9 

2-00 

51-5 

2-01 

40-4 

1-96 

46-3 

1-97 

36-4 

1-92 

41-7 

1-93 

32-8 

1-88 

37-5 

1-89 
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Table  VI. — Copper  globe  silvered  and  very  highly  polished  for  experiment  of  April  14; 
believed  to  be  tarnished  during  experiment  of  April  17.  (Apparatus,  fig.  2.) 


April  14,  1890.  Vacuum. 

Pressure  at  commencement  about  10  M  or 
12  M,  coming  down  in  25  minutes 
to  less  tnan  M,  and  kept  so,  though 
somewhat  variable,  by  vigorous  working 
of  Sprengel. 

Temperature  of  bath  surrounding  enclosure, 
1.3°-3  C. 


Excess  of  tempei’ature 
of  globe  above  tempera¬ 
ture  of  suiTOundings. 

Loss  of  heat  per  sq. 
centim.  per  second  j^er 
1°  C.  of  excess. 

240°5 

5-58  X  10-5 

2.33-4 

5-10 

227-2 

4-06 

222-3 

3-07 

218-7 

2-68 

211-4 

2  64 

208-4 

2-55 

205-7 

2-59 

202-9 

2-59 

198-2 

2-16 

195-9 

2-25 

193-6 

1-95 

191-5 

1-64 

187-7 

1-73 

183-9 

1-86 

179-9 

1-77 

176-6 

1-90 

174-9 

1-90 

167-9 

1-92 

164-5 

1-94 

161-2 

1-94 

April  17.  Vacuum. 

Pressure  2  M. 

Considerably  more  at  commencement. 
Temperature  of  bath  surrounding  enclosure, 
12°  C. 


Excess  of  temperature 
of  globe  above  tempera¬ 
ture  of  surroundings. 

Loss  of  heat  per  sq. 
centim.  per  second  per 
1°  C.  of  excess. 

254-5 

8-39  X  10-5* 

246-6 

8-21  * 

235-1 

7-35 

214-7 

7-28 

199-8 

7-18 

184-3 

6-98 

171-2 

6-87 

159-3 

6-66 

146-0 

6-57 

136-1 

6-31 

Vacuum  unsatisfactory,  improving  by  working  pump.  Surface  of  globe  found  to  be  tarnished  at 

conclusion  of  this  experiment. 
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Appendix. 

Added  March,  1893. 

The  method  of  calculation  of  the  results  of  my  experiments  is  explained  in  the 
body  of  my  paper ;  but  it  has  been  suggested  that  a  more  detailed  account  of  the 
calculations,  with,  perhaps,  a  numerical  example,  might  be  of  value.  Accordingly, 
though  I  fear  it  cannot  be  done  without  considerable  repetition,  1  beg  to  supply  the 
want  in  this  appendix. 

The  numerical  results  of  my  experiments  are  obtained,  as  has  been  explained,  in 
the  form  of  readings  of  the  galvanometer  deflection  taken  at  equal  intervals  of  time, 
five  minutes  being  the  interval  most  commonly  adopted.  The  arrangements  for 
making  the  observations  at  the  precise  instant  are  explained  on  p.  599  of  the  paper. 
These  arrangements  were  perfectly  successful.  Thanks  lai’gely  to  the  skill  of 
Mr.  Tanakadate  in  this  kind  of  observation,  it  was  very  rarely  that  a  reading  was 
missed ;  and  when  by  any  chance  a  reading  was  missed  the  failure  was  known  and 
the  exact  time  of  the  next  observation  was  noted.  There  was  on  no  occasion  what¬ 
ever  any  uncertainty. 

At  suitable  times  also  the  temperature  of  the  surrounding  vessel,  and  the  state  of 
the  vacuum  and  other  particulars,  Avere  noted. 

While  an  experiment  on  the  cooling  of  a  globe  was  in  progress  the  galvanometer 
readings  were  plotted  on  to  a  laig-e  sheet  of  squared  paper.  This  Avas  done  because 
it  Avas  impossible  to  see  into  the  enclosure ;  and  some  check  Avas  Avanted  by  which  it 
could  be  known  that  everything  was  proceeding  satisfactorily  and  had  been  carried 
out  properly  in  the  preparations  for  the  experiment.  Usually  each  experiment  had 
some  special  feature  for  Avhich  special  preparation  AA-as  made  ;  and  it  Avas  quite  possible 
that  some  contact  of  the  Avires  of  the  thermo-junction,  or  some  flaAv  in  the  last  solder- 
ino’  of  the  halves  of  the  enclosure,  should  make  the  result  of  the  lono-  course  of  AA’aiting 
and  observing  valueless.  Fortunately  no  such  mischance  did  occur;  but  a  check  AA’as 
necessary,  and  the  plotting  of  the  curve,  Avhich  could  be  quickly  compared  by  eye  Avith 
others  of  the  same  kind,  aftbrded  a  test  Avhich  AA^as  particularly  easy  and  satisfactory. 

The  folloAving  is  a  copy  of  one  of  the  pages  of  my  note-book.  It  explains  itself; 
as.  Indeed,  each  page  ought  to  do  : — 
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April  2,  1890.  Observed — J.  T,  Bottomley,  A,  Tanakadate.  Sooted  globe 

in  vacuum  ;  thin  coating. 


1 

:  Time. 

1 

Deflecfciou. 

Temperatiire 
of  bath. 

j 

Vacuum,  &c. 

h.  m. 

C 

i  3  37  p.M. 

1171-9 

16-0 

Good  A^acuum.* 

16-2 

40 

1034-5 

15-7 

[ 

Vacuum  impi'oviug. 

4.5 

! 

50 

864-6 

756-3 

1.5-9 

/Volume  10' 
/  Pressure  13 
f  Volume  10 
[  Pressure  12_, 

Readings  of  volume  and 
>  pressure  on  the  Alac- 
Leod  gangc. 

55 

669-9 

4  00 

597-0 

15-9 

1  5 

535-9 

10 

483-1 

/  Volume  10. 
fPressui’e  12. 

15 

436-7 

15-9 

■ 

. 

20 

.399-0 

'  25 

365-2 

30 

.335-4 

/  Volume  10, 
t  Pressui’c  12. 

i 

'  35 

309-4 

15-6 

' 

15-9 

'  40 

286-5 

15-9 

45 

266-5 

e  • 

/  Volume  10. 
t  Pressure  12. 

1  50 

, 

248-4 

1 

! 

55 

i 

; 

5  00 

218-9  1 

15-9 

*  Neglect  first  two  readings,  vacunm  not  good  enough. 


It  will  be  seen  that  the  galvanometer  readings  are  noted  opposite  particular 
instants  of  time.  The  galvanometer  readings,  properly  corrected,  give  the  temperature 
of  the  globe  at  those  instants  of  time.  The  differences  of  the  logarithms  of  these 
readings  give  the  cooling ;  and  the  differences  between  the  time  readings  give  the 
intervals  of  time  corresponding  to  the  cooling ;  while  also  the  readings  themselves 
give  the  differences,  at  the  beginning  and  end  of  the  time  intervals,  between  the 
temperatures  of  the  globe  and  its  surroundings,  and  also  some  mean  between  the 
pairs  of  readings  gives  the  actual  temperature  corresponding  to  the  emissivity  to  be 
calculated.  The  object  of  the  subsequent  calculation  was  to  tind  the  absolute 
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emissivity  at  the  temperatures  and  under  the  circumstances  noted ;  but  neither  the 
absolute  time  nor  the  intervals  of  time  appear  in  the  final  result. 

In  order  to  prejoare  the  numbers  thus  recorded  for  calculation  it  tvas  necessary  to 
apply  certain  small  corrections  to  the  galvanometer  readings. 

1.  As  the  reflecting  galvanometer  and  a  plane  scale  were  used,  and  as  the  angle 
through  which  the  ray  of  liglit  turns  is  double  that  through  which  the  mirror  and 
magnet  are  turned  by  the  current  force,  a  number  proportional  to  n^jd^  must  be 
subtracted  from  the  galvanometer  readings  in  order  to  obtain  numbers  proportional  to 
the  magnet  deflections  (or  their  sines  or  tangents) ;  n  being  the  observed  deflection 
and  d  tlie  distance  of  the  scale  from  the  mirror.  To  do  this  a  table  of  values  of 
#/{  10152)®  was  prepared;  but  very  convenient  tables  for  this  purpose  were  pub¬ 
lished  in  1890  by  Dr.  Paul  Czermak,"^  and  ought  now  to  form  a  part  of  the  equip¬ 
ment  of  a  physical  laboratory. 

2.  The  second  correction  consists  in  the  subtraction  of  a  small  quantity  proportional 
to  the  square  of  the  deflection.  It  is  for  the  term  in  the  thermo-junction  formula 
which  is  proportional  to  the  square  of  the  temperature.  This  correction  was  also 
applied  with  the  help  of  a  table  or  with  the  slide  rule.  (See  footnote  to  p.  603  of 
the  paper.) 

These  subtractions  having  been  made,  I  obtain  what  I  may  call  the  “  proportional 
deflections  ”  and  these  stand  opposite  to  the  times  observed.  These  numbers  are 
proportional  to  the  differences  of  the  temperatures  of  the  globe  and  the  water-bath 
surrounding  its  enclosure  at  the  corresponding  times.  The  following  copy  from  pages 
of  my  calculation  book  will  show  all  details. 


*  Footnote  to  jn  597  of  paper. 
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Calculation  of  Eesults  of  April  2,  1890, 

Sooted  globe  in  vacuum  ;  thin  coating.  Vacuum  M.  (Apparatus,  fig.  2.) 


0) 

Time. 

(2) 

Observed 

deflection. 

(3) 

Corrections 
and  sum  of 
corrections. 

(4) 

Propor¬ 

tional 

deflec¬ 

tion. 

(5) 

Log.  of 
propor¬ 
tional 
deflection. 

(6) 

Differ¬ 
ences  of 
logs,  of 
propor¬ 
tional 
deflec¬ 
tions. 

. 

Emissivity 
(calculated  by 
multiplying 
numbers 
of  column  6 

by 

4-323  X  10-3) 

(8) 

Log.  of 
difference 
of  tempera¬ 
tures 

of  globe  and 
surround¬ 
ings. 

(9) 

Differ¬ 
ence  of 
tempera¬ 
tures  of 
globe  and 
sni’i’ound- 
ings. 

p.Ji. 

3.40 

1034-5 

178-7 

10-7 

168-0 

855-8 

2-9324 

•0643 

2-780x10-1 

2-3792 

239°-4 

3.45 

864-6 

126-6 

6-6 

120-0 

738-0 

-8681 

•0468 

2-024 

2-3149* 

206-5 

3..50 

756-3 

93-7 

4-2 

89-5 

662-6 

-8213 

•0453 

1-959 

2-2681 

185-4 

3.55 

669-9 

72-9 

2-9 

70-0 

597-0 

-7760 

•0438 

1-894 

2-2228 

167-0 

4.0 

597-0 

57-2 

2-0 

55-2 

539-8 

-7322 

-04-22 

1-824 

2-1790 

151-0 

4.5 

535-9 

46-1 

1-5 

44-6 

489-8 

-6900 

•0408 

1-764 

2-1368 

137-0 

4.10 

483-1 

37-3 

1-1 

36-2 

445-8 

-6492 

•0397 

1-716 

2-0960 

124-7 

4.15 

436-7 

29-8 

0-8 

29-0 

406-9 

•6095 

•0372 

1-608 

2-0563 

113-9 

4.20 

399-0 

23-5 

0-6 

24-9 

373-5 

•57-23 

•0362 

1-565 

2-0191 

104-5 

4.25 

365-2 

21-6 

0-5 

21-1 

343-6 

-5361 

•0347 

1-500 

1-9829 

96-14 

4  30 

335-4 

18-2 

0-4 

17-8 

317-2 

•5014 

•0331 

1-431 

1-9482 

88-76 

4.35 

309-4 

lo'I 

0-3 

15-1 

294-0 

•4683 

•0317 

1-370 

1-9151 

82-24 

4.40 

286-5 

13-3 

0-2 

13-1 

273-2 

•4366 

•0301 

1-301 

1-8834 

76-45 

4.45 

266-5 

11-5 

0-2 

11-3 

255-0 

•4065 

•0286 

1-237 

1-8533 

71-34 

4.50 

248-4 

9-7 

0-1 

9-6 

238-7 

•3779 

1-8247 

66-79 

4.55 

5.0 

218-9 

7-4 

0-1 

7-3 

211-5 

•3253 

•0526 

1-137 

1-7721 

59-17 

*  Vacuum  not  good  enough  at  first  rea,ding  or  first  and  second. 
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Taking  the  common  logarithms  of  the  numbers  in  column  4  we  have  the  fifth  column 
of  the  table  on  p.  615, 

The  differences  between  the  successive  logarithms  of  deflections  gives  col.  6.  To 
obtain  the  proper  ernissivities.  these  numbers  must  be  multiplied  b}^  (M  X  c)/(300  X  S) ; 
where  M  is  the  modulus  for  reducing  Neperian  logarithms  to  common  logarithms, 
c  the  capacity  for  heat  of  the  globe,  S  the  cooling  surface,  and  300  the  interval  of 
time  in  seconds.  (See  p.  G04  of  the  paper.)  The  value  of  Mc/300  S  is  4*323  X  10  “  ^ 
The  multiplication  I  perform  by  means  of  Crelle’s  table. 

Lastl}^,  to  find  the  difference  of  temperatures  of  globe  and  bath  correspondmg  to 
the  ernissivities,  I  use  the  logarithms  of  the  deflections  in  col.  5,  and  to  each  of  these 
add  the  logarithm  of  the  multiplier  corresponding  to  the  first  term  of  the  thermo¬ 
junction  formula.  In  the  formula  of  the  note  of  p.  603  of  the  paper,  this  multiplier 
would  be  3.^  and  the  additive  logarithm  0'4701  —  1.  In  the  present  case 
April  2,  1890,  the  multiplier  is  0*27976  ;  and  the  additive  logarithm  0*4468  —  1. 
Taking  the  anti-logarithms  of  the  numbers  so  found,  I  obtain  the  difference  of  tem¬ 
peratures  in  Centigrade  degrees  between  cooling  body  and  surroundings. 


Phll.Tra  rx^.  1893.  A.Pi<xtelZ 


Temf&rature,  ijv  CervCu^raxLe^  degre&e  hy  Aij' 


1 


[  fi'7  ] 


XIT.  Harmonic  Analysis  of  Hourly  Ohscrvafions  of  Air  Teiii'perature  and  Pressure 

at  British  Observatories. — Part  T.  Tem-perature. 

By  Lient.-Oeiieral  Pt.  Strachey,  F.R.S.,  Cha.iirnan  of  the  Meteorolor/ical  Council. 
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[Plates  1 9-23.] 

The  Meteorological  Council  have  lately  published  a  volume  entitled  ‘  Harmonic 
Analysis  of  Hourly  Observations  of  Air  Temperature  and  Pressure  at  British  Obser¬ 
vatories.’  It  was  thought  preferable  that  this  publication  should  be  limited  to  the 
series  of  Tables  giving  the  computed  values  of  the  harmonic  constants,  with  a  brief 
introduction  explaining  how  the  calculations  had  been  carried  out,  and  that  the 
discussion  of  the  results  should  b(!  embodied  in  a  separate  memoir,  which  I  hoped  to 
comimmicate  to  the  lioyal  Society,  an  intention  which  I  now  realize. 

I  have  annexed  to  the  present  communication  a  selection  of  such  of  the  Tables 
given  in  the  volume  referred  to  as  appear  necessary  for  my  present  purpose,  and  I 
have  added  a  series  of  graphical  representations  of  some  of  the  results  of  the 
computations,  which  will  facilitate  the  study  of  the  subject. 

I  have  also  thought  it  convenient  to  reproduce,  with  some  few  modifications,  the 
explanations,  contained  in  the  introduction  of  the  same  volume,  of  the  metliod 
according  to  which  the  computations  it  contains  wei'e  made. 

The  series  of  Tables  to  which  I  have  referred  give  the  results  of  computations  com¬ 
menced  by  myself,  and  completed  in  the  Meteorological  Oftice  under  the  supervision 
of  Mr.  K.  Curtis. 

The  computations,  as  originally  undertaken,  were  designed  to  supply  the  harmonic 
analysis  of  the  hourly  observations  of  temperature  and  pressure  made  at  Greenwich 
Observatory,  in  each  case  for  twenty  years,  which  were  published  in  1878. 

Subsequently  it  was  determined  to  extend  the  investigation,  as  a  part  of  the  regular 
routine  of  the  Meteorological  Office,  so  as  to  obtain  the  harmonic  constants  from  the 
photographic  records  of  temperature  and  pressure  of  the  self-recording  instruments  at 
the  seven  observatories  maintained  by  the  Meteorological  Oflice,  viz.,  Valencia, 
Armagh,  Falmouth,  Glasgow,  Stonyhurst,  Aberdeen,  and  Kew,  for  a  series  of  twelve 
years. 

With  a  view  to  reducing  the  necessary  labour,  the  computations  of  the  harmonic 
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com})onents,  extending  to  the  fourth  order,  have  been  made  from  the  Greenwich  data 

the  method  proposed  by  myself  (and  explained  in  the  ‘  Proceedings  of  the  Pioyal 
Society,’  vol.  42,  pp.  61-79),  with  the  help  of  the  Tables  to  be  found  in  the  Appendix 
to  the  “  Hourly  Headings  of  the  Self-recording  Instruments  at  the  Observatories  of 
the  Meteorological  Council  ”  for  1884. 

The  values  of  the  constants  for  the  seven  observatories  of  the  Meteorological  OflSce, 
extending  to  the  third  order,  were  obtained  from  the  photographic  records  by  means 
of  the  mechanical  analyser  designed  by  Sir  W.  Thomson,  a  description  of  which  will 
be  found  in  the  ‘Proceedings  of  the  Royal  Society,’  vol.  27,  p.  371,  and  as  to  the 
use  of  which  and  the  degree  of  dependence  to  be  placed  on  its  indications  reference 
may  be  made  to  the  ‘  Annual  Reports  of  the  Meteorological  Office,’  for  the  years 
1881,  1883,  1885,  and  1890,  and  to  the  ‘Proceedings  of  the  Royal  Society,’  vol.  40, 
p.  382. 

In  these  Tables,  following  the  usual  formula  expressing  the  hourl}^  value  A„  in  terms 
of  its  harmonic  components, 

A„  =  2^0  +  Pi  cos  n  15°  +  sin  15°  +  cos  2n  15°,  &c., 

2Jq  represents  the  mean  value  for  the  whole  twenty-four  hours  ;  the  coefficients  of 
the  cosines  are  designated  by  the  letters  q)vP-2’  Ps’  ‘^c.,  for  the  several  orders  of  com- 
])onents  ;  and  those  of  the  sines  by  the  letter  q^,  qo,  q^,  &c.  The  values  are  expressed 
in  degrees  Fahrenheit  for  temperature,  and  in  inches  for  pressure. 

The  total  amplitudes  of  the  several  components  in  the  corresponding  formula, 
involving  sines  only,  are  designated  by  the  letter  P^,  Pg,  &c.,  where  Pi-=  \/(pi~  +  q\^), 
and 

A, I  =  Pq  +  Pj  sin  (n.  15°  -J-  Tj)  -f-  Pj  sin  (2?<.15°  +  T3)  -|-  P3  sin  (3n.l5°  -|-  Tg),  &c. 

The  Tables,  however,  instead  of  giving  the  values  of  the  subsidiary  angles  T,  show 
the  epochs  of  the  first  maximum  reckoned  from  midnight  in  angular  measure,  the 
letters  pg,  pg,  &c.,  indicating  the  epochs  for  the  several  components.  This  method 
of  stating  the  phase  or  epoch  of  the  components  has  the  advantage  of  directly  indi¬ 
cating  their  relation  to  the  hour  of  the  day,  and,  therefore,  to  the  position  of  the  Sun, 
to  which  the  diurnal  variations  of  temperature  and  pressure  should  obviously  be 
referred. 

If  it  be  understood  that  tan  x  =2Jlq,  disregarding  the  signs  of  the  coefficients,  then 
the  quadrants  in  which  T  will  fall  when  regard  is  had  to  the  signs  of  p  and  q,  and 
the  relation  of  p  to  T  and  x,  for  the  several  components,  are  shown  in  the  following 
Table. 


HOURLY  OBSERVATIONS  OP  AIR  TEMPERATURE  AND  PRESSURE. 


619 


Value  of  T  .  .  .  .  | 

P  +  ;  <2  +  • 

p-  ,  q  ^  . 

F-  ,  <2  -  > 

p  +  ,  q-  . 

X 

0  to  90° 

360°  - 
270°  to  360° 

180°  +  X 

180°  to  270° 

180°  —  X 

90°  to  180° 

Value  of  /tj  ...  1 

90“  -  Tj 

90°  - 

450°  -  T] 

90°  +  X 

450°  -  Tj 
270°  -  a; 

450°  -  T] 

270°  4-  a; 

Value  of  /(o  .  .  .  1 

.  4.5°  -  iTo 

45°  -  i'B 

225°  -  IT3 
45°  +  pv 

225°  -  iTo 
135°  - 

225°  -  iTo 
135°  +  la; 

Value  of  yiig  .  .  .  1 

30°  -  iTg 
30°  - 

150°  -  XX 

30°  +  lx 

150°  -  iTg 
90°  -  xx 

150°  -  1T3 
90°  +  xx 

Value  of  ...  1 

22V  -  fT, 
22|°  -  fa; 

1121°  _  iT, 
224°  +  ix 

1121°  -  iT^ 
671°  -  ir 

1121°  _  iTj 

671°  + 

The  values  of  P  aucl  jx  were  throughout  obtained  from  the  calculated  values  of  jo,  q, 
by  means  of  a  slide  rule  arranged  for  the  solution  of  the  equations,  tan  x  =  p/q,  and 
P  =  y)/sin  X,  as  shown  below  : — 

Fixed  Rule. 


Slide. 


The  upper  scale  of  the  Jixed  rule  is  graduated  to  show  logarithms  of  numbers,  and 
serves  to  indicate  the  value  of  log  p.  The  graduations  of  the  lower  scale  of  the 
same  rule  represent  log  tangents  to  radius  equal  1  on  the  upper  scale  and  indicate 
log  tan  X. 

The  graduations  of  the  lower  edge  of  the  slide  rule  are  logarithms  of  numbers  in 
the  reverse  order  to  those  of  the  fixed  rule,  and  indicate  the  values  of  log  q.  The 
upper  edge  of  the  slide  rule  is  graduated  to  show  log  sines  to  the  same  radius  as 
before,  and  indicates  the  value  of  log  sin  x. 

The  rule  is  used  as  follows  : — The  slide  is  moved  in  the  groove  till  the  zero  point  A, 
on  its  top  edge,  comes  opposite  to  the  graduation  corresponding  to  log  p)  on  the  fixed 
rule.  Then  opposite  the  graduation  corresponding  to  log  q  on  the  lower  edge  of 
the  slide  will  be  found,  on  the  scale  of  log  tangents,  the  value  of  the  angle  x,  or 
log  tan  X  log  p)  —  log  q. 
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Then,  without  moving  the  slide,  the  value  of  P  will  be  found  on  the  scale,  showing 
logji?,  opposite  the  graduation  on  the  upper  edge  of  the  slide  corresponding  to  log 
sin  X  ;  or  log  P  =  log  pj  —  log  s'm 

The  first  series  of  Tables  in  the  volume  spoken  of  deal  with  Greenwich  aii’  tempe¬ 
rature,  the  next  refer  to  Greenwich  pressure.  Then  follow  the  results  obtained  by 
the  mechanical  analyser  for  the  seven  observatories,  first  those  dealing  v’ith  tempera¬ 
ture,  and  next  those  for  pressure. 

The  Tables  for  each  series  (a  few  of  which  only  are  reproduced  with  this  paper) 
are  arranged  as  follows  : — 

No.  I.  gives  the  values  of  the  p,  q  coefficients,  in  the  case  of  Greenwich,  for  the 
first  four  orders  for  each  year  and  for  each  montli,  and  for  the  seven  observatories  of 
the  Meteorological  Office  for  the  first  three  orders.  The  mean  values,  in  the  case  of 
Greenwidi,  for  each  series  of  live  years,  as  well  as  the  means  for  the  whole  20  years, 
are  also  given ;  and  for  the  seven  observatories  for  the  period  of  1 2  years. 

No.  II.  is  deduced  from  No.  I.,  and  gives  in  like  form  the  values  of  P  and  /r  for  the 
four,  or  three  components  (as  the  case  may  be)  for  each  year  and  month,  and  the 
corresponding  means. 

It  will  be  observed  that,  in  a  few  cases,  p,  has  a  negative  sign,  which  implies,  as  Avill 
be  further  explained,  that  the  epoch  of  maximum  is  thrown  back  before  midnight. 

No.  III.  is  derived  from  No.  I.,  and  gives  the  mean  annual  values  of  the  p,  q  coeffi¬ 
cients  for  each  year,  with  the  five-year  and  20 -year  means  as  before. 

No.  IV.  is  also  derived  from  No.  I.,  and  gives  the  means  of  the  several  monthly 
values  of  the  qo  and  q  coefficients  for  the  20  years.  Ttible  A,  annexed  to  the  present 
paper  (p.  639),  reproduces  the  results  for  the  Greenwich  observations,  and  Table  C 
those  for  the  seven  observatories. 

No.  V.  is  derived  from  No.  II.,  and  gives  the  mean  annual  values  of  P  and  p  for 
each  year,  with  the  five-year  and  20-year  means. 

No.  VI.  is  also  derived  from  No.  II.,  and  gives  the  means  of  the  several  monthly 
values  of  P  and  p  for  the  20  years. 

No.  VII.  brings  together  the  monthly  mean  values  of  P  and  p  for  the  first  four  orders 
of  components,  for  the  four  five-year  periods  over  which  the  observations  extend ;  the 
jdiase  of  maximum  being  in  this  Table  stated  in  apparent  time,  instead  of  in  Tiiean 
time,  as  is  done  in  the  others.  Table  B,  which  is  annexed  to  this  paper,  gives  these 
results  for  the  Greenwich  observations,  and  Table  D  those  foj-  the  seven  observatories. 

No.  VIII.  shows  the  mean  monthly  values  of  P  and  p,  obtained  from  the  mean 
hourly  values  for  each  month  and  the  entire  year  for  the  whole  series  of  20  }'ears,  as 
given  in  No.  IX.  These  values  will  be  seen  to  differ  from  those  supplied  by  No.  VI., 
and  would  be  the  values  of  P  and  p,  deduced  from  the  mean  values  of  p,  q  given  in 
No.  IV.  The  differences  are  due  to  No.  VI.  giving  the  means  of  the  whole  of  the 
separate  values  obtained  from  the  observations  of  the  separate  years  and  months, 
while  the  results  in  No.  VIII.  are  obtained  from  the  mean  of  the  hourly  values  for 
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the  whole  period  in  the  aggregate,  in  which  the  effects  of  some  of  the  Hactuations  are 
necessarily  lost.  For  the  same  reason,  the  mean  value  for  the  year,  in  No.  VITL,  is 
not  the  arithmetical  mean  of  the  12-monthly  values. 

No.  IX.  gives  the  mean  hourly  values  for  each  month  of  the  year,  obtained  from 
the  Greenwich  hourly  observations.  This  Table  is  extracted  from  the  volume  of 
Greenwich  meteorological  observations  for  20  years. 

No.  X.  gives  the  corrections  that  should  be  applied  to  the  Greenwich  observations 
on  account  of  the  non-periodical  variation  between  the  initial  and  final  midnights  of 
the  daily  period.  The  nature  of  this  correction,  and  how  the  non-periodical  variation 
affects  the  computations  of  the  harmonic  constants,  are  explained  in  the  papers  before 
referred  to ;  (Proceedings  of  the  Royal  Society,  vol.  42). 

No.  XI.  gives  the  mean  value  for  each  hour  and  for  each  year,  cori-ected  as  above, 
and  the  mean  for  the  whole  20  years. 

The  Tables  VIII.  to  XI.  could  not  be  prepared  in  the  case  of  tire  seven  observa¬ 
tories  of  the  Meteorological  Office,  inasmuch  as  the  numerical  mean  values  of  the 
hourly  readings  had  not  been  obtained  when  the  calculations  now  jDublished  were 
carried  out. 

The  20-years  series  for  Greenwich  temperature  extends  from  1849  to  1868,  and 
that  for  pressure  from  1854  to  1873,  so  that  the  results  will  only  be  strictly  com¬ 
parable  for  the  15  years  from  1854  to  1868.  The  five-year  means  compared  with 
those  for  the  whole  series  of  years  serve  to  indicate  how  far  the  mean  results,  obtained 
from  relatively  short  periods,  are  likely  to  deviate  from  those  got  for  long  periods. 
These  computations  also  show  the  degree  of  consistency  of  the  computed  values  of  the 
quantities  dealt  with,  from  year  to  year,  and  from  month  to  month,  in  a  considerable 
series  of  years. 

It  is  necessary  to  state  that  there  has  occasionally  been  some  difficulty  and  uncer¬ 
tainty  attending  the  calculation  of  the  mean  values. 

In  the  first  place,  in  the  series  of  values  of  the  p,  q  coefficients,  if  the  signs  change 
periodically,  as  will  be  seen  to  be  the  case  in  the  third  and  fourth  orders,  the 
arithmetical  mean  can  give  no  true  indication  of  the  mean  extent  of  the  variations 
that  have  actually  taken  place.  For  instance,  if  the  positive  and  negative  quantities 
are  in  the  aggregate  nearly  equal,  the  mean  result  would  be  nearly  zero,  though,  in 
fact,  the  variations  may  have  been  very  marked,  and  the  positive  and  negative  sums 
considerable. 

Again,  as  the  several  components  of  the  diurnal  curve  of  orders  above  the  first  are 
recurrent,  there  is  in  some  cases  an  ambiguity  arising  from  the  difficulty  of  determining 
whether  a  change  of  phase  in  successive  months  takes  place  by  occurring  later  or 
earlier.  This,  no  doubt,  is  mainly  due  to  the  monthly  periods,  for  which  the  means 
are  computed,  being  too  great  to  admit  of  following  the  several  steps  of  a  rapid 
■change,  such  as  takes  place  about  the  equinoxes  in  the  components  of  the  third  and 
fourth  orders.  A  somewhat  similar  difficulty  arises  at  times  in  the  case  of  wliat  may 
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be  termed  casual  irregularities  in  the  position  of  the  phase  of  maximum,  in  dealing 
with  some  of  which  it  becomes  uncertain  whether  the  maximum  has  been  thrown 
forward  or  backward. 

In  dealing  with  the  series  of  Greenwich  temperature  values,  a  doubt  of  this  sort 
arises  in  relation  to  the  abrupt  changes  in  the  value  of  between  January  and 
February,  and  again  between  October  and  November,  which  might  be  attributed 
either  to  retrogression  of  the  phase  of  maximum,  or  to  progTCSsion.  The  uncertainty, 
however,  in  such  a  case  hardly  affects  the  mean  monthly  values,  which  are  fanly 
consistent ;  but  a  doubt  is  introduced  in  determining  an  annual  mean,  the  numerical 
value  of  which  will  depend  on  the  conclusion  adopted  as  to  the  way  in  which  the 
changes  take  place.  This  hesitation  is  unavoidable  in  the  absence  of  a  series  of  values 
calculated  for  short  periods  while  the  change  is  going  on. 

Much  greater  uncertainty  prevails  in  dealing  with  the  barometric  values  than  with 
the  thermometric,  the  irregularities  in  the  former  being  far  more  numerous  and  per¬ 
plexing. 

It  may  be  noticed  with  reference  to  the  quantities  p,  q,  that  their  absolute  amounts 
represent  tlie  extent  of  the  amplitudes  of  the  components,  while  their  signs  only 
indicate  the  phase,  or  epoch  of  maximum,  in  relation  to  the  successive  quadrants  in 
each  recurring  series  of  components.  A  succession  of  signs  in  the  order  +  Id  +  fZ 
—  "k  fZ  ’  —  P’  —  ?  >  "k  —  9.^  corresponds  to  an  epoch  of  maximum  gradually 
Ijecoming  later,  and  vice  versd.  The  mutual  destruction  of  a  series  of  positive  and 
negative  values  of  p,  q  will,  therefore,  merely  signify  that  there  is  no  true  time  of 
maximum,  or  that  all  positions  are  equally  probable  or  uncertain. 

When,  as  is  not  seldom  the  case,  there  are  considerable  variations  in  the  values  of  p, 
an  assumption  may  become  necessary,  in  computing  the  mean  of  these  values,  as  to  the 
direction  in  which  the  departure  of  the  separate  values  from  the  mean  should  be 
reckoned,  whether  onward  or  backward. 

For  instance,  in  the  Greenwich  tables  for  temperature,  the  value  of  p-o  in  the  month 
of  Ma}^  for  the  year  1885  would  by  the  computation  appear  as  85°  1'.  Inasmuch, 
however,  as  will  be  seen  from  the  separate  values,  the  mean  value  is  evidently  much 
nearer  to  the  commencement  of  the  first  quadrant,  to  which  /x^  appertains,  than  to 
its  termination,  it  has  been  assumed  that  the  value  instead  of  being  85°  1'  should  be 
represented  by  —  4°  59';  that  is  to  say,  that  the  departure  of  the  maximum  from  the 
mean  has  taken  place  by  occurring  earlier  and  not  later.  All  the  entries  of  g  in  the 
Tables  marked  with  the  minus  sign  indicate  that  an  assumption  of  this  description 
has  been  made. 
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Part  I. — Temperature. 

Greemvich  Temperature. 

The  series  of  Tables  dealing  with  Greenwich  temperature  shows  that,  with  consider¬ 
able  variations  in  the  absolute  values  of  all  the  p,  5  coefficients  for  the  several  months, 
and  from  year  to  year,  as  well  as  of  the  total  amplitudes  P,  and  the  epochs  of 
maximum  p,  there  is  still  a  strongly  marked  general  consistency  in  the  characteristics 
of  the  various  elements.  Reference  to  Table  B  annexed  to  this  paper  (which  is 
Table  VIT.  of  the  Greenwich  series  above  described)  shows  very  clearly  that,  with 
relatively  few  exceptions,  chiefly  to  be  found  in  the  winter  months,  and  among  those ' 
components  the  absolute  values  of  which  are  very  small,  the  mean  monthly  epochs  of 
maximum  in  the  several  five-year  periods  differ  among  one  another  by  very  small 
amounts,  corresponding  to  intervals  of  time  seldom  as  large  as  half-an-hour.  As, 
however,  the  weight  of  tlie  conclusions  that  may  be  drawn  from  these  computations 
depends  greatly  on  the  internal  evidence  supplied  by  their  greater  or  less  consistency 
among  themselves,  it  is  important  to  dwell  somewhat  more  on  this  point. 

The  requisite  test  wall  best  be  supplied  by  the  values  of  p  which  indicate  the  times 
of  maximum  phase,  and  are,  therefore,  immediately  dependent  on  the  Sun’s  action, 
and  should  follow  his  position  ;  and  this  being  subject  to  regular  periodical  change  in 
the  course  of  the  year,  it  would  follow^  that  if  the  values  of  p  show  corresponding- 
regular,  or  nearly  regular,  periodical  variations,  they  may  be  regarded  as  affording 
valid  internal  evidence  of  being  trustworthy.  The  values  of  P,  the  total  amplitude 
or  variation  of  temperature,  which  are  certainly  subject  to  influences  of  a  much  more 
local  and  irregular  character,  will  be  liable  to  much  greater  and  more  irregular 
changes. 

A  convenient  and  succinct  summary  of  the  facts  bearing  on  this  point  will  be  found 
in  the  following  Table,  which  shows  for  the  series  of  20  years  the  number  of  times 
(reckoned  as  a  percentage)  in  which  the  computed  values  of  p  for  single  months  fall 
in  the  several  quadrants,  the  hours  corresponding  to  which  are  as  follows  : — 


Time  of  Maximum  according  to  Value  of  p  falling  in  successive  Quadrants. 


Components. 

1st  quadrant. 

2nd  quadrant. 

3rd  quadrant. 

4th  quadrant. 

First  . 

Second  . 
Third .  .  . 

Fourth  .  . 

Midniglit  to  6  a.m. 

)  1  ) ) 

9 

„  „  1.30  „ 

G  A.M.  to  noon 

3  ,,  6  A.M. 

?!  4  ,, 

1.30  3  „ 

Noon  to  6  P.M. 

6  A.Jl.  to  9  A.M. 

4  „  6 

3  „  4.30  „ 

6  P.M.  to  midnight 

9  A.M.  to  n;/_-n 

G  ,,  8  A.M. 

4..30  „  G  ., 
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Table  showing  frequency  of  the  Value  of  /x  falling  in  the  several  Quadrants  in 

different  Months  of  the  Year. 


jMobtIi. 

1st 

component. 

2ncl 

component. 

3rd  component. 

4th  component. 

Quadrant. 

Quadra  nt. 

Quadrant. 

Quadrant.  ! 

3 

4 

1 

4  1  2  3 

4 

1 

1  1 

2  13  4  : 

Jainiary  .... 

100 

100 

.  100 

15 

60 

25  ’  i 

Febimai'y  .... 

100 

100 

.  100 

25 

o 

..  '  70  1 

March . 

100 

100 

20  75  ,  .. 

,  , 

95  5  1 

April . 

100 

5 

95 

. .  100  . . 

.  , 

20  70  10  ' 

May . 

100 

35 

65 

100  .. 

5 

45 

50  * 

Jn]ie . 

100 

45 

55 

..  100  :  .. 

100 

.Tuly . 

100 

10 

90 

. .  100  . . 

5 

35 

60 

Angu.st . 

100 

100 

100  . . 

, , 

55  45 

September 

100 

100 

84  16 

. . 

5  95 

October  .... 

100 

100 

. .  '  40  60 

,  , 

10  85  5 

November. 

100 

,  , 

100 

.  100 

25 

40 

25  10 

December  .... 

lOO 

100 

.  100 

15 

75 

10 

Note. — Where  the  4th  qiiadrant  is  shown  as  preceding  the  1st  quadrant,  it  is  assumed  that  the  phase 
■  has  fallen  back,  or  occurred  earlier. 


These  figures  show  that  in  their  main  features  the  variations  in  the  value  of  /x  for 
the  second,  third,  and  fourth  components  have  a  truly  periodical  character,  and  that 
as  the  year  passes  from  winter  to  summer  the  maximum  phase  of  the  second  and  third 
travels  backwards,  that  is,  gradually  occurs  earlier  in  the  day,  while  it  retimns  in 
tlie  opposite  direction,  l)ecoming  gradually  later,  in  the  change  from  summer  to  winter. 
In  the  fourtli  component  corresponding  changes  take  place  between  the  equinoxes  and 
tlie  solstices. 

A  reference  to  Table  B  from  the  Greenwich  series  will  show  in  more  detail  how 
well  the  consistency  of  the  I’esidts  is  maintained  in  all  the  components. 

The  first  component  is  always  in  the  first  quadrant,  i.e.,  between  noon  and 
6  B.M.  The  variation  of  the  five-years  mean  from  the  20-yea,rs  mean  is  in  no  month 
more  than  2^°,  or  1 0  minutes  of  time,  and  the  average  for  all  the  months  is  less  than 
lialf  that  amount. 

In  the  second  component  the  retrogression  of  the  phase  of  maximum  in  the  summer 
months  leads  to  (which  from  August  onwards  to  March  is  always  in  the  first 
quadrant,  or  between  midnight  and  3  a.m.)  falling  back  into  the  fourth  quadrant, 
tliat  is  occurring  before  midnight,  and  the  greater  frequency  of  this  in  May  and 
.lune  is  thei'efoi’e  quite  consistent  with  the  regular  periodical  change  which  brings  the 
mean  value  of  p^  in  June  very  nearly  to  zero,  or  midnight.  The  variation  of  the  five- 
years  mean  fi’om  the  20-years  mean  is  in  no  month  greater  than  (5°  or  24  minutes  of 
time,  and  for  the  whole  year  the  average  variation  is  only  2°‘3,  or  9  minutes  of  time. 
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In  the  third  component,  from  April  to  August,  /Xg  is  always  in  the  first  quadrant, 
or  between  midnight  and  2  a.m.  In  September  and  October  it  changes  rapidly  to 
the  third  quadrant,  in  the  last  of -these  months  40  per  cent,  of  the  values  being  found 
in  the  second  quadrant,  and  in  November  the  value  is  established  in  the  third  quad¬ 
rant,  that  is  between  4  a.m.  and  6  a.m.,  and  there  it  remains  till  the  end  of  February. 
In  March  /Xg  falls  back  to  the  first  quadrant,  7  5  per  cent,  of  the  values  being  in  the 
second  quadrant  and  the  rest  in  the  first  quadrant,  with  the  exception  of  a  single 
case  which  falls  back  to  the  fourth  quadrant,  or  before  midnight.  The  variation  in 
any  month  of  the  five-years  mean  from  the  mean  of  20  years  in  no  case  exceeds  5°,  or 
20  minutes  of  time,  and  the  mean  variation  for  all  months  is  2°T,  or  8|-  minutes. 

The  fourth  component  shows  double  maxima  and  minima  values  of  /x^,  the  former  ' 
occurring  at  the  two  equinoxes,  the  latter  at  the  two  solstices.  In  the  winter 
months,  November  to  January,  the  greatest  frequency  is  in  the  first  quadrant, 
between  midnight  and  1.30  a.m.,  with  a  considerable  number  before  midnight  or  in 
the  fourth  quadrant,  and  a  few  in  the  second  quadrant,  or  after  1.30  A.M.  Again 
in  May,  June,  and  July  the  values  of  /x^  are  chiefly  in  the  first  and  second  quadrants, 
with  a  few  cases  in  the  fourth  quadrant,  wdiile  the  values  in  June  invariably  fall  in 
the  first  quadrant.  From  February  to  April,  and  again  from  August  to  October,  the 
greatest  frequency  of  /Xj,  is  in  the  third  quadrant,  or  between  3  a.m.  and  4.30  A.M., 
with  deviations  in  the  one  direction  to  the  second  quadrant,  and  in  the  other  to  the 
fourth  quadrant.  In  March  and  September  95  per  cent,  of  the  values  fall  in  the 
third  quadrant ;  February  and  April  on  the  one  side,  and  August  and  October  on 
the  other,  being  months  of  transition,  between  the  equinoctial  maxima  and  solstitial 
minima.  The  largest  variation  of  the  five-years  mean  from  that  for  20  years,  for 
any  month,  is  10°,  or  40  minutes  of  time,  and  the  average  for  all  months  4°'3,  or 
17  minutes.  The  absolute  values  of  the  coefficients  being  very  small,  the 

maximum  being  less  than  j°,  and  the  average  being  less  than  iwth  degree  Fahrenheit, 
the  computed  values  of  are  necessarily  far  more  liable  to  error  than  those  for  the 
other  components,  and  it  is  rather  a  matter  for  surprise  that  the  variations  should  be 
so  small,  than  that  they  should  reach  the  actual  quantities  mentioned. 

The  values  of  p  in  all  cases  depending  on  that  of  the  angle  whose  tangent  is  qojq, 

‘  the  consistency  of  the  value  of  p  implies  consistency  in  the  ratio  of  to  q.  At  the 

same  time  as  P  \/{p^  +  q^)  a  considerable  variation  of  the  absolute  value  of  P  is 

quite  compatible  wdth  consistent  or  invariable  values  of  p,  and  such  variation  in  P 
will  not  tend  to  discredit  the  evidence  in  favour  of  such  values  of  p  being  trust¬ 
worthy. 

It  may  here  also  be  noticed  that  as  the  value  of  P  may  obviously  be  expressed  as 
'  p/sin  X,  where  tan  x  =  pjq,  it  follows  that  if  the  value  of  x,  and  consequently  the 

I  epoch  of  maximum  phase  be  regarded  as  fixed,  for  any  time  or  place,  then  P  wdll 

simply  vary  as  p. 

On  the  whole  it  may  be  regarded  as  sufficiently  established  that  the  computed 
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components  P  and  p,  represent  well  marked  truly  periodical  variations,  even,  as  far  as 
the  fourth  order,  in  which  the  maximum  value  of  P  hardly  exceeds  one-third  of  a 
degree  Fahrenheit. 

The  component  of  the  first  order,  which  in  the  winter  months  is  more  than  double 
the  magnitude  of  any  other,  and  in  the  summer  more  than  ten  times  as  large  as  any 
of  them,  gives  the  dominant  character  to  the  diurnal  curve  of  temperature.  There  is 
an  obvious  tendency  for  high  or  low  values  of  P^  to  be  associated  with  high  and  low 
values,  respectively,  in  the  other  components,  though  there  are  many  deviations  from 
such  a  rule. 

In  the  series  of  20  years  instances  may  be  found  in  almost  every  month,  of 
variations  in  the  value  of  P^  for  different  years,  of  as  much  as  100  per  cent.,  and  the 
maximum  values  of  the  amplitude  P  in  all  components  is  frequently  double  the 
minimum.  Nevertheless,  these  irregularities  for  the  most  part  disappear  even  in 
the  mean  of  a  series  of  five  years,  and  the  monthly  mean  values  for  20  years  are  as 
a  whole  remarkably  consistent,  the  mean  difference  between  the  five-year  and  the 
20-year  values  being  less  than  5  per  cent. 

The  progression  of  the  magnitude  of  Pj^  in  the  course  of  the  year  follows  ap¬ 
proximately  the  Sun’s  meridional  zenith  distance,  and  the  empirical  formula 
P^  =  10  cos  z  —  '91  gives  a  close  approximation  to  the  mean  monthly  values  shown 
in  the  Tables,  if  a  “  lagging  ”  of  about  eight  or  ten  days  is  allowed  in  reckoning  the 
zenith  distance,  as  the  following  comparison  will  show  : — 


Month. 

Meridional 

zenith 

distance. 

Cos  s. 

Value  of  P^. 

Error  of 
formula. 

! 

1 

From  formula. 

From  tables. 

January 

0 

73 

37 

•282 

1-91 

1-90 

1 

-1“  '01  1 

Eebruary  . 

66 

47 

•394 

3-03 

3-16 

-  13 

March 

55 

42 

•564 

4-73 

4-67 

+  ■06  1 

April  .  .  . 

44 

31 

•713 

6-22 

6-50 

-•28  ! 

iMay  .... 

36 

4 

•808 

7-17 

7-30 

-•13  1 

June  .... 

29 

23 

•871 

7-80 

7-71 

-f09  i 

July  .  .  .  . 

29 

11 

•873 

7-82 

7^75 

-1--07 

Augxist  . 

34 

29 

•814 

7-23 

717 

-b-06  : 

September  . 

45 

39 

•699 

6-08 

6^46 

—  •38  i 

October  . 

57 

20 

•540 

4-49 

4-16 

+  •33 

November  . 

67 

47 

•378 

2-87 

2-80 

+  •07 

December  . 

73 

38 

•282 

1-91 

1-65 

+  •26 

The  amplitude  of  the  component  of  the  second  order,  P2,  has  two  clearly  marked 
maxima,  about  the  time  of  the  equinoxes,  with  a  principal  maximum  at  midsummer. 
The  component  of  the  third  order,  Pg,  varies  in  a  converse  manner,  having  two  well 
marked  minima  at  the  time  of  the  equinoxes,  with  a  principal  maximum  at  midsummer. 
In  the  fourth  order,  P^  appears  to  combine  the  characters  of  the  two  former,  having 
two  maxima  near  the  equinoxes,  and  a  principal  minimum  in  the  winter. 


HOURLY  OBSERVATIONS  OF  AIR  TEMPERATURE  AND  PRESSURE. 


G27 


The  annual  variation  of  the  values  of  P3  and  Pg  will  be  represented,  with  a  fair 
degree  of  approximation,  by  the  expressions 

P3  =  1-08  +  '20  cos  (X  +  126°)  +  Al  cos  (2X  -  2°) 

Pg  =  *42  +  -16  cos  (X  +  260°)  +  *10  cos  (2X  -  172°), 

in  which  X  is  the  Sun’s  longitude.  The  term  involving  cos  2X  gives  rise,  in  the 
value  of  Pg,  to  the  two  ^maxima  at  the  equinoxes,  and  in  the  value  of  Pg  to  the  two 
minima  at  the  same  seasons.  The  comparison  of  the  observed  and  computed  values  of 
the  two  components  for  the  several  months  is  given  below. 


Montli. 

P-2- 

P3- 

Observed. 

Calculated. 

Difference. 

Observed. 

Calculated. 

Difference. 

Jamiaiy  . 

•94 

•91 

-  -03 

•36 

•37 

+  -01 

February 

1-26 

1-22 

-  -04 

•30 

•30 

•00 

March 

1-34 

1-38 

+  -04 

•18 

•29 

+  ‘11 

April  .... 

]-21 

1-17 

-  -04 

•48 

•40 

-  -08 

May  .... 

•71 

•76 

+  -05 

•63 

•54 

-  -09 

June  .... 

•56 

•51 

-  -05 

•61 

•62 

+  -01 

July  .... 

•66 

•70 

-r  "04 

•65 

•58 

-  -07 

August  .  . 

1-11 

1-18 

+  -07 

•55 

•46 

-  -09 

September  . 

1-71 

1-57 

-  -14 

•29 

•37 

+  -08 

October  .  . 

1-51 

1-55 

+  -04 

•29 

•34 

+  -05 

November  .  . 

M7 

117 

•00 

•40 

•39 

-  -01 

December  . 

•76 

•85 

+  -09 

•33 

42 

+  -09 

Sum  . 

•63 

•69 

]\[ean  . 

±  -05 

±  -06 

It  has  already  been  remarked  that  the  epoch  of  the  maximum  phase  of  the  first 
three  components  appears  to  be  earlier  in  the  summer  and  later  in  the  winter. 

In  the  first  order  the  mean  value  of  p,  is  214°,  corresponding  to  2  h.  26  m.  p.m.,  the 
variation  due  to  season  being  about  12°,  or  48  minutes  of  time,  by  which  amount  the 
maximum  is  earlier  in  June  and  July  than  in  December. 

In  the  second  order  the  first  maximum  in  June  is  20°,  or  1  h.  20  m.  earlier  than  in 
January.  In  the  third  order  the  difference  in  the  same  direction  is  63°,  or  4  h.  12  m, 
of  time. 

In  the  fourth  order,  as  before  noticed,  there  is  some  doubt  as  to  the  manner  in 
which  the  change  of  positions  of  the  summer  and  winter  maximum  is  brought  about. 
From  March,  when  the  first  maximum  occurs  about  60°  after  midnight,  or  at  4  A.M., 
there  is  no  doubt  a  retrogression,  as  in  the  other  components,  till  June,  when  the 
maximum  occurs  16°  after  midnight,  or  at  1  h.  4  m.  a.m.  ;  this  is  followed  by  a 
progression  between  June  and  October,  when  the  maximum  having  become  later,  is 
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again  at  about  60°,  or  4  a.m.  But  a  sudden  change  takes  place  in  passing  from 
October  to  November,  which  might  be  attributed  either  to  the  time  of  maximum 
rapidly  advancing,  that  is,  occurring  later,  or  to  its  sudden  recession,  or  becoming 
earlier  ;  and,  in  whichever  way  it  is  brought  about,  one  of  the  recurring  epochs  of 
maximum  is  established,  from  November  to  January,  at  about  10°  after  midnight. 
There  is  a  like  sudden  change  between  January  and  February  in  the  opposite  direc¬ 
tion,  which  again  brings  the  maximum  to  about  60°  from  midnight,  or  4  a.m.  It  will 
be  seen  that  in  February  and  November  the  absolute  amplitude  of  this  component  is 
very  small,  and  probably  these  sudden  changes  are  coincident  with  the  component 
becoming  zero.  (See  Plate  23.) 

Remembering  that  the  fourth  component  of  the  diurnal  curve  includes  a  series  of  four 
undulations  90°  apart,  the  explanation  of  what  has  just  been  stated,  is  probably  to  be 
found  in  a  rapid  change  of  conditions,  under  which  the  position  of  the  first  or  earliest  of 
these  undulations  recedes,  until  its  place  is  taken  by  what  was  the  second  ;  so  that  as  the 
maximum  of  the  first  undulation  gradually  becomes  earlier,  and  at  length  occurs  at 
0°,  or  midnight,  the  maximum  of  the  second  undulation  is  approaching  90°,  or  6  a.m., 
from  which  position  it  raj)idly  further  recedes  between  January  and  February,  in  the 
last  of  which  months  it  is  found  at  60°,  or  4  a.m.  The  converse  of  such  a  process 
would  explain  the  sudden  change  between  October  and  November.  On  this  hypo¬ 
thesis  the  numerical  value  of  in  the  months  of  November,  December,  and  January, 
as  given  in  the  Tables,  should  be  increased  by  90°  to  render  them  properly  comparable 
with  the  values  in  the  other  months.  This  would  change  the  mean  value  for  the  year 
from  35°  to  57°. 

In  proportion  as  the  diurnal  curve  of  temperature  tends  to  greater  simplicity,  the 
magnitude  of  the  component  of  the  first  order  exceeds  that  of  the  others,  and,  in  the 
months  of  May,  June,  and  July,  in  which  the  amplitude  of  the  first  component  is 
more  than  ten  times  that  of  any  of  the  others,  the  temperature  during  the  day, 
between  the  hours  of  8  a.m.  and  8  p.m.,  hardly  deviates  from  a  curve  of  sines.  The 
mean  temperature  of  the  day  coincides  almost  exactly  with  the  temperature  of  the 
last-named  hours,  and  the  excess  of  the  diurnal  maximum  over  the  mean  hardly 
ditfers  from  the  value  of  P^,  which,  as  before  shown,  is  directly  dependent  on  the 
Sun’s  meridional  zenith  distance.  (Plate  21.) 

The  periodical  variations  in  the  amplitudes  and  epochs  of  the  second,  third,  and 
fourth  components,  wdiich  are  indications  of  the  departures  of  the  hourly  temperatures 
from  the  simple  curve  of  sines  represented  by  the  first  component,  are,  without  doubt, 
connected  with  the  vaiying  length  of  the  day  and  other  infiuences  dependent  on  the 
time  of  year,  among  which  the  direction  of  the  prevailing  winds,  the  greater  or  less 
transparency  of  the  atmosphere,  and  the  amount  of  vapour  will  have  places.  All  of 
these,  however,  will  be  connected  in  a  more  or  less  direct  manner  with  the  Sun’s 
position  and  surrounding  terrestrial  conditions,  though  an  expression  for  this  connec¬ 
tion  may  be  difficult  to  discover  or  define. 
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The  relation  of  the  epoch  of  the  first  maximum  in  the  third  component  to  the  time 
of  sunrise — which,  though  directly  dependent  on  the  Sun’s  declination,  may,  of  course, 
equally  be  regarded  as  a  function  of  the  Sun’s  longitude — seems  to  be  decidedly 
marked ;  the  former  occurring,  on  the  average  of  the  whole  year,  at  an  interval  of  4 S'’, 
or  3  h.  12  m.  earlier  than  the  latter,  or,  what  is  the  same  thing,  the  first  minimum 
occurring  12°  or  48  minutes  after  sunrise,  the  mean  deviation  of  the  interval  from 
that  average  being  only  7°,  or  28  minutes  of  time.  A  reference  to  Table  B  will 
illustrate  this. 

The  periodical  variation  in  the  value  of  pj  leads  to  the  third  component  having  a 
'positive  maximum  about  1  p.m.  during  the  winter  months,  from  October  to  February, 
which  will  be  accompanied  by  maximum  negative  values  four  hours  earlier  and  foin*  ' 
hours  later,  corresponding  wdth  the  reduced  temperature  in  the  mornings  and  after¬ 
noons  of  the  shorter  days.  (Plate  23.) 

In  the  summer  months,  from  April  to  August,  pg  has  a  maximum  negative  value 
about  1  P.M.,  instead  of  o,  loositive  maximum  as  in  winter;  and  this,  being  accompanied 
by  two  positive  maxima,  one  four  hours  earlier  and  the  other  four  hours  later,  will  in 
like  manner  correspond  to  the  higher  temperature  in  the  mornings  and  afternoons  of 
the  longer  day. 

It  will  be  seen  that  the  positions  of  the  midsummer  and  mid-winter  maximum 
phases  correspond  respectively  to  days  of  IG  hours  with  nights  of  8  hours,  or  days  of 
8  hours  with  nights  of  16  hours,  and  that  at  these  seasons,  when  the  variations  of 
temperature  due  to  these  differences  are  greatest,  the  values  of  the  amplitude  of  the 
component  are  also  at  a  maximum.  At  the  equinoxes,  with  a  12  hours  day  aird 
night,  the  amplitude  of  the  component  has  a  minimum  value,  and  the  transition  of 
the  position  of  the  maximum  phase  takes  place  as  already  described. 

It  might,  perhaps,  be  expected  that  the  change  in  the  position  of  the  maximum 
phase  of  the  fourth  component,  would  take  place  in  an  analogous  manner,  in  con¬ 
nection  with  days  and  nights  of  6  and  18  hours  duration  respectively,  corresponding 
to  the  epoch  of  the  component.  But  such  days  and  nights  will  only  occur  in  higher 
latitudes  than  those  of  our  observatories,  and  no  data  are  available  by  which  to  test 
such  a  suggestion. 

Although  the  several  harmonic  components  of  the  temperature  curve  cannot  be 
regarded  as  indication  of  specific  physical  efiicient  causes,  acting  at  definite  periodical 
harmonic  intervals,  the  graphical  representations  of  the  series  of  monthly  temperature 
curves  and  their  components,  which  are  given  in  the  plates  accompanying  this  j)aper, 
present  some  points  to  which  attention  may  usefully  be  drawn. 

As  before  noticed,  the  deviation  of  the  day  temperature  from  the  first  component  is 
extremely  small  in  the  months  of  May,  June,  and  July,  during  which  between  8  A.M. 
and  8  p.m.  the  other  components  nearly  cancel  one  another.  From  September  to 
March  howmver,  the  temperature  during  the  day  hours  rises  considerably  above  the 
first  component,  the  second  and  third  component  either  being  both  positive  and 
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operating  in  the  same  direction,  or  the  third  component  if  negative  being  over¬ 
powered  by  the  other  two,  which  from  10  a.m.  to  4  p.m.  are  always  positive. 

The  temperature  curve  between  the  hours  of  4  a.m.  or  5  a,m.  and  7  a.m.  or  8  a.m. 
always  falls  below  the  first  component. 

The  first  component  having  its  maximum  about  2  p.m.  is  always  negative  between 
8  P.M.  and  8  A.M. 

The  second  component  having  a  day  maximum  which  varies  between  11.30  a.m.  to 
1.30  P.M.  is  always  negative  between  4  a.m.  and  8  a.m.  In  the  summer  months 
when  the  third  component  is  largest,  it  is  also  negative  between  4  a.m.  and  7  a.m., 
and  at  other  seasons,  when  it  would  operate  in  an  opposite  direction,  its  relatively 
small  magnitude  renders  its  efiects  unimportant. 

The  second  component  always  having  a  maximum  near  noon  will  also  have  another 
near  midnight. 

In  the  summer  months  when  the  third  component  has  a  minimum  shortly  following 
noon,  it  will  have  a  maximum  shortly  following  midnight,  that  is  nearly  at  the  same 
time  as  the  second  component,  and  at  this  season  the  night  temperature  is  found  to 
be  considerably  above  the  first  component.  In  the  winter  months  the  third 
component  becomes  negative  during  the  hours  when  it  was  before  positive,  and  the 
departure  of  the  night  temperature  from  the  first  component  is  much  smaller. 

In  the  summer  months  the  time  of  morning  mean  temperature  is  nearly  when  the 
first  component  becomes  zero,  the  second  and  third  components  then  balancing  one 
another. 

In  the  winter  the  hour  of  morning  mean  temperature  is  later,  and  occurs  when  a 
positive  value  of  the  first  component  equals  a  negative  value  of  the  second. 

The  time  of  afternoon  mean  temperature  throughout  the  year  is  somewhat  either 
before  or  after  7  p.m.,  and  almost  exactly  coincides  with  the  time  when  the  first  and 
second  components  are  equal  but  with  opposite  signs,  the  former  being  positive  and 
the  latter  negative. 

In  the  summer  months  the  whole  of  the  components  are  negative  between  the 
hours  of  3  A.M.  and  6  a.m.,  corresponding  with  the  absolute  minimum  about  this 
time. 

In  the  winter  the  third  and  fourth  components  are  not  negative  till  after  6  a.m., 
while  the  negative  branch  of  the  first  component  is  extended  almost  to  9  a.m.,  and 
the  absolute  minimum  is  found  correspondingly  later  between  7  a.m.  and  8  a.m. 

The  hour  of  absolute  maximum  is  nearly  coincident  Avith  that  of  the  dominant  first 
component,  which  is  always  between  2  p.m.  and  3  p.m.,  the  modifications  due  to  the 
second  component,  which  also  has  a  maximum  between  noon  and  2  p.je.,  being  of 
secondary  importance. 

Sunrise  in  December  is  about  an  hour  and-a-half  before  the  time  of  mean  tempera¬ 
ture,  while  in  June  it  is  more  than  four  hours  before  that  time. 
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On  the  other  hand,  while  sunset  in  December  is  rather  more  than  three  hours 
before  the  tune  of  mean  temperature,  in  June  it  is  about  half-an-hour  after  that  time. 

Also  it  will  be  found  that  in  January  whereas  the  temperature  is  above  the  mean 
of  the  whole  24  hours  for  not  more  than  8f  hours,  in  June  it  is  above  the  mean  for 
nearly  12  hours. 

It  may  here  be  pointed  out  that  the  rationale  of  some  of  the  empirical  rules  for 
obtaining  the  mean  daily  temperature,  from  a  limited  number  of  observations  made  at 
certain  stated  hours,  is  supplied  by  reference  to  the  harmonic  expressions  for  the 
hourly  deviations  of  the  temperature  from  the  mean  of  the  whole  day. 

In  the  first  place  it  is  obvious,  that  by  adding  together  the  harmonic  expressions 
for  any  two  hours,  twelve  hours  apart,  the  whole  of  the  odd  components  disappear,  > 
and  that  the  sum  is  twice  the  mean  value  added  to  twice  the  sum  of  the  even  com¬ 
ponents  of  the  selected  pair  of  hours,  which  are  respectively  equal  to  one  another. 
Disregarding  the  components  above  the  fourth  order,  as  may  be  done  in  practice,  if 
the  hours  selected  be  such  that  the  component  of  the  second  order  is  zero,  which  will 
be  the  case  when  the  hours  correspond  to  45°  fi-  or  135°  then  half  the  sum  of 

the  observed  temperatures  at  the  selected  pair  of  hours  will  be  equal  to  the  true  daily 
mean  added  to  the  value  of  the  component  of  the  fourth  order  for  the  selected  hours, 
which  at  English  stations  will  hardly  amount  to  so  much  as  half  a  degree  Fahrenheit. 
At  Greenwich  it  will  be  found  that  in  January  the  mean  of  observations  at  4.30  a.m., 
and  4.30  p.m.,  or  at  10.30  a.m.,  and  10.30  p.m.,  difter  by  less  than  0°J  from  the  true 
mean,  and  a  similar  result  will  be  obtained  in  June  by  taking  the  mean  of  observations 
at  3  A.M.  or  9  a.m.,  and  at  the  corresponding  afternoon  hours. 

For  like  reasons  it  will  be  seen  that  by  taking  the  mean  of  observations  at  any  four 
hours,  at  equal  intervals  of  six  hours,  not  only  wdl  the  whole  of  the  odd  components 
disappear,  but  those  of  the  second  order  also,  so  that  the  result  will  only  differ  from 
the  true  mean  by  the  amount  of  the  component  of  the  fourth  order  for  the  selected 
hours.  As  the  fourth  component  disappears  at  hours  when  i  22|°  equals  0°  or  180°, 
the  hours  at  Greenwich  which  will  give  the  best  result  will  be  found  to  be  2,  8,  14, 
and  20,  or  5,  11,  17,  and  23. 

Again,  if  the  mean  of  any  three  hours,  at  equal  intervals  of  eight  hours,  be  taken, 
it  wiU  be  seen  that  the  sums  of  the  first,  second,  and  fiourth  components  disap])ear, 
and  that  the  result  will  only  differ  from  the  true  daily  mean  by  the  amount  of  the 
third  component  for  the  selected  hours,  which  at  English  stations  will  hardly  exceed 
three-quarters  of  a  degree.  The  best  result  will  be  obtained  when  the  selected 
hours  correspond  to  pg  A  30°  =  0°,  or  180°,  when  the  tlilrd  component  becomes  zero, 
and  at  Greenwich  for  the  greater  part  of  the  year  this  condition  will  be  nea.rly 
complied  with  by  the  hours  3,  11,  and  19,  or  7,  15,  and  23. 

It  will  be  readily  understood  that  the  true  reason  for  such  close  approximations 
being  so  easily  obtained,  is  the  great  preponderance  of  the  first  and  second  components 
of  the  temperature  variation  over  all  the  rest. 
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Temperature  at  the  Seven  Observatories. 

The  mechanical  analyser,  by  means  of  which  the  harmonic  components  of  the 
temperature  curves  for  these  observatories  have  been  obtained,  is  only  adapted  for 
computing  the  coefficients  of  the  first  three  orders,  so  that  the  constants  for  the  fourth 
order  are  not  given  in  the  published  tables. 

The  values  of  P  and  p  were  calculated  from  the  values  of  the  p,  q  coefficients,  which 
are  obtained  by  means  of  the  instrument,  in  the  same  wmy  as  those  for  Greenwich. 

An  inspection  of  the  table  C  and  D,  wdiich  are  annexed,  and  contain  a  summary  of 
the  results,  will  at  once  show  that  in  their  main  characteristics  the  results  closely 
resemble  those  for  Greenwich,  and  for  this  reason  it  will  not  be  necessary  to  discuss 
them  at  great  length. 

The  amplitude  of  the  component  of  the  first  order  is,  however,  in  all  cases  below 
that  of  Greenwich,  the  lowest  values  being  those  of  Valencia  and  Falmouth,  no  doubt 
due  to  their  position  on  the  coast,  with  means  for  the  year  of  2“‘28  and  2°'3o,  com¬ 
pared  with  5°‘10  at  Greenwich. 

The  Kew  values  most  resemble  those  of  Greenwich,  but  the  mean  maximum  is  more 
than  one  degree  less,  and  the  mean  for  the  year  about  half  a  degree  less.  These 
differences  are  probably  in  a  considerable  degree  due  to  differences  of  exposure,  and 
local  conditions  of  soil,  &c. 

The  mean  values  of  /x^  for  the  year  referred  to  local  apparent  time,  lie  between 
205°  and  220°,  that  for  Greenwich  being  214°.  The  summer  values  are  somewhat 
below  the  mean,  and  the  winter  values  somewdiat  above  it,  as  is  the  case  at  Greenwich. 

The  amplitude  of  the  first  component  conforms  approximately,  but  not  so  closely  as 
in  the  case  of  Greenwich,  to  the  sine  of  the  sun’s  meridian  altitude,  with  a  flattening 
of  the  curve  in  the  summer  months,  and  a  tendency  at  some  stations  to  a  maximum 
value  in  May. 

The  component  of  the  second  order  in  all  cases  shows  the  double  maximum  at  the 
equinoxes  and  the  minimum  value  in  summer.  The  numerical  values  of  Pj  are,  as  a 
rule,  below  those  at  Greenwich,  the  yearly  means  varying  between  0°’84  and  0°'61, 
against  1°'08  at  Greenwich  ;  Kew,  as  before,  most  closely  resembling  Greenwich. 

The  values  of  /Xo  generall}^  follow  the  same  law  as  at  Greenwich,  the  epoch  of 
maximum  being  earlier  in  the  summer  and  later  in  the  winter,  this  character  being 
specially  marked  at  Aberdeen,  where  the  summer  value  of  /x^  is  —  44°,  and  the  winter 
value  20°,  a  difference  of  64°,  or  more  than  four  hours  of  time,  a  result  no  doubt 
connected  with  the  higher  latitude  of  that  station,  the  earlier  sunrise  and  the 
longer  day. 

The  component  of  the  third  order  also  in  all  cases  closely  resembles  that  at  Green¬ 
wich,  P3  having  the  double  minimum  at  the  two  equinoxes,  and  a  maximum  in 
summer.  The  mean  yearly  value  is  again  somewhat  below  that  for  Greenwich, 
varying  from  0°'23  to  0°'38,  the  Green wdch  value  being  0°'42. 
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The  values  of  accord  very  closely  with  those  at  Greenwich  where  the  mean 
yearly  value  is  41°,  the  mean  yearly  values  at  the  seven  observatories  ranging 

between  37°  and  43°.  The  variations  of  the  epochs  of  maximum  from  winter  to 

summer  are  at  all  stations  well  marked,  and  at  Aberdeen,  as  was  the  case  with  the 
component  of  the  second  order,  pg  shows  an  exceptionally  low  value  in  the  summer, 
differing  about  70°,  or  nearly  five  hours  of  time,  from  the  winter  epoch. 

The  expressions  for  the  annual  variations  of  the  values  of  P3  and  Po,  derived  from 
the  means  of  the  observations  at  the  seven  observatories,  differ  little  from  those 
before  given  for  the  Greenwich  values,  allowance  being  made  for  the  smaller  ampli¬ 
tude  of  all  the  components.  They  are  as  follows  ; — ■ 

Pj  =  -68  +  -14  cos  (\  +  105°)  +  -21  cos  (2X  -  8°), 

P3  =  -30  +  -13  cos  (X  +  260°)  -f  ‘07  cos  (2\  -  166°). 

The  comparison  of  the  observed  and  computed  monthly  values  of  the  components 
for  several  months  is  given  below. ' 


Months. 

Ps- 

Observed. 

Calculated. 

Difference. 

Observed. 

Calculated. 

Difference. 

i 

[  January 

•62 

*62 

•00 

•  GO 

•22 

•00 

F ebruary  . 

•78 

•78 

•00 

•17 

•18 

+  •01 

March  . 

•93 

•85 

-•08 

•12 

•19 

+  •07 

April 

•75 

•63 

-12 

•32 

•30 

-•02 

May  .  .  . 

■42  ♦ 

•49 

+  •07 

•53 

•41 

-•12 

June. 

•33 

•33 

•00 

•43 

•46 

+  •03 

July  .  .  . 

•35 

•40 

+  •Ob 

•42 

•41 

-•01 

August  . 

•66 

•65 

-•01 

40 

•33 

-•07 

September . 

•97 

•90 

-•07 

•27 

•25 

-■02 

October .  . 

1-02 

•94 

-•08 

•15 

•23 

+  •08 

November  . 

•79 

•78 

-•01 

•24 

•28 

+  •04 

December  . 

•59 

•63 

+  •04 

*22 

•26 

+  •04 

' 

Sum  . 

•53 

Sum 

•51 

Mean  .  . 

•04 

Mean  . 

•04 

On  the  whole  it  may  be  regarded  as  well  established  by  the  substantial  consistency 
of  these  results,  that  they  truly  indicate  the  chief  characters  of  the  diurnal  inequality 
of  temperature  in  the  British  Isles ;  and  they  leave  no  room  to  doubt  that  the 
variations  which  recur  with  such  remarkable  regularity  from  year  to  year,  and  are 
observed  at  so  many  different  places,  extending  to  quantities  so  small  as  those 
represented  by  the  third  and  fourth  order  of  harmonic  components,  are  due  to  the 
operations  of  determinate  physical  causes,  the  effects  of  which  this  system  of  analysis 
enables  us  to  distinguish  and  i-ecord  with  remarkable  and  unexpected  precision. 
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I  am  not  in  a  position  to  indicate,  further  than  has  already  been  done,  any  direct 
or  precise  relation  between  the  observed  thermometric  results  thus  recorded,  and  the 
varying  place  of  the  Sun,  on  which  in  combination  with  the  latitude  and  local  influ¬ 
ences  of  different  descriptions  they  doubtless  depend.  The  intermittent  character  of 
solar  heat  introduces  a  discontinuity  of  action  which  renders  its  connection  with  the 
j-esulting-  phenomena  sjjecially  difficult  of  representation  by  algebraical  expressions. 

Acting  on  a  suggestion  of  Professor  G.  Darwin,  I  have  calculated  the  harmonic 
constants  that  would,  rejiroduce  a  curve  indicating  an  intermittent  action  such  as  that 
of  the  Sun,  continuing  only  during  a  portion  of  the  day,  and  commencing  and  ending 
abruptly  at  sunrise  and  sunset.  The  results  are  of  some  interest,  and  serve  to  throw 
light  on  the  character  and  signification  of  the  harmonic  components  of  temperature 
that  have  been  under  discussion. 

Such  a  calculation  obviously  disregards  all  cooling  effects,  and  only  deals  with  the 
Sun’s  heating  action,  which  1  have  assumed  to  be  proportional  to  the  sine  of  his 
altitude  ;  and  with  a  view  to  obtaining  figures  in  some  degree  comparable  with  those 
obtained  from  actual  observation,  and  following  the  analogy  of  the  value  of  P^,  as 
previously  pointed  out,  the  total  heating  effect  has  been  taken  to  be  ten  times  the 
sine  of  the  Sun’s  altitude,  the  power  of  a  vertical  Sun  being  that  represented  by  ten. 

On  this  assumption  I  have  calculated  the  Sun’s  altitude  for  each  hour  of  the  day 
for  midwinter,  the  equinox,  and  midsummer  for  certain  selected  latitudes,  and 
corresponding  heating  effects.  These  computations  supply  a  series  of  hourly  values 
having  their  maximum  at  noon  and  becoming  zero  at  sunrise  and  sunset,  and  dis¬ 
appearing  so  long  as  the  Sun  is  below  the  horizon.  Treating  these  in  the  usual 
manner,  the  resulting  harmonic  components  as  far  as  the  fourth  order  are  shown  in 
the  following  Table  F  ; — 

Table  F. 


Midwinter. 

Ecpiinox. 

Midsummer. 

Latitude. 

Components. 

Components. 

Components. 

1\- 

l’;3- 

Pn 

Pi- 

Pj- 

P.. 

•) 

P.r 

Pi- 

It,. 

P 

S‘ 

P  .r  i 

O 

0 

-4-58 

^1-92 

0 

•40 

—  o^OG 

-1-2-14 

0 

—  ‘45 

-4-58 

+  1-92 

0 

. 

-•40  ! 

20 

-3-40 

+  1-70 

-  -26 

— 

•30 

-4-74 

+  2-02 

0 

-•43 

-5-25 

+  1-74 

+ 

•29 

-•30 

.30 

-2-76 

+  1-42 

-  -28 

— 

•n 

-4-35 

+  1-68 

0 

-•37 

—  5'27 

+ 1  -55 

+ 

•38 

-•21 

40 

-1'92 

+  1-23 

-  -43 

— 

•06 

-3-86 

+  1-60 

0 

-•35 

-5-12 

+  1-22 

+ 

•43 

-•05 

4.5 

-1-51 

-M-03 

-  -42 

+ 

•03 

-3  52 

+  1-49 

0 

-•35 

-5-19 

+  1-05 

+ 

'37 

+  •06 

5J4 

-LOl 

+  -77 

-  -39 

+ 

•12 

-3-15 

+  1-.33 

0 

-•30 

-4-76 

+  -79 

+ 

•40 

+  '1S 

65 

0 

0 

0 

0 

-2-21 

+  -OS 

0 

-•20 

-3-85 

0 

+ 

•05 

+  •09 

As  from  the  nature  of  the  hypothesis  adopted  the  diurnal  curve  analysed  is  in  all 
cases  symmetrical  on  either  side  of  noon,  the  values  of  (j  are  all  zero.  Also  the  values 
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of  P  and  p  become  identical ;  the  negative  sign  in  the  above  table  signifies  that  the 
component  has  a  negative  maxim nm  value  at  midnight ;  and  the  positive  sign  that 
the  component  has  a  positive  maximum  value  at  the  same  hour.  The  values  of  p  for 
the  several  components  will  be  seen  to  be  as  follows  : — For  the  first  component 
jx-^  =  180°,  or  noon  ;  for  the  second  =  0°,  or  midnight ;  for  the  third  jUg  =  0°  for  the 
summer,  and  p-g  =  60°  for  the  winter,  the  change  taking  place  at  the  equinox  when 
the  component  becomes  zero  ;  for  the  fourth,  in  the  lower  latitudes,  pg  =  45°  at  all 
seasons,  in  the  higher  latitudes  at  the  equinox  =  45°,  passing  to  0°  both  in  the 
winter  and  summer. 

For  comparison  with  the  above  results,  are  given  below  the  components  of  the 
diurnal  temperature  curve  as  actually  observed  at  certain  selected  stations,  varying  in  ' 
latitude,  for  the  three  seasons  of  the  year. 

Table  G. 


Mid-winter. 

Equinox. 

Mid-summer. 

Stations. 

Components. 

Components. 

Components. 

Pi 

Ps- 

Ps- 

Pi- 

Pi- 

P2- 

P.S- 

P.1- 

Pi- 

P2- 

P;r 

Pi- 

Singapore. 

Lat.  1°  15'  N. 

-5-02 

+  1-78 

-•28 

-■18 

-6-47 

+  2-04 

+  •68 

-•48 

-4-62 

+  1-54 

+  ■32 

-■51 

Hong  Kong. 
Lat.  22T8'  N. 

-2-39 

+  1-01 

-•67 

-•81 

-1-98 

+  -70 

-■02 

-•12 

-1-86 

+  -63 

+  •09 

-•13 

L^ons. 

Lat.  45°46'N. 

-2'5l 

+  1-01 

-•41 

+  •07 

-6-26 

+  1-49 

+  •11 

-•31 

—  7^55 

+  -76 

+  •59 

+  •16 

Greenwicli. 

Lat.  51'“30'  N. 

-l-6o 

4-  -76 

-■33 

+  ■09 

■-4-67 

+  1-34 

+  ■18 

-•23 

-7-71 

+  •56 

+  •61 

+  •21 

Fort  Rae. 

Lat.  62°40'  N. 

-1-09 

+  -67 

-•31 

+  29 

-7-71 

+  1-90 

+  •42 

-•50 

-6-01 

+  -59 

+  •19 

+  •06 

The  signs  indicate  the  sign  of  the  components  at  midnight. 

It  will  hence  be  seen  that  while  the  intermittent  curves  representing  the  heating 
power  of  the  Sun,  under  varying  conditions  of  meridional  altitude  and  length  of  day, 
are  fairly  well  reproduced  by  combining  the  components  of  the  first  four  orders  having 
the  values  shown  in  Table  F,  these  components  bear  a  very  close  resemblance  to 
those  shown  in  Table  G,  obtained  from  the  observed  temperatures  of  places  at  the 
latitudes  and  seasons  corresponding  to  those  adopted  in  the  computations  from  the 
intermittent  curves.  . 

The  conclusion  is  unavoidable,  that  although  l:»oth  in  the  real  and  hypothetical  cases 
the  harmonic  components,  when  combined,  are  truly  representative  of  the  peculiar 
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forms  of  the  curves  from  which  they  were  derived,  this  affords  no  true  indication  of  the 
existence  of  distinct  physical  influences  operating  in  recurring  cycles  of  24,  12,  8,  and 
6,  corresponding  to  the  four  orders  of  components  ;  but  that  the  results  are,  to  a  great 
extent,  due  to  the  particular  form  given  to  the  analysis. 

The  component  of  the  first  order  represents  a  variation  from  the  mean  value,  which 
is  symmetrical  on  either  side  of  the  epoch  of  its  maximum,  and  necessarily  involves  a 
negative  departure  from  the  mean,  equal  to  a  corresponding  positive  departure  at  the 
hour  of  maximum,  and  twelve  hours  distant  from  the  maximum. 

As  the  diurnal  curve  of  temperature  is  not  symmetrical  in  relation  to  the  mean 
value,  the  maximum  day  temperature  being  much  more  in  excess  of  the  mean  than 
the  minimum  night  temperature  is  below  it,  the  first  component,  which  is  S3unmetrical 
in  this  respect,  must  be  modified  by  the  other  components;  and  that  of  the  second 
order,  which  has  one  of  its  maxima  not  far  removed  from  the  epoch  of  minimum  of  the 
first  component,  supplies  the  chief  portion  of  the  compensation  necessary  to  correct  the 
excess  of  that  minimum  over  the  true  minimum. 

Further,  from  the  character  of  the  analysis,  the  third  component  will  be  zero  when 
the  diurnal  curve  is  symmetrical,  but  with  contrary  signs  on  either  side  of  the  hours 
half-way  between  noon  and  midnight,  that  is  when  the  length  of  the  day  and  night 
are  each  12  hours.  Any  departure  from  this  equality  will  introduce  a  conq)onent  of 
the  third  order  ;  with  the  result,  that  with  a  day  shorter  than  12  hours,  one  maximum 
phase  will  be  between  6  a.m.  and  6  p.m.,  and  the  other  two  in  the  hours  before  6  a.m. 
and  after  6  p.m.  ;  while  with  a  day  longer  than  12  hours,  two  maxima  will  be  between 
6  A.M.  and  G  p.m.,  and  the  other  in  the  hours  after  6  p.m.  and  before  G  a.m.  In 
the  former  case  the  two  negative  phases  of  the  component  will  correspond  with  the 
reduced  temperature  in  the  morning  and  afternoon  of  the  shorter  day,  and  in  the 
latter  the  two  positive  phases  will  correspond  with  the  increased  heat  of  the  mornings 
and  afternoons  of  the  longer  days. 

It  will  also  be  apparent  that  with  a  day  of  8  hours,  and  a  night  of  IG  hours,  or 
vice  versd,  the  epochs  of  the  third  component  would  tend  to  synchronize  with  the 
duration  of  the  night  and  day,  and  its  amplitude  might  be  expected  to  be  then 
greater,  which  is  seen  to  be  the  case. 

Analogous  considerations  will  apply  to  the  component  of  the  fourth  order.  A 
positive  maximum  phase  at  or  near  midnight  would  give  two  maxima,  near  6  a.m. 
and  G  p.m.,  respectively,  corresponding  to  the  long  days  in  high  latitudes  in  the 
summer,  and  also  two  negative  minima  at  or  near  9  a.m.  and  3  a.m.  respectively, 
corresponding  to  the  short  days  in  winter,  in  high  latitudes.  The  Tables  F  and  G 
both  show  P4,  with  a  positive  sign  under  the  circumstances  just  stated. 

Again  a  negative  phase  at  or  near  midnight  would  correspond  to  two  negative 
phases  at  or  near  G  a.m.  and  G  p.m.,  respectively,  which  would  correspond  to  the  days 
and  nights  of  nearly  12  hours  in  the  lower  latitudes  and  at  the  equinoxes,  which  con- 
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ditions  are  also  shown  to  exist  by  the  two  Tables  before  referred  to,  the  sign  of 
being  in  all  cases  negative  at  the  equinox. 

In  connection  with  this  view  of  the  temperature  components  it  may  be  noticed  that 
if  instead  of  reckoning  the  epochs  of  maxima  as  the  phase  nearest  to  midnight,  that 
nearest  noon  were  adopted,  it  would  be  found  that  the  usual  time  of  maximum  phase 
of  all  the  components  is  not  far  removed  from  noon,  affording  strong  evidence  that 
all  these  phases  are  closely  dependent  on  the  passage  of  the  Sun  over  the  meridiau. 

For  Greenwich  the  following  would  be  the  results  : — 


December. 

March. 

June. 

1st  component  .... 

0 

22*^ 

C 

215 

O 

210 

2nd  .,  .... 

200 

198 

181 

3rd  „  .... 

194 

,  , 

(193) 

4tli  „  .... 

190 

(193) 

196 

In  case  of  the  third  and  fourth  components  the  figui’es  enclosed  in  brackets  (  )  are 
epochs  of  minimum. 

In  conclusion,  I  would  observe  that  in  the  coui’se  of  the  preparation  of  the  data  on 
which  this  discussion  has  been  based,  I  have  computed  the  harmonic  components  of 
the  temperature  curves  of  many  other  places  besides  those  here  specially  noticed,  and 
that  the  results  obtained  from  them  entirely  confirm  those  now  set  forth.  I  am  not, 
however,  in  a  position  at  the  present  time  to  present  any  satisfactory  details  of  these 
investigations,  involving  as  they  do  very  tedious  computations,  which  I  have  not  yet 
been  able  to  carry  out  in  a  systematic  or  complete  shape. 

The  importance  of  the  subject  in  connection  with  the  study  of  the  diurnal  variations 
of  atmospheric  pressure  cannot  be  overstated,  and  in  the  second  part  of  this  memoir, 
which  will  be  devoted  to  that  question,  I  shall  have  occasion  to  revert  to  it.  Mean¬ 
while  I  would  invite  the  co-operation  of  persons  interested  in  this  branch  of  physics 
in  the  collection  of  data  relating  to  temperature  as  complete  as  those  now  available 
in  the  case  of  atmospheric  pressure. 
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Note. — In  1879  Sir  G.  Stokes  communicated  to  the  Meteorological  Council,  of 
which  he  was  tlien  a  member,  copies  of  letters  addressed  by  him  to  Sir  G.  Airy, 
containing  the  results  of  computations  of  the  harmonic  components  of  the  Greenwich 
diurnal  temperature  curve,  made  in  the  ordinary  manner,  which  differs  somewhat 
from  that  adopted  by  me.  These  results  supply  the  coefficients  up  to  the  fourth 
order  for  each  of  the  20  years  of  the  Greenwich  series,  separately,  and  those  of  the 
fifth  and  sixth  orders  for  the  mean  of  the  20  years  taken  together.  They  are  almost 
identical  with  the  values  given  in  the  volume  of  tables  published  by  the  Meteorological 
Council,  and  the  comparison  of  the  means  of  the  two  sets  of  computations  may  be  of 
some  interest. 


Vv 

Iv 

Pi- 

A- 

ft- 

ft- 

Pi- 

ft- 

Po-  '  Qy 

Pe-  ?«• 

Sir  G.  Stokes 

-4-280 

~2-722 

+  -883 

+  -563 

+  •063 

+  •119 

-•043 

--014 

-■001  --026 

-■003  --008 

Meteoroloo'ical 

1 

Tables  .  . 

-4-28-2 

-•2-738 

+ 

CO 

00 

+  •557 

+  -066 

+  •118 

-•046 

-•015 

1 

P 

1- 

P 

3- 

Pfi- 

Sii’  G.  Stokes 

5-072 

1-047 

•135 

•045 

•026 

•009 

Meteorological 

1 

Tables  . 

.5-08.3 

1-046 

•1.34 

•047 

It  has  not  been  thought  worth  while  to  repeat  the  detailed  figures  for  the  separate 
years,  as  they  are  virtually  identical  with  those  given  in  the  Meteorological  Office 
Tables. 

Referring  to  a  comparison  that  he  had  made  between  the  mean  observed  hourly 
temperatures  and  the  values  obtained  by  computation  from  the  daily  means  and  the 
harmonic  coefficients,  Sir  G.  Stokes  remarked  that  “  the  minute  fourth  order  is 
swallowed  up,  even  in  a  mean  of  20  years’  series,  by  the  uncertainty  in  the  amount  of 
the  diurnal  fluctuation,  not  to  speak  of  the  much  larger  uncertainty  in  the  mean 
temperature  for  a  day.  Nevertheless,  it  appears  from  the  figures,  that  though  this 
order  is  so  minute,  and  though  its  effect  on  the  mean  temperature  at  any  particular 
hour  is  trifling  compared  with  the  average  variation  from  year  to  year  of  the  sapie 
hour,  it  still  emerges  roughly  with  tolerable  certainty  from  the  mean  of  a  good  many 
years.  ” 

This  conclusion  is  fully  confirmed  by  the  more  complete  examination  of  the  results 
obtained  from  the  mean  monthly  values,  much  of  the  strong  evidence  of  the  periodicity 
represented  by  the  minute  fourth  order  of  components  being  lost  by  dealing  with  the 
mean  yearly  values. 
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Table  A. — Mean  Values  (reckoned  from  Mean  Midnight)  of  the  %:>,  q  Coefficients  for 
the  First  Four  Orders  of  Harmonic  Components  of  the  Diurnal  Inequality  of 
Temperature  at  Greenwich,  for  each  Month  of  the  Year,  obtained  from  20  Years’ 
Observations  from  1849  to  1868. 


MoutlLS. 

Pv 

2i- 

Pi- 

Pi- 

P-.i- 

Pi- 

Pi- 

'if 

Mean 
temp.  T. 

January  . 

0 

-1-45 

o 

-1-20 

+ 

o 

-64 

+ 

O 

-69 

o 

•24 

_ 

O 

•26 

+ 

•04 

+ 

O 

•04 

38-9 

February 

-2-39 

-2-06 

+ 

-88 

+ 

•89 

— 

•23 

— 

•17 

•00 

— 

•07 

39  7 

March 

-3-71 

-2-82 

+  1-02 

+ 

•87 

— 

•06 

+ 

•13 

•12 

— 

•19 

41-5 

April  .... 

-5-46 

-3-51 

+ 

1-04 

+ 

•56 

+ 

•27 

+ 

•36 

— 

•15 

— 

•08 

47-2 

May  .... 

-6-34 

-3-61 

+ 

-63 

+ 

•17 

+ 

•50 

+ 

•38 

— 

•01 

+ 

•09 

52-7 

June  .... 

-6-69 

-3-83 

+ 

-50 

+ 

•04 

+ 

•46 

+ 

•39 

+ 

•10 

+ 

•17 

59-8 

July  .... 

-6-58 

-4-08 

+ 

-57 

+ 

•23 

+ 

•50 

+ 

•38 

— 

•01 

+ 

•12 

62'5 

August  . 

-6-06 

-3-83 

+ 

-95 

+ 

•53 

+ 

•38 

+ 

•39 

— 

•16 

+ 

•01 

61-9 

September  . 

-O-60 

-3-21 

1-49 

+ 

•83 

+ 

•06 

-H 

•25 

— 

•23 

— 

•23 

57-5 

October  . 

-3-61 

-2-04 

+ 

1-35 

+ 

•74 

— 

•25 

— 

•04 

— 

•10 

— 

•10 

50-9 

November  . 

-2-29 

-1-60 

+ 

-96 

+ 

•67 

•35 

— 

•18 

+ 

•03 

+ 

•01 

42-8 

December  . 

-1-22 

-1-07 

+ 

•59 

+ 

•47 

— 

•25 

— 

•21 

+ 

•06 

+ 

•05 

40-8 

Mean  20  years 

-4-282 

-2-738 

+ 

-885 

+ 

•557 

+ 

•066 

+ 

•118 

— 

•046 

— 

•015 

49-69 
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Table  B. — Values  of  the  Amplitude  P,  and  the  Apparent  Time  of  the  Fmst 
Maximum  p,  for  the  First  Four  Orders  of  Harmonic  Components  of  the  Diurnal 
Inequality  of  Temperature  at  Greenwich  for  each  Month  of  the  Year,  for  Five- 
Yearly  Periods  between  1849  and  1868. 


i 

1  Five- 
.  yearly 
periods. 

Jannary. 

d 

ksH 

April . 

>> 

Cv 

June. 

July. 

be 

d 

September. 

October. 

C 

5 

o 

5 

o 

o 

o 

Year. 

1st  .  . 

1-90 

3-25 

4-94 

O-80 

6-97 

7'76 

7-39 

6-85 

6-20 

3-94 

2-74 

1-44 

4-93 

‘2nd 

2-00 

3^50 

5-05 

719 

7-25 

8-13 

7-43 

7-76 

6-98 

4-28 

•2-61 

1-74 

5-33 

3rd  .  . 

1-99 

317 

4-42 

6-05 

7-24 

6-55 

7-62 

6’75 

5-82 

3-93 

2-89 

1-79 

4-86 

Pi 

4th 

1-71 

2-71 

4-27 

6-94 

7  74 

8-40 

8-57 

7-30 

6-74 

4*47 

2-97 

1-62 

5-29 

]\Lean  . 

1-9U 

3-16 

4-67 

6-50 

7^30 

7-71 

7-75 

7-17 

646 

4-16 

2-80 

1-65 

5-10 

1st 

•97 

1-20 

1-40 

1-04 

•66 

•64 

•72 

105 

1-57 

1-50 

1-09 

•78 

1-05 

2nd  .  . 

1-00 

1-33 

1-43 

1-45 

■75 

•63 

•63 

1-32 

2‘01 

1-59 

1-15 

•81 

1-18 

3rd  .  . 

1-00 

1-32 

1-2G 

1-07 

•82 

•49 

•57 

•98 

1-36 

1-43 

1-22 

•77 

1-03 

P. 

4th 

•80 

1-18 

1-27 

1  27 

•59 

■47 

■72 

1-07 

1-83 

1-66 

1-22 

•69 

1-06  1 

Mean  . 

•94 

1-26 

1-34 

1-21 

•71 

*56 

‘66 

111 

1-71 

1-54 

1-17 

•76 

1-08 

1st 

•40 

•28 

•16 

•49 

•65 

•73 

•64 

•56 

•27 

•23 

•40 

•28 

•43 

2nd  .  . 

•34 

•31 

•22 

•49 

•63 

•58 

•62 

•52 

•37 

•35 

•38 

•35 

•43 

3rd  .  . 

•34 

•28. 

•14 

•47 

•48 

•43 

•61 

•46 

•30 

•23 

•40 

•36 

•38 

P:i 

4th  .  . 

•35 

•32 

•19 

*4o 

•77 

•69 

72 

•67 

•23 

•35 

•43 

•33 

•46 

]\lean  . 

•36 

■30 

•18 

.•48 

•63 

•61 

•65 

*55 

•29 

•29 

•40 

*33 

•42 

1st 

•09 

•12 

•27 

■18 

•08 

•15 

•18 

•20 

•34 

•14 

•07 

■10 

•16 

2nd  .  . 

•08 

•11 

■27 

•24 

.•14 

•24 

•15 

•15 

•36 

•15 

•06 

•08 

•17 

3rd  .  . 

•11 

•08 

■18 

•19 

•12 

•17 

•19 

■15 

■32 

•16 

•05 

•10 

•16 

Pi 

4th 

•09 

•11 

•19 

•19 

•13 

•29 

•17 

•19 

•33 

•23 

•11 

•09 

•18  ; 

Mean  . 

•09 

•11 

■23 

-20 

•12 

•21 

•17 

■17 

•34 

■17 

•07 

•09 

1 

•16 
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Table  B  (continued). — Values  of  the  x4mplitude  P,  and  the  Apparent  Time  of  the 
First  Maximum  [i,  for  the  First  Four  Orders  of  Harmonic  Components  of  the 
Diurnal  Inequality  of  Temperature  at  Greenwich  for  each  Month  of  the  Year, 
for  Five-Yearly  Periods  between  1849  and  1868. 


Five- 

yearly 

periods. 

January. 

February. 

March. 

April. 

May. 

June. 

July. 

August. 

September. 

October. 

S 

rO 

s 

O) 

> 

o 

December. 

Tear. 

1st  .  . 

222° 

217° 

214° 

212° 

211° 

208° 

208° 

213° 

211° 

212° 

218° 

223° 

214° 

2ud  .  *  . 

216 

216 

217 

212 

210 

211 

211 

213 

212 

212 

220 

226 

215 

3rd  .  . 

213 

216 

214 

214 

212 

209 

211 

212 

210 

213 

218 

217 

213 

/'l 

4tli 

217 

220 

215 

113 

210 

211 

212 

213 

211 

216 

218 

222 

215 

Mean  .  . 

217 

217« 

215 

213 

211 

210 

210 

213 

211 

213 

219 

222 

214 

1st 

22 

21 

18 

9 

9 

-  8 

0 

16 

19 

19 

22 

18 

14 

2nd 

19 

17 

17 

14 

6 

6 

8 

15 

15 

18 

20 

20 

14 

3rd  .  . 

23 

19 

22 

12 

17 

9 

11 

17 

13 

18 

20 

23 

17 

-"2 

4tli  .  . 

20 

20 

16 

17 

—  2 

-  1 

13 

14 

16 

17 

21 

20 

14 

Mean  . 

21 

19 

18 

13 

8 

1 

8 

16 

16 

18 

21 

20 

15 

1st  .  . 

75 

69 

40 

14 

14 

16 

12 

15 

21 

66 

75 

76 

41 

2nd  .  . 

74 

70 

30 

19 

14 

12 

12 

18 

36 

68 

73 

73 

41 

3rd  .  . 

73 

69 

40 

15 

11 

13 

10 

13 

23 

68 

72 

72 

40 

-“3 

4tli  .  . 

72 

66 

49 

22 

13 

12 

11 

16 

26 

62 

70 

77 

41 

Mean  . 

74 

69 

40 

18 

13 

13 

11 

16 

27 

66 

73 

74 

41 

1st  .  . 

12 

56 

58 

47 

25 

16 

23 

46 

58 

62 

25 

12 

58 

2nd  .  . 

14 

57 

57 

55 

27 

20 

30 

47 

60 

62 

16 

14 

60 

3rd  .  . 

10 

65 

56 

48 

16 

17 

24 

38 

57 

51 

-  8 

0 

53 

4tE  .  . 

5 

68 

61 

61 

24 

11 

7 

46 

57 

62 

9 

15 

57 

Mean  .  . 

10 

62 

58 

53 

23 

16 

21 

44 

58 

59 

11 

10 

57 

Time  of  t 

sunrise  J 

118° 

106° 

91° 

77° 

66° 

58° 

61° 

72° 

87° 

101° 

115° 

122-' 

— 

4  N 
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Table  C. — Mean  Values  (reckoned  from  Greenwich  Mean  Midnight)  of  the  p,  q  Coefficients  for  the  First  Three  Orders  of 
Harmonic  Components,  of  the  Diurnal  Inequality  of  Temperature  at  the  Seven  Observatories  of  the  Meteorological  Office, 
for  each  Month  of  the  Year,  obtained  from  Twelve  Years’  Observations  from  1871  to  1882. 
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Table  C  (continued). — Mean  Values  (reckoned  from  Greenwich  Mean  Midnight)  of  the  p,  q  Coefficients  for  the  First  Three 
Orders  of  Harmonic  Components,  of  the  Diurnal  Inequality  of  Temperature  at  the  Seven  Observatories  of  the  Meteorolo¬ 
gical  Office,  for  each  Month  of  the  Year,  obtained  from  Twelve  Years’  Observations  from  1871  to  1882. 
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Table  D  (continued). — Mean  Values  of  the  Amplitude  P,  and  of  the  First  Maximum  fx,  reckoned  from  Local  Apparent 
Midnight,  for  the  First  Three  Orders  of  Harmonic  Components  of  the  Diurnal  Inequality  of  Temperature  at  the  Seven 
Observatories  of  the  Meteorological  Office,  for  each  Month  of  the  Year  and  for  the  entire  Year,  obtained  from  Twelve 
Y^ears’  Observations  from  1871  to  1882. 
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Table  E. — Mean  Monthly  Values  of  the  Equation  of  Time,  the  Sun’s  Declination  and  Right  Ascension,  and  of  the  A2:»parent 
Time  of  Sun  Rise,  at  Greenwich  and  at  the  Seven  Observatories  for  each  Month  of  the  Year.  The  time  is  in  Angular 
Measure. 
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XIII.  The  Variation  of  Molecular  Surface-Energy  ivith  Temperature. 
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[Plates  24,  25.] 

Introduction. 

1.  The  well-known  relation  of  volume-energy  to  temperature,  expressed  by  the 
equation 

p)v  =  RT, 

and  the  simple  relations  between  p,  v,  and  T  when  the  substance  examined  is  in  the 
state  of  gas,  together  with  the  constancy  in  the  value  of  R,  if  the  weights  of  unit 
volumes  of  gases  taken  are  proportional  to  their  molecular  weights,  have  led  us  to 
make  experiments  on  the  surface-tension  of  liquids  in  the  hope  of  discovering 
relations  as  direct  and  simple.  We  were  guided  to  this  research  by  experiments 
by  E5tv6s,  which  shall  be  discussed  later.*  We  have  not  been  disappointed ;  it 
appears  that  a  similar  formula  expresses  with  moderate  accuracy  the  variation  of 
surface-energy  with  temperature ;  it  may  be  stated  in  similar  terms,  using  the 
symbols  y  for  surface-tension,  i.e.,  the  force  exerted  along  a  linear  centimetre  of 
the  liquid  ;  5  for  a  surface  over  which  are  distributed  a  number  of  molecules  the  same 
for  all  liquids  ;  k  for  a  constant  analogous  to  R  in  the  gaseous  equation  ;  and  t  for 
temperature  measured  in  Centigrade  degrees  downwards,  the  critical  temperature 
being  taken  at  zero.  An  equation  completely  analogous  to  the  gaseous  equation, 
pv  =  RT,  should  therefore  be  ys  =  kt. 

That  this  is  reasonable  follows  from  the  following  consideration  ; — In  the  gas 
equation,  pv  =  RT,  if  v  be  kept  constant,  p  decreases  with  ftdl  of  T,  until  where 
P  =  0,  T  =  —  273°,  or  absolute  zero ;  the  origin  of  the  scale  of  absolute  temperature 
is  also  the  origin  of  the  scale  of  pressure. 

Correspondingly,  in  the  liquid  surface  equation,  if  s  be  kept  constant,  y  decreases 
with  T,  until  where  y  =  0,  a  condition  of  affairs  which  takes  place  at  the  critical 

*OsTWALD  (‘ Lelirbuch  der  Allgemeinen  Chemie,’  p.  1130)  has  also  pointed  out  the  bearings  of  the 
experiments  of  Eotvos  in  this  direction,  and  has  indicated  the  possibility  of  determining  the  molecular 
weights  of  liquids  by  investigation  of  this  “  colligative  ”  property. 
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temperature,  t  is  zero  ;  hence  the  origin  of  the  temperature-scale  (r)  is  also  the  origin 
of  the  scale  of  tension. 

But  the  above  equation,  unmodified,  represents  facts  with  only  approximate 
accuracy,  for  reasons  which  will  now  be  adduced. 

Let  ys  and  r  be  the  axes  of  the  curve  AO,  showing  the  relation  between  ys  and  t. 
At  O,  the  critical  temperature,  t  =  0,  and  the  value  of  ys  is  also  0.  With  rise  of  r, 
^.e.,  with  fall  of  temperature,  ys  Increases  slowly  at  fi.rst,  but  soon  attains  a  nearly 
steady  rate  of  increase,  pictured  by  the  nearly  straight  line  CA.  The  origin  of  the 


Fig.  1. 


line  CA,  which  may  be  regarded  as  a  tangent  to  a  curve  at  some  point  intermediate 
between  A  and  C,  is  not  0,  but  B,  a  temperature  some  degrees  on  the  ordinary  scale 
below  O,  the  critical  temperature.  Hence,  in  representing  the  slope  of  the  line  CA 
by  an  equation,  r  cannot  be  one  of  the  factors,  but  r  diminished  by  the  number  of 
degrees  between  0  and  B.  The  equation  then  becomes,  where  d  represents  that 
number, 

ys  —  K  {t  —  d). 

A  similar  correction  might  possibly  be  applicable  to  the  gaseous  equation,  if  we 
wish  to  exhibit  the  behaviour  of  gases  at  ordinary  temperatures,  which  are  far  above 
the  absolute  zero  of  the  thermo-dynamic  scale.  Were  such  a  correction  applicable,  it 
would  have  the  effect  of  merely  altering  the  zero-point  on  the  gas  thermometer  by 
some  degrees. 

That  d  {ysjdt)  is  a  constant  has  been  shown  to  be  approximately  true  by  Eotvos 
(‘Wied.  Ann.,’  27,  452);  he  also  points  out  that  5  may  be  taken  as  equal  to  (Mr)L 
where  v  is  the  molecular  volume  of  the  liquid  under  investigation,  i.e.,  the  volume  in 
cub.  centims.  occupied  by  molecular  weight  of  the  compound  taken  in  grammes.  He 
deduces  from  the  constancy  of  the  ditferential  the  equation  y  (Mv)^  =  k  [T  —  T'), 
where  T  is  the  critical  temperature  of  the  liquid,  and  T'  the  temperature  at  which 
y  and  (Mv)^  are  observed,  i.e.  (T  —  T')  =  r.  But,  as  we  shall  show,  such  an  equation 
leads  to  erroneous  results. 
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The  modification  to  be  introduced  into  the  equation  y  (Mr)*  =  k{t  —  d)  in  order 
to  secure  concordance  at  temperatures  (or  values  of  r)  higher  than  those  represented 
by  the  point  C  on  the  figure  will  be  considered  later. 

In  calculating  the  results  of  experiment,  we  have  assumed  with  Eotvos  that 
(Mr)*  =  s ;  for  the  surface  of  a  liquid  conceived  to  be  contained  in  a  cubical  vessel  is 
obviously  a  square  on  tlie  line  representing  the  cube-root  of  its  volume.  Such  an 
assumption,  if  molecular  volumes  be  employed,  gives  a  comparison  of  surfaces  on 
which  are  distributed  equal  numbers  of  molecules,  and  permits  of  comparison  between 
different  liquids.  * 

f 

2.  Proof  of  the  Validity  of  the  Equation  y  (Mr)*  =  k(t  —  d). 

The  data  necessary  in  order  to  calculate  the  molecular  surface- energy  of  a  liquid 
are  ;  (1)  the  height  to  which  the  liquid  rises  in  a  capillary  tube  of  known  diameter  ; 
(2)  the  density  of  the  liquid  at  the  temperature  of  observation  ;  (3)  the  molecular 
weight  of  the  liquid  examined.  These  data  will  be  found  on  p.  667,  et.  seq. 

The  licjuids  examined  were  :  (l)  ethyl  oxide  or  ether  ;  (2)  methyl  alcohol ;  (3)  ethyl 
alcohol  ;  the  specific  orthobaric  volumes  of  these  liquids  at  tenqoeratures  from  that 
of  the  atmosphere  to  their  critical  temperatures  were  determined  by  Eamsay  and 
Young  (‘Phil.  Trans.,’  1887,  A.,  87  ;  313;  1886,  A.,  313);  (4)  methyl  formate;  and 
(5)  ethyl  acetate ;  the  constants  for  these  two  liquids  were  kindly  communicated  to 
us  by  Young,  as  they  are  not  yet  published;  (6)  carbon  tetrachloride;  (7)  benzene  ; 
and  (8)  chlorobenzene,  examined  by  Young  (‘  Trans.  Chem.  Soc.,’  1891,  p.  932  ;  1889, 
p.  504  ;  and  1891,  p.  134)  ;  and  acetic  acid  {ibid.,  1886,  p.  790  ;  and  1891,  p.  909). 
These  are  at  present  the  only  liquids  for  which  such  data  are  available,  and  therefore 
they  are  the  only  ones  of  which  the  surface-energy  and  its  variation  with  temperature 
can  be  determined. 

They  divide  into  two  groups  ;  to  the  first  group  belong  ether,  methyl  formate,  and 
ethyl  acetate,  carbon  tetrachloride,  benzene,  and  chlorobenzene.  These  liquids  may 
be  termed  normal  liquids,  inasmuch  as  their  behaviour  resembles  that  of  a  normal  gas. 
The  second  group  comprises  acetic  acid  and  the  alcohols  ;  and  these  displaj-  properties 
which,  as  will  afterwards  be  shown,  make  it  more  than  likely  that  their  molecules 
coalesce  to  form  aggregates,  as  temperature  falls,  as  indeed  is  known  to  be  the  case 
with  acetic  acid,  even  in  the  state  of  gas. 

The  first  of  these  groups  has  the  advantage  of  comprising  liquids  differing  widely 
from  each  other  chemically ;  they  are  therefore  specially  suitable  for  testing  the  truth 

It  Fas  been  assumed  that  the  distribution  of  molecules  on  the  surface  of  a  liquid  is  such  that  the 
average  distance  between  any  two  molecules  on  the  surface  is  equal  to  that  in  the  interior.  We  can 
give  no  proof  of  the  correctness  of  this  assumption,  save  to  refer  to  the  results  of  this  investigation 
which  appear  to  justify  it. 
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of  a  physical  law.  They  will  be  first  considered,  leaving  till  later  the  “  associating  ” 
liquids,  acetic  acid  and  the  alcohols. 

The  following  table  contains  numerical  data  regarding  the  variation  of  the  molecular 
surface-energy  of  the  “  normal  ”  lic|uids  with  temperature,  and  a  comparison  with 
numbers  calculated  by  means  of  the  equation  y  (Mr?)*  =  k  [t  —  d) : — 


Table  I. 


1 

Ethyl  oxide. 

(Grit,  temp.,  194°'5  C.) 

7  (Mt-)!  =  2T716  (t  -  6-5). 

Methyl  formate. 

(Grit,  temp.,  214°  C.) 

7  (Mu)5  =  2-0419  (t  -  5-9). 

Ethyl  acetate. 
(Grit,  temp.,  251° 
7  (Mi;)a  =  2-2256  (t  - 

C.) 

-  6-7). 

t(cent.). 

' 

7(Mt;). 

t  (cent.). 

7  (j\lt’)L 

t  (cent.). 

7  (Mt-)t 

T. 

T. 

Font!  cl. 

Cal. 

Found. 

Cal. 

Found. 

Cal. 

O 

O 

Ero-s. 

Erg-s. 

O 

o 

Ergs. 

Ergs. 

o 

0 

Ergs. 

Ergs. 

20 

174-5 

363-7 

360-5 

20 

194 

383-9 

384-1 

20 

231 

500-7 

499-2 

40 

154-5 

317-4 

317-1 

30 

184 

363-7 

363-7 

80 

171 

367-2 

365-7 

50 

144-5 

296-0 

295-3 

40 

174 

343-2 

343-2 

90 

161 

344-4 

343-9 

60 

134-5 

272-8 

273-6 

50 

164 

322-6 

322-8 

100 

151 

321-7 

321  2 

70 

124-5 

251-0 

251-9 

60 

154 

302-5 

802-4 

110 

141 

299-0 

298-9 

80 

114-5 

229-5 

230-2 

70 

144 

282-7 

282-0 

120 

131 

277-1 

276-6 

90 

104-5 

208-1 

208-4 

80 

134 

262-0 

261-6 

130 

121 

254-7 

254-4 

100 

94-5 

186-9 

186-8 

90 

124 

241-5 

241-1 

140 

111 

231-9 

232-1 

110 

84-5 

165-3 

165-0 

100 

114 

221-2 

2-20-7 

150 

101 

209-6 

209-9 

120 

74-5 

143-6 

143-3 

110 

104 

200-5 

200-2 

160 

91 

187-1 

187-6 

130 

64-5 

1220 

121-6 

120 

94 

180-0 

179-9 

170 

81 

164-8 

165-4 

140 

54-5 

100-4 

99-9 

130 

84 

159-4 

159-5 

180 

71 

143-0 

143-1 

150* 

44-5 

78-7 

78-2 

140 

74 

138-3 

139-1 

190 

61 

120-4 

120-8 

160 

34-5 

58-6 

56-5 

150 

64 

118-0 

118-6 

200 

51 

98-9 

98-6 

170 

24-5 

39-0 

34-8 

160 

54 

97-1 

98-2 

210* 

41 

78-4 

76-3  • 

180 

14-5 

19-9 

13-0 

170 

44 

76-9 

77-8 

220 

31 

56-8 

54-1 

185 

9-5 

12-3 

2-2 

180 

34 

57-3 

57-4 

230 

21 

35-7 

31-S 

190 

4-5 

5-5 

-  8-7 

190 

24 

37-7 

37-0 

240 

11 

15-9 

9-6 

194-5 

0-0 

0-0 

200* 

14 

19-2 

16-5 

245 

6 

7-2 

-  1-6 

210 

4 

4-0 

-  3-9 

251 

0 

0-0 

214 

0 

0-0 

. 
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Table  I — (continued). 


Ca7'hon  tetrachloride. 

(Crit.  temp.,  283°  C.) 
7(M«)i=-.  2-1052  (t-  6-0). 

Benzene. 

(Crit.  temp.,  288‘’-5  C.) 

7  (AH)J  =  2-1043  (t  -  6-5). 

Chlorobenzene. 

(Crit.  temp.,  360°  0.) 

7  (Mt;)f  =  2-0770  (--  6-3). 

7  (Uv)i. 

1 

7  (Mr)i  ' 

1 

7  (Mw)i 

i  (cent.). 

t  (cent.). 

'  • 

L  j-i  u.  J • 

T. 

T. 

Found. 

Cal. 

Fonud. 

Cal. 

Found. 

Cal. 

O 

o 

Erg-.s. 

Eras. 

0 

o 

Ergs. 

Ergs. 

0 

0 

Ergs. 

Ergs. 

80 

203 

414-6 

414-7 

80 

208-5 

425-1 

425-1 

150 

210 

423-2 

4-23-1 

90 

193 

393-7 

393-7 

90 

198-5 

404-5 

404  0 

160 

200 

401-3 

402-3  ' 

100 

183 

372-3 

372-6 

110 

188-5 

384-0 

.383-0 

170 

190 

381-8 

381-5 

110 

178 

351-7 

351-6 

110 

178-5 

362-9 

361-9 

180 

180 

360-5 

360-8 

120 

163 

.330-3 

330-5 

120 

168-5 

.341-6 

340-9 

190 

170 

340-0 

840-0 

130 

153 

.309-4 

309-5 

130 

158-5 

.3-20-3 

319-8 

200 

160 

319-1 

319-2 

140 

143 

288-1 

288-4 

140 

148-5 

299-0 

298-8 

210 

150 

298-2 

298-5 

150 

133 

267-4 

267-4 

150 

1.38-5 

278-1 

277-8 

220 

140 

277-0 

277-7 

160 

123 

246-7 

246-3 

160 

128-5 

256-9 

256-7 

230 

130 

256-2 

256-9 

170 

113 

226-0 

225-3 

170 

118-5 

2.35-2 

235-7  , 

240 

120 

234-9 

236-2 

180 

103 

204-8 

204-2 

180 

108-5 

213-8 

214-6 

250 

110 

213-9 

215-4 

190 

93 

183-3 

183-2 

190 

98-5 

193-4 

193-6 

260 

100 

192  8 

194-6 

200 

83 

162-3 

162-1 

200 

88-5 

172-5 

172-5 

270 

90 

171-9 

173-9 

210 

73 

140-8 

141-1 

210 

78-5 

151-9 

151-5 

280 

80 

150-6 

153-1 

220 

63 

118-9 

120-0 

220 

68-5 

131-0 

1.30-5 

290 

70 

128-9 

132-3 

230 

53 

96-8 

99-0 

230 

58-5 

110-1 

109-4 

300 

60 

109-7 

111-5 

240 

43 

76-5 

77-9 

240 

48-5 

89-0 

88-4 

310 

50 

90-3 

90-8 

250 

33 

55-5 

56-8 

250-* 

.38-5 

68-7 

67-3 

320* 

40 

71-5 

70-0 

260 

23 

35-9 

35-8 

260 

28-5 

48-6 

46-3 

333 

27 

46-7 

43.0 

270* 

13 

21-7 

14-7 

270 

18-5 

28-8 

25-3 

360 

0 

0-0 

283 

0 

0-0 

275 

13-5 

19-9 

14-8 

280 

8-5 

9-0 

4-2 

288-5 

0-0 

00 

1 

1 

i 

These  results  clearly  show  the  validity  of  the  ecjuation  —  k  {t  —  d)  over  a 

very  long  range  of  temperature  ;  from  20°  C.,  in  most  cases,  to  within  20  or  30  degrees 
below  the  critical  temperatuie.  Deviation  becomes  apparent  where  an  asterisk  has 
been  placed  opposite  the  temperature.  A  complete  formula,  representing-  all  the 
results  with  fair  accuracy,  will  afterwards  be  adduced,  but  several  important  deduc¬ 
tions  may  be  drawn  from  the  simpler  one. 


3.  Conjirmcition  of  these  residts  at  —  89°‘8. 

Ethyl  oxide,  methyl  formate,  and  ethyl  acetate  remain  liquid,  even  when  cooled  to 
the  boiling-point  of  nitrous  oxide  under  atmospheric  pressure.  This  temperature, 
which  we  have  carefully  determined  by  means  of  a  thermometer  filled  with  pure  dry 
hydrogen  (‘Trans.  Chem.  Soc.,’  1893,  p.  833),  is  —  89°-8.  It  was  thought  advisable 
to  measure  the  surface-energy,  and  to  find  out  whether  the  linear  relation  between 
molecular  surface-energy  and  temperature  persists  even  at  that  low  temperature.  The 

4  o  2 
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results  are  given  in  tlie  Table  which  follows ;  the  method  of  experiment  is  described 
on  p.  671. 

Table  IL — Surface-energy  at  —  89°-8  C. 


Substance. 

7  (M^;)i 

Percentage 

deviation. 

Found. 

Calculated. 

Ethyl  oxide 

611-2 

599-4 

' 

+  2-0 

Methyl  formate 

5.57-0 

608-7 

-8-5  i 

Ethyl  acetate 

761-5 

744-0 

+  2-4 

The  agreement  is  good  except  in  the  case  of  methyl  formate ;  here,  however,  the 
negative  value,  judging  from  experiments  with  acetic  acid  and  with  the  alcohols,  may 
be  due  to  molecular  association.  The  positive  value  of  the  other  two  substances  may 
be  due  to  the  fact  that  measurements  were  made  in  a  different  tube  of  wider 
capillary  bore,  and  that  the  arrangements  were  necessarily  less  perfect  than  in 
determinations  at  higher  temperatures. 

We  consider,  therefore,  that  we  are  justified  in  stating  that  the  linear  relation 
betweeh  molecular  surface-energy  and  temperature  holds  for  ether  within  a  range 
of  240°  ;  apj)roximately  for  methyl  formate,  of  270°;  and  for  etiiyl  acetate,  of  290°. 

4.  Molecular  Surface-energy  of  Acetic  Acid  and  oj  Methyl  and  Ethyl  Alcohols. 

The  behaviour  of  acetic  acid,  and  of  methyl  and  ethyl  alcohols,  is  exceptional ;  the 
surface-energy  no  longer  shows  a  linear  relation  to  temperature.  Surface-energy,  as  has 
been  stated,  is  the  product  of  #  and  y,  where  y*  represents  one-sixth  of  the  surface  of  a 
cube  containing  one  gramme  of  licjuid,  and  y,  the  surface  tension.  It  has  been  assumed, 
with  Eotvos,  that  the  molecular  volume  raised  to  the  two-thirds  power  (My)y  gives 
a  comparison  of  surfaces  on  which  equal  numbers  of  molecules  lie.  It  is  fair  to 
assume  that  we  have  proved  a  linear  relation  to  hold  for  “  normal”  liquids  between 
y  (My)^  and  temperature.  The  question  now  arises — if  certain  liquids  fail  to  show  a 
linear  relation,  to  what  factor  must  the  variation  be  ascribed  ? 

Two  of  these  factors,  viz.,  y  and  (yf,  are  deduced  from  actual  measurements,  viz., 
of  the  height  of  ascent  in  a  capillary  tube,  and  of  the  volume  of  one  gramme  of  the 
substance.  But  M  has  been  taken  as  the  molecular  weight  of  the  simple  molecules, 
C3H,j^02,  CH^O,  and  CgHeO.  For  acetic  acid,  at  least,  this  assumption  is  ackuow- 
ledgedly  wrong,  for  it  is  well-known  that  its  molecular  weight,  as  determined  from  its 
gaseous  density,  is  not  a  constant,  but  decreases  with  rise  of  temperature  and  fall  of 
pressure.  It  has  been  shown  by  Ramsay  and  Young  (‘  Phil.  Mag.,’  1887,  p.  206), 
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that  the  volume  of  one  gramme  of  the  vapour  of  acetic  acid  at  50°,  the  lowest  tempera¬ 
ture  at  which  measurements  Avere  possible,  and  at  a  pressure  nearly  that  of  the 
saturated  vapour  (51‘35  millims.,  instead  of  56'56)is  3567  cub.  centims.,  corresponding 
to  the  molecular  weight,  109'6,  instead  of  60,  the  molecular  weight  of  CoH^O^,  or  120, 
that  of 

The  alcohols  show  no  such  deviation  in  their  vapour  densities  at  any  observed 
temperatures  and  pressures ;  but  that  does  not  preclude  the  occurrence  of  association 
between  simple  molecules  to-  form  more  complex  molecular  groups  in  the  liquid 
substances.  It  is  known  that  if  the  molecules  in  the  gaseous  state  be  caused  to 
recede,  dissociation  takes  place;  for  instance,  at  the  same  temperature,  50°,  but 
at  a  pressure  of  13 '4  millims.,  one  gramme  of  acetic  acid  gas  occupied  no  less  than  , 
15,100  cub.  centims.,  implying  a  molecular  weight  of  99’2,  considerably  greater  than 
that  of  0311.^03  (60),  but  not  so  great  as  that  of  C^HgO^  (120).  And  many  other 
similar  instances  could  be  given. 

Now,  since  association  is  promoted  by  the  approach  of  molecules,  it  is  clear  that 
as  molecules  in  the  liquid  state  are  much  nearer  each  other  than  in  the  gaseous  state, 
it  is  not  unreasonable  to  suppose  that  some  liquids  may  consist  in  whole  or  part  of 
associated  molecules,  even  although  their  gases  show  no  signs  of  abnormal  density. 

These  observations  are  illustrated  by  the  following  tables,  which  show  the  variation 
with  ten)perature  of  the  molecular  surface-energy  of  acetic  acid,  and  of  methyl  and 
ethyl  alcohols,  assuming  that  the  molecular  weight  in  each  case  is  tliat  of  the  simple 
molecule,  CoH^Og,  CH^O,  or  CgHgO.  By  choosing  suitable  molecular  weights, 
implying  a  mixture  of  simple  and  complex  molecules,  the  relation  can,  of  course,  be 
made  a  hnear  one. 
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Table  III. — Surface-energy  of  acetic  acid  and  of  meth3d  and  ethyl  alcohols. 


Acetic  acid 

(Crit.  temp.,  821‘5°  C.). 

Methyl  alcohol 
(Crit.  temjD.,  240-0°  C.). 

Ethyl  alcohol 
(CHt.  temp.,  243-1°  C.). 

o 

o 

T. 

7  (AH)t. 

f  C. 

7. 

7  (MiOi 

c  c. 

7. 

7(Mr)t. 

c 

o 

Ergs. 

0 

0 

Ergs. 

0 

o 

Ergs. 

20 

301-5 

371-2 

20 

220 

271-4 

20 

223-1 

331-0 

130 

191-5 

261-5 

70 

170 

216-2 

40 

203-1 

307-3 

]40 

181-5 

2.50-2 

80 

160 

206-6 

60 

183-1 

284-8 

150 

171-5 

238-4 

90 

150 

196-3 

80 

163-1 

261-2 

IGO 

161-5 

226-3 

100 

140 

186-7 

90 

153-1 

247-1 

170 

151-5 

213-9 

110 

130 

176-7 

100 

143-1 

235-0 

180 

141-5 

200-2 

120 

120 

166-3 

110 

133-1 

221-7 

190 

131-5 

187-9 

130 

110 

154-8 

120 

1-23-1 

208-0 

200 

121-5 

174-9 

140 

100 

142-9 

130 

113-1 

193-3 

210 

111-5 

160-5 

150 

90 

131-3 

140 

103-1 

178-8 

220 

101-5 

146-9 

160 

SO 

118-1 

150 

93-1 

163-0 

230 

91-5 

1321 

170 

70 

104-8 

160 

83-1 

147-2 

240 

81-5 

117-5 

180 

60 

91-0 

170 

73-1 

130-1 

250 

71-5 

101-5 

190 

50 

76-1 

180 

63-1 

112-6 

260 

61-5 

86-0 

200 

40 

60-6 

190 

53-1 

94-9 

270 

51-5 

71-6 

210 

30 

45-4 

200 

43-1 

75-7 

280 

41-5 

54-8 

220 

20 

29-2 

210 

33-1 

57-1 

290 

31-5 

39-9 

230 

10 

13-4 

220 

23-1 

39-2 

300 

21-5 

25-1 

234 

6 

7-6 

230 

13-1 

19-8 

310 

11-5 

11-3 

240 

0 

0-0 

234 

9-1 

13-3 

320 

1-5 

0-82 

236 

7-1 

9-9 

321 '5 

0-0 

0-0 

240 

3-1 

3-7 

. 

243-1 

0-0 

0-0 

Observations  of  the  rise  in  a  capillary  tube  were  made  at  —  89°'S  with  methyl  and 
ethyl  alcohols  in  contact  with  their  own  vapours  only. 

The  results  were  : — 


7 

Methyl  alcohol .  361 '8  ergs. 

Ethjd  alcohol .  436’1  ,, 


These  numbers  appear  to  lie  concordantly  on  prolongations  of  the  respective  curves 
representing  the  surface-energy  of  the  alcohols  in  relation  to  temperature.  (See 
Plate  25.) 

Now  it  is  possible  to  calculate  the  amount  of  association  at  aiw  temperature  for 
acetic  acid  and  the  alcohols,  on  the  assumption  that  k  is  a  constant,  which  is  approxi¬ 
mately  true  for  the  normal  liquids  examined,  and  that  if  no  association  occurred  with 
the  anomalous  liquids,  the  value  of  k  would  be  similar  to  that  which  it  possesses  for 
the  normal  liquids. 

The  following  values  of  k  were  found  : — 
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K. 

Ethyl  oxide .  2’1716 

Methyl  formate .  2 ’04 19 

Ethyl  acetate .  2‘2256 

Carbon  tetrachloride .  2’L052 

Benzene .  2'1043 

Chlorobenzene .  2'0770 


Mean  value  of  /c  .  .  .  •  .  2'1209 


Suppose  acetic  acid  gas.  consisting'  of  molecules  of  C^H^O,,  to  undergo  molecular 
condensation,  so  that  2CoHj^03  =  C^HgO^,  the  pressure  of  the  gas  would  fall  to  half' 
of  the  original  pressure,  provided  volume  were  kept  constamt ;  i.e.,  unit  volume  would 
contain  only  half  the  original  number  of  molecules.  How  would  this  aifect  the 
number  of  molecules  on  the  surface  of  a  cube  representing  unit  volume  ?  Clearly,  if 
the  number  of  molecules  in  uuit  volume  is  halved,  the  number  of  molecules  on  unit 
surface  will  be  altered  to  (-1)^ ;  and  a  similar  change  will  take  place  in  the  surface 
energy,  one  of  the  factors  of  which  is  molecular  surface,  or  (Mu)^.  The  value  of  the 
differential  of  surface-energy  with  temperature  will  be  similarly  altered ;  the  amount 
of  association  can,  therefore,  be  calculated  by  the  ec[uation 


2-12 


where  Tc  is  the  differential  found  for  the  dissociating  liquid  at  the  temperature  chosen, 
and  X  the  unknown  factor  of  association. 

For  example,  calculating  for  acetic  acid,  and  for  methyl  and  ethyl  alcohols  the 
amount  of  association  at  —  S9°'8,  20°,  100°,  and  150°,  we  obtain  the  following 
numbers  ; — 


Acetic  acid. 

' 

1 

IMetliy]  alcohol. 

Ethyl  alcohol. 

a;  X  60 

7  1 

X  X  32 

7, 

X  X  46 

t. 

k. 

X. 

=  M.W. 

f. 

=  M.W. 

r. 

Ah 

ib  • 

=  M.W. 

20 

0'8815 

.3-73 

223-9 

-  89-8 

0-868  ■  3-82 

122-2 

-  89-8 

0-949 

3-34 

153-6 

100 

1-058 

2-84 

170-3 

+  20 

0-932  3-43 

109-8 

P  20 

1-070 

2-79 

128-3 

150 

1-198 

2-36 

140-3 

150 

1-236  2-25 

72-0 

150 

1-569 

1-57 

72  2 

From  these  numbers  it  would  appear  that  the  limit  to  the  amount  of  possible 
association  is  4.  With  acetic  acid  at  20°  the  molecule  is  chiefly  (03114,03)4,;  with 
methyl  alcohol  at  —  89°'8  (CH4,0)4  is  approached;  ethyl  alcohol  has  not  reached 
so  gTeat  a  degree  of  association  at  such  a  temperature. 
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In  seeking  for  other  evidence  pointing  to  similar  conclusions,  attention  is  naturally 
drawn  to  deductions  of  molecular  weight  from  the  depression  in  freezing-point  of  a 
solvent.  But,  in  such  cases,  the  concentration  of  the  dissolved  substance  is  compara¬ 
tively  small.  Data  by  E.  Beckmann  are  available'  for  ethyl  alcohol  dissolved  in 
acetic  acid  and  in  benzene,  and  for  acetic  acid  dissolved  in  benzene  (‘  Zeitschr.  Phys. 
Chem.,’  vol.  2,  p.  728).  The  molecular  weight  of  CgHgO  is  46,  but  BECKArANN  found 
that  a  solution  of  alcohol  in  benzene,  containing  32 ’4 5  per  cent,  of  alcohol,  froze  at  a 
temperature  which  implied  a  molecular  weight  of  318;  ie.,  6 ’9  simple  molecules  of 
CgHgO  had  coalesced  to  form  complex  molecules.  Here,  however,  it  was  not  proved 
that  the  crystals  separating  from  the  solution  consisted  of  pure  benzene,  and  not  of  a 
compound.  The  same  solvent  gave  a  molecular  depression,  when  it  contained  22 '8 
per  cent,  of  acetic  acid,  corresponding  to  a  molecular  weight  of  153  for  acetic  acid; 
by  dividing  this  number  by  60,  the  molecular  wmight  of  it  appears  that 

approximately  three  simple  molecules  have  coalesced  to  form  a  complex  molecule. 
The  molecular  weight  of  alcohol,  determined  by  the  depression  in  freezing-point  of  a 
solution  of  14 ’2  per  cent,  of  alcohol  in  acetic  acid,  gave  58  as  the  molecular  weight  of 
alcohol ;  and  this  implies  a  commencement  of  association. 

Substances  which  have  no,  or  only  a  slight,  tendency  to  associate  simple  to  complex 
molecules,  however,  such  as  naphthalene  (molecular  weight,  128),  show  no  such  large 
deviations,  even  in  a  concentrated  solution.  Thus  Beckmann  found  the  molecular 
weight  of  naphthalene  to  be  132,  even  when  20 ‘5  per  cent,  of  naphthalene  was 
dissolved  in  benzene. 

That  such  abnormal  results  are  not  unknown,  even  in  the  gaseous  state,  is  proved 
by  the  density  of  sulphur  vapour  at  temperatures  not  far  removed  from  its  boiling- 
point  under  normal  pressure  ;  Biltz’s  results  (‘Zeitschr.  Phys.  Chem.,’  vol.  2,  p.  920)  show 
that  whether  the  formula  be  accepted  as  Sg,  or  whether  the  association  be  regarded  as 
proceeding  to  an  indefinite  limit,  the  fact  remains  that  association  takes  place  with 
fall  of  temperature.  (See  also  Thorpe  and  Hambly’s  results  with  hydrogen  duoride 
‘Chem.  Soc.  Trans.,’  vol.  55,  p.  163.) 

As  to  the  reason  of  such  condensation,  it  is,  perhaps,  premature  to  speak.  A  recent 
paper  on  Valency,  by  Flavitzky  (‘ J.  Prakt.  Chem.,’  N.F.,  vol.  46,  p.  57),  however, 
appears  to  suggest  a  clue.  It  may  be  that  the  oxygen  in  such  molecules  as  acetic 
acid  and  the  alcohols  has  not  exerted  its  maximum  vmlency,  on  account  of  the  com¬ 
paratively  high  temperature,  and  the  distance  between  the  molecules  when  alcohol  is 
in  the  gaseous  state  ;  and  that  valency  increases  either  with  fall  of  temperature,  or 
with  closer  approach  between  the  molecLdes.  , 

A  further  proof  that  association  is  furthered  by  the  liquid  condition  has  been 
furnished  by  Cundall  (‘Chem.  Soc.  Trans.,’  1891,  p.  1076).  The  association  of  nitric 
peroxide  molecules  (NOg)  is  greatly  promoted  by  the  liquid  condition,  for  while  a  1‘44 
per  cent,  solution  in  chloroform  contains  only  0'274  per  cent,  of  NOo,  the  gas  at  similar 
temperature  and  pressure  corresponding  to  such  dilution  contains  0‘96  per  cent.  iSfO,,. 
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5.  Complete  Equation  expre-'ising  the  relation  hetiveen  Molecular  Surface-energy  and 

TempeixUure. 

All  the  previous  woi’k  has  been  on  the  assumption  that  the  rectilinear  equation  of 
yyi  ~  k{t  —  d)  holds  for  the  substances  examined.  But  it  was  mentioned  on  p.  651 
that  near  the  critical  point  this  simple  relation  no  longer  holds.  There  can  be  little 
doubt  that  as  the  liquid  reaches  a  higher  and  higher  temperature  its  surface  is 
exposed  to  a  more  vigorous  bombardment  from  the  gaseous  molecules.  The  molecular 
volume,  and  therefore  the  molecular  surface,  is  rapidly  increasing  near  the  critical 
point ;  and  the  surface-tension,  as  well  as  the  surface-energy,  decreases  less  rapidly  as 
the  critical  point  is  approached  than  at  lower  temperatures.  The  force  required  to" 
extend  a  surface  is  less  decreased  by  unit  rise  of  temperature  at  high  than  at  low 
temperatures.  Here  we  have  no  analogy  to  guide  us,  for  gases  have  never  been 
investigated  where  p  approximates  to  zero,  the  volume  of  one  gramme  being  kept 
constant,  or  in  other  words,  we  know  nothing  of  the  behaviour  of  gases  near  the 
absolute  zero  of  temperature. 

It  is,  moreover,  possible  that  the  distribution  of  molecules  on  the  surface  of  a  liquid 
at  high  temperatures  is  different  from  that  in  its  interior  ;  and  as  we  have  no  clear 
idea  of  the  condition  of  matters  at  the  surface  of  a  liquid,  we  can  form  no  theory 
which  would  conduct  us  to  a  reasonable,  and  not''  empirical  form  of  equation. 

It  was  necessary,  therefore,  to  seek  for  some  expression  which  would  represent  this 
deviation  as  a  function  either  of  molecular  surface  or  of  temperature,  and  Mr.  Bose- 
Innes  has  kindly  assisted  us  in  this.  The  expression 

y  (Mv)^  =  KT  —  fcd  {1  —  ]  0”^^) 

reproduces  the  results  with  considerable  accuracy.  At  high  temperatures,  i.e.,  where 
T  is  small,  the  correction  becomes  of  importance  ;  and  at  temperatures  lower  than 
the  critical  temperature  by  25°  or  30°,  the  correction  becomes  insignificant.  The 
results  near  the  critical  temperature  are  reproduced  for  ethyl  oxide,  methyl  formate, 
ethyl  acetate,  and  benzene  in  the  following  table  : — 
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Ethyl  oxide. 

K  =  2-1716. 
cl  =  8-5. 

\  =  0-03. 

Methyl  formate. 

K  =  2  0419. 
cl  =  5-9. 

X  =  0-044. 

7  (M'y)i. 

7  (Mu)4. 

KCl 

Kd 

T. 

HE- 

lO^’- 

i 

Cal. 

I'ound. 

i 

Cal. 

[  Found. 

0 

18-45 

0 

0 

0 

12-1 

i 

1  0 

0 

4-5 

13-6 

4-9 

5-5 

4 

8-1 

4-2 

4-0 

9-0 

9-6 

11-8 

12-3 

14 

2-9 

19-4 

19-2 

14-5 

6-8 

19-8 

19-9 

24 

1-1 

38-1 

37-7 

24-5 

3-4 

38-2 

39-0 

31 

0-4 

57-8 

57-3 

34-5 

1-7 

58-2 

58-6 

44 

0-1 

77-9 

76-9 

44-5 

0-9 

79-1 

78-7 

54-5 

0-4 

100-3 

100-4 

64-5 

0-2 

121-8 

122-0 

74-5 

0-1 

143-4 

143-6 

84-5 

0-05 

165-1 

165-3 

• 

Ethyl  acetate. 

Benzene. 

fC  = 

2-2-256. 

K  — 

2-1043. 

d  = 

6-7. 

d  = 

6-5. 

\ 

0-0312. 

X  = 

0-029. 

7 

7  (M^j)t. 

K(l 

Kd 

h". 

loxr 

Cal. 

Found. 

Cal. 

I’ound. 

0 

14-9 

0 

0 

0 

13-7 

0 

0 

6 

9-7 

8-1 

7-2 

8-5 

1-1 

11-9 

9-0 

11 

6-8 

16-4 

15-9 

13-5 

5-5 

20-3 

19-9 

21 

3-3 

35-1 

35-7 

18-5 

.  4-0 

29-3 

28-8 

31 

1-6 

55-7 

56-8 

28-5 

2-0 

48-3 

48-6 

41 

0-8 

77-1 

78-4 

38-5 

1-0 

68-3 

68-7 

51 

0-4 

99-0 

98-9 

48-5 

0-5 

88-9 

89-0 

61 

0-2 

121-0 

120-4 

58-6 

0-3 

109-7 

110-1 

71 

0-1 

143-2 

143-0 

68-5 

0-1 

130-6 

131-0 

78-5 

0-1 

151-6 

151-9 

6.  Historical  resume. 

The  first  experiments  on  the  influence  of  temperature  on  surface-tension  were  made 
by  Frankenheim  (‘Jour.  Prakt.  Chem.,’  vol.  23,  p.  401).  Laplace  and  Poisson,  it 
is  true,  considered  the  question,  but  only  in  the  sense  that  the  diminution  of  density 
of  the  liquid  would  alter  the  length  suspended.  Frankenheim,  however,  found  that 
the  capillary  ascent  diminishes  much  more  rapidly  with  rise  of  temperature  than  the 
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density  diminishes ;  and  he  discovered  that  the  decrease  in  length  of  column 
supported,  is  approximately  proportional  to  the  rise  of  temperature.  For  water,  he 
found  that  if  the  surface-tension,  or  coefficient  of  capillarity  at  0°  C.,  be  placed  equal 
to  1,  the  variation  with  temperature  between  0°  and  100°  C.  may  be  expressed  with 
fair  accuracy  by  the  equation  y=l  —  0’00191L 

Frankenheim  was  the  first  to  point  out  that  at  a  certain  high  temperature,  differing 
for  each  liquid,  the  capillary  ascent  would  cease ;  and  he  suggested  that  the  state 
observed  by  Cagniard  de  la  Tour,  now  knov/n  as  the  critical  point,  should  be  that 
temperature. 

Brunner,  in  1847  (‘Pogg.  Ann.,’  vol.  70,  p.  514),  and  Wolff,  in  1857  (‘Ann, 
Chim.  Phys,’  (3),  vol.  49,  p.  230),  also  found  proportionality  between  capillary  ascent' 
and  temperature ;  they  observed,  however,  that  such  proportionality  did  not  always 
hold.  The  next  researches  on  this  subject  in  order  of  time  were  by  P.  Schiff 
(‘Annalen,’  vol.  223,  p.  47),  in  1884;  but  as  he  measured  the  capillary  heights  at 
only  two  temperatures,  no  conclusion  can  be  drawn  from  his  work  relative  to  the 
question.  Moreover,  the  capillary  rise  was  measured  with  the  surface  of  the  liquid  in 
contact  with  air,  and  not  with  its  own  vapour. 

The  problem  was  again  experimentally  attacked  by  Eotvos  {loc.  cit.),  in  1886. 
Starting  with  Van  der  Waal’s  definition  that  corresponding  states  for  diflerent 
liquids  are  those  at  which 

/  1  \  Yl  _  _  P'iXl 

^  ^  W  “  “  ibTs  ’ 

(where  V^  and  Vg  are  the  molecular  volumes  of  two  saturated  vapours;  Vi  and  Vg; 
those  of  their  liquids  in  contact  with  saturated  vapours ;  and  corresponding 
pressures ;  and  T^  and  Tg,  corresponding  temperatures  on  the  absolute  scale),  he 
reasons  as  follows  : — 

For  a  surface  on  which  n  molecules  lie,  the  pressure  of  the  vapour  on  that  surface 
is  npp)p,  since  #  is  proportional  to  the  mean  linear  distance  between  the  molecules. 
On  the  other  hand,  the  surface-tension  across  a  line  of  m  molecules  is  myiVp.  The 
first  force  may  be  measured  in  dynesper  square  centimetre,  the  latter,  in  dynes  per 
Imear  centimetre.  The  corresponding  expressions  for  another  liquid  are  npp):^  and 

Eotvos  next  assumes  that  bodies  which  are  in  corresponding  states  should  possess 
similar  mechanical  properties,  especially  those  which  relate  to  the  forces  which  act 
between  their  parts,  and  to  their  energies.  On  this  assumption,  he  imagines  pro¬ 
portionality  between  yv*,  the  surface-energy,  and  the  product  pv  the  volume-energy  ; 
and  combining  the  relations  given  above,  he  obtains 
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This  equation  seems  to  signify  that  the  molecules  are  in  a  condition  of  equilibrium, 
inasmuch  as  it  would  imply  that  and  the  surface-tensions  of  the  liquids, 

balance  the  pressures  on  the  surfaces  of  the  liquids  ;  but  as  a  vertical  pressure  cannot 
be  balanced  Ijy  a  horizontal  stress,  perhaps  it  is  right  to  assume  that  only  proportion¬ 
ality  is  meant. 

Equation  (2),  by  appropriate  multiplication,  becomes 


Now  from  ( 1) 


hence 


(3)  Tdlb  Iff . 


^2^2  *^2 


When  two  substances  are  in  corresponding  conditions  they  remain  so,  according  to 
Van  dee,  Waals,  when  the  temperatures  change  proportionally  to  and  Tg,  or,  in 
otlier  words,  when  the  change  of  condition  with  temperature  at  any  corresponding 
temperatures  is  proportional  to  the  temperatures.  Hence  Eotvos  argues  that 


n^  ^  [W]  _  A  /V2’V\ 

1  dT  V  H  /  ^^ZTVE/’ 


This  equation  implies  that  the  rate  of  change  of  temperature  of  the  molecular 
surface-energy  of  any  two  liquids  is  the  same. 

We  have  deemed  it  necessary  to  enter  at  some  length  into  the  views  of  Eotvos, 
because,  although  his  conclusion  is  true  for  those  liquids  which  we  have  investigated 
between  wide  ranges  of  temperature,  his  premises  are  scarcely  justifiable. 

This  is  best  tested  numerically ;  and  although  Young  has  done  so  in  numerous 
papers,  it  will  be  convenient  to  show  the  magnitude  of  the  error  for  a  specific  case. 

It  is  easy  to  test  equation  ( 1 )  stated  in  the  form  ppq/T;^  =  from  data  given 

by  Ramsav  and  Young  (‘Phil.  Trans.,’  1887,  A,  pp.  SI  and  85)  for  ether,  and  by 
Young  (‘Trans.  Chem.  Soc.,’  1889,  pp.  501  and  504)  for  benzene. 


Benzene. 

Ether. 

Corresponding  temperatures  .... 

339‘95°  Absolute 

28il-95°  Absolute 

Pressures  at  these  temperatures 

495’5  millims. 

291-1  millims. 

Molecular  volumes  at  these  temperatui’es 

03’95  cub.  centims. 

101-86  cub.  centims. 

pt' 

T 

136-94 

104-79 

These  numbers,  according  to  Eotvos,  should  be  equal,  i.e.,  136'94  =  104'79. 
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The  correspondence  is  better  at  higher  temperatures. 


Benzene. 

Ether. 

Corresponding  temperatures  .... 

521 '5°  Absolute 

4.34-1°  Absolute 

,,  pressures . 

21752  millims. 

16088  millims. 

„  volumes . 

1.37'81  cub.  centims. 

150-26  cub.  centims. 

pv 

5748-2 

5568-6 

T 

Here,  again,  Eotvos  assumes  that  5748’2  =  5568 ’6,  an  assertion  unwarranted  by 
fact. 

We  next  proceed  to  test  equation  (3),  derived  from  equation  (1),  on  the  supposition 
of  numerical  correspondence  between  pu  and  yU. 


Benzene. 

Ether. 

Benzene. 

1 

1 

Ether. 

Corresponding  temperatures 

in  dynes . 

pv . 

yy* 

pv 

339-95° 

453-6 

46552 

282-9.5° 

382-6 

29651 

521-5° 

70-7 

2997600 

434-1° 

54-2 

2417400 

0-009744 

0-01290 

0-0000236 

0-0000224 

Again  the  want  of  correspondence  is  less  striking  at  high  than  at  low  temperatures. 
Lastly,  it  is  possible  to  test  equation  (4),  viz.,  yityV-^i  —  same 

temperatures  have  been  chosen,  and  the  data  are  the  same  as  those  given  above. 
The  results  are  : — 


Benzene. 

Elher. 

Benzene. 

Ether. 

T . 

1-3343 

1-352-2 

1-3557 

1-2486 

These  results  show  that  the  basis  of  reasoning  on  which  Eotvos  Founds  his 
differential  equation  is  a  faulty  one,  and  contrary  to  fact.  The  equation  wliich  he 
deduces  from  his  differential  equation,  viz. : — 

yi4  =  0-227  (T  -  T'),-'' 

where  T  is  the  temperature  at  which  yv^  =  0  (he.,  the  critical  temperature),  and  T^ 
the  temperature  at  which  the  observation  is  made,  is  identical  with  the  first  equation 
stated  on  p.  647,  viz.,  yv^  =  kt,  and  obviously  does  not  hold. 


*  The  coefficient,  0'227,  is  expressed  in  miliigramnies  per  square  millimeti’e. 
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It  should  be  remarked  that  we  have  confined  our  criticism  to  the  rectilinear  part 
of  our  work,  and  have  not  unfairly  taxed  the  powers  of  Eotvos’s  equation  in  covering 
those  parts  of  the  observations  where  they  approach  the  critical  temperature  and  are 
represented  by  a  curve.  At  best,  Eotvos’s  reasoning  leads  only  to  a  rough  simi¬ 
larity,  not  to  numerical  identity. 

Measurements  of  the  surface-tension  of  ethyl  oxide  have  recently  been  made  bv 
N,  P.  Kasterin,  by  a  method  which,  from  the  figures  and  diagrams  which  he 
gives,  evidently  does  not  lead  to  trustworthy  results.  (‘  Jour.  Puss.  Phjvs.  Chem. 
Soc.,’  24,  Phys.  Sect.,  p.  196.)  De  Vries,  also,  in  an  inaugural  dissertation 
(Amsterdam,  1893),  has  obtained  results  with  ether,  which,  although  confirmatory  of 
ours,  are  not  sufficiently  numerous  to  admit  of  any  general  conclusion. 

7.  Experimental  Details, 

It  was  necessary  during  the  experiments  on  this  subject  to  maintain  the  liquids 
investigated  at  constant  temperatures,  differing  from  each  other  by  known  amounts, 
and,  when  the  temperatures  were  high,  under  considerable  pressures.  In  order  to 


Fig-.  2. 


satisfy  these  conditions,  the  apparatus  consisted  essentially  of  three  parts,  a  tube  for 
observing  the  phenomena,  a  heating  apparatus,  and  a  pressure  apparatus. 

The  liquid  under  experiment  was  enclosed  air-free  in  a  piece  of  thick  walled 
barometer-tubing,  T,  secured  in  a’  neck  N  by  means  of  an  india-rubber  joint  com- 
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pressed  by  a  screw ;  it  entered  an  iron  cylinder  C,  carrying  a  screw  plunger,  not 
shown  in  the  figure.  The  cylinder  was  filled  with  mercury,  and  by  screwing  the 
plunger  in  and  out  the  pressure  could  be  varied  within  wide  limits,  and  the  liquid  in 
the  tube  could  be  exposed  to  any  desired  pressure,  greater  than  that  of  the 
atmosphere.  The  temperature  of  the  liquid  could  be  controlled  by  means  of  the 
vapour-jacket,  by  the  arrangement  shown  in  the  figure.  The  liquids  in  the  bulb  B 
boiled  under  known  pressures,  regulated  by  the  gauge  M,  and  the  temperature  could 
be  varied  at  will.  (For  further  details  see  ‘  Trans.  Chem.  Soc.,’  vol.  47,  p.  640,  and 
‘  Phil.  Trans.,’  1887,  A,  p.  69.)  As  in  the  experiments  of  Ramsay  and  Young,  the 
liquids  employed  to  secure  constant  temperatures  were: — (1)  Alcohol  (40°  to  70°), 
(2)  chlorobenzene  (70°  to  130°),  (3)  bromobenzene  (120°  to  150°),  (4)  aniline  (150°' 
to  180°),  (5)  quinoline  (180°  to  230°),  (6)  bromonapbtlialene  (220°  to  280°),  and 
(7)  dibenzylketone  (280°  to  330°). 

The  method  of  filling  the  tube  free  from  air,  was  as  follows  : — The  tube  'v^as  dis¬ 
connected,  the  cap  N  slipped  along  T  towards  the  bend,  and  the  projecting  end  of 


Fig.  3. 


the  glass  tube  was  sealed  to  a  bulb,  a  constriction  being  left  between  the  tube  and 
the  bulb,  and  also  on  the  tube  on  which  the  bulb  was  blown,  as  shown  in  the  figure. 
The  liquid  was  then  introduced  into  the  bulb,  some  mercury  was  added,  and  the  tube  A 
was  then  connected  with  an  air-pump,  the  liquid  being  heated,  if  necessary.  After 
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it  had  boiled  vigorously  for  some  minutes,  and  all  air  had  been  expelled  from  tube 
and  bulb,  the  tube  was  drawn  off  at  the  constriction  B.  The  liquid  in  the  barometer- 
tube  was  then  repeatedly  boiled  so  as  to  remove  all  traces  of  air  from  the  walls  of  the 
tube  ;  the  liquid  forms  pistons,  which  are  pushed  out  by  its  vapour,  and  effectually  expel 
all  traces  of  air  or  dissolved  gas.  On  cooling  the  barometer-tube,  liquid  enters  ;  when 
a  sufficient  quantity  has  entered,  the  tube  is  tilted  in  the  direction  shown  by  the 
arrow,  to  cause  mercury  to  enter ;  and  when  all  is  cold,  the  constriction  C  is  cut,  and 
after  the  cap  has  been  slipped  into  position,  the  tube  is  inserted  into  the  apparatus. 
It  is  easy  to  do  this  without  admitting  a  trace  of  air,  and  the  capillary  ascent  takes 
place,  therefore,  in  presence  only  of  the  vapour  of  the  substance. 

The  measurement  of  the  capillary  rise  was  effected  by  means  of  a  very  fine 
capillary  tube  t,  enclosed  in  the  wider  tube  T.  This  tube,  about  6  centims.  in  length, 
had  a  minute  hole  blown  in  a  small  bulb  at  its  lower  end,  and  at  this  point  it  was 
attached  to  a  shorter  and  less  fragile  rod,  which  served  as  a  support,  and  on  which 
the  glass  was  thickened  in  several  places,  so  that  it  maintained  a  constant  position 
in  the  tube  T.  Matters  were  so  arranged  that  the  small  bulb  with  the  hole  in  it  was 
completely  covered  by  the  liquid.  The  liquid  thus  gained  access  to  the  capillary 
tube,  and  the  heights  to  which  it  rose  were  measured  by  screwing  in  the  plunger, 
so  as  to  raise  the  meniscus  in  the  capillary  tube  t  to  within  a  millimetre  or  two  of  its 
upper  end.  By  so  doing,  all  the  readings  were  taken  at  a  portion  of  the  capillary 
tube  of  which  the  diameter  had  been  measured,  and  corrections  for  its  probably 
varying  bore  were  thus  rendered  unnecessary.  The  diameter  of  the  capillary  tube 
was  originally  measured  by  cutting  off  a  small  cylinder  of  about  half  a  millimetre  in 
length  from  its  upper  end,  and  measuring  its  internal  diameter  by  a  microscope  pro¬ 
vided  with  a  micrometer  scale,  the  leno’th  of  whose  divisions  Avas  determined  at  the 
same  focus  by  reading  against  a  standard  scale.  The  diameter  of  the  tube  used  was 
0‘2587  millim. 

In  this  way  a  series  of  heights  was  obtained  for  the  liquids  investigated  ;  but  these 
heights  obviously  do  not  represent  the  true  capillary  rise ;  for  the  liquid  in  the  baro¬ 
meter-tube  T  ahvays  stood  at  a  higher  level  than  if  the  barometer-tube  had  been 
of  wider  bore. 

Corrections. — To  correct  the  read  heights  so  as  to  make  them  represent  the  heights 
in  the  capillary  tube  standing  in  a  tube  so  wide  that  capillary  rise  may  be  neglected, 
the  tube  T  was  opened  at  its  upper  end,  after  the  measurement  had  been  completed, 
and  its  lower  end  was  sealed  to  a  tube  bent  twice  at  right  angles,  and  connected  with 
a  tube  of  about  3  centims.  diameter,  the  axis  of  which  lay  parallel  to  the  barometer 
tube.  Headings  of  the  height  to  which  the  liquid  in  the  tube  T  (with  the  capillary 
tube  still  enclosed)  ascended  above  the  level  of  liquid  in  the  wide-bore  tube,  where 
capillary  rise  is  too  small  to  be  appreciable,  were  then  made  Avith  the  cathetometer  at 
the  ordinary  temperature,  15°  to  20°  C.,  the  temperature  being  accurately  obseiwed 
at  each  measurement.  KnoAving  that  the  capillary  rise  is  zero  at  the  critical  point  of 
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the  liquid,  and  kaowiug  from  our  experiments  that  the  relation  between  capillary 
ascent  and  temperature  is  a  nearly  linear  one,  the  rise  in  the  tube  T  could  be  calcu¬ 
lated  approximately  enough  for  our  purpose  by  constructing’  a  diagram  in  which  the 
rise  at  atmospheric  temperature  was  made  one  end  of  a  straight  line  connecting  it 
with  the  critical  temperature,  where  the  rise  is  zero.  At  intermediate  temperatures 
the  rise  in  the  tube  T  was  read  off  from  the  diagram  ;  it  may  be  taken  as  practically 
accurate  ;  for  any  divergence  from  truth  is  much  less  than  the  limits  of  error  in 
reading  the  ascent  in  the  narrow  capillary  tube.  This  rise  was  therefore  added  to 
the  apparent  rise  in  the  capillary  tube,  and  the  sum  was  taken  to  represent  the 
total  rise. 

No  correction  has  been  made  for  the  increase  in  internal  diameter  of  the  capillary 
tube  due  to  rise  of  temperatui’e.  The  surface-tension  is  directly  proportional  to  the 
diameter  of  the  tube  ;  but  as  the  latter  is  increased  by  only  0‘5  per  cent,  for  a  rise  of 
temperature  of  nearly  400°,  the  correction  was  neglected. 

Nor  has  any  correction  been  introduced  for  the  form  of  the  meniscus.  The  total 
correction  should  have  amounted  to  0’05  millim.  But  readings  were  taken  with  the 
lower  edge  of  the  cross-line  of  the  cathetometer  on  the  lower  surface  of  the  meniscus, 
so  that  the  minute  error  was  thereby  somewhat  compensated. 

In  calculating  the  results  of  experiments  so  as  to  ascertain  the  surface-tension,  it 
has  been  assumed  that  there  is  no  angle  of  contact  between  the  liquid  and  the  glass. 
The  reasons  for  this  assumption  are  as  follows: — 

A  tube  of  capillary  bore  (0'65  millim.)  contained  ether  free  from  air.  It  was  con¬ 
nected  with  the  pressure-apparatus,  and  its  temperature  was  raised.  Bubbles  were 
made  to  appear  in  the  tube,  and  it  was  found  possible,  at  any  given  temperature,  to 
keep  them  stationary  ;  they  did  not  ascend,  or  more  correctly,  the  rate  of  ascent  was 
exceedingly  slow,  so  that  a  bubble  might  be  kept  for  an  hour,  without  rising  a 
millimetre.  A  bubble  in  such  a  capillary  tube  is  confined  on  its  lower  and  upper 
surfaces  by  cups  of  liquid  ;  the  walls  of  the  tube  between  these  cups  is  wmt,  it  is  true, 
but  by  an  exceedingly  thin  film  of  liquid ;  so  thin  that  the  transference  of  liquid  from 
the  upper  to  the  lower  part  of  the  tube  is  very  slow,  and  hence  the  almost  stationary 
position  of  the  bubble. 

By  decreasing  the  volume  of  the  bubble  on  screwing  in  the  plunger,  the  cups 
approached  each  other,  the  lower  cup  rising  nearer  to  the  dome  confining  the  bubble 
of  vapour  on  its  iq^per  side.  The  bubble  began  to  ascend  rapidly  only  when  its 
vertical  diameter  had  been  made  equal  to  its  horizontal  diameter  ;  fie.,  when  it  was 
approximately  spherical.  Above  160°  C.  a  bubble  of  ether  refused  to  remain  stationary 
in  the  tube,  but  at  once  ascended  ;  and  with  ethyl  alcohol,  the  ascent  commenced 
above  220°,  These  temperatures  are  evidently  conditioned  by  the  stability  of  the 

*  Some  of  these  experiments  were  made  in  conjunction  with  Mr.  R.  W.  Stewaet,  B.Sc.,  with  whom 
one  of  the  authors  made  a  preliminary  survey  of  the  field  in  1891  and  to  whom  he  desires  to  express  his 
acknowled  gm  ent  s . 
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upper  dome  of  liquid  ;  and  with  a  narrower  tube,  the  temperature  above  Avhich  the 
bubble  could  not  be  induced  to  remain  stationary  was  much  higher.  In  no  case  did 
it  ascend  until  it  had  been  made  approximately  spherical  by  compression. 

Now,  had  there  been  an  angle  of  contact,  it  would  have  been  necessary  to  compress 
the  bubble  until  its  shape  had  become  lenticular,  i.e.,  until  its  vertical  diameter  had 
become  less  than  its  horizontal  diameter.  This  was  never  observed,  and  we  conclude 
that  there  is,  therefore,  no  angle  of  contact  between  a  liquid  which  wets  glass  and 
the  glass,  if  its  surface  is  in  presence  only  of  its  own  vapour.  But  we  have  obtained 
evidence  that  the  capillary  rise  in  air  differs  to  a  small  extent  from  that  in  the  vapour 
of  the  liquid,  and,  under  these  circumstances,  there  may  well  be  an  angle  of  contact. 
For  example,  with  ethyl  oxide,  the  read  height  in  air  was  3 7 ‘40  millims.,  while  in 
contact  with  its  own  vapour  the  rise  was  3 6 '5  millims.  ;  with  methyl  formate,  the 
numbers  are  40'9  and  39‘9  ;  with  carbon  tetrachloride,  27’5  and  25‘4;  with  benzene, 
5 19  and  49-6. 

Such  discrepancies  might  be  due  to  the  angle  of  contact  existing  in  presence  of  air, 
but  not  in  presence  of  vapour ;  or  it  might  be  due  to  a  film  of  moisture  on  the  surface 
of  the  liquids.  But  it  is  noteworthy  that  those  liquids  which  are  most  easily  volatile 
at  ordinary  temperatures  give  measurements  in  air  which  most  nearly  corroborate 
the  rectilinear  relation.  The  surface-energies,  moreover,  calculated  from  the  rise  of  a 
liquid  in  contact  with  its  own  vapour,  lie  on  the  curve  prolonged  to  —  89°'8  ;  while 
those  calculated  froin  the  capillary  rise  in  air  lie  off  the  curves  to  a  greater  or  less 
extent. 

The  reduction  of  the  read  heights  in  the  capillary  tube  to  dynes  per  linear  centi¬ 
metre  was  effected  in  the  usual  manner,  by  means  of  the  equation 

7  =  2  {p  — 

where  r  is  the  radius  of  the  tube,  k  the  height  to  which  the  liquid  is  raised,  g  the 
gravitation  constant,  p  the  density  of  the  liquid,  and  tr  that  of  the  vapour. 

In  the  accompanying  Tables  the  experimental  results  are  stated.  Column  1  shows 
the  temperatures  at  which  measurements  were  made ;  column  2,  the  observed  capil¬ 
lary  rise  in  the  narrow  tul)e  which  is  corrected  in  column  3  (Ag),  so  as  to  eliminate 
the  effect  of  the  barometer  tube  in  which  the  measurements  were  made  ;  column  4 
(Ag)  reproduces  these  numbers  smoothed,  so  as  to  eliminate  errors  of  experiment ; 
p  and  cr  are  the  weights  of  1  cub  centim.  of  the  liquid  and  the  gas  respectively  ;  and 
y  is  the  surface  tension,  calculated  by  the  equation  already  mentioned. 
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Ethyl  Oxide. 


t. 

P- 

cr. 

7- 

c 

20 

millims. 

millims. 

37-4* 

millims. 

36-48 

0-7143 

0-00187 

dynes. 

16-49 

40 

•  o 

32-40 

0-6894 

0-00373 

14-05 

50 

28-10 

30-40 

30-38 

0-6764 

0-00508 

12-94 

60 

26-20 

28-30 

28-38 

0-6658 

0-00677 

11-80 

70 

24-40 

26-40 

26-34 

0-6532 

0-00892 

10-72 

80 

22-50 

24-30 

24-30 

0-6402 

0-01155 

9-67 

90 

21-00 

22-65 

22-35 

0-6250 

0-01477 

8-63 

100 

19-00 

20-50 

20-33 

0-6105 

0-01867 

7-63 

HO 

17-00 

18-30 

18-30 

0-5942 

0-02349 

6-63 

120 

15-00 

16-20 

16-20 

0-5764 

0-02934 

5-65 

130 

13-10 

14-10 

14-10 

0-5580 

0-03638 

4-69 

140 

11-30 

12-15 

12-03 

0-5385 

0-04488 

3-77 

150 

9-30 

10  00 

9-90 

0-5179 

0-05551 

2-88 

160 

7-35 

7-85 

7-70 

0-4947 

0-06911 

2  08 

170 

5-30 

5-70 

5-60 

0-4658 

0-08731 

1-33 

180 

3-30 

3-50 

3-40 

0-4268 

0-11350 

0-64 

185 

2-15 

2-30 

2-30 

0-4018 

0-13200 

0-38 

188 

1-50 

1-60 

1-60 

190 

1-20 

0-3663 

0-16200 

0-16 

191 

0-70 

0-75 

0-92 

,  , 

193 

0-30 

0-31 

0-50 

0-3300 

0-20120 

0-04 

194-5 

1 

0-2636 

0-26360 

•  • 

Methyl  Formate. 


t. 

h- 

h- 

h- 

P- 

C. 

7- 

0 

20 

millims. 

millims. 

40-90 

millims. 

39-83 

0-9745 

0-0016 

dynes. 

21-62 

30 

38-00 

0-9598 

0-0022 

23-09 

40 

36-08 

0-9447 

0-0031 

21-56 

50 

30-50 

34-15 

34-15 

0-9294 

0-0043 

20-05 

60 

29-00 

32-40 

32-28 

0-91.33 

0-0060 

18-58 

70 

27-30 

30-50 

30-40 

0-8968 

0-0080 

17-55 

80 

25-30 

28-30 

28-40 

0-8803 

0-0105 

15-70 

90 

23-90 

26  65 

26-50 

0-8635 

0-0135 

14-29 

100 

•22-20 

24-70 

-24-55 

0-8452 

0  0171 

12-90 

110 

20-20 

22-50 

-2-2-56 

0-8264 

0-0216 

11-52 

120 

18-40 

20-50 

•20-56 

0-8070 

0-0268 

10-18 

130 

16-70 

18-55 

18-55 

0-7860 

0-0334 

8-86 

140 

14-80 

16-45 

16-45 

0-7368 

0-0412 

7-54 

150 

13-00 

14-40 

14-40 

0-7403 

0-0506 

6-.30 

160 

11-05 

12-25 

12-25 

0-7136 

0-0623 

5-06 

170 

9-10 

10-10 

10-10 

0-6844 

0-0763 

3-90 

180 

7-20 

7-95 

7-85 

0-6521 

0-0943 

2-81 

190 

5-20 

5-70 

5-64 

0-6148 

0-1178 

1-78 

200 

3-20 

3-50 

3-30 

0-6658 

0-1524 

0-87 

210 

0-95 

1-05 

0-97 

0-4857 

0-2188 

0-06 

214 

*  Read  in  a  wide  tube,  requiinug  no  correction. 
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Ethyl  Acetate. 


t. 

K 

h,. 

P- 

O, 

7- 

o 

20 

milllms. 

millims. 

41-20 

millims. 

41-32 

0-9005 

0-0003 

dynes. 

23-60 

80 

31-32 

0-8245 

0-0035 

16-32 

90 

26-90 

29-65 

29-57 

0-8112 

0-0047 

15-14 

100 

25-10 

27-60 

27-85 

0-7972 

0-0062 

13-98 

no 

23-60 

26-00 

26-10 

0-7831 

0-0080 

12-84 

120 

22-00 

24-20 

24-35 

0-7683 

0-0103 

11-75 

1.30 

20-70 

22-75 

22-62 

0-7533 

0-0131 

10-66 

140 

19-00 

20-90 

20-87 

0-7378 

0-0165 

9-57 

150 

17-50 

19-20 

19-13 

0-7211 

0-0206 

8-.52 

160 

15-90 

17-40 

17-40 

0-7033 

0-0258 

7-48 

170 

14-15 

15-50 

15-60 

0-6848 

0-0316 

6-47 

180 

12-65 

13-85 

13-85 

0-66.53 

0-0388 

5-51 

190 

11-00 

12-00 

12-00 

0-6441 

0-0475 

4-54 

200 

9-35 

10-20 

10-18 

0-6210 

0-0580 

3-64 

210 

7-90 

8-60 

8-40 

0.5944 

0-0712 

2-80 

220 

6-00 

6 -.50 

6-50 

0-5648 

0-0890 

1-96 

230 

4-20 

4-55 

4-50 

0-5281 

0-1130 

1-18 

240 

2-20 

2-40 

2-35 

0-4778 

0-1.500 

0-49 

245 

1-20 

1-30 

1-30 

0-4401 

0-1800 

0-21 

251 

Carbon  Tetrachloride. 


t. 

A,. 

h.2. 

h,. 

P- 

<7. 

7- 

0 

20 

millims. 

millims. 

27-50 

millims. 

25-40 

1-5940 

0-0008 

dynes. 

25-68 

80 

18-20 

19-95 

20-05 

1-4765 

0-0061 

18-71 

90 

17-70 

19-35 

19-16 

1-4554 

0-0079 

17-60 

100 

16-90 

18-45 

18-24 

1-4343 

0-0103 

16-48 

no 

15-90 

17-40 

17-35 

1-4125 

0-0131 

15-41 

120 

15-10 

16-50 

16-42 

1-3903 

0-0163 

14-32 

130 

14-30 

15-60 

15-52 

1-3680 

0-0203 

13-27 

140 

13-20 

14-45 

14-59 

1-3450 

0-0248 

12-22 

150 

1-2-35 

13-50 

13-68 

1-3216 

0-0302 

11-21 

160 

ll-O') 

1-2-70 

12-76 

1-2982 

0-0365 

10-22 

170 

10-80 

11-75 

11-85 

1-2734 

0-0439 

9-24 

180 

9-95 

10-85  • 

10-90 

1-2470 

0-0525 

8-26 

190 

9-20 

10-00 

10-00 

1-2192 

0-0625 

7-28 

200 

1-40 

9-10 

8-97 

1-1888 

0-0742 

6-34 

210 

7-45 

8-10 

7-97 

1-1566 

0-0879 

5-40 

220 

6-60 

7-15 

6-92 

1-1227 

0-1039 

4-47 

230 

5-60 

6-05 

5-90 

1-0857 

0-1174 

3-56 

240 

4-20 

4-55 

4-89 

1  '0444 

0-1464 

2-74 

250 

3-25 

3-55 

3-92 

0-9979 

0-1754 

1-93 

260 

2-25 

2-45 

2-60 

0-9409 

0-2146 

1-20 

270 

1-20 

1-30 

1-55 

08665 

0-2710 

0-59 

283 

•  • 

•  • 

0-5578 

0-5578 

•  • 
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Benzene. 


t. 

h- 

Ztg. 

P- 

(T. 

7- 

o 

millims. 

millims. 

millims. 

dynes. 

80 

39-45 

0-8127 

0-0027 

20-28 

85 

35-30 

38-70 

38-60 

,  , 

90 

34-60 

37-90 

37-72 

0-8042 

0-0036 

19-16 

100 

33-00 

36-15 

36-03 

0-7928 

0-0047 

18-02 

110 

31-40 

34-40 

.34-28 

0-7810 

0-0060 

16-86 

120 

29-70 

32-50 

32-50 

0-7692 

0-0076 

15-71 

1.30 

28-00 

30-65 

30-72 

0-7568 

0-0095 

14-57 

140 

26-60 

29-10 

28-95 

0-7440 

0-0118 

13-45 

150 

25-05 

27-35 

27-18 

0-7310 

0-0144 

12-36 

160 

23-00 

25-15 

25-38 

0-7185 

0-0173 

11-29 

170 

21-60 

23-60 

23-60 

0-7043 

0-0209 

10-20 

180 

19-85 

21-65 

21-80 

0-6906 

0-0249 

9-15 

190 

18-20 

19-85 

19-97 

0-6758 

0-0298 

8-16 

200 

16-70 

18-20 

18-13 

0-6610 

0  0355 

7-17 

210 

14-90 

16-20 

16-25 

0-6432 

0-0421 

6-20 

220 

13-20 

14-.35 

14-37 

0-6256 

0-0503 

5-25 

230 

11-60 

12-60 

12-45 

0-6066 

0-0599 

4-32 

240 

9-45 

10-25 

10-45 

0-5852 

0-0715 

3-41 

250 

7-80 

8-45 

8-50 

0-5610 

0-0857 

2-56 

260 

6-00 

6-50 

6-42 

0-5327 

0-1040 

1-75 

270 

4-05 

4-35 

4-22 

0-4985 

0-1289 

0-99 

275 

3-10 

3-30 

3-18 

0-4708 

0-1450 

0-66 

280 

2-30 

2-45 

2-05 

0-4514 

0-2209 

0-29 

288-5 

0-00 

0-00 

0-00 

0-3043 

0-3043 

0-00 

Chlorobenzene. 


t. 

h- 

ho. 

h,. 

!>■ 

a. 

7- 

0 

millims. 

millims. 

millims. 

dynes. 

150 

26-8 

29-30 

29-17 

0-9599 

0-0054 

17-67 

•160 

25-5 

27-85 

27-90 

0-9482 

0-0068 

16-62 

170 

24-5 

26-75 

26-63 

0-9355 

0-0083 

15-67 

180 

23-3 

25-45 

25-33 

0-9224 

0-0102 

14-66 

190 

22-0 

24-00 

24-05 

0-9091 

0-0124 

13-69 

200 

21-0 

22-90 

22-77 

0-8955 

0-0150 

12-72 

210 

19-5 

21-25 

21-48 

0-8802 

0-0180 

11-75 

220 

18-4 

20-05 

20-15 

0-8673 

0-0215 

10-81 

230 

17-4 

18-90 

18-84 

0-8518 

0-0255 

9-88 

240 

16-0 

17-40 

17-50 

0-8355 

0-0301 

8-94 

250 

14-8 

16-10 

16-16 

0-8196 

0-0355 

8-04 

260 

13-3 

14-50 

14-80 

0-8017 

0-0418 

7-14 

270 

12-2 

13-25 

13-46 

0-7835 

0-0494 

6-27 

280 

11-1 

12-05 

12-05 

0-7639 

0-0580 

5-40 

290 

9-9 

10-70 

•  10-76 

0-7440 

0-0667 

4-54 

300 

8-8 

9-50 

9-43 

0-7220 

0-0778 

3-79 

310 

7-4 

8-00 

7-95 

0-6988 

0-0909 

3-05 

320 

6-0 

6-45 

6-47 

0-6703 

0-1075 

2-35 

333 

4-7 

5-00 

4-80 

0-6274 

0-1360 

1-47 

G70 
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Acetic  Acid. 


t. 

h- 

ho* 

7,3. 

P- 

<7. 

7- 

o 

millims. 

millims. 

millims. 

dynes. 

20 

38-80 

38-80 

0-9532 

00001 

23-46 

130 

25-60 

27-90 

27-75 

0-9233 

0-0043 

16-18 

140 

24-50 

26-70 

26-64 

0-9091 

0-0055 

15-32 

150 

23-40 

25-45 

25-52 

0-8961 

0-0067 

14-46 

160 

22-50 

24-45 

24-40 

0-8818 

0-0089 

13-58 

170 

21-30 

23-10 

23-23 

0-8689 

0-0111 

12-71 

180 

20-25 

21-95 

22-03 

0-8555 

0-0137 

11-77 

190 

19-20 

20-80 

20-80 

0-8413 

0-0168 

10-93 

200 

18-00 

19-45 

19-55 

0-8264 

0-0205 

10-05 

210 

16-95 

18-30 

18-25 

0-8117 

0-0249 

9-11 

220 

15-80 

17-00 

16-95 

0-7943 

0-0300 

8-22 

2.30 

14-50 

15-60 

15-52 

0-7758 

0-0361 

7-28 

240 

13-05 

14-05 

14-03 

0-7576 

0-0433 

6-36 

250 

11-60 

12-45 

12-43 

0-7359 

0-0518 

5-40 

260 

10-00 

10-75 

10-84 

0-7138 

0-0621 

4*48 

270 

8-50 

9-10 

9-20 

0-6897 

0-0742 

3-59 

280 

7-00 

7-50 

7-50 

0-6597 

0-0912 

2-71 

290 

5-76 

0-6337 

0-1076 

1-92 

300 

3-95 

0-5956 

0-1332 

1-16 

810 

2-13 

0-5423 

0-1720 

0-49 

320 

0-25 

0-4615 

0-2956 

0-32 

321-5 

■  • 

0-3523 

0-3523 

•  • 

Methyl  Alcohol. 


t. 

h,. 

K 

h- 

p- 

7- 

o 

millims. 

millims. 

millims. 

dynes. 

20 

45-90 

0-7905 

0-0002 

23-02 

70 

34-20 

37-20 

37-35 

0-7460 

0-0015 

17-64  i 

80 

33-20 

36-05 

35-88 

0-7355 

0-0021 

16-70 

90 

.31-75 

34-40 

34-30 

0-7250 

00029 

15-72 

100 

,30-50 

33-00 

32-93 

0-7140 

0-0040 

14-80 

110 

29-15 

31-45 

31-40 

0-7020 

0-0054 

13-85 

120 

27-65 

29-70 

29-72 

0-6900 

0-0071 

12-88 

1.30 

26-15 

28-10 

27-95 

0-6770 

0-0094 

11-84 

140 

24-50 

26-30 

26-10 

0-6640 

0-0122 

10-79 

150 

22-70 

24-30 

24-30 

0-6495 

0-0156 

9-77 

160 

21-00 

22-40 

22-20 

0-6340 

0-0199 

8-65 

170 

19-00 

20-25 

20-10 

0-6160 

0-02.53 

7-53 

180 

16-90 

17-95 

17-85 

0-5980 

0-0319 

6-41 

190 

14-.30 

15-20 

15-36 

0-5770 

0-0401 

5-23 

200 

12-00 

12-70 

12-70 

0-5530 

0-050S 

4-05 

210 

9-30 

9-85 

10-03 

0-5255 

0-0652 

2-93. 

220 

6-80 

7-15 

7-05 

0-4900 

0-0864 

1-80 

230 

3-45 

3-65 

3-76 

0-4410 

0-1187 

0-77 

234 

2-40 

0-4145 

0-1381 

0-42 

235 

1-85 

1-95 

2-05 

•  • 

,  , 

236 

,  , 

1-72 

0-3955 

0-1505 

0-27 

240 

•  • 

•  • 

•  • 

0-2712 

0-2712 

•  • 
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Ethyl  Alcohol. 


t. 

h- 

i>- 

fT. 

7- 

0 

20 

raillim?!. 

millims. 

44-00 

millims. 

43-80 

0-7926 

0-0001 

dynes. 

22-03 

40 

41-14 

0-7754 

0-0003 

20-20 

60 

38-44 

0-7572 

0-0008 

18-43 

80 

.33-60 

36-40 

35-56 

0-7377 

0-0017 

16-61 

90 

31-40 

•34-05 

34-05 

0-7283 

0-0025 

15-63 

100 

.30-00 

32-50 

32-.50 

0-7174 

0-0035 

14-67 

no 

28-50 

30-80 

31-00 

0-7057 

0-0049 

1.3-69 

120 

27-20 

29-30 

29-30 

0-6925 

0-0066 

12-68 

130 

25-50 

27-45 

27-56 

0-6789 

0-0088 

11-63 

140 

24-00 

25-80 

25-70 

0-6631 

0-0115 

10-59 

150 

22-20 

23-80 

23-76 

0  6488 

0-0149 

9-52 

160 

20-40 

21-80 

21-75 

0-6329 

0-0192 

8-4.5 

170 

18-35 

19-60 

19-65 

0-6165 

0-0245 

7-34 

180 

16-10 

L7-20 

17-45 

0-5984 

0-0311 

6-23 

190 

14-10 

15-00 

15-08 

0-5782 

0-0.397 

5-13 

200 

11-75 

12-50 

12-40 

0-55.58 

0-0508 

3-99 

210 

9-30 

9-90 

10-00 

0--5291 

0-0655 

2-91 

220 

6-80 

7-20 

7-20  ■ 

0-4958 

0-08.54 

1-87 

230 

4-00 

4-20 

4-20 

0-4550 

0  1135 

0-91 

234 

,  , 

3-06 

0-4292 

0-1296 

0-59 

235 

2-30 

2-45 

2-80 

236 

2-42 

0-4184 

0-1401 

0-43 

240 

1-60 

1-65 

1-10 

0-3825 

0-1715 

0-15 

243-1 

•  • 

0-2756 

0-2756 

Experiments  at  Low  Temp)eratures. 

To  measure  the  capillary  rise  at  —  89°'8,  the  temperature  of  nitrous  oxide  boiling- 
under  atmospheric  pressure,  an  arrangement  different  from  that  described  was  resorted 
to,  A  tube,  about  2  centims.  wide  and  20  centims,  long,  was  sealed  at  one 
end ;  into  it  was  inserted  a  capillary  tube  of  known  diameter,  provided  with  three 
glass  struts  or  knobs  at  each  end,  so  as  to  make  it  stand  vertically  in  the  wider  tube. 
After  the  capillary  tube  had  been  introduced,  the  wider  tube  was  drawn  off  at  its 
upper  end,  to  form  a  narrow  neck,  through  which  it  could  be  exhausted.  The  pure 
I  liquid  was  then  introduced,  and,  after  the  tube  had  been  rinsed  with  it  several  times, 
3  or  4  cub.  centims.  were  left  in  ;  the  tube  was  then  exhausted,  and  the  liquid  was 
made  to  boil  under  reduced  pressure  for  some  time,  so  that  its  vapour  might  expel  all 
traces  of  air. 

The  capillary  neck  was  then  sealed.  Observations  were  made  of  the  capillary 
ascent  at  the  ordinary  temperature,  the  whole  tube  having  been  immersed  in  v^ater 
for  this  purpose.  It  was  then  placed  in  a  double-walled  tube  containing  liquid 
nitrous  oxide,  with  a  few  shreds  of  platinum  at  the  bottom,  so  as  to  keep  the  liquid 
in  constant  ebullition.  Such  double-walled  tubes,  from  the  space  between  the  walls 
of  which  the  air  has  been  exhausted  as  recommended  by  Dewar,  make  it  possible  to 
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keep  a  considerable  c[uantity — say,  100  centims. — of  nitrous  oxide  liquid  for  several 
hours ;  and  if  the  liquid  be  filtered  into  the  tube,  to  remove  particles  of  ice,  it  is 
absolutely  limpid  and  clear ;  and  the  radiation  of  heat  through  the  walls  is  so  slow 
that  it  is  only  occasionally  necessary  to  wipe  off  the  dew  which  deposits.  Readings 
may  be  made  with  a  cathetonieter  with  perfect  ease.  It  is,  of  course,  necessary  to 
have  the  nitrous  oxide  at  a  level  considerably  higher  than  that  of  the  liquid  in  the 
capillary  tube,  so  as  to  ensure  that  the  surface  of  the  liquid  in  the  capillary  tube 
shall  be  at  the  temperature  —  89°'8,  and  some  time  must  be  given  to  allow  the 
liquid  to  reach  the  low  temperature.  The  rise  is  a  slow  one  ;  but  in  half-an-hour  the 
position  of  the  liquid  in  the  capillary  tube  is  permanent. 

The  defect  of  this  method  is  that  readings  must  be  taken  at  different  parts  of 
the  capillary  tube,  for  there  is  no  means  of  adjusting  the  level  of  the  liquid  so  that 
its  surface  is  always  at  a  definite  point  in  the  capillary.  The  differences  which  we 
have  observed  between  the  actual  values  of  surface  energy  and  the  calculated  values, 
which  amount  to  about  2  per  cent.,  are  probably  due  to  this  cause,  and  to  a  slight 
error  in  determining  the  diameter  of  the  tube  ;  it  was  found  by  weighing  the 
mercury  which  filled  a  known  length,  while  the  diameter  of  the  other  tube  was  found 
by  the  much  surer  method  of  direct  reading. 


Description  of  Plates  24  and  25. 

Plate  24  shows  the  height  of  ascent  of  liquid  in  the  capillary  tube,  in  millimetres, 
mapped  against  temperature  as  ordinates.  Two  points  call  for  special  notice.  First,  the 
continuous  lines,  indicating  the  rise,  end  abruptly  at  the  respective  critical  points.  In 
no  case  is  there  any  change  of  curvature  as  the  critical  point  is  approached.  Hence, 
although  observations  near  the  critical  temperature  are  difficult  to  make,  the  correct¬ 
ness  of  readings  from  the  curve  is  very  jirobable,  inasmuch  as  the  curve  could  not 
follow  any  other  course  than  that  drawn.  This  enabled  us  to  calculate  the  surface 
energy  of  chlorobenzene,  a  liquid  which  was  not  examined  above  333°,  and,  moreover, 
it  confirms  the  observations  at  lower  temjieratures  of  that  and  the  other  liquids. 
Second,  it  is  to  be  remarked  that  the  lines  showing  the  difference  of  heights  with 
temperature  of  acetic  acid  and  of  the  two  alcohols  are  much  more  curved  than  those 
representing  the  other  substances. 

The  broken  lines  represent  the  surface  tension  in  d3Uies.  Here  it  is  to  be  noticed 
that  acetic  acid  and  the  alcohols  give  lines  of  double  curvature,  while  the  other 
substances  give  continuous  curves. 

It  is  difficult  to  explain  the  behaviour  of  methyl  formate  below  20°.  Eeadings 
taken  on  two  separate  days  at  —  89°'8  gave  practically  the  same  height,  viz.,  39'8 
and  40 d  millims.  rise,  in  the  wider  capillary  ;  this  corresponds  to  5 4 '5  and  5 4 '9 
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millims.  rise  iii  the  narrow  capillary  with  which  the  other  observations  were  made. 
But  such  observations  demand  abrupt  change  of  curvature  between  20°  and  —  90°. 
As  we  have  no  intermediate  observations  to  guide  us,  the  lines  are  not  drawn. 

Plate  25  exhibits  the  variation  of  surface-energy  with  temperature.  The  close 
approach  to  parallelism  of  the  straight  lines  is  noteworthy ;  k,  in  the  equation 
y  (Mr)*  =  k{t  —  d)  has  nearly  the  same  numerical  value  for  all  substances,  except,  of 
course,  for  those  which  associate.  The  steeper  slope  of  the  curves  of  acetic  acid  and 
of  the  alcohols  is  well  marked,  and  also  the  reflex  curvature ;  for  at  temperatures 
near  the  critical  temj)eratures,  the  deviation,  /cd  (1  —  begins  to  tell  ;  while  at 

low  temperatures  the  lines  are  curved  owing  to  association  of  simple  molecules  to 
complex  molecular  groups. 
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I.  INTRODUCTION. 

In  the  Bakeiian  Lecture  for  1888^  I  brought  together  the  various  observations  of 
the  spectra  of  stars,  comets,  and  nebulte  which  had  been  made  up  to  that  time,  and 
showed  that  the  discussion  suggested  the  hypothesis  that  all  celestial  bodies  are,  or 
have  been,  swarms  of  meteorites,  and  that  the  difference  between  them  is  one  of 
condensation  only.  The  new  classification  of  the  heavenly  bodies  according  to  their 
spectra,  rendered  necessary  by  this  hypothesis,  differed  from  previous  ones  inasmuch 
as  the  line  of  evolution  followed,  instead  of  locating  the  highest  temperature  at  its 
commencement  as  demanded  by  Laplace’s  hypothesis,  placed  it  much  later.  Hence 
bodies  of  increasing  temperature  were  demanded  as  well  as  bodies  of  decreasing 
temperature. 

These  conclusions  were  necessarily  based  on  observations  made  by  others,  for  the 
reason  that  my  own  work  up  to  that  time  had  been  chiefly  directed  to  the  Sun. 

So  soon,  however,  as  my  solar  work  rendered  it  necessary  to  determine  the  Sun’s 
true  place  among  the  stars  in  regard  to  its  temperature  and  physical  conditions, 
arrangements  were  made  both  at  Kensington  and  Westgate-on-Sea  to  photograph 
the  spectra  of  stars  and  nebulse. 

The  present  communication  gives  an  account  of  certain  parts  of  this  inquiry  so  far 
as  they  have  been  carried;  it  is  based  upon  443  photographs  of  171  of  the  brighter 
stars. 

Having  this  new  and  accurate  basis  of  induction,  the  objects  have  been  to 
determine  : — 

(1.)  Whether  the  hypothesis  founded  on  eye  observations  is  also  demanded  by  the 
photographs. 

(2.)  In  the  affirmative  case  to  discover  and  apply  new  tests  of  its  validity,  or 
otherwise. 

The  results  as  yet  obtained  are  not  sufficient  to  permit  a  discussion  of  all  points 
bearing  upon  the  hypothesis,  but  since  most  of  the  crucial  ones  are  covered  by  the 
photographs  already  obtained,  it  appears  desirable  that  the  publication  of  the  work 
done  during  the  last  two  years  should  be  no  longer  delayed. 


*  ‘  Roy.  Soc.  Proc.,’  vol.  44,  p.  I. 
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II.  METHODS  or  WORK. 

(1.)  The  Objective  Prisms. 

At  Kensington  arrangements  have  been  made  for  photographing  the  spectra  by 
means  of  objective  prisms.  This  method  was  originally  suggested  and  employed  by 
Fraunhofer,  in  1814,  for  observing  stellar  spectra.  For  photographic  purposes  the 
method,  which  is  obviously  the  best,  has  been  revived  with  conspicuous  success  by 
Professor  Pickering,  of  Harvard  College. 

An  ordinary  telescope  with  a  prism  in  front  of  the  object-glass  becomes  a  complete 
star  spectroscope,  the  rays  coming  from  a  star  being  already  parallel,  so  that  both  slit 
and  collimating  lens  can  be  dispensed  with.  As  the  image  of  a  star  is  a  point,  the 
spectrum  thus  obtained  will  have  no  breadth,  and  for  eye  observations  it  is  necessaiy 
to  use  a  cylindrical  lens  in  conjunction  wuth  the  eye-piece  of  the  telescope.  For 
photographic  purposes,  however,  a  different  method  is  adopted.  The  prism  is  so 
placed  that  its  refracting  edge  lies  in  a  parallel  of  declination,  and  then  it  is  only 
necessary  to  allow  the  driving  clock  to  be  slightly  in  error  in  order  to  obtain  the 
necessary  width. 

Instrument  A. — The  main  instrument  employed  in  the  work  at  Kensington  has 
been  a  6-inch  refracting  telescope,  with  an  object-glass  made  and  corrected  for  G  by 
the  Brothers  Henry.  This  was  at  first  used  in  conjunction  with  a  prism  of  by 
Hilger,  and,  for  convenience,  this  combination  will  be  afterwards  referred  to  as 
Instrument  A,  The  object-glass  and  prism  are  fixed  at  the  end  of  a  wooden  tube, 
which  is  attached  to  the  side  of  the  10-inch  equatorial,  at  such  an  angle  that  the 
spectrum  of  a  star  falls  on  the  middle  of  the  photographic  plate  when  its  image  is  at 
the  centre  of  the  field  of  the  larger  instrument.  The  camera  is  arranged  to  take 
plates  of  the  ordinary  commercial  size,  4^  X  3j:  inches.  The  spectra  obtained  with 
this  instrument  are  0’6  inch  long  from  F  to  K,  An  excellent  photograph  of  the 
spectrum  of  a  first  magnitude  star  can  be  obtained  with  an  exposure  of  5  minutes. 

Instrument  B. — A  6-inch  prism,  with  a  refracting  angle  of  45°,  was  obtained  from 
the  Brothers  Henry  in  May  last,  and,  since  then,  this  has  been  in  constant  use  with 
the  Henry  6-inch  object-glass.  The  combination  will  be  referred  to  as  Instrument  B. 
The  spectra  obtained  with  this  instrument  are  2  inches  long  from  F  to  K,  and  the 
definition  is  exquisite.  In  some  photographs  the  calcium  line  at  H  is  very  clearly 
separated  from  the  line  of  hydrogen,  which  occupies  very  nearly  the  same  position. 
It  is  unnecessary  to  swing  the  back  of  the  camera  in  order  to  get  a  perfect  focus  from 
F  to  K,  The  deviation  of  the  prism  is  so  great  that  it  would  be  very  inconvenient  to 
incline  the  tube  which  supports  it  at  the  proper  angle  to  the  larger  telescoj^e.  When 
photographing  the  spectrum  of  a  star,  the  star  is  therefore  first  brought  to  the  centre 
of  the  field  of  the  large  telescope,  and  the  proper  deviation  is  then  given  by  reading 
off  on  the  declination  circle.  This  method  has  been  found  to  work  quite  satisfactorily. 
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With  this  combination  the  exposure  required  for  a  first  magnitude  star  is  about 
20  minutes.  The  method  of  mounting  the  prism  is  shown  in  fig.  ]. 

Fig.  1. 


Objective  prism  of  4.“)°  fitted  to  6-incb  object-glass. 


Instrument  C. — Two  prisms  of  74°  each  and  10  inches  clear  aperture  have  been 
provided  for  use  with  the  10-inch  Cooke  refractor,  but,  as  this  telesco23e  is  required  for 
the  instruction  of  students  during  the  greater  part  of  the  year,  they  have  not  been 
largely  employed.  The  prisms  are  circular  in  form,  and  are  fitted  in  cells  provided 
with  adjusting  screws.  A  camera  taking  plates  4^  X  3^  inches  replaces  the  eye¬ 
piece  of  the  telescope. 

To  facilitate  the  adjustment  of  the  spectrum,  the  3-inch  finder  can  be  inclined  to  the 
body  of  the  telescope,  so  that  when  a  star  is  brought  on  the  cross-wires  its  spectrum 
falls  in  the  proper  place  on  the  photographic  plate.  The  focal  length  of  the  10-inch 
objective  is  about  11  feet,  and  the  spectra  obtained  are  about  1^  inches  long  from  F  to 
K.  With  this  dispersion  and  aperture,  a  normal  first  magnitude  star,  like  Altair, 
requires  an  exposure  of  about  10  minutes  on  a  fairly  good  night  to  give  a  fully 
exposed  spectrunv  iV^li  of  ao  inch  wide.  The  results  so  far  obtained  with  this 
instrument  do  not  equal  those  obtained  'with  Instrument  B.  Fig.  2  shows  the  way  in 
which  the  prisms  are  attached  to  the  cell  containing  the  object-glass. 

Instrument  D. — For  the  fainter  stars,  the  6-inch  prism  of  7-g-°,  which  was  dis¬ 
mounted  from  Instrument  A,  has  been  adapted  to  a  Dallmeyer  rectilinear  lens  of 
6  inches  aperture  and  48  inches  focal  length,  the  tube  with  its  appendages  having 
been  mounted  in  place  of  the  tube  of  the  Dallmeyer  photoheliograph.  This,  also,  is 
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fitted  with  a  finder  inclined  at  an  angle  to  correct  for  the  deviation  of  the  prism. 
The  spectra  taken  with  this  instrument  are  only  0'3  inch  long  from  F  to  K,  and  the 
time  of  exposure  is  reduced  in  proportion.  Even  a  fifth  magnitude  star  may  be 
photographed  in  30  minutes. 

Fig.  2. 


Objective  pi’isms  of  7-|°  eacb  attached  to  lO-iuch  object-glass. 


The  Clock  Rate. 

The  proper  regulation  of  the  clock  error  and  consequent  “trail”  of  the  spectrum 
across  the  plate  parallel  to  itself  are  essential  to  the  success  of  photographs  taken  by 
the  objective  prisms.  The  spectrum  of  a  bright  star  must  obviously  be  made  to 
trail  more  quickly  than  that  of  a  fainter  one,  and  a  shorter  exposure  is  sufiicient. 
Since  for  the  same  clock  error,  and  in  the  same  time,  a  star  near  the  pole  will  give  a 
shorter  trail  than  one  nearer  the  equator,  declination  must  also  be  taken  into  account. 
Keeping  a  constant  clock  error,  equal  widths  of  spectrum  for  stars  of  different 
declinations  may  be  obtained  by  lengthening  the  time  of  exposure  for  stars  away 
from  the  equator,  but  in  that  case,  the  stars  near  the  pole  would  be  over-exposed  in 
relation  to  those  nearer  the  equator. 

The  exposure  given  to  stars  of  equal  magnitudes  should  evidently  be  the  same,  no 
matter  in  what  parr  of  the  sky  they  may  he  situated,  and  the  clock  error  should, 
therefore,  be  increased  in  proportion  to  the  secant  of  the  angle  of  declination. 

The  light-ratio  of  stars  being  2'512't  where  n  expresses  the  difference  in  magnitude, 
the  time  of  exposure  must  vary  in  the  same  proportion,  and  the  clock  error  in  inverse 
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proportion.  Thus,  where  5  minutes’  exposure  is  sufficient  for  a  first  magnitude  star, 
31  minutes  is  required  to  obtain  a  fully-ex  posed  spectrum  of  a  star  of  the  third 
magnitude.  This  law,  however,  only  applies  to  photographic  magnitudes,  and  must 
be  modified  according  to  the  type  of  spectrum  or  the  colour  of  the  star. 

For  conveniently  adjusting  the  exposures,  tables  have  been  constructed  which  show 
at  a  glance  the  position  of  the  regulator  for  a  star  of  given  magnitude  and  declination. 

It  is  obvious  that  with  an  instrument  of  high  dispersion,  the  number  of  stars  it  is 
possible  to  photograph  is  very  limited,  as  the  long  exposures  required  for  the  fainter 
stars  are  impracticable,  and,  even  if  possible,  the  definition  of  the  lines  would  be 
destroyed  by  atmospheric  tremors. 

Hence,  it  is  at  present  only  possible  to  photograph  the  sj)ectra  of  the  faint  stars  on 
a  very  small  scale.  With  an  objective  of  8  inches  aperture  and  44  inches  focal  length, 
and  a  prism  of  13°  refracting  angle,  Professor  Pickering  has  photographed  the 
spectra  of  stars  down  to  the  eighth  magnitude.  These  spectra  are  about  one  centi¬ 
metre  long  and  a  millimetre  broad,  and  though  they  do  not  show  a  very  great  amount 
of  detail,  they  are  sufficient  to  reveal  the  type  of  spectrum. 

With  an  instrument  capable  of  photographing  faint  stars,  a  large  number  of  spectra 
may  be  taken  at  one  exposure ;  but,  with  the  instruments  of  larger  dispersion,  this 
is  not  generally  the  case,  as  there  are  few  bright  stars  of  nearly  equal  magnitude 
sufficiently  close  together. 

The  red  stars,  being  much  weaker  in  blue  and  violet  rays  than  the  yellow  or  white 
stars,  require  much  longer  exposures  than  white  stars  of  equal  magnitude.  To  obtain 
a  spectrum  of  /3  Pegasi  extending  to  the  K  line,  for  example,  at  least  three  times  the 
exposure  required  by  a  white  star  of  similar  magnitude  must  be  given. 


Electrical  Control. 

In  consequence  of  the  great  accuracy  required  in  the  driving  of  the  telescope  when 
long  exposures  are  necessary,  the  10-inch  equatorial  has  been  fitted  with  a  simple  and 
inexpensive  form  of  electrical  control.  This  is  a  modification  of  that  designed  Ijy 
Mr.  Russell,  of  the  Sydney  Observatory/^  The  existing  driving  gear  has  been 
altered  so  that  the  driving  rod  performs  its  revolution  in  a  second,  and  the  motion  is 
then  communicated,  to  the  driving  screw  through  a  small  worm  wlieel.  The  driving 
rod  is  vertical  and  in  two  parts,  the  lower  portion  ending  in  a  faced  ratchet  wheel, 
3  inches  in  diameter,  and  with  200  teeth.  The  upper  part  of  the  rod  ends  in  an  arm 
at  right  angles  to  itself,  and  this  arm  carries  a  ratchet  of  suitable  shape  held  down  by 
an  adjustable  spring.  An  electro-magnet,  connected  with  the  controlling  pendulum, 
is  arranged  so  as  to  only  permit  the  ratchet  to  pass  it  once  a  second  (see  fig.  3).  If 
the  clock  be  driving  too  quickly,  the  ratchet  is  held  until  the  stop  is  raised  by  the 

*  ‘]\roTitlily  Notices,’  vol.  51,  p.  4.3,  1890-91. 

MDCCCXCIII. — A  4  S 


682 


PEOFESSOR  J.  N.  LOCKYER  ON  THE  PHOTOGRAPHIC 


pencraliim.  When  held  in  this  way  the  ratchet  is  lifted  out  of  the  teeth,  and  the 
driving  clock  itself  is  not  affected. 

In  order  that  this  form  of  control  may  be  effective,  it  is  essential  that  the  clock 
should  be  going  too  quickly,  as  it  is  only  capable  of  retarding  the  driving  rod. 

The  controlling  pendulum  is,  of  course,  regulated  to  the  rate  required  for  the 
particular  star  which  is  being  photographed. 


Electi'ical  control  for  10-incli  equatorial. 


In  Mr.  PtUSSELL’s  form  of  control  the  two  parts  of  the  driving  rod  are  connected  by 
friction  plates.  It  was  found,  however,  on  testing  tills  arrangement,  that  when  the 
upper  portion  was  held  by  the  electro-magnet  the  rate  of  the  governors  was  seriously 
retarded.  I  therefore  asked  Messrs.  Hammebsley  (who  carried  out  the  necessary 
alterations  of  the  driving  clock),  to  provide  some  more  efficient  substitute,  and  the 
ratchet  wheel  was  the  result. 


(2.)  The  30-tnoh  Eeflector. 

Instrument  E. — Before  the  erection  of  the  3-foot  reffector,  the  arraimements  at 
Kensington  did  not  provide  for  the  use  of  a  very  large  aperture,  and  I  was  led  to 
erect  a  30-inch  reflector  at  Westgate-on-Sea,  having  received  grants  in  aid  fi’om  the 
Government  Grant  Fund.  The  mirror,  which  is  a  very  fine  one  of  11  feet  3  inches 
focus,  was  figured  and  presented  to  me  by  my  friend  Dr.  Common  ;  for  the  flat 
(7  inches  in  diameter)  I  am  indebted  to  other  friends,  the  Brothers  Henry,  and  I  am 
anxious  to  take  this  opportunity  of  expressing  my  great  obligations  to  them  for  this 
magnificent  help  in  my  work. 
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The  Slipping -plate. 

The  telescope  is  of  the  Newtonian  form,  the  eye  end  being  provided  with  a  slipping- 
plate,  which  is  a  modification  of  that  designed  by  Dr.  Common  for  use  with  his  5-foot 
reflector.*  This  is  adapted  to  take  a  plate  holder  for  photographing  direct  images, 
and  also  for  use  with  eye-pieces  and  spectroscopes.  The  advantage  gained  by  its  use 
is  that  a  small  amount  of  motion  can  be  given  to  the  photographic  plate  or  spectro¬ 
scope  without  in  any  way  disturbing  the  large  mass  of  the  whole  telescope.  The 
slipping-plate  is  so  arranged  that  one  screw  corrects  any  small  error  in  right 
ascension,  and  the  other  in  declination.  A  small  eye-piece  is  used  as  a  follower  when 
photographing  directly.  It  is  capable  of  adjustment  so  that  it  may  be  used  to  observe 
any  small  star  near  the  edge  of  the  field,  and  being  provided  with  cross  wires  illumi¬ 
nated  by  a  small  incandescent  lamp  it  enables  the  observer  to  correct  any  small  errors 
in  right  ascension  or  declination. 

The  Slit  Sj^ectroscopes. 

In  addition  to  a  Maclean  star  spectroscope  and  a  small  direct  vision  spectroscope, 
two  others  have  been  employed.  One  is  by  Hilger,  and  is  fitted  with  one  prism  of 
60°  and  two  half  prisms.  This  is  provided  with  the  usual  arrangements  for  observing 
and  photographing  the  spectra  of  celestial  bodies.  The  other  is  a  four-prism  spectro¬ 
scope  by  Hammersley,  and  is  arranged  so  that  one  or  two  prisms  may  be  removed  at 
pleasure.  It  is  provided  with  an  automatic  adjustment  for  minimum  deviation,  and 
is  supplied  with  a  bright  line  micrometer,  which  is  illuminated  electrically.  A  small 
telescope  for.  observing  the  spectrum  by  reflection  from  the  surface  of  the  second  prism, 
a  camera  to  replace  the  eye-piece,  and  arrangements  for  comparison  spectra,  complete 
the  instrument.  The  whole  spectroscope  can  be  rotated  round  the  axis  of  the  colli¬ 
mator.  In  order  to  reduce  the  weight  of  the  spectroscope  the  more  massive  parts  are 
made  of  aluminium.  The  weight  of  the  whole  instrument,  with  the  four  prisms,  is 
only  eight  pounds. 

A  grating  spectroscope,  which  has  been  obtained  for  the  solar  work,  can  also  be 
adapted  to  the  reflector  for  special  investigations.  The  grating  is  one  of  Rowland’s, 
with  14,438  lines  to  the  inch. 

(3.)  Enlargements  of  the  Negatives. 

Many  of  the  negatives  taken  have  been  enlarged  about  nine  times  on  glass,  and 
further  copies  have  been  taken  on  bromide  paper,  bringing  the  enlargement  up  to 
about  25  times  the  size  of  the  original . 

O 

Owing  to  various  causes  the  photographic  spectra  obtained  by  the  method  of  trails 

*  ‘Monthly  Notices,’  vol.  49,  p.  ‘297,  1888-89. 
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show  irregularities  resembling  the  lines  along  the  spectrum  observed  when  the  sht  of 
a  spectroscope  is  partly  clogged  with  dust.  It  has  been  noticed  that  the  period  of  the 
irregularities  is  equal  to  the  time  of  revolution  of  the  main  driving  screw  of  the  tele¬ 
scope,  and  hence  they  may  be  accounted  for  by  supposing  the  driving  gear  to  be 
mechanically  imperfect.  In  that  case  some  of  the  parallel  lines  which,  by  their  juxta¬ 
position  form  the  broadened  spectrum,  are  supeiqDosed,  while  others  are  drawn  apart, 
thus  giving  rise  to  dark  and  bright  lines  parallel  to  the  length  of  the  spectrum. 
These  lines  are  more  apparent  in  the  case  of  bright  stars  than  fainter  ones.  If  the 
telescope  were  driven  with  perfect  regularity  and  the  atmosphere  were  quite  steady, 
we  should  obtain  a  spectrum  of  uniform  intensity  along  its  width.  This  condition 
has  very  nearly  been  obtained  in  some  cases. 

The  irregularities  above  described  are  eliminated  in  the  enlarged  negatives  by 
giving  them  an  up-and-down  motion  during  exposure  in  a  direction  parallel  to  the 
lines  of  the  spectrum.  This  was  originally  done  by  hand,  but  a  negative  holder  has 
been  constructed  in  which  the  necessary  motion  is  given  to  the  negative  by  a  small 
driving  clock. 

Fig.  4. 


Negative  Folder  used  in  eulargiug. 


A  diagram  of  the  arrangement  is  given  above.  The  only  drawback  to  this  method 
is  that  defects  of  the  film  are  apt  to  produce,  by  a  succession  of  their  images  on  the 
enlarging  plate,  lines  (generally  very  faint)  which  have  a  semblance  of  the  tiaie 
spectrum  lines. 

To  distinguish  the  real  lines  from  the  artificial  ones,  a  direct  enlargement  of  the 
spectrum  is  made  on  the  same  plate  alongside  the  other,  the  to-and-fro  motion  being 
dispensed  with.  By  a  comparison  of  the  two  enlarged  strips,  one  can  see  at  a  glance 
vBich  are  the  true  lines  of  the  spectrum,  and  which  are  those  produced  by  small 
irregularities  on  the  film.  It  may  be  stated  that  Dr.  Scheiner  has  also  used  a  some¬ 
what  similar  method  to  the  one  described,  the  only  difterence  being  that  he  caused  the 
plate  on  which  the  enlargement  was  to  be  taken  to  have  the  oscillating  motion,  instead 
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of  the  original  negative.  The  method  employed  at  Kensington,  though  no  account  of 
it  had  been  published,  had  been  in  use  for  some  time  before  Di’.  Scheiner’s  method 
was  announced.'^’* 


III.— LISTS  OP  SPECTRA  PHOTOGRAPHED. 

My  object  has  not  been  so  much  to  obtain  photographs  of  the  spectra  of  a  large 
number  of  stars,  as  to  study  in  detail  the  spectra  of  comparatively  few.  Hence  many 
of  the  stars  have  been  photographed  several  times  with  special  exposures  and  foci  for 
different  regions  of  the  spectrum. 

The  following  lists  of  443  photographs  of  the  spectra  of  171  stars  will  show  what 
material  has  been  available  for  discussion.  The  stars  are  arranged  in  each  table  in 
the  order  of  their  right  ascension. 


(1.)  Stars  photographed  with  Instrument  A  (6 -inch  prism  of  7g°). 


Name  of  star. 

Number  of 
pbotograpbs. 

Name  of  star. 

Number  of 
photographs. 

X  Andromedae . 

1 

X  Canis  Minoris . 

2 

/I  Cassiope:a3 . 

1 

X  Hjdrae . 

1 

7  Pegasi . 

1 

X  Leonis . 

4 

a  Cassiopeiae . 

2 

7  Leonis . 

1 

7  Cassiopeiae . 

19 

0  Leonis . 

1 

/3  Andromedae . 

2 

ft  Ursae  Majoris . 

1 

S  Cassiopeiae . 

1 

X  Ursae  Majoris . 

1 

/3  Arietis  ....... 

1 

0  Leonis . 

3 

7  Andromedae . 

1 

7  Ui’sae  Majoris . 

i 

a  Arietis . 

2 

7  Virginis . 

1 

a  Ceti . 

5 

G  Ursae  Majoris . 

I 

/3  Persei . 

1 

X  Virginis . 

2 

a  Persei . 

1 

f  Ursae  Majoris . 

1 

The  Pleiades . 

1 

1]  Ursae  Majoris . 

I 

a  Tauri . 

3 

X  Bootis . 

16 

a  Am'igae . 

16 

e  Bootis  ...... 

1 

/3  Orionis . 

5 

ft  Ursae  Minoris . 

1 

/3  Tauri . 

1 

X  Coronae . 

1 

Nova  Aurigae . 

6 

X  Herculis . 

1 

7  Orionis . 

2 

X  Opbiuchi . 

1 

S  Orionis . 

3 

7  Draconis . 

2 

X  Orionis . 

i 

X  Ljrae . 

2 

<  Orionis . 

1 

ft  Lyrae . 

12 

6  Orionis . 

2 

7  Lyrae . 

2 

f  Tauri . 

1 

X  AquiJae . 

4 

f  Orionis . 

1 

c  Cygni . 

1 

K  Orionis . 

1 

X 

7  Cygni . 

1 

0  Aurigae . 

1 

^  Cygni . .  . 

2 

a  Orionis  ....... 

9 

e  Cygni . 

1 

H  Geminorum . 

6 

X  Cepbei . 

1 

7  Geminorum . 

2 

6  Pegasi . 

2 

a  Canis  Majoris . 

4 

//  Pegasi . 

1 

/3  Canis  Minoris . 

1 

ft  Pegasi . 

5 

ft  Canis  Majoris . 

1 

a  Pegasi . 

1 

*  ‘Nature,’  vol.  42,  p.  303,  1890. 


686 


PROFESSOR  J.  N.  LOCKYER  ON  THE  PHOTOGRAPHIC 


(2.)  Stars- photographed  with  Instrument  B  (6-inch  prism  of  45°,  and  6-inch  Henry 

object-glass). 


Name  of  star. 

Number  of 
photographs. 

Name  of  star. 

Number  of 
photographs. 

a  Andromedee . 

1 

a  Orionis . 

3 

7  Cassiopeise . 

6 

a  Canis  Minor!  s . 

1 

ji  Andromedee . 

1 

a  Canis  Major  is  .... 

2 

7  Andromeda . 

1 

a  Virginis . 

1 

a  Arietis . 

1 

a  Bootis . 

11 

y3  Persei . 

1 

a  Ophiuchi . 

1 

a,  Persei . 

1 

a  Lyr® . 

2 

a  Tauri  .  ^ . 

1 

/3  Lyr^ . 

7 

a  Aurigae . 

5 

7  Lyrae . 

1 

/J  Oriouis . 

3 

a  Aquil* . 

5 

7  Oriouis . 

1 

7  Cygni  . 

3  1 

e  Orionis . 

1 

a  Cygni  . 

3  1 

f  Orionis . 

1 

^  Pegasi . 

2 

(3.)  Stars  photographed  with  Instrument  C  (two  10-inch  prisms  of  7^°). 


Name  of  star. 

Number  of 
photographs. 

Name  of  star. 

Number  of 
photographs. 

7  Cassiopeia? . 

6 

a  Geminorum . 

1 

a  Arietis . 

1 

a  Canis  Minoris . 

3 

/3  Persei . 

1 

ji  Geminorum . 

2 

a.  Tauri . 

2 

a  Leonis . 

2 

a  Aurigse . 

2 

a  Ophiuchi . 

2 

ji  Orionis . 

7 

X  Virginis . 

1 

ji  Tauri . 

1 

a  Bootis . 

4 

7  Orionis . 

4 

a  Coron® . 

2 

0  Orionis . 

2 

a  Lyrre . 

15 

6  Orionis . 

1 

a  Aquilee . 

5 

f  Orionis . 

1 

Cygni . 

2 
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(4.)  Stars  photographed  with  Instrument  D  (6-inch  prism  of  7^°  on  6-inch 

Dallmeyer  lens). 


Name  of  star. 

Number  of 
photographs. 

Name  of  star. 

Number  of 
photographs. 

^  Cassiopei® . 

1 

a  Serpentis . 

1 

y3  Ceti . 

1 

TT  Scorpii . 

1 

Tj  Ceti . 

1 

^  Scorpii . 

1 

a  Urs®  Minoris  .... 

1 

/3  Scorpii . 

1 

T  Ceti . 

1 

h  Ophiuchi . 

1 

7  Ceti . 

1 

e  Ophiuchi . 

1 

a  Ceti . 

1  : 

a  Scorpii . 

1 

P  Persei . 

1  i 

7  Herculis . 

1 

K  Persei . 

1  ! 

a  Scorpii . 

2 

r  Persei . 

1 

/J  Herculis . 

2 

The  Pleiadc.s . 

1 

X  Ophiuchi . 

1 

f  Persei . 

1  . 

T  Scorpii . 

1 

e  Persei . 

1  1 

f  Ophiuchi . 

1 

48  Persei . 

1 

t  Herculis  . 

1 

a  Aurig® . 

1 

7  Herculis . 

1 

7  Orionis . 

1 

1  Ophiuchi . 

1 

(i  Aurig® . 

1  I 

K  Ophiuchi . 

1 

a  Canis  Minoris  .... 

1 

6  Herculis . 

1 

a  Lyiicis . 

1 

7  Ophiuchi . 

1 

€  Hjdr® . 

1 

c  Herculis . 

1 

p  Hydr® . 

1  ! 

IT  Herculis . 

1 

X 

r  Hydr® . 

1  1 

6  Ophiuchi . 

1 

6  Leonis . 

1 

p  Herculis . 

1 

a  Leonis . 

2 

ji  Ophiuchi . 

2 

Urs®  Majoris  .... 

1 

/I  Herculis . 

■*; 

12  Com®  Berenicis .... 

1 

7  Ophiuchi . 

1 

13  Com®  Berenicis  . 

1 

V  Ophiuchi . 

1 

14  Com®  Berenicis  .... 

1 

67  Ophiuchi . 

1 

16  Com®  Berenicis .... 

1 

70  Ophiuchi . 

1 

^  Corvi . 

1 

72  Ophiuchi . 

1 

1/  Com®  Berenicis  .... 

1 

o  Herculis . 

1 

7  Virginia . 

1 

7  Serpentis . 

1 

a  Cannm  Venaticornm  . 

2 

<T  Sagittarii . 

1 

t  Virginia  .  .  .  . 

1 

^  Aquil® . 

1 

e  Virginia . 

i 

i>  Aquil® . 

1 

a  Virginia . 

2 

Cygni . 

1 

^  Virginia . 

1 

29  Cygni  . 

1 

7  Bootis . 

1 

P  Cygni . 

1 

a  Bootis . 

.3 

^  Delphini . 

1 

\  Bootis . 

1 

ji  Delphini . 

1 

X  Virginia . 

2 

a.  Delphini . 

1 

7  Bootis  .  .  .... 

2 

c  Delphini . 

1 

e  Bootis . 

1 

7  Delphini . 

1 

a  Libr® . 

2 

Cygni . 

r  Cygni . 

4 

^  Bootis . 

1 

1 

/3  Libr® . 

1 

c  Capricorni . 

1 

^  Coron® . 

1 

^  Aquarii . 

1 

V  Bootis . 

1 

C  Pegasi . 

1 

6  Coron® . 

7  Coron® . 

j 

2 

fx  Pegasi . 

1 

I 
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(5.)  Spectra  taken  with  Instrument  E. 


1 

1 

Name  of  star. 

Number  of 
photographs. 

Name  of  star. 

Number  of 
photographs. 

Orion  Nebula . 

5 

a  quilrn . 

1 

a.  Orionis . 

2 

a  Bootis . 

1 

a  Coronse . 

1 

a  Aurigse . 

1 

IV.— TABULATION  OF  SIMILAR  SPECTRA. 

As  in  the  case  of  stellar  spectra  observed  in  the  usual  way,  the  photographic 
spectra  vary  very  considerably  in  jrassing  from  star  to  star,  and  well-marked  gTOups 
may  be  recognised. 

In  the  classification  of  stars  which  has  been  adopted  from  a  consideration  of  the 
v^isual  observations,  only  the  broader  differences  iir  the  spectra  have  been  taken  into 
account.  Professor  Picrering,  however,  has  suggested  a  provisiorral  classification  in 
connection  with  the  Henry  Draper  Memorial  photographs  of  stellar  spectra,  but  this 
chiefly  relates  to  photographs  taken  with  small  dispersion.  Now  that  it  has  become 
possible  to  obtain  large  dispersion  photographs  of  the  spectra,  much  more  detail  is 
revealed,  and  it  becomes  necessary  to  deal  with  the  presence  or  absence  of  individual 
lines  to  a  greater  extent  than  by  Professor  Pickering. 

Hence,  in  the  first  instance,  I  have  arranged  the  various  stars  of  ’which  the  spectra 
have  been  photographed  at  Kensington  in  tables,  without  reference  to  any  of  the 
existing  classifications,  and  taking  into  account  the  finer  details. 

The  basis  upon  which  tlie  first  grouping  is  founded  is  the  extent  of  the  continuous 
spectrum.  Such  a  distinction  was  not  possible  in  the  case  of  eye  observations,  and  it 
is  only  by  a  consideration  of  the  photographs  that  the  classification  from  this  point  of 
view  can  be  made. 

Some  spectra  show  a  remarkable  continuous  absorption  either  in  the  ultra-violet  or 
violet,  in  others  this  absorption  extends  to  about  K,  -whilst  in  a  third  class  it  reaches 
as  far  as  G.  This  practically  amounts  to  the  same  thing  as  classifying  the  spectra 
according  to  the  thickness  of  the  hydrogen  lines,  for  it  is  found  that  where  the 
continuous  absorption  is  least  the  hydrogen  lines  are  broadest.  But  it  must  not  be 
forgotten  that  the  bj'oadness  of  these  lines  depends,  to  an  as  yet  undetermined  extent, 
upon  the  time  of  exposure,  and  it  may  further  be  that  other  causes  besides  temperature 
may  be  effective  in  producing  the  broadening;. 
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(1.)  Table  A.— Stars  in  which  there  is  no  remarkable  continuous  absorption  either  in 
the  ultra-violet  or  violet.  In  these  stars  the  hydrogen  lines  are  broad. 


(«•) 

The  spectra  differ  widely 
from  the  solar  spectrum. 

There  is  only  a  small 
number  of  lines,  and  the 
hydrogen  lines  are  not 
of  extreme  thickness. 

(/^.) 

The  spectra  do  not  differ 
very  widely  from  the 
solar  spectrum,  There 
•is  a  large  number  of 
lines,  but  the  hydrogen 
lines  are  not  of  extreme 
thickness,  though  much 
thicker  than  in  the 
solar  spectrum. 

(7-) 

The  spectra  show  very 
broad  hydrogen  lines, 
and,  in  addition,  faint 
representatives  of  some 
of  the  lines  seen  in  stars 
of  sub-division  a. 

(^•) 

The  spectra  show  very 
broad  hydrogen  lines, 
and,  in  addition,  faint 
rejDresentatives  of  the 
lines  seen  in  stars  of 
sub-division  ji. 

7  Pegasi 

/3  Cassiopeiae 

a  Andromedae 

0  Aurigae 

f  Persei 

cc  Canis  Minoris 

^  Cassiopeiae 

7  Geminorum 

6  Persei 

(Procyoii) 

j3  Persei  (Algol) 

X  Geminorum 

/3  Urionis  (Rigel) 

B  Cassiopeiae 

48  Persei 

X  Canis  Majoris 

/3  Tauri 

c  Persei 

f3  Aurigae 

(Sirius) 

7  Orionis  (Bellatrix) 

/3  Arietis 

/3  Canis  Minoris 

7  Ursae  Majoris 

B  Orionis 

cc  Persei 

Tj  Leonis 

X  Canum  Venaticorum 

\  Orionis 

S  Leonis 

x  Leonis 

X  Coronae 

t  Orionis 

12  Comae  Bereuicis 

/3  Ursae  Majoris 

X  Lyrae  (Vega) 

e  Orionis 

1.3  Comae  Berenicis 

1  Ophiuchi 

g"  Tauri 

14  Comae  Berenicis 

0  Capricorni 

f  Orionis 

7  Virginis 

7  Lyrae 

K  Orionis 

7  Herculis 

X  Pegasi 

ji  Canis  Majoris 

oc  Ophiuchi 

The  Pleiades 

t]  Ursae  Majoris 

a  Aquilae  (Altair) 

a  Virginis 

a  Cephei 

7!-  Scorpii 

^  Aquarii 

B  Scorpii 

/i  Scorpii 

<T  Scorpii 

T  Scorpii 

f  Ophiuchi 

67  Ophiuchi 

<7  Sagittarii 

c  Cygni 

a  Cygni 

Many  of  the  photographs  are  on  too  small  a  scale  or  are  too  ill-delined  to  show  more 
than  that  there  is  no  remarkable  absorption  in  the  violet  or  ultra-violet,  and  that  the 
hydrogen  lines  are  broad.  These  are  as  follows  : — 


Ceti. 

e 

Coronte. 

Ceti. 

X 

Ophiuchi. 

Comse  Berenicis. 

e 

Herculis. 

Corvi, 

'v 

Ophiuchi. 

Comae  Berenicis. 

P 

Herculis. 

4  T 

mdcccxciii. — A. 
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P 

e 

4 

X 

X 

y 

a. 

y 

/8 


Hydrse. 

8 

Herculis. 

Leonis. 

y 

Ophiuchi. 

Ursse  Majoris. 

27 

Ophiuchi. 

Ursa3  Majoris. 

0 

Herculis. 

Virgin!  s. 

C 

Aquilse. 

Bootis. 

29 

Cygni. 

Virginis. 

Delphini 

Bootis. 

/3 

Delphini. 

Librse. 

a 

Delphini. 

Librae. 

y 

Delphini. 

Coronae. 

Pegasi. 

Coronae. 

(2.)  Tablp]  B. — Stars  in  which  there  is  a  continuous  absorption  in  the  ultra-violet, 
extending  to  about  K.  In  these  stars  the  hydrogen  lines  are  relatively  thin. 


(a.) 

The  spectra  differ  considerably  from 
the  solar  spectrum,  although  showing  a 
large  number  of  fine  dark  lines. 

(dd 

The  spectra  have  a  veiy  close 
resemblance  to  the  solar  spectrum. 

7  Cygni 

» 

a  Cassiopeias 
p  Oeti 

a  Ursse  Minoris 
a  Arietis 

K  Persei 

a  Aurigae  (Capella) 

/3  Geminorum 

0  Hydras 
i,"  H  ydrae 
c  Leonis 

7  Leonis 
a  Ursae  Majoris 

6  Virginis 
o.  Bootis 

//  Bootis 
e  Bootis 
/3  Bootis 
c  Ophiuchi 
\i  Herculis 

Herculis 
!]  Hercniis 

TT  Hei’culis 
ft  Ophiuchi 
a  0[)hiuchi 

V  Ophiuchi 

7U  Ophiuchi 

7  Aquilai 
r  Cygni 

7  Pegasi 
//  Pegasi 
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(3.)  Table  C. — Stars  in  which  there  is  a  continuous  absorption  in  the  ultra-violet 
or  violet,  extending  to  about  G.  In  these  stars  the  hydrogen  lines  are  narrow. 


G-) 

In  the  spectra  there  are  indications 
of  dark  flutings  fading  away 
towards  the  less  refrangible  end 
of  the  spectrum. 

(13.) 

There  are  no  indications  of  flutings 
in  the  spectra. 

ft  Andromedte 

1]  Ceti 

a  Ceti 

a  Lyncis 

P  Persei 

7  AndromedfB 

a  Orionis  (Betelgenx) 

a.  Tanri  (Aldebaran) 

/(,  Geminornm 

cc  Hydrse 

?.  Virginia 

Ursee  Majoris 

V  Bootis 

ft  Ursse  Min  oris 

h  Ophinchi 

cc  Serpentis 

K  Ophinchi 

7  Draconis 

a  Scorpii  (Antares) 

)]  Serpentis 

a  Herculis 

0^  Cygni 

ft  Pegasi 

e  Cygni_ 
e  Pegasi 

(4.)  Table  D. — Stars  which  are  not  included  in  any  of  the  preceding  Tables. 

y  Cassiopeiae. 

Lyrae. 

P  Cygni. 

Nova  Aurigae. 

It  will  be  seen,  on  reference  to  the  Tables,  that  the  bright-line  stars  of  the  Wolf- 
Rayet  type,  and  the  red  stars  of  Group  VI.,  have  not  yet  been  photographed  at 
Kensington.  All  the  stars  of  these  types  are  very  faint,  and  the  dispersion  hitherto 
employed  has  been  too  great  to  successfully  cope  with  them.  A  larger  aperture,  with 
smaller  dispersion,  appears  to  be  essential ;  and  this  has  not  yet  been  available.  It  is 
intended,  however,  to  utilize  the  three-foot  reflector  for  this  work  as  soon  as  possible. 

All  the  stars  of  Table  D  show  special  features  in  their  spectra,  and  will  not  be 
further  considered  in  the  present  communication. 


V.— DISCUSSION  OF  STARS  IN  TABLE  A. 

The  stars  included  in  this  Table  are  characterised  by  the  absence  of  any  remark¬ 
able  continuous  absorption  either  in  the  violet  or  ultra-violet,  and  by  the  presence  in 
their  spectra  of  broad  lines  of  hydrogen.  As  already  shown,  they  may  be  conveniently 
classified  into  four  sub-divisions,  which  we  may  now  consider  separately.  The  photo¬ 
graphs,  which  only  show  the  lines  of  hydrogen,  owing  to  small  dispersion  or  defective 
definition,  will  be  omitted  from  the  discussion. 

4  T  2 
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(1.)  Sub-division  a. 

Characteristics  of  the  Spectra. 

Ill  all  the  stars  in  question  the  hydrogen  lines  are  well  marked,  though  not  of  such 
extreme  breadth  as  in  stars  like  Sirius.  The  total  number  of  lines  in  the  spectra  is 
remarkably  small,  as  compared  with  the  number  seen  in  stars  which  resemble  the  Sun. 
The  lines  seen  in  addition  to  those  of  hydrogen  vary  very  considerably  in  passing 
from  star  to  star,  though  some  lines  are  common  to  them  all.  It  will,  therefore,  be 
convenient  to  further  sub-divide  the  stars,  according  to  the  presence  or  absence  of 
individual  lines.  Such  a  classification  is  given  in  the  following  Table. 


Stars  in  which  there  occur  strong  lines  at  4025,  4120‘5,4143,  4388,  4471,  in  addition 

to  hydrogen  lines  of  moderate  breadth. 


11) 

(2) 

(3) 

(4) 

(5) 

(6) 

There  are  strong 
lines  at  4481, 
4233,  4127,  and 
4130.  The  lines  at 
4025  and  4471  are 
very  feeble.  A 
few  lines  of  iron 
are  added. 

The  line.s  at  4025 
and  4471  ai’e 

much  intensified, 
the  last  as  strong 
as  4481.  There 
are  no  lines  of 
iron. 

The  lines  at  4481, 
4127,  4130,  are 
now  faint,  while 
4025  and  4471  are 
very  strong. 

The  lines  at 
4025  and 
4471  are  still 
very  strong, 
and  lines  at 
4414'5  and 
4088  are 
seen. 

The  line  at 
4414'5  is  in¬ 
tensified, 
while  that  at 
4088  is 

feebler. 

Stars  which 
show  no  lines  of 
impoi'tance 
except  the  five 
typical  lines. 

a  Cygni 

/3  Orionis 
/I  Tanri 

07  Ophinchi 
e  Cygni 

7  Orionis 
/I  Cam's  Alajoris 

e  Orionis 
(  Orionis 

G  Orionis 

If  Orionis 
k-  Orionis 

e  Persei 
a.  Virginis 

7  Pegasi 

f  Persei 
\  Orionis 
f  Tanri 
>]  Urste  IMajoris 
Scorpii 

0  Scorpii 
/I  Scorpii 
<r  Scorpii 

T  Scorpii 
f  Ophinchi 

O'  Sagittarii 

The  preceding  Table  only  refers  to  the  more  important  lines  in  the  spectra,  and  in 
order  to  facilitate  comparisons,  the  following  more  complete  one  has  been  compiled. 
The  wave-lengths  were  determined  in  the  first  instance  from  photographs  taken  with 
the  two  10-inch  prisms  (Instrument  C),  and  have  since  been  confirmed  by  photographs 
taken  with  the  larger  dispersion  of  the  6-inch  Henry  prism  of  45°  (Instrument  B). 
The  values  are  believed  to  be  accurate  to  four  figures,  and  in  cases  where  decimals  are 
added,  greater  accuracy  was  attainable.  The  numbers  following  the  wave-lengths 
indicate  as  nearly  as  possible  the  intensities  of  the  lines,  6  being  the  strongest,  and 
1  the  feeblest. 

[Note,  Aug.  15,  1893. — The  wave-lengths  have  been  determined  by  reference  to 
the  lines  of  hydrogen  (marked  H,  h,  and  G  in  the  plates),  which  appear  in  the  spectra 
of  all  the  stars  which  have  been  photographed.] 
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Wave-lengths  af  principal  lines  in  spectra  of  Stars  in  Table  A,  sub-division  a. 


1. 

2. 

O 

4. 

5. 

Kensin 

gton. 

Potsdam. 

3919 

(2) 

1 

3926 

(-3) 

3933 

(6) 

3933 

(6) 

3933 

(3) 

3933 

(1) 

3933 

(1) 

3961 

(6) 

3963 

(2) 

3963 

(3) 

3963 

(2) 

3968 

(6) 

3968 

(G) 

3968 

(6) 

3968 

(G) 

3968 

(G) 

3994 

(1) 

3994 

(3) 

3994 

(2) 

4008 

(2) 

4008 

(3) 

4008 

(2) 

4008 

(1) 

4024 

(2) 

4025 

(1) 

4025 

(3) 

4026-6  (6) 

4025 

(6) 

4025 

(4) 

4025 

(4) 

4040 

(2) 

4069 

(2) 

4069 

(2) 

4069 

(2) 

4071 

(2) 

4075 

(2) 

4075 

(2) 

4075 

(2) 

4088 

(5) 

4095 

(2) 

1 

4101 

(6) 

4101 

(G) 

4102-0  (6) 

4101 

(G) 

4101 

(G) 

4101 

(6) 

4104 

(2) 

4114 

(4) 

4119 

(2) 

4120-5 

(2) 

4121-2  (2) 

4120-5 

(4) 

4120-5 

(2) 

4120-5 

(2) 

4121-5 

(2) 

4127 

(-3) 

4127 

(-3) 

4128-3  (6) 

4130 

(3) 

4130 

(3) 

4131-2  (4) 

4143 

(1) 

4143 

(2) 

4143-8  (3) 

4143 

(-5) 

4143 

(2) 

4143 

(2) 

4168 

(3) 

4172 

(4) 

4172 

(1) 

4172 

(1) 

4177 

(4) 

4177 

(1) 

4179-0  (2) 

4177 

(1) 

4233 

(5) 

4233 

(2) 

4233-3  (3) 

4241-5 

(2) 

4241-5 

(2) 

4246 

(2) 

4253 

(2) 

i 

4267 

(2) 

4267-7  (2) 

4267 

(4) 

4267 

(1) 

4267 

(1)  1 

4298 

(3) 

4302 

(3) 

4307 

(3) 

i 

43]  4 

(3) 

4314 

(1) 

4314 

(1)  1 

4337 

(2) 

1 

4340 

(6) 

4340 

(G) 

4340-7  (6) 

4340 

(6) 

4340 

(G) 

4340 

(G) 

4345 

(2) 

4351 

(4) 

4351 

(1) 

4351 

(2) 

4351 

(1) 

4383 

(3) 

4388 

(3) 

4388-4  (4) 

4388 

(5) 

4388 

(2) 

4388 

(4) 

4394-3 

(3) 

4394-3 

(2) 

4414-5 

(2) 

4414-5 

(1) 

4414-5 

(3) 

4417 

(-3) 

4417 

(2) 

4439-6 

4437 

(3) 

4471 

(1) 

4471 

(4) 

4472-4  (6) 

4471 

(G) 

4471 

(5) 

4471 

(4) 

4481 

(5) 

4481 

(5) 

4482-2  (6) 

4481 

(3) 

4541 

(2) 

4541 

(1) 

4541 

(1) 

4549 

(4) 

4555-5 

(3) 

4553 

(3) 

4558-5 

(3) 
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Wave-lengths  of  principal  lines  in  spectra  of  Stars  in  Table  A,  sub-division 

(continued). 


a — 


1. 

2. 

4. 

5. 

Ken.sington. 

Potsdam. 

4571  (2) 

4583  (4) 

4629  (3) 

4567  (2) 

4574  (2) 

4613  (2) 

4629  (2) 

4643  (2) 

4650  (2) 

4714  (3) 

4650  (6) 

A  list  of  the  lines  seen  in  three  photographs  of  the  spectrum  of  Rigel,  taken  at 
Potsdam,  has  already  been  published  by  Dr.  Scheiner,'“  and,  allowing  for  the 
difference  between  the  Potsdam  scale  and  that  of  Angstrom,  which  I  have  employed, 
there  is  a  fair  agreement  between  the  two  series  of  measures. 

The  spectra  of  four  typical  stars  of  this  sub-division,  namely  :  a  Cygni,  /3  Orionis, 
y  Orionis  and  ^  Orionis,  are  shown  in  Plate  27.  Many  of  the  finer  lines  recorded  in 
the  table  have  been  obliterated  in  the  process  of  reproduction,  but  all  the  more 
important  lines  are  present. 

As  far  as  the  work  has  yet  gone,  sub-division  (1)  is  only  represented  by  a  Cygni. 
The  spectrum  of  this  star  is  a  very  remarkable  one.  It  shows  many  more  lines  than 
such  stars  as  Rigel,  but  not  nearly  so  many  as  stars  which  more  or  less  resemble  the 
Sun.  The  hydrogen  lines  are  only  of  moderate  thickness,  and  there  are  a  few  other 
strong  lines,  in  addition  to  many  fainter  ones.  On  reference  to  Plate  27 ,  it  will  be 
seen  that  it  has  many  lines  in  common  with  Rigel  and  Bellatrix. 

The  K  line  of  calcium  is  common  to  all  the  stars  in  question,  but  the  strong  blue 
line  of  calcium,  at  X  4226,  is  absent. 

With  the  exception  of  the  K  line,  the  lines  of  hydrogen,  and  the  high  temperature 
line  of  magnesium,  at  X  4481,  all  the  lines  may  be  said  to  be  at  present  of  unknown 
origin.  Some  of  the  lines  fall  near  lines  of  iron,  but  the  absence  of  the  strongest 
lines  indicates  that  the  close  coincidences  are  probably  accidental. 


The  Spectrum  of  y  Oriojiis. 

A  very  fine  ]3hotograph  of  the  spectrum  of  this  star  was  taken  on  September  17, 
1892,  with  Instrument  B.  This  shows  many  very  fine  lines  in  addition  to  those 
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given  in  the  preceding  Tables.  A  complete  list  is  given  below,  the  intensities  being 
indicated  as  in  the  previous  tables. 


Lines  in  the  spectrum  of  y  Orionis  (Bellatrix). 


Wave-length. 

Intensity. 

Wave-length. 

Intensity. 

8919 

2 

4267 

4 

8926 

8 

4271 

1 

8933 

8 

4276 

1 

3963 

8 

4340 

6 

3968 

6 

4345 

2 

■  3982 

1 

4351 

2 

3994 

8 

4373 

1 

4008 

5 

4388 

5 

4025 

6 

4394-3 

2 

•1040 

2 

4414-5 

2 

4069 

2 

4417 

2 

4071 

o 

4437 

•  > 

0 

4075 

2 

4442-5 

1 

4088 

1 

4447 

1 

4101 

6 

4471 

6 

4104 

2 

4475-5 

1 

4119 

2 

4481-2 

3 

4120-5 

4 

4517 

1 

4127 

1 

4528-0  1 

/  a  broad 

4130 

1 

4530-5  / 

\  faint  band. 

4143 

5 

4553 

3 

4149 

1 

4566 

2 

4153 

1 

4574 

•2 

4168 

3 

4591 

1 

4172 

1 

4602 

1 

4177 

1 

4613 

2 

4227 

1 

4620 

1 

4235 

1 

4629 

2 

4241-5 

2 

4643 

2 

4253 

2 

4650 

2 

4714 

3 

Sequence  of  Spectra  in  these  Stars. 

The  stars  of  Table  A,  Sub-division  a,  may  be  arranged  in  a  continuous  series.  The 
•sequence  is  shown  in  Plate  27. 

The  four  typical  stars  shown  are— 

{  Orionis. 
y  Orionis. 

/3  Orionis. 

«  (^ygni. 

Early  observations  of  these  stars  seemed  to  suggest  that  the  lines  change  their 
intensities — even  to  disappearance — from  time  to  time.  No  such  change,  however, 
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has  appeared  at  Kensington.  In  the  case  of  Rigel  photographs  have  been  taken 
October,  1890,  and  October,  1892,  and  the  spectrum  has  remained  constant.  Dupli¬ 
cates  of  y,  S,  e,  and  ^  Orionis  and  y8  Tauri  have  also  been  obtained,  without  any 
changes  being  detected. 

It  has  been  a  common  practice  to  call  the  stars  of  this  type  “  Orion  stars,”  it  being 
supposed  that  they  were  confined  to  the  constellation  Orion.  We  now  know,  however, 
that  they  are  distributed  in  nearly  all  parts  of  the  northern  celestial  sphere. 


(2.)  Sub-division  (B. 

Characteristics  of  the  S^oectra. 

In  the  stars  of  this  sub-division  the  hydrogen  lines  are  not  quite  so  broad  as  in  stars 
like  Sirius,  though  they  are  much  broader  than  in  those  like  the  Sun.  Besides  the 
lines  of  hydrogen,  all  the  principal  lines  of  the  solar  spectrum  can  be  made  out,  but 
they  are  much  finer  than  in  the  stars  like  tlie  Sun.  The  metallic  lines  appear  to  be 
stronger  when  the  hydrogen  lines  are  finer  and  vice  versa. 

Examples  are  shown  in  Plate  28. 

a  Aquilse  and  a.  Ophiuchi  have  been  included  in  this  list,  although  they  have 
particularly  hazy  lines  in  their  spectra.  These  lines,  however,  agree  in  position  with 
those  of  stars  in  Sub-division  y.  In  the  case  of  a  Aquihe  Professor  Pickering  has 
also  noticed  that  the  lines  are  hazy,  and  has  suggested  that  this  may  be  due  to  the 
very  rapid  rotation  of  the  star,  the  axis  of  rotation  being  at  right  angles,  or  nearly  so, 
to  the  plane  passing  through  the  star  and  the  Sun."^  It  is  evident  that  such  a 
rotation  would  broaden  all  the  lines,  and  that  the  fainter  lines  would  most  probably 
disappear. 

A  special  series  of  photographs  of  the  spectrum  of  a  Aquilaj  is  being  taken  at 
Kensington  in  order  to  determine  whether  the  haziness  of  its  spectrum  lines  is 
invariable. 

Arrangement  in  Order  of  Differences. 

The  stars  of  this  sub-division  do  not  difier  essentially  from  each  other,  the  only 
difference  being  in  the  relative  thicknesses  of  the  hydrogen  and  the  metallic  lines. 

Arranging  the  stars  in  the  order  of  difierences  they  may  be  further  sub-divided  as 
follows  : — 


‘  Annals  of  Harvard  College  Observatory,’  vol.  26,  p.  21. 
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(1-) 

The  hydrogen  lines  are  very 
broad,  but  a  great  number  of  fine 
metallic  lines  are  visible. 

(2.) 

The  hydrogen  linos  are  not  so 
broad  as  in  (1),  and  all  the  chief 
solar  lines  are  clearly  visible. 

(3.) 

The  hydrogen  lines  are  still 
broader  than  in  the  solar 
spectrum,  but  not  so  broad  as 
in  (2).  All  the  solar  lines  are 
very  distinct. 

S  CassiopeiEe 
^  Arietis 

S  Leonis 

13  Comse  Berenicis 

16  Comae  Berenicis 
a,  Ophinchi 
a  Aquilae 

/3  Cassiopeiae 

14  Comae  Berenicis 

7  Herculis 
a.  Cephei 
f  Aquarii 

a  Canis  Minoris 

12  Comae  Berenicis 

7  Yirginis 

A  complete  list  of  the  lines  seen  in  the  spectra  of  these  stars  would  be  superfluous, 
as  it  would  be  practicallj  a  list  of  the  lines  which  appear  in  the  solar  spectrum. 


(3.)  SUB-DIVISIOJI  y. 

Characteristics  of  the  Spectra. 

In  the  stars  of  this  sub-division,  the  hydrogen  lines  are  extremely  broad,  and  the 
additional  lines  are  correspondingly  faint.  The  characteristic  lines  occupy  the  same 
positions  as  lines  in  the  spectra  of  stars  in  Sub-division  a,  the  principal  ones  being 
those  at  XX  4025,  4471,  4481.  The  stars  given  in  the  list  bear  a  close  resemblance 
to  each  other,  but  two  further  sub-divisions  may  be  recognised.  In  the  first  of  these, 
of  which  Persei  may  be  taken  as  a  t3'pe,  the  lines  at  4471  and  4481  are  almost  of 
equal  intensity;  in  the  second,  e.g.,  a.  Andromedse,  4471  is  very  faint,  and  other 
additional  faint  lines  appear. 

Further  Suh-division. 


(1) 

The  strongest  additional  lines  are 
at  XX  4024,  4471,  and  4481,  the 
latter  pair  being  of  equal  intensity. 

(2.) 

The  intensity  of  the  line  at  X  4481 
diminishes,  whilst  the  line  at 

X  4471  is  unaffected  and  other 
faint  lines  appear. 

f  Cassiopeiae 

a  Andromedae 

/3  Persei 

48  Persei 

7  Leonis 

(3  Aurigae 

a.  Leonis 

/3  Canis  Minoris 

t  Ophiuchi 

/3  Ursae  Majoris 

7  Lyrae 

a.  Pegasi 

r  Atlas 

r  Maia 

Pleiades  <  Alcyone 

Pleiades  <  Taygeta 

y  Merope 
h  Capricorni 

Electra 

4  u 


MDCCCXCIII. — A. 
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(4.)  Stjb-division  S. 

Characteristics  of  the  Spectra. 

In  these  stars  the  hydrogen  lines  are  very  broad,  and  the  additional  lines,  as  before 
remarked,  are  chiefly  faint  representatives  of  those  which  appear  in  the  solar 
spectrum.  There  is  a  complete  inversion  of  the  intensities  of  the  hydrogen  and 
metallic  lines  as  compared  with  the  solar  spectrum.  The  most  strongly-marked  hue, 
next  to  those  of  hydrogen,  is  generally  the  K  line  of  calcium.  A  line  of  magnesium 
at  4481  is  also  usually  easily  distinguished.  In  the  brighter  stars,  such  as  a  L^T8e, 
a  trace  of  the  line  at  4024  appears.  In  this  case,  however,  it  is  accompanied  by  the 
lines  of  iron,  whereas  in  Sub-division  y  no  iron  lines  have  been  detected  so  far. 

It  will  be  evident  that  no  sharp  line  can  be  drawn  between  these  stars  and  those 
of  Sub-division  yS.  The  difference  lies  only  in  the  relative  intensities  of  the  hydrogen 
and  metallic  lines.  When  all  the  principal  solar  lines  are  easily  seen  in  the  photo¬ 
graphed  spectrum  the  star  has  been  classed  in  Sub-division  y8,  but  when  only  a 
comparatively  small  number  of  lines  is  seen,  it  has  been  placed  in  Sub-division  S. 

It  has  not  been  found  desirable  or,  indeed,  possible  to  further  sub-divide  the  stars 
included  in  Sub-division  S. 

VI.— DISCUSSION  OF  STARS  IN  TABLE  B. 

In  these  stars  there  is  a  considerable  amount  of  continuous  absorption  in  the  ultra¬ 
violet,  and  the  spectra  beyond  K  are  very  difficult  to  photograph  with  the  instm- 
rnents  employed,  as  compared  with  the  stars  of  Table  A.  The  thickness  of  the 
hydrogen  lines  does  not  greatly  differ  from  that  observed  in  the  solar  spectrum. 

(1.)  Sub-division  a. 

Characteristics  of  the  Spectra. 

The  only  star  of  this  sub-division  which  has  yet  been  photographed  at  Kensington 
is  y  Cygni.  The  spectrum  shows  a  large  number  of  dark  lines,  but  it  presents  a  very 
different  appearance  from  that  of  the  Sun.  The  characteristic  gi’ouping  of  lines 
about  G  is  entirely  absent,  and  many  lines  have  very  different  intensities.  The  lines 
of  calcium,  including  H  and  K,  are  only  of  moderate  thickness. 

Among  the  more  prominent  lines  are  the  following  : — 

4383 
4372 
4351 
4340  (G) 
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4325 
4314 
4233 
4227 
4176 
4172 
4126 
4101  {h) 

4118 

The  photographed  spectrum  is  reproduced  in  Plate  26,  and  it  will  be  seen  that  in  , 
addition  to  the  lines  given  above  there  is  a  great  number  of  less  prominent  lines. 


(2.)  Sub-division 
Characteristics  of  the  Spectra. 

All  the  stars  in  this  sub-division  have  spectra  which  very  closely  resemble  the  solar 
spectrum.  In  the  spectrum  of  Arcturus,  for  example,  over  one  hundred  lines  have 
been  photographed  in  the  region  between  G  and  h,  and  each  line  has  its  counterpart 
in  the  solar  spectrum,  as  will  be  seen  on  reference  to  Plate  30.  It  appears,  therefore, 
that  all  the  substances  which  are  present  in  the  absorbing  atmosphere  of  the  Sun, 
are  also  present  in  the  absorbing  atmospheres  of  the  stars  of  this  sub-division. 

The  spectra  show  only  small  differences  when  compared  with  each  other.  Perhaps 
the  greatest  is  between  Capella  and  Arcturus.  In  the  former  the  hydrogen  lines  are 
slightly  thicker  than  in  Arcturus,  while  in  the  latter  some  of  the  lines,  especially  those 
of  calcium,  are  slightly  intensified.  The  spectrum  of  Capella  more  nearly  resembles 
the  solar  spectrum  than  does  that  of  Arcturus.  In  Arcturus,  also,  the  continuous 
absorption  extends  a  little  further  towards  G  than  it  does  in  Capella. 

We  may  therefore  further  sub-divide  the  stars  of  this  sub-division  as  follows : — 


4  u  2 
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Further  Division  into  Two  Sub-Classes. 


(!•} 

Stars  Avith  spectra  whicli  cannot  be 
distinguisbed  fi’om  that  of  the 
Sun. 

(2.) 

Stars  with  spectra  which  differ 
from  the  Sun  in  having  some  of  the 
lines,  especially  those  of  calcium, 
slightly  intensified.  The  lines  of 
hydrogen  are  somewhat  thinner 
than  in  (1). 

a  Cassiopeia? 

ji  Ceti 

a  Ursfe  Minoris 

K  Persei 

cc  Arietis 

f  Hydrge 

a  Aurigge  (Capella) 

a  Bootis  (Arcturus) 

/3  Geminorum  (Pollux) 

/3  Bootis 

6  Hydr® 

TT  Herculis 

6  Leonis 

7  Leonis 

a  Ursa?  Majoris 

6  Virginis 
?/  Bootis 

6  Bootis 

e  Ophiuchi 
/I  Herculis 
^  Herculis 

1]  Herculis 
/i  Ophiuchi 
/I  Herculis 

V  Ophiuchi 

70  Ophiuchi 
f  Cygni 

7  Pegasi 
fi  Pegasi 

7  Aquilse 

It  will  be  evident  that  these  two  sub-divisions  must  be  placed  in  juxtaposition 
whatever  classification  may  be  finally  adopted.  The  spectra  of  Capella  and  Arcturus, 
which  may  be  taken  as  types,  are  reproduced  in  Plate  29. 


Carbon  A  bsorption. 

A  question  of  considerable  interest,  as  will  appear  later,  is,  whether  in  these  stars 
there  is  any  evidence  of  carbon  absorption.  In  a  communication  to  the  Eoyal 
Society  in  1878,*  I  showed  that  in  the  solar  spectrum  there  is  a  dark  fluting  of  carbon 
commencing  at  wave-length  3883.  This  has  since  been  confirmed  by  Messrs. 
Trowbridge  and  Hitchins,!  who  also  found  that  this  fluting  was  the  only  one  which 
remained  visible  when  a  complicated  metallic  spectrum  was  added  to  that  of  carbon. 

It  is  therefore  to  be  expected  that  indications  of  carbon  absorption  will  be  found  in 
the  spectra  of  the  stars  under  discussion. 

*  ‘  Roy.  Soc.  Proc.,’  vol.  27,  p.  308. 
t  ‘  Phil.  Mag.,’  series  5,  vol.  24,  p.  148. 
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The  photographs  already  taken  do  not  generally  extend  beyond  K,  and  hence  the 
fluting  in  question  is  not  open  to  investigation.  In  the  spectrum  of  Arcturus,  however, 
this  region  has  been  photographed,  and  the  fluting  is  apparently  present,  but  its 
intensity  does  not  differ  greatly  from  its  intensity  in  the  solar  spectrum. 

In  a  photograph  taken  by  the  Brothers  Henry  two  years  ago,  there  is  a  decided 
darkening  in  the  region  of  another  group  of  carbon  flutings  commencing  at  \4215, 
but  this  does  not  appear  in  the  Kensington  photographs. 


VII.— DISCUSSION  OF  STARS  IN  TABLE  C. 


In  all  the  stars  included  in  this  Table  there  is  a  very  considerable  amount  of 
continuous  absorption  in  the  violet,  extending  to  about  G.  Long  exposures  are 
therefore  required,  in  order  that  their  spectra  may  be  photographed.  The  brightest 
star  in  the  Table  is  a  Orionis,  and  even  this  requires  an  exposure  of  35  minutes  with 
the  instrument  A  to  give  a  spectrum  one-tenth  of  an  inch  wide,  extending  to  the  K 
line.  With  the  30- inch  reflector  and  slit  spectroscope,  an  exposure  of  one  hour  is 
barely  sufficient.  It  is  accordingly  a  matter  of  considerable  difficulty  to  photograph 
the  spectra  of  these  stars,  as  most  of  them  are  below  the  third  magnitude. 

(1.)  Sub-division  a. 

Characteristics  of  the  Speetr^a. 

Notwithstanding  the  fact  that  the  visual  spectra  of  these  stars  are  characterised  by 
conspicuous  flutings,  the  region  more  refrangible  than  F  consists  almost  entirely  of 
dark  lines.  Indeed  the  only  indication  of  flutings  in  this  region  in  any  of  the  stars 
named  are  near  wave-lengths  4763  and  4585,  and  these  vary  in  intensity  in  the 
different  stars.  The  flutings  are  stronger  in  a  Herculis  than  in  any  of  the  other  stars 
in  the  Table,  as  will  be  seen  on  reference  to  Plate  26,  and  they  are  still  stronger  in  the 
I  spectrum  of  Mira  Ceti,  as  seen  in  a  photograph  kindly  forwarded  to  me  by  Professor 
Pickering.  So  far  as  the  line  spectrum  is  concerned,  a  Orionis  may  be  taken  as  a 
type  of  the  remainder.  Lines  of  hydrogen,  iron,  manganese,  calcium,  chromium, 
cobalt,  titanium,  and  strontium  are  common  to  them  all.  The  calcium  lines,  it  will 
be  seen,  are  considerably  intensified  as  compared  with  the  corresponding  lines  seen  in 
the  solar  spectrum.  This  applies  also  to  the  lines  of  chromium  and  manganese,  so 
that  the  spectrum  presents  a  very  different  appearance  from  that  of  the  Sun.  Many 
of  the  lines  are  at  present  unidentified.  There  is  a  remarkable  difference  in  the  lines 
at  G,  the  grouping  of  which  is  so  characteristic  of  the  solar  spectrum.  This  will 
appear  from  fig.  5. 
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Comparison  of  tbe  G  region  of  the  Spectrum  of  a  Orionis  and  the  Sun. 


The  Dark  Flutings  in  these  Stars. 


By  the  use  of  Edwards’  isocliromatic  plates,  photographs  of  the  spectra  of  some  of 
the  stars  under  discussion  have  been  obtained  which  extend  as  far  in  the  green  as 
X  550.  These  consequently  show  some  of  the  flutings  which  have  been  mapped  by 
Duner,  Vogel,  and  others. 

The  wavedengths  of  the  flutings  have  been  determined  by  comparison  with  the 
spectrum  of  Arcturus  photographed  under  the  sam'e  instrumental  conditions.  These, 
compared  with  the  mean  values  determined  from  eye  observations  by  Duner*  and 
Vogel, t  are  as  follows  : — 


Dun:^r’s 

nnmbei’  of  band. 

DuNtn 

(eye  observations). 

Vogel 

(eye  observations). 

Locktek 

(pbotograpbs). 

10 

4607 

4585 

9 

<  4*770 

4766 

4763 

8 

4958 

4959 

4958 

7 

6168 

5168 

5165 

5 

_  -  - 

.5451 

5452 

5455 

The  positions  given  for  the  bands  are  for  their  more  refrangible  edges,  and  they  are 
the  same  in  all  the  stars  of  this  group  of  which  the  spectra  have  been  photographed 
at  Kensington.  The  positions  determined  by  Vogel  and  Duner,  however,  for  the 
same  band  in  different  stars  vary  considerably.  For  band  5,  Vogel  found  the  wave¬ 
length  5444  in  a  Orionis,  and  5458  in  aHerculis.  These  differences  are,  it  is  possible, 
due  to  the  diflSculties  of  observation,  and  in  a  small  degree  to  the  drSeriDg  velocities 
in  the  line  of  sight. 

*  ‘  Sur  les  fitoiles,’  p.  1 20. 
t  ‘  Bothkamp  Beob.,’  Heft  1,  1872. 
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The  complete  discussion  of  this  region  is  reserved  until  better  and  more  numerous 
photographs  have  been  obtained. 

Detailed  Discussion  of  the  Spectrum  of  a.  Orionis. 

As  a  Orionis  is  the  brightest  star  given  in  the  Table  under  discussion,  a  special 
investigation  has  been  made  of  its  spectrum.  Several  photographs  have  been  taken 
at  Kensington,  and  one  at  Westgate,  with  the  3-prism  slit  spectroscope.  The  latter 
was  exposed  for  one  hour  on  November  30,  1891,  and,  as  the  slit  was  very  narrow, 
the  spectrum  is  well-defined.  All  the  lines  shown  in  the  Westgate  photograph  have 
been  reproduced  in  a  later  photograph  taken  at  Kensington  with  the  instrument  B.  f 
The  intensity  of  the  violet  is  somewhat  feeble,  and  the  reduction  has  been  limited 
to  the  region  F  to  X  4029.  On  reference  to  the  photograph  (Plate  28),  it  will  be  seen 
that  the  part  of  the  spectrum  extending  from  the  violet  to  X  4860  (F)  consists  almost 
entirely  of  lines,  over  100  being  distinctly  visible  between  F  and  G.  There  are 
distinct  groupings  of  lines,  however,  which  correspond  with  the  flutings  seen  in 
a  Herculis  and  other  stars  of  the  same  type. 

For  the  reduction  of  the  photograph  a  spectrum  of  daylight  photographed  with  the 
same  instrumental  conditions  has  been  employed. 

It  is  easy  to  recognise  well-marked  lines  which  serve  for  the  construction  of  the  wave¬ 
length  scale  by  means  of  the  usual  projection  curve. 

The  hydrogen  lines  at  F,  G,  and  h,  are  almost  as  strong  as  in  the  spectrum  of  the 
Sun. 

The  investigation  of  the  origins  of  the  various  lines  includes  also  an  inquiry  into 
the  probable  temperature  of  the  absorbing  regions  in  the  star.  Thus,  when  v'e  come 
to  investigate  the  lines  due  to  iron,  we  find  that  they  do  not  correspond  in  relative 
intensities  with  those  which  appear  in  the  arc  spectrum.  This  will  be  clear  on  reference 
to  the  map,  which  shows  the  strongest  lines  in  the  arc  spectrum,  and  all  the  lines  of 
the  flame  spectrum  of  iron.  Particular  attention  may  be  drawn  to  the  four  lines  in 
the  arc  spectrum  at  wave-lengths  420P6,  4203‘5,  4206'3,  and  4209'8.  It  will  be  seen 
that  there  is  a  complete  inversion  in  intensities  if  we  take  the  arc  spectrum  of  iron, 
and  many  other  cases  are  equally  evident. 

When  compared  with  the  flame  spectrum  of  iron,  which  has  been  specially 
photographed  for  this  investigation,  a  smaller  number  of  lines  is  explained,  but  there 
are  no  inversions  of  importance.  The  feeble  line  at  4132  in  the  flame  spectrum  is 
comparatively  strong  in  the  spectrum  of  the  star,  but  this  is  in  all  probability  due  to 
the  superposition  of  the  line  of  lithium  which  has  the  same  wave-length.  The  only 
important  divergence  is  in  the  case  of  the  line  4143,  which  is  much  stronger  in  the 
star  than  in  the  flame  spectrum.  It  is,  however,  a  strong  line  in  the  arc  spectrum  of 
iron. 

These  comparisons  lead  to  the  conclusion  that  the  temperature  of  the  most 
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important  iron-absorbing  region  in  a  Orionis  is  nearer  that  of  the  oxy-coal  gas  flame 
than  that  of  the  electric  arc.  Still,  as  many  of  the  arc  lines  appear  to  coincide  with 
lines  in  the  spectrum  of  the  star,  though  they  have  diflerent  relative  intensities,  it  is 
probable  that  the  average  temperature  is  intermediate  between  that  of  the  arc  and 
that  of  the  flame,  but  nearer  to  the  latter. 

It  is  evident  then  that  the  flame  spectra  of  other  substances  should  also  be 
compared  with  the  spectrum  of  the  star.  Those  which  show  any  coincidences  are 
indicated  on  the  map.  They  include  manganese,  chromimn,  calcium,  magnesium, 
strontium,  cobalt,  and  lithium.  Here,  again,  the  arc  spectra,  especially  in  the  case  of 
manganese,  show  many  inversions,  and  hence  the  conclusion  that  the  temperature  of 
the  absorbing  regions  is  lower  than  that  of  the  electric  arc  is  strengthened. 

The  results  of  the  investigations  into  the  origins  of  the  lines  are  shown  in  Plate  28. 


Elements  identified  in  a  Orionis. 
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Mg 
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Many  of  the  lines  remain  for  the  present  unidentified,  although  careful  comparisons 
have  been  made  with  the  flame  spectra  of  all  the  principal  elements. 

Amongst  the  strongest  unknown  lines  are  those  at  wave-lengths  4393,  4406,  and 
4763.  There  are  also  three  very  strong  lines  at  X  4038,  4053,  and  4164.  These  are 
either  entirely  absent  from  the  solar  spectrum  or  only  appear  as  very  faint  lines. 
That  at  X  4406  forms  a  close  double  with  the  slightly  more  refrangible  iron  line 
X  4405.  It  is  strongly  marked  in  the  spectrum  of  a  Tauri,  as  photographed  at 
Kensington,  and  also  aj:)pears  in  the  spectra  of  ^  Andromedas,  a  Herculis,  /3  Pegasi, 
and  other  stars  of  Table  C. 

Bright  Flutings. 

In  the  spectra  of  a  Orionis  and  a  Herculis  which  have  been  photographed  at 
Kensington  on  isochromatic  plates  there  is  the  bright  edge  of  a  fluting  at  X  5165  as 
near  as  can  be  determined,  and  this  very  closely  agrees  with  the  wave-length  of  the 
brightest  edge  of  the  carbon  fluting  X  5164'8,  according  to  measures  made  from  my 
large  scale  photographic  solar  comparisons.  If  this  were  the  only  criterion  for  bright 
carbon,  the  evidence  might  be  considered  conclusive.  There  are,  however,  two 
other  bright  maxima  in  this  compound  carbon  fluting,  at  wave-lengths  5 128 '5  and 
5098 '3,  and  we  should  also  expect  to  find  these  in  the  spectrum.  In  a  Herculis,  two 
secondary  bright  flutings  are  clearly  visible,  and  the  following  table  will  show  their 
positions  relatively  to  the  carbon  flutings. 
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Carbon. 

a  Herculis. 

5164-8 

5165 

5128-5 

5136 

5098-.3 

5107 

It  will  be  seen  that  the  coincidences  are  not  very  exact  for  the  secondary  maxima, 
hut  the  question  is  complicated  by  the  fact  that  several  dark  lines  appear  in  the  same 
region,  and  the  secondary  maxima  may  therefore  he  masked. 

Further  ^photographs  will  be  taken  with  special  reference  to  this  region,  special 
exposures  being  required,  as  the  2:)hotographic  plates  in  use  are  very  slow  for  this  ' 
part  of  the  spectrum,  and  the  instrument  has  to  be  specially  focussed. 

Other  regions  of  the  spectrum  have  also  been  examined  for  bright  flutings,  more 
particularly  with  reference  to  the  flutings  of  carbon.  From  a  photograph  of  the 
spectrum  of  Mira  Ceti  taken  by  Professor  Pickering,  there  is  strong  evidence  of  the 
existence  of  the  carbon  group,  commencing  at  wave-length  42 15 ‘6,  but  there  are  no 
decided  indications  of  it  in  a  Orionis.  In  the  latter  spectrum  the  dark  lines  are  much 
more  numerous  than  in  Mira,  and  hence  the  bright  fluting,  if  present,  may  be  masked. 

It  seems  more  likely,  however,  that  the  increased  temperature,  indicated  by  the 
greater  number  of  lines  in  a  Orionis,  is  the  true  explanation  of  the  disappearance  of 
the  fluting,  only  the  most  persistent  one — that  at  A  5165— remaining.  There  are 
no  certain  indications  of  the  bright  fluting  of  carbon  commencing  at  X  4736  (see 
Plate  28). 

Sequence  of  Sqoectra  of  these  Stars. 


Plate  26  shows  the  spectra  of  a  Herculis,  /3  Pegasi,  a  Orionis,  and  /3  Andromedse, 
arranged  in  the  order  of  differences.  This  order  has  been  chiefly  determined  by  the 
flutings  near  X  4763  and  X  4585,  which  gradually  thin  out  in  passing  from  a  Herculis 
to  /3  Andromedae.  It  will  be  seen  also  that  the  lines  of  calcium  and  some  other  lines 
thin  out  in  the  same  order. 

Including  the  stars  of  which  the  spectra  have  not  been  rejiroduced,  they  have  been 
arranged  as  follows,  those  bracketed  together  being  indistinguishable  from  each  other. 


■< 


'  (3  Andromedae. 
a  Ceti. 

V  Bootis. 
a  Orionis. 

Pegasi. 
a  Scorpii. 

p  Persei. 

4  X 


MDCCCXCIII. — A. 
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ci  Herculis. 
I  S  Virgiiiis. 


S  Ophiuclii. 
fx  Geminorum. 


(2.)  Sub-division  jS. 

Characteristics  of  the  Spectra.. 

All  the  spectra  of  the  stars  of  Sub-division  /S  of  Table  C  are  practically  identical, 
and  only  that  of  a  Tauri  is  therefore  reproduced. 

This  is  shown  in  Plate  26,  and  on  comparison  with  the  spectrum  of  a  Orionis  the 
close  similarity  in  the  photographic  region  will  be  evident. 

In  all  the  stars  named  the  intensity  of  the  spectrum  beyond  G  is  feeble,  and  long 
exposures  are  required  in  order  to  obtain  photographs  in  that  region.  The  falling  off 
of  intensity,  however,  is  not  so  strongly  marked  as  in  the  stars  of  Sub-division  a. 

As  in  a  Orionis,  the  origins  of  the  chief  lines  have  been  traced  to  hydrogen,  iron, 
calcium,  manganese,  chromium,  magnesium,  titanium,  cobalt,  and  strontium.  The 
lines  of  calcium,  especially  the  low  temperature  line  at  X  4226,  are  particularly  broad. 
The  manganese  lines  near  X  4029,  and  the  iron  line  near  X  4045,  are  remarkably  con¬ 
spicuous.  The  latter  is  relatively  much  stronger  than  the  other  iron  lines  in  the 
same  region,  as  compared  with  stars  like  the  Sun,  and  this  suggests  that  it  may  be 
strengthened  by  a  line  of  some  unknowm  substance  which  has  very  nearly  the  same 
wave-length.  On  reference  to  the  photograph  it  will  be  seen  also  that  the  two  iron 
lines  X  4.383  and  X  4405  are  also  considerably  intensified  in  this  group  of  stars.  These 
two  pairs  of  lines,  with  the  strong  line  of  calcium  at  X  4226  and  the  weakness  of  the 
spectrum  beyond  G,  serve  for  the  ready  identification  of  all  stars  resembling  a  Tauri. 

Duner*  describes  the  spectrum  of  a  Hydrm  as  more  resembling  that  of  the  Sun 
than  that  of  a  Tauri,  but  the  photographic  spectrum  is  practically  identical  with 
a  Tauri.  The  calcium  line  X  4226  is  very  strong,  as  are  also  the  other  characteristic 
lines  to  which  reference  has  been  made. 


Possible  Variation  in  the  Spectrum  of  a.  Tauri. 

An  interesting  point  has  followed  from  the  comparison  of  the  Kensington  photo¬ 
graphs  of  a  Tauri  with  one  taken  and  kindly  forwarded  to  me  by  Professor  Pickering. 
The  strong  line,  about  X  4406,  in  the  Kensington  photographs  is  hardly  visible  in  the 
photograph  taken  by  Professor  Pickering,  and  it  would,  therefore,  appear  that  the 
spectrum  must  be  variable.  This  particular  line,  it  may  be  remarked,  probably  forms 


*  ‘  Snr  les  Etoiles,’  <fcc.,  p.  88. 
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a  close  double  with  the  iron  line  X  4405,  being  slightly  less  refrangible.  It  is  a  very 
strong  line  in  a  photograph  of  the  spectrum  of  a  Tauri  taken  at  Kensington,  on 
November  20,  1888,  and  is  seen  in  the  spectra  of  all  the  stars  resembling  a  Tauri 
or  a  Orionis.  A  photograph  taken  on  September  15,’ 1892,  with  the  instrument  B 
shows  the  line  strongly  marked. 

It  will  be  evident  from  a  comparison  of  the  photographs  that  these  stars  bear  a 
close  relationship  to  those  of  Sub-division  a.  The  increased  brightness  of  the  violet 
end  of  the  continuous  spectrum,  in  conjunction  with  the  fading  out  of  the  flutings, 
may  be  taken  as  an  indication  of  increased  tem^^erature  in  passing  from  Sub-division  a 
to  Sub-division  (3. 


VIII.— THE  GEN'ERAL  SEQUENCE  OF  THE  SPECTRA  OP  THE  STARS  NOW 

UNDER  DISCUSSION. 

(1.)  Sequence  of  Sub-divisions. 

We  have  now  before  us  the  facts  relating  to  the  various  spectra  which  have  been 
photographed  at  Kensington,  and  the  next  thing  to  do  is  obviously  to  attempt  to 
trace  the  relationships  of  the  various  sub-divisions  to  which  reference  has  been  made. 


Two  Series  of  Spectra. 

One  important  fact  comes  out  very  clearly,  namely,  that,  whether  we  take  the 
varying  thicknesses  of  the  hydrogen  or  of  the  lines  of  other  substances  as  the  basis  for 
the  arrangement  of  the  spectra,  it  is  not  possible  to  place  all  tbe  stars  in  one  line  of 
temperature.  For  example,  in  the  stars  of  Table  A,  Sub-division  a,  the  hydrogen 
lines  are  of  the  same  average  thickness  as  in  the  stars  of  Table  A,  Sub-division  /3,  but 
the  remaining  lines  are  almost  entirely  different ;  and  the  two  sub-divisions  cannot  be 
placed  in  juxtaposition.  It  is,  therefore,  necessary  to  arrange  tbe  stars  in  two  series. 
This  has  been  done,  and  the  general  results  of  the  investigation  are  shown  in  Plates  26, 
27,  and  29,  where  the  spectra  of  eighteen  typical  stars  are  arranged  in  order  of  differ¬ 
ences.  The  corresponding  sub-divisions  are  as  follows  : — 


Bcference  to  Plates  26  and  27. 


Typical  stai-s. 

Sub-divisions. 

a  Andromedae  . 

.  Table  A,  sub-division  y 

2 

/S  Perse i . 

•  •  y  J  ?  ?  ?  ? 

1 

^  Orionis . 

••  ??  5)  3?  ^ 

4 

y  Orionis . 

3 

yS  Orionis . 

2 

4x2 
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Typical  stars. 

a  Cygni  . 

7  Cygni  .  .  . 

a  Taui’i 

Andromedse  . 
a  Orionis  ...  I 

/3  Pegasi  .  .  .  ' 

a  Herculis 


Sub-divisions. 


Table  A,  sub-division  a 

j,  B  ,,  ct 

C  /3 


1 


J) 


C 


a 


Reference  to  Plate  29. 


a 

a 

rx 

a 

a 

(X 
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Typical  stars. 

Andromedse 
Canis  Majoris 
Geininorum 
Persei  . 

Canis  Alinoris 
Aurigse 
Bootis  .  .  , 


Sub-divisions. 

Table  A,  sub-division  y  2 


;  ? 


8 


;  J 

5?  9? 


/3  2 

„  3 

yS  1 

9 


(2.)  Variations  Obseryed. 


It  will  be  seen,  on  reference  to  Plates  2G  and  27,  that,  starting  with  a  Herculis,  we 
have  a  mixed  spectrum  of  lines  and  flutings,  the  latter  gradually  disappearing  in 
/3  Pegasi,  a  Orionis,  and  f  Andromedre,  until,  in  a  Tauri,  nothing  but  lines  remain. 
At  the  same  time  the  continuity  of  the  lines  is  unbroken,  so  that  if  we  were  to 
arrange  the  stars  according  to  the  thicknesses  of,  say,  the  lines  of  calcium,  the  same 
order  would  be  deduced. 

Next  in  the  series  is  y  Cygni,  the  spectrum  of  which  has  much  in  common  with  that 
of  a  Tauri,  but  there  is  less  continuous  absorption,  and  many  of  the  lines  of  a  Tauri 
thin  out. 

The  next  step,  to  a  Cygni,  is  rather  a  long  one,  but  it  seems  very  probable  that,  if 
more  photographs  were  available,  intermediate  spectra  would  be  found.  It  will  be 
seen,  however,  that  in  a  Cygni  the  hydrogen  lines  are  intensified  as  compared  with 
7  Cygni,  and  that  all  the  important  lines  of  a  Cygni  agree  in  position  with  promineut 
lines  in  y  Cygni. 

At  this  stage  there  is  a  great  diminution  in  the  number  of  lines,  as  will  be  seen  on 
referring  to  the  spectrum  of  Bigel  (/3  Orionis),  which  is  the  next  star  in  the  series. 
In  passing  to  Bigel,  the  more  important  lines  of  a  Cygni  are  retained,  and  a  few  new 
lines  make  their  appearance. 
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The  next  star  in  the  series  is  Bellatrix,  the  line  at  X  4471  increasing  in  intensity, 
while  the  line  at  X  4481  has  almost  disappeared. 

In  the  next  stage,  represented  by  ^  Orionis,  an  important  new  line  at  X  4088  makes 
its  appearance,  but  all  the  chief  lines  of  Bellatrix  are  retained. 

a  Virginis  is  the  next  star  in  the  series,  and  here  again  it  is  clear  that  the  con¬ 
tinuity  is  unbroken,  the  hydrogen  lines  also  being  broader  than  in  the  stars  already 
dealt  with. 

yd  Persei  and  a  Andromedse  are  the  representatives  of  the  sub-divisions  which  come 
next  in  the  sequence,  and  in  these  also  it  will  be  seen  that  there  is  perfect  continuity. 

From  a  Herculis  to  a  Andromedse,  we  thus  have  a  continuous  series  of  spectra,  the 
dark  flirtings  first  disappearing,  and  afterwards  most  of  the  lines  of  the  more  common 
metals  such  as  iron  and  manganese,  lines  of  unknown  origin  gradually  replacing  them. 
At  the  same  time,  the  amount  of  continuous  absorption  is  gradually  diminishing,  and 
the  lines  of  hydrogen  are  increasing  in  intensity. 

We  now  come  to  the  second  series  (Plate  29),  and  here  it  is  quite  an  easy  matter 
to  begin  where  the  first  series  left  off,  namely,  with  such  a  star  as  a  Andromedge.  In 
these  stars,  as  already  pointed  out,  there  are  no  certain  indications  of  iron.  There 
are  other  stars,  however,  such  as  Sirius  and  a  Geminorum  in  which  there  are  all  the 
important  lines  of  a  Andromedse,  and,  in  addition,  some  of  the  lines  of  iron. 

In  the  stars  which  come  next  in  the  sequence,  represented  by  ^  Arietis,  there  is  an 
intensification  of  the  metallic  lines,  and  a  slight  diminution  in  the  breadth  of  the 
hydrogen  lines.  This  goes  on  through  the  various  sub-divisions  represented  by 
a  Persei,  a  Canis  Minoris,  a  Aurigse,  and  a  Bootis,  the  hydrogen  lines  thinning  out 
as  the  metallic  lines  thicken.  Continuous  absorption  in  the  ultra-violet  commences  in 
the  later  stars  of  the  series. 

Thus,  from  a  Andromedee  to  Arcturus  there  is  a  perfectly  continuous  series  of 
spectra.. 

IX.— DISCUSSION  OF  RESULTS  IN  RELATION  TO  THE  METEORITIO  HYPOTHESIS. 

(1.)  Phenomena  to  be  Expected  on  the  Hypothesis. 

Reference  io  Classification  based  on  Eye  Observations. 

We  are  now  in  a  position  to  consider  the  various  divisions  of  the  photographic 
spectra  already  arrived  at,  in  relation  to  the  groups  which  were  previously  suggested 
from  a  discussion  of  eye  observations.  This  classification  was  as  follows  : — 

Group  I. — Badiation  lines  and  flutings  predominant.  Absorption  beginning  in  the 
last  species. 

Group  II. — Mixed  radiation  and  absorption  predominant. 


*  ‘  Roy.  Soc.  Proc.,’  vol.  44,  p.  26. 
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Group  III. — Line  absorption  predominant  with  increasing  temperature.  The 
various  species  will  be  marked  by  increasing  simplicity  of  spectrum. 

Group  IV.— Simplest  line  absorption  predominant. 

Group  V.  —  Line  absorption  predominant,  with  decreasing  temperature.  The 
various  species  will  be  marked  by  decreasing  complexity  of  spectrum. 

Group  VI. — Carbon  absorption  predominant. 

Group  VII. — Extinction  of  luminosity. 

The  fundamental  difference  between  this  and  other  classifications  is  that  it  demands 
the  existence  of  bodies  of  increasing  as  well  as  bodies  of  decreasing  temperatures. 

We  have,  tlierefore,  to  inquire  how  fen-  this  condition  is  satisfied  by  the  mass  of 
new  facts  at  our  disposal.  This  involves  the  consideration  of  some  points  in  connec¬ 
tion  with  the  meteoritic  hypothesis  to  which  brief  reference  alone  has  been  made  in 
my  previous  communications. 

The  Complex  Origin  of  the  Spectra  of  Nehidce. 

On  the  hypotlresis,  the  bright  lines  seen  in  the  nebulas  should  have  three  origins. 

(1.)  The  lines  of  those  substances  which  occupy  the  greatest  volume  (or  largest 
area  in  a  section) ;  in  other  words,  the  lines  of  those  substances  which  are 
driven  furthest  out  from  the  meteorites  and  occupy  the  interspaces,  Avhen 
possibly  they  may  be  rendered  luminous  by  electricity.  Chief  among  these, 
from  laboratory  experiments,  we  should  expect  hydrogen,  and  next,  from  the 
same  experiments,  we  should  expect  gaseous  compounds  of  carbon. 

(2.)  We  are  justified  in  assuming  that  the  jnost  numerous  collisions  will  be 
partial  ones — grazes — sufficient  only  to  produce  comparatively  slight  rises 
in  temperature.  The  nebula  spectrum,  so  far  as  it  is  produced  by  this  cause, 
will  therefore  depend  upon  the  phenomena  produced  in  greatest  number, 
and  we  may  therefore  expect  to  find  the  low  temperature  lines  of  various 
metallic  substances. 

(3.)  In  addition  to  the  large  number  of  partial  collisions  there  will  be  a  relatively 
small  number  of  end-on  collisions,  producing  very  high  temperature,*  and, 
so  far  as  this  cause  is  concerned,  there  will  be  some  lines  produced  which  are 
associated  with  very  high  temperatures. 

Combining  these  conclusions,  in  the  spectra  of  nebulae  wm  should  expect  to  find 
evidence  of 

Hyd  rogen. 

Compounds  of  carbon. 

Low  temperature  metallic  lines  and  flutings. 

Lines  which  are  only  produced  at  very  high  temperatures. 

*  ‘  Roy.  Soc.  Proc.,’  vol.  4.3,  p.  150. 
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The  Passage  to  Bright-line  Stars. 

On  the  hypothesis,  the  lines  seen  in  the  spectra  of  bright-line  stars  should,  in  the 
main,  resemble  those  which  appear  in  nebulae.  They  will  differ,  however,  for  two 
reasons  : — 

(1.)  Owing  to  partial  condensation  of  the  swarm  the  hydrogen  area  will  be 
restricted,  and  the  bright  lines  of  hydrogen  will  lose  their  prominence  ; 
the  volume  occupied  by  the  carbon  compounds  will  be  relatively  increased, 
and  the  brightness  of  the  carbon  bands  will  be  enhanced. 

(2.)  On  account  of  the  increased  number  of  collisions,  more  meteorites  will  be 
rendered  incandescent,  and  the  continuous  spectrum  will  be  brighter  than 
in  nebulae. 

Stars  of  Increasing  T'empera  t  ure. 

Initially,  each  pair  of  meteorites  in  collision  may  be  regarded  as  a  condensation. 

Ultimately,  when  all  the  meteorites  are  volatilized,  there  will  only  be  one  conden¬ 
sation,  in  the  shape  of  a  spherical  mass  of  vapour.  Between  these  points  there  must 
be  other  conditions. 

(Stage  1.) — At  the  stage  of  condensation  immediately  following  that  of  the 
bright-line  stars,  the  bright  lines  from  the  interspaces  will  be  masked  by 
corresponding  dark  ones  produced  by  the  absorption  of  the  same  vapours 
surrounding  the  incandescent  meteorites.  One  part  of  the  swarm  will  give 
bright  lines,  another  dark  lines  at  the  same  wave-lengths,  and  these  lines 
will  therefore  vanish  from  the  spectrum.  The  interspaces  will  be  restricted 
so  that  absorption  phenomena  will  be  in  excess,  and  the  first  absorption 
will  be  that  due  to  low-temperature  vapours,  that  is,  fluting  absorptions  of 
various  metals.  The  radiation  spectrum  of  the  interspace  will  now  be 
chiefly  that  of  the  compounds  of  carbon.  Under  these  conditions  we  know 
from  laboratory  experiments*  that  the  amount  of  continuous  absorption  at 
the  blue  end  will  be  at  a  maximum, 

(Stage  2.') — With  further  condensation  the  radiation  spectrum  of  the  interspaces 
will  gradually  disappear,  and  the  fluting  absoi’ptions  will  be  replaced  by 
dark  lines,  for  the  reason  that  the  incandescent  meteorites  will  be  surrounded 
by  vapours  produced  at  a  higher  temperature,  the  number  of  violent  colli¬ 
sions  per  unit  time  and  volume  being  now  greatly  increased.  This  dark  line 
spectrum  need  not  necessarily  resemble  that  of  the  Sun. 

(Stage  3.) — The  line  absorption  and  the  continuous  absorption  at  the  blue  end  of 
the  spectrum  will  diminish  as  the  condensations  are  reduced  in  number,  for 
the  reason  that  only  those  vapours  high  up  in  the  atmospheres  surrounding 

*  Lockyer  and  Roberts- Austen,  ‘Roj.  Soc.  Proc.,’  1875,  p.  344. 
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the  condensations  will  be  competent  to  show  absorption  phenomena,  in 
consequence  of  the  briglit  continuous  sjDectrum  of  the  still  disturbed  lower 
levels  of  those  atmospheres. 

Among  the  more  important  lines  which  will  disappear  at  this  stage  will  be  those 
of  iron,  for  the  reason  that  there  will  be  bright  lines  from  the  interspaces 
occupying  the  same  positions  as  the  dark  lines  produced  by  the  absorption  of 
the  vapour  surrounding  the  stones. 

The  number  of  violent  collisions  per  unit  time  and  volume  being  further  increased, 
we  should  expect  the  absorption  of  very  high  temperature  vapours. 

I'he  Hottest  Stars. 

Ultimately,  then,  we  should  expect  that  the  order  of  the  absorbing  layers  will 
follow  the  original  order  of  the  extension  of  the  vapours  round  the  meteorites  in  the 
first  condition  of  the  swarm,  and  the  lines  seen  bright  in  nebulae,  wdiatever  their 
origins  may  be,  should  therefore  appear  almost  alone  as  dark  lines  in  the  hotter  stars, 
and  the  hydrogen  especially  should  have  its  lines  broadened  with  each  increase  of 
depth  in  the  atmosphere.  The  continuous  absorption  at  the  violet  end  of  the 
spectrum  will  be  at  a  minimum.  If,  when  the  hydrogen  lines  are  thickest  the  swarm 
is  not  yet  completely  condensed,  that  is,  if  there  be  nebulous  matter  surrounding  the 
central  mass  of  vapour,  a  fine  bright  line  will  be  seen  down  the  centre  of  each 
dark  one. 

Stars  of  Decreasing  Temperature. 

When  we  consider  the  cooling  condition,  that  is,  what  happens  when  the  tem¬ 
perature  of  the  mass  of  vapour  is  no  longer  increased  by  the  fall  towards  the  centre  of 
meteorites  composing  the  initial  swarm,  we  should  expect  to  find  the  phenomena 
indicated  below. 

(Stage  1.) — The  hydrogen  lines  will  begin  to  thin  out,  on  account  of  the 
diminishing  depth  of  the  absorbing  atmosphere,  and  new  lines  will  appear. 

As  I  have  already  pointed  out,"^  the  new  lines  will  not  necessarily  be  the  same  as 
those  observed  in  connection  with  stars  of  increasing  temperature.  In  the 
latter  there  will  be  the  perpetual  explosions  of  the  meteoi'ites  aftecting  the 
atmosphere,  whereas  in  a  cooling  mass  of  vapour  we  have  to  deal  with  the 
absorption  of  the  highest  layers  of  vapours.  Those  lines  which  will  first 
make  their  appearance,  however,  vdll  be  the  longest  low  temperature  lines  of 
the  various  chemical  elements. 

(Stage  2). — The  hydrogen  lines  wdll  continue  to  thin  out,  and  when  the  absorp¬ 
tion  of  the  hotter  lower  layers  makes  itself  felt  the  spectra  will  show  the 

*  ‘  Roy.  Soc.  Proc.,’  voL  45,  p.  382. 
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high  temperature  spectra  of  the  various  chemical  elements,  showing  many 
more  lines.  The  difference  between  these  and  the  lines  seen  in  stars  of 
increasing  temperature  should  be  one  due  to  tbe  different  percentage  com¬ 
position  of  the  absorbing  layers,  so  far  as  the  known  lines  are  concerned. 

With  this  increasing  line  absorption  there  will  be  a  recurrence  of  the  continuous 
absorption  in  the  ultra-violet. 

(Stage  3). — With  the  further  thinning  of  the  hydrogen  lines  and  reduction  of 
temperature  of  the  atmosphere,  the  absorption  flutings  of  the  compounds  of 
carbon  should  come  in. 

So  much,  then,  for  what  we  should  expect,  assuming  the  hypothesis  to  be  true. 

I  now  proceed  to  show  how  far  these  requirements  are  satisfied  by  the  mass  of  new 
facts  now  at  our  disposal. 


(2.)  The  Actual  Phenomena  Recorded  on  the  Photographs. 

Nebulce. 


A  preliminary  account  of  the  photographs  of  the  spectrum  of  the  Orion  Nebula 
taken  with  Instrument  E  has  already  been  published,*  and  though  the  discussion  is 
not  yet  completed,  it  may  be  stated  that  the  lines  recorded  in  the  spectrum  are  at 
wave-lengths  which  approximate  very  closely  to  the  lines  of  hydrogen,  to  flutings 
which  appear  in  the  spectra  of  compounds  of  carbon,  to  a  fluting  of  magnesium  at 
5006,  and  to  the  longest  flame  lines  of  iron,  calcium,  and  magnesium. 

The  chromospheric  line  designated  Dg  has  been  recorded  in  the  visual  spectrum  of 
the  Orion  Nebula  by  Dr.  Copeland,!  and  the  observation  has  since  been  confirmed 
by  Mr.  Taylor.  J 

The  line  which  is  always  associated  with  Dg  in  the  spectrum  of  the  chromosphere, 
viz.,  that  at  X4471  (Lorenzoni’s  f),  is  also  shown  in  the  photograph  of  the  spectrum 
of  the  Orion  Nebula. 

The  requirements  of  the  hypothesis  with  regard  to  nebulae  are  therefore  met  in 
every  point  so  far  considered  by  the  new  facts. 

Dividing  up  the  lines  into  the  three  groups  of  origins  suggested,  we  have  in  the 
case  of  the  Orion  Nebula  ;  — 


(a.)  Spectrum  of  large  interspace  (=  that 
of  non -condensable  gases  driven  out  of 
the  meteorites) 


Lines  of  hydrogen  ;  flutings 
of  carbon. 


*  ‘  Roy.  Soc.  Proc.,’  yol.  48,  p.  199. 
t  ‘]\[oiathly  Notices,’  vol.  48,  p.  .360. 
t  Ibid.,  vol.  49,  p.  124. 
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r  Fluting  of  magnesium  at 
{h.)  Spectrum  of  vapours  produced  by  the  1  _  y  5006  low  temperature, 
large  number  of  partial  collisions  |  “  of  iron,  calcium,  and 

magnesium. + 

(e.)  Spectrum  of  the  vapours  produced 
at  a  very  high  temperature  by  the 
relatively  small  number  of  end-on 
collisions.  The  solar  chromosphere  }■  = 
may  he  taken  as  indicating  the  spec¬ 
trum  associated  witli  tliis  very  high 
temperature 

A  detailed  reference  to  those  nebulae  showing  the  spectra  of  carbon  bands  alone  is 
reserved  for  a  future  communication. 


Chromospheric  lines, 
Dg  -f  \  4471. 


Bright-Line  Stars. 

Professor  Pickering  has  shown  that  the  Draper  Memorial  Photographs  (copies 
of  which  he  lias  very  kindly  forwarded  me)  prove  that  brightdine  stars  are 
intimately  connected  with  the  planetary  nebulae,  the  lines  in  the  spectra  being 
almost  identical,  as  the  following  table  will  show  : — | 


*  Mj  suggestion  of  the  coincidence  of  the  brightest  line  of  the  nebular  spectrum  with  the  fluting  of 
magnesium  at  X  ,5006’5,  has  given  rise  to  discussion,  and  some  observations  have  been  made  bj  Professor 
Keeler,  with  the  three-foot  Lick  refractor  and  the  third  order  spectrum  of  a  diffraction  grating,  on  this 
subject.  When  I  first  suggested  magnesium  as  the  origin  of  the  chief  line  in  the  nebular  spectrum,  the 
measurements  then  available  were  quite  sufficient  to  justify  it  as  regards  position,  and  there  were  other 
and.  stronger  grounds  for  the  suggestion,  depending  u^ion  laboratory  experiments  and  upon  the 
frequently  observed  fluted  character  of  the  line.  There  are  so  many  pitfalls  attending  the  delicate 
measurements  involved  in  such  an  inquiry,  that  I  am  not  yet  convinced  that  the  absolute  wave-length 
of  the  nebular  line  has  been  determined.  The  Astronomer- Royal  has  recently  pointed  out  (‘Monthly 
Notices,’  vol.  62,  p.  245)  that  the  varying  flexure  of  the  telescope,  when  presented  to  different  parts  of 
the  sky,  has  an  effect  on  the  measurements,  and  in  the  spectroscopic  determinations  of  the  motions  of 
the  stars  in  the  line  of  sight  at  Greenwich,  the  displacement  of  the  lines  in  the  spectrum  of  a  star  was 
found  to  give  clear  indications  of  the  existence  of  the  systematic  error  referred  to.  Further,  I  have 
convinced  myself  of  the  fluted  nature  of  the  line  by  new  observations  made  with  instruments  best  fitted 
to  show  it,  while  the  Lick  telescope  is  perhaps  the  ideal  telescope  not  to  employ  in  such  an  inquiiy. 
Hence,  although  the  visibility  of  magnesium  in  nebulae  is  not  fundamental  for  my  argument,  I  still 
hold  that  it  is  more  probably  the  origin  of  the  nebular  line  than  an  unknown  form  of  nitrogen. 

t  I  have  previously  given  evidence  deduced  from  eye  observations,  indicating  the  presence  of  other  low 
temperature  flutings  of  manganese  and  magnesium, 
j;  ‘  Ast.  Nach.,’  No.  3025,  p.  L 
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Professor  Pickering’s  Table  of  Bright  Lines. 


Planetary  nebulae. 

Bright-line  stars. 
Type  I. 

Bright-line  stars. 
Type  II. 

Brig’ht-line  stars. 
Type  III. 

501 

486 

486 

486 

470 

469 

469 

462 

464 

464 

,  , 

454 

455 

455 

»  • 

451 

451 

447 

447 

443 

434 

434 

434 

434 

420 

420 

421 

410 

410 

410 

412 

,  * 

406 

406 

407 

•  • 

402 

402 

397 

398 

397 

•  • 

395 

395 

388 

389 

389 

The  main  point  of  difference  is  that  the  chief  nebular  line  near  X  5006  is  not 
seen  in  the  spectrum  of  bright-line  stars,  and  this  no  doubt  is  due  to  the  relative 
absence  of  feeble  collisions  as  condensation  goes  on.  The  brightening  of  this  line  in 
the  spectra  of  Nova  Cygni  and  Nova  Aurigm,  as  the  stars  faded  away,  is  sufficient 
evidence  that  it  is  associated  with  low  teinperature,  and  hence  it  is  not  surprising 
to  find  that  it  is  absent  from  the  spectra  of  the  bright-line  stars,  which  on  this 
hypothesis  are  hotter  than  the  nebulae,  since  they  are  more  cojjdensed, 

I  have  stated  that  we  should  expect — 

(a.)  The  carbon  flutings,  and 

(6.)  The  continuous  spectrum  to  be  brighter  than  in  nebuhe,  while 
(c.)  The  hydi’Ogen  lines  are  fainter. 

(a.)  I  may  add,  by  way  of  reminder,  that  in  my  previous  discussion  of  these 
bodies  *  I  showed  that  there  was  evidence  of  a  very  considerable  amount 
of  carbon  radiation  in  the  visible  region  of  the  spectrum.  Subsequent 
work  at  Kensington  and  Westgate,  and  an  examination  of  Professor 
Pickering’s  photographs  have  strengthened  this  view.  The  photogra])hs 
show  a  band  which  agrees  very  closely  in  position  with  the  band  of 
carbon  commencing  at  X  4736,  but  which  under  certain  conditions  has  its 
brightest  part  at  X  468. t  A  full  discussion  of  this  question  will  form 
the  subject  of  a  future  communication. 

*  ‘Roy.  Soc.  Proc.,’  vol.  44,  pp.  33-43. 
t  Ibid.,  p.  38. 
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(h.)  There  can  l^e  no  question  as  to  the  continuous  spectrum  being  brighter  in 
bright-line  stars  than  in  nebulm. 

(c.)  The  hydrogen  lines  also  are  decidedly  less  prominent.  Indeed  thev  were 
not  recorded  at  all  in  the  eye  observations  of  y  Argus  (Arg.-Oeltz.,  17681), 
or  Wolf  and  IIayet’s  2nd  and  3rd  stars  in  Cygnus,* * * §  but  they  are  shown 
in  Professor  Pickering’s  photographs. 


Stars  of  Increasing  Temperature. 

Stage  1. — We  should  expect  the  spectra  to  show  :  — 

{a.)  Absence  of  bright  lines, 

(h.)  The  presence  of  dark  metallic  liutings. 

(c.)  The  presence  of  bright  carbon  liutings. 

{d.)  Continuous  absorption  in  the  violet. 

We  know  that  there  are  spectra — those  of  stars  in  Table  C,  Sub-division  a — which 
answer  these  requirements. 

{a.)  They  show  no  bright  lines  under  normal  conditions,  but  if  the  stars  are 
variable,  the  disturbances  which  bring  about  the  change  of  luminosity  at  maximum, 
produce  bright  lines  in  the  spectrum  as  in  the  case  of  the  spectrum  of  Mira  Ceti 
photographed  by  Professor  Pickering. 

[h.)  In  my  discussion  of  Duner’s  observationst  I  showed  that  most  of  the  dark 
liutings  observed  in  the  part  of  the  spectrum  visible  to  the  eye  approximated  very 
closely  to  the  liutings  seen  in  the  llame  spectra  of  manganese,  lead,  and  iron.  As 
already  stated  (p.  702)  some  of  these  dark  liutings  have  been  photographed  at 
Kensington,  but  they  have  not  yet  been  completely  investigated. 

(c.)  In  my  discussion  of  D[JNEr’s|  eye  observations,  I  also  showed  that  in  addition 
to  dark  metallic  liutings  we  had  to  deal  with  radiation  liutings  of  carbon. §  Tlie 
evidence  afforded  by  the  photographs  has  already  been  referred  to  (p.  704)  and 
although  there  is  now  no  reason  to  doubt  the  actual  presence  of  carbon  radiation, 
further  photographs  are  being  obtained  to  carry  on  the  inquiry. 

The  stars  of  this  class  which  have  already  been  photographed  at  Kensington  are 
well  advanced  in  condensation,  as  indicated  by  the  numerous  dark  lines,  and  all  the 
liutings,  both  liright  and  dark,  are  conlined  to  the  region  less  refrangible  than  G. 
We  should  therefore  not  expect  to  get  the  more  refrangible  carbon  liutings,  as  I  have 

*  ‘  Roy.  Soc.  Proc.’  vol.  44,  pp.  33-43. 

t  Ihid.,  p.  49. 

t  Ibid.,  p.  62. 

§  Subsequent  observations  by  myself  and  Mr.  Fowler  seemed  to  leave  no  doubt  as  to  the 


SPECTRA  OF  SOME  OF  THE  BRIGHTER  STARS. 


717 


pointed  out  in  a  previous  communication. It  is  among  the  least  condensed  stars 
that  we  should  expect  the  bright  carbon  to  be  more  manifest,  and,  indeed,  in  the 
spectrum  of  Mira  Ceti  photographed  by  Professor  Pickering,  there  is  strong  evidence 
of  the  presence  of  one  of  the  more  refrangible  carbon  bands  commencing  at  X  4215. 

(d.)  That  there  is  a  very  considerable  amount  of  continuous  absoi'ption  in  the 
ultra-violet  or  violet  has  already  been  stated,  and  the  photographs  reproduced  in 
Plate  26  fully  demonstrate  this. 

It  is  evident  that  the  sequence  of  the  spectra  photographed  should  resemble  that 
deduced  from  eye  observations.  In  the  case  of  the  stars  already  photographed  (see 
Table  C,  Sub-division  a)  this  order  was  as  follows,  the  group  of  stars  being  divided 
into  fifteen  species  ; — 


a  Orionis 
V  Bootis 
a  Ceti 


Species  1 5. 


8  Virgin  is 
a  Herculis 
a  Scorpii 
yS  Pegasi 
8  (3phiuchi 
/X  Geminorum 
p  Persei 


> 


1 


J 

} 


10. 


55 


9. 


55 


8. 


There  is  evidence  that  ^  Andromedse,  which  was  not  included  by  Duner  in  his 
Tables,  should  also  be  included  in  Species  15.  Gothard  observed  the  spectrum  of 
this  star  in  1882, t  and  stated  its  spectrum  as  Vogel’s  Class  III. — a.  (Group  II.); 
Duner,  however,  re-examined  the  spectrum^  and  recorded  that  it  was  like  that  of 
a  Tauri,  in  the  red  there  was  “almost  a  band,”  but  the  remainder  of  the  spectrum 
consisted  entirely  of  lines.  My  own  observations  at  Westgate,  and  Mr.  Fowler’s 
observations  at  Kensington,  in  the  latter  part  of  1888,  showed  that  the  spectrum 


presence  of  these  bright  carbon  flutings.i  Dr.  Copeland  had  previously  made  important  observations  of 
“  Nova  ”  Orionis  with  reference  to  this  point,^  and  he  identified  one  of  the  bright  bands  as  “  the  great 
hydrocarbon  band  seen  in  the  spectrum  of  every  comet  that  has  been  examined  under  favourable 
circumstances.”  Referring  to  his  observations  of  a  Orionis,  Mr.  Maunder^  states  that  “  the  cai’bon 
band  at  5164  was  coincident  (within  the  limits  of  obseiwation  with  this  dispersion)  with  the  bright  space 
towards  the  blue  of  Dunce’s  band  7.” 

*  ‘  Roy.  Soc.  Proc.,’  vol.  44,  p.  59. 
t  ‘  Public,  des  Astr.  Obs.  zu  Hereny,’  Heft  1,  p.  50. 
t  ‘  Sur  les  Etoiles,’  p.  86. 


^  ‘  Roy.  Soc.  Proc.,’  vol.  47,  p.  40. 

-  ‘  Monthly  Notices,’  vol.  46,  p.  112. 

®  ‘  Greenwich  Spect.  Observations,’  1889,  p.  22. 
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was  then  intermediate  between  a  Orionis  and  a  Tauri,  and  that  it  should,  therefore, 
he  placed  in  Species  15.  It  is,  perhaps,  possible  that  the  spectrum  is  slightly 
varialjle. 

Other  eye  observations  at  Kensington, showed  that  a  Ceti  should  be  transfeired 
to  Species  15.  Including  /3  Andromedce  and  this  star  we  should,  therefore,  have  the 
following  relation  : — 


Order  from  eye  observations. 
Andromedse. 
a  Ceti. 


r  a  Orionis. 
L  V  Bootis. 


Order  from  photographs. 
^  Andromedas. 
a  Ceti. 

V  Bootis. 


a  Orionis. 


( 


a  Herculis. 
8  Virginis. 


-< 


a  Scorpii. 

/3  Pegasi. 

8  Ophiuchi. 


Geminorum. 

Persei. 


r 


a  Scorpii. 
^  Pegasi. 
p  Persei. 


a  Herculis. 


Virginis. 

Ophiuchi. 

Geminorum. 


It  will  be  seen  that  very  nearly  the  same  order  as  that  derived  from  eye  observa¬ 
tions  is  arrived  at  from  the  photographs,  and  the  wonderful  thing  is  that  the 
olrservations  of  Duner  will  bear  the  severe  test  which  has  thus  been  applied  to  them. 
(Stage  2.) — At  this  stage  we  should  expect — 


(a.)  Diminution  in  the  amount  of  continuous  absorption. 

(6.)  Spectrum  consisting  of  dark  metallic  lines,  but  possibly  differing  from  the 
solar  s})ectrum. 


These  conditions  are  fulfilled  by  the  stars  of  Table  C,  Sub-division  /8,  and  Table  B, 
Sub-division  a,  of  which  a  Tauri  and  y  Cygni  may  be  taken  as  types.  The  continuous 
absorption  is  least  in  latter.  These  spectra  show  numerous  metallic  lines,  but  they 
do  not  exactly  resemble  the  solar  spectrum.  The  h3nlrogen  lines  are  comparatively 
thin,  while  other  lines  have  very  different  intensities  as  compared  with  lines  in  the 
solar  spectrum. 

In  these  stars  we  liave  to  deal  with  the  varying  volatilities  of  the  meteoritic 
constituents  of  the  swarm,  while  in  the  case  of  stars  which  are  cooling  we  have  to 


*  ‘  Roy.  Soc.  Proc.,’  vol.  45,  p.  385. 
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deal  with  successive  combinations  rendered  possible  by  the  :^11  of  temperature  in  a 
gaseous  mass.  Hence  difterences  in  the  spectra  are  to  be  expected. 

(Stage  3.) — The  phenomena  which  would  be  expected  on  the  hypothesis,  at  this 
stage,  are  fully  satisfied  by  the  stars  of  Table  A,  Sub-division  a.  In  these  stars  there 
is  no  continuous  absorption  in  the  violet  or  ultra-violet,  and  the  spectrum  is  one  with 
simple  line  absorptions,  the  iron  lines  quite  disappearing  after  such  a  star  as  a  Cygni 
is  passed.  The  new  lines  which  now  make  their  appearance  include  the  chromospheric 
line  at  X  4471,  and  possibly  a  few  others.  It  is  important  to  note  that  the  photo¬ 
graphic  region  of  the  spectrum  of  the  chromosphere  has  not  yet  been  fully  investigated, 
and  hence  a  fair  comparison  with  the  spectra  of  these  stars  in  the  region  F  to  K  is 
not  yet  possible.  M.  Deslandres  and  Professor  Hale  have  photographed  the 
chromospheric  spectrum  in  the  region  more  refrangible  than  H,  but  have  not  as  yet 
published  any  account  of  the  spectrum. in  the  region  now  under  discussion. 


The  Hottest  Stars. 


The  conditions  required  by  the  hypothesis  with  regard  to  the  stars  at  this  stage 
are  satisfied  by  the  stars  of  d’able  A,  Sub-division  y. 

In  these  stars  we  have — 

[a.)  Broad  lines  of  hydrogen,  and 

(6.)  Other  absorption  lines  agreeing  in  position  with  some  of  the  bright  lines 
which  appear  in  nebulae.  This  will  be  seen  from  the  following  Table, 
showing  the  coincidences  of  the  lines  which  appear  in  a  Andromedae  with 
the  lines  of  the  Orion  Nebula  : — 


cc  Anclromedce. 

Orion  Hebnla. 

3933  (K) 

3933 

3968  (H) 

3968 

402.5 

4025 

4066 

4068 

4101  (7ij 

4101 

4130 

4130 

4143 

4142 

4152 

4155 

4168 

4167 

4187 

4188 

4202 

4200 

4268 

4268 

4340  (G) 

4340 

4471 

4471 

Professor  Pickering’s  photographs  have  shown  that  in  the  spectrum  of  Pleione 
there  are  bright  lines  down  the  middle  of  the  broad  dark  lines  of  hydrogen,  and  we 
know  from  the  photographs  taken  by  Mr.  Roberts  and  others  that  this  star  is 
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involved  in  uncondensed  nebulous  matter.  Hence,  another  possible  condition  in 
tlie  hottest  stars  is  satisfied  l)y  the  photographic  facts  at  our  disposal. 

It  will  be  seen  then,  that  these  considerations  of  the  conditions  of  increasing  tempe¬ 
rature  demanded  by  the  hypothesis,  have  enabled  us  to  determine  that  the  series  of 
spectra  represented  in  Plates  26  and  27  is  in  all  probability  a  series  in  ascending  order 
of  temperature.  All  the  phenomena  we  should  expect,  on  the  hypothesis,  are  met 
with  among  the  spectra  of  celestial  bodies. 

We  have  next  to  consider  the  phenomena  connected  with  stars  of  decreasing 
temperature. 

Stars  of  Decreasing  Temperature. 

(Stage  1.) — We  have  seen  that  with  the  failure  of  the  supply  of  meteorites  falling 
into  the  centre  of  the  now  vaporized  mass,  cooling  will  commence,  and  the  longest 
lines  in  the  spectra  of  the  various  chemical  elements  should  make  their  appearance. 
This  condition  is  met  with  in  the  stars  of  Table  A,  Sub-division  8.  The  following 
Table  will  show  that  this  is  true  in  the  case  of  the  iron  lines,  if  we  take  the  spectrum 
of  Sirius  as  a  type. 

Some  of  the  Iron  Lines  in  the  Spectrum  of  Sirius. 

4045 

4063 

4071 

4215 

4298 

4307 

4383 

4404 

4414 

(Stage  2.) — The  conditions  at  this  stage  of  cooling  are  satisfied  by  the  stars  of 
Table  A,  Sub-division  In  these  stars,  as  already  pointed  out  (p.  696),  we  get,  in 
addition  to  fairly  broad  lines  of  hydrogen,  nearly  all  the  lines  which  appear  in  the 
solar  spectrum,  and  these  it  is  well  known  agree  in  the  main  with  the  arc  spectra  ot 
the  various  chemical  elements. 

(Stage  3.) — The  stars  of  Table  B,  Sub-division  /3,  represent  the  conditions  which 
are  required  by  the  liypothesis  at  this  stage  of  cooling.  The  metallic  line  absorption 
is  again  at  a  maximum,  and  we  find  the  lines  of  the  various  chemical  elements 
similar  to  those  seen  at  Stage  2  of  the  ascending  series,  but  with  difierent  intensities 
and  with  different  amounts  of  continuous  absorption  at  the  violet  end  of  tlie  spectrum. 
This  difference,  so  far  as  the  known  lines  are  concerned,  I  have  already  pointed  out 
will  be  due  to  a  different  percentage  composition  of  the  absorbing  mass  of  vapour 
(p.  713). 
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Continuous  absorption  in  tbe  violet  begins  at  this  stage,  as  will  be  seen  on  reference 
to  the  spectrum  of  Arcturus.  The  question  of  carbon  absorption  at  this  stage  has 
already  been  referred  to  (p.  700).  There  is  undoubted  evidence  of  its  presence  in  the 
solar  spectrum,  and  in  the  spectrum  of  Arcturus — the  only  star  which  has  yet  been 
investigated  with  special  reference  to  this  point. 

Hence,  it  seems  probable,  as  I  stated  in  a  former  paper,*  that  “  the  indications  of 
carbon  will  go  on  increasing  in  intensity  slowly,  until  a  stage  is  reached,  when,  owing 
to  the  reduction  of  temperature  of  the  most  effective  absorbing  layer,  the  chief 
absorption  will  be  that  of  carbon.” 

It  is  evident  that  all  such  stars  will  be  dim,  and  hence  their  spectra  have  not 
been  met  with  in  this  preliminary  survey  of  the  photographic  spectra  of  the  brighter 
stars. 

The  phenomena  we  should  expect  on  the  hypothesis,  in  stars  of  decreasing  tempera¬ 
ture,  therefore  actually  appear  in  the  series  of  spectra  represented  in  Plate  29. 

The  general  result  of  the  above  discussion  then,  as  far  as  it  goes,  is  as  follows  : — 
Among  the  171  stars  already  considered  there  are  really  two  series  of  spectra,  one 
representing  the  changes  accompanying  the  increase  of  temperature,  while  the  other 
represents  the  effects  of  decreasing  temperature.  The  fundamental  requirement  of 
the  meteoritic  hypothesis  is,  therefore,  fully  justified  by  the  discussion  of  the 
photographs. 

A  very  important  point  in  connection  with  the  two  series  of  successive  spectra  is 
that  one  spectrum,  such  as  that  of  a  Andromedae,  possesses  characteristics  common 
to  both,  and  we  might,  therefore,  connect  the  two  series  together  by  this  spectrum. 
In  that  case  we  should  find,  if  we  commence  with  the  first  spectrum  in  Series  1,  say 
that  of  a  Herculis,  that  the  continuous  absorption  diminishes  and  that  the  breadth  of 
the  hydrogen  lines  regularly  increases,  until  such  a  spectrum  as  that  of  a  Andromedae  is 
reached  (Plates  26  and  27).  Then  the  condition  would  be  reversed,  the  breadth  of  the 
hydrogen  lines  diminishing  and  the  continuous  absorption  in  the  ultra-violet  increasing 
in  extent  until  such  a  star  as  Arcturus  is  reached  (Plate  29). 

I  have  previously  discussed  the  question  of  what  spectrum  is  associated  with  the 
hottest  stars,!  and,  generally  speaking,  it  appears  to  be  that  in  which  the  continuous 
‘  radiation  at  the  violet  end  of  the  spectrum  is  greatest,  and  the  hydrogen  absorption 
lines  are  broadest. | 

'  *  ‘  Roy.  Soc.  Proc.,’  vol.  13,  p.  155. 

t  Bakerian  Lecture,  ‘Roy.  Soc.  Proc.,’  vol.  41,  p.  26. 

t  An  erroneous  idea  witb.  regard  to  the  indications  of  the  temperature  of  the  stars  has  been  held  by 
I  those  who  have  not  considered  the  matter  specially.  It  has  been  imagined  that  the  presence  of  the 
i  series  of  hydrogen  lines  in  the  ultra-violet  was  of  itself  sufficient  evidence  of  a  very  high  temperature. 
The  experiments  of  Cornxj^  however,  have  shown  that  the  complete  series  of  lines  can  be  seen  with  an 
ordinary  spark  without  jar.  Hence,  the  high  temperature  of  such  a  star  as  Sirius  is  not  indicated  by 
the  fact  that  its  spectrum  shows  the  whole  series  of  hydrogen  lines,  but  by  the  fact  that  there  is  bright 
continuous  radiation  far  in  the  ultra-violet. 

1  ‘  .lournal  de  Physique,’  vol.  10,  1886. 
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The  stars  .witli  flutings  in  their  spectra  are  probably  among  the  coolest^  as  we  know 
from  laboratory  experiments  that  flutings  are  alwmys  associated  with  low  temperatures. 
Assuming  these  distinctions  to  be  true,  it  is  seen  that  when  the  two  series  of  ascending 
and  descending  spectra  are  united  in  this  wmy,  the  hottest  stars,  as  we  should  expect, 
fall  in  the  middle  of  the  combined  series. 


(3.)  Kelation  of  the  Groups  to  the  Tabular  Di^hsioxs. 


We  may  next  proceed  to  inquire  into  the  relationships  of  the  groups  in  the  classifi' 
cation  first  suggested  by  the  eye  observations  to  the  various  sub-divisions  in  the 
tables  of  photographs  which  have  already  been  given. 


The  Ascending  Series. 


It  has  already  been  shown  (p.  707)  that  the  most  probable  sequence  of  spectra  in 
what  we  have  now  demonstrated  to  be  the  ascending  series  is  as  follows,  the  stars  of 
highest  temperatures  being  placed  at  the  head  of  the  list. 


Table  A,  Sub-division  y,  1. 

,,  ,,  ct,  5. 

,,  ,,  a,  4. 

,,  ,,  a,  3. 

j)  2. 

,,  „  b 

,,  B,  ,,  a. 

„  0,  „  /3. 


If,  as  in  the  original  classification,  we  take  Group  II.  to  include  all  the  stai’s  with 
dark  flutings.  Group  III.  to  include  all  the  stars  of  increasing  temperature  which  have 
iinu  spectra,  and  Group  IV.  to  include  the  hottest  stars,  we  shall  evidently  have  the 
following  relation  :■ — 
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Table  A,  Sub-division  y,  2  1 

'  ^(jroup  iV 

))  !)  y?  1 J 


,,  B, 
.  C, 


7> 
a,  5 
CL,  4 
CL,  3 
a,  2 
GL,  1 

CL 


>  Group  III. 


a  Group  II,. 


It  will  be  seen  that  the  sequence  now  determined  from  the  photographs  follows 
exactly  the  same  order  as  the  groiq^s  originally  suggested  by  the  hypothesis,  from  a 
discussion  of  the  eye  observations.  That  is,  it  is  not  necessary  to  interchange  any  of 
the  groups  in  order  to  obtain  agreement  with  the  photographic  results. 


The  Hottest  Stars.  (Group  IV.) 

At  this  point  it  becomes  necessary  to  consider  what  spectra  shall  be  included  in 
Group  IV.  In  the  Bakerian  Lecture  I  wrote  as  follows  with  regard  to  it  : — 

“  The  next  group,  the  fourth,  brings  us  to  the  stage  of  highest  temperature,  to 
stars  like  a  Lyrse  ;  and  the  division  between  this  group  and  the  prior  one  must  be 
more  or  less  arbitrary,  and  cannot  at  present  be  defined.  One  thing,  however,  is 
quite  clear,  that  no  celestial  body  without  all  the  ultra-violet  lines  discovered  by 
Dr.  Huggins  can  claim  to  belongf  to  it.” 

We  are  met  by  a  similar  difficulty  when  we  attempt  to  draw  the  dividing  line 
between  this  group  and  the  next  (Group  V.). 

The  photographic  spectra,  however,  enable  us  to  more  clearly  define  the  group,  and 
it  will  be  convenient  to  include  the  stars  of  Table  A,  Sub-division  y,  1  ;  Table  A, 
Sub-division  y,  2  ;  and  Table  A,  Sub-division  8.  The  stars  in  the  first  of  these  sub¬ 
divisions  are  still  increasing  their  temperatures,  though  having  almost  reached  their 
maximum,  and  they  are  distinguished  from  stars  of  Group  III.  by  the  reappearance 
of  the  line  at  X  448,  and  in  having  broader  hydrogen  lines  than  those  stars. 

The  stars  of  Table  A,  Sub-division  y,  2,  represent,  so  far  as  we  can  judge  at  present, 
the  stars  of  highest  temperature.  They  are  distinguished  from  those  of  the  previous 
sub-division  by  the  disappearance  of  the  line  at  X. 

Stars  of  Table  A,  Sub-division  8,  which  include  a  Lyrse  and  Sirius,  are  marked  by 
the  appearance  of  mon  lines  in  the  spectrum.  They  probably  represent  the  earliest 
stage  of  cooling. 
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The  dividing'  line  between  C4roup  IV.  and  Group  V.  may  very  conveniently  be  taken 
by  the  absence  or  presence  of  the  blue  line  of  calcium  at  X  4226 'G,  this  line  makina 
its  first  apjDearance  in  the  stars  of  Table  A,  Sub-division  /3. 

We  have  then  the  following  relation  to  the  tables  : — 


Table  A,  Sub-division  y,  1 


5  J 

?  5 


5? 

55 


7’ 

8 


2  h 


Group  IV, 


The  Descending  Series. 

If  we  treat  the  descending  series  in  the  same  way,  accepting  the  original  definition 
of  Group  V.,  we  have  tlie  following  relation  : — 

Table  A,  Sub-division  y,  2 
Table  A,  Sub-division  y8,  1'' 

J)  5)  2 

„  A3  )>  Group  V. 

M  B,  „  A  1  I 

„  „  A  2  J 

Here  again,  the  photographs,  so  far  as  they  go,  fully  justify  the  grouping  suggested 
by  the  meteoritic  hypothesis. 

Combining  the  two  series,  we  thus  get  exactly  the  same  order  from  the  photo¬ 
graphic  spectra,  as  that  originally  deduced,  on  the  hypothesis,  from  eye  observations. 

(4.)  Extension  of  the  Original  Classification. 

Formation  of  Sub-groups. 

These  considerations  enable  us  to  jirovisionally  extend  the  classification  originally 
suggested  by  the  eye  observations,  as  there  are  now  many  more  details  at  our 
command.  Further  sub-division  into  species  was  attempted  in  the  case  of  Group  IL, 
and  Group  I.  was  divided  into  the  two  well-defined  sub-groups  of  nebulae  and  bright- 
line  stars.  In  the  case  of  the  other  groups,  a  finer  division  was  not  possible  from  the 
available  facts. 

Group  II.  was  originally  divided  into  fifteen  species  from  a  consideration  of  the  eye 
observations.  Since  the  photographs  oyien  up  the  blue  for  our  investigation,  the 
sub-division  may  be  based  on  extent  of  the  fluting-absorptlons  in  the  way  whicli  will 
be  indicated. 

Taking  the  groups  in  order,  perhaps  the  most  useful  sub-division  will  be  as  indi¬ 
cated  below. 
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Group  I. — Radiation  lines  and  fintings  predominant. 

Sub-group  a.* — Nebulm. 

Sub-group  y8. — Bright-line  stars. 

Group  II. — Mixed  fluting  radiation  and  absorption  predominant.  Much  con¬ 
tinuous  absorption  in  the  violet. 

Sub-group  a. — Dark  flutings  probably  extending  from  the  red  end  to  the 
region  more  refrangible  than  Gt  (X  434). 

Sub-group  /3. — Dark  flutings  extending  as  far  as  G.  E.g.,  Mira  Ceti. 

Sub-group  y. — Stars  in  which  the  most  refrangible  dark  fluting  is  at  X  4585. 
E.g.,  a  Herculis. 

Sub-group  8. — Stars  in  which  the  most  refrangible  dark  fluting  is  at  X  4763. 

In  addition  to  the  flutings  there  is  a  large  number  of  dark  lines. 
E.g.,  a  Orionis. 

Group  III. — Line  absorption  predominant,  with  increasing  temperature.  Less 
continuous  absorption  at  the  violet  end. 

Sub-group  a. — Stars  with  line  spectra  resembling  those  of  Group  II.,  Sub¬ 
group  8,  but  with  only  a  single  fluting  in  the  red  remaining.  E.g., 
a  Tauri. 

Sub-group  y8. — Continuous  absorption  in  violet  less  than  in  Sub=group  a. 

The  calcium  lines  are  less  intense,  while  lines  at  XX  4172,  4233, 
and  4177,  have  their  intensity  increased.  E.g.,  y  Cygni. 

Sub-group  y. — Stars  with  spectra  consisting  of  a  relatively  small  number  of 
dark  lines.  The  hydrogen  lines  are  of  only  moderate  breadth, 
and  among  the  additional  lines  are  soine  which  are  seen  bright  in 
the  solar  chromosphere.  In  this  sub-group  the  continuous  ab¬ 
sorption  in  the  violet  is  almost  a  minimum.  E.g.,  /3  Orionis. 

Group  IV. — Simplest  line  absorption  predominant,  the  hydrogen  lines  being 
very  broad. 

Sub-group  a. — The  spectra  are  marked  by  the  presence  of  fine  lines  at 
wave-lengths  4024,  4471,  4481,  the  two  latter  being  of  almost 
equal  intensity.  E.g.,  ^  Persei. 

Sub-group  /3. — Highest  temperature.  The  spectra  show  additional  faint 
lines,  and  4471  almost  disappears.  E.g.,  a.  Andromedse. 

Sub-group)  y. — The  lines  of  iron  make  their  appearance,  but  the  line  of 
calcium  at  X  4226  is  not  yet  distinct.  E.g.,  Sirius. 

*  The  Greek  letters  have  been  adopted  to  avoid  confusion  with  the  symbols  employed  in  Vogel’s 
classification. 

t  None  of  the  stars  of  this  sub-group  have  yet  been  photographed  at  Kensington,  but  their  existence 
is  indicated  by  the  discussion  of  Donee’s  observations,  and  on  the  hypothesis,  there  must  be  an  inter- 
paediate  stage  between  the  bright-line  stars  and  stars  like  Mira  Ceti, 
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Giioup  V. — Line  absorption  predominant,  with  decreasing’  temperature. 

Suh-group  a. — The  lines  of  hydrogen  are  still  broad,  and  the  line  of  calcium 
at  X  4226  is  clearly  visible.  The  grouping  of  lines  about  G,  which  is 
so  characteristic  of  the  solar  spectrum,  is  not  visible.  E.g., 
)8  Arietis, 

Sub-group  /S. — All  the  solar  lines  are  now  clearly  visible,  but  the  hydrogen 
lines  are  broader  than  in  the  solar  spectrum.  The  grouping  at  G 
is  only  partially  developed.  E.g.,  Procyon. 

Suh-group  y. — The  spectra  very  closely  resemble  the  solar  spectrum,  the 
characteristic  grouping  of  lines  about  G  being  fully  developed. 
Carbon  absorption  commencing  in  the  ultra-violet.  E.g.,  Capella. 

Group  VI.* — Carbon  absorption  predominant. 

Sub-division  into  Species. 

As  more  photographs  become  available  for  detailed  examination,  it  will  be  possible 
to  sub-divide  the  various  sub-groups  into  species.  Thus,  in  the  case  of  the  bright- 
line  stars.  Professor  Pickering,  agreeing  with  me  in  classifying  the  bright-line  stars 
with  the  nebulse,  has  already  divided  the  former  into  three  types.  In  consequence, 
however,  of  there  being  less  than  200  stars  included  in  the  present  discussion,  I  have 
not  thought  it  desirable  to  attempt  the  further  sub-division  in  the  present  communi¬ 
cation.  It  is  clear  already  that  the  species  of  Group  II.  given  in  my  former  commu¬ 
nication  will  hold  good. 

In  concluding  this  communication,  I  am  anxious  to  express  my  obligations  to  those 
who  have  assisted  me  in  the  different  branches  of  this  inquiry. 

The  chief  labour  entailed  in  taking  the  photographs  has  been  borne  by  Messrs. 
Fowler,  Baxandall,  and  Shackleton.  It  is  impossible  to  overrate  the  zeal  and 
the  patience  they  have  shown  in  the  almost  hopeless  observing  conditions  of  the  last 
two  years.  Repeated  visits  to  the  observatory  on  the  same  night  have  often  been 
made.  Some  of  the  photographs  obtained  at  Westgate-on-Sea  were  taken  by  Mr.  W. 
J.  S.  Lockyer.  Mr.  Fowler  and  Mr.  Baxandall  are  chiefly  responsible  for  the 
determination  of  wave-lengths,  Mr.  Fowler  having  also  largely  aided  in  the  final 
discussion  of  the  photographs.  Messrs.  Gregory  and  Fournier  have  assisted  from 
time  to  time,  and  the  photographic  enlargements  have  been  made  by  Sergeant 
Kearney  and  Corporal  Haslam. 

*  No  photograplis  of  the  spectra  of  stars  of  this  group  have  yet  been  photographed  at  Kensington. 
So  far  as  they  are  yet  known,  they  are  all  below  the  fifth  magnitude,  and  the  investigation  of  their 
spectra  is  therefore  almost  impossible  with  the  present  means.  With  the  instrument  D  the  spectrum  of 
152  Schj.  could  not  be  photographed  with  an  hour’s  exposure. 
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1.  The  nature  of  the  connexion  between  ether  and  gross  matter  is  one  of  the  most 
striking-  physical  problems  which  now  appear  ripe  for  solution,  and  as  a  preliminary 
to  the  undertaking  of  fresh  experiments  I  propose  to  review  the  subject  in  order  to 
realize  our  present  position  in  connexion  with  it. 

The  subject  may  be  attacked  either  optically  or  electrically.  It  first  prominently 
presented  itself  historically  in  connexion  with  the  earth’s  motion  through  space  and 
the  finite  velocity  of  light ;  and  it  will  be  convenient  to  consider  the  matter  first  on 
this  side,  and  to  realize  precisely  what  ought  to  be  expected  to  happen  on  any  simple 
hypothesis  concerning  the  ether;  working  it  out,  however,  in  most  cases  Avith  accuracy,* 
and  by  no  means  ignoring  as  negligible  small  quantities  of  the  second  order  (hun¬ 
dred-millionths),  which  Mighelson  has  practically  shown  to  be  nowadays  within  the 
limits  of  highly -refined  observation. 


Necessary  Hypotheses  or  Postulates. 

2.  There  are  one  or  two  hypotheses  regarding  the  ether  so  elementally  obvious  that 
they  may  be  regarded  as  almost  axiomatic,  such  as  the  following : — 

(i.)  In  interstella.r  space  the  ether  is  free;  that  is,  its  properties  in  no  way  depend 
on  the  existence  or  motion  of  gross  matter.  It  may,  therefore,  be  called  at  rest. 
Whether  it  is  in  absolute  rest  or  not  appears  to  be  a  question  which  can  hardly  be 
put  into  an  intelligible  shape.  If  it  be  moving  relatively  to  itself,  we  have  in  those 
regions  no  obvious  means  of  ascertaining  the  fact.  But  just  as  it  is  natural  to  assume 
that  its  properties  in  free  space  are  uniform,  so  it  is  natural  to  assume  that  its  motion 
there,  whatever  it  is,  is  perfectly  uniform,  and  it  may  be  defined  as  absolute  rest. 
When  I  speak  of  the  ether  anywhere  as  “  stationary,”  I  mean  stationary  with  respect 

*  Whenever  equations  are  approximate  only,  the  symbol  is  used  instead  of  the  symbol  =. 
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to  interstellar  or  free  ether.  When  I  speak  of  the  ether  anywhere  as  “free,”  I  mean 
that  its  properties  are  identical  with  the  interstellar  ether  enormously  distant  from 
all  gross  matter.  And  this  is  the  condition  of  ordinary  space,  except  for  the  presence 
of  meteoric  particles,  whose  influence,  if  any,  we  at  present  legitimately  ignore. 

The  only  hypothesis  which  at  first  sight  appears  to  assume  infinitely  distant  ether 
to  be  affected  by  the  motion  of,  say,  the  earth,  is  that  of  Sir  George  Stokes,  in 
1845,  where  an  irrotational  motion,  zero  with  respect  to  the  earth,  was  postulated  for 
it.  But  he  must  have  seen  some  way  in  which  so  impossible  an  assumption  could  be 
avoided  ;  and  the  question  how  far  any  kind  of  irrotational  motion  can  be  conceived 
of  as  allowing  rest  at  infinity,  and  yet  no  slip  at  the  earth’s  surface,  will  be  discussed 
later,  §  31. 

(ii.)  Inside  material  bodies  the  ether  is  modified. — We  learn  this  by  direct  experi¬ 
ment  and  observation. 

For  transparent  bodies  we  learn  it  by  optical  experiments,  which  proves  that  light 
travels  more  slowly  through  their  modified  ether  than  it  does  in  free  ether ;  while  at 
the  same  time  there  is  no  doubt  but  that  the  ether  inter-penetrates  them,  because 
material  substance  itself  is  wholly  incompetent  to  transmit  anything  possessing  the 
properties  and  the  speed  of  radiation. 

In  metallic  bodies  we  find  great  opacity  combined  with  anomalous  dispersion  and 
otlier  complex  efiects.  In  them  evidently  the  ether  is  intensely  modified,  if  it  exists 
at  all. 

I  shall  call  the  ether  inside  gross  matter  of  any  kind  “  modified  ether,”  but  as  to 
the  particular  way  it  is  modified  I  make  no  assumption.  [Electrostatic  experiments 
suggest  that  inside  transparent  bodies,  something  which  may  be  called  its  “  virtual 
elasticity  ”  is  diminished.  Magnetic  experiments  suggest  that  inside  several  opaque 
substances  it  is  loaded,  so  as  to  increase  what  may  be  called  its  “virtual  density;” 
and  there  is  a  temptation  to  identify  Itt/K  with  the  one,  and  Itt/x  with  the  other,  of 
these  two  ethereal  constants.  Further,  electrokinetic  experiments  suggest  that  inside 
metallic  conductors  the  ether  has  a  virtual  viscosity,  whereby  its  motion  through 
matter  is  resisted  precisely  as  the  first  power  of  the  velocity.  But  none  of  these 
doubtful  hypotheses  shall  here  be  obtruded.] 


Rate  of  Travel  qf“  Modified  ”  Ether. 

3.  Defined  in  this  way  it  is  quite  obvious  that  “modified  ether  ”  travels  at  the  same 
steady  pace  as  its  material  encasement.  For  lift  a  lump  of  glass  or  of  copper  from 
one  side  of  a  table  to  the  other,  the  modified  ether  which  was  in  one  place  is  now  in 
another,  and  has  necessarily  accompanied  the  material  body.  If  tJie  modification  of 
eflier  by  matter  requires  time,  there  woidd  be  some  lag  during  epochs  of  acceleration  ; 
but  during  steady  velocity  there  would  even  so  be  no  difference  in  speed  between 
modified  ether  and  matter,  only  a  slight  lag  in  space. 
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Ignoring’  this  possible  finite  speed  of  affection  of  ether  by  matter,  unless  circum¬ 
stances  make  us  revert  to  it,  the  question  faces  us,  what  is  meant  by  the  travelling 
of  the  modified  ether  ? 

It  is  not  a  question  easy  to  state  without  some  looseness  of  language,  but  we 
may  ask  ; 

(a)  Does  it  mean  that  the  identical  stuff  inside  the  matter  travels  from  one  place 

to  the  other  ?  If  so,  the  free  ether  which  it  has  displaced  must  stream  back 
round  the  body  in  the  same  way  as  a  material  fluid  would  have  to  do, 

[b)  Or  does  it  mean  that  no  ether  travels  at  all,  that  the  mere  presence  of  the 

matter  causes  the  modification  wherever  it  is,  so  that  it  is  only  the  modifi¬ 
cation  or  affection  whicb  travels?  If  so,  the  ether  abandoned  by  the  matter  » 
becomes  free  in  situ,  while  the  ether  encroached  on  by  the  matter  becomes 
modified  in  situ,  and  there  is  no  question  as  to  its  motion. 

On  hypothesis  (b)  the  whole  ether  is  fixed  and  imperturbable  by  tlie  motion  of 
matter.  The  portion  enshrouded  by  matter  at  any  instant  has  properties  differing 
from  those  of  free  ether,  but  the  modification  is  only  connected  with  the  matter 
causing  it  in  the  same  sort  of  way  as  a  shadow  is  connected  with  the  object  casting  it. 

Of  the  two  hypotheses,  there  can  be  no  question  but  that  the  second  is  the  simpler 
and  considered  as  a  hypothesis  is  preferable,  but  we  must  enquire  whether  it  is 
competent  to  sustain  the  weight  of  all  known  facts, 

Fresnel’s  Hypothesis. 

4.  It  is  notorious  that  the  hypothesis  at  present  holding  the  field  is  not  exactly 
either  of  these,  but  is  some  form  of  the  bold  and  picturesque  idea  of  Fresnel;  viz., 
that  in  addition  to  the  free  and  undisturbed  ether  of  space  existing  equally  everywhere 
and  flowing  through  the  pores  of  gross  matter,  there  is  an  extra  quantity  of 
bound  ether  fixed  to  the  matter  and  travelling  with  it ;  this  additional  quantity  being 
(1  —  of  the  whole. 

This  idea  of  Fresnel’s  seems,  at  first  sight,  essentially  to  involve  the  condensation  of  ether  by  matter, 
so  that  its  density  inside  bodies  is  ;  for  the  fixed  ether  is  superposed  upon  the  normal  ether  of 
space.  (Certainly  the  converse  is  true  ;  viz.,  that  extra  ethereal  density  involves  Fresnel’s  law,  as  will 
be  shortly  shown.) 

Now  the  facts  of  gravitation,  and  many  electrostatic  experiments,  suggest  that  the  ether  is  practically 
incompressible  ;  hence  the  notion  of  any  actual  increase  of  density Anside  gross  matter  is  repugnant, 

Fresnel,  hoAvever,  himself  pointed  out,  in  a  subsequently  written  postscript  to  bis  original  letter 
to  Akago*  promulgating  his  famous  hypothesis,  that  the  extra  density  need  not  be  taken  too  literally. 
(As  this  postscript  seems  rather  to  have  been  overlooked  it  may  be  worth  while  to  quote  it). 

“  Note  additionnelle  d  la  lettre  de  M.  Fresnel  d  M.  Arago,  inseree  dans  le  dernier  Cahier  des  Annales. 

En  calculant  la  refraction  de  la  lumiere  dans  un  prisme  entraine  mouvement  terrestre,  j’ai 

suppose,  pour  simplifier  les  raisonneraents,  que  la  difference  entre  les  vitesses  de  la  lumiere  dans  le  prisme 


*  ‘  Ann  de  Chirn.  et  de  Phys.’  (2),  vol.  9,  p.  56. 
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et  dans  I’etlier  envifoniiant  proveuait  uniquement  d’une  difference  de  densite,  I’elasticite  etant  la  meme 
de  part  et  d’autre  ;  mais  il  est  tres  possible  que  les  deux  milieux  diffm’ent  en  elasticity  comme  en 
densite.  On  con9oit  meme  que  Telasticite  d’un  corps  solide  peut  varier  avec  le  sens  suivant  lequel  on 
le  considere  ;  et  c’est  tres  probablemeut  ce  qui  occasionne  la  double  refraction,  comme  Ta  observe  le  Dr. 
Young.  Mais  quelle  que  soit  riiypotbese  que  Ton  fasse  sur  les  causes  du  ralentissement  de  la  marolie  de 
lumiere  dans  les  corps  transpareuts,  on  peut  toujours,  pour  resoudre  le  probleme  qui  m’etait  propose, 
substituer  jiar  la  pensee,  au  milieu  reel  du  prisme,  un  fluide  elastique  en  equilibre  de  tension  avec  I’etber 
envirounant,  et  d’une  densite  telle  que  la  vitesse  de  la  lumiere  soit  precisement  la  meme  dans  ce  flaide  et 
dans  le  prisme  supposes  en  repos  ;  cette  egalite  devra  subsister  encore  dans  les  deux  milieux  entraines  par 
le  mouvement  terrestre :  or,  telles  sout  les  bases  sur  lesquelles  repose  moii  calcul.” — (‘Ann.  de  Chim.  et 
de  Phys.,’  1818,  t.  9,  p.  128  or  286.) 

And  Mr.  Glazebeook  (‘  Phil.  Mag.,’  December,  1888)  shows  that  in  the  interaction  of  ether 
and  matter,  a  term  depending  on  relative  acceleration  is  sufficient  to  sustain  the  results  achieved  by 
Ekesnel’s  hypothesis.  In  other  words,  that  a  virtual  density,  or  loading  of  the  ether  by  matter,  is  quite 
enough  without  true  condensation. 

It  is,  however,  still  appropriate  to  speak  of  the  exti-a  ethereal  density  inside  matter ;  meaning 
the  coefficient  of  this  acceleration  term. 

5.  A  plausible  mode  of  exhibiting  the  naturalness  of  Fresnel’s  law  is  as  follows  : — 

The  constant  which  determines  the  speed  of  electromagnetic  waves  through  any 

medium  is  /rK  ;  by  the  differential  equation  to  wave  motion. 

In  a  dense  body  the  value  of  this  constant  is  fi'K'. 

Shift  a  lump  of  this  body  fi’om  one  jtlace  to  another.  Its  constant  p'K'  has  been 
shifted  in  position  too,  but  the  ordinary  space-value  p-K  remains  behind ;  so  the 
I’esultant  shift  of  the  property  determining  the  velocity  of  light  (the  effective  medium) 
is  a  fraction  (p'K’  —  pK)/p'K',  of  the  shift  of  the  body. 

So,  if  the  lump  moves  with  velocity  the  property  of  it  concerned  with  the 
velocity  of  light  shifts  with  velocity  (p'K' —  pK)/(p'K'). w  ;  that  is  with  speed 
(1  —  l/«^)w. 

And,  as  in  all  probability  the  velocity  of  wave  motion  relative  to  its  medium  is 
unaltered,  this  may  be  taken  as  the  extra  speed  of  the  light  caused  by  the  motion  of 
the  matter. 

6.  It  is  here  assumed  that  the  medium  simply  carries  the  wave  motion  with  it  as 
air  carries  sound.  It  is  not  customary  to  doubt  that  wave  motion  must  be  aftected 
by  any  motion  of  its  medium  in  that  simple  manner.  But  a  singular  investigation  by 
Professor  J.  J.  Thomson  (‘Phil.  Mag.,’  April,  1880)  seems  to  show  that  on  electro¬ 
magnetic  principles  the  speed  of  ether  waves  is  affected  with  only  half  the  velocity  of 
the  medium  conveying  them. 

This  extraordinary  result  is  not  at  present  positively  contradicted  by  the  Fizeau 
experiment,  even  as  repeated  by  Michelson,  because  the  value  of  1  —  1  /n~  for  water 
is  not  sufficiently  different  from  ^  to  afford  a  certain  criterion  ;  and  water  is  the  only 
substance  for  which  a  positive  result  has  as  yet  been  obtained.  Certainly  the 
negative  result  obtained  for  air  by  both  Fizeau  and  Michelson  is  in  accord  with 
Fresnel’s  theory  and  not  in  accord  with  J.  J.  Thomson’s.  But  a  definition  of  what 
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is  meant  by  “moving  medium”  seems  necessaiy  before  we  can  adequately  test  the 
question  whether  electromagnetic  waves  in  it  move  with  it  or  lag  behind. 

I  suppose  that  it  must  be  desirable  to  examine  substances  other  than  water, 
especially  those  with  a  much  higher  refractive  index.  I  hope  to  do  this,  though  it 
may  be  noted  that  the  value  of  n  which  would  make  Fresnel’s  and  Thomson’s 
theories  exactly  agree,  is- 1 ’41 42,  and  that  the  available  range  of  i-efractive  indices  of 
liquids  and  solids  affords  but  a  narrow  margin  for  discrimination  between  the  two 
hypotheses. 

The  balance  of  evidence  is  at  present  strongly  in  favour  of  Fresnel’s  hypothesis, 
and  T  propose  ordinarily  to  assume  its  truth.  I  cannot,  indeed,  understand  the 
possibility  of  Thomson’s  theory,  though  I  detect  no  flaw  in  his  work,  for  it  seems  to 
require  a  distinction  between  the  case  of  source  or  receiver  moving  through  a  medium, 
and  the  case  of  medium  flowing  past  source  or  receiver  ;  tliat  is,  it  seems  to  demand  a 
knowledge  of  absolute  velocity. 

Fresnel’s  Law. 

7.  The  statement  of  Fresnel’s  law^  can  bo  thrown  almost  into  the  form  of 
hypothesis  {b),  §  3,  and  at  the  same  time  its  apparent  licence  of  language  about 
“  free  ”  and  “  bound  ”  ether  can  be  lessened,  by  supposing  that  the  “  modification  ” 
induced  by  the  encroachment  of  matter  on  the  ether  is  really  a  condensation,  in  the 
ratio  1  :n^ ;  no  motion  in  the  ether  other  than  what  is  necessarily  involved  in  that  act 
being  postulated.  On  this  method  of  statement  the  ether  outside  a  moving  body  is 
absolutely  stationary,  but,  as  the  body  advances,  ether  is  continually  condensing  in 
front,  and,  as  it  were,  evaporating  behind,  while  inside  it  is  streaming  through  the 
body  in  its  condensed  condition  at  a  pace  such  that  what  is  equivalent  to  the  normal 
quantity  of  ether  in  space  may  remain  absolutely  stationary.  To  this  end  its  speed 
relatively  to  the  body  must  be  v/n'^,  and  accordingly  its  speed  in  space  must  be 
v  (1  —  1/n^). 

Thus,  instead  of  saying  that  a  portion  of  the  ether  is  moving  with  the  full  velocity 
of  the  body  while  the  rest  is  stationary,  it  is  probably  preferable  to  say  that  the  whole 
internal  ether  is  moving  with  a  fraction  of  the  velocity  of  the  body. 

One  or  other  form  of  statement  is  absolutely  involved  in  the  Fresnellian  idea 
of  increased  ethereal  density,  as  may  be  rigorously  shown  (vide  Lord  Rayleigh, 
‘  Nature,’  March,  1892  ;  vide  also  Eisenlohr),  thus  ; — 

Consider  a  slab  moving  forward  flatways  with  velocity  v,  let  its  internal  ethereal 
density  be  and  let  the  external  ether,  of  density  1,  be  stationary.  Let  the  speed 
of  the  internal  ether  through  space  be  xv,  and  consider  that  the  amount  of  ether 
enclosed  between  two  planes  moving  with  the  slab,  one  outside  and  one  inside,  must  be 
constant ;  it  follows  at  once  that 


V  —  rd  [u  —  xv  ) 
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whence 


Now  whatever  may  be  the  inner  meaning  of  this  statement  concerniDg  the  velocity 
of  the  internal  ether,  it  certainly  agrees  with,  and  is  at  once  suggested  by,  the  fact, 
thoroughly  established  by  both  negative  and  positive  experiments,  that  light  travels 
down  a  running  stream  of  matter  at  a  pace 

-+^(l  -K)- 

n  \  / 

The  negative  experiments  supporting  this  are  such  as  the  achromatic  prism  experi¬ 
ment  suggested  and  tried  by  Arago,  repeated  more  elaborately  by  Maxwell  and  by 
Mascart  ;  the  water-telescope  observations  suggested  by  Boscovich,  tried  by  Airy 
and  by  Hoek  ;  interference  experiments  of  Babinet  and  of  Hoek  ;  and  several  other 
experiments  by  Mascart.  The  positive  experiment  establishing  it  is  the  very 
beautiful  and  well-known  one  of  Fizeau,  now  repeated  and  confirmed  beyond  the 
reach  of  any  but  cjuantitative  cavil  by  Michelson.* 

Whether  any  ether  is  moved  by  moving  matter  may  still  be  an  open  question,  but 
that  the  speed  of  light  is  affected  in  a  fairly  ascertained  way  by  the  motion  of 
transparent  matter  through  which  it  is  passing,  is  certain. 

8.  But  the  specific  motion  of  the  internal  ether  is  not  the  whole  of  Fresnel’s  hypo¬ 
thesis  ;  there  is  the  fixity  of  the  external  ether  to  be  verified  too.  And  that  has  not 
yet  been  done.  In  fact,  one  important  experiment,  to  be  discussed  later  on,  throws 
grave  doubt  upon  it,  at  least  for  large  moving  bodies  like  the  earth. 

But  unless  the  fixity  of  external  ether  be  granted,  our  argument  from  density 
concerning  the  value  of  the  internal  velocity  breaks  down.  Consider  again  tAVO 
planes  moving  with  a  slab  of  matter,  one  inside  and  one  outside  the  mass,  and  let 
the  space  motion  of  the  outside  ether  at  the  position  of  outside  plane  be  affected  by 
the  motion  of  the  slab  to  the  extent  yv,  then  all  we  can  say  is  that 

v  —  yv  —  ir  {v  —  X'v), 

or, 

a;  =  1  —  — ~ 

7(.“  ’ 

wherefore  it  is  possible  tor  x  and  y  to  lie  unity  together. 

We  may  take  it,  however,  that  the  quantitative  accuracy  of  the  Fizeau  experi¬ 
ment  renders  anytliing  of  this  sort  very  unlikely,  and  that  Ave  are  bound  to  suppose 
the  ether  immediately  outside  moving  matter  to  be  stationary,  i.e.,  to  be  com¬ 
pletely  unaffected  b}^  its  motion,  unless  Ave  are  directly  forced  by  facts  to  admit  the 
contrary. 


*  ‘  Amer.  J.  Sci.,’  vol.  31,  p.  377. 
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The  two  parts  of  Fresnel’s  law,  the  motion  of  internal  ether,  and  the  fixity  of 
external  ether,  can  and  ought  to  be  verified  separately.  The  Fizeau  experiment  has 
verified  the  one.  I  propose  to  attempt  the  other.  To  this  end  I  am  passing  a  beam 
of  light,  split  into  two  equal  halves,  very  near  a  rapidly  rotating  disk  (in  fact  between 
a  pair  of  rotating  disks  clamped  together),  so  that  one  half  the  light  travels  with  the 
mechanical  motion  and  the  other  half  travels  against  it.  The  two  half  beams,  after 
several  journeys  round  and  round,  are  united,  with  interference  effects,  and  the 
observation  consists  in  watching  the  system  of  bands  for  any  shift  caused  by  the 
motion.  For  description  of  this  expei’iment  see  §§  33-47  below.' 

Phenomena  Resulting  from  Motion  of  Source,  Receiver,  or  Medium. 

9.  The  phenomena  which  can  be  appealed  to  as  evidence  of  a  state  of  motion,  and 
which  necessarily  result  from  that  motion  if  of  a  suitable  kind,  are  four,  viz. ; — 

(1)  Changes  or  apparent  changes  in  direction  of  ray,  as  observed  by  telescope 

with  cross- wires  ;  the  change  commonly  called  “  aberration  ”  proper. 

(2)  Changes  or  apparent  changes  in  frequency  of  vibration,  as  observed  by  the 

pitch  or  colour  appreciated  by  an  observer,  or  by  the  shifted  position  of  lines 
in  a  spectroscope ;  a  change  which  may  be  referred  to  as  the  Doppler  effect. 

(3)  Changes  or  apparent  changes  in  the  time  taken  over  a  fixed  journey,  as 
observed  by  the  relative  lag  in  phase  between  two  portions  of  a  split  beam 
and  the  consequent  shift  of  interference  fringes  when  they  are  re-united. 

(4)  Changes  or  apparent  changes  in  the  intensity  of  radiation  in  different 

directions,  as  observed  by  the  amount  of  energy  received  by  a  given  area 
exposed  normal  to  the  rays  at  a  given  distance  from  a  source,  but  having 
different  aspects  with  respect  to  the  line  of  motion. 

Or,  briefly  summarizing  them,  thei  possible  phenomena  caused  by  motion  are  changes 
in  direction,  in  period,  in  phase,  and  in  amplitude. 

Apparent  Direction  as  Affected  hy  Motion  in  General. 

10.  Consider  the  subject  first  from  a  corpuscular  or  projectile  point  of  view,  first 
ignoring  the  medium.  A  gun  travelling  broadside  on  must  be  aimed  behind  the 
object,  and  its  shot  will  travel  in  a  skew  dmection  (keeping  always  straight  in  front  of 
the  muzzle,  but  not  travelling  along  the  axis  of  the  gun)  with  a  velocity  compounded 
of  the  speed  of  projection  and  the  speed  of  the  gun.  The  apparent  position  of  the 
source,  as  recognized  through  a  hole  in  the  target,  will  therefore  be  its  true  position 
at  time  of  firing,  but  not  its  position  at  time  of  hit. 

Whether  we  choose  to  call  this  an  aberration  or  not  is  a  matter  of  nomenclature 
merely. 

If  the  gun  is  fixed,  witli  the  target  moving  across  the  line  of  fire,  the  gun  must 
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be  aimed  in  front  of  the  object.  Tlie  shot  will  go  straight  along  the  barrel  produced, 
but  the  hole  in  the  target  will  indicate  a  gun  in  front  of  its  true  position  ;  this 
error  being  aberration  proper. 


Diagram  of  shot  fired  from  a  moving  cannon ;  piercing  a  target,  at  Y  if  stationary,  at  Z  if  moving  at 
same  pace  as  gun.  ABCD  is  the  locus  of  successive  shots,  but  is  not  the  line  of  tire. 


If  both  gun  and  target  are  travelling  at  the  same  speed  everything  occurs  as  if 
they  were  at  rest,  unless  a  stagnant  medium  has  to  be  taken  into  account.  Relative 
motion  of  the  medium  causes  windage,  as  is  well  known, 

Since  motion  of  the  medium  causes  a  shift  of  the  line  of  fire,  it  may  be  expected 
to  produce  a  miss,  but  this  is  not  a  true  aberration,  it  only  appears  to  be  such 
because  of  the  fire  being  limited  to  one  line  ;  suppose  instead  of  a  single  gun  a  broad¬ 
side  of  guns  or  a  number  of  guns  firing  from  a  turret,  then  the  effect  of  a  cross-wind 
is,  indeed,  to  displace  all  the  shots,  but  not  to  prevent  the  target  being  hit  by  one 
which  would  otherwise  have  missed  it,  and  the  hole  in  the  target  will  indicate  the 
]30sltion  of  the  gun  really  firing  the  shot.^  Hence,  even  on  a  corpuscular  theory,  a 
wind  across  the  line  joining  source  and  receiver,  will  not  cause  any  efiective  aberra¬ 
tion.  Neither  can  a  steady  tail  wind  deliver  a  stream  of  bullets  from  a  inachine-gmi 
more  frequently  than  they  are  emitted. 

If  guns  are  fired  from  a  I'evolving  turret,  the  paths  of  the  shot  will  not  be  radial, 
but  will  be  skewed  by  an  amount  depending  upon  the  peripheral  velocity. 

Watching  the  beams  of  a  revolving  lighthouse,  tracking  their  way  to  a  distance 
and  brandished  rapidly  round,  it  is  not  at  once  quite  evident  whether  the  shape  of 
those  beams  is  not  a  spiral  of  enormous  pitch  (see  below).  We  see,  however,  that 
on  the  corpuscular  view  the  paths  wdll  be  straight,  though  not  radiating  from  the 
precise  centre  ;  for  instance,  the  rays  from  the  Sun,  whose  peripheral  velocity  is 
nearly  .5000  miles  an  hour,  would  if  regarded  as  projectiles,  be  inclined  to  their  radius 
at  an  angle  of  lurevsiro-o  radian,  or  about  Ig-  seconds  of  arc  ;  and  the  Sun’s  centre 
would  be,  apparently  displaced  through  a  fraction  of  this  angle,  equal  to  Sun’s 
radius/Sun’s  distance  ;  i.e.,  through  about  the  of  ^  second. 

11.  But  nowq  proceeding  to  look  at  the  matter  from  the  point  of  view  of  waves, 
there  are  many  differences  ;  principally  depending  on  the  fact  that  there  is  no  ques¬ 
tion  of  initial  velocity  of  projection  about  a  wuive  :  it  crawls  through  the  medium, 

*  As  these  projectile  examples  are  only  used  for  illustration,  I  simplify  matters  artificially  by 
omitting  all  curvatures  of  path.  The  subject  of  aberration  in  general  is  illustrated  more  fully  in  a 
Royal  Institution  Lecture,  ‘  Proc.  R.  I.,’  April  1,  1892;  also  reported  in  ‘Nature,’  vol.  46,  p.  497 
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self-propelled,  at  its  own  definite  velocity.  No  aberrational  effect  can  be  produced 
bv  any  cause  which  does  not  act  on  a  wave-front  for  a  finite  time. 


Fio-.  2. 


Diagram  of  disturbances  or  waves  emitted  without  momentum  from  a  moving  source;  leaving  target  or 
telescope,  at  Y  if  stationary,  at  Z  if  moving.  The  line  ABCD  is  the  locus  of  successive  disturb¬ 
ances,  but  is  not  the  raj  or  real  path.  The  diagram  may  also  be  taken  to  represent  the  effect  of  a 
cross  stream  of  medium,  with  source  stationary. 

Hence  waves  emitted  by  a  revolving  source  advance  just  as  they  would  if  it  were 
stationary  ;  any  peculiarity  on  the  surface,  say  a  Sun  spot,  is  depicted  in  a  precisely 
radial  direction,  and  there  will  be  no  displacement  of  the  Sun’s  centre.  So  also  with 
light  from  a  flying  star  :  the  star  will  be  seen  in  its  position  at  time  of  emission,  just 
as  it  is  seen  in  the  physical  state  corresponding  to  that  instiint,  not  to  the  instant 
of  vision. 


Fig.  3. 

B 


Diagram  of  parallel  beams  emilted  from  a  revolving  lighthouse.  ABCD  is  the  apparent  beam,  but 

AS,  BS,  &c.,  are  the  lines  of  vision  or  true  rays. 

As  to  a  beam  from  a  revolving  lighthouse,  it  is  not  the  path  of  a  labelled  distur¬ 
bance,  or  true  ray,  which  displays  itself  by  illuminating  dust  particles,  but  it  is  the  locus 
:  of  successive  disturbances  sent  out  from  a  given  moving  point ;  so  if  the  source  has 
I  revolved  through  an  angle  6  while  the  light  travels  a  distance  r,  6  =  (w/ V)  r, 
and  their  shape  is  a  spiral  of  Archimedes  as  suspected  above  ;  though  the  direction 
of  vision  is  not  tangential  to  them,  but  is  truly  radial  as  already  stated. 

I  The  analogy  between  rays  of  light  and  lines  of  force  is  fairly  close,  and  just  as  it  is  convenient  to  say 
;  that  a  rotating  source  revolves  its  rays,  so  it  is  convenient  to  say  that  a  rotating  magnet  revolves  its 
lines  of  force.  The  induction  phenomena  obtained  from  a  magnet  spinning  on  its  own  axis  are  a 
sufficient  justification  of  this  statement.* 

j  In  an  old  note-book  of  date  1876,  I  find  a  suggestion  for  measuring  the  speed  of  magnetic  ^Dropaga- 
I  tion,  by  rotating  a  long  bar  magnet  on  its  axis  and  observing  its  actmn  on  a  distant  magnetic  needle ; 

j  *  See  also  Mr.  Tot.vki;  Preston,  ‘Phil.  Mag.,’  February  and  March,  188o. 

MDCCCXCIIT. — A.  5  R 
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the  idea  beino’  that  with  a  finite  speed  of  propagation  the  lines  of  foi’ce  would  lag,  and  thereby  acquire  a 
curvature  out  of  the  magnet’s  meridian  ;  so  that  a  distant  needle  instead  of  pointing  straight  at  the 
magnet  would  be  tangential  to  these  lines,  and  would  therefore  be  slightly  deflected  during  the  spin. 

We  now  see,  however,  that  no  such  aberrational  effect  is  to  be  expected,  except  on  a  corpuscular  view 
of  magnetic  pi’opagation. 

Concerning  the  eftect  of  motion  of  other  kinds,  certain  things  are  experimentally 
known;  e.g.,  motion  of  the  receiver  is  known  to  cause  aberration,  however  the  fact 
be  precisely  accounted  for ;  and  motion  of  the  medium  alone  is  known  not  to  cause 
aberration  of  any  perceptible  magnitude,  else  would  terrestrial  surveying  operations 
be  inaccurate.  But  no  experimental  data  as  yet  obtained  are  evidence  concerning 
small  quantities  of  the  second  order,  and  it  will  be  well  to  examine  critically  and 
geometrically  the  whole  subject  of  wave  motion  from  a  moving  point  to  a  moving 
telescope  through  a  uniformly  moving  medium,  all  the  velocities  being  possibly 
different  in  magnitude  and  direction.  So  far  as  steady  and  uniform  motion  is 
concerned  this  may  be  considered  the  most  general  case. 

Convenience  of  attrihuting  Relative  Motion  to  Medium. 

12.  Before  considering  separately  the  phenomena  mentioned  in  §9,  it  may  be  con¬ 
venient  to  consider  what  it  is  which  must  be  in  motion  in  order  to  produce  one  or 
other  of  them.  And,  first,  which  of  them  a  motion  of  the  medium  alone  causes. 

Nothing  can  be  more  certain  than  that  relative  motion  is  all  we  are  concerned  with, 
so  that  whether  a  source  travels  through  a  medium,  or  the  medium  drifts  past  the 
source,  comes  to  precisely  the  same  thing.  Sometimes  one  mode  of  expression  is  con¬ 
venient,  sometimes  the  other.  It  may  be  most  natural  to  contemplate  the  medium 
as  stationary,  and  to  throw  all  motion  on  source  and  receiver,  but  I  find  that  it  is 
often  very  simple  and  helpful  to  invert  this  order,  and  to  think  of  the  ether  of  space 
as  drifting  past  the  earth,  or  other  body,  supposed  stationary. 

We  shall  not  invariably  use  this  device,  but  whenever  a  number  of  things— source, 
mirrors,  telescope,  and  observer — have  to  he  thought  of  as  moving  all  precisely  alike 
through  the  ether,  it  is  simpler  to  think  of  the  ether  as  streaming  past  them. 


Case  of  Fixed  Source  in  Moving  Medium. 

13.  Consider  now  a  fixed  point-source  in  a  uniformly  moving  medium.  • 

Spherical  wave-fronts  are  thrown  off  and  immediately  begin  to  drift,  so  that  their 
centres  get  displaced  a  distance,  vt,  while  their  radii  enlarge  by  an  amount,  ;  and 
the  distance  through  space  which  a  disturbance  has  by  that  time  travelled  in  the 
direction  9  will  be  compounded  of  these  two  distances,  and  will  be  inclined  to 
the  radius,  or  direction  of  travel  if  all  were  .stationary,  by  an  angle  e,  which  may  be 
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called  the  aberration  angle.  The  velocity  with  which  light  journeys  over  the  radius 
vector,  r,  is 

V  cos  e  +  T  cos  0,  —  say  : 

the  time  of  the  journey  being  simply  t,  as  before. 

The  angle  e  is  defined  by  the  equally  obvious  geometrical  relation 

V  sin  e  —  T  sin  0  =  0. 


Fisr.  t. 


Successive  waves  emitted  by  a  fixed  source  S  into  a  drifting  medium.  Tbe  row  of  dots  SG  represent  the 
respective  wave-centres.  The  figure  also  rejiresents  waves  in  a  stationary  medium,  emitted  by  a 
source  moving  from  G  to  S. 

Here  is  a  picture  of  the  source  and  successively-emitted  and  abandoned  drilting 
wave-fronts.  SM  is  the  path  of  a  labelled  disturbance,  and  is  to  be  considered  as  a 
ray  ;  it  is  inclined  at  angle  e  to  the  corresponding  wave-normals. 

SP  is  what  would  have  been  the  light  journey  in  the  same  time  if  tlie  medium  had 
been  stationary  ;  PM  or  SC  represents  the  drift. 

The  result  of  the  state  of  things  exhibited  in  the  diagram  may  or  may  not  be 
appreciated  by  a  spectator — that  depends  on  what  his  own  motion  is, — but  if  he  is 
moving  simply  with  the  medium,  he  perceives  the  following  ; — 

(1)  An  aberration,  e,  in  any  direction  inclined  at  angle  6  to  the  motion,  such  that 

sin  ^  =  yr  sin  6  =  a  sin  6, 

it  being  convenient  to  denote  the  ratio  of  velocities,  v/Y,  by  a  single  symbol  a,  and  to 
call  it  the  aberration  constant.  A.  telescope  moving  with  the  medium  and  placed  with 
its  object  glass  tangential  to  the  advancing  wave-fronts,  will  focus  the  image  on  its 

5  13  2 
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cross  wires,  and  will  be  pointing  not  to  the  object,  but  to  the  centre  of  the  wave  it  is 
receiving ;  its  collimation  axis  coincides  with  a  radius  or  wave-normal,  not  with  a  ray. 

(2)  A  Do])pler  alteration  of  wave-length  in  every  direction ;  as  is  obvious  in 
the  figure,  from  the  distribution  of  drifted  wave-fronts.  It  is  positive  on  one  side,  and 
negative  on  the  other  side,  of  a  certain  direction,  6q,  such  that  the  radius  vector  is 
equal  to  the  radius,  or 

CoS  —  -g-  Ci  , 

the  aberration  angle  for  this  particular  case  of  no  Doppler  effect  being  twice  the  com¬ 
plement  of 

A  spectator  moving  with  the  medium  will  perceive  this  change  of  wave-length  as  a 
change  of  pitch  (or  colour)  of  value 


,  n  .  \ 

lop’  —  =  loo-  — 
^  n  ^  \ 


=  log  (cos  e  +  a  cos  d)i^  oi  cos  0. 


An  observer  travelling  with  the  medium  will  not  observe  any  modification  in 
interference  or  diffraction  effects,  nor  will  he  experience  any  change  of  intensity  due 
to  motion  ;  for  the  waves  will  be  brought  him  at  the  customary  time  periods,  and  be 
subject  to  the  ordinary  flux  of  energy,  as  if  everything  were  stationary. 


Case  of  moving  Sowce  in  fxed  Medium, 

14.  The  same  figure  (fig.  4)  serves  to  illustrate  the  common  case  of  medium  and 
observei'  stationary,  and  source  alone  moving. 

But  we  must  be  careful  to  note  that  e  is  only  the  aberration  angle,  and  that 
whether  it  is  to  be  called  ‘‘aberration”  or  not  depends  on  the  meaning  attached  to 
that  term.  The  source  emits  spherical  waves  in  its  successive  positions,  and  leaves 
them  to  expand  at  their  normal  rate.  The  fixed  telescope,  pointing  to  centre  of 
advancing  wave,  is  tlierefore  pointing  to  the  source  at  the  instant  when  it  emitted 
that  light ;  and,  since  it  is  thus  seen  in  its  true  place  at  instant  of  emission,  it  is 
most  natural  to  say  that  the  aberration  caused  by  moving  source  alone  is  nil ;  for  that 
it  may  have  moved  by  the  time  of  vision,  is  obvious. 

There  is  not  much  more  to  be  said  on  this  head,  for  the  source  after  throwing  oil  a 
wave  may  do  what  it  likes,  the  light  will  convey  information  as  to  where  and  how  it 
was  at  the  time  of  emission.  Phenomena  depending  on  a  succession  of  waves,  e.g., 
changes  of  pitch,  are  of  course  produced,  see  fig.  4. 

The  question  arises  whether  the  waves  thrown  off  from  a  moving  source  are  really 
spherical  shells  :  whether  the  motion  of  the  source  does  not  affect  its  vibration  ?  It 
is  not  easy  to  answer  this  thoroughly  and  accurately,  but  practically  there  can  be  no 
doubt  that  the  emission  of  light  cannot  be  affected  by  any  feasible  terrestrial  motion ; 
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for,  ill  the  time  of  one  vibration,  the  earth,  which  is  the  quickest  available  vehicle,  has 
only  moved  a  distance  of  xoWo  of  a  wave-length  ;  which  is  equivalent  to  a  middle 
C  fork  sounding  and  creeping  along  at  the  rate  of  15  inches  an  hour.  No  practical 
question  as  to  imperfection  in  spherical  form  of  wave  from  moving  source  is  therefore 
likely  to  arise.  See  however  §  19,  for  discussion  of  a  question  not  of  i/mpc  but  of 
intensity. 

There  happen  to  be  one  or  two  interesting  things  connected  with  the  reflexion  of 
light  from  a  moving  source  when  there  is  some  connexion  established  between  the 
reflected  ray  and  the  subsequent  position  of  the  source,  e.g.,  as  when  a  ray  is  reflected 
back  upon  itself,  with  the  object  of  causing  interference  ;  these  are  specially  dealt  with 
in  §§  59,  60. 


Case  of  Soui'ce  and  Receiver  moving  together  through  Stationary  Medium ;  or, 
correlative  case  of  Medium  drifting  past  fixed  Source  amd  Receiver. 

15.  Consider  a  telescope  fixed  relatively  to  source,  and  medium  drifting  freely  past 
both.  The  object-glass  must  be  set  skew  to  the  wave  front,  but  normal  to  the 
advancing  ray  or  radius  vector. 

In  fig.  4,  SM  is  the  axis  of  the  telescope,  and  it  points  straight  at  the  source. 
There  is  no  resultant  aberration,  the  object  is  seen  in  its  true  position. 

It  is  also  seen  of  its  right  colour,  for  the  waves  are  carried  to  the  receiver  at  their 
accustomed  frequency :  there  is  no  Doppler  effect.  A  steady  wind  alone  is  powerless 
to  influence  either  direction  or  pitch. 

But  what  about  interference  phenomena,  depending  on  the  time  of  a  given  journey  ? 
Manifestly  a  motion  of  the  medium  will  be  able  to  affect  this,  and  may  accordingly 
bring  about  the  displacement  of  fringes  representing  hurry  or  lag  of  phase. 

Consider  a  telescope  fixed  relatively  to  the  source  and  placed  so  as  to  receive  light 
along  the  radius  vector  r. 

If  the  medium  is  stationary,  the  light  journey  is  accomplished  in  the  time 


but  if  moving,  the  time  of  the  journey  is 

rp/  _ 

V  cos  e  V  cos  6  ’ 

and  so  there  is  a  hurrying  up  of  phase 


T 

=  cos  e  +  a  cos  6  , 


or 


T  _T'  ^  aT  cos  e. 
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The  wind  therefore  causes  a  positive  or  negative  change  of  phase  in  every  direction 
except  that  whose  cosine  is  -§  u/V,  the  same  direction  as  that  already  (§  13)  indicated 
as  possessing  a  zero  Doppler  effect. 

But  the  ohservation  of  the  lag  of  phase  thus  caused  by  motion  of  the  entire  ethereal 
medium  is  not  so  easy  as  might  appear,  and,  in  fact,  it  has  not  yet  been  detected  ;  for 
the  simple  reason  that  it  is  liable  to  affect  both  the  interfering  rays  equally  :  as  we  now 
show. 

Devices  for  Observing  the  Lag  of  Phase. 

IG.  The  possible  ways  in  which  change  of  phase,  produced  by  a  moving  medium, 
may  be  looked  for,  are  ; — to  split  a  beam  of  light  into  two  halves,  and  then — 

(1)  Make  the  medium  flow  with  one  half  beam  and  against  the  other. 

This  is  successful,  and  is  the  Fizeau  experiment ;  but  it  entails  control  over  the 
medium,  and  artificial  motion  of  it ;  the  terrestrial  orbital  motion  cannot  be  utilized 
in  this  way. 

(2)  Send  the  two  beams,  not  parallel,  but  round  contours  in  two  different  planes ; 
or,  say  one  across  the  line  of  ether  motion,  and  the  other  along. 

This  is  Michelson’s  experiment  ;  but  it  only  attempts  an  effect  whose  magnitude 
is  the  second  order  of  aberration  magnitudes  ;  because,  before  the  beams  can  be 
brought  together  again  to  interfere,  a  reversal  or  complete  circuit  is  necessary. 

(3)  Make  the  medium  flow  at  different  rates  along  the  two  beams  :  as  for 

instance,  b3'  interposing  a  dense  substance  in  one  of  them. 

But,  on  Fresnel’s  hypothesis,  this  ought  to  fail ;  because  the  free  ether,  which  is 
the  only  ether  in  motion,  is  unaffected  by  the  dense  substance.  The  only  way  to  move 
either  more  or  less  than  the  normal  quantity  of  ether  in  any  given  space,  is  to  move 
bodily  a  dense  substance  occupying  that  space.  So  long  as  that  is  stationary,  with 
respect  to  source  and  receiver,  motion  of  the  whole  produces  no  effect. 

To  prove  that  on  Fresnel’s  law,  no  dense  substance  can  cause  different  interference 
effects  when  moving  than  it  causes  when  stationary,  we  can  proceed  to  calculate  tlie 
virtual  thickness  of  a  slab  immersed  in  an  ether  stream,  or  the  time  retardation  it 
causes  in  a  beam. 


Interference  Effects  as  niodifed  by  Ether  Motion  through  Dense  Stationary  Bodies. 

1 7.  The  calculation  of  the  lag  in  phase  caused  by  Fresnel’s  ethereal  motion  is  a 
very  simple  matter.  A  dense  slab  of  thickness  2,  which  would  naturall}"  be  traversed 
with  the  velocity  V//x,  is  traversed  with  the  velocity  (V/g)  cos  e  +  cos  6  ;  where  v 

is  the  relative  velocity  of  the  ether  in  its  neighbourhood  ;  whence  the  time  of  journey 
through  it  is 
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V  (  CO.S  e  H —  cos  6 


instead  of 


or  the  equivalent  air  thickness,  instead  of  being  (/x  1)2:,  is 


fJiZ 


cos  e  -I —  cos  0 
0- 


V  cos  e  —  a  cos  0 
2;  =  1  ^ - 1  2;, 


I 


0! 


or,  to  the  first  order  of  minutiae,  (/r  —  \  )z  —  az  cos  6  ;  6  being  the  angle  between  ray 
and  ether  drift  inside  the  medium. 

So  the  extra  equivalent  air  layer  due  to  the  motion  is  approximately  ±  olz  cos  9, 
a  quantity  independent  of  jx. 

Hence,  no  plan  for  detecting  this  first-order  effect  of  motion  is  in  any  way  assisted 
by  the  use  of  dense  stationary  substances ;  theii’  extra  ether,  being  stationary,  does 
not  affect  the  lag  caused  by  motion,  except  indeed  in  the  second  order  of  small  quan¬ 
tities,  as  shown  above. 

Direct  experiments  made  by  Hoek,*  and  by  Mascart,  on  the  effect  of  introducing 
tubes  of  water  into  the  path  of  half  beams  of  light,  are  in  entire  accord  with  this 
negative  conclusion. 

Thus,  then,  we  find  that  no  general  motion  of  the  entire  medium  can  be  detected 
by  changes  in  direction,  or  in  frequency,  or  in  phase  ;  for  on  none  of  them  has  it  any 
appreciable  {i.e.,  first-order)  effect  even  when  assisted  by  dense  matter. 

The  remaining  possible  effect  that  may  be  looked  for  is  a  change  of  energy, 


Effect  of  Motion  on  Intensity  of  Radiation  in  Different  Directions. 

t 

18.  At  first  sight  it  looks  as  if  there  ought  to  be  an  unequal  distribution  of  energy 
round  a  source  past  which  the  medium  is  streaming.  For  when  the  waves  are  drifting 
along,  their  energy  moves  too,  and  it  can  thus  be  distributed  unsymmetiically  round 
the  source. 

The  energy  emitted  per  second,  or  the  power  of  the  radiation,  is 

P  =  fTTp^Vq', 

where  q  is  the  energy  per  unit  volume  at  distance  p  from  the  wave  centre ;  supposing 
that  radiating  power  is  unaffected  by  the  motion.  So  at  a  place  r,  6,  reckoning  from 
source  as  origin,  and  line  of  drift  as  initial  line  (as  in  fig.  4),  since  r  =  p  (cos  e  -j-  a  co.s  9), 

*  ‘  Ai’cliives  Neerlandaise.s  ’  (1869),  \'oL  4,  p.  443,  or  ‘  Nature,’  vol.  26,  p.  500, 
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4  o?  sin  6  sin  20), 

9'q  being  the  energy  at  tlie  same  ]:)lace  when  there  was  no  drift. 

So  the  energy  received  per  second  by  a  given  small  area  A  at  that  place,  facing  the 
sonrce,  i.e.,  normal  to  the  rays,  is 

r/V  A  cos  e  =  P  (cos  e  +  a  cos  6)^. 


q  = 


P  (cos  e  +  a  COS  6)" 


TttY;- 


Pf)  (I  +  2a  cos  0  a^  cos  20  — 


The  radiation  at  distance  r  from  the  source  is,  in  fact,  the  same  as  what  the 
radiation  would  be  at  distance  p  in  a  stationary  medium  ;  except  for  the  small 
inclination  c. 

So  a  pair  of  similar  thermopiles,  fore  and  aft,  at  equal  distances  from  a  source, 
will,  or.  this  hypothesis,  receive  unequal  radiation  ;  the  difference  being  equal  to 
4a  (PA/47rr~),  or  proportional  to  4a. 

Ftzeau  suggested  this  method,  Imt  I  am  not  aware  of  its  having  been  tried  yet.* 

Fig.  5. 


Tliermopile  experiment  suggested  by  Fizeau  ;  in  two  alternative  forms. 


19.  But  it  is  a  serious  question  whether  the  reasoning  establishing  the  effect  is 
quite  sound.  It  is  not  unlikely  that  motion  may  affect  the  radiating  power  of  a 
source.  In  fact,  the  theory  of  exchanges  almost  necessitates  something  of  tlie  kind, 
else  the  two  faces  of  an  enclosure  woidd  become  unequal  in  temperature  by  reason  of 
mere  motion  through  the  ethereal  medium. 

Hence,  if,  as  in  fig.  5,  we  consider  a  pair  of  thermopiles  with  a  hot  body  half-way 

*  The  suggestion  is  quoted  in  a  comprehensive,  but  to  me  not  very  intelligible,  treatise  on  the  whole 
subject  of  aberration  :  ‘  Astronomische  Undulationstheorie,’  by  Professor  Dr.  Kettelek,  of  Bonn. 

t  Balfour  Stewart  (‘  Brit.  Assoc,  Report,’  1871,  Sects,  p.  45),  argued  that  this  inequality  of  tempera¬ 
ture  actually  occurred;  and,  since  motion  thus  afforded  an  available  heat  engine,  he  deduced  an 
ethereal  friction,  dissipating  energy.  But,  as  Lord  Rayleigh  points  ont  (in  his  Article  on  “Aberration,” 

‘  Nature,’  March  1892),  it  is  far  more  likely  that  motion  should  alter  radiating  and  absorbing  powers 
than  that  it  should  disturb  equality  of  temperature. 
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between  them,  or  a  pair  of  equally  hot  bodies  with  a  thermopile  half-way  between 
them,  all  subject  to  an  ethereal  drift  in  the  direction  of  the  arrow,  we  may  assert 
that  although  the  radiation  from  A  is  carried  down  stream  in  undue  proportion 
towards  C,  the  amount  actually  emitted  in  this  direction  is  diminished  in  a  compensa¬ 
tory  manner,  so  that  the  resultant  flux  of  energy  remains  unaflected  by  the  motion. 

It  is  not  necessary  to  suppose  that  motion  disturbs  the  equality  which  otherwise 
exists  between  radiating  and  absorbing  powers.  It  is  true  that  if  a  surface  like  A 
radiates  less  than  when  the  medium  is  stationary,  a  surface  like  C  facing  the  stream 
must  radiate  more  ;  but  then  it  may  absorb  more  also.  So  that  in  all  respects  the 
balance  may  be  undisturbed  by  the  motion  of  the  medium. 

It  is  probable,  therefore,  that  even  by  this  intensity  method,  nothing  more  than  the 
second  order  of  aberration  magnitude  is  effective  for  displaying  a  general  drift  of  the 
medium  as  a  whole. 

At  the  same  time  it  seems  desirable  that  an  experiment  with  thermopiles,  like  that 
suggested  by  Fizeau,  should  be  tried,  in  order  to  verify  the  above  deductions  from 
the  theory  of  exchanges,  combined  with  the  supposed  persistent  uniformity  of  tempera¬ 
ture  of  an  enclosure  whether  at  rest  or  in  motion  ;  for  thereby  the  absence  of  friction 
or  dissipation  of  energy  by  motion  of  solids  through  ether  would  be  verified. 

Case  of  only  Receiver  Moving. 

20.  If  the  receiver  be  not  fixed  relatively  to  the  medium,  nor  relatively  to  the 
source,  but  be  moving  on  its  own  account,  the  effects  due  to  this  motion  must  be 
added  to  the  preceding  effects.  First  suppose  both  source  and  medium  stationary. 

The  source  S  emits  waves  in  spherical  'shells,  whose  radii  are  also  rays.  Any 
motion  of  the  receiving  telescope  can  be  resolved  tangentially  and  radially.  Radial 
motion  gives  Doppler  effect  only;  tangential  motion  gives  aberration  only — both  of  the 
commonplace  type. 

If  the  telescope  were  stationary,  its  object-glass  must  be  tangential  to  the  wave 
front,  but  directly  it  moves  it  must  encounter  the  wave  front  obliquely,  with  the  same 
obliquity  e  as  if  it  were  stationary  and  the  medium  drifting  (fig.  4),  and  the  eye¬ 
piece  will  then  be  brought  to  the  light  at  the  right  instant.  Revolution  of  a  radial 
telescope  about  the  source  would  effect  this  in  the  simplest  way,  without  introducing 
any  Doppler  effect  or  change  in  focal  length. 

Consider  a  telescope  OqEq  pointing  straight  at  a  source  S  (fig.  6),  and  at  the  instant 
a  given  luminous  disturbance  starts  from  S,  let  the  telescope  begin  moving  in  a 
direction  (f)  with  a  velocity  u.  Let  it  thus  reach  the  position  OE  by  the  time  the 
light  has  got  as  far  as  O,  i.e.,  to  the  spherical  wave  front  indicated  in  the  diagram. 
Then  it  follows  that  by  the  time  the  telescope  has  reached  the  position  OjEj^  the  light 
will  have  reached  E^,  too,  and  will  accordingly  have  passed  along  the  collimating  axis 
by  reason  of  the  combined  motions. 

MDCCCXCIIT. — A.  5  C 
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Fig.  6. 


A  telescope  receiving  light  from  S  and  moving  from  OE  to  O^Ej  while  light  traver.ses  OEj, 


A  stationary  telescope  receiving  the  same  ray  at  the  same  instant  would  have  had 
to  occupy  the  position  OE^,  and  would  have  looked  straight  at  the  object  (with  a 
sliglitly  greater  focal  length).  Hence  the  angle  O^E^O  or  OSOq  is  the  angle  of  aberra¬ 
tion,  the  amount  by  which  the  object  appears  to  be  displaced  in  the  direction  of 
motion.  A  telescope  which  had  been  revolving  round  the  source,  instead  of  being 
translated,  would  have  gone  from  AB  to  OE^  in  tire  time,  and  have  rotated  through 
this  same  angle.  Call  it  e;  it  is  such  that 


sin  e  ^  EEj 
sin  <p  OEj 


-  =  say. 


the  medium,  remember,  being  stationary. 

The  focal  length  of  the  moving  telescope  differs  from  that  necessary  for  a  fixed  one; 
being  OE  instead  of  OE^  or 


f'—f  (cos  e  —  ^  cos  (j))  ; 


but  this  is  best  regarded  as  part  of  the  Doppler  effect,  since  its  principal  term  repre¬ 
sents  radial  motion.  With  a  non-achromatic  lens  the  change  of  refrangibility  due  to 
motion  tends  to  compensate*  this  effect.  But  whereas  the  chairge  of  refrangibility 
is  produced  equally  by  motion  of  source’  or  motion  of  receiver,  this  change  of  focal 
length  seems  to  be  caused  only  by  motion  of  receiver.  It  is  a  shortening  of  focus  as 
a  telescope  recedes  from  the  light.  T  suppose  it  is  too  small  to  observe,  else  it  would 
seem  able  to  discriminate  motion  of  earth  from  motion  of  star,  and  give  absolute 
motion  of  telescope  through  the  ether. 

A  terrestrial  source  {e.g.,  a  sodium  flame)  might  be  used,  and  a  perfectly  achromatic 
lens ;  but  surely  no  focussing  could  be  delicate  enough  to  discriminate  such  sort  of 
difference  as  exists  between  the  two  sodium  emissions  ? 

The  way  in  which  motion  of  receiver  to  or  from  source  causes  an  apparent  change 
of  frequency,  i.e.,  a  real  change  in  the  frequency  with  which  waves  are  received,  is  too 
well  known  and  simple  to  be  more  than  mentioned.  Its  amount  in  any  direction  is 

01/ 

log  —  =  log  (cos  e  /3  cos  ^)  cos  (j), 


where  /S  =  ^^/V,  sin  e  =  /8  sin  and  u  is  the  velocity  of  the  telescope  at  angle  (f> 
with  tht^  ray. 

*  Tin's  was  originally  written  “  exaggerate.” 
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Summary. 

j  21.  Collecting  these  statements  together,  we  may  summarize  them  thus  : — 

'  Source  alone  moving  produces — 

1  A  real  and  apparent  change  of  colour  ; 

A  real  but  not  apparent  error  in  direction  ; 

No  lag  of  phase,  except  that  appropriate  to  altered  wave-length  ; 

'  A  change  of  intensity  corresponding  to  different  wave-length. 

Medium  alone  moving,  or 
Source  and  receiver  moving  together 

No  change  of  colour  ; 

No  change  of  direction; 

A  real  lag  of  phase,  but  undetectable  without  control  over  the  medium  ; 

A  change  of  intensity  corresponding  to  difterent  virtual  distance,  but 
probably  compensated  by  change  of  radiating  power. 

Receiver  alone  moving  gives — 

An  apparent  change  of  colour  ; 

An  apparent  change  of  direction  ; 

No  change  of  phase,  except  that  appropriate  to  extra  virtual  speed  of 
light ; 

A  change  of  intensity  corresponding  to  different  virtual  velocity  of  light. 

Thus  the  interference  effect  and  the  Doppler  effect  do  not  occur  together.  Motion 
of  the  medium  produces  one ;  motion  of  source  or  of  receiver  produces  the  other. 

Aberration  of  direction  and  of  pitch  occur  simultaneously,  but  are  complementary 
to  each  other,  since  one  depends  on  motion  across  the  line  of  sight,  the  other  on 
motion  along  it.  One  varies  as  the  sine,  the  other  as  the  cosine,  of  the  inclination. 
Further  discussion  of  the  Doppler  effect  is  deferred  to  §§  53-58. 

22.  It  is  noteworthy  that  not  one  of  the  methods  is  able  to  establish  the  existence 
or  non-existence  of  a  general  ethereal  drift  near  the  earth  ;  for,  as  shown  above, 

I  uniform  motion  of  the  entire  medium  produces  no  observable  f  rst-ordcr  effect  of  any 
kind.  It  plainly  becomes  the  more  necessary  to  attend  minutely  to  possible  second- 
order  effects. 

In  a  paper  in  the  ‘  Archives  Neerlandaises,’  vol.  21,  Professor  H.  A.  Lorentz 
discusses,  with  much  power,  the  whole  subject  of  ether  movement  ;  the  idea  of  the 
following  method  of  treatment  is  derived  from  that  paper. 


gives - 


5  C  2 
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Definition  ofi  Ray. 

23.  In  §  13  we  defined  a  ray  as  the  path  of  a  labelled  disturbance, for  it  is  that 
which  enables  an  eye  to  fix  direction,  it  is  that  which  determines  the  line  of  coUunation 
of  a  telescope.  Now  in  order  that  a  disturbance  from  A  may  reach  B,  it  is  necessary 
that  adjacent  elements  of  a  wave  front  at  A  shall  arrive  at  B  in  the  same  phase  ;  hence 
the  path  by  which  a  disturbance  travels  must  satisfy  this  condition  from  point  to 
point,  viz.,  that  disturbances  arriving  at  any  point  from  a  preceding  point  of  a  ray 
agree  in  phase.  This  condition  will  be  satisfied  if  the  time  of  journey  down  a  ray 
and  down  all  infinitesimally  differing  paths  is  the  same. 

The  equation  to  a  ray  is  therefore  contained  in  the  statement  that  the  time  taken 
by  light  to  traverse  it  is  a  minimum  ;  or 

ds  .  . 

—  =  minimum. 

J  A  V 


If  the  medium,  instead  of  being  stationary,  is  drifting  with  the  velocity  v,  at  angle  6 
to  the  ray,  we  must  substitute  for  V  the  modified  velocity  V  cos  e  v  cos  6,  and  so 
the  function  that  has  to  be  a  minimum  in  order  to  give  the  path  of  a  ray  in  a  moving 
medium  is 


1“ 


ds 


A  V  (cos  e  +  «  cos  6)  J  A  V-  (1  —  a“ 


=  f 


V  cos  e  —  V  cos  6 


ds  =  minimum. 


Path  of  Ray,  and.  Time  of  Journey,  through  an  Irrotationally  Moving  Medium. 


o 


4.  Writing  a  velocity-potential  ^  in  the  above  equation  to  a  ray,  that  is  putting 

d<f) 


V  cos  6  = 


e.s  ’ 


and  ignoring  possible  variations  in  the  minute  correction  factor  1  —  a^,  between  the 
points  A  and  B,  it  becomes 


m-  p  •  P  cos  e  ds 

lime  of  journey  =  - - -  •  — 

J  A  i-  a  V 


4^u  4’a 

(1  - 


=  minimum. 


Now  the  second  term  depends  only  on  end  points,  and  therefore  has  no  effect  on 
path.  The  first  term  contains  only  the  second  power  of  aberration  magnitude ;  and 
hence  it  has  much  the  same  value  as  if  everything  were  stationary.  A  ray  that  was 


*  [It  lias  been  objected  that  a  bit  of  wave-front  cannot  be  labelled,  because  of  diffi'action  effects.  This 
seems  to  me  only  a  practical  difficulty,  and  a  more  practical  definition  based  upon  preserved  phase-con¬ 
nexion  follows  a  few  lines  later  in  the  text ;  but  the  meaning  conveyed  by  the  convenient  phrase 
“  labelled  disturbance”  can  equally  well  and  I  think  unobjectionably  be  expressed  by  calling  a  ray  the 
path  of  a  definite,  or  identical,  portion  of  energy — the  direction  of  energy-flux.- — July,  1893.] 
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straight,  will  remain  straight  in  spite  of  motion  ;  whatever  shape  it  had,  that  it  will 
retain.  Only  cos  e,  and  variations  in  a®,  can  produce  any  effect  on  path,  and  effects 
so  produced  must  be  very  small,  since  the  value  of  cos  e  is  v/(l  —  a.^  sin^  6).  A 
second-order  effect  on  direction  may  therefore  be  produced  by  irrotational  motion,  but 
not  a  first-order  effect.  A  similar  statement  applies  to  the  time  of  journey  round  any 
closed  periphery. 

Michelson’s  Experiment. 

25.  We  conclude,  therefore,  that  general  ethereal  drift  does  not  affect  either  the 
path  of  a  ray  or  the  time  of  its  journey  round  a  complete  contour,  to  any  important 
extent.  But  that  taking  second-order  quantities  into  account,  the  time  of  going  to  ' 
and  fro  in  any  direction  inclined  at  angle  ^  to  a  constant  drift  is,  from  the  above 
expression,  §  24, 

2  T  cos  e  _  v/(I  —  siir  6) 

1  0  -I  o  X  -J  I , 

1  —  a~  i  —  a- 

where  2T  is  the  ordinary  time  of  the  double  journey. 

Hence,  by  this  means,  interference  effects  due  to  drift  would  seem  to  be  possible, 
since  the  time  depends  subordinately  on  the  inclination  of  ray  to  drift  {cf.  §§  59-62) 

The  above  expression  applies  to  Michelson’s^  remarkable  experiment  of  sending  a 
split  beam  to  and  fro,  half  along  and  half  across  the  line  of  earth  motion  ;  and  is,  in 
fact,  the  theory  of  it.  There  ought  to  be  an  effect  due  to  the  difference  between 
^  =  0  and  6  =  90°,  but  he  does  not  observe  any.  Hence,  either  something  else 
happens,  or  the  ether  near  the  earth  is  dragged  with  it,  so  as  not  to  stream  through 
our  instruments.  When  a  is  constant  I  see  no  way  out  of  this  conclusion,  except 
hypothetical  disturbance  at  reflexion  of  some  minute  kind,  one  of  the  mirrors  being 
normal  and  the  other  tangential  to  the  drift ;  but  I  perceive  no  adequate  reason  for 
this  suggestion  (see  §  60).  It  is  true  tha.t  if  the  earth  is  carrying  the  ether  with  it, 
a  will  not  be  constant,  at  different  distances  from  its  surface  ;  but,  then,  the  plane  of 
Michelson’s  experiment  was  horizontal. 

If  the  ether  is  dragged  along  near  moving  matter  it  behaves  like  a  viscous  fluid, 
and  a  velocity-potential  must  (save  by  some  exceptional  theory,  §  31)  be  abandoned  ; 
but,  as  this  would  involve  the  curvature  of  rays  striking  the  earth  and  much  comiili- 
cation,  it  seems  a  pity  to  abandon  it  until  compelled  by  direct  experimental  evidence 
to  recognize  ethereal  viscosity. 

The  experiment  of  Michelson’s  raises  a  strong  presumption  in  favour  of  such 
viscosity,  nevertheless  his  negative  result  is  conceivably  explicable  in  other  ways: 
one  of  which  has  been  ingeniously  suggested  by  Professor  Fitzgerald,  viz.,  that  the 
cohesion  force  between  molecules,  and,  therefore,  the  size  of  bodies,  may  be  a 


*  ‘  PMl.  Mag.,’  Dec.,  1887. 
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function  of  their  direction  of  motion  through  the  ether  ;  and  accordingly  that  the 
length  and  breadth  of  Mtchelson’s  stone  supporting  block  were  differently  affected, 
in  what  happened  to  be,  either  accidentally  or  for  some  unknown  reason,  a  compen¬ 
satory  manner. 

26.  There  is  already  one  experiment,  which  I  have  never  seen  criticised  either  way, 
tending  in  a  sense  precisely  contrary  to  Michelson’s.  Fizeau*  observed  the  polari¬ 
zation  produced  by  a  pile  of  plates,  and  considered  that  he  had  proved  that  the 
azimuth  of  the  plane  of  polarization  varied  with  the  direction  of  orbital  motion  of  the 
Earth,  and  hence  that  the  ether  was  streaming  past  them.  If  so,  polarization  by 
reflexion  is  the  only  phenomenon  known  which  is  capable  of  showing  a  first-order 
effect  of  the  general  ethereal  drift.  The  experiment  seems  to  me  extremely  difficult, 
but  to  be  well  worthy  of  repetition  by  other  observers.  [I  believe  that  Lord 
PtAYLEiGH’s  objection  to  the  experiment  as  performed  by  Fizeau  is  that  the  effect 
was  unseen  until  an  illegitimate  or  unsafe  magnifying  device  was  employed.] 

Meanwhile  I  shall  hope  to  examine  the  question  of  ether  motion  near  moving  matter 
in  a  simpler  fashion  (§  33). 

Assuming  for  the  present  that  the  ether  is  not  disturbed  in  a  viscous  manner  by 
the  motion  of  gross  matter  through  it,  we  can  make  the  following  assertions  : — 


General  Statements  Concerning  Aberration. 

27.  A  my  is  straight  whatever  the  motion  of  the  medium,  unless  there  are  eddies, 
and  accordingly  no  irrotational  currents  of  ether  can  divert  a  ray.  But,  if  the 
observer  is  moving,  the  apparent  ray  will  not  be  the  true  ray,  and  accordingly  the 
line  of  vision  will  not  be  the  true  direction  of  object. 

In  a  stationary  ether,  wave-normal  and  ray  coincide,  but  the  line  of  vision  of  a 
moving  observer  slants  across  both  (§  20). 

In  a  moving  ether,  wave-normal  and  ray  enclose  an  angle,  and  line  of  vision 
depends  upon  motion  of  observer.  If  the  observer  is  stationary  his  line  of  vision  is 
the  ray  ;  if  he  moves  at  the  same  rate  as  the  ether  his  line  of  vision  is  the  wave- 
normal  (§  13). 

The  line  of  vision,  in  fact,  always  depends  on  the  motion  of  the  observer,  not  at  all 
on  the  motion  of  the  ether  so  long  as  it  has  a  velocity-potential.  Hence  nothing  can 
be  simpler  than  the  theoiy  of  aberration  if  this  condition  is  satisfied. 

A  similar  but  more  general  condition  (to  be  obtained  in  the  next  section)  suffices 
to  secure  the  straightness  of  a  ray  whatever  happens,  or  more  generally  that  whatever 
the  path  of  a  ray  may  be  by  reason  of  reflexion  or  refraction  in  a  stationary  ether, 
the  same  it  sliall  be  in  a  moving  one ;  and  readily  accounts  for  the  absence  of  all 
effect  on  direction  due  to  the  general  relative  drift  of  the  medium,  whether  in  the 


*  ‘Anil,  de  Cliim.  et  de  Pliys.,’  1859,  vol.  57,  p.  129. 
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presence  of  dense  matter  (water-filled  telescopes)  or  otherwise  {cf.  ‘  Nature,’  vol.  4G, 
p.  498). 

However  matter  affects  or  loads  the  ether  inside  it,  it  cannot  on  this  theory  he  said 
to  hold  it  still,  or  carry  it  with  it.  ^  The  general  ether  stream  must  remain  unaffected, 
not  only  near,  but  inside  matter,  if  rays  are  to  retain  precisely  the  same  course  as  if 
it  were  relatively  stationary. 

But  it  must  be  understood  that  the  ethereal  motion  here  contemplated  is  the  general 
drift  of  the  entire  medium,  or  its  correlative  the  uniform  motion  of  all  the  matter  con¬ 
cerned.  There  is  nothing  to  be  said  against  aberration  effect  being  producible  or  modi¬ 
fiable  by  motion  oi parts  of  the  medium,  as,  for  instance,  by  sliding  one  portion  of  the 
ether  past  another  portion,  as  by  the  artificial  motion  of  slabs  and  other  partitioned-off’ 
regions.  These  matters  are  to  some  extent  mixed  up  with  the  law  of  refraction,  wliich 
we  consider  later,  but  the  general  ideas  concerning  them  have  been  already  given. 
Artificial  motion  of  matter  may  readily  alter  both  the  time  of  journey  and  the  path  of 
a  ray  {cf  §§  7  and  52). 


Effect  of  placing  Ordinary  Matter  in  the  j>cith  of  a  ray  in  a  Drifting  Medium. 
Fresnel’s  Law  a  special  case  of  a  universcd  Potential -function. 

28.  Inside  a  transparent  body  light  travels  at  a  speed  V/p, ;  and  the  ether,  which 
outside  drifts  at  velocity  v  making  an  angle  6  with  the  ray,  inside  may  be  drifting 
with  velocity  v  and  angle  6'. 

Hence  the  equation  to  a  ray  inside  such  matter  is 


T'  = 


1 


ds 

(V/p)  cose'  -H  v'  cos  6' 


.  sm  6  V  , 

in  in.,  wnere  ^ a  . 

sin  0  \  fL 


This  may  be  written 

T'  = 


cos  e'  ds 
vif.  (1  - 


cos  6'  ds 


the  second  term  alone  involves  the  first  power  of  the  motion,  and  assuming  that 
pV  cos  6'  =  df  /ds,  and  treating  a.'^  as  a  quantity  too  small  for  its  possible  variations 
to  need  attention,  the  expression  becomes 

rji/  _  rri  COS  6  4*8  0  A 

~  ^  1  -  ~  VMl  -  cc'f  ’ 

T  being  the  time  of  travel  through  the  same  space  when  empty.  Now,  if  the  time  of 
journey  and  course  of  ray,  however  they  be  affected  by  the  dense  body,  are  not  to  be 
more  affected  by  reason  of  ethereal  drift  through  it  than  if  it  w^ere  so  mucli  empty 
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space,  It  is  necessary'^  that  the  ditFerence  of  potential  between  two  points  A.  and  B 
should  be  the  same  whether  the  space  between  is  filled  with  dense  matter  or  not  (or, 
say,  whether  tlie  ray-patli  is  taken  through  or  outside  a  portion  of  dense  medium) ;  in 
other  words  (calling  (f)  the  outside  and  (f)'  the  inside  potential-function),  in  order  to 
secure  that  T'  shall  not  differ  from  jxT  by  anything  depending  on  the  first  povrer  of 
motion,  it  is  necessary  that  —  (f)\  shall  equal  —  <^,4,  t.e.,  that  the  potential 

inside  and  outside  matter  shall  be  the  same  up  to  a  constant,  or  that 
cos  9'  =  V  cos  9  ;  wliich  for  the  case  of  drift  along  a  ray  is  precisely  Fresnel’s 
liypotliesis. 

Another  way  of  putting  the  matter  is  to  say  that  to  the  first  power  of  drift 
velocity 

r  =  pT  -  f(pVcos0- vcosd)  cls/y\ 


and  that  the  second  or  disturbino-  term  must  vanish. 

29.  Hence  Fresnel’s  hypothesis  as  to  the  behaviour  of  ether  inside  matter  is 
equivalent  to  the  assumption  that  a  potential-function,  Jp^v  cos  9  ch,  exists  throughout 
all  transparent  space,  so  far  as  motion  of  ether  alone  is  concerned. 

Given  that  condition,  no  first-order  interference  effect  due  to  drift  can  be  obtained 
from  stationary  matter  by  sending  rays  round  any  kind  of  closed  contour,  nor  can 
the  path  of  a  ray  be  altered  by  ethereal  drift  through  any  stationary  matter. 

As  soon  as  matter  is  locally  moved,  however,  its  motion  may  readily  produce  an 
effect,  for  it  has  no  potential  conditions  to  satisfy ;  it  may  easily  be  moved  in  a  closed 
contour.  Suppose  it  moves  with  velocity  u,  always  with  the  light,  the  relative  drift 
of  ether  thereby  caused  in  it  must,  as  above,  be  i/ypkand  so  it  may  be  said  to  virtually 
carry  the  ether  inside  it  forward  with  velocity  u  —  ujij?  ;  for  that  is  the  amount  by 
whicli  it  affects  the  time  of  journey  of  a  ray.  This  does  not  mean  that  it  carries 
with  it  any  ether  of  spa,ce  ;  in  fact,  it  definitely  means  that  it  does  not  appreciably 
disturb  the  ether  of  space  {cf.  §  3,  h). 

The  equation  to  a  ray  in  moving  matter,  subject  to  an  independent  ether  drift,  is 


(Is 


Vjfji  cos  e  -L  r/p^  cos  6  -|-  u  [1  —  (1/p")]  cos  0 


—  const. 


30.  It  is  noteworthy  that  almost  all  the  observations  which  have  been  made  with 
negative  results  as  to  the  effect  of  the  Earth’s  orbital  motion  on  the  ether  are  equally 
consistent  with  complete  connexion  and  complete  independence  between  ether  and 


*  [The  argument  has  here  been  slightly  expanded  since  the  MS.  was  sent  in  to  meet  a  suggestion  of 
inadequacy  made  hy  Dr.  Schuster,  to  whom  I  am  also  indebted  for  an  objection  to  the  term  “  velocity- 
potential  ”  at  first  applied  to  this  function  0'.  As  Professor  Fitzgerald  has  observed,  it  is  more  general 
than  a  velocity-potential,  though  it  reduces  to  that  when  the  medium  is  homogeneous,  or  when  «  =  1. 
The  text  has  been  altered  accordingly. — July,  1893.] 
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matter.  If  there  is  complete  connexion,  the  ether  near  the  earth  is  relatively 
stagnant,  and  negative  results  are  natural.  If  there  is  complete  independence,  the 
ether  is  either  absolutely  stationary  or  has  a  velocity-potential,  and  the  negative 
results  are  thereby  explained. 

Ordinary  astronomical  aberration,  and  all  other  phenomena  concerned  with  vision 
through  strata  high  above  the  earth,  so  far  as  they  have  been  accurately  observed, 
are  consistent  with  complete  independence,  but  not  with  a  viscous  drag. 

On  the  other  hand,  the  negative  result  of  Mr.  Michelson’s  attempt  to  detect  a 
second-order  effect  appears  only  to  be  consistent  with  relative  stagnation. 

A  doubtful  positive  result,  supposed  to  be  obtained  by  Fizeau  (§  26),  on  a  change  in 
the  azimuth  of  the  plane  of  polarization  effected  by  transmission  through  oblique  ' 
plates,  would,  if  established,  support  relative  motion  between  earth  and  ether. 

31.  Is  it  possible  for  a  sphere  to  move  through  a  fluid  without  disturbing  it 
rotationally  and  propagating  rotary  motion  into  space  ? 

It  is  not  possible  for  an  ordinary  solid  moving  through  an  ordinary  fluid.  Diffusion 
of  motion,  or  viscosity,  is  bound  to  occur. 

It  is  possible  for  a  vortex  ring  or  assemblage  of  vortex  rings,  because  at  their 
surfa.ce  there  is  no  slip.  It  is  possible  also  if  the  sphere  be  a  solidified  portion  of  the 
fluid,  which  condenses  in  front  and  evaporates  behind  (as  already  mentioned). 

Professor  Stokes  seems  to  say,  that  though  not  possible  to  retain  a  velocity- 
potential  with  any  viscosity,  yet  with  some  kind  of  rigidity  it  may  be  possible, 
because  deviations  from  irrotational  motion  go  off  into  space  with  the  speed  of  light. 
If  so,  the  earth  might  possibly  carry  some  ether  with  it,  and  }'et  a  ray  be  straight. 

I  do  not  see  any  way  in  which  it  can  abstain  from  rotationally  disturbing  the  fluid 
if  at  the  same  time  it  has  to  carry  some  with  it.  Neither,  I  think,  do  Mr.  Hicks  or 
Mr.  Larmor,  to  whom  I  wrote. 

Lord  Kelvin,  however  (‘Papers,’  vol.  iii.,  p.  436),  has  invented  an  “ether,”  or 
kinematically  rigid  incompressible  ideal  substance,  which  satisfies  electromagnetic 
equations  and  magnetic  boundary  conditions,  whose  equations  of  motion  are  like 
those  of  an  elastic  solid,  and  which  yet  permits  locomotion  of  smooth  solids  filling 
vesicular  hollows  in  it,  and  which  in  general  “takes  precisely  the  same  motion  for 
t  any  given  motion  of  the  boundary  as  does  a  frictionless  incompressible  liquid  in  the 
same  space  showing  the  same  boundary.” 

The  experiment  now  to  be  described  proves,  I  think,  that  by  the  motion  of  ordinary 
masses  of  matter  the  ether  is  appreciably  undisturbed,  and  raises  a  presumption  in 
favour  of  the  earth’s  motion  being  equally  impotent. 

The  one  thing  in  the  way  of  the  simple  doctrine  of  an  ether  undisturbed  by  motion 
is  Michelson’s  experiment,  viz.,  the  absence  of  a  second-order  effect  due  to  terrestrial 
movement  through  free  ether.  This  experiment  may  have  to  be  explained  away ; 
perhaps  as  suggested  above  (end  of  §  25). 

5  D 
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Consequences  of  Rotational  Motion. 

32.  If  the  condition  of  a  velocity  potential  is  not  satisfied,  it  follows  from  equations 
in  §§  23,  24,  that  a  ray  through  an  ether  possessing  rotational  motion  will  not  be 
straight. 

An  ether  in  the  slightest  degree  carried  along  in  the  neighbourhood  of  moving 
matter  must  by  all  analogy  be  called  viscous.  Now  a  ray  approaching  a  moving 
body  in  a  viscous  ether  will  in  general  be  entering  strata  moving  with  increasing 
sjDeed,  and  will  accordingly  be  curved  in  the  direction  of  the  motion  (§  52).  A 
negative  or  lagging  real  aberration  would  therefore  occur,  in  addition  to  the  simple 
positive  apparent  aberration  caused  by  motion  of  the  observer  ;  and  the  direction 
actually  perceived  would  be  the  resultant  of  the  two.  The  motion  of  an  observer  is 
.practically  constant  all  over  the  earth,  but  the  drift  of  ether  strata  would  be  difierent 
at  difierent  aspects  to  the  earth’s  orbital  motion.  Hence  the  observed  value  of  stellar 
aberration  ought  to  vary  with  the  time  of  day,  and  with  the  latitude  of  the  observer.* 

It  becomes  important  to  ascertain  definitely  whether  the  ether  is  viscous  or  not — 
whetheT  moving  matter  can,  in  the  smallest  degree,  drag  or  shear  the  ether  in  its 
neighbourhood.  If  it  does,  either  the  theory  or  the  observations  of  astronomical  aber¬ 
ration  must  be  overhauled.  But  experiment  is  necessary  to  answer  the  question. 


Details  of  Experiment  to  determine  how  much,  if  any,  effect  on  the  Velocity  of  Light 
is  exerted  hy  the  Motion  of  Gross  Matter  near  the  Ray. 

33.  After  considering  the  motion  of  belts,  of  fly-wheels,  and  of  double  plates 
rotating  oppositely,  as  in  the  Holtz  machine,  I  decided  to  try  a  pair  of  plates  clamped 
together  with  a  disk-shaped  space  between  them,  and  to  reflect  a  split  beam  of 
light  several  times  round  in  this  space,  half  the  light  in  one  direction,  and  half  in 
the  other,  wliile  the  pair  of  plates  were  revolving  at  a  high  speed.  Michelsox’s 
device  for  obtaining  two  equal  beams  of  light  travelling  in  opposite  directions  rouiid 
a  contour,  by  means  of  a  semi-transparent  mirror,  is  plainly  the  most  suitable  for  any 
case  where  the  effect  of  motion  is  to  be  observed,  and  where  great  length  of  path  is 
desirable. 

Accordingly  I  sent  to  Mr.  Adam  Hilger  a  strongly  braced  stout  wooden  frame,  or 
hollow  square,  38  inches  in  the  side,  internal  measurement,  and  asked  him  to  fit  it — 
(J )  with  three  plane  mirrors,  each  6X2  inches,  supported  in  a  specified  fashion,  and 
silvered  on  the  front ;  (2)  with  a  fourth  mirror,  4X2  inches,  supported  rather 
differently,  bevelled  to  45°  at  two  of  its  edges,  and  likewise  fully  silvered  on  the 

[*  It  lias  been  pointed  ont  also  by  Professor  Fitzgerald  tbat,  if  snob  stratified  motion  existed,  the 
top  of  a  tower  or  mountain  should  exhibit  aberrational  effects  when  viewed  from  below.  This  might  be 
tested  with  greater  accuracy  than  is  possible  in  celestial  observations. — July,  1893.] 
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front;  (3)  with  telescope  and  collimator  holders  at  45°  to  the  frame;  and  (4)  with  a 
holder  for  a  thinly  silvered  piece  of  optically  plane  glass,  4X2  inches,  at  intersection 
of  axes  of  telescope  and  collimator. 

The  drawings  in  Plate  31  sufficiently  illustrate  this  part  of  the  apparatus. 

The  telescope  and  collimator  were  apair  (l^-inch  aperture  1  foot  focal  length)  given 
to  the  Univ.  Coll.,  Liverpool,  by  Mr.  I,  Roberts,  F.R.S.  They  happened  to  have 
quartz  lenses,  which  was  unnecessary,  but  otherwise  were  well  adapted  for  the 
purpose  ;  the  slit  or  aperture  of  the  collimator  having  especially  convenient  motions. 
To  the  eye  end  of  the  telescope,  in  addition  to  its  own  cross-wire  eyepiece  of  low 
power  (which  was  useful  for  setting),  I  adapted  an  excellent  micrometer  by  Cooke, 
belonging  to  a  4-g-inch  telescope,  presented  to  the  College  by  Mr.  George  Rogerson.^ 
It  has  a  pair  of  independent  micrometer  heads,  each  divided  into  100  parts,  moving 
respectively  a  vertical  spider  line  and  an  X*  if  also  has  eyepieces  of  various  powers  : 
the  one  commonly  uised  for  the  measurements  here  recorded  being  marked  “  200.” 


Fig. 


7, 


Diagram  showing  images  in  simplest  case,  with  three  mirrors,  and  beam  going  only  once  round  optical 
square.  The  points  to  be  imaged  are  the  splitting  points  on  semi-transparent  mirror  O.  Two  such 
points  are  shown,  one  imaged  by  a  dot,  the  other  by  a  ring.  A  represents  the  pair  of  images  in 
first  mirror  for  the  transmitted  ray ;  B  the  image  of  these  in  second  mirror ;  C  the  image  in 
mirror  3.  Dashed  letters  mark  the  corresponding  images  for  the  reflected  ray ;  and  the  final 
function  of  the  semi-transparent  mirror  is  to  make  C'  coincide  with  C  so  as  to  give  interference. 


Examining  the  path  of  a  beam  of  light  from  collimator  to  telescope  round  the 
frame,  as  shown  most  simply  in  fig.  7,  it  appears  that,  by  reason  of  there  being  an  odd 

5  D  2 


756 


DR.  OLIVER  LODGE  OR  ABERRATIOR  PROBLEMS. 


number  of  reflexions,  the  interfering  rays  do  not  travel  identical  paths  in  opposite 
directions,  but  only  parallel  paths.^  They  enter  the  square  at  one  point  of  the  semi¬ 
transparent  mirror,  and  they  leave  it  at  another  point,  having  meanwhile  travelled 
side  by  side.  I  therefore  designed  a  compensator,  consisting  of  a  plane  piece  of 
optical  glass,  with  its  faces  not  parallel  but  inclined  at  a  very  small  angle  ;  this  was 
mounted  in  a  round  cell,  and  made  capable  of  measured  rotation  in  its  own  plane.  By 
introducing  this  normally  into  the  beam,  and  rotating  it  into  the  right  position,  it  was 
supposed  that  accidental  inequalities  of  path  could  be  compensated  ;  and  also  that  the 
bands  could  be  shifted  by  a  measured  amount.  Hithej'to,  however,  no  use  of  the 
compensator  has  become  necessary,  and  I  have  some  doubts  as  to  whether  it  would 
act  in  the  way  supposed,  or  whether  it  would  not  merely  double  the  number  of 
bands  in  some  positions. 

The  object  of  the  fourth  or  front  mirror,  shown  in  fig.  8,  is  to  enable  the  light  to  go 
more  than  once  round  the  frame.  This  mirror  has  to  stand  a  little  forward,  in 
advance  of  the  square  defined  by  the  planes  of  the  other  three,  and  the  amount  by 
which  it  stands  forward  regulates,  at  the  same  time,  the  width  of  the  beam  and  the 
number  of  journeys  it  makes  round  the  frame.  Everything  else  can  be  permanently 
set. 

If  each  beam  is  of  breadth  h,  and  travels  n  times  round  the  frame  ;  if  the  length 
of  this  fourth  mirror  is  I,  and  the  amount  by  which  it  stands  forward  out  of  the 
square  is  d ;  tlien  it  is  easy  to  see,  by  fig.  8,  that 

I  =  [n  —  1)  y/2  .  h,  and  h  =  y/2  .  d  ; 

also  that  the  centre  of  the  effective  part  of  the  semi-transparent  mirror,  i.e.  the  inter¬ 
section  of  axes  of  telescope  and  collimator,  is  a  fixed  distance,  viz.  behind  the 
square. 

Hence  the  only  thing  that  requires  re-adjustment  in  order  to  vary  the  number  of 
times  light  goes  round,  is  d,  the  setting  forward  of  the  front  mirror. 

The  45°  bevel  at  the  ends  of  this  mirror  is  to  enable  the  whole  of  its  (silvered)  face 
to  be  utilised,  and  to  allow  a  beam  which  just  misses  it  to  graze  past  it  unimpeded 
into  the  telescope.  (See  Plate  31). 

With  the  front  mirror  4  inches  long,  and  the  centre  of  semi-transparent  mirror  2 
inches  back  from  the  3 8 -inch  square  formed  by  the  other  three  mirrors,  the  most  frequent 
adjustment  has  been  to  set  the  front  mirror  1  .inch  forward.  A  parallel  beam  incident 
on  the  centre  of  semi-transparent  mirror,  at  45°,  must  now  go  three  times  round 
the  frame,  rebounding  three  times  from  each  of  the  three  mirrors,  and  twice  from  the 

*  This  fact  makes  the  bands  more  susceptible  to  some  kinds  of  disturbance,  e.g.,  irregularities  of 
temperature  or  density;  more  stable  frii^ges  can  be  obtained  by  using  an  even  number  of  reflexions,  e.g., 
a  triangle  instead  of  a  square  {cf.  ‘Nature,’  vol.  46,  p.  500),  but  then  the  light  will  not  go  more  than 
once  round. 
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front  mirror;  and  the  width  of  the  beam  may  be  as  much  as  inch.  The  pair  of 
plates  between  which  the  light  has  to  go  are,  however,  only  1  inch  apart,  so  this 
limits  the  effective  aperture  in  a  direction  perpendicular  to  the  plane  of  reflexion. 
A  narrower  beam  may  be  sent  more  times  round,  by  setting  back  the  fourth  mirror 
the  proper  amount. 


Fig.  8. 


Diagram  showing  arrangement  of  mii’rors  for  the  usual  case  of  beam  going  three  times  round.  Inter¬ 
fering  rays  travel  parallel  but  not  identical  paths,  and  re-unite  at  a  point  different  from  that  at 
which  they  split.  The  greatest  possible  size  of  beam,  with  a  4-inch  fourth  mirror,  is  represented. 
The  centre  of  the  semi-transparent  glass,  f.e.,  the  intersection  of  telescope  and  collimator  axes,  has 
to  be  2  inches  behind  square  formed  by  the  three  mirror  faces.  The  fourth  or  extra  mirror  has  to 
be  1  inch  in  front  of  the  same  square. 

Whir  ting  Machine. 

34.  For  the  pair  of  plates  I  use  a  couple  of  steel  circular-saw  disks,  one  yard  in 
diameter,  of  best  hammered  steel,  and  bevelled  down  somewhat  from  centre  to  edges, 
braced  up  at  centre  with  wrought-iron  cheeks  and  bolts.  The  plates  were  specially 
made  by  Seebohm  and  Dieckstahl,  of  Sheffield,  and  are  stated  to  be  able  to  stand 
sixty-seven  tons  to  the  square  inch. 

At  this  strength  they  would  fly  to  pieces  at  8800  revolutions  per  minute,  supposing 
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them  simply  cylindrical  and  unbraced  at  the  centre  hole.'"''  The  bevelling  and  the 
clamping  ought  to  afford  margin  enough  to  run  them  up  to  6000  (though  the  makers 
recommend  no  speed  over  4000)  ;  but  hitherto  I  have  not  spun  them  at  more  than 
3000  revolutions  to  the  minute,  and  even  at  this  speed,  I  now  have  a  screen  or 
sentry-box  of  double  boiler  plate  (consisting  of  a  small  iron  boiler  cut  in  halves 
longitudinally  and  one  half  fitted  inside  the  other)  for  the  observer,  whose  eje  is  in 
the  plane  of  the  disks,  to  look  through. 

The  use  of  steel  disks  is  sufficiently  justified  by  the  high  speed  they  will  stand,  but 
it  may  be  also  held  that  iron  is  the  most  probable  great  constituent  of  the  earth ;  and 
further,  that  as  there  are  so  many  other  ways  of  experimenting  on  transparent  matter, 
opaque  matter  is  appropriate  in  this  experiment. 

Since  steadiness  of  rotation  was  very  essential,  I  arranged  to  rotate  the  disks 
horizontally  on  a  vertical  shaft  balanced  on  a  steel  j^oint  in  an  oil  vessel,  and  with  a 
slightly  flexible  or  elastic  bearing  near  the  top,  so  as  to  get  the  whole  to  sleep  like  a 
tee-totum  ;  and  in  order  to  avoid  any  lateral  strain,  as  of  driving  belt,  to  drive  electri¬ 
cally  by  a  dynamo  armature  on  the  axle  itself  (fig.  9). 

Messrs.  Mather  and  Platt  were  good  enough  to  undertake  this  part  of  the  work, 
using  their  smallest  size  Manchester  dynamo  as  motor,  with  its  axle  set  up  on  end, 
the  armature  being  wound  with  less  wire  than  usual,  and  being  extra  strengthened 
against  centiifugal  force  by  steel  wire.  The  ordinary  bearings  of  the  dynamo  remain, 
with  oiling  wicks  inserted,  and  hence  there  is  a  little  nicety  required  to  get  all  three 
bearings  in  a  precise  line.  It  is  also  needful  for  the  shaft  to  be  vertical,  to  avoid  any 
attenq^t  at  gyroscopic  precession. 

Fearing  lest  some  damage  to  the  disks  might  occur  from  sudden  application  of  too 
great  moment  to  the  armature,  especially  by  reason  of  some  accidental  jamb  or  other 
sudden  stoppage,  I  imitated  a  device  employed  in  some  milk-whirling  machines,  and 
introduced  a  wooden  cup  or  friction  coupling  betv^een  the  top  of  the  d3^namo  shaft 
and  the  bottom  of  the  disk  spindle.  The  cup  being  made  of  hard  wood  grips  the 
rounded  end  of  the  disk  spindle,  and  thus  applies  to  it  sufficient  rotating  moment, 
but  permits  slip  in  preference  to  violent  acceleration.  This  plan  is,  I  think,  on  the 
whole  advisable,  and  is  certainly  a  safeguard.  It  may  seem  to  spoil  the  tee-totum 
idea,  but  the  dynamo  axle,  which  is  supported  at  each  end,  and  constrained  to  rotate 
about  rather  a  long  axis,  is  to  be  regarded  as  a  driving  machine  only;  the  “top” 
begins  from  the  wood  cup  upwards.  The  brass  collar  of  the  upper  bearing  is  let  into 
an  india-rubber  cylindrical  socket,  so  as  to  afford  some  very  slight  play  ;  and  just  above 
the  wooden  cup  is  a  safety  collar  or  loose  guide  not  touching  the  shaft. 

My  assistant,  Mr.  B.  Davies,  had  some  trouble  in  getting  and  keeping  the  two 
shafts  accurately  aligned,  especially  since  any  w^ear  of  the  w^ooden  cup  tends  to  throw 

*  Tlie  connexion  between  tenacity  and  maximum  peripheral  speed  for  a  ring  is  T  =  pi" ;  while,  for  a 
uniform  disk  with  a  small  hole  in  it,  Ewing  adapts  Gkossmann  to  show  that  it  is  T  =  j  (3  p)  pv 
where  p  is  density  of  material,  and  p  is  Poisson’s  ratio.  See  ‘  Nature,’  vol.  43,  pp.  462,  514,  534. 
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them  out  again.  Also  the  bearings  of  the  armature  are,  at  present,  hardly  tight 
enough.  Difficulties  such  as  these  have  hitherto  prevented  the  whirling  machine 
from  being  quite  satisfactory.  At  about  800  revolutions  a  minute  a  tremor  begins. 

Fig.  9. 


Whirling  machine  for  ether  experiment,  with  pair  of  steel  disks,  I  yard  in  diameter.  From  a  photograph 
taken  during  preliminary  tests,  before  it  was  bolted  down  to  stone  pier.  Full  voltage  is  always 
supplied  to  the  field  magnets,  variable  resistance  is  in  armature  circuit  only.  The  brass  tube 
conducts  away  surplus  oil.  Drawings  of  the  machine  are  given  in  Plate  32. 

At  high  speeds  it  steadies  itself,  but  at  specific  speeds  the  tremor  re-occurs,  and  at 
some  of  the  highest  speeds  is  rather  alarming.  At  others,  however,  the  tee-totum 
action  steadies  the  spin,  and  at  these  only  could  observations  be  made. 
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A  perforated  steel  disk,  pierced  with  circles  of  3,  5,  9,  15,  and  25  holes,  and  fixed 
on  the  spindle,  gives  the  speed  quite  accurately  by  the  musical  note  from  an  air  jet 
through  it,  or  even  a  card  held  against  it.  But  the  particular  octave  was  occasionally 
checked  by  a  wheel  speed-counter ;  and  recently  one  of  the  mercury  speed-indicators 
of  Messrs.  Napieii  Bros,  has  been  fitted  on,  and  works  very  well  for  approximate 
readings. 

The  current  is  supplied  usually  from  about  twenty  small  storage  cells,  which  I 
happened  to  have.  The  regulation  is  effected  by  one  of  Rousseau’s  very  convenient 
carbon  rheostats  introduced  into  the  armature  circuit,  the  whole  voltage  of  the  battery 
being  always  supplied  to  the  field  magnet. 

When  the  whirling  machine  arrived  it  was  mounted  on  a  stone  pier  in  the  middle 
of  my  laboratory,  a  pier  built  up  from  the  sandstone  rock  beneath,  and  it  was  bolted 
down  to  timbers  embracing  the  pier.  The  disks  were  then  put  on,  a  pulley  gearing 
from  the  ceiling  being  convenient  for  raising  and  lowering  them;  and  after  some 
preliminary  work  the  battery  was  applied.  The  field  magnet  took  only  4  or  5 
amperes  from  the  20  cells  with  gas-engine  going  ;  10  amperes  began  to  drive  the 
machine  slowly,  and  30  amperes  gave  a  speed  of  800  revolutions  up  to  1400  revolu¬ 
tions  a  minute,  though  the  last  figure  was  not  reached  before  the  disks  were  encased. 
The  volts  actually  on  the  terminals  were  from  20  to  30.  The  bearings,  however,  were 
not  at  this  time  quite  easy,  and  less  power  now  suffices.  Thus  the  numerous  spins  at 
1250  revolutions  per  minute  taken  during  March,  1892,  required,  to  maintain  full 
speed,  385  watts,  viz.,  27 '5  volts  and  14  amperes. 

35.  The  optical  parts  were  the  first  to  arrive  (about  June,  1891),  and  were  the  sub¬ 
ject  of  much  preliminary  experiment.  After  a  few  alterations,  such  as  planing  down 
the  base  of  the  telescope-holders  to  a  better  angle,  there  was  no  particular  difficulty  in 
getting  the  light  of  an  oxy hydrogen  lantern  to  go  three  times  round  the  frame  and 
then  enter  the  telescope.  A  dark  room  and  strong  light  were  useful  for  making  this 
adjustment,  for  the  course  of  the  ray  could  then  be  tracked  without  difficulty  ;  but 
after  the  adjustments  were  made,  a  paraffin  lamp  could  be  substituted  for  the  lantern 
without  too  much  enfeebling  the  image.  On  now  inserting  in  its  place  the  semi¬ 
transparent  mirror,  a  second  image  made  its  appearance.  Removing  the  lens  of  the 
collimator,  the  two  images  of  the  “  slit,”  or  square  aperture  usually  employed,  were 
seen  very  small  and  separate.  By  adjusting  the  semi-transparent  mirror,  which  only 
moved  the  reflected  image,  the  two  were  made  to  coincide.  The  collimating  lens  was 
then  re-inserted,  and  the  telescope  focussed  for  infinity.  Bands  at  once  appeared. 
They  were  usually  slant,  but  when  best  defined  became  horizontal.  In  these  early 
trials  vertical  bands  were  only  got  with  difficulty ;  they  seemed  to  prefer  being 
horizontal.  Shaking  the  wdiole  table  on  which  the  frame  rested  did  not  hurt  them, 
but  pressing  gently  on  the  wooden  frame  distorted  them.  It  was  easier  to  get  them 
with  light  which  had  gone  only  once  or  twice  round  the  frame,  but  there  was  no  real 
difficulty  with  three  times  round.  Introducing  the  wedge  compensator  and  turning  it 
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round  caused  them  to  shift.  Introduction  of  ordinary  sheet  glass  into  the  beam 
distorted  them  till  they  were  like  the  water-mark  on  cloth. 


View  of  the  optical  frame,  supporting  the  mirrors,  telescope,  and  collimator :  detached  from  its  position 

round  the  steel  disks,  where  it  is  shown  in  fig.  11. 


Later  experience  makes  it  absurdly  easy  to  get  the  bands  and  to  arrange  that  they 
shall  be  vertical,  well  defined,  of  any  convenient  width,  and  with  the  centre  white 
band  symmetrical  among  the  coloured  ones.  Tilting  the  mirrors,  pressing  on  the 
frame,  or  touching  the  semi-transparent  plate,  makes  the  coloured  fringes  move  with  a 
concertina-like  motion  towards  or  from  the  middle  band,  but  the  middle  band  is  not 
easily  shifted  by  anything.  Altering  the  angle  between  the  mirrors  widens  or  narrows 
the  bands,  and  when  they  get  very  wide  a  double  system  of  hyperbolae  usually  makes 
its  appearance. 

I  conjecture  that  the  horizontal  bands  first  seen  were  the  right  or  left  branches  of 
fig.  10,  and  that  the  widening  or  narrowing  of  the  vertical  bands  may  be  expressed  as 
an  up  or  down  motion  of  the  figure. 

Sometimes  by  pushing  in  the  eye-piece  of  the  telescope  another  set  of  bands  could 
be  seen  horizontal,  in  exchange  for  the  vertical  bands  which  had,  as  it  were,  gone  out 
of  focus.  These  horizontal  bands  were  more  tremulous  than  the  others  and  tilted 
readily.  They  occurred  in  the  proper  focal  plane  for  infinity  (assuming  the  mirrors  to 
be  accurately  plane),  and  are  probably  what  I  saw  first.  The  vertical  bands  do  not 
become  visible  till  the  eye-piece  is  pulled  several  inches  out.  The  probable  meaning 
of  this  double  set  is  that  the  mirrors  have  a  very  slight  cylindrical  curvature,  the 
generating  line  of  the  cylinder  being  vertical.  A  pair  of  opposite  mirrors,  though 
very  nearly  parallel,  will  intersect  in  a  line,  and  the  bands  will  be  parallel  to  this 

MDcccxcm. — A,  5  E 
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line.  If  this  line  is  horizontal  the  bands  will  be  horizontal,  and  for  this  direction 
the  mirrors  seem  accurately  plane.  But  for  the  vertical  line  of  intersection  the  length 
of  the  mirrors  is  effective,  and  this  seems  to  be  slightly  curved,  so  as  to  throw  the 
focal  plane  of  the  vertical  bands  further  out. 

This  does  not  account  for  the  hyperbolse.  But  with  sodium  light,  systems  of  hyper¬ 
bolae,  and  also  ellipses,  can  be  seen  in  Brewster  or  Jamin  plates,  with  different 
angles  of  setting  (see  Lummer,  ‘Wiedemann’s  Annalen,’  vol.  24,  p.  417),  and  T  expect 
the  theory  is  somewhat  similar. 

Fig.  10. 


One  fi'eqnent  appearance  of  the  bands.*  (But  light  and  dark  should  be  intercbanged  in  tbe  figure.) 


36.  The  following  observations  were  made  recently  as  to  the  effect  of  various 
movements  on  each  set  of  fringes  : — 


*  Cassini  ovals  are  just  as  easy  to  get  as  these.  The  bands  are  always  curves  of  the  fourth  degree 
and  arc,  of  course,  sections  of  surfaces  of  constant  retardation.  The  virtual  sources  may  be  taken  as 
in  fig.  7,  viz.,  the  nearly  coincident  images,  C  and  C". 
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Operation. 

Effect  on  vertical  bands. 

Effect  on  horizontal  bands. 

Pressing  lightly  and  intermit¬ 
tently  downward.s  on  corner  of 
large  wooden  frame. 

Concertina  action  ;  no  shift  of 
middle  band. 

Either  rotation  of  whole  set 
about  a  point,  or  shift  up  and 
down  of  whole  set,  or  mere 
blurring. 

Turning  slightly  one  of  the  sup¬ 
porting  screws  of  front  or 
“  fourth  ”  mirror. 

Concertina  action  and  tilting  of 
all  bands,  except  the  middle 
one  ;  no  shift  of  middle  one 

Shifting  of  entire  set,  and  dis¬ 
turbance  of  bands. 

Vertical  screw  supporting  semi¬ 
transparent  plate  turned  so  as 
to  tilt  its  plane  about  a  hori¬ 
zontal  axis,  the  axle  being  two 
inches  to  one  side  of  the  plate. 

No  concertina  action,  but  a  rapid 
blurring  of  the  bands. 

Concertina  action,  and  tilting  of 
all  bands  but  the  middle  one  ; 
no  shift  of  middle  one. 

Horizontal  screws  supporting 
semi-transparent  plate  turned 
so  as  to  tilt  it  about  a  vertical 
axis,  the  axle  being  near  one 
end  of  the  plate. 

Concertina  action ;  no  shift  of 
middle  band. 

No  concertina  action,  but  a 
rapid  blurring  of  the  bands. 

The  effects  of  vertical  and  horizontal  screws  were  thus  complementary  on  the  two 
sets,  as  M^as  natural. 

37.  In  order  that  the  dark  bands  shall  be  really  dark,  a  nice  adjustment  of  the  thick¬ 
ness  of  silver  film  on  the  semi-transparent  plate  is  necessary.  It  can  only  be  hit  on  by 
a  sort  of  chance,  for  when  once  taken  out  of  the  silvering  bath  it  is  useless  to  put  it 
back  again  if  not  sufficiently  done. 

The  equality  of  transmission  and  reflexion  at  45°  is  readily  tested  by  two  gas  flames 
a  yard  or  two  apart,  with  the  plate  at  the  corner  of  a  right-angled  isosceles  triangle 
at  M^hose  acute  angles  are  the  flames.  On  looking  into  the  plate,  one  flame  and  the 
image  of  the  other  are  seen  side  by  side,  and  ought  to  be  of  equal  brightness. 

The  film,  however,  by  gradual  tarnishing  gi’adually  becomes  more  transparent,  so  it 
is  best  to  slightly  overdo  the  plate,  and  let  it  age  till  right.  Or  an  overdone  film  may 
be  thinned  down  with  potassic  cyanide  if  wanted  quickly.  The  unpermanence  of  these 
plates  is  a  little  troublesome ;  I  should  prefer  to  deposit  a  thin  platinum  film  by 
“  electrical  evaporation,”  after  the  manner  of  Mr.  Crookes. 

Certainly  the  bands  can  be  seen  wdien  the  images  are  very  unequal,  but  they  are  on 
a  background  of  spurious  or  non-interfering  illumination,  and  for  measurement  it  is 
desirable  to  get  the  bands  exceedingly  sharp. 

The  unsilvered  side  of  the  semi-transparent  plate,  of  course,  reflects  some  light,  and 
gives  another  image.  With  a  short  course  for  the  beam  this  useless  image  comes 
into  the  field,  but  it  need  not  be  superposed  on  the  other  unless  the  plate  happens  to 
be  of  very  uniform  thickness  ;  and,  if  superposed,  it  can  be  got  rid  of  by  using  a  Nicol. 
With  a  very  long  course  for  the  beam  a  Nicol  is  useless,  for  all  the  light  seems 
polarized  after  so  many  reflexions  ;  but  fortunately,  although  the  plate  should  be  of 

5  E  2 
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good  quality  and  uniformly  thick,  it  is  extremely  unlikely  for  anything  like  super¬ 
position  to  occur  after  so  long  a  joimiey,  and  often  the  useless  image  is  not  even  in  the 
field — never  with  a  high  power, 

I  must  say  that  the  satisfactory  behaviour  of  the  optical  arrangements  is  due  to  the 
skill  of  Mr.  Adam  Hilger  in  working  glass  to  true  planes.  It  is  a  difficult  matter, 
for  he  says  they  are  apt  to  change  after  being  taken  off  the  tool.  He  has  several 
times  tried  to  improve  on  the  first  set  of  four  mirrors  he  sent  me,  but  without  success. 

Those  now  sent  usually  have  radii  of  curvature  from  three  to  eight  hundred  metres, 
and  are  not  at  all  satisfactory,  though  their  curvature  is  too  small  to  detect  with  a 
spherometer.*  Judging  by  their  behaviour  the  original  set  must  be  very  good.  I 
expect  they  are  of  superior,  or  older  glass.  They  are,  of  course,  mounted  so  as  not  to 
strain  them  in  the  least. 

38.  To  support  the  optical  frame  over  the  whirling  machine,  with  the  plane  of  the 
light  between  its  two  disks,  a  substantial  wooden  structure  was  erected,  from  brick 
piers  coming  up  through  the  floor,  entirely  independent  of  any  support  from  the 
whirling  table  or  its  stone  pier.  To  this  the  frame  was  fixed,  and  it  was  supplied 
v/ith  a  lid  and  floor,  to  box  in  the  disks  and  make  them  easier  to  drive.  The  lid  had 
a  domed  cavity  for  the  top  of  the  spindle  ;  the  floor  had  a  hole  edged  with  thin  india- 
rubber  sheeting  to  permit  the  spindle  bearing  to  pass  through  air-tight  without 
transmitting  vibrations. 

In  order  that  the  semi-transparent  plate  might  not  be  affected  by  the  blast  from  the 
whirling  plates,  a  couple  of  optical  glass  windows  were  inserted  to  screen  it  com¬ 
pletely.  I  feared  lest  the  blast  would  have  some  effect  upon  the  mirrors  themselves, 
but  they  were  substantially  backed  by  thick  brass  plates  bearing  steadily  against 
three  accurate  screws  in  a  strong  frame  (see  Plate  31),  and  I  hoped  it  might  not, 

39.  On  the  21st  of  July,  1891,  a  first  complete  spin  was  taken.  The  bands  being 
vertical,  the  cross  wires  were  set  on  one  of  the  dark  ones,  and  the  speed  increased  until 
a  shift  of  three  bands  might  have  occurred.  The  shift  actually  observed  was  1^  band, 
and  they  recovered  their  old  position  very  fairly  when  the  motion  ceased.  Strongly 
suspecting  this  shift  to  be  spurious,  I  had  the  brushes  of  the  dynamo  reversed,  and 
later  in  the  same  day  was  able  to  take  a  reversed  spin.  Tlie  shift  was  approximately 
the  same  in  amount  and  in  the  same  direction.  The  centrifugal  force  of  the  blast 
evidently  did  affect  the  mii’rors.  Pressing  their  supporting  plates  by  hand,  a  similar 
shift  could  be  got :  the  screws  did  not  hold  them  with  absolute  firmness,  and  it 
seemed  as  if  the  end  held  by  only  one  screw  yielded  more  than  the  end  held  by  two, 
BO  as  to  produce  a  minute  tilt. 

To  see  if  the  pressure  of  the  blast  distorted  the  frame  as  a  whole,  or  only  tilted  the 
mirrors,  the  box  was  made  air-tight,  like  an  organ  chest,  and  air  was  pumped  into  it 

*  I  measure  it  by  focussing  a  telescope  on  tbe  image  they  give  of  an  object  at  a  considerable  known 
distance. 
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by  foot  bellows  :  but  this  made  very  little  difference  to  the  bands,  though  the  pressure 
was  6  centims.  of  water.  A  water  gauge  was  also  used  to  measure  the  centrifugal 
force  of  the  blast  :  it  was  about  3  centims.  of  water,  but  was  not  easy  to  measure 
satisfactorily.  Evidently  the  blast  acted  mainly  on  the  mirrors.  I  contemplated  a 
vacuous  chamber,  but  shrank  from  some  obvious  difficulties,  besides  realizing  that  the 
residual  air  must  give  trouble  anyhow.  I  decided  to  risk  interposing  transparent 
matter  in  the  beam. 

So  some  plate-glass  protectors  were  cut  and  framed,  one  in  front  of  each  of  the 
three  mirrors,  the  fourth  at  present  being  left  still  exposed,  partly  because  it  seemed 
less  likely  to  be  affected  by  the  wind,  and  partly  because  of  the  very  narrow  space 
available  between  it  and  the  disks. 

Seeing  that  each  half-beam  of  light,  in  going  three  times  round,  has  to  go  through 
each  piece  of  plate-glass  twice  at  every  reflexion,  or  eighteen  transmissions  altogether, 
the  intensity  of  the  emergent  light  was  feeble,  and  the  bands  were  distorted  by  imper¬ 
fections  in  the  glass.  Still  they  could  be  got  clear,  though  curled,  and  the  cross  wk-es 
could  be  set  on  them.  On  24th  and  25th  of  July,  spins  at  1380  revolutions  a  minute 
were  taken,  and  no  shift  so  great  as  of  a  band  could  be  detected  ;  whereas,  with 
the  light  only  going  twice  round,  there  might  have  been  a  shift  of  2^  bands  if  the 
ether  had  been  carried  full  tilt.  Hence  it  would  appear  that  the  ether  was  not 
carried  round  with  the  disks  by  so  much  as  of  their  speed. 

The  alignment  of  the  shafts  and  other  mechanical  details  were  now  attended  to,  so 
as  to  make  possible  higher  speeds  of  rotation.  Fresh  arrangements  for  holding  and 
adjusting  the  semi-transparent  plate  (the  setting  of  which  is  a  delicate  matter)  were 
made,  and  the  micrometer  was  more  firmly  fitted  by  a  much  longer  tube  into  the 
telescope.  All  sorts  of  steadyings  were  attended  to.  A  pair  of  wires  were  laid 
across  to  the  Walker  Engineering  Laboratory,  where  Professor  Hele  Shaw  had  a 
large  Crompton  dynamo;  and  so  in  December,  1891,  my  assistant,  Mr.  Davies,  got 
the  speed  up  to  2800  revolutions  per  minute. 

43  amperes  and  75  volts  on  the  terminals  (4*3  H.P.)  gave  2500  revolutions  a 
minute  with  lid  of  box  off.  With  lid  on,  it  went  up  to  2800  revolutions,  but  now  the 
air  in  the  box  got  quite  hot,  and  a  new  difficulty  arose  from  oil.  It  crawled  up  in  an 
imperceptible  film,  notwithstanding  the  traps  arranged  for  it,  and,  flying  from  the 
under  surface  of  the  lower  disk,  bespattered  the  mirrors  and  spoilt  them. 

More  elaborate  oil-catchers,  to  spray  the  oil  off  before  it  got  to  the  disks,  were  there¬ 
fore  arranged,  and  the  disks  were  kept  whirling  many  days  to  get  rid  of  all  traces  of 
the  oil  that  had  already  soaked  between  the  steel  and  the  wrought-iron  cheeks. 
Having  cured  the  oil  difficulty,  fresh  and  improved  cover  glasses  for  the  mirrors  were 
got  from  Mr.  Hilger,  one  extra  large  and  extra  thin  one  for  the  front  mirror  included, 
and  these  were  carefully  framed  and  placed  in  position.  The  light  was  then  with 
difficulty,  and  considerable  skill  on  the  part  of  Davies,  got  three  times  round  through 
all  the  glasses,  and,  during  Christmas,  1891,  sjiins  were  taken,  but  the  highest  speeds 


766 


DR.  OLIVER  LODGE  ON  ABERRATION  PROBLEMS. 


shook  too  much  to  give  good  observations.  At  1800  revolutions,  a  shift  of  half  a 
band  occurred,  Reversing  the  rotation,  the  shift  was  appreciably  the  same.  It  was 
probably  due  to  pressure  of  the  blast  on  the  frame  itself. 

Hence,  ordered  a  light  wooden  circular  drum  to  be  put  inside  the  frame  to  catch 
the  air  pressure,  and  also  to  keep  hot  air  from  the  mirrors  if  possible. 

Davies  took  out  the  old  wooden  socket  from  the  axle,  and  made  a  new  boxwood 
one  to  connect  the  two  shafts.  We  also  now  got  the  large  boiler-plate  protector  for 
the  eye  end  of  the  observing  telescope  to  protrude  through.  It  just  shows  at  the 
back  of  fig.  11, 

Resilvered  the  mirrors,  and  got  the  optical  arrangements  more  perfect.  Also 
ordered  a  much  heavier  mass  of  metal  to  whirl  in  subsequent  experiments.  For  the 
present,  however,  we  go  on  with  the  steel  disks, 

40.  During  February,  1892,  the  various  preparations  wmre  made.  The  drum  was 
a  very  satisfactory  maliogany  structure,  octagonal  outside  and  circular  inside,  with 
long  slit  windows  glazed  with  optical  glass  to  catch  the  blast.  The  drum  was  fitted 
inside  the  frame,  with  |-th-inch  clear  space  all  round  between  the  tw^o.  It  was 
secured  to  the  floor  of  the  frame  and  joined  with  the  lid  so  as  to  be  fairly  air-tight. 

Still  observed  a  shift,  often  of  about  fths  band.  At  speeds  above  2000  the  bands 
usually  disappeared,  from  shaking.  Removed  the  lid  of  the  frame  for  the  air  to  escape, 
and  the  shift  was  smaller.  It  was  specially  noticeable  that  it  lagged.  It  took  a 
little  time  to  reach  its  maximum,  and  when  the  disks  stopped  the  bands  continued  to 
recover  for  some  time  afterwards.  It  was  just  as  if  a  solid  had  experienced  a  strain 
and  sub-permanent  set.  All  the  effects  were  irreversible.  Gradually  made  the  drum 
more  air-tight  and  supported  it  by  wooden  bars  from  above.  A  shift  of  ^th  band  was 
still  got  at  a  speed  of  1000,  with  the  light  three  times  round.  Strains  in  the  drum 
still  seemed  to  be  transmitted  somehow  to  the  frame. 

Made  a  saw-cut  all  round  the  floor  of  the  frame,  so  as  to  leave  the  floor  on  the 
drum  Instead  of  on  the  frame ;  also  supplied  a  lid  to  the  drum,  and  supported  it  by 
this  lid  from  long  wooden  girders,  as  shown  in  fig.  11,  keeping  it  and  its  supports 
everywhere  out  of  contact  with  the  frame  or  its  supports,  except  the  upright 
posts  from  the  tables.*  Studied  the  bands  more  particularly  and  observed  the 
double  hyperbolm  system.  Found  also  the  great  advantage  of  the  middle  white 

*  Quite  recently  (MarcL,  1892)  I  liave  taken  a  series  of  spins  witkout  tke  di-um,  and  witk  no  cover 
glasses  on  except  one  over  tlie  front  mirror,  soiiietliing  being  there  necessary  to  protect  from  wind  the 
semi-transparent  plate,  which  is  of  course  extremely  sensitive. 

By  this  time,  as  described  above,  the  bottom  of  the  square  frame  had  been  removed,  being  attached 
to  the  drum  instead,  and  we  now  found  that  this  floor  must  have  been  the  cause  of  most  of  the  trouble. 
For  without  it  the  blast  produced  no  effect  on  any  of  the  bands,  and  neither  shift  or  concertina  action 
occurred,  up  to  a  speed  of  800.  No  motion  of  the  middle  band  could  be  detected,  the  light  going 
twice  round. 

It  follows  that  the  blast  did  not  take  effect  on  the  mirrors,  nor  directly  on  the  frame,  but  that  by 
exhausting  the  air  near  the  middle  of  the  box  it  must  have  sucked  and  bent  the  floor  sufficiently  to  strain 
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band  ;  all  others  being  readily  moved  by  trivial  strains.  Always  now  set  the  vertical 
spider  line  in  the  centre  of  the  middle  white  band  and  watched  for  its  shift. 

To  see  if  the  irreversible  and  lagging  (very  slight)  shift  still  observed  could  be  due 
to  the  action  of  hot  air  on  the  glass  windows,  I  arranged  to  throw  into  the  drum 
air  heated  by  passing  through  a  metal  pipe  in  a  gas  flame.  The  hot  air-stream 
flickered  the  side  bands  about,  but  did  not  alter  the  middle  one. 

Fig.  11. 


General  view  of  the  whirling  machine,  and  independent  support  of  optical  apparatus,  in  action.  The 
speed  indicator  is  seen  on  top  of  front  post,  ammeter  and  voltmeter  on  framework.  The  long 
upper  girders  support  the  glazed  drum  which  encloses  the  disks  and  secures  the  mirrors  from  the 
blast.  Telescope,  &c.,  are  at  back,  not  seen  ;  boiler-plate  screen  for  observer  just  visible.  Every¬ 
thing  independent  of  floor,  and  no  contact  between  anything  on  central  altar  with  anything  on 
gallows  framework. 


Quantitative  Experiments. 

41.  I  now  began  a  series  of  actual  readings,  the  plan  adopted  being  to  set  the 
vertical  line  of  the  micrometer  in  the  middle  of  the  white  band,  and  the  X  of  the 
micrometer  on  some  definite  colour  of  the  first  bright  band  on  the  left  :  the  yellow 

the  frame  and  tilt  the  mirrors  about  a  horizontal  axis ;  this  kind  of  tilt  being  well  calculated  to  shift  the 
vertical  bands. 

I  tried  also  the  horizontal  set  of  bands  without  any  floor  to  the  frame  (both  with  and  without  the 
drum),  and  perceived  no  shift  in  the  middle  one  of  these  either,  due  to  the  motion  of  the  disks. 
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bein^  usually  selected.  Then  read  their  positions,  and  started  a  spin.  When  spinning 
at  a  given  speed,  I  reset  the  wires  and  read  them  afresh.  Then  stopped  the  motion, 
reset  them,  and  rea,d  once  more. 

Lastly,  shifted  the  vertical  wire  till  it  coincided  with  the  X>  and  thus  obtained  the 
interval  between  them,  or  the  width  of  one  band  corresponding  to  yellow  light. 


Fig.  12. 


Appearance  of  tLe  bands  with  the  two  micrometer  wires  set  in  position. 


This  process  was  quite  satisfactory,  but  it  is  not  worth  while  to  quote  all  the 
readings  ;  for  it  was  noteworthy  that  up  to  800  revolutions  no  perceptible  shift  of 
the  middle  band  had  occurred,  but  at  that  speed  the  first  tremor  set  in,  and  although 
there  was  supposed  to  be  no  contact  anywhere  between  machine  and  frame,  yet  it  was 
transmitted  somehow,  through  the  earth  at  any  rate,  and  sometimes  produced  an 
effect  obviously  spurious.  Often  the  first  spin  of  a  set  had  the  effect  of  shaking 
things  into  place,  and  subsequent  spins  were  better.  This  was  the  case,  for  instance, 
on  March  16,  when  the  following  readings  were  taken. 

March  16.  Bands  very  clear  and  sharp.  The  first  spin  was  spoiled  by  a  tremor 
which  set  in  at  800  revolutions  and  fogged  the  bands  while  it  lasted  ;  when  they 
re-appeared  they  had  been  shaken  aside  and  broadened.  No  shift  had  occurred  up  to 
800.  It  was  afterwards  found  that  the  semi-transparent  plate  was  not  held  quite 
tightly  enough,  and  that  it  was  affected  by  tremor  with  just  the  above  effect.  I  give 
only  the  results  of  this  first  spin  ;  not  the  details. 


First  Spin. 

The  width  of  a  band  was 


< 


when  originally  at  rest  . 
when  in  motion  at  1250  revs.  . 
when  at  rest  again  .  .  .  . 


91  divisions. 


170 

144 


3  J 

33 


The  middle  band 


r  shifted 
’  L  returned . 


37  divisions,  to  the  right. 


22 


33 


This  was  very  bad,  but  went  on  with  another  attempt. 


Second  Spin. — Direction  of  motion  as  before,  viz.,  such  as  to  assist  the  reflected 
half-beam. 
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This  time  the  tremors  which  still  occurred  at  about  800, 1000,  and  1150  revolutions 
did  not  seem  to  produce  much  effect. 

The  following  were  the  readings ;  each  wire  read  on  its  own  micrometer  head. 


X-wire,  set  on 
yellow  of  first  band 

Vertical  wire,  set 
in  middle  of  middle 

to  left. 

band. 

At  rest  .  .  ■ . 

At  800,  no  shift  of  middle  band 

At  1000,  barely  any 

7 

60 

At  1260  revs.,  set  again  and  read  .... 

11-5 

68 

Stopped.  Set  again  and  read . 

11-5 

64 

To  carry  the  vertical  wire  from  its  position  64  into  coincidence  with  the  X? 
required  a  motion  of  154  divisions  (viz.,  about  one  revolution  and  a  half  of  its 
micrometer  screw). 

The  experiment  was  satisfactory.  Its  result  was 


at  first  . 


Width  of  a  band  of  yellow  light  < 


when  moving  . 
at  last  . 


Displacement  of  middle  band  . 


r  shift  to  right  . 

\  return  on  stopping  . 


146  divisions. 


158 

154 


8 

4 


55 


The  highest  estimate  of  this  shift  is,  therefore,  yf-g-ths,  or  say  -^th  of  a  band. 

The  lowest  estimate  is  yfyths,  or  say  s^th  of  a  band. 

Then  reversed  the  brushes  and  immediately  took  another  satisfactory  observation. 


Third  Spin. — Direction  reversed,  that  is,  so  as  to  help  the  transmitted  beam. 


X-wire  set  on  yellow 
of  1st  band  to  left. 

Vertical  wire  set  on 

centre  of  middle 
white  band. 

At  rest. 

No  shift  at  800  or  900.  Tremor  at  1000 

9 

69 

Set  at  1250  and  read . 

15-5 

78 

Stopped  and  set  again . 

14 

73 

To  carry  the  vertical  wire  from  73  up  to  the  \  2dj  needed  165  divisions.  The 
result  of  this  was 
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Width  of  band  of  yellow  light 


at  first  . 
when  moving^  . 

O 

at  last  .  . 


Displacement  of  middle  band  .  ■[  right  . 

L  return  on  stopping 


156 

171i 

165 


divisions. 

J5 


9 

5 


3) 

3  3 


The  highest  estimate  of  this  shift  is  xf  2i^ds  or  say  i^th  of  a  band. 

The  lowest  estimate  of  this  shift  is  xl^ths  or  say  -^rd  of  a  band. 

And  these  figures  are  within  the  limit  of  error  certainly,  the  same  as  those  given  by 
the  previous  experiment  with  the  spin  reversed. 

Taking  this  experiment  alone,  therefore,  one  may  say  that  reversing  the  rotation  of 
the  disks,  from  21  revolutions  a  second  one  way,  to  21  the  other  way,  does  not  affect 
the  virtual  path  of  the  light  between  them  by  so  much  as  the 

—  sV  =  2  0  oth  of  a  wave  length, 

or  even  by  so  much  as  the 

=  xo el'll  of  a  wave  length. 

Tested  to  see  how  many  times  the  light  was  on  this  occasion  going  round  the  frame. 
Found  that  it  was  going  only  twice.  Hence  tlie  length  of  path  of  each  half  beam  was 
2X4X2  feet,  since  its  path  was  approximately  the  periphery  of  a  square  two  feet 
in  the  side.  The  whole  path  of  the  two  beams  is  therefore  32  feet.  A  shift  of  a^th 
of  a  wave  length  in  this  length  of  path  means  a  fraction 


X  6  X  10~‘ 


32  X  30 


=  3  X  10-10. 


The  peiq^endicular  distance  of  the  average  light  path  from  the  axis  of  rotation  was 
1  foot,  hence  the  effective  speed  of  the  disks  either  way  was  277  X  21  feet  per  second, 
or  say  260  feet  a  second  altogether. 

(Compared  with  the  speed  of  light  this  gives  a  fraction 


260  X  30 
3  X  1010 


2 . 6  X  10-k 


Comparing  these  two  fractions  we  may  conclude  that  the  meaning  of  the  above 
experiment  is  tliat  the  ether  is  not  carried  forward  by  the  spinning  disks  with  so 
much  as  g-^th  of  their  velocity. 
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Modes  of  Testing  Number  of  Light  Journeys. 

42.  There  are  many  ways  of  making  sure  how  many  times  round  the  frame  the  light 
is  going.  One  is  to  look  into  the  telescope  with  a  low-power  eye-piece,  or  none  a.t  all, 
before  the  semi-transparent  plate  is  inserted  and  to  give  a  wide  opening  to  the 
collimator,  often  also  removing  its  lens.  Three  or  more  images  can  then  be  seen  in 
different  parts  of  the  large  field,  and  it  is  easy  to  see  v/hich  is  the  one  near  the  centre. 
On  now  tipping  the  front  mirror  to  and  fro,  the  image  which  has  been  only  once 
round  (if  visible)  remains  unaffected ;  the  one  which  has  been  twice  round  moves ; 
the  three-times-round  one  moves  twice  as  much  ;  and  so  on. 

By  altering  adjustments  and  passing  the  successive  images  in  review,  it  is  not 
difficult  thus  to  work  up  to  the  high  numbers.  But  on  the  specification  of  these  it  is 
well  to  have  some  check.  The  best  check  can  be  got,  with  everything  in  position  and 
bands  visible,  by  passing  an  opaque  strip  slowly  in  front  of  one  of  the  mirrors  and 
observing  the  eclipses  at  the  telescope.  If  the  semi-transparent  plate  is  inserted  in 
its  holder,  these  eclipses  occur  in  pairs,  with  shadows  moving  oppositely  ;  if  not,  they 
occur  singly.  (A  very  narrow  strip  passed  not  quite  close  to  the  mirror  may  show 
each  single  shadow  double.  Too  broad  a  strip  will,  of  course,  merge  a  pair  of  shadows 
into  one.) 

Three  times  round  naturally  gives  two  pair  of  eclipses  on  the  front  mirror,  and 
three  pair  on  each  of  the  others. 

Without  the  cover-glasses  the  light  can  be  got  many  times  round,  but,  when  they 
are  on,  the  faintness  of  the  light  which  gets  through  all  the  surfaces  makes  it  unwise 
to  aim  at  more  excursions,  because  the  definition  and  visibility  of  the  bands  suffers  in 
undue  proportion.  In  fact,  the  superior  sharpness  of  the  twice-round  bands  perhaps 
more  than  compensates  for  the  advantage  of  the  half-as-long-again  path  belonging  to 
the  three-times-round  set. 

The  cover-glasses  are,  of  course,  not  set  absolutely  vertical,  else  the  enormous 
number  of  reflexions  from  their  surfaces  would  confuse  everything. 

Another  way  of  testing  the  order  of  the  image  in  use  is  to  tilt  the  front  mirror  so 
as  to  broaden  the  bands  by  a  measured  amount,  and  then  to  imitate  or  compensate 
this  by  tilting  one  of  the  other  mirrors.  The  angle  of  tilt  necessary  with  one  of  these 
will  be  n/(w  -j-  1)  of  the  tilt  of  the  front  one. 

The  three  screws  against  which  they  each  press  all  have  fifty  turns  to  the  inch,  and 
hence  it  is  possible  to  apply  this  test  whenever  the  eclipse  method  happens  to  be 
inconvenient.  For  instance,  i^fh  of  a  revolution  of  the  single  screw  of  the  front 
mirror  broadened  the  bands  till  one  occupied  nearly  the  whole  field  (with  the  high- 
power  eye-piece  that  happened  to  be  on).  This  meant  s^th  of  an  inch  advance  of 
one  end  of  a  plane  of  10  Inches  base,  or  an  angular  tilt  of  50^00  radian,  or  40  seconds 
of  arc.  Tilting  the  back  mirror  about  20^^  gave  the  same  effect,  showing  that  there 
were  twice  as  many  reflexions  on  it  as  on  the  front  one,  and  that  the  light  was 
therefore  going  twice  round. 
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General  Arithmetic  of  a  Shift. 

43.  It  may  be  convenient  for  easy  future  reference  to  write  down  the  meaning  of 
any  observed  reversible  shift  under  given  circumstances. 

An  odd  number  of  reflexions  must  be  used  if  the  light  is  to  be  sent  many  times 
round,  hence  triangles  and  pentagons  are  excluded.  An  even  number  of  reflexions 
has  the  advantage  that  it  makes  the  paths  of  the  two  half-beams  identical  and  not 
merely  parallel  {cf  fig.  8)  ;  but  it  does  not  seem  readily  feasible  to  get  the  light  round 
more  than  once  with  an  even  number  of  reflexions.  The  square  or  hexagon  are  there¬ 
fore  the  natural  figures  for  the  path  of  light.  Take  a  square,  whose  side  is  a,  as  the 
mean  path  of  the  light.  Then  its  perpendicular  distance  from  the  centre  of  rotation 
is  ^  a  ;  and  it  is  the  perpendicular  distance  which  is  important,  for,  since  the  velocity 
of  light  at  any  point  P  has  to  be  resolved  perpendicular  to  the  radius  vector,  we  get 
precisely  the  same  tangential  component  everywhere  as  exists  at  the  point  M. 


M 


Let  the  disks  revolve  with  angular  velocity  w,  and  let  the  shift  of  the  middle  band 
be  X  band-widths  of  a  particular  wave-length  X.  Then,  if  the  light  goes  n  times  round 
each  way,  with  velocity  v, 

x\  \ak()) 

8na  V 

where  h  is  the  fraction  of  the  velocity  of  matter  which  is  imparted  to  the  ether 
between  the  disks,  the  quantity  to  be  determined  by  observation  of  x. 

Thus 

k _  \v  _  4  X  10^ 

X  n(oa~ 


The  limit  of  speed  of  a  given  material  (see  §  34)  is  given  by  something  like 


hence  the  limiting  value  of  hjx,  observable  by  this  method,  is 


4  X  20y 
na 


\/ (2T/  • 
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Taking  30-ton  steel  as  the  material,  this  gives  as  the  smallest  observable  value 
of  kjx, 


4  X  10^  /  7 

na  A'  9  X  10® 


11  centims. 
na 


It  is  fairly  easy  to  make  sure  that  x  is  not  greater  than  apparatus 

a  is  2  feet  or  60  centims.,  and  the  light  may  go  three  times  round  with  the  cover- 
glasses  on ;  hence  the  limiting  determination  of  ether-drag  that  can  be  made  with  it 
thus  arranged  is  i  '/ooth,  unless  the  setting  of  the  micrometer  wires  can  be  relied  on 
more  closely  than  to  the  y^th  of  a  band,  or  unless  the  steel  will  safely  stand  more 
than  30  tons  to  the  square  inch. 

(Evidently  the  larger  the  square  the  better,  and  a  large  enough  square  might  show 
even  the  earth’s  rotation  effect,  only  it  is  difficult  to  see  how  to  imitate  the  effect  of 
stopping  and  reversing  the  rotation,  at  least  with  the  unwieldy  size  of  frame 
necessary.) 


Testing  for  Cause  of  Slight  Irreversible  Shift. 


44.  The  following  experiments  tend  to  show  (and  do  distinctly  show  in  my  opinion) 
that  such  shift  as  is  observed  is  independent  of  the  width  of  the  bands,  and  therefore 
is  an  absolute  shift  caused  by  shake  or  strain  ;  very  likely  by  a  strain  caused  liy  a 
shake,  for  its  effect  often  dies  out  slowly. 

Spins  on  18th  March.  Light  going  three  times  round. 

First  spin,  in  direction  to  help  transmitted  beam. 

Micrometer  wires  set  and  moved  as  before  (fig.  12),  but  only  the  results  of  the 
readings  quoted. 


Width  of  yellow  band  < 


'"at  rest . 

while  revolving  1200  times  a  minute 
at  rest  again . 


114  divisions. 


159 

184 


5) 


Shift  of  middle  band  . 


J  shift  to  the  light  . 
\  return  on  stopping 


6 

5 


Found  that  the  front  mirror  was  too  near  the  drum,  probably  touching  it,  hence  the 
continuous  widening  of  the  band.  Moved  it  back  a  bit  and  tightened  up  the  nuts 
of  the  semi-transparent  plate. 

Started  again  with  much  narrower  bands,  and  continued  spinning  and  stopping 
alternately  without  intermission,  all  in  the  same  direction. 

It  may  be  worth  while  to  quote  the  actual  readings  of  this  set.  The  wires  were  set 
at  each  stoppage,  and  likewise  during  each  spin  while  the  speed  was  kept  at  1260 
revolutions  per  minute. 
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Second  s])in. 


X-wire. 

Vertical  wire. 

Re.st . 

38^ 

28 

Spinning  (at  1260) 

32 

321 

Rest  again . 

37 

26 

Spinning  again . 

30 

321 

Rest . 

38 

25 

Spinning . 

.321 

32 

Rest . 

44 

27 

To  move  the  vertical  wire  into  coincidence  with  the  X  (or  vice  versa),  needed 
54  divisions  of  either  micrometer  head. 

The  result  of  this  set  may  be  thus  tabulated 


Width  of  a  yellow  band. 

Shift  of  the  middle  band.  I 

1 

Stationary . 

651 

44  to  right. 

1260  revolutions . 

631 

64  return. 

Stationary . 

62 

64  to  right.  ' 

1260  revolutions . 

611 

74  return.  j 

Stationary . 

62 

7  to  right.  j 

1260  revolutions . 

634 

5  return. 

Stationary . 

70 

Average  64 

Average  6 

Practically,  therefore,  the  absolute  shift  of  the  middle  band  was  just  the  same  as  in 
the  previous  experiment,  though  the  width  of  the  bands  was  now  only  about  one-third 
what  it  then  was. 

Now  reversed  the  brushes  and  went  on. 
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Third  spin.  Reversed.  Direction  to  help  reflected  beam.  Results  : — 


Width  of  yellow  band. 

Shift  of  middle  band. 

stationary . 

65 

* 

8  to  right 

1250  revolutions . 

63| 

7  return 

Stationary . 

631 

8|  „ 

1250  revolutions . 

63 

Stationary . 

64| 

^  ») 

1250  revolutions . 

61| 

H  „ 

Stationary . 

63 

Average  63'4 

Average  7‘7 

The  shift  was  a  trifle  greater  than  before,  but  so  was  the  tremor.  Another  shift 
taken  same  day- gave  a  shift  of  9  and  a  return  of  12.  The  effect  of  the  tremor  seemed 
increasing. 

45.  Since  such  shift  as  is  observed  is  apparently  independent  of  the  width  of  tJre 
bands,  it  is  manifestly  well  to  reduce  its  apparent  significance  by  having  the  bands 
very  broad.  It  might  be  doubtful  how  far  accuracy  of  setting  could  be  accomplished 
with  the  spider  line  in  the  midst  of  a  very  broad  band.  To  test  this  the  following 
observations  were  made. 


Accuracy  of  Setting  of  Micrometer  Wire. 

The  bands  were  broadened,  by  tilting  the  back  mirror  a  little,  until  it  took  two 
revolutions  of  a  micrometer  head  to  carry  a  wire  from  one  to  the  next.  The  light 
was  going  three  times  round,  and  the  cover  glasses  were  on.  The  vertical  wire  was 
then  carefully  set  in  the  centre  of  the  middle  band  (it  is  always  easy  to  tell  the 
middle  band,  even  without  the  colour  of  the  others,  by  their  concertina-like  motion 
to  and  from  it  when  the  corner  of  the  frame  is  pressed)  and  the  X  was  set  as  near  as 
possible  on  the  yellow  of  the  first  band  to  the  left.  The  position  of  this  colour  was 
not  so  well  defined  as  when  the  light  only  went  twice  round,  especially  when  the  disks 
were  spinning ;  neither  was  the  middle  band  quite  so  clear  then  as  when  they  were 
stationary.  It  is  the  setting  of  the  vertical  wire  in  the  middle  band  that  is  really 
important.  Readings  of  both  micrometers  being  taken,  the  wires  were  displaced  at 
random  and  then  re-set  and  re-read.  This  was  done  several  times.  The  following 
are  the  results  of  successive  re-settings  on  the  same  bands. 
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X-wire. 

Vertical  wire. 

(Set  and  reset  in  yellow 

(Set  and  reset  in  centre  1 

of  first  band.) 

of  middle  band.)  j 

r 

811 

20 

801 

20 

Disks  stationary 

84 

21 

91 

21 

8.3 

22  i 

90 

20i 

85 

L 

Average  85 

Average  20-^ 

The  width  of  this  average  band  was  208|-  divisions. 

Hence  when  stationary  the  error  of  setting  of  the  vertical  wjre  each  time  did  not 
attain  too^^  ^  band  ;  and  the  probable  error  of  the  average  of  a  series  of  settings 
is  very  small. 

Same  operation  continued,  with  disks  spinning. 


Disks  revolving  1260  times 
a  minute.  (Bands  now 
not  so  clear.  There  was 
too  much  tremor) 


Average 


X-wire. 

Vertical  wire. 

85 

26 

90 

30 

95 

32 

89 

34 

89 

26 

90 

26 

85 

27 

89 

29 

The  width  of  this  average  band  was  221  divisions. 

Here  the  error  of  individual  settings  of  the  important  wire  amounts  to  -^th  of  a 
band  in  one  case,  and  the  probable  error  is,  say,  -7-oth.  The  error  in  the  average  of  a 
series,  however,  would  be  less  than  y^ol^h,  even  under  the  above  disadvantageous 
circumstances. 

(The  average  shift  caused  by  this  spin  was  8 ‘5  divisions,  or,  say.  =  a^th  of  a 
band.) 

The  effect  of  the  tremor  of  the  whiiling  machine  on  the  optical  part  was  becoming 
too  conspicuous,  and  accordingly  all  the  saw  cuts  and  separations  between  drum  and 
frame  had  to  be  examined.  A  slight  contact  was  discovered. 

46.  On  the  19th  March  a  rather  hasty  pair  of  spins  were  taken,  with  tlm  following 
results : — 
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First,  with  direction  helping  the  reflected  beam. 


X-wire, 

Vertical  wire. 

At  rest . 

13 

78 

(\  =  109) 

1220  revolutions  . 

5 

80 

(\  =  163) 

At  rest . 

K 

0 

81 

(A  =  164) 

Reversed  the  brushes,  and  took  a  spin  in  the  opposite  direction,. 


Second,  direction  helping  the  transmitted  beam. 


X-wire. 

Vertical  wire. 

At  rest . 

13 

81 

(A  =  172) 

1220  revolutions  . 

7 

85 

(A  =  170) 

At  rest . 

'  ■■  ■ 

Something  happened  that  prevented  the  last  readings  from  being  taken.  Notice 
that  the  yellow  band  seemed  to  have  slowly  returned  to  its  old  position  in  the 
interval  between  the  two  spins.  These  slow  recoveries  are  frequent.  Here  the 
wave-length,  or  width  of  band,  corresponded  to  169  divisions  at  first,  and  the  first 
shift  was  only  two  divisions  ;  but  the  shift  was  spurious,  for  instead  of  returning,  it 
went  on,  or  at  least  stood  still.  The  small  shift  (4  divisions)  in  the  same  direction 
observed  on  reversal  was  also  no  doubt  spurious.  I  feel  sure  that  I  have  never 
observed  a  genuine  reversible  shift  of  the  middle  band  due  to  rotation. 

Now  the  light  was  going  three  times  round  the  frame,  and  if  the  ether  bad  been 
carried  round  full  speed  with  the  disk  there  would  have  been  a  shift  of  3^  bands,  or 
550  divisions  at  each  rotation,  or  over  1000  divisions  in  all,  whereas  not  more  than 
two  divisions  at  the  outside  were  seen,  and  they  might  readily  be  spurious. 

In  saying  they  were  spurious,  I  mean  not  that  a  shift  so  small  as  this  could  not  be 
observed,  but  that  th'ere  was  amply  sufficient  tremor  to  account  for  it 

The  entire  absence  of  perceptible  shift  at  about  800  revolutions,  before  any 
important  tremor  has  occurred,  is  to  me  really  the  most  conclusive  fact  ;  and  I  feel 
confident  that  either  the  ether  between  the  disks  is  quite  unaffected  by  their  motion, 
or,  if  affected  at  all,  that  it  is  by  something  less  than  the  thousandth  part.  At  the 
same  time,  so  far  as  rigorous  proof  is  concerned,  I  should  prefer  to  assert  that  the 
VELOCITY  OF  LIGHT  BETWEEN  TWO  STEEL  PLATES  MOVING  TOGETHER  IN  THEIR  OWN 
PLANE  AN  INCH  APART  IS  NOT  INCREASED  OR  DIMINISHED  BY  SO  MUCH  AS  ^oTH 
PART  OF  THEIR  VELOCITY. 
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Air  Effect. 

47.  Of  course,  there  must  be  an  effect  due  to  the  air  which  is  whirled  with  the  disks. 
The  index  of  refraction  for  air  is  1‘00029  for  yellow  light,  and  so.  1  —  l/g,"  =  ’00058. 
The  effect  dependent  on  air  amounts,  therefore,  to  of  speed  of  the  disks, 

and  is  smaller  than  any  shift  which  at  present  I  have  been  able  to  observe. 

I  should  like  to  push  the  method  far  enough  to  detect  the  air  effect.* 

A  great  number  of  other  experiments  suggest  themselves.  It  maybe  objected  that 
the  disks  were  too  far  apart,  or  that  insufficient  time  was  given  for  the  viscosity  of 
the  ether  to  assert  itself,  or  that  the  disks  had  inadequate  mass.  This  last  objection 
IS,  perhaps,  important,  and  I  am  proceeding  to  cope  with  it,  and  incidentally  with  the 
others,  in  some  new  experiments.  A  positive  result  could  no  doubt  be  obtained  by 
rotating  frame  and  observer  instead  of  the  disks. 

The  apparatus  used  in  the  above  reseai’ch  was  constructed  by  means  of  generous 
aid  volunteered  by  a  private  friend,  to  whom  I  hereby  express  my,  grateful  thanks. 


*  [The  effect  of  centrifugal  force  on  the  density  of  the  air  between  the  disk.s,  and  the  influence  of 
varying  density,  will  be  discussed  with  other  matters  in  a  future  communication. — July,  1893.] 
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More  detailed  Discussion  of  Allied  Problems. 

Effect  of  a  different  Entire  Medium  upon  Aherration. 

48.  If,  instead  of  air  or  vacuum,  the  whole  medium  contemplated  in  fig.  4  is 
changed,  the  velocity  of  light  is  reduced  from  V  to  V/p,;  wherefore  the  aberration 
will  change  too,  unless  the  telescopic  velocity  be  suitably  reduced,  or  unless  the 
medium  is  constrained  to  move  in  some  compensatory  manner.  If  the  new  medium  is 
just  as  stationary  as  the  old,  and  only  the  receiving  telescope,  or  line  of  vision,  moves, 
then  the  aberration  angle  will  become  jx  times  as  great  as  before. 


Minuie  Influence  of  Motion  of  Entire  Medium  on  Aherration. 

49.  But  if  the  medium,  in.stead  of  being  stationary,  is  drifting  in  some  direction  6, 
with  velocity  v,  then,  perhaps,  its  motion  may  have  some  effect  on  the  aberration. 
For,  though  a  drifting  medium  cannot  by  itself  cause  aberration,  yet  it  may  modify  it 
when  otherwise  produced.  And  this  we  shall  find  true  in  the  second  order  of 
minutiae.  For,  in  the  drifting  medium,  the  rays  differ  from  the  wave-normals  by  the 
angle  e,  such  that 

V 

sin  £  =  Y  sin  d  =  a  sin  9, 

and  the  velocity  of  light  is 

Vj  =  V  cos  e  +  r  cos  $  =  Y  (cos  e  -{-  a  cos  0). 

Hence  an  aberration  caused  by  motion  of  telescope  at  speed  u  and  angle  which 
would  naturally  be 

sin  ^  ^  sin  f  =  /3  sin  cf) 

becomes 

.  u.  .  / CO.S  e  —  «  cos  d\ 

sm  gj  =  —  sin  (p  =  sin  e  - - - ^ - 

\  I  \  1  —  or  j 

—  /3  sin  (f)  —  oi/3  sin  f  cos  0  +  higher  powers. 

The  conditions  most  favourable  for  observing  the  second  term  are  when  the  tele¬ 
scope  moves  across,  and  the  ether  moves  along,  the  ray. 

Unless  the  ethereal  velocity  near  the  earth  were  very  great,  much  greater  than  the 
earth’s  orbital  velocity,  it  would  be  hopeless  to  look  for  this  term,  as  it  would  require 
the  fixing  of  a  star’s  position  to  the  five-hundredth  of  a  second,  which  must  be  con¬ 
sidered  quite  impossible.  The  effect  is  connected  with  the  slight  alteration  of  focal 
length  of  the  telescope  (the  difference  between  sin  e  and  tan  e),  and  may  be  regarded 
as  a  secondary  sort  of  Doppler  effect  (§  20). 

5  G  2 
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In  practice,  when  the  telescope  is  being  carried  along  by  the  earth  at  angle  6  to 
the  light,  it  is  customary  to  assume  the  medium  stationary,  in  which  case  a  =  0  and 
the  first  term  alone  exists ;  or  we  may  assume  that  the  ether  is  more  or  less  carried 
along  by  the  earth,  in  whicli  case  9  =  (f),  and  the  second  term  attains  its  maximum 
value,  ga/3,  when  the  angle  is  45°.  But  even  if  a  is  as  great  as  /3,  the  most  favourable 
case,  unless  the  ether  has  a  proper  motion  of  its  own,  this  only  means  a  discrepancv 
in  a  star’s  absolute  position  of  ‘OOl''  ;  so  it  is  hopeless  to  look  for  a  motion  of  the 
medium  this  Avay. 

50.  The  experiment  of  filling  a  telescope  tube  with  water  as  suggested  by 
Boscovich,  and  tried  by  Airy,  and  more  exactly  by  Hoek,'“  aims  at  a  motion  quite 
different  from  that  above  contemplated.  It  aims  at  moAung  a  portion  only  of  the 
ether  in  a  partitioned-off  region  of  space.  It  is  easy  to  show  that  on  Fresnel’s 
tlieory  no  different  aberrational  effect  can  be  thus  observed  than  is  observed  with  an 
air  telescope  ;  in  fact,  Fresnel  himself,  in  his  original  letter  to  Arago  (§  4)  contem¬ 
plated  this  experiment,  and  predicted  its  negative  result,  but  it^may  be  instructAe  to 
enter  on  its  consideration  in  a  geometrical  fashion. 


Kjfect  of  Motion  combined  with  Change  of  a  Portion  of  the  Medium. 


So  long  as  the  Avhole  medium  is  changed  or  moved,  we  have  seen  Avhat  effect  there  is 
on  aberration.  Motion  has  no  effect  on  it,  it  drifts  the  Avave-normals  but  cannot  affect 
the  rays  ;  increased  g  Avithout  motion  increases  it.  But  if  the  ray  has  to  pass  through 
a  bounding  surface,  and  if  the  change  or  motion  occurs  only  on  one  side  of  that 
smface,  tlien  circumstances  are  different. 


If,  for  instance,  the  source  S  sends  a  ray  SA,  Avhich  AAmuld  have  gone  to  B,  a 
change  of  medium  may  carry  it  to  C,  Avhile  a  drift  of  the  medium,  carrying  A  to  A' 
and  B  to  E,  Avill  slant  the  ray  along  AE  (fig.  13). 

It  is,  therefore,  just  possible  for  a  drift  to  neutralize  a  refraction,  and  to  let  a  ray 
enter  a  dense  medium  Avithout  bending.  To  this  end  the  drift  must  equal  CB  or 
A  A',  and  the  ray  Avill  then  be  straight. 

*  ‘  Arcliives  Neerlandaises  ’  (1868),  vol.  3  p.  180. 
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Now, 


CB  sill  (%  —  t)  ,  .  .  V-. 

“  = - : — =  tan  ^  cos  r  —  sin  r  =  , 

AC  cos  %  Vlfi 


where  v-^  is  the  necessary  velocity  of  drift ;  so 


V  .  ./cos?’  1'’ 


t'l  =  —  sin  i 


cos  ^  flj 


The  bending  will  be  usual  or  unusual  according  as  is  less  or  greater  than  this. 
Ordinarily,  of  course  it  is  far  less. 

51.  But  now  suppose  the  obliquity  i  has  been  caused  by  the  aberration  necessary  to 
bring  a  ray  to  a  telescope  (moving  with  velocity  u)  which  except  for  motion  would  be 
looking  straight  at  source  ;  for  instance,  the  telescope  whose  position  was  OqEq  when 
the  light  started  from  S  and  has  moved  to  AM  when  light  has  reached  A ;  in  other 
words,  let  i  be  an  aberration  angle ;  then 


]\IB  u  .  . 

AB  “  V  ~ 

But,  when  a  dense  medium  is  inserted  in  the  telescope,  or  say  between  the  two 
planes,  the  time  recj[uired  for  the  shorter  light  journey,  AC,  is  longer,  and  the 
telescope  may  get  carried  as  far  as  OE,  where 

_  u 

XG 

To  bring  the  ray  to  the  eye-piece  at  the  right  moment,  C  must  drift  to  E,  and  the 
Hiiyghenian  centre  A  to  A'\  in  the  same  time.  So  if  Vq  is  the  ethereal  velocity  able  to 
undo  the  effect  of  the  dense  medium,  and  to  leave  the  aberration  what  it  was, 


Hence 


Therefore 

or 


A(J  Y I  ix  ' 


MC  u  —  ?•„  .  siai  V 

AC  ~  ~  fxY' 


P' 

/  1  \ 


If  this  condition  is  satisfied,  the  observed  aberration  caused  by  any  motion  of  a 
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telescope  will  be  independent  of  the  medium  inside  it,  although  the  course  of  a  rav 
through  it  is  really  altered  [viz.,  from  AB  to  AE.  The  aberration  angle  in  vacuo  is 
MAB  ;  in  the  medium  is  A"EO.  The  diminished  velocity  of  light  is  exactly  com¬ 
pensated  by  a  virtually  diminished  speed  of  telescope  with  respect  to  the  ether  inside 
it ;  and  so  a  steadily  moving  telescope  sighted  on  a  star  can  remain  parallel  to  itself, 
with  v'hatever  medium  it  may  be  filled. — July,  1893.] 

52  But,  by  moving  a  portion  of  medium  relatively  to  the  observer,  say  by  spinning 


a  glass  disk,  and  looking  through  it  axially  near  its  circumference,  where  its  velocity 
is  u,  we  are  looking  through  a  moving  stratum  of  thickness  2,  and  a  parallel  shift  may 
in  that  case  be  experienced. 

The  angle  is 


_v  _  (I  - 

y  I /Ji  A  /yU. 


or  for  glass  about 


fMlC 


5 


and  the  shift  is  2  times  this  angle,  viz., 

IXZU 

*  =  2?- 

To  give  a  shift  of  I  micron  =  a  thousandth  of  a  millimetre  =  10”^  centims.,  with  a  thickness 
2:  =  10  centims.,  would  require  a  velocity  u  —  2Ysj/nz  =  (4  X  10^®  x  I0”^)/I0  ==  4  x  10®  centims.  pei 
second  =  4  kiloms.  per  second.  My  machine,  at  3000  revolutions  a  minute,  50  a  second,  gives  a 
periphci’al  speed  of  50  x  3  =  150  metres  per  second,  so  the  thickness  of  glass  needed  to  give  a  shift  of 
1  micron  is  2:  =  2Vsl/iu  =  (4  x  I0^°  x  10~‘*)/15000  =  4000/15  =  3  metres.  To-and-fro  reflexion  may 
he  used  to  diminish  the  required  thickness. 


More  detailed  discussion  of  Doppler  Effects. 

53.  There  is  rather  a  nice  point  to  be  considered  in  connexion  with  change  (2),  §9, 
viz.,  what  the  pitch,  as  perceived,  really  depends  on.  The  coarse  statement  of  examina¬ 
tion  candidates  that  it  depends  on  wave-length,  or  on  the  frequency  of  vibration  of  the 
source,  is  of  course  not  true ;  it  depends  on  the  frequenc}^  of  disturbance  reaching  the 
receiver.  This  fact  is  suggested  by  listening  or  looking  through  a  difierent  medium, 
wherein  the  wave-length  is  quite  different ;  though,  indeed,  it  must  be  admitted  that 
the  medium  in  ear  or  eye  cannot  be  changed.  It  is  proved  (for  the  case  of  sound  at 
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least)  by  travelling  towards  the  source,  when  the  observed  rise  of  pitch  must  be  caused 
by  increased  frequency  of  arrival,  the  wave-lengtli  remaining  unaltered. 

But  when  we  consider  the  effect  observed  in  a  spectroscope,  there  might  possibly  be 
a  difference  according  as  its  essential  part  was  a  grating  or  a  prism. 

For  it  may  be  argued  that  a  grating,  consisting  as  it  does  of  a  set  of  apertures  of 
fixed  width,  must  deviate  and  disperse  in  pro]iortion  to  wave-length  ;  and  hence  that 
if  a  grating  be  supplied  with  crowded  waves,  either  by  holding  it  to  an  approaching 
source,  or  by  immersing  it  in  a  denser  medium,  or  in  a  medium  flowing  from  it 
towards  source,  it  must  act  as  if  coarser  relatively  to  the  waves,  and  so  deviate  and 
disperse  them  less. 

But  although  this  is  a  simple  and  plausible  statement  it  is  only  half  the  truth. 
We  had  better  examine  the  problem  particularly  (§  56),  for  it  is  a  curious  mixture  of 
Doppler  effect  and  aberration,  but  at  present  it  will  suffice  to  say  : 

If  6  is  the  deviation  caused  by  a  given  grating  for  a  given  fixed  source  of  frequency 
1/T,  so  that 

|sin6»  =  VT, 

N 

then  if  the  source  be  approaching  at  the  rate  v,  the  time-interval  between  successive 
like  phases  is  diminished  in  the  proportion  (V  —  v)iy  ;  and  accordingly 

s  sin  6'  =  \  (T  -  ^)  =  (V  -  y)  T. 

If  it  be  the  grating  that  is  advancing  towards  a  fixed  source,  the  time  interval 
between  the  arrival  of  like  phases  is  likewise  diminished,  but  in  the  ratio  V/(V  +  v)  ; 
so  that 

s  sin  0"  =  ^  ~  T. 

V  -I-  -y 

It  is  noteworthy  that  between  6'  and  0"  there  is  a  minute  difference  of  the  second 
order  of  aberration  magnitude  ; 

0”  _  0'  ^  tan  0. 

Y2 

If  the  grating  be  plunged  into  a  different  medium,  the  velocity  of  advance  is 
changed,  and 

s  sin  0"'  =  ^  T. 

Lastly,  if  both  source  and  grating  are  stationary,  but  the  medium  flowing  from  one 
to  the  other,  or  (what  is  the  same  thing)  if  source  and  grating  are  moving  at  the  same 
pace,  chasing  each  other  through  a  stationary  medium,  the  velocity  and  the  wave¬ 
length  are  affected  together,  and 

ssin  0""  =  {Y  v)T  =  (V  v)  T  =  s  sin  0. 
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No  Doppler  effect,  therefore,  is  produced  by  a  stream  of  medium  flowing  past 
source  and  receiver  if  relatively  fixed,  i.e.,  if  they  be  moving  together  through  a 
stationary  mediam. 

We  may  in  short  summarise  thus  : — 

Source  approaching  shortens  Avaves, 

Receiver  approaching  alters  virtual  velocity. 

Medium  flowing  alters  wave-length  and  velocity  together,  in  an  exactly 
compensatory  manner. 


Steady  Motion  of  Medium  cannot  cause  any  Doppler  Effect. 

54.  Before  abandoning  the  present  consideration  of  the  Dopj^ler  effect,  let  us  dis¬ 
tinctly  assure  ourselves  of  the  important  fact  that  no  steady  motion  of  the  medium 
can  change  the  pitch  even  infinitesimally,  unless  source  ajid  receiver  are  moving 
relatively  to  each  other.  Let  source  recede  with  velocity  v,  then  the  wave-lengths 
approaching  us  at  their  ordinary  velocity  V  are  longer  than  usual. 


Let  receiver  approach  with  same  velocity,  then  it  SAveeps  up  per  second  a  number 
of  waves 

Y  +  v  V 


n  = 


So,  without  relative  motion  of  source  and  receiver,  there  is  no  Doppler  eftect,. 
however  small. 

But  the  easiest  way  of  assuring  ourselves  of  the  impotency  of  a  steady  wind  or 
pitch,  is  to  remember  that  such  a  wind  cannot  bring  Avaves  at  a  greater  frequenc} 
than  they  are  emitted  from  the  source.  Gusts  Avill  cause  Availing,  but  a  steady  Avind 
has  no  eftect  on  pitch. 

This  is  true  also  on  a  corpuscular  theory,  though  for  a  slightly  diflerent  reason. 
For,  consider  a  machine-gun  receding  and  firing  at  regular  time  intervals,  it  A\’ill  bt 
seen  that,  while  the  distance  betAveen  the  bullets  is  the  same  as  if  it  were  statioua]’}’ 
the  speed  with  Avhich  they  travel  is  V  —  v  ;  and,  if  a  target  is  chasing  the  gun  al 
the  same  pace  v,  the  number  caught  in  a  second  will  be 

,  ( V  —  v)  +  v- 

n  =  - ^ -  =  n. 

\ 
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Effect  o  f  Moving  Medium  on  Doppler  Effect. 

55.  Bnt  finally  examine  if  wind  ha,s  any  eftect  on  pitch  when  source  and  receiver 
are  not  moving  at  the  same  pace,  i.e.,  when  a  Doppler  effect  certainly  exists.  Let 
source  recede  with  speed  u,  receiver  advance  with  speed  v,  and  let  the  medium  flow 
from  source  towards  receiver  at  speed  w  (or  in  any  direction  at  speed  sec  d  ;  the 
argument  is  the  same) : — 

Then  speed  of  wave  is 

V  +  m. 


Length  of  each  is 


,  Y  +  vj  +  1/  V  +  ?n  +  n 

A  =  - r:; -  A  = - 

\  a. 


The  number  caught  per  second  is 


/ 

n 


+  to  4-  V 

V 


+  'W  +  7' 

V  +  7r  +  ■!(, 


or 


(ill  u  —  V 

n  \  +  70  +  r 


The  medium  velocity  does,  therefore,  enter  into  the  expression  for  the  ordinary 
Doppler  effect,  though  in  a  very  subordinate  manner,  by  affecting  the  velocity  of  light. 
It  cannot  cause  the  effect,  but  it  can  modify  it  when  otherwise  produced. 

The  simplest  plan  of  detecting  this  effect  of  a  moving  medium,  would  be  by  some 
direct  observation  of  the  velocity  of  light  itself;  either  simultaneously  from  stars  in 
two  opposite  directions,  or  in  a  given  direction  at  six  months’ interval.  No  terrestrial 
object  must  be  used  as  source,  because  it  would  be  moving  at  practically  the  same 
rate  as  receiver.  Hence,  for  a  six-months’  experiment,  the  Jupiter’s  satellites  method 
of  determining  the  velocity  of  light  would  seem  the  best  plan  ;  and,  if  observations 
could  be  exact  enough,  one  could  thus  get 


V  —  {w  v) 

V  +  (7/;  +  v)  ’ 

and  so  determine  iv  the  unknown  speed  of  the  ether  past  the  solar  system. 

A  simultaneous  aberrational  method,  such  as  comparing  the  aberration  of  two 
stars  180°  apart,  will  not  work  well;  for  if  they  be  at  90°  to  the  apex  of  earth’s 
motion  there  will  be  no  discrepancy,  while  if  one  be  toward  that  apex  and  the  otlier 
away  from  it  there  will  be  no  aberration. 

MDCCCXCTII. — A.  5  H 
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Effect  of  Motion  on  Diffraction  Grating. 

56.  To  avoid  any  confusion  about  motion  relatively  to  source,  and  the  alteration  of 
wave-length  thus  caused,  it  will  be  best  to  abandon  our  usual  convenient  plan  of  letting 
the  ether  move,  and  attend  explicitly  to  the  motion  of  the  grating  with  its  telescope 
and  observer  ;  all  else  being  stationary. 


Pig.  14. 


Details  of  Doppler  effect  -with  moving  grating,  AB,  and  telescope  OP. 

Consider  a  plane  wave,  A^Bq,  advancing  through  a  stationary  medium  with 
ordinary  velocity,  V,  towards  a  stationary  grating.  Let  A^A  =  AC  =  Xq  be  an  ordi¬ 
nary  wave-length,  while  AB  =  s  is  the  width  of  one  complete  element  of  the  grating ; 
then  BC  is  a  wave-front,  and  AO  is  the  ray,  inclined  to  the  normal  to  grating  at 
angle  CBA  =  0^. 

Now  let  the  grating  advance  with  velocity  v  to  meet  the  Avave  a  distance 
BB'  =  AA'  =  CC'  in  one  period ;  the  disturbance  Bq  Avill  only  have  to  go  as  for  as 
B',  and  the  disturbance  A  only  as  far  as  C' ;  so  draAving  a  tangent  B'D  to  the  sphere 
of  radius  AC',  Ave  get  the  AA^ave-front  appropriate  to  moving  grating  ;  AD  is  the  ray, 
inclined  to  the  normal  to  grating  at  angle  DB'A.'  =  r/). 
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Now  Oq  and  ^  are  very  nearly  equal  ;  showing  that  diffraction  really  does  depend 
on  wave-length  simply,  in  spite  of  motion  of  grating,  so  far  as  miniitise  of  the  first 
order  are  concerned. 

But  then  this  direction,  (f),  will  not  be  the  direction  appreciated  by  the  observer  ; 
for  the  motion  of  his  telescope  will  cause  ordinary  aberration,  since  his  motion  is 
partially  across  the  diffracted  rays. 

Not  to  confuse  the  figure,  I  indicate  the  telescope  OP  further  along  the  ray.  While 
the  light  is  travelling  along  it  its  eyepiece  will  have  time  to  move  to  Q,  such  that 

PQ  _  V  _  AA'  _ 

OQ  ~  V  —  AF  ~ 


Hence,  A'F  is  parallel  to  the  axis  of  the  telescope  which  receives  the  ray,  and  may 
be  called  the  apparent  or  perceived  ray.  The  angle  at  which  it  is  inclined  to  the 
grating-normal  may  be  called  6. 

Now  6  is  less  than  Bq,  and  is  very  nearly  the  same  as  if  wave-length  had  been 
1‘eally  shortened  to  AD,  instead  of  AC. 

Draw  BE  a  tangent  to  the  AD  circle,  and  we  get  the  wave-front  appropriate  to  this 
shortened  wave  and  a  stationary  grating ;  v/hile  AE  is  the  ray  belonging  thereto,  the 
inclination  of  which  to  the  grating-normal  we  may  call  [sin  =  (1  —  a)  sin  d^.] 

Now,  plainly,  AE  and  A'F  are  very  nearly  parallel,  but  not  quite ;  there  is  a 
second-order  difference  between  6  and  which  may  be  readily  calculated. 

Perhaps  the  simplest  way  of  displaying  the  result  is  to  introduce  the  aberration 
angle  POQ  =  e  (such  that  sin  e  =  a  sin  0)  and  to  write 


whereas 


sin  9 1  =  HIM  (f>  —  a  cos  (f)  sin  9q  ; 
sin  0  =  sin  (f)  cos  e  —  a  cos  (f)  sin  6. 


(Or  one  might  write  cot  6  =  cot  (f>  a  cosec  ^.) 

The  difference  between  the  apparent  ray  and  the  shortened  wave-length  ray  is 
approximately 

{6^  —  0)  cos  0  =  sin  (f)  (1  —  cos  e)  —  cos  (f)  sin  0q, 
or 

0  —  0^  =  tan  0  (cos  ^  sin  0  sin  (fy), 

and  is  probably  quite  too  small  to  be  detected. 

The  point  of  the  whole  thing  is  that  a  grating  has  the  same  real  effect  whether 
moving  or  stationary,  but  that  the  motion  of  the  observing  telescope  causes  an 
aberration  which  necessitates  very  nearly  the  same  alteration  of  its  direction  as  if  the 
waves  were  really  shortened  in  simple  proportion  to  the  motion.  The  Doppler  effect 
caused  by  motion  of  observer  is,  therefore,  essentially  a  case  of  common  aberration. 

5  H  2 
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Now,  as  there  is  no  hypothesis  or  difficulty  whatever  about  the  aberrational  effect 
of  a  moving  telescope,  all  that  has  been  said  of  a  grating  applies,  at  least  broadly,  to  a 
prism. 

Effect  of  Motion  on  the  Disjoei'sion  of  a  Prism. 

57.  The  deviating  })Ower  of  a  prism  depends  on  its  relative  refractive  index  with 
resjiect  to  the  surrounding  medium ;  hence,  in  this  sense,  its  deviation  is  certainly 
affected  by  the  length  of  the  waves  with  which  it  is  supplied. 

Its  dispersive  power,  however,  is  not  a  superficial,  but  a  deep-seated,  phenomenon, 
depending  on  its  internal  structure  ;  and,  since  no  variation  of  outside  medium  can 
affect  internal  wave-length,  the  dispersive  power  of  a  jndsm  may  be  assumed  constant 
for  given  waves.  It  follows  that  the  dispersion  caused  by  a  given  prism,  immersed 
in  different  media,  is  simply  proportional  to  the  mean  deviation  in  each  case  for  given 
kind  of  light. 

But  what  about  the  effect  of  motion  t 

If  only  we  can  assume  that  the  prism  interferes  with  the  ether  as  little  as  the 
grating  has  been  supposed  to  do,  then  all  that  has  been  said  of  the  grating  remains 
true  of  the  prism.  If  we  supposed  the  prism  to  modify  the  free  ether  inside  it, 
we  should  have  to  modify  this  statement.  On  the  hypothesis  of  Fresnel,  however, 
the  free  ether  is  not  supposed  to  be  affected ;  and  experiments  directed  to  test 
the  matter,  by  ascertaining  the  effect  of  prism  chasing  a  source  at  the  same  speed, 
have  resulted  in  finding  this  effect  zei^o,  in  accordance  with  the  above  statement. 
Hence  it  must  be  allowed  that  a  Doppler  effect  observed  by  a  prism  depends  really 
on  wave-length,  but  apparently  on  frequency,  just  as  is  the  case  with  a  grating. 

It  must  be  noticed  that  the  observation  of  a  Doppler  effect  by  a  prism  depends 
entirely  on  dispersion  ;  i.e.,  on  waves  of  different  length  being  affected  differently. 
But  prisms  can  be  constructed  whose  dispersion  is  corrected  and  neutralized.  Such 
achromatic  prisms,  if  perfectly  achromatic,  Avill  treat  waves  of  all  sizes  alike  ;  and, 
accordingly,  the  shortening  of  the  waves  from  a  moving  source  will  not  produce  any 
effect.  Achromatic  prisms  will  behave  to  terrestrial  and  to  extra-terrestrial  sources, 
i.e.,  to  relatively  stationary  and  relatively  moving  sources,  in  the  same  way. 

Arago  used  an  achromatic  prism  on  a  star  when  he  showed  that  refractive  index 
was  unaffected  by  motion  of  the  earth. In  criticising  Arago’s  experiment  adversely, 
Mascart  forgets  this,  and  thinks  he  ought  to  have  perceived  a  Doppler  effect. 
Mascart  used  a  terrestrial  source  and  an  ordinary  dispersive  prism,  when  he  expe¬ 
rienced  the  same  negative  result.  Maxwell  sent  light  both  ways  through  his  prism, 

*  Babinet,  ‘  Comptes  Reiidus,’  vol.  ‘J,  p.  771  (1839).  Akago,  ‘Ann.  de  Chim.  et  de  Plijs.’ (^), 
vol.  37,  p.  180  (1853).  Maxwell,  ‘Phil.  Ti-ans.’  (1868),  vol.  158,  p.  532;  also  ‘Ency.  Brit.’  article 
“Ether.”  Hoek,  ‘Archives  Neerlandaises  ’  (1869),  vol.  4,  p.  443.  ^^Iascakt,  ‘  Auualcs  de  1  Ecole 
Norniale,’  vols.  1  and  3  (1872  and  1874)  ;  Professor  Mascart  hei'e  describes  a  large  number  of  negative 
experiments  which  he  has  made  as  to  the  effect  of  motion  on  most  of  the  phenomena  of  optics. 
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and  therefore  neutralized  ail  refraction,  except  what  was  entirely  caused  by  motion, 
when  he  proved  that  this  latter  was  nil. 

Babinet,  Hoek,  and  Mascart,  all  tried  a  modified  form  of  the  same  experiment 
in  an  interferential  manner,  and  likewise  got  a  negative  result. 

58.  If  we  wish  to  follow  out  the  ether  motion  through  a  prism  into  greater  detail  we  can  say  : — 
Let  the  prism  advance  with  velocity  v  to  meet  the  waves,  and  let  the  ether  in  it  be  canled  forward  with 
velocity  lev,  then  the  virtual  velocity  of  the  light  towards  the  prism  is  V  +  v,  and  inside  the  prism  is 


hence,  on  ordinary  notions  of  refraction  the  new  index  will  be 

,  _  (V  +  v)  y  . 

^  (V  +  -y)  -  le^iv  ’ 
or 

^  =  I  -  knoc, 
h 

where 

X  —  w/(V  -f-  I/)  =  tZX/X, 
or 

d/.L  =  hj-fia,, 

which,  on  Fresnel’s  hypothesis,  equals  (/ti^  —  1)  a. 

This  seems  to  give  a  sort  of  theory  of  dispersion  for  the  case  : — 


or 


or 


-  I 
/t  —  I 


_  dX 

“  T’ 

=  AX2, 


/<-  +  1 

c-  +  x: 


c2  -  X'-J 


Interference  Effects  ivith  Rays  at  Different  Angles  to  Ether  Drift,  Effects  of  Normal 

Reflexion.  Further  Discussion  of  the  Theory  of  Mr.  Michelson’s  Exjoeriment. 

59.  The  experiment  of  Michelson,  already  referred  to  in  §  25,  has  to  do  with  the 
effect  of  a  plane  mirror  sending  a  ray  straight  back  upon  itself.  Consider  the  aspect 
of  the  mirror  necessary  to  do  this  ;  first,  for  the  case  of  a  moving  source  in  a  stationary 
medium  (fig.  15). 

Let  Sj  be  initial  position  of  the  source,  throwing  olf  a  wave-front  to  M,  and  itself 
moving  to  S,  so  that 

SjS  =  ;  and  S^M  =  i\  —  VT^. 

Let  SM  now  be  reflected  at  M  so  as  to  travel  to  Sg,  and  reach  it  the  same  time  as 
source,  then 

SSg  =  uTg ;  and 
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Hence . 

^  T,  ^ 

SS3  T„  7-2  ’ 

wheiefore  SM,  bisects  the  angle  SjMSo,  or  the  angles  of  incidence  and  reflexion  are 
jn'ecisely  equal,  and  the  required  mirror  is  normal  to  SM,  but  is  not  tangential  to  the 
wave-front. 

Fig.  15. 


Details  of  normal  reflexion  with  moving  source  or  moving  medium. 

Let  Qj,  Q,  Q3  be  the  images  in  this  mirror  of  S,  S3,  and  with  centre  construct  a 
circle  of  radius  QM  cutting  the  wave-front  in  N  ;  MN  is  the  mirror  able  to  throw  a 
light  ray  back  on  the  moving  source. 

A  stationary  observing  telescope  will  observe  the  source  along  QoM ;  one  moving 
with  the  source  will  observe  it  along  QM,  that  is,  in  its  true  direction  at  moment  of 
vision.  The  colour  will  change  by  the  amount  log  rjr,  as  already  said ;  and,  as  for 
any  possible  interference  effect,  the  fringes  will  shift  by  an  amount  depending  on 

Tj  -I-  To  _  r^  +  r„  _  cose  -^{1  —  a?  siin  6) 

Ji  Iv  1  —  a"  1  —  a'' 

which  gives  very  approximately 

+  T3  -  2T  aH  (1  +  cos2  0). 

There  is,  therefore,  always  a  lag  of  phase  caused  by  the  motion,  which  cannot  be 
made  negative,  or  even  zero,  but  which  is  a  minimum  when  the  motion  is  across  the 
line  of  light,  and  a  maximum  when  along  it ;  being,  indeed,  twice  as  great  for  motion 
along  as  it  is  for  motion  across.  Supplementary  angles  give  the  same  effect. 

One  may  express  the  fact  by  saying  that  the  virtual  distance  the  light  has  to  go 
is  Sj^Qo,  or  SoQi,  instead  of  SQ. 
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Case  when  the  Mirror  Moves  too. 

60.  It  is  observed  that  in  this  investigation  the  mirror  has  been  supposed  stationary 
witli  respect  to  the  medium,  it  is  therefore  possible,  if  the  mirror  is  moving  at  the 
same  rate  as  the  source,  e.g.,  if  they  were  both  fixed  and  the  medium  streaming 
past  both,  that  the  circumstances  may  be  a  little  different ;  because  since  the  whole  of 
the  wave-front  does  not  strike  quite  simultaneously,  there  may  be  time  for  some  effect 
to  occur  during  its  period  of  contact,  short  though  of  course  it  is.  Not  even  for  normal 
incidence  is  the  time  of  impact  of  a  finite  portion  of  a  wave  infinitesimal ;  for  even 
when  the  source  is  infinitely  distant  (or  ivhen  a  collimating  lens  is  used)  it  has  to  be 
remembered  that  the  waves  are  not  normal  to  the  rays  in  a  moving  medium,  and  that, 
accordingly,  when  the  incidence  of  the  ray  is  normal  and  the  medium  movement  not 
normal,  the  wave  is  inclined  to  the  surface,  a  minute,  but  possibly  important,  angle. 

But  in  Michelson’s  arrangement  the  ray  is  not  exactly  normal  on  the  tangentially 
moving  mirror,  but  is  inclined  so  that  the  mirror  is  precisely  parallel  to  the  wave- 
front  ;  and  so  the  time  of  contact  is  nothing  on  either  mirror. 

The  statement  of  theory,  therefore,  proceeds  as  follows,  without  apparent  error. 

Let  S  be  and  remain  the  position  of  the  source,  and  let  a  mirror  MN  (fig.  15)  be 
arranged  normal  to  SM,  so  as  to  send  a  ray  back  upon  itself,  when  everything  is 
stationary,  in  time  2T. 

It  is  required  to  find  if  any  tilt  must  be  given  to  the  mirror  to  send  the  ray  back 
upon  itself  when  the  medium  is  moving,  and  whether  a  different  time  wdll  be  taken 
in  the  journey. 

While  light  travels  from  S  to  M  the  wave-front’s  centre  has  drifted  to  Sj,  and, 
accordingly,  it  strikes  the  mirror  obliquely  and  is  reflected  as  if  coming  from  ; 
hence  it  would  travel  towards  but  for  the  drift.  The  drift  will  carry  it  precisely 
back  to  S  if  SSg  =  vTg,  T.j  being  the  time  of  the  return  journey  ;  just  as  SSj  =  vTj, 
when  Tj  is  the  time  of  the  outward  journey. 

Hence,  no  tilt  whatever  is  required  by  the  mirror,  but  it  reflects  the  light  back 
upon  itself  just  as  when  the  medium  was  stationary,  and  the  distance  really  travelled 
is  exactly  the  same  as  it  was,  viz.,  2r.  The  velocity  of  the  light  is,  liowever,  different 
on  the  out  and  in  journeys,  for 

Vj  =  V  cos  €  —  V  cos  9, 

Vg  =  V  cos  e  V  cos  9, 
so 

rp  ,  rr  ■  7’  2T  cos  e  \/  (1  —  sin-  6) 

as  before  (§  59). 

61.  In  the  actual  experiment,  as  performed  for  instance  by  Michelson,  it  is  natural 
to  use  a  collimator  and  plane  waves,  and  since  his  null  result  is  very  surprising  and 
remarkable,  it  may  be  as  well  to  examine  whether  the  introduction  of  the  lens  pro- 
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dnces  any  disturbance.  At  first  I  thought  the  lens  and  glass  slabs  used  by  him 
might  possibly  be  the  cause  of  his  failure  to  get  any  result,  because  the  ray  across 
the  motion  travels  through  the  glass  obliquely,  while  along  the  motion  it  travels 
normally.  But  a  little  consideration  shows  that  both  along  and  across  the  motion  the 
eftect  of  the  glass  would  be  to  increase  the  lag  in  a  simply  proportional  manner  to 
the  ]n-evious  lag.  And  calculation  gives  as  the  time  of  the  journey,  when  a  total 
thickness  2  of  glass  is  interposed,  using  Fresnel’s  theory  that  the  speed  of  the  ether 
inside  the  glass  is  \I}j?  of  what  it  is  outside. 


T  —  — 

'  1  “  ^ 


r  —  5 


Y  cos  e  +  V  cos  0 


+ 


V  .  V  . 
—  cos  6  +  ^  cos  a 


and  T3  =  corresponding  expression  with  v  negative. 
So 


+  T3  = 


2  (?’  —  z)  cos  e  ,  „  2yLi:'  cos  e 
Y  (1  -  «2)  " 


2T  cos  e  2fMZ  cos  e  /  1 


Y  1  - 


1  - 


+ 


1  - 


1 


w 


diere 


1 

.•> 

—  a* 


T  —  ~  1)  " 

Y  ’ 

wherefore  the  effect  of  introducing  glass  is  to  increase  the  lag,  but  not  quite  so  much 
as  by  the  equivalent  of  the  extra  distance  thus  virtually  added,  the  second  term  in 
the  above  expression  being  negative  ;  but  the  diminution  is  independent  of  direction, 
except  when  fourth  powers  of  aberration  magnitude  are  attended  to.  Neglecting 
these,  the  effect  of  the  glass  is  merely  to  cause,  in  addition  to  the  lag  naturally  to  be 
expected,  an  extra  term,  independent  of  direction,  of  this  value  : 


Mictiei.son’s  Interference  Experiment  in  a  Different  Medinrn. 

62.  Indeed,  the  simplest  plan  would  be  to  consider  the  effect  of  immersing  the  whole 
arrangement  in  a  different  medium.  It  is  merely  to  change  the  light  velocity  Y  to 
V/)u.,  and  its  mechanical  velocity  v  to  the  ethereal  velocity  inside  it.  Con¬ 
sequently  a  becomes  a/p. 

The  aberration  angle  e  changes  to  e'.  such  that 

O  O' 

•  '  _  ^  •  /) 

sin  €  =  “  sin  u. 
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and  the  lag 


2r  cos  e 
Y  ( I  — 


becomes 


2/aj'  cos  e  ■ 
V  (1  -  ’ 


approximately  p,  times  as  great  as  before.  But  althougli  this  is  the  case,  the  extra 
lag  caused  hy  motion  is  not  so  great  inside  tlie  medium  as  it  was  in  vacuo,  for 


'lyuT  cos  e' 


V 


'Ir  COS  6  'Ir  cos  e 

VTf^  «~)  ”  (1  -  «-) 


[  p  cos  e'  (1 


2\ 
«  ) 


COS  e 


or,  approximately, 


2  (p  —  1)  r  COS  e  2p?’ 
V  (1  -  o?-)  ~ 


[The  conclusion  here  is  that  whatever  may  be  the  effect  of  a  dense  medium  it  is 
independent  of  d,  and  therefore  can  have  nothing  to  say  to  Michelson’s  experiment, 
which  entirely  depends  on  a  difference  between  what  can  be  observed  with  Q  —  t)  and 
d  =  90°.— July,  1893.] 


The  Laws  of  Reflexion  and  Refraction  as  modified  hy  Motion. 

63.  It  is  necessary  now  to  enter  on  the  somewhat  thorny  question  as  to  the  effect  of 
motion  upon  the  laws  of  reflexion  and  refraction.  Fresnel  by  considering  some 
special  cases  satisfled  himself  that  no  discrepancy  need  be  expected  on  his  version 
of  the  undulatory  theory  ;  and  Sir  George  Stokes,  examining  the  cjuestion  in  a  more 
general  manner  in  1846,  proved  that,  at  least  as  far  as  the  first  order  of  minutim,  the 
laws  were  obeyed  in  spite  of  any  relative  motion  between  mirror  and  medium 
(motion  of  source  has  obviously  nothing  to  do  with  it,  unless  it  affects  the  shape  of 
the  incident  w^ave).  And  the  long  continued  use  of  artificial  horizons  by  astronomers 
shows  that  there  has  been  no  practical  doubt  on  tlie  subject,  at  least  as  far  as  reflexion 
j  is  concerned. 

But  these  statements  do  not  by  any  means  exhaust  the  subject  ;  the  law  of 
reflexion  is  not  precisely  obeyed  in  a  moving  medium,  and  recently  Michelson  has 
proposed  to  utilize  the  theoretical  error  (which  has  never  yet  been  practically 
realized)  as  a  fresh  method  of  attacking  the  problem  of  the  relative  motion  of  the 
,  ether  and  the  earth. 

I  propose,  therefore,  to  enter  upon  it,  and  I  must  confess  that  though  the  results 
are  easily  stated,  they  have  given  me  much  troid^le  to  be  sure  of,  and  I  have  found  a 
good  many  mare’s  nests  by  the  way. 

The  reasoning  for  reflexion  and  refraction  is  much  the  same,  and  I  attend  more 
pronouncedly  to  reflexion  because  without  assuming  Fresnel’s  theory  as  to  the  motion 
I  of  ether  inside  dense  matter  we  have  no  guide  to  what  shall  happen  in  refraction  ; 

MDCCCXCTir. — A.  5  T 
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and  although  the  theory  has  been  to  a  certain  extent,  and  with  fairly  high  accuracy, 
verified,  yet  it  can  hardly  be  yet  said  to  have  a  secure  rational  basis. 

In  a  drifting  medium  we  must  draw  a  clear  distinction  between  w'aves  and  rays ; 
the  laws  obeyed  by  one  need  not  be  obeyed  by  the  other,  for  they  are  inclined  to  each 
other,  and  may  become  differently  inclined  after  reflexion  or  refraction. 

Now  it  is  pretty  plain  that  if  motion  is  to  have  any  effect  upon  these  aherration 
angles,  the  rays  must  be  differently  inclined  to  the  direction  of  drift ;  and  on  the  other 
hand,  if  motion  is  to  affect  the  reflexion  of  waves,  that  it  must  act  during  the  period 
of  contact  of  a  wave  with  the  reflecting  surface  ;  so  that  if  a  wave  comes  down  plumb 
it  will  rebound  as  it  comes,  because  its  time  of  contact  is  then  infinitesimal  and  no 
finite  motion  could  cause  any  disturbance.  But  even  in  this  case  of  normal  incidence 
the  law  of  reflexion  need  not  be  obeyed  for  rays,  for  they  are  not  normal  to  the 
waves,  and  will  be  differently  inclined  to  the  direction  of  drift,  unless  indeed  the 
latter  be  either  normal  or  tangential. 

64.  The  following  are  statements  which  I  will  afterwards  justify  : — 

(1)  The  planes  of  incidence  and  reflexion  are  always  the  same. 

(2)  The  angles  of  incidence  and  reflexion,  as  measured  between  rays  and  normal  to 
surface,  in  general  differ. 

(3)  If  the  mirror  is  stationary  and  medium  moving,  they  differ  by  a  quantity 
depending  principally  on  the  square  of  aberration  magnitude,  t.e.,  by  one  part  in  a 
hundred  million,  and  a  stationary  telescope  Avould  be  able  to  observe  the  effect,  if  it 
were  delicate  enough. 

(4)  If  the  medium  is  stationary  and  mirror  moving,  the  angles  differ  by  a  quantity 
depending  principally  on  the  first  power  of  aberration  magnitude,  he.,  by  one  part  in 
ten  thousand,  but  a  telescope  moving  with  the  mirror  will  not  be  able  to  observe  this 
large  effect  ;  for  the  apparent  (or  commonplace)  aberration  caused  by  the  motion  of  the 
receiver  will  obliterate  the  odd  powers  and  leave  only  the  even  powers  of  the  aberration, 
so  that  the  observed  effect  should  be  the  same  as  in  case  3. 

(5)  As  regards  the  angles  which  the  reflected  and  incident  waves  make  with  the 
surface,  ie.,  as  to  the  obedience  to  the  law  of  reflexion  shown  by  ivaves  instead  of  by 
mys,  in  case  3  the  angles  differ  by  an  amount  depending  on  the  first  order  of 
aberration,  but  in  case  4  they  only  differ  by  rhe  square  of  this  quantity. 

(6)  At  grazing  incidence  the  ordinary  laws  are  accurately  obeyed  by  the  rays  as 
observed,  and  at  normal  incidence  the  error  is  a  maximum. 

(7)  The  ordinary  laws  are  obeyed  whenever  the  dii’ection  of  motion  is  tangential  or 
normal  to  the  mirror. 

(8)  In  geneial  the  shape  of  the  incident  waves  is  not  precisely  preserved  after 
reflexion,  so  that,  when  spherical  waves  impinge  on  a  mirror  in  a  moving  medium, 
the  reflected  waves  from  a  plane  mirror  diverge  from  a  sort  of  caustic  instead  of  from 
a  point,  and  the  position  of  the  image  varies  (but  almost  infinitesimally)  with  the 
position  of  the  observer.  In  other  words,  such  a  mirror  acts  to  a  parallel  beam  as  if 
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slightly  tilted,  to  a  divergent  beam  as  if  slightly  curved.  But  either  eftect,  as  observ¬ 
able  in  the  result,  is  almost  hopelessly  small. 

(9)  Similar  statements  are  true  for  refraction. 

65.  In  considering  a  plane  mirror  in  a  drifting  medium  it  is  very  tempting  to  image 
the  direction  of  drift  of  successive  wave  centres  (hg.  4);  in  which  case  everything  will 
be  symmetrical,  and  the  law  of  reflexion  will  be  obeyed  altogether,  by  both  waves  and 
rays,  in  the  simplest  possible  manner.  But  a  little  thought  shows  that  this  is 
illegitimate,  for  it  would  make  the  reflected  waves  assisted  in  their  progress  by  the 
reflected  drift  just  as  much  as  the  incident  waves  are  assisted  ;  whereas  they  are  really 
travelling  in  the  teeth  of  the  wind,  their  progress  being  impeded  and  their  wave-length 
shortened  just  as  much  as  the  incident  waves  are  helped  and  lengthened  (or  of  course 
vice  versd).  Plainly  the  drift  is  not  reflected,  but  must  be  supposed  to  act  on  the 
waves  emitted  by  the  image  exactly  as  it  acts  on  the  waves  emitted  by  the  source. 

Another  tempting  thing  to  do  is  to  start  a  system  of  waves  from  source  and  its 
ordinary  image  simultaneously,  both  subject  to  precisely  the  same  drift  velocity,  one 
being  the  incident,  the  other  the  reflected  system.  But  applying  this,  and  taking  a 
pair  of  waves  intersecting  at  any  one  point  of  the  mirror,  it  will  be  found  they  have 
not  travelled  the  same  distance  to  get  there,  nor  have  they  taken  the  same  time,  and 
the  drift  of  their  centres  has  been  different.  Moreover,  they  do  not  intersect  at  a 
second  point  of  the  same  wave,  and,  in  fact,  the  system  behind  the  mirror  is  not  in 
any  sense  the  image  of  the  front  set. 

The  really  essential  thing  is  that  the  phase  of  the  reflected  wave  shall  be  identical 
with  that  of  its  incident  exciter  at  the  point  of  contact  with  the  mirror,  and  accord¬ 
ingly  that  the  time  of  virtual  journey  from  any  point  to  be  considered  as  an  image  is 
to  be  equal  to  the  time  of  journey  from  the  corresponding  point  of  the  source. 
Nothing  less  direct  or  more  geometrical  than  this  seems  satisfactory,  so  it  had  better 
be  applied  in  its  usual  Huyghenian  baldness.  At  the  same  time  a  little  caution  is 
necessary  in  using  Huyghens’  construction  in  a  moving  medium,  for  the  centre  of  the 
elementary  waves  does  not  remain  at  tire  point  of  incidence,  but  drifts  away,  as  in 
fig.  4,  and  the  construction  has  to  remember  this,  or  it  will  go  wrong. 

Laws  of  Ref  exion  and  Refraction  in  a  Drifting  Medium. 

66,  Since  the  direction  of  drift  need  not  be  in  the  plane  of  incidence,  it  will  be  con¬ 
venient  to  resolve  it  into  two  components,  respectively  in  and  perpendicular  to  that 
plane,  and  consider  them  separately. 

Component  of  Drift  Perpendicular  to  Plane  of  Incidence. 

The  perpendicular  component  is  very  easily  disposed  of,  as  was  shown  by  Sir 
George  Stokes.*  For  looking  down  the  normal  to  the  mirror  we  shall  see  the 

*  ‘  Math,  and  Rhys.  Papers,’  vol.  1,  p.  144. 
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incident  and  reflected  rays  AO  and  OB,  incident  at  the  point  0,  affected  by  the  drift 
in  such  a  way  that  their  direction  is  A'O  and  OB'  respectively  ;  but  they  are 
still  both  in  a  plane  normal  to  the  surface,  and  they  still  make  equal  angles  with  the 
surface. 

Fig.  16. 


A' 


And  as  regai'ds  refraction,  an  equal  length  of  the  refracted  ray  wflll  be  foreshortened 
into  OC  =  OB/p, ;  and  the  drift  inside  the  medium  being,  according  to  Fresnel’s 
theory,  BB'/p-,  will  in  the  longer  time  available  carry  C  to  O',  such  that  OC'B' 
remains  a  straight  line ;  accordingly,  the  plane  of  the  refracted  ray  is  still  the  plane 
of  incidence.  Hence  the  perpendicular  component  of  the  drift  is  wholly  inefiective, 
and  vce  have  only  to  consider  the  component  in  the  plane  of  incidence  ;  call  it  v. 

Component  of  Drift  in  Plane  of  Incidence. 

Consider  a  plane  wave  AqBq  travelling,  with  an  aberration  angle  e  between  its 
normal  and  its  direction  of  advance  caused  by  a  drift  in  direction  AA',  to’wards  a  plane 
mirror,  at  a  pace  compounded  of  the  speed  of  light  and  of  the  drift,  viz., 
Y  cos  e  +  V  cos  6. 

Let  incident  and  reflected  rays  make  angles  i  and  i'  respectively  with  the  mirror- 
normal,  and  6  and  6'  witli  the  line  of  drift,  so  that  if  (f)  is  the  inclination  of  the 
drift  direction  to  the  mirror-normal,  6  =  i  —  (f),  tt  —  6'  —  i'  (f). 


Pig.  17. 


The  incident  and  reflected  waves  will  be  inclined  to  the  surface  by  the  angles  ^  fl-  e, 
i'  —  e,  respectively. 

When  the  wave  AB  strikes  the  mirror,  A  becomes  a  source  of  radiation,  and  B 
travels  on  to  C,  with  a  velocity  compounded  of  BB'  and  B'C.  By  the  time  B  arrives 
at  C  the  radiation  from  A  will  have  spread  a  distance  equal  to  B'C  through  the 
medium,  and  the  centre  of  a  wave  with  this  radius  will  have  had  time  to  drift  with 
the  moving  nfedium  to  A',  a  distance  equal  to  BB' ;  hence,  drawing  the  semicircle 
A'B'EC,  and  choosing  on  it  a  point  E,  such  that  A'E  =  B'C,  we  have  tlie  direction 
of  the  reflected  ray,  viz.,  AE,  and  of  the  reflected  wave  CE. 


I 


DR.  OLIVER  LODGE  ON  ABERRATION  PROBLEMS. 


797 


67.  It  is  easy  to  see  that  the  triangle  PA'C  is  isosceles,  and  accordingly  that  the 
angle  A'GA  is  equal  to  half  the  difference  of  the  inclinations  of  incident  and  reflected 
waves  to  the  mirror  surface  ;  i.e.,  calling  this  angle  77, 

277  =  {i  +  e)  —  {i  —  e), 
or 

e  +  e  i  — 

^  2  ^  2  ’ 

hence  the  wave  is  reflected  precisely  as  if  the  mirror  were  rotated  through  the  angle 
77  and  there  were  no  drift  ;  the  angle  of  virtual  rotation  being  very  approximately 
the  mean  of  the  abeiTation  angles. 


Fig.  18. 


The  first  approximation  to  its  value  is 

77  =  a  sin  i  cos  </> ; 

it  practically  vanishes,  therefore,  for  normal  incidence  and  for  tangential  drift. 

Further,  as  regards  the  change  of  width  of  the  beam  or  distance  between  the  rays, 
it  is  apparent  that  measured  along  the  wave-surface  it  is  the  same,  because 
EC  =  A'B'  =  AB  ;  so  measured  perpendicularly  it  changes  in  the  ratio  of  cos  e  :  cos  e' 
before  and  after  reflexion. 

68.  It  is  not  to  be  supposed  that  the  ray  is  reflected  after  this  manner  ;  and,  in  fact, 
we  shall  find  that  the  error  of  ray-reflexion,  or  difference  between  angle  of  incidence 
and  reflexion,  i  —  F,  is  exceedingly  small. 

To  determine  this  difference,  and  the  whole  circumstances  of  the  problem,  we  write 
down  the  following  equations,  obvious  from  figure  17  : 

sin  e  v  A  A'  sin  e 

Sind  ~  B^  ~  V  ~  ^  ~  A'E  “  siu0'  ’ 

6=1  —  (f),  6'  —  TT  —  <A)- 

Also,  for  the  time  of  journey  of  the  wave  from  position  AB  to  EC, 

BB'  B^ _ BC  _  AE  _  A'E  AA' 

V  V  cos  €  +  V  cos  6  V  cos  e  +  v  cos  6'  V 


V 


V 
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Lastly 


BC  sin  (t  -f  e)  .  AE  sin  {%'  —  e) 
AC  cos  e 


AC 


cos  e 


These  solve  the  problem,  and  they  may  be  conveniently  worked  on  the  following 
lines — 

sin  e  =  a  sin  {^  ~  (/>)  ;  sin  e  =  a  sin  [i  +  (f)), 


sin  i  —  cos  i  tan 


e'  _  AE  _  V  cos  e'  +  V  cos  8'  _  cos  e'  —  a  cos  (i'  +  (j))  _  cos  e  —  a  cos  (i  — 


sin  i  +  cos  i  tan  e  EC  V  cos  e  +  v  cos  6  cos  e  +  a  cos  {i  —  <p)  cos  e'  +  «  cos  {i'  +  ^)' 
the  last  equality  being  added  for  convenience,  and  being  true  because 

cos^e  —  cos^  6  ~  1  — 

Therefore,  exactly, 

sin  i  cos  e  —  ^  a”  cos  i  sin  2  [i  —  <^)  sec  e  =  sin  i'  cos  e  —  cos  i  sin  ^  {i'  +  </>)  sec  e, 
whence,  expanding  cos  e  and  neglecting 

sin  i  —  sin  i'  =  cos^  i  sin  2(f), 
or 

i  —  i'  :=  ot^  cos^  i  sin  2(f). 


The  discrepancy  between  the  angles  of  incidence  and  reflexion  (which  I  call  for 
brevity  the  error  of  reflexion)  is  therefore  exactly  expressible  in  even  powers  of 
aberration  magnitude,  and  no  part  of  it  reverses  with  the  reversal  of  the  ray.  It 
vanishes  for  grazing  incidence,  and  is  a  maximum  for  normal  incidence  (at  which  I 
am  somewhat  surprised).  It  vanishes  both  for  tangential  and  for  normal  drift,  being 
a  maximum  when  the  medium  drifts  at  45°  to  the  mirror. 

The  maximum  possible  value  of  the  error  of  reflexion  is  a'^,  or  10“®  of  a  radian,  or 
0"‘00205,  or  y^ol^h  of  a  second  of  arc  ;  an  amount  which,  although  equivalent  to  an 
error  of  only  15  inches  in  the  circumference  of  the  earth,  it  is  perhaps  possible  to 
detect ;  especially  if,  as  Mr.  Michelson  suggests,  it  be  increased  by  multiple 
reflexion.  Indeed,  it  strikes  me  as  perhaps  the  simjjlest  way  of  examining  into  the 
motion  of  the  ether  near  the  earth. 


Refraction  in  a  Drifting  Medium. 

69.  The  reasoning  for  refraction  is  precisely  of  the  same  kind,  and  there  needs 
nothing  more  but  to  wu’ite  down  the  equations,  putting  V/p.  everywhere  instead  of  V, 
vjgd  instead  of  v,  and  consequently  a  p  instead  of  a. 

It  is  best  thus  to  assume  Fresnel’s  theory,  and  leave  observation  to  point  out  any 
deviation  from  it  that  may  be  existent. 
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A  separate  figure  may  save  confusion  ;  and  though  the  general  case  is  easily  drawn 
(like  fig.  17)  a  special  case  serves  better  for  illustration,  and  I  depict  the  case  of  drift 


d"  and  e"  are  the  angles  between  refracted  ray  and  the  drift  direction  and  wave- 
normal  respectively  ;  the  angle  of  refraction,  defined  as  usual,  may  be  called  j ;  so 
that 

^  -J, 

*  //  cc  , 

sin  €  =  -  sin  ^  , 

H- 

vlfjr  Yjfx  V/yU.  cos  e"  +  vj/x^  cos  6"  ’ 

AF  _  sin  (j  —  e") 

AC  cos  e" 


These  are  the  equations  to  be  used  in  conjunction  with  the  previous  set,  and  so  it 
follows  that 

sin_/  —  cosy  tan  e"  AF  1  cos  e"  +  ujfx  cos  6"  1  cos  e  —  «  cos  (i  —  (/>) 

sin  i  -}-  cos  i  tan  e  BC  fx  cos  e  +  x  cos  6  fx  cos  e"  —  xj/x  cos  (J  —  0) 


Wherefore 


Or 


sm  t  cos  e 


sin  i  cos  e  —  a  sin  (f)  —  a  tan  e  cos  ^  cos  (^  —  (f)) 
p.  jsiny  cos  e”  —  -sin  ^  -f-  -  tan  e"  cosy  cos  (j  — 


—  p  siny  cos  e"  =  I  cos  ^  sin  2  (f  —  -  cosy  sin  2  {j  — 

I  H' 


Which  shows  that  the  difference  between  sin  i  and  p  sin^,  or  the  error  of  refraction, 
is  likewise  of  the  second  order  of  aberration  magnitude,  i.e.,  ordinarily  speaking,  nil ; 
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its  value  being’  easily  obtainable  if  ever  wanted.  The  displacement  of  Fraunhofer 
lines  due  to  the  Sun’s  rotation  is  a  small  thing  to  detect  with  a  prism  spectroscope, 
but  this  effect  of  motion  on  terrestrial  sources,  if  it  is  ever  to  be  seen,  is  660  times 
smaller. 

70.  It  may,  ])erhaps,  be  well  to  check  over  our  results  by  the  less  geometrical 
method  employed  by  Sir  George  Stokes,  viz.,  by  expressing  the  fact  that  the  inter¬ 
section  of  the  three  waves  (incident,  reflected,  and  refracted)  with  the  mirror  is  a  joint 
intersection,  and  runs  along  the  mirror  at  a  pace  wdricli  can  easily  be  written  down 
(viz.,  AC/^) ;  for  the  wave  advances  through  the  medium  at  a  speed  V,  and  the 
medium  helps  it  along  with  a  component  of  its  drift  velocity  v  cos  (^  -|-  e)  ;  so  the 
total  speed  of  the  joint  rvave  intersection  as  it  runs  along  the  mirror  is 

V  -f  V  cos  (^+6) 
sin  (^  +  e)  ’ 

which  it  is  easy  to  see  is  precisely  the  same  as  what  wm  should  have  obtained  by 
attending  to  rays  and  to  the  figure,  viz., 

AC  V  cos  e  -t-  cos  ^ 
t  sin  (r  +  e)/cos  e 

So  tlie  equations  for  reflection  a,nd  refraction  can  be  written  down  at  once,  thus  : 

V  -f  V  cos  (i  —  (/)  +  e)  V  —  V  cos  (V  +  <p  —  e')  \ l/x  —  vj/jr  cos  (./  —  0  —  e") 

sin  (?■  -I-  e)  sin  {i'  —  e')  sin  {j  —  e") 

together  with  the  values  of  the  aberration  angles,  obtained,  say,  by  resolving  the 
wave  and  drift  velocities  perpendicular  to  the  ray,  or  resultairt  direction  of  advance, 
and  expressing  tlie  fact  that  they  must  neuti’alize  each  other  ; 

V  _  sin  6  sin  e'  _  /x  sin  e" 

V  sin(7  —  (f))  sin  (f  +  0)  sin  (j  —  (j>) 

These  two  sets  of  equations  contain  the  entire  solution,  and  of  course  fi  may  be 
written  jU-oZ/x^  if  it  is  a  question  of  passage  from  one  medium  to  another  instead  of 
from  vacuum  to  a  medium  ;  the  V  and  v  then  expressing  speeds  in  first  medium. 

71.  In  Sir  George  Airy’s'"  beautifully  performed  and  described  experiment  of  the 
value  of  the  coefficient  of  aberration  measured  by  a  zenitb  sector  full  of  water,  there 
should,  we  see,  on  Fresnel’s  theory,  have  been  a  sliglR  disci’epancy,  but  one  wholly 
too  small  to  observe  with  the  various  inaccuracies  inseparable  from  star-light.  If  it 
is  to  be  detected  it  must  be  with  light  from  a  terrestrially  fixed  source.  The  obser- 


‘  Pliil.  Ma£>'.,’  iv.,  voL  43,  p.  310. 
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vations  of  HoEKand  others,  performed  with  terrestrial  light,  aimed  only  at  disproving 
Klinkeefues’  notion  that  an  error  proportional  to  the  hrst  power  was  to  be  expected, 
and  did  not  aim  at  the  immense  delicacy  needed  to  observe  ah 


Wave-length  as  altered  hy  Reflexion. 

72.  Since  the  laws  of  reflexion  are  so  closely  obeyed,  an  image  in  a  mirror  will  prac¬ 
tically  appear  just  the  same  whether  the  medium  is  stationary  or  not,  and,  accord- 
ingly,  the  image  may  be  treated  as  the  virtual  source  for  all  cpiestions  relating  to 
wave-length  and  Doppler  effect,  and  the  waves  coming  from  that  image  will  in  general 
be  affected  by  tlie  drift  otherwise  than  are  the  weaves  coming  from  the  source,  because 
the  direction  is  different. 

For  instance,  sunshine  strikes  the  earth  perpendicularly  to  its  motion,  but  reflected 
sunshine  may  coincide  with  the  direction  of  motion,  and,  in  that  case,  will  have  t(^ 
travel  against  (or  with)  tlie  ether  wind  precisely  as  if  it  came  from  a  terrestrial 
source,  and  its  wave-length  will  be  affected  as  already  reckoned  ;  in  other  words, 
thinking  of  a  mirror  moving  with  the  orbital  motion  of  the  earth  only,  considered  as 
circular,  the  image  of  the  Sun  moves  as  if  attached  to  the  mirror  (not  at  twice  the 
rate),  and,  accordingly,  reflected  sunshine  behaves  as  regards  w^ave-length  precisely 
as  if  it  were  coming  from  a  terrestrial  source.  [More  generally  {i.e.,  including 
eccentricity  of  orbit  and  aberration)  reflected  light  as  seen  hy  an  observer  moving  ivith 
the  mirror  appears  in  every  respect  like  direct  light.] 

For  irregular  reflexion,  e.g.,  from  white  paper  or  from  the  Moon  or  a  planet,  these 
things  can  be  treated  as  being  themselves  the  sources. 

Change  of  Phase  caused  hy  Reflexion  in  a  Moving  Medium. 

73.  Now  consider  the  phase  as  affected  by  reflexion. 

Consider  the  two  parallel  rays  A  and  B,  in  fig.  17,  distant  h  from  each  other,  and 
let  B  lag  initially  by  an  amount  h  tan  e  behind  A  (§67),  then,  after  I’eflexion,  the 
distance  apart  has  changed  so  that  6/cos  e  =  h'jcos  e  =  c  say,  and  the  lag  is  h'  tan  e. 

Hence  the  gain  of  lag  by  reflexion,  h'  tan  c  —  h  tan  e 

=  c  (sin  e'  —  sin  e), 

i  +  iW  /  ,  i-i'\ 

=  —  2ac  cos  — - —  sm  ifj) - > 

which,  very  approximately, 

=  —  2ac  cos  i  sin 

For  normal  incidence  and  tangential  drift  it  has  its  maximum  value,  2a6. 

MDCCCXCIII. — A.  5  K 
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Now  whatever  the  initial  lag  may  be,  and  it  may  be  arbitrary,  the  final  lag  will 
differ  from  it  by  this  same  amount ;  and  if  the  rays,  instead  of  being  parallel,  are 
coincident  in  path,  then  no  difference  in  phase  is  caused  by  reflexion. 


Change  of  Energy  at  Reflexion  from  Moving  Mirror 


74,  When  reflexion  takes  place  from  a  moving  (receding)  mirror,  there  is  some  work 
done  on  the  mirror  by  reason  of  the  intrinsic  pressure  of  light.  Calling  the  energy 
per  unit  volume  e  -f  e,  the  energy  of  the  incident  light  per  second  is  Ve,  and  of  the 
reflected  Ve',  the  pressure  is  e  +  e,  and  the  work  done  23er  second  (e  +  e)  v. 

So 

Ye  -  Ye'  =  (e  +  e)  v, 
or 

e  (1  —  a.)  =  e  {1  +  a). 


Or  consider  the  mirror  fixed  and  medium  moving  with  source  away  from  it, 
the  speed  of  incident  light  is  Y  —  v,  of  the  reflected  is  Y  +  v,  but  no  work  is  clone ; 
so 

(Y  —  v)  e  =  (Y  +  v)  e  . 

Wherefore,  on  either  mode  of  consideration,  the  energy  of  the  reflected  light  is  from  a 
receding  mirror  less,  from  an  advancing  mirror  greater,  than  that  of  the  incident 
light,  in  the  ratio 

d  _  1  -  « 

6  1  +  « 


Possible  Effect. of  Light  Pressure  in  Astronomy. 

75.  Light  energy  per  unit  volume  on  Mount  Whitney,  as  determined  by  Langley, 
amounted  to  67  microbarads,  or,  say,  in  outside  space,  three  quarters  of  10“"^  ergs  per 
<3ubic  centimetre ;  giving  a  pressure  of  the  same  number  of  dynes  per  sq.  centim. 

This  pressure  on  the  Moon  is  wltlidrawn  during  eclipses,  but,  although  equal  to 
the  ordinary  weight  of  10,000  tons  or  so,  it  is  too  small  to  make  sensible  perturbations, 
as  it  could  only  push  the  Moon  ^^th  inch  in  a  fortnight. 

On  a  small  body,  however,  it  may  become  comparable  with  gravitation."^ 

On  a  small-enough  dust  particle,  such  as  may  be  in  tails  of  comets,  the  light 
pressure  and  gravitative  attraction  of  the  Sun  might  balance.  I  make  the  size  about 
1  micron  diameter  for  a  sphere  of  the  density  of  water,  at  any  distance.  Anything 
smaller  than  this  would  be  repelled,  and  Avould  get  up  an  excessive  velocity  in  time. 

[*  I  find  that  Fitzgerald  made  a  communication  years  ago  to  the  Royal  Dublin  Society  on  this 
subject.] 
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Direction  of  Motion  of  a  place  on  the  Earth. 

76.  Of  all  the  motions  to  which  the  earth  is  subject  its  orbital  motion  is  the 
largest,  and  is  the  most  important  for  aberrational  effects ;  but  two  others  must  not 
be  overlooked,  since  they  may  introduce  secular  variations  into  the  amount  of  those 
effects,  viz.,  the  diurnal  rotation  and  the  motion  of  the  system  through  space. 

The  speed  of  the  motion  of  the  system  is  only  approximately  known,  but  it  is  esti¬ 
mated  at  10  9  miles  a  second,  or  175  million  C.G.S.,  and  its  direction  is  completely 
specified  by  stating  a  point  among  the  fixed  stars. 

1  r.  ,1  T  1  ,  •  equatorial  circumference  i  i 

The  speed  of  the  diurnal  rotation  is - ; — - r-; -  X  cos  latitude,  or  very 

^  1  sidereal  day 

small  compared  with  that  of  light,  and  its  direction  is  simply  from  west  to  east.  It 

causes  a  variation  in  the  observed  total  aberration,  amounting  to  nearly  2  per  cent,  at 

the  equator. 

Both  these  motions  are  steady. 

The  orbital  motion  is  not  quite  constant  in  speed,  and  goes  througli  the  whole  plane 
cycle  of  directions,  but  its  average  value  may  be  stated  as  Td,Vo“o  of  light,  and 
its  direction  is  sufficiently  expressed  for  practical  purposes  by  saying  that  it  is  in 
the  plane  of  the  ecliptic,  and  at  right  angles  to  the  Sun’s  direction.  For  instance, 
a  half-moon  is  roughly  in  the  line  of  the  earth’s  orbital  motion.  We  are  moving  as 
if  going  away  from  an  increasing  half-moon  or  towards  a  decreasing  half-moon. 
Another  way  of  putting  the  matter,  is  that  at  midnight  the  annual  and  diurnal 
motions  approximately  agree  in  direction,  at  midday  they  are  opposed.  At  the 
epoch  of  the  solstices  the  agreement  is  good,  i.e.,  the  orbital  motion  at  a  solstice  is 
from  east  to  west  at  noon,  from  west  to  east  at  midnight ;  and  at  no  time  of  the  year 
is  the  error  of  this  statement  of  very  great  practical  import,  for  even  at  the 
equinoxes  917  per  cent,  of  the  motion  is  in  the  direction  stated. 

A  clock  might  easily  be  made  to  point  out  the  direction  of  orbital  motion.  By 
starlight  it  is  never  difficult  to  realize  it,  for  there  are  usually  planets  enough  to  make 
the  ecliptic  manifest,  and  there  is  no  difficulty  in  estimating  whereabouts  the  Sun  is. 
Hold  a  tv/enty-four  hour  watch  in  the  plane  of  the  ecliptic  with  its  noon  line  jjointing 
west,  and  its  hour  hand  w'ill  constantly  indicate  the  direction  of  the  earth’s  orbital 
motion.  The  only  difficulty  is  knowing  where  the  plane  of  ecliptic  is.  Consider  a 
terrestrial  globe  with  its  axis  tilted  23^^,  and  rotating  by  internal  mechanism  once 
in  twenty-four  hours.  The  plane  of  ecliptic  is  horizontal,  and  the  direction  of  motion 
will  be  given  by  a  pointer  revolving  once  a  year  in  a  horizontal  plane,  or,  more  simply, 
by  the  appropriate  radius  of  a  horizontal  card  wuth  365  days  of  the  year  written  round 
its  circumference.  With  that  alone,  however,  it  would  be  a  little  puzzling  to  compare 
this  slowly  changing  direction  with  the  position  of  any  given  locality  on  the  rotating 
earth.  The  whole  might  be  turned  by  hand  till  the  required  locality  came  to  the  top, 
with  the  axis  in  the  meridian,  and  then  the  pointer  would  agree  with  the  direction  of 

5  K  2 


804 


DR.  OLIVER  LODGE  OR  ABERRATIOR  PROBLEMS. 


motion  ;  or,  more  simply,  there  need  be  no  globe  at  all,  but  simply  a  polar  axis  revolving 
once  a  day  opposite  to  the  earth,  and  carrying  with  it  a  dial  with  the  names  of  the 
months  and  days  recorded  round  its  circumference,  set  on  the  axis  at  an  obliquity  of 
23^°,  and  adjusted  once  for  all  to  coincide  with  the  ecliptic.  The  date  on  the  card 
will  then  point  out  the  line  of  motion.  The  clock,  if  kept  to  G.M.T.,  would  never 
give  the  motion  more  erroneously  than  a  small  correction  analogous  to  the  equation 
of  time.  By  giving  the  card  one  step  forward  every  29th  of  February,  it  could  be 
kept  right  until  the  whole  thing  wanted  that  -j^oth  part  of  a  rotation  per  century 
about  a  vertical  axis  which  precession  demands.  [My  assistant,  Mr.  E.  E.  Bobixsox, 
has  connected  a  clock  through  a  Hooke’s  joint  with  a  pointer  which  moves  so  as  very 
fairly  to  indicate  the  direction  of  orbital  motion  at  any  instant.] 


Electrical  methods  of  detecting  Motion  through  Ether. 

77.  It  might  j)erhaps  appear  possible  that  electrical  methods  may  succeed  in 
showing  a  first-order  effect  of  terrestrial  motion,  since  charged  bodies  in  motion  repel 
each  other  with  modified  force. 

It  is  not  possible  to  control  or  vary  it  except  by  combining  the  above  several  kinds 
of  movement,  and  Fitzgerald  has  suggested  a  plan  of  observing  whatever  eflkct  raav 
be  caused  by  the  alternate  agreement  and  disagreement  between  the  earth’s  orbital 
motion  and  the  solar  system’s  proper  motion  :  say  by  measuring  the  attraction  of 
charged  parallel  plates  at  intervals  of  six  months. 

But,  inasmuch  as  the  force  between  charged  bodies  is  independent  of  the  direction  of 
their  motion,  or  (otherwise)  because  the  electrical  attraction  between  parallel  moving 
charges  depends  on  the  product  of  their  velocities,  it  must  be  the  second-order  of 
aberration  magnitude  that  is  really  involved. 


Description  of  Plates  31  axd  32. 

Plate  31.  Details  of  optical  frame,  showing  the  mode  of  supporting  the  mirrors,  both 
the  silvered  and  the  semi-transparent. 

Plate  32.  Details  of  whirling  machine,  showing  the  pair  of  steel  disks,  1  yard  in 
diameter,  driven  by  an  electric  motor. 
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XVI.  On  the  Results  of  an  Examination  of  the  Orientations  of  a  nuniher  of  Greeh 
Temples  luith  a  view  to  connect  these  Angles  ivith  the  Amplitudes  of  certain  Stars  at 
the  time  the  Temples  were  founded^  etnd  an  endeavour  to  derive  therefrom  the  Dates 
of  their  Foundation  hy  consideration  of  the  Changes  produced  upon  the  Right 
Ascension  and  Declination  of  the  Stars  hy  the  Precession  of  the  Eguinoxes, 

By  F.  C,  Penhose,  F.R.A.S.,  Architect. 

Communicated  hy  Professor  J.  Norjman  Lockyer,  F.R.S, 

Received  December  13,  1892, — -Read  April  27,  1893. 

[^Preliminary  Ohservations. — My  attention  was  directed  to  the  above  subject  by 
Mr.  Lockyer,  who,  in  the  course  of  bis  study  of  the  Egyptian  temples  and  the 
stars-  which  aj^pear  to  have  determined  their  orientation,  was  led  by  a  cursory 
examination  of  some  of  the  Greek  temples  to  think  it  likely  that  the  same  principle 
prevailed  there  also,  and,  knowing  that  I  was  in  possession  of  some  measurements 
which  would  help  in  tlie  inquiry,  invited  me  to  look  into  the  matter  with  him.  On 
comparing  notes,  we  found  much  to  promise  that  a  practical  correspondence  between 
the  Egyptian  and  the  Greek  monuments  would  be  found ;  so  that  it  evidently  became 
worth  while  to  go  more  fully  into  the  examination  of  the  Greek  remains.  On  the 
branch  of  the  subject  connected  with  Egypt  Mr.  Lockyer  has  published  several 
articles  in  ‘Nature;’''"  and  in  May,  1891,  gave  a  lecture  to  the  Society  of  Anti¬ 
quaries,  which  was  held  in  the  rooms  of  the  Royal  Society ;  and  there  is  an  article 
by  him  bearing  on  the  question  in  the  ‘  Nineteenth  Century’  (July,  1892),  On  the 
Greek  branch  I  made  a  preliminary  statement  to  the  same  Society  in  February, 
1892,  an  abstract  of  which  was  published  in  ‘  Nature’  on  the  25th  day  of  that 
month. 

Unknown  to  Mr.  Lockyer  until  after  he  had  been  for  some  time  engaged  in  this 
research,  several  articles  had  been  contributed  to  the  ‘Rheinisches  Museum  fiir  Philo- 
logie,’t  by  Herr  Nissen,  of  Bonn,  following  an  exactly  similar  line  of  inquiry,  and 
embracing  both  Egyptian  and  Greek  monuments.  In  Herr  Nissen’s  researches  there 
is  some  want  of  exactitude  in  the  measurements  which  he  has  used,  which  interfere 
with  the  accuracy  of  some  of  the  conclusions  arrived  at.  There  is,  however,  much  of 
interest  and  value  in  the  learning  which  he  has  brought  to  bear  on  the  subject. 

*  April  16,  May  7  and  21,  June  4,  and  July  2,  of  1891 ;  and  Jan.  28  and  Feb.  18,  of  1892. 
t  Particularly  the  volumes  for  1885  and  1887. 
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As  respects  Egypt,  there  is  the  strongest  possible  evidence  that,  when  a  temple  was 
built,  the  direction  of  the  axis  was  pointed  to  the  place  on  the  horizon  where  some  con¬ 
spicuous  star  would  rise  or  set.  There  is  distinct  hieroglyphical  evidence  that  such  was 
the  case.  Mr.  Lockyer  has  referred  to  these  records  at  some  length  in  ‘Nature’  for 
Jan.  18,  1892.  1  quote  here  one  passage,  being  a  translation  from  an  hieroglyphical 
relation  of  the  rebuilding  of  a  temple  in  the  time  of  Seti  I.,  about  1445  b.c.  : — “  The 
living  God,  the  magnificent  son  of  Asti  (a  name  of  Thoth),  nourished  by  the  sublime 
goddess  in  the  temple  of  the  sovereign  of  the  country,  stretches  the  rope  with  joy.  With 
liis  glance  at  Ak  (the  middle  ?)  of  the  Bull’s  Thigh  constellation,  he  establishes  the 
temple-house  of  the  mistress  of  Denderah,  as  took  place  before.”  At  another  place  the 
King  says  : — “  Looking  to  the  sky  at  the  course  of  the  rising  stars  (and)  recognizing 
the  Ak  of  the  Bull’s  Thigh  constellation,  I  establish  the  corners  of  the  temple  of  her 
majesty.” 

The  point  being  considered  as  proved  that  the  axis  of  a  temple  was  pointed  to  the 
rising  or  setting  of  some  particular  star,  the  next  stejD  is  to  discover  which  star  was 
chosen ;  and  if  this  can  be  found,  an  astronomical  clue  to  the  date  of  the  foundation 
is  at  once  obtained  ;  for,  though  the  amplitude  of  the  star — that  is,  its  angular  distance 
from  true  east  or  west  at  rising  or  setting — by  reason  of  the  precession  of  the  equi¬ 
noxes,  woidd  not  now  coincide  with  the  orientation  angle,  the  date  at  which  it  did  so 
can  be  exactly  recovered. 

And  there  is  seldom  much  difficulty  in  discovering  the  star,  for  the  stars  which 
could  have  been  observed  in  a  given  direction,  and  bright  enough  to  be  seen  through 
an  atmosphere  always  somewhat  hazy  at  low  altitudes,  are  not  numerous,  so  that  there 
is  little  chance  of  error  in  deciding  which  was  the  star  that  suited  the  orientation. 

Besides  the  hieroglyphical,  there  is  good  architectural  evidence  of  stellar  orientation. 
There  are  instances  in  Egyptian  temples  where  the  doorways  have  been  altered,  so  as 
to  keep  a  rising  or  setting  star  in  view  as  it  deviated  from  the  axis  which  at  first  had 
been  directed  towards  it ;  and  when  this  plan  could  succeed  no  longer,  in  more  than 
one  instance  a  new  temple,  following  the  same  cult,  has  been  founded  alongside  of  the 
earlier  one,  at  a  different  oiientation  angle,  for  the  purpose  of  continuing  the  obser¬ 
vation  of  the  same  star. 

In  the  first  place,  it  may  be  convenient  if  T  explain  very  briefly  how  it  is  that  the 
precession  of  the  equinoxes  comes  into  play  in  this  inquiry. 

It  is  well  and  generally  known  that  the  oi’bit  of  the  earth  is  in  the  form  of  an 
ellipse,  situate  in  a  plane  passing  through  the  Sun  and  through  the  centre  of  the 
earth,  and  called  the  plane  of  the  ecliptic  ;  and  that  the  earth’s  diurnal  rotation  takes 
place  upon  an  axis  inclined  to  the  plane  of  the  orbit,  at  an  angle  at  present  measuring 
about  twenty-three  degrees  and  a  half,  but  which  fluctuates  very  slowly  between 
small  limits. 

Celestial  objects  are  measured  upon  an  imaginary  sphere,  of  indefinite  diameter, 
centrally  placed  with  regard  to  the  earth,  in  two  different  ways.  The  starting  points 
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on  one  system  are  on  the  great  circle  which  lies  in  the  plane  of  the  orbit, 
called  the  Ecliptic  circle,  and  the  measures  taken  at  right  angles  to  it  are  called 
latitudes.  The  coordinate  measures  round  its  circumference  are  called  longitudes, 
exactly  analogous  to  the  measures  of  Geography,  excepting  that  the  longitudes  are 
only  reckoned  in  one  direction,  viz.,  from  west  towards  east.  The  other  system  of 
measures  employs  the  same  imaginary  sphere,  but  the  great  circle  which  is  used  is 
that  which  lies  in  the  plane  of  the  earth’s  Equator,  and  the  measures  from  it  are  called 
declinations  instead  of  latitudes,  and  the  coordinate  measures  are  called  right  ascen¬ 
sions  instead  of  longitudes,  which  are  reckoned  as  in  the  other  case,  only  from  west 
towards  east.  Thus  the  place  of  a  star  may  be  given  either  in  latitude  and  longitude, 
or  in  right  ascension  and  declination ;  and  if  nothing  occurred  to  disturb  the 
mechanical  conditions  of  the  orbit,  this  alternative  reckoning  would  remain  constant, 
or  altered  only  by  the  exceedingly  slow  proper  motion  of  some  of  the  stars  ;  and  the 
summer  and  winter  solstices  and  the  spring  and  autumn  equinoxes  would  occur  in^ 
each  succeeding  year  at  the  exact  moment  when  the  sun  occupied  the  same  longitude 
as  on  the  previous  one.  This,  however,  is  found  not  to  be  the  case  ;  and  the  first 
recorded  statement  of  the  fact  is  attributed  to  the  Greek  astronomer,  Hipparchus. 
It  must,  however,  have  been  practically  known  to  the  Egyptians  long  before  his  time. 
The  explanation  was  reserved  for  Newton,  who  showed  that  owing  to  certain  gravi¬ 
tational  reactions  upon  our  planet,  especially  on  the  part  of  the  Moon,  the  earth’s 
polar  axis,  whilst  remaining  nearly  constant  in  its  inclination  to  the  plane  of  the 
ecliptic,  is  continually  deflected  in  such  a  manner  that  the  recurrence  of  the  equinoxes 
(of  which  the  exact  moment  can  be  more  easily  observed  than  that  of  the  solstices)  is 
accelerated  to  the  extent  of  about  the  twentieth  part  of  a  degree  annually.  This 
movement  necessarily  disturbs  the  relation  which  exists  at  any  particular  epoch 
between  the  latitude  and  longitude,  and  the  right  ascension  and  declination 
reckonings.  During  the  course  of  a  few'  years,  indeed,  the  difference  is  not  great,  but 
when  years  are  counted  by  thousands,  the  changes  in  right  ascension  have  to  be 
reckoned  in  hours.  And  although  the  latitude  is  not  much  affected,  the  changes  in 
declination  are  generally  large,  sometimes  northerly  and  sometimes  southerly,  according 
to  the  position  of  the  object.  It  necessarily  follows  that,  together  with  the  declina¬ 
tion,  the  amplitudes  of  stars  at  their  rising  and  setting  are  altered ;  and  thus  it  has 
happened  that  stars  once  chosen  for  orientation  purposes,  after  a  few  hundred  years, 
could  by  no  contrivance  be  retained  in  view,  but  as  the  law  of  the  variation  has  been 
ascertained,  the  date  can  be  computed  when  the  amplitude  of  the  star  and  the 
orientation  angle  coincided. 

In  Greece  nothing,  so  far  as  we  know,  has  been  recorded  either  in  history  or  by 
inscriptions  which  offers  a  parallel  to  what  has  been  found  on  this  subject  in  the 
Egyptian  hieroglypliics  referred  to  above ;  but  architectural  evidence  is  not  wanting 
of  a  character  corresponding  with  that  which  has  been  found  in  Egypt,  showing  the 
changes  of  structure  aidsing  out  of  the  precessional  movement.  The  Greek  examples, 
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wliicli  can  be  cited,  are  tire  two  Minerva  temples  on  the  Acropolis  at  Athens,  both  of 
which  in  their  orientation  can  be  referred  to  the  Pleiades  (a  constellation  sacred  to 
the  goddess)  at  different  epochs  ;  and  at  PJramnus  the  remains  of  the  two  temples  of 
Themis  and  Nemesis,  which  evidently  followed  the  same  cult,  are  found  side  by  side, 
with  a  difference  in  their  orientation  exactly  tallying  with  the  precessional  movement 
of  Spica."^  In  the  well-preserved  temple  at  .^gina  the  western  wmll  of  the  cella  has 
been  pierced  excentrically  by  the  doorw^ay,  and  apparently  for  the  object  of  enabling 
the  setting  of  Antares  to  be  observed  from  the  adytum.  There  may  have  been  other 
examples  of  the  same  kind,  but  the  doorways  of  very  few  of  the  earliest  temples  in  the 
country  have  been  sufficiently  well  preserved  to  decide  whether  the  same  thing  may 
or  may  not  have  been  done. 

The  orientation  of  temples  may  be  divided  into  twm  classes.  Solar  and  Stellar.  In 
the  former  the  orientation  lies  within  the  solstitial  limits,  so  that  its  angular  distance 
from  true  east  and  west  does  not  exceed  the  amplitude  of  the  Sun  at  the  solstice.s. 
The  stellar  orientation  exceeds  this  limit.  In  Greece  there  are  comparatively  few  of 
the  latter  class. — April  17,  1893.] 

The  orientation  angles  giveii  in  the  lists  which  follow  were  obtained  from  azimuths 
taken  from  the  Sun  or  the  planet  Venus.  In  almost  every  case  two  or  more  sights 
were  taken.  Observations  of  stars  at  night  were  also  used  from  time  to  time,  to  test 
the  performance  of  the  theodolite.  Magnetic  variations  were  also  observed  in  most 
instances,  which  confirmed  the  opinion  I  had  already  arrived  at  that,  owing  to  local 
attractions,  magnetic  bearings  were  not  sufficiently  exact  for  the  purposes  of  this 
inquiry.  The  height  subtended  by  the  visible  horizon  opposite  the  axis  of  the  temple 
was  also  in  every  case  observed. 

For  the  present  it  may  be  treated  as  a  postulate  that  in  any  temple  oriented 
within  the  solstitial  limits  of  its  latitude,  the  axis  was  so  dmected  that,  on  the  great 
festival  of  the  year,  the  first  beam  of  the  rising  Sun  should  fall  upon  the  statue 
centrally  placed  in  the  temple,  or  on  the  incense  altar  in  front  of  it ;  and  as 
obviously  the  priests  would  desire  to  have  due  warning  of  the  Sun’s  approach,  it  was 
also  arranged  that  some  bright  star  or  constellation  sliould  rise  or  set  heliacally  where 
it  could  be  seen  from  the  adytum.  By  heliacal  rising  or  setting,  a  phrase  used  in 
many  passages  of  ancient  writers,  is  meant,  that  such  star  should  be  just  visible 
before  the  light  of  the  rising  Sun  should  be  too  powerful.  This  interval  of  time 
would  vary  according  to  circumstances,  but  it  would  generally  require  that  the 
depression  of  the  Sun  below  the  horizon  should  be  about  ten  degrees.  Previous  to 
the  invention  of  water  clocks  or  other  artificial  means  of  measuring  time,  the  rising 
or  setting  of  the  stars  would  have  been  the  only  reliable  chronometers  at  night. 

In  the  following  list  the  orientation  angles  are  measured  from  the  south  and 
round  by  way  of  west,  north,  and  east  : — 

*  At  Tegea  also  there  ai‘e  divergent  foundations,  wliich  appear  to  correspond  to  changing  amplitudes  of 
a  Arietis. 
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Athens.  Lat.  37°  38'  20". 


Name  of  Temple. 

Oi’ientatiou 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Archaic  Temple  of 

260°  55' 

A 

Amplitude  of  Star  or 

+  7°  51'  26" 

4-12°  16' 

Pleiades 

Minerva 

Sun 

(//  Tauri), 

B 

Corresponding  altitude 

3°  20'  E. 

2°  40  E. 

rising 

C 

Declination  .... 

+  7°  50' 

4-11°  20' 

D 

Hour  angles  .... 

6i‘  8“  24® 

7'*  29“  37" 

E 

Depression  of  Sun  when 

,  , 

10° 

Star  was  heliacal 

F 

R.A . 

O'l  34“  50= 

I**  56*“  3" 

G 

Approximate  date  . 

B.C.  15.30,  April  20,  21 

Jupiter  Olympius, 

268°  O' 

A 

Amplitude  of  Star  or 

+  3°  8' 

4-2° 

a  Arietis, 

older  foundation 

Sun 

rising 

B 

Corresponding  altitude 

5°  0'  E. 

4°  31'  E, 

0 

Declination  .... 

+  6°  15' 

o 

r— I 

o 

4- 

D 

Hour  angles  .... 

5'‘  44“  51  = 

7'*  15“  36" 

E 

Depression  of  Sun  when 

12° 

Star  was  heliacal 

F 

R.A . 

23'‘  19“  0® 

O'*  39'**  45" 

G 

Approximate  date  . 

B.C.  1202,  March  30,  31 

Hecatompedon,  on 

257°  7' 

A 

Amplitude  of  Star  or 

-f  10°  8' 

4-15°  52'  41" 

Pleiades, 

site  of  present 

Sun 

rising’ 

Parthenon 

B 

Corresponding  altitude 

2°  45'  E. 

2°  25'  E. 

C 

Declination  .... 

+  9°  58' 

4-13°  57' 

U 

Hour  angles  .... 

gh  X7m  18s 

7'*  37“  56" 

E 

Depression  of  Sun  when 

•  • 

10° 

Star  was  heliacal 

1 

1 

1 

F 

R.A . 

O'*  54'**  5® 

2'*  16“  20" 

G 

Approximate  date  . 

B.C.  1150,  April  26 

Nike  Apteros,  or 

275°  43'  17" 

A 

Amplitude  of  Star  or 

■f  5°  28'  59" 

-.5°  43'  17" 

Spica, 

Wingless  Vic- 

Sun 

setting 

tory 

B 

Corresponding  altitude 

3°  0'  W. 

5°  22'  E. 

C 

Declination  .... 

+  6°  10' 

-1°  12'  5" 

D 

Hour  angles  .... 

6'*  4“  0® 

6'*  59'**  0" 

E 

Depression  of  Sun  when 

12°  20' 

Star  was  heliacal 

F 

R.A . 

10’*  46“  0® 

23'*  49“  0" 

G 

Approximate  date  . 

B.C.  1130,  March  17 

5  L 


MDCCCXCIII. — A. 


810 


MR.  h\  C.  PENROSE  ON  THE  RESULTS  OF  AN  EXAMINATION 


Athens.  Lat.  37°  38'  20" — (continued). 


Name  of  Temple. 

Orientation 

angle. 

- 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star-. 

Older  Erecli- 

251°  39' 

A 

Amplitude  of  Star  or 

-21°  4' 

+  18°  21' 

Antares, 

tlieum,  founda- 

Sun 

setting 

tious  uuder  pre- 

B 

Corresponding  altitude 

3°  0'  W. 

0°  50'  E. 

sent  Temple 

C 

Declination  .... 

-14°  31' 

+  14°  54' 

I) 

Houi'  angles  .... 

4'‘  59°'  0® 

7I1  ,54m  Qs 

i 

E 

Depression  of  Sun  when 

,  , 

12° 

Star  was  heliacal 

i 

F 

R.A . 

13‘‘  35“  0= 

2I1  28“  20" 

G 

Approximate  date  . 

B.C.  1070,  April  29 

1 

Earlier  Temple  of 

255°  7'  42" 

A 

Amplitude  of  Stai'  or 

+ 10°  42'  5" 

+  16°  41'  26" 

Pleiades, 

Bacchus 

Sun 

rising 

B 

Corresponding  altitude 

3°  30'  E. 

3°  3'  E. 

0 

Declination  .... 

+  10°  35' 

+  15° 

D 

Hour  angles  .... 

6h  15m  24s 

7'*  43“  43" 

1 

E 

Depression  of  Sun  wlien 

I 

0 

0 

Star  was  heliacal 

F 

R.A . 

Ih  Qm  4Xs 

2h  29“  0" 

G 

Approximate  date  . 

B.C.  1030,  April  29 

Diana  Brauronia  . 

288°  22'  49" 

A 

Amplitude  of  Star  or 

-19°  20'  18" 

-18°  22'  49" 

Constella- 

Sun 

tion 

B 

Corresponding  altitude 

6°  15'  E. 

5°  59'  E. 

Aquarius, 

C 

Declinatioii  .... 

-11°  6' 

-10°  49'  9" 

f  Aquarii, 

D 

Hour  angles  .... 

4I1  5im  373 

6''  56“  42" 

rising. 

B 

Depression  of  Sun  when 

•  « 

17° 

Star  was  heliacal 

F 

R.A . 

20>'  13“  0® 

22'*  18“  0" 

G 

Approximate  date  . 

B.C.  580,  Feb.  21,  22 

1 
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Olympia.  Lat.  37°  38'. 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

The  Heraenm,  or 

266°  13'  .58" 

A 

Amplitude  of  Star  or 

+  7°  35' 

+  3°  46' 

Spica, 

Temple  of  Juno 

Sun 

rising 

B 

Corresponding  altitude 

.3°  E. 

1°  40'  E. 

C 

Declination  .... 

+  7°  40' 

+  4°  0'  1" 

D 

Hour  angles  .... 

6'‘  9“  2" 

711  3m  10® 

E 

Depres.sion  of  Sun  Avhen 

10° 

Star  was  heliacal 

F 

R.A . 

10’'  29“  4® 

11’'  23“  12" 

G 

Approximate  date  . 

B.C.  1445,  September  12 

The  Temple  of 

262°  37'  46" 

A 

Amplitude  of  Star  or 

+  8°  38' 

+  7°  22'  14" 

a  Arietis, 

Jupiter 

Sun 

rising. 

B 

Corresponding  altitude 

3°  0'  E. 

1°  42'  E. 

C 

Declination  .... 

8°  40' 

+  6°  52'  22" 

D 

Hour  angles  .... 

6’'  11“  37= 

7’'  34“  52" 

E 

Depression  of  SunAvhen 

14°  12" 

Star  was  heliacal 

F 

R.A . 

!’>  3'  5" 

G 

Approximate  date  . 

B.C.  790,  April  6 

The  Metroum,  or 

to 

00 

o 

to 

A 

Amplitude  of  Star  or 

+  9°  28'  13" 

-9°  47'  2" 

a  Arietis, 

Temple  of  Cyhele 

Sun 

setting 

B 

Cori’esponding  altitude 

5°  45'  W. 

2°  E. 

over  roof  of  ancient 

Hei’feum 

C 

Declination  .... 

+  11°  0' 

-6°  30' 

D 

Hour  angles  .... 

6’>  4“  50" 

6’'  53“  10" 

E 

Depression  of  Sun  Avhen 

•  • 

14°  6' 

Star  was  heliacal 

F 

R.A . 

O’*  2“  0" 

I3I1  Qm  0" 

G 

Approximate  date  .  . 

B.C.  360,  October  9 

5  L  2 
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The  Hiero  of  Epidaurus.  Lat.  37°  35'. 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

1 

Asclepieion  or  Tern- 

259'’  24'  50" 

A 

Amplitude  of  Star  or 

-1-6°  19' 

4-10°  35' 

Pleiades  | 

pie  of  Esculapins 

Sun 

(iy  Tauri). ' 

B 

Corresponding  altitude 

7°  E. 

6°  10'  E. 

rising 

C 

Declination  .... 

+  9°  15' 

4-12°  8' 

D 

Hour  angles  .... 

.5’'  5.3®  16^ 

7i>  3lm  41s 

E 

Depi’ession  of  Sun  when 

,  , 

10° 

Star  was  heliacal 

F 

R.A . 

O’!  47®  35" 

2’'  26“  0" 

G 

AjJiJroximate  date  . 

B.C.  1275,  April  28,  29 

Temple  of  Diana  . 

255°  49' 

A 

Amplitude  of  Star  or 

-1.3°  r  43 

4-14°  11' 0" 

^  Scorpii, 

Sun 

setting 

B 

Corresponding  altitude 

.3°  W. 

6°  10'  E. 

C 

Declination  .... 

-8°  .30' 

4-14°  59' 5" 

D 

Hour  angles  .... 

4'‘  57"'  0" 

7’'  59“  0" 

E 

Depression  of  Sun  when 

1.3° 

Star  was  heliacal 

F 

R.A . 

T  ^Ii  ^Om  f)s 

2ii  29®  0" 

j 

G 

Approximate  date  . 

B.C.  780,  April  29 

1 

! 

Tegea.  Lat.  37°  27'  45". 


Name  of 
Temple. 

Orientation  angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Temple  of 

This  I  could  only 

A 

Amplitude  of  Star  or 

4-5°  .3' 4.5" 

4-0° 

Spica, 

Minerva 

obtain  approxi- 

Sun 

rising 

mately  from 

B 

Corresponding  altitude 

+  3°  0'  E. 

-83°  5'  E. 

walls,  not  of  the 

C 

Declination  .... 

4-5°  51' 

+  1°52'  12" 

Temple  itself. 

D 

Hour  angles  .  .  . 

6*'  2®  45" 

6’'  56®  32" 

which  are  shown 

E 

Depression  of  Sun  when 

•  • 

10° 

on  the  German 

Star  was  heliacal 

plan  in  ‘Mittheil- 

F 

R.A . 

10’'  48®  13" 

IP'  43® 

ungen.’ 

267°  12'  30" 

G 

Approximate  date  . 

B.C  l0’/5,  September  18 

Tlie  above  can  only  be  regarded  as  a  possible  solntion. 

Should  the  Temple  be  re-examined  by  excavation  more  exact  data  could  be  obtained. 

(See  note  on  this  Temple  at  p.  833.) 
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Rhamnus.  Lat.  38°  13'. 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Temple  of  Themis 

268°  30'  14" 

A 

Amplitude  of  Star  or 

+  5°  16'  36" 

+  1°  29'  46" 

1 

Spica, 

Sun 

I'ising 

B 

Corresponding  altitude 

.3°  0'  E. 

1°  22'  E. 

C 

Declination  .... 

+  6°  0' 

+  2°  1'  15" 

D 

Hour  angles  .... 

6’'  .3“  37" 

61'  57m  39s 

E 

Depression  of  Sun  wlien 

0 

0 

Star  was  heliacal 

F 

R.A . 

10''  d.?'"  53" 

11''  41"'  55" 

G 

Approximate  date  . 

B.C.  1092,  September  17 

Temple  of  Nemesis 

271°  24'  50" 

A 

Amplitude  of  Star  or 

+  2°  45' .30" 

-1“  24'  50" 

Spica, 

Sun 

rising 

B 

Corresponding  altitude 

.3°  0'  E. 

2°  0'  E. 

C 

Declination  .... 

+  4°  5' 

+  0°  7'  37" 

D 

Hour  angles  .... 

5''  57"'  19" 

6''  51'"  32" 

E 

Depression  of  Sun  when 

,  , 

10° 

Star  was  heliacal 

F 

R.A . 

llh  4m  52s 

11''  58"'  50" 

G 

Approximate  date  . 

B.C.  747,  September  22 

Nemea.  Lat.  37°  49'. 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Temple  of  Jupiter 

250°  39'  1 8" 

A 

Amplitude  of  Star  or 

1 

H- ‘ 

0 

+  19°  20' 42" 

Constel- 

Sun 

lation 

B 

Corresponding  altitude 

7°  30'  W. 

6°  .35'  E. 

Aquarius, 

C 

Declination  .... 

-12°  16' 20" 

+  19°  18' 39" 

^  Aquarii, 

D 

Hour  angles  .... 

4''  41'"  3" 

8''  I""  7" 

setting 

E 

Depression  of  Suu  when 

•  • 

10° 

Star  was  heliacal 

F 

R.A . 

19°  47"'  40" 

8''  30"' 

G 

Approximate  date  . 

B.C.  1040, 

-luly  27,  28 
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Corfu.  Lat.  39°  36'. 


Name  of  Temple. 

Orientation 

angle. 

Stellar  Solar 

elements.  elements. 

Name  of 
Stai’.  j 

Temple  at  Kardaki, 

274°  ,39'  .3.5" 

A 

Amplitnde  of  Star  or 

-1°  4.5'  42"  -4°  39'  .35" 

1 

7  Pegasi, 

near  the  city 

Sun 

rising 

B 

Corresponding  altitude 

.3°  0'  E.  !  0°  E. 

j 

C 

Declination  .... 

0  -3“  35'  20" 

1) 

Hour  angles  .... 

,5’'  43‘"  19®  !  7^^  21“  56® 

E 

Depression  of  Sun  when 

17°  15' 

Star  was  heliacal 

F 

R.A . 

21‘>  48“  23®  1  23^  27“  0® 

G 

Approximate  da^^e  . 

B.C.  875,  March  10,  11 

I 

Sunium.  Lat.  37°  38'  48". 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

1 

Name  of  j 
Star.  j 

'^I’emple  of  Minerva 

284°  9'  7" 

A 

Amplitude  of  Star  or 

+  12°  27' 

-14°  9' 

Pleiades  ! 

Sun 

()/  Taui’i), 

B 

Corresponding  altitude 

3°  W. 

0°  E. 

setting 

C 

Declination  .... 

+  11°  40' 

-11°  9'  39" 

D 

Hour  angles  .... 

(pi  21“  6® 

6''  15“  29® 

E 

Depi’ession  of  Sun  when 

,  , 

10° 

F 

Star  was  heliacal 

R.  A . 

111  pm 

13’'  46“  27® 

G 

Approximate  date  . 

B.C.  845,  October  21 

Corinth.  Lat  37°  55'  0". 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

3’cmple.  Dedica- 

249°  10' 

A 

Amplitude  of  Star  or 

-23°  26' 

+  20°  .50' 

Antares, 

tion  unknown 

Sun 

setting 

B 

Corresponding  altitude 

.3°  15'  W. 

55'  E. 

0 

Declination  .... 

-16° 

+  16°  53' 

D 

Hour  angles  .... 

4''  50“  37® 

8’'  13“  0® 

E 

Depression  of  Sun  when 

13°  40' 

Star  was  heliacal 

F 

R.A . 

13''  50“  0® 

2''  54“ 

G 

Approximate  date  . 

B.C.  770,  May  6 

01^^  THE  OKIENTATIONS  OF  A  NUMBER  OF  GREEK  TEMPLES. 
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Bassse.  Lat.  37°  25'. 


Name  of  Temple. 

Orientation 

Stellar 

Solar 

Name  of 

angle. 

elements. 

elements. 

Star. 

Temple  of  Apollo 

The  axis  of 

A 

Amplitude  of  Star  or 

+  3°  IF 

-0°  26'  6" 

Spica, 

Epicurias 

temple 

Sun 

rising 

108°  26'  6" 

B 

Corresponding  altitude 

3°  0'  E. 

0°  45'  E. 

But  there  was 

C 

Declination  .... 

+  3°  57' 

+  0°  6'  37" 

an  Eastern 

D 

Hour  angles  .... 

51'  57'“ 

6''  50“'  8“ 

doorway 
270°  26'  6" 

E 

Depression  of  Sun  when 
Star  was  heliacal 

10° 

F 

R.A . 

11>'  5“'  50" 

111'  5ym  Qs 

G 

Approximate  date  . 

B.C.  728,  September  22 

Platsea,  Lat.  38°  13'. 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Unnamed  temple. 

280°  38'  10" 

A 

Amplitude  of  Star  or 

+  9°  50' 

-10°  38'  10" 

a  Arietis, 

Possibly  Juno 

Sun 

setting 

B 

Corresponding  altitude 

3°  0'  W. 

3°  1'  E. 

C 

Declination  .... 

+  9°  31' 

-6°  19'  35" 

D 

Hour  angles  .... 

61'  14'“  46= 

O'!  56'“  12= 

E 

Depression  of  Sun  when 

,  ♦ 

15° 

Star  was  heliacal 

F 

R.A . 

23''  48“ 

121'  59m 

G 

Approximate  date  . 

B.C.  650, 

October  9 

Lycosiira.  Lat.  37°  23'. 


Name  of  Temple. 

Orientation  j 
angle. 

Stellai' 

elements. 

Solar 

elements. 

Name  of 
Star. 

Temple  of  De- 

272°  11' 4"  A 

Amplitude  of  Star  or 

0 

1 

-2°  11'  4" 

7  Pegasi, 

spoina 

Sun 

rising* 

B 

Corre.sponding  altitude 

+  3°  0'  E. 

0°  35'  E. 

C 

Declination  .... 

+  1°  0' 

-1°  25' 

D 

Hour  angles  .... 

5I'  48“  56= 

71*  35“  56= 

I  E 

Depression  of  Sun  when 

•  . 

19°  40' 

Star  was  heliacal 

F 

R.A . 

22''  O'" 

23''  47“ 

G 

Aiiproximate  date  . 

B.C.  650,  March  16 
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Ephesus.  Lut.  37°  56'  30". 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of  1 
Star. 

Temple  of  Diana. 

27.5°  21'  5" 

A 

Amplitude  of  Stai’  or 

+  0°  2-5'  0" 

-5°  21'  5" 

Spica, 

Old  foundation. 

Sun 

rising 

found  by  Mr. 

B 

Corresponding  altitude 

6°  0'  E. 

4°  55'  E. 

Wood,  beneath 

0 

Declination  .... 

+  3°  57' 

-1°  10' 43" 

the  fourth  cen- 

D 

Hour  angles  .... 

5I1  4im  49s 

6I1  47ni  Os 

tmy  temple* 

E 

Depression  of  Sun  when 

.  . 

10° 

Star  was  heliacal 

F 

R.A . 

II>‘  5“  48« 

I2i‘  11“  0= 

G 

Approximate  date  . 

B.C.  715,  September  25 

^Egiiia.  (I)  Lat.  37°  45'.  (2)  Lat.  37°  44'  30". 


Name  of  Temple. 

Orientation 

angle. 

A 

B 

C 

D 

E 

F 

G 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

(1)  Temple  of 

Minerva,  on  the 
mountain  called 
Jupiter  Panhel- 
lenius 

249°  0' 27" 

Amplitude  of  Star  or 
Sun 

Corresponding  altitude 
Declination  .... 
Hour  angles  .... 
Depression  of  Sun  when 
Star  was  heliacal 

R.A . 

Approximate  date  . 

-23°  55'  +20°  59' 33" 

3°  0'  W.  1°  20'  E. 

-16°  45'  +I7°0'33" 

41,  49m  20s  '  8>'  11“  30" 
14°  50' 

131*  57“  2'‘  57“  50" 

B.C.  630,  May  7 

Antares, 

setting 

(2)  Temple  at  the 

280°  16'  3" 

A 

Amplitude  of  Star  or 

+  10°  19'  40" 

-10°  16'  3" 

a  Arietis, 

harbour 

Sun 

setting 

B 

Corresponding  altitude 

3°  0'  W. 

2°  40'  E. 

C 

Declination  .... 

+  10°  0' 

-6°  27' 

D 

Hour  angles  .... 

6'^  15“  53" 

6'‘  32“  34" 

E 

Depression  of  Sun  when 

14°  25' 

Star  was  heliacal 

F 

R.A . . 

23I'  53“  0" 

13>^  1“  15" 

G 

Approximate  date  . 

B.C.  550,  October  9 

*  It  will  be  observed  that  the  orientation  of  this  temple  at  Ephesus  is  nearly  the  same  as  that  of 
Nike  A})terosat  Athens,  and  there  is  not  much  difference  either  in  the  latitude  or  in  the  apparent  height 
of  the  mountain  eastwards ;  but  in  this  case  the  rising,  and  in  the  other  the  setting  of  Spica  has  been 
adopted.  This  choice  has  been  influenced  by  arcbgeological  considerations;  and  in  this  case  the  large 
amount  of  margin  allowed  for  the  star’s  amplitude  appears  to  be  justified  by  the  very  -wide  central  inter- 
col  umnations  of  this  temple. 
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Megalopolis.  Lat.  37°  25'. 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Temple  of  Jupiter 

279°  42'  28" 

A 

Amplitude  of  Star  or 

+  9°  42'  28" 

-9°  42'  28" 

a  Arietis, 

Soter 

Sun 

setting 

B 

Corresponding  altitude 

.3°  20'  W. 

3°  10'  E. 

C 

Declination  .... 

+  9°  43'  5.3" 

-5°  26'  40" 

D 

Hour  angles  .... 

6’’  13“  8® 

6>'  46“  37® 

E 

Deoression  of  Sun  when 

12°  30' 

Star  was  heliacal 

F 

R.A . 

23i>  50“ 

12U  49“  45® 

G 

Approximate  date  . 

B.C.  605,  October  6 

Argos.  Lat.  37°  41'  13". 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Herseum  Temple 

A 

Amplitude  of  Star  or 

-15°  41' 1.3" 

-15°  59' 20" 

Constella- 

of  Juno. — The 

Sun 

tion 

later  Temple 

B 

Corresponding  altitude 

3°  E. 

2°  .30'  E. 

Aquarius, 

close  to  the  site 

285°  59'  20" 

C 

Declination  .... 

-10°  28' 

-11°  1'  12" 

^  Aquarii, 

of  the  earlier 

D 

Hour  angles  .... 

5'^  11“  39® 

7h  5m  15s 

rising 

(For  latter,  see 

E 

Depression  of  Sun  when 

19°  34' 

p.  833). 

Star  was  heliacal 

F 

R.A . 

20i»  21“  58® 

22h  15“  34® 

G 

Approximate  date  . 

B.C.  425,  February  21 

It  will  be  noticed  that  the  amplitudes  given  amongst  the  solar  elements  of  the 
above  list  in  the  majority  of  cases  agree  exactly  with  the  temple  s  orientation,  but  that 
ill  a  few  cases — and  in  Athenian  temples  only* — a  somewhat  more  northerly  amplitude 
has  been  taken.  This  has  been  adopted  from  finding  that  if  the  exact  orientation 
angle  had  been  used  the  Sun’s  depression  would  not  have  been  sufficient  to  allow  the 
stars  to  be  sufficiently  well  observed,  but  that  if  the  Sun  had  risen  in  a  line  with  the 
northern  jamb  of  the  eastern  doorway  or  columnar  opening  of  the  peristyle  (a  devia¬ 
tion  of  which  the  amount  can  be  fairly  well  defined),  not  only  could  the  solar  and 
stellar  elements  be  harmonized,  but  it  would  have  had  the  advantage  also  of  giving  a 
longer  arc  of  solar  illumination  on  the  statue. 

As  an  example  of  the  way  by  which  the  elements  given  in  the  list  have  been 
arrived  at,  I  will  give  a  sketch  of  the  method  used  in  one  particular  case,  viz.,  that  of 

*  That  is  not  reckoning  the  late  example  at  Olympia  (the  Metroum),  and  the  vei’y  doubtful  case  of 
Tegea  when,  as  in  its  place  in  the  list,  referred  to  Spica. 
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the  great  Temple  of  Jupiter  at  Olympia.  On  the  list  it  is  shown  that  this  temple 
has  an  orientation  angle  of  262°  37'  46",  which  gives  the  eastern  axis  an  amplitude 
of  7°  22'  14"  north.  The  eastern  mountains  subtend  an  angle  of  2°  4'. 

I  assume  that  in  the  climate  of  Greece  no  star  with  which  we  are  concerned  in  this 
inquiry,  excepting  Sirius,  could  be  expected  to  be  seen  under  ordinary  circumstances 
heliacally  at  an  angle  less  than  3°  (independent  of  refraction)  above  the  true  horizon. 
1  have  indeed  myself  seen  Rigel  heliacally,  and  in  the  same  direction  as  the  Sun,  at  a 
lower  elevation  but  allowing  for  variation  of  weather  and  the  glow  which  skirts 
the  horizon  when  the  sun  is  about  10°  below  it,  1  consider  the  altitude  of  3°,  as  above 
stated,  the  proper  angle  to  take  for  the  stars  generally.  When  there  is  a  mountain 
high  enough  to  exclude  the  glow  referred  to,  it  is  favourable  for  the  detection  of  the 
star,  but  that  is  not  the  case  at  Olympia.  The  Sun,  however,  is  differently  situated, 
and  in  the  climate  of  Greece  can  be  reckoned  upon  to  throw  a  strong  illumination  as 
soon  as  a  quarter  of  his  refracted  orb  is  clear  of  the  visible  horizon.  This  at  moderate 
altitudes  allows  the  reduction  of  the  apparent  height  of  the  mountain  by  0°  22'. 

We  have  then  to  determine  the  Sun’s  place  in  the  case  before  us,  having  the  Sun’s 
amplitude  7°  22'  14",  an  altitude  of  1°  42',  and  the  terrestrial  latitude.  Applying 
the  formula 

Sin  S  =  cos  zenith  dist  X  cos  colat  +  sin  zenith  dist  X  sin  colat  X  sin  ampl, 

we  obtain  for  the  Sun’s  declination  +  6°  52'  22". 

This,  at  the  value  of  the  obliquity  at,  say,  800  years  B.C.,  gives  for  the  Sun’s 
KA.,  1>'  3“  15^ 

Applying  the  same  formula  for  a  star  having  the  same  amplitude,  but  with  an 
altitude  of  3°,  we  obtain  for  its  declination  7°  40'. 


*  I  made,  with  such  opportunities  as  presented  themselves,  naked-eye  observations  of  heliacal  stars. 
The  following  apjjear  to  be  the  most  valuable. 


Name  of  Star. 

Magnitude. 

Altitude  of 
Star. 

Sun’s 

depression. 

Hifl'ereuce  of 
azimuth 

S  un  and  Star. 

Sunset,  April  19.  At  sea.  / 

^  Ai'gus 

G 

U  / 

9  47 

10  49 

O 

102 

Latitude  about  37°  50'  \ 

7  Andromeda? 

2 

9  0 

12 

0 

17 

Suni’ise,  April  26.  Livadia.  1 
Latitude  38°  26'  / 

20  Librm  . 

o 

9  0 

10 

17 

163 

Sunset,  May  1.  At  Sea.  f 

e  Can  is  Major 

1-5 

7  20 

8 

0 

76 

Latitude  about  39°  50'  \ 

Rigel  . 

1 

2  40 

9  48 

41 

The  stars  on  the  occasions  above  recorded  were  distiirctly  seen,  and  were  found  in  the  open  sky — in 
most  cases  with  the  distraction  of  ship-lights  about.  These  observations  by  no  means  show  the  limiting 
angles  of  visibility  of  heliacal  stars  by  younger  eyes  looking  from  a  dai’kened  chamber  through  a  narrow 
opening  and  towards  points  in  the  horizon  Avhere  it  would  be  kuoAvn  that  the  stars  must  rise.  Three 
degrees  appears  to  have  been  about  the  angle  considered  necessary  by  Ptolemy.  (See  Biot,  ‘  Recherches 
sur  I’Annee  Vague  des  Egyptiens.’) 
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It  is  now  necessary  to  inquire  if  there  be  any  bright  star  or  star  group  which, 
at  a  date  consistent  with'  archaeological  possibilities,  would  have  had  a  declination 
near  the  above,  and  also  such  right  ascension  that  it  could  also  have  been  heliacal. 
At  this  stage  of  the  inquiry  we  may  find  by  an  approximate  method  the  time  that 
such  a  star  would  take  to  pass  from  altitude  3°  to  the  meridian,  and  this  would  be 
about  6''  8"',  and  that  it  would  require  the  Sun  to  rise  from  to  1^  hours  later  (that 
is,  the  Sun  must  be  so  much  further  from  the  meridian  in  R.A.)  to  enable  the  star  to 
be  seen. 

We  have  therefore  now  to  find  a  star  of  which  the  R.A.  is  approximately  23’^  40"^ 
and  the  declination  +  7°  40'. 

The  search  for  the  star  may  be  made  in  several  ways.  From  the  R.A.  and  declina- 
nation  given  above,  a  celestial  latitude  and  longitude  might  be  computed  for  some 
probable  archseological  epoch  and  recomputed  into  modern  right  ascensions  and  decli¬ 
nations,  or  with  the  latitude  so  obtained  and  the  longitude  adjusted  for  the  amount 
of  processional  movement  we  might  refer  to  maps,  such  as  those  of  the  British 
Association,  which  show  both  the  R,A.  and  declination,  and  the  latitudes  and 
longitudes  of  stars.  A  ready  approximate  method  is  aftbrded  by  the  globe  described 
by  Mr.  Lockyer"^  on  which  the  pivot  can  be  shifted  so  as  to  suit  the  movements  of 
the  pole  for  different  epochs.  I  have  found  that  on  a  stereographic  projection  of  the 
sphere,  taken  on  the  pole  of  the  ecliptic,  but  showing  R.A.  hours  and  parallels  of 
declination,  the  approximate  places  of  stars  as  affected  by  precession  can  readily  be 
found  by  marking  the  point  under  consideration,  together  with  the  straight  line 
which  coincides  with  the  solstitial  colure  and  the  pole  of  the  ecliptic,  on  tracing  paper, 
and,  keeping  the  latter  mark  superimposed,  making  the  tracing  paper  revolve  round 
the  point  on  the  projection  which  represents  the  pole  of  the  ecliptic  ;  it  may  thus  be 
made  to  indicate  both  the  R.A.  and  declination  at  a  different  date,  which  latter  also 
is  measured  by  the  angle  through  which  the  colure  line  has  revolved. 

In  the  case  before  us,  the  place  representing  23'^  40“  R.A.  and  -f  7°  40'  declination 
on  being  turned  about  till  it  reached  an  angle  of  polar  movement  due  to  about  2650 
years,  reckoned  back  from  1850  a.d.,  rested  upon  the  modern  place  of  a  Arietis  and 
pointed  out  this  star  for  more  rigid  calculation.  It  should  be  mentioned  that  there 
are  in  every  case  of  intra-solstitial  orientations  four  possible  solutions  of  this  step. 
The  Sun’s  amplitude  may  be  due  either  to  the  spring  or  the  autumnal  place,  and  the 
star  might  be  heliacal  either  at  rising  or  setting.  I  have  tried  these  four  possible 
solutions  in  the  case  of  every  temple  of  which  I  had  the  requisite  data  by  the 
approximate  method  above  described,  and  have  never  failed  in  one  of  early  date  to 
find  one  solution,  and  in  no  case  more  than  one. 

When,  as  in  this  case,  we  have  found  the  star  (and  it  should  be  noticed  that  this 
star — the  brightest  of  the  first  sign  of  the  zodiac  and  therefore  most  fitting  for  a 
temple  of  Jupiter — is  also  the  time  star  to  the  Olympieum  at  Athens,  and  apparently 

*  ‘  Nature,’  January  28,  1892. 
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to  other  temples  of  the  same  deity)  it  becomes  necessary  to  find  for  it  exact  places 
for  several  epochs  by  the  formulse  proper  for  processional  movement,  and  then  it 
sufiices  to  draw  upon  paper  curves  passing  through  the  places  so  found  ;  from  which 
curves  those  due  to  intermediate  dates  may  be  taken  with  sufficient  accuracy.  This 
has  been  done  on  the  following  figure  which  represents  the  processional  movements  of 
a  Arietis. 


In  this  diagram,  years  B.c.  are  measured  horizontally  from  left  to  right.  The  R.A. 
and  declination  measure  vertically. 

Let  now  the  hour  angle  of  the  star  be  taken  with  the  approximate  dechnation  as 
stated  above,  +  7°  40',  and  let  also  that  of  the  Sun  be  computed,  combining  its 
declination  of  +  6°  52'  22"  with  an  assumed  depression  below  the  horizon  which  on 
trial  may  be  reasonably  taken  at  12°,  as  the  star,  though  a  bright  one,  is  not  of  the 
first  magnitude,  and  the  horizon  is  comparatively  low.  When  the  difference  between 
the  two  hour  angles  has  been  deducted  from  the  Sun’s  R.A,  to  give  that  of  the  star, 
let  the  latter  be  compared  with  the  places  on  the  diagram  and  it  will  be  found  that 
the  correspondences  are  close,  though  not  exact — and  further,  that  a  few  trials  of 
small  variations  of  declination  point  out  that  a  very  near  approach  can  be  made  by 
making  the  star’s  declination  +  8°  40'  which  implies  an  amplitude  of  +  8°  38'  (not 
much  more  than  1°  from  the  axis)  and  therefore  well  within  the  allowable  distance. 
Nothing  more  is  now  required  than  a  small  addition  to  the  Sun’s  depression,  and  a 
complete  correspondence  will  be  the  result  between  the  star’s  R.A.  and  its  declination. 
790  B.c.  is  the  date  due  to  that  particular  place  on  the  diagram,  and  this  has  to  be 
taken  as  the  approximate  date  of  the  first  foundation  of  the  temple,  and  this 
coincides  extremely  well  with  the  chronology  of  the  development  of  Olympia.  The 


OF  THE  ORIENTATION'S  OF  A  NUMBER  OF  GREEK  TEMPLES. 


821 


temple  now  extant,  however,  would  probably  have  been  a  rebuilding  on  the  same 
lines,  and  100  years  or  thereabouts  would  not  have  rendered  the  same  star  unfit  for 
use  as  a  time  warner. 

As  respects  the  amount  of  solar  depression  in  the  above  given  list,  I  have  used 
even  with  the  brightest  stars  a  minimum  of  10°  as  the  proper  measure  for  heliacal 
observation.*  I  have  ranked  the  Pleiades  amongst  the  brightest  stars  on  account  of 
the  brilliant  effect  upon  the  eye  produced  by  concentration  :  but  in  all  cases  of 
secondary  or  smaller  magnitudes  they  will  be  found  to  be  combined  with  a  greater 
degree  of  solar  depression.  This  does  not  come  from  arbitrary  assumption  in  the 
calculation.  The  computer  has  no  choice  in  the  matter  beyond  some  slight  liberty 
that  may  be  taken  with  the  amplitudes.  The  Sun’s  right  ascension  and  the  place  of 
the  star  govern  the  solution. 

Up  to  this  point  the  connection  has  been  in  great  measure  assumed  between  the 
orientation  of  the  temple,  the  sunrise,  and  the  heliacal  star.  It  is  proposed  in  the 
remarks  which  follow  to  endeavour  to  justify  this' confidence. 

I  may  consider  it  as  sufficiently  shown  by  M.  Burnouf  (‘  Legende  Athenienne ’),  and 
by  Herr  Nissen  in  various  articles  published  in  the  ‘  Pdieinisches  Museum,’  and  by 
Mr.  Lockyee,  in  ‘  Nature,’  that  with  the  ancients  the  most  approved  time  for 
adoration  was  the  moment  of  sunrise.  The  principle  prevailed  not  only  with  the 
Egyptians  and  the  Greeks  but  also  with  the  Homans.  ‘  Vitruvius,’  IV.,  5,  is  very 
precise  on  the  point ;  and  it  may  also  be  gathered  from  the  following  passages  : — 


Siirgit,  et  oethei’ii  spectans  orieutia  solis 

Liimina,  rite  cavis  undam  de  fliTmine  palmis 

Sustnlit,  &c.  ViRG.  ‘  Hill.,’  VTII. 

Antequam  stantes  repetafc  paiudes 
Imbrium  divina  avis  imminentum, 

Oscinem  corvum  prece  suscitabo 

Solis  ab  oi’tu.  Hob.  ‘  Od.,’  HI.,  27. 


It  is  obvious  that  the  priests  would  desire  to  have  warning  of  the  Sun’s  approach 
in  time  to  make  preparations  for  special  functions  on  the  great  festival  of  the  year 
belonging  to  any  particular  temple.  Before  the  invention  of  the  water-clock,  or  other 
artificial  way  of  measuring  time,  the  heavenly  bodies  at  their  rising  or  settmg — the 
only  points  in  their  course  when  their  positions  could  be  accurately  observed — were 
the  only  reliable  time  markers.  The  heliacal  rising  or  setting  of  particular  stars  is 
referred  to  in  many  passages  of  ancient  writers — meaning  the  time  when  the  star 
could  just  be  seen  as  it  rose  or  set  before  the  light  of  the  rising  Sun  should  be  too 
powerful.  And  different  periods  of  the  year  are  referred  to  by  the  mention  of  these 

*  Ptolemy  appears  to  bave  adopted  11°  of  solar  depi’ession  for  Egyptian  heliacal  observation.  But  in 
Greece  there  are  almost  always  mountains  obstructing  the  true  horizon — a  circumstance  greatly  in  fa^vour 
of  the  observer  as  already  noticed.  (See  Biot,  ‘  Recherches  sur  I’Annee  Vague  des  Egyptiens,’  p.  58.) 
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phenomena.  In  the  ‘  Agamemnon  ’  of  vEschylus  the  fall  of  Troy  is  said  to  have  taken 
place  at  the  setting  of  the  Pleiades.  Two  unhealthy  periods  of  the  year  are  intended 
by  Horace  in  the  passage,  ‘  Och’  iii.,  1, 

“  Nec  .sjBvus  Arcturi  cadentis 
Impetus  aut  orientis  Hsedi.” 

Tliat  the  first  beam  of  sunrise  should  fall  upon  the  statue  centrally  placed  in  the 
adytum  of  a  temple,  or  on  the  incense  altar  in  front  of  it,  on  a  particular  day,  it 
would  be  requisite  that  the  orientation  of  the  temple  should  coincide  with  the 
amplitude  of  the  Sun  when  it  rose  above  the  visible  horizon,  be  it  mountain  or  plain. 

That  a  star  should  act  as  time  warner,  it  was  necessary  that  it  should  have  so 
nearly  the  same  amplitude  as  the  Sun  that  it  could  be  seen  from  the  adytum  through 
the  eastern  door,  if  it  was  to  give  warning  at  its  rising,  or  to  have  a  similar  but 
reversed  amplitude  towards  the  west  if  its  heliacal  setting  was  to  be  observed,  and  it 
follows  that  in  the  choice  of  the  festival  day  and  the  corresponding  orientation  of  the 
temple  on  these  principles,  both  the  amplitude  of  the  Sun  at  its  rising,  and  that  of 
the  star  eastwards  or  westwards,  as  the  case  might  be,  would  have  to  be  considered  in 
connection  with  one  another. 

From  what  has  been  said  it  is  obvious  that  in  the  intra-solstitial  temples  the  list  of 
available  bright  stars  and  constellations  is,  in  the  first  place,  limited  to  those  which 
lie  within  a  few  degrees  of  the  ecliptic,  and  it  will  be  found  that  in  the  list  above 
given,  and  those  which  follow  (if  we  omit  Eleusis,  where  the  conditions  were  excep¬ 
tional),  all  but  one  of  the  stars  are  found  in  the  zodiacal  constellations.  A  very  great 
limitation  is  imposed,  in  the  second  place,  by  one  of  the  conditions  being  the  heliacal 
rising  or  setting  of  those  stars  from  which  the  selection  has  to  be  made,  so  that  when 
both  these  combined  limitations  are  taken  into  account  it  becomes  improbable  to  the 
greatest  degree  that  in  every  instance  of  intra-solstitial  temples  of  early  foundation  of 
which  I  have  accurate  jDarticulars — being  twenty-eight  in  number,  and  varying  in 
their  orientation  from  21°  north  to  18°  south  of  the  true  east — there  should  be  found 
a  bright  heliacal  star  or  constellation  in  the  right  position,  at  dates  not  in  themselves 
improbable,  unless  the  temples  had  been  so  oriented  as  to  secure  this  combination. 

Besides  these  there  are  on  the  list  of  those  I  have  examined  seven  temples, 
evidently  of  comparatively  late  foundation,  of  whicli  two  only  admit  of  stellar  time 
warning.  The  others,  of  which  the  sites  were  in  the  great  cities  of  Athens  and 
Ephesus,  were  probably  at  the  time  of  their  foundation  within  a  region  of  artificial 
time  measures.  The  use  of  the  stars,  too,  may  at  last  have  become  discredited  on 
account  of  the  discovery  of  the  continuity  of  the  precessional  movement. 

We  see,  then,  that  there  is  strong  groimd  for  considering  the  orientation  of  a  temple 
with  reference  both  to  the  Sun  and  to  some  time-warning  star,  and,  especially  as  it 
will  be  shown,  that  in  later  temples,  respecting  which  alone  we  have  any  information 
available,  the  solar  coincidences  correspond  in  several  cases  noth  what  is  known 
historically  of  the  dates  of  the  principal  festivals. 
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We  may  feel  satisfied  that  the  axis  of  the  temple  shoM^s  in  general  the  line  of  the 
Sun’s  approach.  In  the  lists  given  above  there  are  but  three  clear  exceptions  to  this 
j-ule — exceptions  already  referred  to. 

The  star,  however,  in  the  case  of  any  temple  would  answer  the  purpose  of  a  time- 
warner,  provided  it  showed  itself  from  the  adytum  at  any  point  within  the  eastern 
opening,  if  rising,  or  the  western  if  setting,  and  some  amount  of  uncertainty  may 
arise  in  settling  the  date  of  the  temple’s  foundation  from  this  cause — but  when  the 
solar  and  stellar  elements  are  properly  combined,  the  margin  of  possible  error  is  not 
great,  because  the  right  ascension  of  the  Sun  can  be  calculated  rigidly,  and  this 
determines  that  of  the  star  very  closely,  by  deducting  from  the  Sun’s  H.A.  the 
interval  of  time  required  for  the  heliacal  observation  of  the  star,  artd  when  once  the 
star’s  right  ascension  is  established,  its  declination,  and  the  date  corresponding  to  its 
place,  become  known. 

In  the  majority  of  cases  above  given — about  two-thirds  of  the  number — the  dates  , 
are  clearly  earlier  than  any  remains  at  present  visible,  but  it  is  not  so  altogether.  At 
Athens,  in  the  Archaic  temple,  there  are  parts  of  the  foundations  which  cannot  but 
go  back  to  a  very  early  date,  and  at  the  temple  of  Jupiter  Olympius,  there  is  a  wall 
of  rude  workmanship  of  a  date  much  anterior  to  the  works  of  Pisistratus,  which  are 
themselves  intermediate  in  date  between  this  wall  and  the  present  Cossutian  temple. 
The  angle,  also,  is  different  from  that  of  the  remains  at  present  visible.  The  remains 
of  the  earlier  temple  of  Bacchus  must  also  be  very  old.  At  Rhamnus,  the  temple  of 
Themis  has  the  appearance  of  great  antiquity,  and  there  are  traces  at  Sunium  of  a, 
structure  underneath  the  existing  temple  which  seem  of  a  date  not  inconsistent  with 
that  which  has  been  deduced  from  the  orientation.  At  Ephesus  there  are  foundations 
of  three  temples  lying  one  over  the  other.  The  middle  one  was  the  work  of  Crcesus. 
The  lowest  of  the  three  may  c[uite  well  have  been  as  early  as  715  b.c.,  and  in  five 
examples  where  we  have  architectural  remains  standing,  namely,  the  temple  at 
Corinth,  both  those  at  .dUgina,  the  later  Heraeum  at  Argos,  and  the  Metroum  at 
Olympia,  I  see  no  reason  for  dissenting  from  the  dates  derived  from  the  orientation. 
And  even  in  the  case  of  the  Herseum  at  Olympia,  it  may  be  noticed  that  although 
the  date  of  the  existing  structure  (unquestionably  the  most  ancient  example  of 
temple  architecture  in  Greece,  of  which  any  remains  are  standing  above  ground) 
would  scarcely,  consistently  with  architectural  analogy,  be  placed  so  early  as  the 
middle  of  the  fifteenth  century  B.c.,  yet  it  might  have  been  almost  coeval  with  the 
establishment  of  the  Dorian  supremacy  in  the  Peloponnesus  in  the  middle  of  the 
eleventh  century,  and  if  at  that  date  it  had  been  built  parallel  to  the  lines  pro¬ 
vided  for  a  more  ancient  shrine  of  the  orientation  date,  the  statue  might  have  been 
still  illuminated  by  the  rising  Sun,  preceded  by  tlie  same  time-warning  star — 
Spica.  Both  sun  and  star,  indeed,  would  have  demanded  a  certain  amount  of  change 
of  amplitude,  but  still  within  the  limits  of  the  eastern  opening. 

In  addition  to  the  above  list,  is  the  great  temple  of  Eleusis.  Its  orientation  lies 
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just  within  the  solstitial  limits.  There  could  scarcely  have  been  any  observation  of 
stars  towards  the  west,  as  in  that  direction  the  temple  is  completely  blocked  by  the 
terraced  rock ;  but  it  may  have  had  openings  to  the  north  and  south  as  well  as  the 
east.  I  do  not  find  any  heliacal  star  eastwards  bright  enough  to  be  of  any  sersfice, 
but  a  very  conspicuous  one,  Fomalhaut,  would  set  towards  the  south  in  the  direction 
of  a  cross  axis  of  the  temple  at  an  epoch  of  about  1300  b.c.,  but  neither  is  this  heliacal. 

There  can  be  little  doubt,  however,  that  the  star  which  was  peculiarly  connected 
with  the  worship  of  this  temple  was  the  great  dog-star,  Sirius — a  star  which  has  been 
shown  by  Mr.  Lockyer  to  have  played  a  great  part  in  the  orientation  of  some  of  the 
Egyptian  temples.  The  date  corresponding  to  the  rising  of  this  star  at  an  amphtude 
identical  with  that  of  the  temple,  would  be  2100  b.c.,  and  as  the  hour  would  be  near 
to  midnight  at  the  time  of  year  when  the  Eleusinian  mysteries  (as  known  by  later 
records)  were  celebrated,  we  may  use  this  circumstance  with  great  probabihty  to 
assist  in  the  inquiry.  As  respects  the  amplitude  of  the  star,  it  is  not  unlikely  that 
when  the  temple  was  built,  the  axis,  like  some  of  the  temples  at  Athens,  was  so 
directed  that  the  star  should  first  show  itself  towards  the  northern  jamb  of  the 
eastern  opening,  as  this  would  allow  it  to  traverse  a  more  extensive  arc  than  if  it 
rose  exactly  on  the  axis.  If  we  assign  two  degrees  for  this  deviation,  the  date  would 
be  1400  B.c,,  and  the  day  of  the  month  for  midnight  rising  September  13. 

The  elements  so  assigned  are  as  follows 


Eleusis.  Lat.  38°  2'  15". 


Name  of  Temple. 

Orientation 

ang-le. 

Elements. 

Name  of 
Star. 

Temple  of  Ceres  . 

296°  51' 

A 

B 

C 

D 

E 

F 

Amplitude . 

Corresponding  altitude 
Declination  .... 
Hour  angles  .... 

R.A . 

Approximate  date  . 

24°  51'  S. 

2° 

-18°  0'  56" 

4>*  49“  52® 

1400  B.C.,  September  13 

Sirius, 

rising 

It  should  be  observed  that  Sirius  was  not  at  the  period  under  discussion  favourably 
situated  for  determination  of  date,  as  derived  from  its  precessional  movement, 
because  a  small  variation  of  amplitude  and  its  corresponding  effect  upon  the  declina¬ 
tion  would  produce  a  very  large  alteration  in  respect  of  time,  and  we  have  here  no 
help  from  the  sun’s  R.A,.  I  think,  however,  we  may  fairly  conclude  that  the  date 
must  have  been  somewhere  between  1300  b.c.  and  1500. 

The  day  of  the  month  on  wdiich  the  mysteries  commenced  in  historical  times  is 
considered  to  have  been  September  16.  This  it  will  be  seen  is  very  close  to  the 
calculation  derived  from  the  midnight  rising  of  Sirius  as  above  given.  The  dates 
when  the  sun  would  rise  on  the  axis  of  the  temple  would  be  either  January  21 
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or  November  21,  which  days  do  not  seem  to  have  had  any  association  with  the 
mysteries. 

There  remain  also  amongst  the  temples  which  I  examioed,  five,  of  which  the 
orientation  lies  between  the  solstitial  limits,  all  of  them  apparently  of  late  foundation, 
which  do  not  appear  to  have  any  connection  wuth  heliacal  stars  ;  namely,  at  Athens, 
the  Theseum,  the  later  Erechtheum,  the  later  Temple  of  Bacchus,  and  the  existing- 
Jupiter  Olympius ;  and  at  Ephesus  the  latest  of  the  three  great  temples  of  Diana. 
The  orientation  of  these  temples  can  supply  no  data  for  pointing  out  the  year  of 
them  foundation,  but  it  may  throw  light  upon  the  month  and  day  of  their  principal 
festivals. 

The  Theseum,  with  orientation  angle  283°  6'  2",  bad  the  sun  rising  over  Hymettus 
in  the  direction  of  its  axis  on  March  2  or  October  10.  The  festival  of  the  Thesea  is 
considered  to  have  been  held  on  October  8  or  9. 

The  axis  of  the  later  Erechtheum — orientation  angle  265°  9'  22" — was  visited  by 

f 

the  rising  sunbeam  on  April  4  or  September  7.  Or,  if  the  Sun  at  its  rising  was  made 
to  appear  towards  the  northern  door  jamb,  wEich  as  before  observed  seems  to  have 
been  the  arrangement  in  some  other  of  the  Athenian  temples,  and  if  the  amplitude 
be  increased  by  2°,  the  days  would  be  either  April  8  or  September  3.  The  third  of 
September  is  the  assigned  date  of  a  great  festival — the  Niceteria — held  in  this 
temple. 

The  later  Temple  of  Bacchus,  at  Athens,  of  which  the  orientation  angle  is 
255°  49'  30",  would  have  received  the  first  sunbeam  along  its  axis  on  April  23  or 
August  18.  That  of  Jupiter  Ol3unpius  is  270°  5'  2".  The  sunrise  dates  would  be 
March  26  or  September  15.  The  axis  of  the  later  temple  at  Ephesus,  of  which  the 
orientation  angle  is  284°  35'  17",  would  have  coincided  with  sunrise  on  February  28 
or  October  14. 

Lastly,  amongst  the  temples  which  I  examined  I  met  with  five  examples  outside 
the  solstitial  limits,  temples,  namely,  which  at  no  time  of  the  year  could  have  had  a 
sunbeam  coinciding  with  their  axes — and  with  these  I  may  associate  two  others 
which  I  did  not  visit  and  of  which  I  can  give  no  exact  measures,  and  a  site  which  I 
did  visit,  but  where  no  antique  remains  are  actually  visible,  namely,  that  of  the 
former  Temple  of  Venus,  at  Ancona.*  If,  as  may  be  presumed,  the  jaresent  cathedral 
IS  built  on  the  old  foundations,  the  orientation  would  in  this  case  also  be  extra- 
solstitial.  i 

These  temples  were  very  probably  arranged,  as  many  of  those  in  Egypt  appear  to 
have  been,  so  as  to  coincide  with  the  rising  or  setting  of  some  star.  In  five  cases 
of  those  referred  to,  the  jDeculiarity  of  the  site  must  have  influenced  the  direction  of 
the  axis.  I  have  not  yet  subjected  any  of  these  to  sidereal  discussion  ;  the  list  is  as 
follows  : — 

1.  The  great  temple  at  Delphi,  which  has  not  yet  been  excavated,  and  where  con- 

*  Ante  clomtim  Veneris  qnam  Dorica  sustinet  Ancon.  .Tov.,  ‘  Sat.’  IV. 
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sequently  I  was  only  enabled  to  take  the  bearings  of  certain  ancient  walls,  which 
appear  to  have  had  some  connection  with  the  temple,  and  which  cannot  fail  to  be 
carefully  co-related  to  it  when  the  excavations  under  the  F rench  Archaeological  School 
are  sufficiently  advanced  to  show  how  the  temple  actually  stood. 

The  well-known  wall  of  the  inscriptions,  or  rather  the  stylobate  of  the  Stoa  of  the 
Athenians  in  front  of  it,  has  an  orientation  angle  of  231°  34'  31",  and  the  altitude  of 
the  mountain  at  right  angles  to  it  is  3°  10'. 

2.  The  Doric  temple  at  Mycenae,  which  rests  partly  on  the  ruins  of  an  archaic 
palace,  has  an  orientation  of  173°  20'.  The  mountain  to  the  north  is  very  near  and 
high ;  that  to  the  east  I  found  to  be  7°  44',  and  that  to  the  west  2°  40'.  To  the 
south  it  was  not  measured. 

3.  The  Cabeirion  temple,  near  Thebes,  has  an  orientation  angle  of  186°  27'  45". 
In  this  temple  there  is  a  cross  wall  at  a  different  angle  to  what  it  would  be  if  square 
with  the  main  axis,  viz.,  257°  57'  35",  looking  east.  There  is  a  clear  view  to  the 
north,  where  the  mountain’s  altitude  is  1°  37',  but  the  temple  is  inclosed  on  the  three 
other  sides  by  near  hills.  The  lowest  is  that  to  the  east,  with  an  altitude  of  8°  38'. 

4.  In  their  search  for  the  Athenian  Agora,  the  German  Archaeological  School 
discovered  a  small  temple  lying  in  the  direction  of  the  valley,  between  the  Areopagus 
and  the  Pnyx.  Its  orientation  angle  is  317°  28'  21".  I  did  not  ascertain  the  alti¬ 
tude  of  the  hills  around.  The  clearest  view  would  have  been  towards  the  north¬ 
west,  where  the  altitude  of  Mt.  Fames  would  be  less  than  3°.  It  is  a  very  small 
temple,  and  its  position  could  not  but  have  been  determined  by  the  valley  in  which  it 
is  situated. 

5.  The  temple  of  Diana  Propylsea  at  Eleusis  has  an  orientation  angle  of  313°  43'  13". 
The  mountain  heights  are  much  the  same  as  those  opposite  the  great  temple  already 
given. 

6  and  7.  The  other  two  temples  referred  to  above  are  those  of  Elateia,  in  Boeotia, 
and  Vakklia,  in  Arcadia,  near  where  the  Ladon  falls  into  the  Alpheus.  The  latter 
temple  is  described  as  built  upon  the  ridge  of  a  hill. 

8.  The  walls  of  the  cathedral  at  Ancona,  which,  as  already  observed,  it  is  reasonable 
to  suppose  rest  upon  the  foundations  of  the  Temple  of  Venus,  have  an  orientation 
angle  of  223°  11'  23".  The  east  and  west  views  would  have  been  practically  un¬ 
obstructed. 

It  is  quite  possible  that,  in  the  case  of  2,  3,  6,  and  7,  the  Sun,  at  its  rising,  could 
have  been  admitted  by  an  eastern  doorway,  as  at  Bassre. 

If  the  temples  be  arranged  according  to  the  heliacal  stars  which  have  been  shown 
in  the  above  pages  to  have  coincided  within  close  limits  with  their  axes,  they  will  be 
grouped  as  follows,  in  order  of  the  dates  which  have  been  assigned  to  the  different 
temples  : — 
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Spica . 

The  HerjBum  of  Olympia  .... 

1445  .  .  .  . 

Rising  star. 

Nike  Apteros,  Athens . 

1130  .... 

Setting  „ 

T.  of  Themis,  Rhamnus . 

1092  .... 

Rising  ,, 

„  Minerva,  Tegea . 

1075  uncertain* 

Rising  „ 

„  Nemesis,  Rhamnus  .... 

747  ...  . 

Rising  „ 

,,  Apollo,  Bassse . 

728  ...  . 

Rising  „ 

„  Diana,  Ephesus . 

715  ...  . 

Rising  ,, 

a  Arietis . 

Jupiter  Olympius,  Athens  .... 

1202  .... 

Rising  „ 

T.  of  Jupiter,  Olympia . 

790  ...  . 

Rising  „ 

T.  at  Platea  . . 

650  .•  .  .  . 

Setting  ,, 

T.  of  Jupiter,  Megalopolis  .... 

605  ...  . 

Setting  „ 

T.  at  the  harbour,  Hlgina  .  . 

550  ...  . 

Setting  ,, 

The  Metroum,  Olympia . 

360  ...  . 

Setting  „ 

The  Pleiades  (7  Tauri) 

The  archaic  Temple  of  Minerva, 
Athens  . 

1530  .... 

Rising  „ 

The  Asclepieion,  Epidaurus  .  . 

1275  .  .  ,  . 

Rising  „ 

The  Hecatompedon,  Athens 

1150  .... 

Rising  „ 

The  earlier  T.  of  Bacchus,  Athens  . 

1030  .... 

Rising  „ 

T.  of  Minerva,  Sunium . 

845  ...  . 

Setting  „ 

Antares . 

Earlier  Erechtheum,  Athens  . 

1070  .... 

Setting  ,, 

T.  at  Corinth . 

770  ...  . 

Setting’  ,, 

T.  on  the  Mountain,  Hilgina 

630  ...  . 

Setting  ,, 

Constellation  Aquarius 

T.  at  Nemea  (Jupiter) . 

1040  .... 

Setting  ,, 

Aquarii) 

Diana  Brauronia,  Athens  .... 

580  ...  . 

Rising  „ 

Later  Herteum,  Argos . 

425  .... 

Rising  „ 

7  Pegasi . 

T.  at  Kardaki,  Corfu . 

875  ...  . 

Rising  ,. 

T.  of  Despoina,  Lycosura  .... 

650  ...  . 

Rising  „ 

/I  Scorpii . 

780  ...  . 

Setting  ,, 

Sirius . 

T.  of  Ceres,  Eleusis . 

1400  .... 

Rising  „ 

If  the  list  be  arranged  according  to  the  time  of  year  on  which  the  rising  Sun 
coincided  with  the  orientation,  they  would  group  as  follows  : — 


Feb.  21. 

Diana  Brauronia,  Athens. 

May 

7.  T.  on  Mountain,  .(Egina. 

n 

Later  T.  at  Argos. 

July  27.  T.  of  Jupiter,  Nemea. 

Mar.  10. 

Kardaki,  Corfu. 

Sept.  12.  The  Herteum,  Olympia. 

,,  16. 

Despoina  at  Lycosui'a. 

?> 

13.  T.  of  Ceres,  Eleusis. 

„  17. 

Nike  Apteros,  Athens. 

n 

17.  „  Themis,  Rhamnus. 

„  30. 

Jupiter  Olympius,  Athens. 

?  5 

18.  ',,  Minerva,  Tegea  (?)."* 

April  6. 

T.  of  Jupiter  at  Olympia. 

3  3 

22.  ,,  Nemesis,  Rhamnus. 

„  20. 

Archaic  T.  at  Athens. 

33 

25.  ,,  Diana,  Ephesus. 

„  26. 

Hecatompedon,  Athens. 

33 

„  ,,  Apollo,  Bassce. 

„  29. 

Earlier  T.  of  Bacchus,  Athens. 

Oct. 

6.  ,,  Jupiter,  Megalojoolis 

>> 

Older  Erechtheum,  Athens. 

53 

9.  T.  at  Platgea. 

>) 

Asclepieion,  Epidaurus. 

33 

„  T.  near  harboirr,  Hlgina. 

J) 

T.  of  Diana,  Epidaurus. 

33 

„  The  Metroum,  Olympia. 

May  6. 

T.  at  Corinth. 

33 

21.  T.  of  Minerva,  Sunium. 

*  See  note,  p.  817. 

5  N  2 


828 


MR.  F.  C.  PENROSE  ON  THE  RESULTS  OF  AN  EXA:^tINATION 


It  will  be  seen  from  tlie  above  list  that  the  dates  resolve  themselves  almost 
entirely  into  spring  and  autumn  festivals^  as  if  for  intercession  for  a  favourable  harvest' 
to  come,  and  for  thanks  for  the  harvest  granted. 


Block  plan  of  the  two  principal  temples  of  Minerva  on  the  Athenian  Acropolis.  The  northern,  which 
was  the  more  ancient  of  the  two,  appears  to  have  been  oriented  so  as  to  observe  the  Pleiades 
heliacally  about  B.c.  1500.  The  southern  temple,  which,  occupied  part  of  the  site  of  the  present 
Parthenon,  had  a  more  northerly  orientation  so  as  to  follow  the  more  northerly  declination  of 
the  same  star  group. 


Fie-.  2. 


Rhamnus. 


The  two  temples  at  Rhamnus,  having  the  same  cult,  showing  that  the  northern  of  the  two,  which  was 
bnilt  later  than  the  other,  had  the  more  southerly  orientation.  In  this  case,  a  star,  Spica, 
which  was  changing  its  declination  from  north  to  south,  had  to  be  followed. 
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Fig.  3. 


Plan  of  the  temple  on  the  mountain  at  Hilgina.  In  this  case,  a  setting  star  having  a  more  southerly 
amplitude  than  the  orientation  had  to  be  observed.  The  western  door  of  the  cella  of  the  temple 
is  built  considerably  out  of  the  centre  so  as  to  enable  the  star  to  be  observed  from  the 
adytum.  r 


[Since  this  paper  was  first  communicated  to  the  Society,  1  have  examined  tlie  five 
cases  of  extra-solstitial  temples,  of  which  I  had  taken  particulars,  and  have  found 
in  them  much  to  confirm  the  general  theory. 

To  begin  with  two  that  stand  nearly  north  and  south — one  being  the  Doric 
temple,  built  on  the  Acropolis  of  Mycenae,  at  some  period  much  subsequent  to  the 
great  Cyclopean  walls  (for  it  is  built  on  the  ruins  of  the  palace  of  the  ancient  kings) 
and  the  other,  the  Cabeirion  temple  to  the  westward  of  Thebes,  and  about  three 
miles  distant  from  it. 

It  may  be  presumed  that  both  these  temples  had  eastern  doorways  for  the 
admission  of  the  Sun  at  its  rising,  to  the  interior  of  the  cella,  as  was  the  case  at 
Bassae,  although  the  evidence  which  was  preserved  at  Bassae  is  wanting  in  these  two 
examples ;  but  at  Mycenae,  at  any  rate,  it  may  be  inferred  from  the  position  of  the 
mountains  round  about  the  temple  which  would  have  blocked  any  stars  in  the 
directions  of  the  axis,  both  north  and  south,  whilst  the  eastern  flank  is  much  less 
obstructed.  Working  upon  that  theory,  we  may  obtain  from  the  orientation  the 
following  solution,  which  agrees  very  well  with  what  is  known  respecting  the  history 
of  the  place. 
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Mycenae,  Lat.  37°  43'  20". 


Oiientation  angle 
of  assumed 
easrern  doorway. 

Stellar  elements. 

Solar  elements. 

263°  19'  40" 

A 

Amplitude . 

+  6°  40'  20" 

+ 

0 

0 

K. 

0 

B 

Corresponding  altitude  .  . 

8° 

7°  22' 

C 

Declination . 

-1-  10°  8'  44" 

+  9° -45'  51" 

U 

Hour  angle . 

5I1  5Qm  .25s 

711  2S“  49= 

E 

Depression  of  Sun  .... 

11° 

F 

R.A . 

23'‘  53“  4o» 

111  32m  75 

G 

Approximate  date  .... 

B.C. 

540 

u  Arietis  rising 

The  Cabeirion  temple,  near  Thebes,  is  surrounded  by  hills,  except  towards  the 
north.  Of  the  other  three  sides,  the  eastern  is  least  obstructed,  so  that  the  Sun 
couid  enter  the  temple  by  an  eastern  door  about  half-an-hour  after  sunrise.  In  this 
direction,  however,  I  can  find  no  suitable  star  which  could  be  combined  with  the  Sun 
heliacally  at  any  permissible  epoch — and  tliis,  whether  it  be  sought  at  right  angles  to 
the  axis  of  the  temple,  or  in  the  direction  of  the  cross  wall  which  has  been  mentioned. 
But  a  time-warning  star,  northwards  on  the  true  axis  of  the  temple,  can  be  found, 
and  a  very  significant  one  it  is,  namely,  y  Draconis.  This  star  seems  to  have  been  a 
favourite  at  the  Egyptian  Thebes — as  well  as  other  places  in  that  country — as  has 
been  shown  by  Mr.  Lockyer,  in  ‘Nature,’  for  February  18,  1892,  and  in  the 
‘Nineteenth  Century,’  No.  185,  p.  46.  It  is  well-known  that  the  Boeotian  Thebans 
ulled  their  city  “  The  City  of  the  Dragon,”  claiming  their  descent  from  the  fabled 
tyragon’s  teetli  sown  by  their  founder.  In  this  temple,  therefore,  we  have  astronomic 
confirmation  of  the  tradition  that  Cadmus  introduced  the  worship  of  the  Egyptian  as 
well  as  that  of  the  Phoenician  deities. 

As  y  Draconis  is  only  a  second  magnitude  star,  it  is  more  likely  to  have  been  used 
as  a  time-warner,  than  for  such  purposes  as  the  more  brilliant  stars  may  be  supposed 
to  have  been  used  at  dead  of  night  for  producing  a  mysterious  gloAv  by  reflection  from 
polished  surfaces  according  to  the  hint  given  by  Herodotus  when  speaking  of  a  temple 
at  Tyre  “  Kal  eV  avT^  rjcrav  crri^Xat  8ud,  17  [xep  y^pvcrov  airetfiOov  -q  8e  crfiapaySov  \i()ov, 
XdpTTovToq  ra?  vvKTa<;  /xeyado?.”  But,  although  this  might  have  succeeded  with  the 
light  from  Sirius,  Arcturus,  or  Capella,  y  Draconis  is  more  likely  to  have  waited  on 
the  Sun  as  a  time-warner.  If  so,  we  may  base  our  calculations  on  its  first  appear¬ 
ance  at  the  western  limit  of  the  north  opening,  thus  anticipating  the  actual  orientation 
angle  by  about  two  degrees.  This  would  take  place  shortly  after  the  lower  transit  of 


*  ‘  Hekod.,’  Book  II.,  p.  44. 
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the  star — below  the  pole — for  at  the  epoch  we  are  considering,  it  would  not  have 
dipped  below  the  horizon,  as  it  does  now.  The  elements  would  be  as  follows  : — 


Thebes.  Lat.  38°  19' 30"  N. 


Orientation  angle 
of  assumed 
eastern  doorwaj. 

Stellar  elements. 

Solar  elements. 

276°  27'  45" 

A 

Amplitude . 

+  85°  50' 

-  6°  27'  45" 

B 

Corresponding  altitude 

3° 

CO 

o 

to 

o 

C 

Declination . 

+  54°  28'  13" 

+  0°  2U  12" 

D 

Hour  angle . 

*  , 

6>‘  41“  28= 

D' 

In  case  of  star  reckoned  from 

lower  transit . 

0>‘  28“  41= 

E 

Sun’s  depression  .... 

•  . 

11° 

F 

RA . 

16’‘  46“  50= 

IP'  56“  45= 

G 

Approximate  date  .... 

1160  B.C.,  September  20 

7  Draconis  rising  after  transit  below  the  pole 

As  respects  the  time  of  year,  the  date  is  suggestive,  since  it  agrees  almost  exactly 
with  that  of  the  celebration  of  the  Eleusinian  mysteries. 

The  remaining  three  of  the  five  temples  in  this  group  ca,nnot  have  been  solar 
temples  at  all,  as  their  orientation  lies  outside  the  solstitial  limits;  neither  could  the 
sunrise  have  been  admitted  at  an  eastern  doorway.  The  question  to  be  considered  is 
whether  there  is  reasonable  probability  of  a  bright  star  having  been  used  in  the 
manner  suggested  above  and  explained  by  the  passage  from  Herodotus  there  quoted 
and  further  confirmed  by  parallel  cases  in  Egypt.  It  seems  essential  to  a  solution  of 
this  character  that  the  star  which  is  found  to  fit  the  orientation  should  be  among  the 
most  brilliant. 

At  Eleusis,  besides  the  Temple  of  the  Great  Mysteries,  there  is  the  Temple  of 
Diana  Propylsea,  of  which  the  orientation  angle  is  133°  43'  13",  or  313°  43'  13", 
according  as  we  take  the  axis  at  its  north-west  or  south-east  direction.  To.  the  south¬ 
east  no  suitable  star  offers  itself.  In  the  other  direction  there  are  twm,  both  first 
magnitude  stars,  namely,  Arcturus  and  Capella.  I  give  the  elements  of  both  ;  but,  for 
a  reason  to  be  mentioned,  1  think  Capella,  which  almost  equals  Arcturus  in  brightness 
is  the  most  probable. 
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Eleusls.  Lat.  38^  2'  15". 


Oiientation  angle. 

; 

1.33°  43'  13" 

A 

Amplitude . 

+  43°  43'  13" 

A 

+  4:3°  43'  13" 

or 

B 

Corresponding  altitude  . 

4°  30' 

B 

4°  30' 

313°  43'  13" 

C 

Declination . 

+  36°  13'  39" 

C 

+  36°  13'  :39" 

u 

Hour  anffle . 

7‘‘  46“  33= 

D 

7*^  46“  3:3= 

E 

R.A . 

l-Jli  gm  Qs 

E 

1>»  54“  49= 

F 

Approximate  date  . 

770B.C.,Julyl6-17 

F 

lOlOB.C.,  Feb.  18-19 

Arcturus  setting  midnigtt 

Capella  setting  midnight 

The  Little  Mysteries,  Eleusinian,  are  considered  to  have  been  celebrated  about  the 
I  9tb  February,  which  exactly  agrees  with  the  appearance  of  Capella  at  midnight  on 
the  axis  of  this  temple.  .  The  orientation  day  of  the  solar  Temple  of  Diana  Braiironia 
at  Athens  has  been  shown  to  have  been  the  21st  of  the  same  month. 

At  Athens  there  is  a  small  temple  having  this  kind  of  orientation  lately  discovered 
by  the  German  archmologists  in  searching  for  the  ancient  Agora.  It  also  points 
nearly  north-west  and  south-east.  This  orientation  appears  to  admit  of  a  solution 
similar  to  that  of  the  temple  at  Eleusls  last  mentioned,  through  Arcturus  setting 
about  B.c.  700,  but  I  reserve  the  list  of  the  elements  as  the  local  altitudes  require 
confirmation. 

The  last  temple  on  the  list  is  that  of  the  presumed  Sanctuary  of  Venus  at  Ancona. 
The  commanding  site  occupied  by  the  mediaeval  Duomo  is  stated  to  have  been  that 
of  the  ancient  temple,  and  there  seems  no  reason  to  doubt  this  tradition.  In  that 
case  the  walls  of  the  church  would  probably  rest  upon  the  old  foundations.  It  seemed, 
therefore,  worth  while  to  examine  their  orientation,  which  gave  for  this  angle 
223°  11'  23",  which  is  equivalent  to  a  northern  amplitude  of  46°  48'  37",  and,  com¬ 
bining  this  with  the  latitude  and  the  usual  altitude  for  a  star,  elements  are  obtained 
as  below. 

Ancona.  Lat.  43°  37'  7". 


Orientation  angle. 

22.3°  11'  2:3" 

A 

Amplitude . 

46°  48'  37" 

Arcturus  rising' 

B 

Corresponding  altitude  . 

3° 

C 

Declination . 

+  34°  16'  38" 

1) 

Hour  angle . 

8’‘  16“  50= 

E 

R.A . 

12''  15“  20= 

F 

Appro.ximate  date  . 

620  B.C.  ;  if  midnight,  Nov.  16-17  j 
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Besides  the  temples  already  mentioned,  I  have  examined,  with  the  help  of  approxi¬ 
mate  data,  several  other  examples,  especially  from  Sicily  and  Naucratis.  The  indica¬ 
tions  appear  to  be  favourable,  but,  as  I  have  not  sufficiently  exact  material  to  work 
upon,  it  seems  better  not  to  make  any  further  reference  to  them  here. — April  1 7, 
1893.] 


Addendum. — August  4,  1893. 

Since  the  date  on  which  I  brought  the  above  list  before  the  Boyal  Society,  I  have 
received,  through  the  kindness  of  Dr.  Waldstein,  the  relative  position  of  the  earlier 
and  later  Herseum  at  Argos,  from  which  the  following  elements  have  been  deduced  for 
the  former  :  — 


Argos.  Lat.  37°  41'  16". 


Name  of  Temple. 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Ancient  Argive 

287°  13'  20" 

A 

Amplitude  of  Star  or 

-15°  4'  58" 

-17°  13'  20" 

Antares, 

Hersenm 

B 

Sun 

Corresponding  altitude 

3°  0'  E. 

2°  30'  E. 

rising 

C 

Declination  .... 

-10° 

-11°  58'  24" 

D 

Hour  angles  .... 

511  13“  4= 

QU  igm  403 

E 

Depression  of  Sun  ndieii 

10° 

Star  was  heliacal 

F 

R.A . 

12’‘  51“  48® 

I311  54m  24® 

G 

Approximate  date  .  . 

B.C. 

1760 

Instead  of  the  elements  given  above  (p.  812)  for  Tegea,  I  propose  an  amendment 
based  on  the  following  considerations,  namely  : — In  the  plan  published  by  the  German 
archaeologists  (‘ Mittheilungen  des  Archaeol.  Instituts,’  1883)  are  shown  some  founda¬ 
tions,  named  Antikes  Fundament,”  close  to  the  eastern  front  of  the  main  temple, 
which  make  an  angle — by  measurement,  4°  11' — in  a  more  southerly  direction  than 
the  other.  Architectural  fragments,  also,  of  a  very  ancient  character,  were  found. 
Judging  from  this,  the  later  temple  appears  to  have  been  built  so  as  to  follow  the  same 
star  as  the  earlier,  the  elements  being  as  follows  : — 
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Tegea.  Lat.  37°  27'  45". 


Name  of  Temple. 

Orientation 

angle. 

A 

B 

C 

D 

E 

F 

G 

Amplitude  of  Star  or 
Sun 

Corresponding  altitude 
Declination  .... 
Hour  angles  .... 
Depression  of  Sun  when 
Star  was  heliacal 

R.A . 

Approximate  date  .  . 

Stellar 

elements. 

Solar 

elements. 

Name  of 
Star. 

Old  Temple  of 
Minerva 

271°  23'  30" 

+  3°  0' 

3°  0' 

+  4°  12'  15" 
o'’  57’“  45= 

23’’  0“  22= 

B.C.  1580, 

-1°  23'  30" 

4°  0'  0" 

+  1°  19'  52" 

7’’  9’“  23= 

12°  12' 

24’’  12’“  0= 

March  22  -23 

a  Ai'ietis, 
rising 

Later  Temple 

267°  12'  30" 

A 

Amplitude  of  Star  or 

+  6°  31'  6" 

+  2°  47'  30" 

X  Arietis, 

of  Minerva 

Sun 

rising 

B 

CoiTesponding  altitude 

3°  0'  E. 

2°  22'  E. 

C 

Declination  .... 

+  7°  0'  0" 

3°  39'  12" 

D 

Hour  angles  .... 

gh  Qm  21s 

7’’  14“  13= 

E 

Depression  of  Sun  when 

•  • 

12°  30' 

Star  was  heliacal 

F 

R.A . 

23’’  25*“  20= 

O’’  1 2*“  30= 

i 

G 

Approximate  date  .  . 

B.C.  1080 
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XVII.  Memoir  on  the  Theory  of  the  Compositions  of  Numbers. 

By  P.  A.  MacMahon,  Major  R.A.,  F.R.S. 

Received  November  17 — Read  November  24,  1892. 

§  1.  Unipartite  Numbers. 

1.  Compositions  are  merely  partitions  in  which  the  order  of  occurrence  of  the  parts 
is  essential ;  thus,  while  the  partitions  of  the  number  3  are  (3),  (21),  (111),  the  com-  ' 
positions  are  (3),  (21),  (12),  (111). 

The  enumerations  of  the  compositions  of  a  number  n  into  p  parts,  zeros  excluded, 
is  given  by  the  coefficient  of  x”  in  the  expansion  of 

(a:  -f  -f-  .  .  .)^ ; 

this  expression  may  be  written 


and  the  coefficient  of  x”‘  is  seen  to  be 


^  _  1\  * 
p  -  ij  • 

The  generating  function  of  the  total  number  of  compositions  of  n  is 

£  (a;  +  -{-...)/’  =  p --  , 

1  X.  *“ 

hence  the  number  in  question  is 

2”-h 

2.  If  the  parts  of  the  compositions  are  limited  not  to  exceed  s  in  magnitude,  the 
generating  function  of  the  number  into  p  parts  is 

(x  +  a:2  +  +  .  .  ,  +  a^)p  =  a;^ 

(W’\  ^ 

)  for  — — — ^ . 
pl  p  !  (71  -  p)  ! 

5  0  2  13.11,93 
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and  herein  the  coefficient  of  is 


"  -  _  (V 

V  -  1/ 


!n  — 


n  —  s 


+ 


p 


n  —  2s  —  1 
n  —  2s  —  p 


(IJ  \n  —  s  —  'p  I 

The  number  of  parts  being  unrestricted  the  generating  function  is 

'1  —  x^\p  x{\  —  a?®) 


S  ‘xJP 

p 


X 


1  —  2*  + 


The  expression  ^  is  unchanged  by  the  substitution  oi  n  --  p  \  for^  ;  hence 

the  numbers  of  compositions  of  n  into  p  parts  and  into  n  —  p  -{■  1  parts  are  identical. 

3,  The  graph  of  a  number  n  is  taken  to  be  a  straight  line  divided  at  —  1  points 
into  n  equal  segments. 

The  graph  of  a  composition  of  the  number  n  is  obtained  by  placing  nodes  at  certain 
of  these  n  —  1  points  of  division. 


AB  being  the  graph  of  the  number  7,  for  the  representation  of  the  composi¬ 
tion  (214),  nodes  are  placed  at  the  points  P,  Q,  so  that  in  moving  from  ^  to  P  by 
steps  proceeding  from  node  to  node,  2,  1,  and  4  segments  of  the  line  are  passed  over 
in  succession.  Although  strictly  speaking  the  initial  and  final  points  A,  B  are  nodes 
on  the  graphs  of  all  the  compositions,  it  is  only  the  inter-terminal  nodes  that  will  be 
considered  in  what  follows,  as  appertaining  to  the  graph. 

The  number  of  parts  in  the  composition  exceeds  by  unity  the  number  of  nodes  on 
the  graph. 

For  a  composition  of  n  into  p  parts  we  can  place  nodes  at  anyp  —  1  out  of  the 
n  —  1  points  of  the  graph  of  the  number.  The  number  of  such  composition  graphs 
is  at  once  seen  to  be 


and  further,  since  each  of  the  n  —  1  points  of  the  number  graph  is  or  is  not  the 
position  of  a  node,  the  total  number  of  composition  graphs  is 


4.  Associated  with  any  one  graph,  there  is  another  graph  obtained  by  obliterating 
the  nodes  and  placing  nodes  at  the  points  not  previously  occupied. 

These  graphs  are  said  to  be  conjugate. 

If  a  graph  denotes  a  composition  of  n  into  p  parts,  the  conjugate  graph  denotes  a 
composition  of  n  into  ?i  —  +  1  parts, 
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This  notion  supplies,  in  consequence,  a  graphical  proof  of  the  theorem  of  Art.  2. 
Compositions  of  a  number  are  conjugate  when  their  graphs  are  conjugate. 

E.g.  The  conjugate  graphs 

I  0 - @ - - - - - -  - © - - - - © - © - © - 

yield  the  conjugate  compositions 

(214)  (13111) 

The  composition  conjugate  to  a  given  composition  may  be  written  down,  without 
constructing  the  graph,  by  the  rules  about  to  be  explained. 

The  composition  must  first  be  prepared — 

(i.)  By  writing  successions  of  units  in  the  power  symbolism ;  for  example,  s  succes¬ 
sive  units  must  be  written  1^ ; 

(ii.)  By  intercalating  1°  between  each  successive  pair  of  non-unitary  parts;  thus, 
when  aa  or  ah  occur  {a  and  b  being  superior  to  unity)  we  have  to  write  al’^a,  al^h 
respectively. 

For  the  moment,  call  the  non-unitary  parts  and  the  symbolic  powers  of  unity  the 
“  elements  ”  of  the  composition. 

When  an  element  does  not  occur  at  either  end  of  the  composition  it  is  called  "  non¬ 
terminal,”  when  at  one  end  only  “  terminal,”  and  when  at  both  ends  (thus  consti¬ 
tuting  the  entire  composition),  “  doubly  terminal.” 

The  rules  for  procession  to  the  conjugate  are  : — 

I.  If  m  or  1”*  be  doubly  terminal,  substitute  for  m  or  m  for  U“. 

II.  If  m  or  1”*  be  terminal,  substitute  l“~i  for  m  or  m  +  1  for 

III.  If  m  or  1“  be  non-terminal,  substitute  1““^  for  m  or  m  -j-  2  for 

The  composition  thus  obtained  is  in  the  “  prepared”  form  and  can  be  transformed  to 
the  ordinary  form. 

E.g.  To  find  the  conjugate  of  (231141),  take  the  “prepared”  form 

(21031^41), 

and,  beginning  from  the  left,  by 


Buie  II.  For  2 

substitute 

1, 

„  III.  „  1° 

2, 

„  III.  „  3 

J) 

1, 

„  III.  „  r~ 

?? 

4, 

1— 1 

1 — 1 

1 

5? 

„  n.  1 

35 

2, 

resulting  in  the  conjugate  composition, 

(12141"2),  or  non -symbolically  (1214112) 


838 


MAJOR  P.  A.  MACMAHON  ON  THE  THEORY 


An  examination  of  tlie  rules  shows  that  they  are  reversible,  and  that  the  process 
gives  a  one-to-one  correspondence  between  compositions  of  n  into  p  and  n  —  p  -j-  i 
parts. 

A  composition  in  general  has,  when  prepared  for  conjugation,  four  dlfiPerent 
forms,  viz. — 


(1) 

(2) 

(3)  a, 

(4)  .  .  .  as_i 


in  all  the  four  forms  a-^,  ci^,  .  .  .  co  may  have  any  positive  integral  values  superior  to 
unity.  The  numbers,  a-^,  ao,  .  .  .  a^,  may  have  any  positive  integral  values,  including 
zero,  with  the  exceptions. 

In  form  (2)  cannot  be  zero. 

(3)  aj  „ 

(4)  and  „ 

The  conjugates  of  the  forms  are 

(1)  1“'-'  .  «!  +  2  .  .  ag  +  2  .  .  .  .  a,_i  +  2  .  V-'-\ 

(2)  .  «!  +  2  .  .  ag  -f  2  .  .  .  1“-^--  .  a,_i  +  2  .  I"--"  .«,+  !, 

(3)  oL^+1  .  .  ^3  +  2  .  .  .  .  a,_i  +  2  .  V--\ 

(4)  «!  +  1  .  .  ^3  +  2  .  .  .  .  a,_i  -h  2  .  r--“  .  as  4-  1. 

5.  Two  compositions  are  said  to  be  inverse  (the  one  of  the  other)  when  the  parts  of 

the  one,  read  from  left  to  right,  are  identical  with  those  of  the  other  when  read  from 

right  to  left. 

A  composition  may  therefore  be  self-inverse. 

In  the  graph  of  a  self-inverse  composition,  the  nodes  must  be  symmetrically  placed 
with  respect  to  the  extremities  of  the  graph.  If  the  number  be  even,  the  number  of 
segments  of  the  graph  is  even,  and  the  two  central  nodes  (nodes  nearest  to  the  centre 
of  the  graph)  may  be  coincident,  or  they  may  include  2,  4,  or  any  even  number  of 
segments.  A  self-inverse  composition  of  an  even  number,  say  2m,  into  an  even 
number,  say  2p,  of  parts,  can  only  occur  when  the  two  central  nodes  of  the  graph  are 
coincident  and,  attending  to  one  side  only  of  this  node,  we  find  that  the  number  of 
self-inverse  compositions  of  the  number  2?n,  composed  of  2p  parts,  is  equal  to  the 
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number  of  compositions  of  m  composed  of  p  parts.  In  a  notation,  which  is  self- 
explanatory,  we  may  write 

SIC  (2m.  ip)  =  C  (»,  p)  =  . 

Next  consider  the  self-inverse  compositions  of  2m  into  an  uneven  number,  2y>  —  1, 
of  parts.  The  two  central  nodes  must  be  distinct,  and  may  include  any  even  number 
of  segments.  If  this  even  number  be  2/c  the  corresponding  number  of  self-inverse 
compositions  is  equal  to  the  number  of  compositions  o^  m  —  k  into  p  —  1  parts. 

Hence 

SIC  (2m,  2p  —  1)  =  C  (m  —  I,  p  —  1)  +  C  {m  —  2,  y)  —  2)  +  .  .  C  {p  — I,  p  —  1)> 
or 

SIC  (2m,  2;,  -  1)  =  C  (m,  2.)  =  (“  :  . 

Self-inverse  compositions  of  uneven  numbers  occur  only  when  the  number  of  parts 
is  uneven,  and  it  is  easy  to  prove  that 

SIC  (2m  —  1,  2p  —  1)  =  C  (m,  p)  =  • 

Hence,  without  restriction  of  the  number  of  parts, 

SIC  (2m)  =  SIC  (2m  -p  ])  =  C  (m  1)  =  2'". 

This  completes  the  enumeration  of  the  self-inverse  compositions. 

6.  Two  compositions  which  are  at  once  conjugate  and  inverse,  may  be  termed 
“inverse  conjugates.” 

A  composition  whose  conjugate  is  its  own  inverse  is  said  to  be  “  inversely 
conjugate.” 

Inversely  conjugate  compositions  of  a  number  which  have  p  parts,  can  occur  only 
wheny>  —  n  —  p  1,  or  n  =  2p>  —  1,  an  uneven  number. 

The  inversely  conjugate  compositions  of  2m  +  1  are  composed  of  m  -p  1  parts. 
Consider  a  graph  in  which  white  and  black  nodes  have  reference  to  the  two 
inverse  conjugates  respectively. 

- - © - • - © - © - • - • - 0 - • - - 


The  black  nodes  are  placed  to  the  right  and  left  of  the  centre  of  the  graph  in 
a  manner  similar  to  the  white  nodes  to  the  left  and  right.  If  on  the  right  there  are 
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s  black  nodes  and  m  —  s  white  nodes ;  to  the  left  there  are  similarly  placed  s  white 
nodes  and  m  —  s  black  nodes. 

Of  the  graph  of  the  number  there  are  m  points  to  the  right  of  the  centre  at  which 
white  and  black  nodes  can  be  placed  in  2”^  distinct  ways.  Hence  it  at  once  follows 
that  the  number  2m  +  1  possesses  in  all  2'"  inversely  conjugate  compositions. 
Otherwise,  we  may  say  that  the  number  of  inversely  conjugate  compositions  of 
2711  +  1  is  equal  to  the  number  of  compositions  of  m  +  1- 

It  will  be  observed  that  the  number  2^7^  +  1  has  precisely  the  same  number,  2“,  of 
self-inverse  compositions. 

There  is,  in  fact,  a  one-to-one  correspondence  between  the  compositions  of  2m  -b  1, 
'which  are  inversely  conjugate,  and  those  which  are  self-inverse. 

To  exjDlain  this,  take  the  graph  last  represented.  Read  according  to  the  black 
nodes  we  obtain  the  inversely  conjugate  composition 

(23121)  of  the  number  9. 

To  proceed  to  the  corresponding  self-inverse  composition  obliterate  the  black  nodes 
to  the  right  of  the  centre,  and  also  the  white  nodes  to  the  left  of  the  centre 
Substituting  white  nodes  for  the  black  nodes  then  remaining  we  have  the  graph 

- - - e— - - - - - — - - - © - - - 


of  the  self-inverse  composition 


(252). 


Again,  reading  the  original  graph  according  to  white  nodes,  we  have  the  inversely- 
conjugate  composition 


(12132), 


and  proceeding,  as  before,  with  the  exception  that  black  and  white  nodes  are 
obliterated  on  the  left  and  right  of  the  centre  respectively,  we  obtain  the  graph 


- © - - - © - © - © - © - - - © - • 

of  the  self-inverse  composition 

(1211121). 

The  process  is  a  general  one,  and  shows  that  we  can  always  pass  from  a  composition 
which  is  inversely  conjugate  to  one  which  is  self-inverse. 

E.g.,  of  the  number  7  we  have  the  correspondence 
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Inversely  conjugate, 

Self  inverse. 

(4111) 

(7) 

(3211) 

(313) 

(2221) 

(232) 

(2131) 

(21112) 

(1312) 

(151) 

(1222) 

(12121) 

(1123) 

(11311) 

(1114) 

(1111111) 

The  general  form  of  an  inversely  conjugate  composition  is 

.  .  .  ag  +  2  .  1“^-“  .  +  2  .  1"^'"  .  +  2  .  r*"' 

in  its  form  prepared  for  conjugation. 

7.  The  compositions  of  a  number,  m,  give  rise  to  the  compositions  of  m  +  1  by 
rules  somewhat  similar  to  those  in  Arbogast’s  method  of  derivations.  The  rules  are 
obvious  as  soon  as  stated. 

Each  composition  of  the  number  m  gives  rise  to  two  compositions  of  the  number 

m  +  1. 

I.  By  prefixing  the  part  unity. 

II.  By  increasing  the  magnitude  of  the  first  part  by  unity. 

All  the  compositions  thus  obtained  are  necessarily  distinct.  As  an  example  see 
the  subjoined  scheme  for  passing  from  the  compositions  of  3  to  those  of  4. 

Ill  12  21  3. 

1111  211  112  22  121  31  13  4. 


If  the  conjugates  of  these  two  lines  be  taken,  the  result  is  the  same  as  the  two 

•  fl  BS  fc 

lines  inverted.  We  have  the  theorem,  easily  proved  :  ‘‘  The  conjugate  of  the 


second 


derivative  of  a  composition  is  the 


second 

first 


derivative  of  the  conjugate  composition.” 


8.  The  theory  of  the  compositions  of  numbers  is  closely  connected  with  the  theory 
of  the  perfect  partitions  of  numbers.*  The  connection  is  between  the  compositions 
of  all  multipartite  numbers  and  the  perfect  partitions  of  unipartite  numbers.  The 
enumeration  of  the  compositions  of  a  single  multipartite  number  enumerates  also  the 
perfect  partitions  of  an  infinite  number  of  unipartite  numbers.  There  is,  moreover, 

*  “  The  Theory  of  Perfect  Partitions  of  Numbers  and  the  Compositions  of  Multipartite  Numbers,” 
The  Author,  ‘  Messenger  of  Mathematics.’  New  Series,  No.  235.  November,  1890. 

MDCCCXCIII. — A.  5  P 
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as  was  shown,  loc.  cit.,  a  one-to-one  correspondence  between  the  compositions  of  the 
unipartite  number  m  and  the  perfect  partitions,  comprising  m  parts,  of  the  whole 
assemblage  of  unipartite  numbers. 

Defining  a  perfect  partition  of  a  number  to  be  one  which  contains  one,  and  only 
one,  partition  of  every  lower  number,  it  was  shown  that  if 

(a,  y,  8,  ,  . 

be  any  composition  of  the  number 

«  +  -f  y  +  8  +  .  .  ., 

the  partition, 

(H  .  (1  -f  a)®  .  (1  +  «  .  1  +  .  (1  -f  a  .  1  +/3  .  I  +7)^  . 

the  exponents  being  symbolic,  denoting  repetitions  of  parts,  is  a  perfect  partition  of 
the  number 

(l+«)(l+/3)(l+y)(L+8)...-l. 

§  2.  Multipartite  Numbers. 


9.  The  multipartite  number  otySy  .  .  .  may  be  regarded  as  specifying  «  -j-  /3  -j-  y  +  .  .  , 
things,  a.  of  one  sort,  of  a  second,  y  of  a  third,  and  so  forth. 

To  illustrate  partitions  and  compositions  of  such  numbers,  I  write  down  those 

appertaining  to  the  bipartite  number  21. 


Partitions. 

Compositions. 

(21) 

(^) 

(20  OT) 

oT),  (dl  20) 

(11  To) 

(HTb),  (Toll) 

(To^lTi) 

(Id^  dl ),  (Td  dl  Id),  (dl  Id^) 

I  speak  of  the  parts  of  the  partition  or  composition,  and  observe  that  each  part  is 
a  multipartite  number  of  the  same  nature,  or  order  of  multiplicity,  as  the  number 
partitioned. 

There  is  [see  Art.  8,  loc.  cit.)  a  one-to-one  correspondence  between  the  compositions 
of  the  multipartite 

a/3y  ... 

and  the  perfect  partitions  of  the  unipartite  number 

...  —  1, 

wliere  a,  b,  c,  .  .  .  are  any  different  prime  numbers. 

This  correspondence  is  entirely  distinct  from  that  alluded  to  in  Art.  12, 
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10.  Taking  for  the  present  the  general  multipartite  number  to  be 

P1P2P3 •  •  • 

it  is  easily  seen  that  the  enumeration  of  the  compositions  into  r  parts  is  the  same 
problem  as  the  enumeration  of  the  distributions  of  +^^3+^53  +  .  .  .  things,  of 
which  Pi  are  of  one  sort,  p^  of  a  second,  of  a  third,  and  so  forth  into  r  different 
parcels. 

This  number'"'  is  the  coefficient  of  .  .  .  in  the  expansion  of 

{hi  +  h.2  +  +  .  .  .)'■ 

wherein  hs  denotes  the  sum  of  the  homogeneous  products,  of  degree  s,  of  the  quantities 


«!,  ao,  a3,  .  . 


Hence,  the  generating  function  of  the  total  number  of  compositions  is 


+  ho  4-/43  +  ... 


1  —  hi  —  h^  —  Ag  —  .  .  . 


The  coefficient  of  ...  in  the  expansion  of  (/q  +  /q  +  /q  +  .  •  •)'’  is  readily 

found  to  be 

M  r  -l\fpo-\-  r  -  1\  /p3  +  r  - 
\  Pi  /  \  P-2  J\lhr'' 

'A  (ih  +  r  —  ■>\  [iJo  +  r  —  2\  [ p.^  +  r  — 

1 


d" 


Ih  /  \  Ih  J  \  P-i 

r\  fpi  +  r  -  3\  (p2  +  r  -  ‘d\  (p.  +  »■  -  3 


Pi 


P2 


Pi  i 


—  ...  to  r  terms. 


and  the  enumeration  is  analytically  complete. 

11.  This  method  is  laborious  in  the  case  of  high  multipartite  numbers  since  v  may 
have  all  values  from  unity  to  pi  +  Ps  +  ^>3  +  .  .  .  ;  but  fortunately  the  series,  above 
written,  possesses  some  remarkable  properties  which  can  be  utilized  so  as  greatly  to 
abridge  the  necessary  labour. 

Let  F  {pipzP^  .  .  .)  and  f  {p\Pz%>-^  .  .  .  ,  r)  denote,  respectively,  the  total  number  of 


*  See  the  Author,  “  Symmetric  Functions  and  the  Theory  of  Uistiibatioiis,”  ‘  Proceedings  of  the 
London  Mathematical  Society,’  vol.  19,  Nos.  318-320. 

5  P  2 
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compositions  and  the  number  comprised  of  r  parts  of  the  multipartite  number 
P1P2P3  •  •  •  ;  so  that, 


F  {PiVilh  .  ■  .)  =  .  .  . , 


Writine’ 


(1  —  a^)  (1  —  ag)  (I  —  ttg)  .  .  .  =  1  ■—  +  ^2  —  «3  +  .  .  . 

+  7^2  +  .  .  .  _  4”  ■ 

1  —  7^0  7^2  .  .  •  1  2  —  cCtt  ”f~  Cg  —  ,  .  b 

This  new  form  of  the  generating  function  gives  a  relation  connecting  the  number  of 
compositions  of  any  multipartite  with  numbers  related  to  lower  multipartites. 

For  unipartite  numbers 

rdw.  =  sFfe)v'. 

yielding 

F(l)=l 

and 

F  =  2F  —  1)  when  >  1. 

For  bipartite  numbers 

«1  +  —  ajKj 


1  —  2  («j  +  a,  —  a^aj) 


^  F  (yiPo)  a/>a/^ 


giving 


F  {pdh)  =  2F  (pj  -  1,  P2)  +  2F  (pi,  Pa  -  1)  -  2F  (p^  -  1,  p^  -  1), 


and  similarly  for  multipartite  numbers 

F  {PilMh  .  .  .)  =  2  {F  (pi  -  1,  Pa,  Pg, 

—  2  {F  (pj  —  1,  Pa  —  1,  Ps,  ‘  J 

+  2  {F  (pi  —  1,  Pa  —  1  Pg  —  1,  .  . 


a  formula  absolutely  true  for  all  multipartites  superior  to  ]11  .  ,  and  universally 
true  if  F  (000  .  .  .)  when  it  occurs  be  interpreted  to  mean 

12,  A  simple  expression  is  obtainable  for  F  (piPs).  We  have  to  find  the  coefiicient 
of  ill 

«!  +  ag  —  ai«2 

1  —  2  (aj  -f  1X2  ~  «l“2) 

or,  this  is  the  coefficient  of  in 

2P2-1  ~  — 

(1  -  2«ip^+i  ’ 


*  See  post,  Art.  39. 
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and  thence 


F  iVilh) 


oih  +  Pi-'^  Oh  4-  !  oj^i  +  i)2-2 _ ( Ih  ~t  1 )  • 

-  l)!(i?3  -  !)■ 

I  +  ilh+V^-^V-  __ 

^  •2\{p,-2)\{v,-2)\  ••• 


until  one  of  the  denominator  factorials  becomes  zero.^ 


13.  There  is  another  method  by  which  the  value  of  F  {pil^^Pz  -  •  •  p)  can  be  easily 
obtained  from  the  numbers /{pippp^  ■>•,'>')  which  compose  the  value  of  F  .  . .). 

Writing  /ij,  +  A-3  +  /ig  +  .  .  .  =  H,  we  may  write  the  generating  function 


=  2  F  {p^p.2p^ .  .  .) .  {2hPzP^  .  .  .) 


where  ippppp^  . .  •)  denotes  the  symmetric  function 


and 

Let 


W  =  tf{pip.p^  .  .  .  {PMh  •  •  •)• 


dr  —  da,  +  +  1  +  2  +  •  •  • 

Dr  =  ^  (9^?i  +  cti  da^  +  dffj  +  •  •  -Y) 


Dr  being  an  operator  of  the  order  obtained  by  symbolical  multinomial  expansion, 
as  in  Taylor’s  theorem  of  the  Differential  Calculus,  and  not  denoting  r  successive 
performances  of  linear  operations.  The  effect  of  the  operation  of  D^  upon  a  symmetric 
function  of  the  quantities  a^,  .  .  .  expressed  in  the  notation  of  partitions,  is  well 

known  ;  it  obliterates  one  part  r  from  every  symmetric  function  partition  which 
possesses  such  a  part,  and  causes  every  other  symmetric  function  to  vanish. 

Also  Dr  (r)  =  1. 

Hence 

D^H'-  =  tfi'PdhPi  {p-dhPz  •  •  •)• 

To  evaluate  D^H*"  we  require  the  well-known  formulm 

leading  to 

=  -f  H). 

When  operating  upon  a  function  of  H,  is  equivalent  to  when  p,  is  uneven, 
and  equivalent  to  —  di  when  p  is  even.  Hence,  with  such  an  operand,  we  have  the 
equivalences 


Tables  for  the  verification  of  formulae  will  be  found  post  pp.  898-900. 
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Dl  —  5 

1^3  =  ^  {(^h  +  l)j 

Dg  =  —  (c?i  +  1)  {d^  +  2), 

O  ; 


,  di  ((ii  +  1) .  .  .  (c?i  +  ^  —  1), 
H'  ■ 


the  products  on  the  right  denoting  successive  operations."^ 

To  evaluate  D^H’’  as  au  algebraic  function  of  H,  it  is  necessary  to  operate 
successively  with  cZj,  +  1, .  .  .  c/^  +  p.  —  1  and  to  divide  the  result  by  p  ! 

We  have 


=  rW-^  +  rW, 

d,h-'  =  Qh-=  +  (’Jh- 


Suppose  that  generally 


\ 


+  s 


Operation  with 


P  + 


,  I  +  p) 


gives 


3  =  M  +  1  /r  -I-  c  _  1 

s  =  0  \  S 


p  +  1  —  s 


JJv  -  (;a  +  1)  +  i 


SO  that  the  assumed  law  is  establislied  inductively. 


*  The  truth  of  this  law  is  seen  by  comparison  with  the  corresponding  algebraic  relations. 
Denoting  by  •  the  sums  of  powers  of  a^,  a„i  • 

1  —  a^x  +  aM"  —  =  exp.  —  (sjce  +  isja;-  +  +  ...), 

and  putting 

l  —  a^x  -\-  a.TX^  —  .  .  .  =  (1  -f 

Hence 

0^1  =  _  Sj  (i’l  +  1)  .  .  .  (i’j  +  —  1), 

/I  • 

from  which  we  pass  to  the  operator  relation 

“  “1  ‘h  (‘h  +  1)  •  •  •  (dj  +  —  1). 

Observe  also  the  inlation 

1 
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Substituting  in  a  previous  identity 

C  I  ~  C  -  s)  ~  •  {PilhPz  •  •  •). 

therefore, 

i  C  ^  s  ~  ^)  C  -  6’)  ^f^P^P^P^  .  .  .,r-  ii  +  s)  .  .  .  .) 

=  ifiPiVzPz  •  ■  ■  P,r)  .  {pMh  •  •  •)• 


This  is  an  absolute  identity  and,  equating  coefficients  after  writing 


=  </>  {r,  s), 


+  s  —  1' 

s  J  \fl  —  SJ 

we  obtain 

p)f{PiPdh  .  .  .,  ^■)  +  {r,  p  -  l)f{piPdh  .  . .,  r  -  1)  +  . .  . 

+  (j)  (r,  p-r+  ^)f{piP.2P3  .••,!)  =f{PxPdh  ‘  '>')■ 


This  formula  enables  the  calculation  of  the  number  f  {piP^Pz  -  p}  ^’)  fbe 

successive  numbers 


fiPiPiPs  -  r),  fip^PzPs...,  r-  1),  ...f{pi2W3-  !)• 


14.  A  more  useful  result  is  obtained  by  summing  each  side  of  this  identity  for  a 
values  of  r  from  1  to  S  p  +  /r.  This  result  is 

r 

^  p)  +  (}^{r  +  1,  p  -  1)  +  . . .  +  (l>{r  +  p,  0)}f{p^2hP3 . . .  r)  =  F  {p^p^Ps ...  /a). 
It  can  be  shown  that  the  expression  in  brackets  [  }  to  the  left  has  the  values 


2'"' 


/r  +  p  —  1\  2r  +  p  ^ 


therefore, 


P 


F  {PiPiPz  •  •  •  /^)  =  ^  2'^-'  ^  f  {pMo^ .  . .,  r) 

=  2^-'(p,  +  ^)f{pxPiPz  •••.■!)  +  2^^-^ {PiPm 

+  2-^  3)  +  .  .  ., 


•.  2) 


a  formula  of  great  service  when  p  is  large,  as  the  number  of  arithmetical  operations  is 
comparatively  small. 
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As  an  example  we  can  find  another  series  for  F 
Since 


>1  -  lA  I  (ih  -  1 


Fw=i+r  1  +  2  +■••+! 


wherein 


we  find 


is  the  value  of  f  r), 


F  (pipa)  =  2"^  *  {2h  +  2)  +  2"^-*  -  1) 


,  2p,-i  (ih  +  1)  {p^  +  2)  (pa  +  6) 

3! 


+  •  • 


•  J 


a  series  which  it  is  easy  to  identify  with  that  previously  given  (Art.  12). 


15.  Useful  formula  of  verification  are  obtainable. 

It  has  been  shown  in  Art.  13  that  the  operation  (  — is  equivalent  to  when 
the  operand  is  a  function  of  H  only. 

Now 


(a  +  /3  +  .  .  .  —  1)  ! 


a 


/S!. 


D  “  D  ^ 


•  5 


the  summation  having  reference  to  all  positive  integer  solutions  of  the  equation, 


ot  2,S  "1“  3y  .  —  jji. 

Operating  on  the  expression 

^/{PiPzPs  .  .  r) .  {jhPilh  •  •  •) 

with  (  — d^  for  successive  positive  integral  v^alnes  of  p,  and  equating  the  coefficients 
of  the  symmetric  function  {x>iJJ2P2,  •  >  •)  find  the  relations — 


f{P\PiPz  •••!,’’) 

=  —  [fiPiViPi  .  .  .  U,  r)  -  2/(pj92P3  ...  2,  r)} 

=  +  {/{PiPzPi  .  .  .  U,  r)  -  SfiPiP.Pi  ...  21,  7-)  +  SfiPiPiPs  .  .  .  3,  r)} 


_  _j  («  +  ^  +  .  ■  .  —  1) !  s 
«!  yS!  .  .  . 


/{PiPiPi  •  •  •  2U%  7’), 


the  condition  of  summation  being 


CL  -f-  2/3  -f"  3y  -f- .  .  .  —  s. 
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Either  summing  these  identities  with  respect  to  r,  or  operating  as  before  upon  the 
expression 

^^{ViPdh  •  •  ■  ■  ■)> 

we  obtain  the  identities 


F  •  •  •  1) 

=  -  {^{PiPdh  ...  12)  -  2F  i'PdhPi  •  •  •  2)] 

=  +  [F  {2)ip.22h  .  .  .  1^)  “  3F  (piiJsPs  .  .  .  21)  +  3F  {pi2Mh  •  •  •  3)} 


=  (_)-!  S(-) 


...  -1  («  +  /3  +  •  ■  •  —  1)  !  g 
ul  231... 


F  {PilMh  •  •  •  2^“). 


These  relations  are  readily  verified  in  the  particular  case 

{PilMh  •••!)  =  {!)• 

16.  Another  very  useful  result  is  derived  from  the  algebraical  result  noticed  in  the 
foot-note  to  Art.  13. 

Since  the  supposition  {  —  =  Si  leads  to  the  formula 


aud 


—  6-1  (Sl  —  1)  .  .  .  (i’l  —  p,  -f  1)  —  A, 

H'  ■ 


^  ^  Vp  Vp.  .  .  .  -^2 


we  reach  the  operator  relation 


~d,{d,  -  1) .  .  .  (d,  -  ^  +  1)  =  s  D.-D/-.  .  . 

whenever,  as  in  the  present  case,  the  operand  is  such  that  (  — )'^“^  == 

Assuming 

P  d,  {d,  -  1) ,  .  .  (d,  -  ^  +  1)  H'  =  (0  H'-'  (1  +  H)' 


and  operating  with 


yL6  -H  1 


(c/^  —  /x)  we  find 


(/X  +  1) 


c?.  (d,  - 1) . . ,  (d,  -  H- = ; ,)  H--'  (1  +  Hr  ■ 


verifying  the  assumption. 
MDCCCXCIII.  —  A. 
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Hence  ope.ration  on  the  relation 

H"  =  r).{p^2X2P^  .  .  .) 

ields  the  relation 


(1  +  H)'^ 

*  ^2 •  •  •  • 


+ 


^hlhlh  .  .  .,  r  -  /r  +  2)  4-  .  .  .  \  .{Pilhn-  •  ■) 


^hlhlh  •  •  •  1%  ^’)  --  {p  -  '^)f{Pilhlh  .  ■  .  2P  ^  r) 


ffM-2 
1 


iPzlh  •  •  •  \  r)  + 


—  2 


'hVzlh  ■  •  •  2“H-^r) 


+  •  •  •  \  -{Pilhlh  ■  ■  •)> 


or,  equating  coefficients  and  inverting 


filhlhlh  .  .  .  H,  r)  -  (/r  -  l)/(pii^2P3  •  •  •  2P-q  r) 

+  (/^  -  ‘^)f{lhP-2lh  •  •  •  3F-',r)  +  .  .  . 

=  0  .  .  .,  P  -  p)  +  i^^fiPilhV-i  .  .  .,r-  p^-l) 

+  \!Pjf{PiPzlh‘  .  .,7'-P+2)  +  .  . 


IIH’  <  p  the  dexter  vanishes  and 


fipiPzPs  .  •  .  H,  r)  -ip  -  l)/(PiP3P3  •  .  •  2H  qr) 
+  (P  -  ^)fipiPzPs  •  •  •  r)  +  .  .  .  =  0. 


If  r  =  p  the  dexter  is 
fiPiPzPz  •  •  •>  0)  + 


^hPzPz 


1)  + 


PiPiP-i  .  .  .,  2)  +  .  .  . 


where  J  i2^i2hJ’-i  ■  •  in  general  vanishes,  but 

./■(O,  0)  =  1. 
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Performing  the  summation  in  regard  to  r, 


...  F)  -  (/X  -  .  .  .  2F  , 

+  .  .  .  2M-)  +  .  .  . 


iP%Pz  •  •  •,  0)  + 


+  l  1 


1P2P3 . . .,  1)  +  . . . 


+  ^,,sf{PlP2P3  .  .  .,  s)  +  .  .  ., 


where 


= 


1  /  Vs  -  1 


+ 


fL  +  2\  f  fJy 

s  -  2 


+ 


+ 


/X  +  s 


that  is  to  say 

(1  +  a;).  (1  = 

r  <  /X, 

/(21^  2)  -  2/(2^,  2)  +/(32,  2)  =  0, 

verified  by 

22  —  2  X  16  +  10  =  0.  (See  Tables,  pp,  898-900.) 

r  =  /x, 


f{21^  .3)  -  2/(2*l,  3)  +/(32,  3)  =/(2,  0)  +  3/(2,  1)  +  3/(2,  2) 
verified  by 

93  -  2  X  57  +  27  =  0  +  3  X  1  +  3  X  1. 

For  the  summation  formula 

F(l), 

=  F  (F)  -  F  (2), 

=  F  (F)  -  2F  (21)  -f  F  (3), 

=  F  (F)  -  3F  (2F)  +  F  (22)  +  2F  (31)  -  F  (4), 


=  1, 

veiified  by 

1, 

=  3-2, 

=  1.3  -  2  X  8  +  4, 

*  =  75  -  3  X  44  +  26  +  2  X  20  -  8, 


=  1 ; 
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also 

F  (413)  _  2F  (421)  -I-  F  (43) 

=  /(4,  0)  +  (3  +  4  X  l)/(4,  1)  +  (3  +  4  X  3  +  10  X  l)/(4,  2) 
+  (1  +  4  X  3  +  10  X  3  +  20  X  l)/(4,  3) 

+  (4  X  1  H-  10  X  3  +  20  X  3  +  35  X  l)/(4,  4), 

verified  by 

3408  —  3776  +  768 

=  0  F  7  X  1  -h  25  X  3  +  63  X  3  +  129  X  1, 

=  400. 


§  3.  The  Graphical  Representation  of  the  Compositions  of  Bipartite  Numbers. 

17.  The  graphical  method,  that  has  been  era])loyed  in  the  case  of  unipartite  compo¬ 
sitions,  can  be  extended  so  as  to  meet  the  cases  of  bipartite,  tripartite,  and  multipartite 
numbers  in  general.  For  the  present  the  bipartite  case  alone  is  under  consideration. 
The  graph  of  a  bipartite  number  {x>q)  is  derived  directly  from  the  graphs  of  the 
unipartite  numbers  {p>)^  (l/)- 

Take  5'  +  1  exactly  similar  graphs  of  the  number  p  and  place  them  parallel  to  one 
another,  at  equal  distances  apart,  and  so  that  their  left  hand  extremities  lie  on  a  right 
line  ;  corresponding  points  of  the  q'  +  1  graphs  can  then  be  joined  by  right  lines  and 
a  reticulation  will  be  formed  which  is  the  graph  of  the  bipartite  number 


We  have  ri/i  a  graph  of  the  number  p,  and  g'  +  1  such  graphs  parallel  to  one 
another  ;  and  AJ  a  graph  of  the  number  y,  and  y>  +  1  such  graphs  parallel  to  one 
another.  • 

The  angle  between  AK  and  AJ\q  immaterial. 

The  points  A,  B,  are  the  “  extremities  ”  or  the  “  initial  ”  and  “  final  ”  points  of 
the  graph. 

The  remaining  intersections  are  termed  the  “points”  of  the  graph. 

The  lines  of  the  graph  have  either  the  “  direction  ”  AK  or  the  direction  AJ.  These 
will  be  called  the  a.  and  /3  directions  respectively.  Through  each  point  of  the  graph 
pass  lines  in  each  of  these  directions.  Each  line  is  made  up  of  segments,  and  we 
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speak  of  a  segments  and  of  /3  segments  indicating  that  the  corresponding  lines  (on 
which  lie  the  segments)  are  in  the  a  and  ^  directions. 

Suppose  a  traveller  to  proceed  from  ^  to  ^  by  successive  steps.  A  step  is  per¬ 
formed  by  moving  over  a  certain  number  of  a  segments  and  subsequently  moving 
over  a  certain  number  of  ^  segments.  A  step  is  thus  made  up  of  two  figures — say 
an  a  figure  and  a  /3  figure.  The  number  of  segments  moved  over  may  be  zero  in 
either,  but  not  in  both  of  these  two  figures  of  the  step. 

A  step  may  be  taken  from  A  to  any  point  a  of  the  graph  ;  a  second  step  may  be 
taken  from  a  to  any  point  of  the  graph  aB  which  has  a  and  B  for  its  initial  and  final 
points  ;  subsequent  steps  are  taken  on  a  similar  principle,  and  the  last  step  termi¬ 
nates  at  the  point  B  and  completes  the  procession  from  the  point  A  to  the  point  B. 
A  step  which  takes  x,  a  segments  followed  by  y,  /3  segments,  is  taken  to  be  the  repre¬ 
sentation  of  a  bipartite  part,  xy.  A  procession  from  the  initial  to  the  final  point  (from 
A  to  B)  of  the  graph  thus  represents  a  sequence  of  bipartite  parts  which  constitutes 
a  composition  of  the  bipartite  number  To  every  procession  from  A  to  B  corre¬ 

sponds  a  composition  of  the  bipartite  pq,  and  the  enumeration  of  the  different 
processions  is  identical  with  the  enumeration  of  the  total  number  of  different 
compositions. 

The  .steps  of  a  procession  are  marked  out  by  nodes  placed  at  the  points  of  the 
reticulation,  which  terminate  the  first,  second,  third,  &c.,  and  penultimate  steps 
When  nodes  are  thus  placed,  we  have  the  graph  of  a  composition.  If  nodes  be  placed 
at  the  points  a,  h  of  the  graph,  we  obtain  the  graph  of  the  composition 

_  (l3  bl  id) 

of  the  bipartite  54. 

The  number  of  parts  in  a  composition  is  always  one  greater  than  the  number  of 
nodes  in  its  graph. 

Considering  the  number  of  compositions  of  pq,  of  two  parts,  it  is  clear  that  we  may 
place  the  defining  node  at  any  one  of  [p  A~  1)  (^fi"  1)  ~2  points  of  the  reticulation. 
Hence  (and  this  may  be  verified  by  previous  work)  the  number  of  two-part  com¬ 
positions  is 

(p+  0  0+  1)  -2- 

18.  The  graph  of  a  composition,  traced  from  A  to  B,  passes  over  certain  segments, 
and  may  be  said  to  follow  a  certain  line  of  route  through  the  reticulation.  Other 
compositions  in  general  follow  the  same  line  of  route ;  they  all  have  their  defining 
nodes  upon  the  line  of  route,  and  a  certain  number  of  defining  nodes  will,  in  general 
be  common  to  all  of  them. 

Consider  the  path  AcbB  in  the  graph  given  below.  All  coinj)ositions  whose  gTaphs 
follow  this  line  of  route  must  have  the  node  h  ;  h,  in  fact,  is  an  essential  node  along 
this  line  of  route. 
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Essential  nodes  occur  on  a  line  of  route  at  all  poinfs  where  the  course  changes 
from  the  to  the  a.  direction. 

We  may  regard  a  line  of  route  as  defined  by  these  essential  nodes  since  the  line  of 
route  is  cornpletely  given  by  these  nodes. 

Every  composition-graph  involves  nodes  of  two  kinds  — 

(1)  Those  which  are  essential  to  its  line  of  route  ; 

(2)  Those  which,  in  this  respect,  are  not  essential. 

There  are  'p  q  —  \  points  ”  along  every  line  of  route. 

We  have  now  to  discuss  the  compositions  whose  graphs  follow  a  given  line  of 
route,  and  we  find  that  they  naturally  arrange  themselves  in  pairs. 

19.  Associated  with  any  one  graph  is  another  obtained  by  obliterating  those  nodes 
which  are  not  essential  to  its  line  of  route,  and  by  then  placing  nodes  at  those  points 
on  the  line  of  route  not  previously  occupied  by  nodes. 

These  two  graphs  are  said  to  be  conjugate. 

The  compositions,  represented  by  these  graphs,  are  likewise  said  to  be  conjugate. 


Conjugate  graphs  are  shown  above ;  AcbB  is  the  line  of  route,  and  h  is  the  essential 
node. 

The  corresponding  conjugate  compositions  of  the  bipartite  number  AI  are 
(l3  01  40)  and  (Id  01  Ol  02  Id  To  Id  Id). 

If  the  graph  of  a  composition  of  pg',  of  r  parts,  possesses  s  essential  nodes,  it  is  clear 
that  the  conjugate  composition  has  y)  +  2'  —  ^'-fs-j-l  parts. 

Of  compositions,  of  the  bipartite _p5',  whose  graphs  possess  s  essential  nodes,  there  is 
a  one-to-one  correspondence  between  those  of  r  parts  and  those  of  ^3  fi-  j  -f  5  -)-  1 
parts. 

Corresponding  to  an  essential  node  in  the  graph  of  a  composition  there  exist  in 
the  composition  itself  adjacent  parts  .  .  .  pg^-^ .  .  .  possessing  the  property  of 

and  being  both  superior  to  zero.  Thus,  from  inspection  of  a  composition,  we  are 
enabled  to  determine  the  number  of  essential  nodes  in  its  graph. 
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It  is  useful  to  recognise  four  species  of  contact  between  adjacent  parts  of  a 
composition 

in  .  .  .  .  .  . 

if  qi  is  zero  and  zero  we  have  a  zero-zero  contact 
qi  „  Pa  positive  ,,  zero-positive  ,, 

g'i  positive  pjg  zero  ,,  positive-zero  ,, 

qi  „  Pa  positive  ,,  positive- positive  ,, 

In  this  nomenclature  we  may  say  that  the  graph  of  a  composition  possesses  as 
many  essential  nodes  as  the  composition  itself  possesses  positive-jDOsitive  contacts. 

20.  The  theorem  arrived  at  may  be  stated  as  follows  : — 

“  Of  compositions  of  pq  possessing  s  positive-positive  contacts,  there  is  a  one-to-one 
correspondence  between  those  of  r  parts  and  those  ofp-f-g'  —  1  parts.” 

An  essential  node  corresponding  to  a  positive-positive  contact  in  the  composition 
occurs  at  a  point  of  the  graph  where  there  is  a  change  from  a  /3  direction  to  an  a 
direction  ;  we  may  say  that  this  is  a  /3a  point  on  the  line  of  route.  Similarly  to 
positive-zero,  zero-positive,  zero-zero  contacts  in  the  composition  correspond  /3/3,  aa, 
a/3  points  respectively  on  the  line  of  route. 

The  number  of  different  lines  of  route  that  can  be  traced  on  the  graph  of  the 
bipartite  number  is  the  number  of  permutations  of  p  symbols  a,  and  q  symbols  /S,  for 
this  is  the  number  of  ways  in  which  the  p  a-segments  and  the  q  /3-segments,  which 
make  up  a  line  of  route,  can  form  a  succession. 

Hence  the  number  of  lines  of  route  through  the  reticulation  is 

(P  +  2\ 

\  P  )  ' 

The  whole  of  the  compositions  oi  pq  can  be  arranged  in  conjugate  pairs. 

E.g.,  The  correspondence  in  regard  to  the  compositions  of  the  bipartite  22  is  shown 
in  parallel  columns. 


(22) 

5  =  0,  '/•  =  1 

(10  10  01  01) 

(To  TI  ol)' 

(21  01) 

>.  5  =  0,  r  =  2 

(To  To  02) 

(To  T2)^ 

(20  oT  dT)_ 

5  =  0,  r  =  4 


s  =  0,  r  =  3 
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{02  20)J 

(n  n) 
(01  21)  j 

(I2l0)j 
(H  ^  oT)l 


(01  01  20) 


(10  02  10) 

(IT  To  ol)  J 


1,  r  =  2 


5=1,  r  =  3 


(01  01  10  10)1 


(ro“  oT  To  m) 
(^  To  To  ^) 
(To  ^  M  To) 


y  S=  1,  r  =  i 


(oT  To  TT) 
(^  To  To) 
(TT  ^  To) 
(To  ^  TT)J 


^  6-  =  1,  r  =  1 


(01  11  To) 


5  =  2,  r  =  3 


(01  10  01  10) 


r  =  4. 


The  compositions  present  themselves  in  pairs  of  conjugate  groups  according  to  the 
several  values  of  s  and  r.  In  the  above  example  for  5  =  1,  7’=  3,  there  is  a  self¬ 
conjugate  group.  This  happens  when  2?"  =  p  -|-  </  +  s  +  1. 

A  self-conjugate  group  exists  for  even  or  uneven  values  of  s,  according  as  -j-  q  is 
uneven  or  even. 


21.  The  enquiry  now  is  in  regard  to  the  number  of  lines  of  route  through  the 
reticulation  which  possess  exactly  s  essential  nodes. 

It  may  be  observed,  in  passing,  that  from  any  line  of  route  may  be  derived  a 
composition  whose  graph  exhibits  only  essential  nodes  and  no  others.  This  may  be 
called  the  principal  composition  along  the  line  of  route ;  it  will  have  5+1  parts,  and 
each  of  the  s  contacts  of  its  jiarts  will  be  positive-positive. 

There  is  a  one-to-one  correspondence  between  the  lines  of  route  having  s  essential 
nodes  and  the  compositions  of  5  +  1  parts,  all  of  whose  contacts  are  positive-positive. 

Also  the  number  of  compositions,  number  of  parts  unrestricted,  all  of  whose 
contacts  are  jiositive-positive  is  equal  to  the  number  of  different  hnes  of  route. 

E.g.,  for  the  number  22, 

s  =  1 


s  —  0 


Lines  of  route 


3 


Compositions  (22)  (02  20)  (ll  11)  (01  21)  (12  10)  (01  11  10) 


and  there  are  no  other  compositions  having  all  contacts  positive-positive. 


22.  The  number  of  different  lines  of  route  with  exactly  s  essential  nodes  is 
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Of  this  theorem  I  give  three  proofs,  because  its  thorough  examination  is  necessary 
for  the  purpose  of  leading  up  to  the  more  difficult  theories  connected  with  tripartite 
and  higher  multipartite  numbers. 

First  Proof. 


In  each  of  the  adjacent  sides  AD,  AC  of  the  graph  of  y)^',  select  any  s  “  points  ” 
(see  definition  of  “point”)  a,  h,  c,  .  .  .  in  order  from  the  point  A.  The  two 
points  a,  a  are  seen  to  determine  an  essential  node  a  ;  the  two  points  h,  h  an 
essential  node  h' ,  &c.,  and  a  line  of  route  necessarily  exists  which  possesses  these 
essential  nodes  and  no  others.  The  points  along  AD  and  AC,  from  which  s  points 
may  be  selected,  are  in  number  p  and  q  respectively  ;  along  AD  s  points  can  be 

selected  in  ways,  and  along  AC  in  ways;  any  selection  on  AD  can  be  taken 

with  any  selection  on  AC.  Hence  the  number  of  lines  of  route  having  exactly 
s  essential  nodes  is 


f 


23.  Second  Proof. 

We  determined  the  total  number  of  lines  of  route  by  considering  the  permutations 
of  p,  a-segments,  and  q,  /S-segments.  Whenever  in  any  such  permutation  there  is  a 
sequence  j8a  there  must  be  an  essential  node  upon  the  corresponding  line  route.  We 
have  simply  to  find  the  number  of  permutations  of  the  p  q  symbols  in  olp^i  which 
possess  exactly  s,  ySa-contacts, 

Write  down  the  s,  ySa-sequences 


.  .  .  ySa  .  ,  .  fa  .  .  .  fa  .  .  .  fa  ,  .  . 


and  the  s  +  1  intervals  between  them.  In  these  intervals  we  have  to  distribute  the 
letters  in 

^p-S  ^q-S 


in  such  manner  as  to  introduce  no  fresh  ySa-contacts.  For  each  of  these  ^  +  O'  “  2s 
letters  there  is  a  choice  of  s  +  1  intervals.  The  p  —  s  letters  a  may  thus  be 


distributed  in 


ways,  and  the  q  —  s  letters  f  in 


and  each  distribution  of  the 


5  B, 
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letters  a  may  occur  with  each  distribution  of  the  letters  Hence  the  total  number 
of  permutations  is 


24.  Third  Proof. ^ 

I  now  come  to  a  method  which  is  valuable  in  the  theory  of  multipartite  numbers 
in  general,  and  also  intrinsically  of  great  interest. 

I  consider,  as  in  the  second  proof,  the  permutations  of  the  2^  +  2'  letters 
wdiich  exhibit  exactly  s,  /3a-contacts.  The  proof  depends  upon  showing  there  exists 
a  one-to-one  correspondence  between  these  permutations,  and  those  in  which  the 
letter  ^  occurs  exactly  s  times  in  the  first  id  places  counted  from  the  left. 

Suppose  the  permutation  with  s,  ^a-contacts  to  be 

23a  y8a  /8a  a^*/8''‘  /3a  a^®y8^®  /3a  a^®/8’^® 

where,  for  convenience,  s  has  the  special  value  5. 

Any  of  the  indices  x,  y  may  be  zero. 

Observe  that 

+  ^3  +  +  ^5  -h  ^6  +  5  =  p, 

//i  +  //3  +  2/3  +  //r  +  2/5  +  2/6  +  5  =  ^. 

Obliterate  the  letters  which  do  not  occur  in  /3a-contacts,  and  the  letters  a, 
which  do  occur  in  /3a-contacts,  there  remains  a  succession 

a*i/3a^®/3a^®^a^^/3a'^®y8a^® 

of  ]D  letters,  /8  occurring  s  times. 

N  ext  obliterate  in  the  original  permutation  the  letters  a,  wdiich  do  not  occur  in  /3a- 
contacts,  and  the  letters  /3,  which  do  so  occur ;  there  remains  a  succession 

*/8‘"'a^^^a/3^®a;8'"*ay8'"®ay8'"® 

of  q  letters. 

Take  these  two  successions  for  the  left  and  right  portions  of  a  new  permutation, 
viz. — 

a^'*/8a^®/3a^®/3a''^y8a^®/8a®®  .  /3"’a/8'"®ay8^®a/3-'*a/3^®ay8^®a, 

and  we  have  made  a  perfectly  definite  transformation  of  a  permutation  involving 
exactly  s  /8a-contacts  into  another  possessing  the  property  that  the  letter  /8  occurs 
s  times  in  the  first  p  places. 

E.g.,  to  transform 

/8^a®y8^a, 

write  it 

(PjP  /3a  a/8^  /3a ; 


*  This  proof  is  of  fundamental  impoi’tance  in  the  succeeding  part  of  this  investigation. 
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thence  the  successions 


and  the  permutation 


in  which  /3  occurs  twice  in  the  first  three  places. 

Now,  it  happens  that  these  transformed  permutations  are  very  easily  enumerated. 
The  number  of  permutations  of  the  letters  in  which  possess  the  property  that 
the  letter  yS  occurs  exactly  s  times  in  the  first  p  places  is  the  coefficient  of  in 

the  development  of 

(a  +  ixl3)p  {a  + 

This  is  evident  from  a  consideration  of  the  actual  multiplication  process. 

Hence,  in  regard  to  the  bipartite  pq, 

{a  +  (a  +  (By 


is  the  generating  function  for  the  number  of  lines  of  route  possessing  a  given  number 
of  essential  nodes.  The  complete  coefficient  of  aP^'i  is  found  to  be 


1 + (v  Cl)  ^ + (2)  (2)  + ■  •  ■ + C)  C) + •  •  • + w  C'l 


generality  not  being  lost  by  the  supposition  p^q.  Hence  the  number  of  lines  of  route 
possessing  5  essential  nodes  is 

(P\ 

Observe  that  the  known  formula 


0/  VO 


1/  Vi 


s  /  \s 


+  ? 


supplies  a  verification  of  the  result. 

It  has  also  been  proved  that  the  number  of  compositions  of  s  +  1  j^arts  having  all 

•  •  .  •  •  fv  \  f  Q 

contacts  positive-positive  is  '  ' 


s  \s 


25.  On  each  of  the  P  j  p  j  lines  of  route,  which  have  s  essential  nodes,  may  be  repre¬ 


sented 


2P+9-S-1 

5  R  2 


860 


MAJOR  P.  A.  MACMAHOX  ON  THE  THEORY 


compositions,  because  the  p  q  —  s  —  \  non-essential  nodes  on  each  line  of  rout« 
may  be  selected  as  composition-nodes  in  this  number  of  ways. 

Hence,  the  total  number  of  compositions  is 


F  {pq)  =  t 


{cf.  the  expressions  for  this  number  obtained  in  Arts.  12  and  14). 

Analytically,  this  result  is  equivalent  to  the  algebraic  expansion 

1  _  1  ■  2xy  , 

X-^ix^y-xy)  (1  -  2^)  (1  -  %j)  (1  -  2^-)^  (1  -  2yf  (1  -  (1  -  2xjf  ‘  • 


26.  The  important  transformation  of  permutations  established  above  is  interesting 
when  viewed  graphicaliy. 


A  line  of  route  is  traced  by  a  certain  succession  of  a  and  /3  segments.  That 
portion  of  a  line  of  route  traced  by  the  initial  p  segments  terminates  in  one  of  the 
points  0,  1,  2,  3,  4  in  the  diagram.  All  these  points  lie  on  a  straight  line  through 
the  right-hand  lower  corner.  If  one  of  these  points  be  marked  s,  s  of  the  p  segments 
will  be  yS  segments,  and  every  line  of  route  passing  through  the  point  s  has  the 
property  that  s  symbols  yS  occur  in  the  first  p  places  of  the  corresponding  permu¬ 
tation  of  the  symbols  a  and  y(3.  Hence,  there  is  a  one-to-one  correspondence  between 
the  lines  of  route  possessing  0,  1,  2,  3,  4,  .  .  .  s,  .  .  .  essential  nodes  and  the  hnes  of 
route  passing  through  the  points  marked  0,  1,  2,  3,  4,  .  .  .  s,  .  .  . 

Observe  that  the  number  of  lines  of  route  in  the  graph,  of  which  A  and  s  are  the 


initial  and  final  points,  is  ( ^ ) ,  and  in  the  graph  of  which  s  and  B  are  the  initial  and 
final  points,  is 

Hence  of  the  grapli  AB  the  number  of  lines  of  route  passing  through  the  point  s  is 


and  since  every  line  of  route  must  pass  through  one  of  the  points  0,  1,  2,  3,  4,  ...  5, 
.  .  .  we  have 
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i.  P\  li 

t 


'P  +  # 

P 


Inverse  Bipartite  Comp)Ositions. 

27.  A  line  of  route  being  marked  out  on  a  reticulation  from  A  to  B,  the  inverse 
line  of  route  is  obtained  by  rotating  the  reticulation  through  two  right  angles  and 
interchanging  the  letters  A  and  B. 


Consider  a  line  of  route  from  A  to  B  having  essential  nodes  a,  h.  On  the  inverse 
line  of  route  a,  h',  c  are  the  essential  nodes. 

The  princii^al  compositions  along  these  lines  of  route  are — 

(21  11  32)  from  A  to  B. 

(02  3l  11  from  B  to  A. 

*  Consider  also  tlie  points  of  the  graph  distant  t  segments  from  A.  The  number  of  such  points  is 
the  coefficient  of  in  the  product 


and  if 


(1  +  a;  +  ic”  -f-  .  .  .  x'P')  (1  4"  a;  “h  a;“  •  P 

t  <  q  -\-  1  is  equal  to  ^  +  1, 

>2<P  +  1  ,,  g  +  1, 

>  p  „  p  +  q  ~  t  +  1. 


These  points  lie  on  lines  parallel  to  the  line  01234  .  .  .  s  .  .  .  and  we  obtain  a  graj^hical  proof  of  the 
identities, 


t\(p-t  q-t\  (t\(p  +  q-t 


A  Ip  +  1  ~  /p  +  2 


p 


on  ,j  /  +  hA  3-1  /  +  ■■■  + V\  0 


(P  +  q  —  _  jp  +  q 

P 


for  ^  <  g  +  1 ; 


for  p  -\-  \  >  t  >  q', 


0 


where  the  total  number  of  terms  in  all  these  identities  is 

2  A  +  1)  +  (P  —  2)  (2  +  1)  +  S  {p  -\-  q  —  t  +  1)  =  {p  +  1)  {q  +  1) , 

0  t  =  'p  +  l 


which  is  the  total  number  of  points  in  the  graph  (including  A  and  R),  and  is  therefore  right. 
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All  the  contacts  in  these  comj^ositions  are  necessarily  positive-positive ;  hence  the 
leading  and  ending  parts  are  the  only  ones  that  can  involve  a  zero  element ;  in  the 
leading  part  the  leading  element  may  he  zero,  and  in  the  ending  part  the  ending 
element. 

Every  part,  of  a  principal  composition,  which  does  not  possess  a  zero  .element 
necessitates  an  essential  node  on  the  graph  of  the  principal  composition  on  the 
inverse  line  of  route.  Thus,  if  the  one  principal  composition  has  s  nodes,  s  -f-  1  parts 
and  t  j)arts  without  a  zero  element,  the  other  principal  composition  has  t  nodes, 
^  -f-  1  jDarts  and  s  parts  without  a  zero  element. 

These  may  be  called  “  inverse  princi|)al  compositions.” 

The  number  of  pairs  of  inverse  principal  compositions  is  equal  to  half  the  number 
of  distinct  lines  of  route  through  the  reticulation.  The  number  of  pairs  is  thus — 

Otherwise,  we  may  say  that  in  regard  to  compositions,  all  of  whose  contacts  are 
positive-positive,  there  is  a  one-to-one  correspondence  between  those  having  s  +  1 
parts  and  t  parts  without  a  zero  element  and  those  having  ^  +  1  parts  and  s  parts 
without  a  zero  element. 

The  number  s  +  1  —  i  is  either  0,  1,  or  2. 

E.g.,  for  the  bipartite  22  the  correspondence  is 


s  =  0,  t  =  I 
(22) 

s  =  I,  t  =  i 

(01  2T) 

5=1,  t  =  2 

(IT  U) 


5=1,  ^  =  0 
(02  20) 

5=1,  ^  =  1 

(12  lb) 

5=2,  f  =  I 

(01  Ti  lb). 


28.  This  particular  case  of  inversion  leads  easily  to  the  general  idea.  Suppose  a 
line  route  traced  on  a  reticulation,  and  suppose  marked  the  s  essential  nodes  on  the 
line  drawn  from  A  to  B,  and  also  the  t  essential  nodes  of  the  inverse  line  of  route. 
These  5  +  i  nodes  are  distinct.  Along  the  line  we  may  place  an  additional  node  at 
an  unoccupied  point  and  interpret  the  new  compositions  as  read  before  and  after 
rotation  of  the  reticulation.  The  new  compositions  have  each  acquired  an  additional 
part ;  they  each  have  the  same  number  of  parts  without  zero  elements  as  before ;  the 
added  node  has  either  introduced  a  zero-positive  contact  into  each  or  a  positive-zero 
contact  into  each,  according  as  the  node  is  on  an  a  or  on  a  /3  line  between  adjacent 
nodes. 
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Altogether  there  are  I— s  —  t  points  at  disposal,  which  may  be  selected 

as  positions  for  nodes  in  ways.  Suppose  +  j,^  additional  nodes  taken,  such 

thatji  zero-positive  and  jg  positive-zero  contacts  are  introduced  into  each  composition  ; 
the  number  of  parts  in  each  composition  will  be  increased  byji\  +  jV 
We  have  a  one-to-one  correspondence  between  the  compositions,  having 


«  +  1  +ii  +  is  parts, 

t  parts  without  a  zero  element, 
zero-positive  contacts, 
jig  positive-zero  contacts ; 

and  those  having 

^  +  1  d-ii  +>3  parts, 

s  parts  without  a  zero  element, 
ji  zero-positive  contacts, 
jg  positive-zero  contacts. 


We  have  thus  pairs  of  inverse  compositions;  the  correspondence  for  the  bipartite 
22  is 


=  (0, 1,  1,  0). 

(1,  0,  1 

,  0), 

(1, 

1,  0,  1), 

(To  12) 

and 

(02  To 

10); 

(11 

OT  To); 

(0,  I,  0,  1), 

(1,  0,  0 

.  1). 

(1> 

1,  1.  0), 

(n  oT) 

and 

(oT  or 

20); 

(01 

To  TT). 

(0,  1,  1,  1), 

(1,  0. 

1,  1), 

(To  n  oT) 

and 

(oT  oT 

lO  To); 

Of  the  above,  two  compositions  (11  01  10),  (01  10  11)  may  be  termed  self-inverse, 

29.  There  are  twelve  compositions,  viz,,  those  with  zero-zero  contacts,  which  do  not 
appear  in  the  theory. 

To  enumerate  these  compositions,  consider  the  lines  of  route  with  s  essential 

nodes  or  bends  j  ;  every  such  line  must  have  either  s  —  1,  s,  or  s  -|-  1  bends _ |  .  If 

the  allied  permutation  neither  commences  with  a  nor  ends  with  it  is  s  —  1  ;  if 
either  a  commences  or  ^  ends  it  is  s ;  if  both  a  commences  and  13  ends  it  is  s  -p  1. 

The  enumeration  of  the  lines  of  route  gives 

I  i)  (!  ~  1)  for  s  -  1  beods  _|  ; 

7  ^)  (!  I D  (  *  -  J)  C  7  ®  -  ■!  ■ 

7  ^)  ('^  7  ^  — I  • 
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To  obtain  compositions  along  these  lines  of  route  which  have  not  zero-zero  contacts, 
we  have  at  disposal 

p  +  q  —  26-, 
p  -\-  q  —  2s  —  I, 
p  q  —  2s  —  2 


points  respectively  at  which  non-essential  nodes  may  be  placed, 
of  compositions  which  have  s  positive-positive  contacts  (see  Art. 
contacts  is— 


Hence  the  number 
19)  and  no  zero-zero 


IN 


which  is 

(p  +  s)  {q  +  s)  fp\  M 

2Jq  \sj  \sj 


Hence  the  total  number  of  compositions  which  have  no  zero-zero  contacts  is 


2p+,-2  (P  +  1)  (g  +  1)  ^  (p  +  2)  (g  +  2)  j  -f-  .  . 


and,  since  the  total  number  of  compositions  which  have  s  positive-positive  contacts  is 


2P  +  2- 


-1-.  P\  ^ 


S  J  \s 


we  find  that  the  number  of  comjaosltions  having  s  positive-positive  contacts  and  also 
zero-zero  contacts  is 


2^  +  2 


-2.-2  J  2*+i  _  (P  +  ^)(i  +  g)l  fp\  fi 


pq 


s  /  \s 


and  the  total  number  of  compositions  having  zero-zero  contacts  is 


2P+2-2  _j_  +  I  2”  _ 


(p  +  1)  (g  +  1) 

pq 


r)  (i) 

-f-  .  .  . 


{p  +2){q+  2)|  (q 


E.g,,  putting  qjq  =  22,  we  thus  verify 

4 +  (4-1)4 +  1(8  -4)  =  12 


that  the  number  is  12. 
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30.  Self-inverse  compositions  can  only  occur  upon  self-inverse  lines  of  route.  For 
the  existence  of  such  a  line,  one  at  least  of  the  elements  of  the  bipartite  number 
must  be  even.  If  both  elements  be  even  there  is  a  central  point  in  the  reticulation, 
and  the  number  of  self-inverse  lines  of  route  for  the  bipartite  'Ip  ,  2q  is  equal  to  the 
number  of  lines  of  route  of  the  bipartite  p>'q  that  is  to  say,  the  number  is 


y  +  Q' 

y 


If  the  bipartite  be  2^^'  +  1,  2q'  it  is  easy  to  see  that  the  number  is  also 

y  +  9' 

y 


The  number  of  self-inverse  compositions  in  both  cases  is  evidently  equal  to  the 
total  number  of  compositions  of  the  bipartite  qj'q. 


§  4.  The  Graphical  Representation  of  the  Comjyositions  of  Tripartite  and 

Multipartite  Numhers. 

31.  The  graph  of  a  tripartite  number  may  be  in  either  two  or  three  dimensions. 
It  may  be  derived  from  a  bipartite  graph  in  a  manner  similar  to  that  in  which  the 

bipartite  has  been  derived  from  the  unipartite  graph.  In  the  tripartite  number 

we  take  r  -f-  1,  exactly  similar  graphs  of  the  bipartite  p)q,  and  place  them  similarly 
with  corresponding  lines  parallel,  and  like  points  lying  on  straight  lines  ;  when 
these  straight  lines  are  drawn  the  graph  is  complete.  The  r  1  bipartite  graphs 
may  be  in  the  same  plane  or  in  parallel  planes  according  as  the  tripartite  graph  is 
required  to  be  in  two  or  three  dimensions. 


B 


The  figure  depicts  the  graph  of  the  tripartite  233.  The  points  of  the  reticulation 

are  identical  with  the  points  of  the  r-\- 1  reticulations  of  the  bipartites  pq.  Observe 
that  in  two  dimensions  there  are  intersections  of  lines  which  are  not  points  of  the 
reticulation.  On  the  other  hand  in  three  dimensions  all  intersections  are  also  points. 
MDCCCXCIir. — A.  5  s 
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Other  than  the  initial  and  final  points  A  and  B  there  are  {p  +  1)(5'  +  !)(?’+  1)  —  2 
points. 

The  graph  involves  lines  in  three  different  directions ;  say  an  a,  a  /3,  and  a  y 
direction.  These  are  parallel  to  AF,  FQ,  and  QB  respectively. 

Through  each  point  of  the  graph  pass  lines  in  all  three  directions,  and  a  segment 
joining  two  adjacent  points  is  called  an  a  segment  when  it  is  in  the  a  direction. 

A  line  of  route  proceeds  from  A  to  B,  from  point  to  point  of  the  reticulation.  The 
iiumljer  of  lines  of  route  is  the  number  of  permutations  of  the  symbols  in  a^/3?y,  and 
is,  therefore, 

fp  +  q  +  ^ 

V  IP  q>  I  ’ 

A  step  along  a  line  of  route  traverses  in  succession  any  number  of  a,  /3,  and  y 
segments,  and  in  any  one  step  the  segments  must  be  taken  in  the  order,  a,  y8,  y. 
The  number  of  segments  traversed  may  be  zero  in  one  or  two,  but  not  in  three  of 
these  directions. 

A  step  is  represented  by  a  tripartite  number  Piq^'i  and  a  succession  of  steps,  the 
first  starting  at  A,  and  the  last  terminating  at  B,  is  represented  by  a  succession  of 

tripartite  numbers  constituting  a  comj)Osition  of  the  tripartite  p)qrA 

The  graph  of  a  composition  is  obtained  by  placing  nodes  at  the  points  which 
terminate  the  first,  second,  &c.,  and  penultimate  steps. 

Essential  nodes  occur  upon  lines  of  route  whenever  the  direction  at  a  point  changes 
from  (i  to  a,  from  y  to  a,  or  from  y  to  /3.  These  will  be  alluded  to  briefly  as  ySa,  ya, 
or  y/3  essential  nodes.  To  these  essential  nodes  on  the  graph  of  a  composition 
correspond  respectively  zero-positive,  positive-positive,  and  positive-zero  contacts  in 
the  composition  itself.  It  is  convenient  to  call  these  collectively  essential  contacts. 
The  theory  of  conjugate  composition  exists  as  in  the  bipartite  theory.  On  every  line 
of  route  there  are  p  +  O'  +  ■?•  —  1  points,  and  if  there  be  s  essential  nodes,  +  i-* 

distinct  composition  graphs  can  be  delineated  along  the  line  of  route.  Each  of  these 
has  s  essential  contacts,  and,  as  in  the  bipartite  case,  we  establish  a  one-to-one 
correspondence  between  the  compositions  having  s  essential  contacts,  and  s  fi-  i  -f  1 
parts,  and  those  having  5  essential  contacts,  and  p)  A-  q  A-  ^  i  parts.  The  graph  of 
a  quadripartite  number  is  derived  from  the  tripartite  graph,  and  generally  the  graphs 
of  the  multipartite  numbers  of  order  n  from  those  of  the  multipartite  numbers  of  order 
n  —  1,  on  the  same  principle  as  the  tripartite  from  the  bipartite ;  and,  moreover,  in 
two  dimensions. 

.32.  For  the  multipartite  number 

Pilh  •  •  •  P»-\Pn 

*  Observe  that  the  thirteen  compositions  of  the  tripartite  ill  are  elegantly  represented  on  the  edges 
of  a  single  cube,  the  sis  lines  of  route  lying  between  opposite  corners. 
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we  take  pn  +  1  exactly  similar  graphs  of  the  multipartite  number 

and  place  them  similarly  with  corresponding  lines  parallel  and  like  points  lying  on 
straight  lines.  When  these  straight  lines  are  drawn  the  graph  is  complete.  Other 
than  the  initial  and  final  points  A,  B  there  are  (^9^  +  1)  {p-2  +  !)•••  [Pn  +  1)  —  2 
points  in  the  graph. 

There  are  lines  in  n  different  directions  passing  through  or  meeting  at  each  point 
(including  A  and  B).  Call  these  directions  the  direction,  the  ag,  &c.,  the  a,, 
direction.  A  segment  joining  two  adjacent  points  is  called  an  a  segment  when  it 
is  in  the  a  direction.  A  step  through  the  reticulation  traverses  in  succession  any 
number  of  a^,  .  ««  segments ;  but  in  any  one  step  the  segments  must  be  taken 

in  the  order  .  .  .  a,^.  In  a  step  the  number  of  steps  traversed  may  be  zero 

in  any  one,  any  two,  &c.,  any  n  —  1  of  the  n  different  directions.  If  a  step  involve 
p\  segments  in  the  a,  direction,  p'g  segments  in  the  ag  direction  and  so  on,  it  may  be 
represented  by  the  multipartite  number 

7 .  .  p)'n^ 

A  succession  of  steps,  the  first  starting  at  A  and  the  last  terminating  at  B,  is 
represented  by  a  succession  of  multipartite  numbers,  constituting  a  composition  of  the 

multipartite  _ 

PiPAh  •  •  • 

Any  composition  follows  a  certain  line  of  route  through  the  reticulation.  The 
number  of  distinct  lines  of  route  is  the  number  of  permutations  of  the  letters  in 

.  .  .  a,/'*, 

and  is  therefore 

/Pl  +  2^2  +  •  •  •  +  P«\ 

\  lh>Vv’-Pn-i  /’ 

employing  an  obvious  extension  of  notation. 

The  graph  of  a  composition  is  obtained  by  placing  nodes  at  the  points  which 
terminate  the  first,  second,  &c.,  and  penultimate  steps.  Essential  nodes  occur  upon 
a  line  of  route  whenever  the  direction  at  a  point  changes  from  to  where  u  >  t. 
At  this  point  the  contact  between  the  adjacent  parts  of  the  composition  is  such  that 
a  part  terminating  with  n  —  u  zero  elements  precedes  a  part  commencing  with  2—1 
zero  elements.  We  may  speak  of  this  as  a  contact  oi  n  —  u  zeros  with  t  —  1  zeros. 
The  number  of  zeros  in  contact,  being 

n  —  1  —  [u  —  t), 

may  be  any  number  from  0  to  n  —  2,  according  to  the  magnitude  o£  u  —  t ;  and 
there  are  ^  +  1  different  contacts  for  which  the  number  of  zeros  in  contact  is  j". 

5  s  2 
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33.  I  now  enquire,  in  respect  of  the  tripartite  reticulation,  into  the  number  of 
lines  of  route  which  possess  exactly  y8a  essential  nodes,  Sgg,  y/B  and  Sgj,  ya.  essential 
nodes.  The  second  method  of  investigation  ado|)ted  in  the  bipartite  case  will  be 
employed. 

Consider  the  permutations  of  the  symbols  in  aP/B'^y  which  possess  521, 

;  ^32  > 

and  531,  ya  contacts,  and  suppose 

^21  +  ^32  +  ^31  = 

It  will  be  shown  that  the  number  of  such  permutations  is  equal  to  the  number  of 
permutations  in  which 

j3  occurs  521  times  in  the  first  p  places, 
y  })  ^31  ’»  ” 

y  ,,  533  „  in  the  q  places  succeeding  the  first  p. 


A  permutation  of  the  former  kind  involves  successions  of  letters 


^a,  y/3,  ya,  y/Ba  ; 

letters  between  consecutive  successions  being  in  alphabetical  order. 

As  regards  these  successions,  and  attending  to  them  alone,  the  permutation 
exhibits  some  permutation  of  the  terms  in 


These  permutations  are 


{ylBaY  (ya)*-. 


^21  "t  ^32  “t 


^31 


r)! 


(Sgi  -  a) !  (S32  —  0-)  !  0- !  S31 ! 


in  number. 


Selecting  any  one  of  these  there  are,  with  reference  to  the  terms, 

'^21  +  '^32  +^31  ~  O'  + 

different  positions  in  which  other  letters  may  be  jfiaced.  It  is  clear  that  a  cannot  be 
placed  after  a  term  (y/3),  or  y  before  a  term  (ySa),  for  these  placings  would  lead  to 
additional  {^a)  and  (y^S)  contacts.  The  letter  a  may  be  placed  before  any  of  the 
terms  {/Ba),  {y/B),  (y/Ba),  {ya),  and  after  any  of  the  terms  (/3a),  (y/Ba),  {ya).  Hence 
out  of  the  531  +  S33  +  531  —  a  +  1  different  positions  (relative  to  the  terms) 
^21  +  '^31  +  L  positions  may  be  occupied  by  a  letter  a.  The  letter  fB  may  be  placed 
in  all  the  531  +  .933  +  531  —  cr  +  1  positions  without  the  introduction  of  additional 
/Sa,  yy8,  ya  terms.  The  letter  y  must  not  be  in  a  place  preceding  (/3a),  and  hence  it 
may  occupy  533  +  '^31  +  1  different  positions. 

Besides  the  letters  occurring  in  the  terms 

{IBay--’^  (y^)*"-"  {ylBaY  (ya)*-, 
a  occurs  p  —  5oj  —  531  times, 

(B  „  2  ~  ^21  ~  %  "1“  ^  times, 

y  ,,  P  —  hi  —  times. 
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I'he  p  —  S.21  —  532  letters  a  may  be  distributed  111  +  5  ^  +  1  positions  in 

P 


%1  +  ^31 


ways. 


The  q  —  S.21  —  letters  /3  may  be  distributed  in  531  +  .<?3.3  +  Sgj  —  cr  +  1 

positions  in 

1  + 


%1  +  ^32  "t  ^31  —  ^ 


ways. 


The  r  —  ~  letters  y  may  be  distributed  in  S33  +  53^+1  positions  in 

/  7’  \ 

[s+s 

\*.32  ‘  *31/ 


Hence,  for  any  given  permutation  of  the  terms  in 

{I3ay--’^  (r/3y--"  (y/3ar  (r«) 


S31 


there  are 


P  ]  (  ^1  +  hi  W  ’’ 

,^"21  "t  ^31/  W2I  +  ^32  "t  S31  a j  ySgj  +  Sgi 


arrangements  of  the  remaining  letters  which  do  not  introduce  additional  /3a,  y^  or 
ya  contacts. 

Hence  for  a  given  value  of  o-  there  are 


P 


2  +  s. 


'31 


(Sgi  +  %2  "h  ^31  —  ^)  • 


%  "t  ^31/  \%  "8^32  "t  %  V%2  "t  %/  ®’)  •  (®32  *^)*  ^ 

permutations. 

To  complete  the  enumeration  we  have  to  sum  this  expression  in  regard  to  o , 
We  have 


2  +  s. 


'31 


(^21  "t  S32  '^)  • 


'%  S'  ^32  "t  S32  (T j  (Sg;^  <j)  !  (.Sg.j  tr)  !  (7  !  Sgi  ! 


=  X 


(2  +  %)! 


(2  -  *21  -  *32  +  ■  (*21  -  O')  ■  (*32  -  0-)  !  O-  !  S3I  ! 


Soo ! 


(2  -  *32)  ! 


_  (2  +  S31) !  V _ _ 

*31  •  *32  •  I2  ~  *32)  •  O’  !  (S32  cr)  !  (Sgj  O')  !  (2  *21  *32  "t"  ' 

_  (2  +  *3l)  •  ^  /*32\  /2  *32 

*31  •  *32  •  (2  —  *32)  i  W  /  \*21  ~  O' 

_  (2  +  *3l)  •'  /  2 

*31  •  *32  •  (2  ““  *32)  •  \*21 


_  /*21  +S3l\  /2\  /2  S  *; 


‘’21 


*31 


*32/  \*21  “t  *31 
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Hence  the  number  of  permutations  sought  is 

/%  +  «3l\  /  P  \  /  2  \  /  ?  +  S31  \  /  ’’  \ 

\  ^21  /  \%  "t  Sgj/  XSgg/  ySji  +  531/  \S32  +  S31/ 

34.  It  can  be  shown  by  direct  expansion  that  this  number  is  the  coefficient  of 

development  of 

(a  +  X^j/S  +  Xg^y)”  (a  +  /3  +  Xogy)^'  (a  -j-  /3  +  y)'", 

which  expresses  the  number  of  permutations  in  which 

/3  occurs  %  times  in  the  first  places, 
y  j)  '^31  ”  ” 

y  „  533  times  in  the  q  places  succeeding  the  first  p. 

This  remarkable  identity  of  numbers  suggests  a  one-to-one  correspondence  between 
the  permutations  of  the  two  kinds,  but  I  have  not  as  yet  been  able  to  determine  the 

law  of  the  transformation.  It  would  appear  to  be  a  very  difficult  problem.  The 

number  of  lines  of  route  in  the  tripartite  reticulation  which  possess 

/3a  essential  nodes, 

^32’  y^  >f  >’ 

^3i>  y^  >)  >> 

is  thus 

fhi  +  %i\  /  P  +  \ 

\  /  \%  +  ^31/  W33/  W21  "t  31/  \%2  "t  %l/ 

35.  Hence  the  identity 

P  +  1  +  _  V  A‘'21  +  S3l\  /  P  \fq\/(l  +  %\  (  \ 

i’-  (Z-  \  %  /  vhi  +  %i/  V32/  Wi  +  ^31/  \%  +  Soj/ 

the  summation  being  for  all  positive  integral,  including  zero,  values  of  ^3i> 
which  yield  positive  terms. 

36.  The  generating  function  for  the  number  of  lines  of  route  having  s  essential 
nodes  ;  that  is  53^  +  -f  Sgj  =  5  ;  is 

(a  -f  X;8  +  Xy)^  (a  +  ^  4-  Xy)?  (a  +  +  y)", 

the  number  in  question  being  the  coefficient  of  XW^S^y*’. 
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37.  The  whole  coefficient  of  being 

^0  "h  +  02^^  +  .  .  .  +  +  •  .  . 


a=:  S  + 


^21 


P 

§21  +  S31 


’32 


2  +  Sc 


'31 


^21  +  hiJ  \hi  + 


‘’31 


the  summation  being  subject  to  the  condition 


•^21  +  “h  hi  — 

Moreover,  denoting  the  whole  number  of  compositions  of  the  tripartite  pqr  by 
F  we  have 

F  (pgr)  =  S  C, 

_  2P+i+r-l  ^ 

38.  Hence  F  (jigr)  is  the  coefficient  of  ctP^iy^  in  the  development  of  the  product 

2P+2+-,-i  (a  +  p  +  ly)P  (a  +  /3  +  hY  («  +  ^  +  7)h 

which  is  more  conveniently  written 

1  (2«  +  ^  +  y)^  (2a  +  2^  +  y)^  (2a  +  2,8  +  2y)'-. 

39.  This  product  is  a  generating  function  which  enumerates  the  compositions  of  the 

single  multipartite  number  pqr,  but  the  generating  function  of  all  trij)artite  numbers 
can  be  at  once  derived  from  it. 

It  is 

1  _ I _ 

2  {I  -  S(2a  +  ,3  +  y)}  (I  -  ^(2«  +  2/3  +  7)}  {1  -  «(2«  +  2,8  +  27)}  ’ 

in  which,  when  expanded,  the  coefficient  of  {sa)p{t^y{iiyY  is  the  number  of  com¬ 
positions  of  the  tripartite  number  pqr. 

The  generating  function  previously  obtained  for  tripartite  numbers  from  the 
analytical  theory  was 

«  +  y8  +  7  —  ,87  —  'ya.  —  Ci^ 

1— 2(«  +  y84-7  —  /^7  —  72^  —  «/S  +  a/Sy)  ’ 


the  number  of  compositions  being  given  by  the  coefficient  of  a.P^'^y',  The  addition  of 
\  to  this  fraction  brings  it  to  the  better  form 


—  2(«  F/S-f-y  —  /Sy  —  yo.  —  «/3  +  aySy)  ’ 
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which  is  consistent  also  with  the  circumstance  that  it  was  found  convenient  analytically 
to  regard  the  number  of  compositions  of  multipartite  zero  as  being’  the  fraction 

40.  The  number  may  be  stated  as  the  coefficient  of  {sa.)P[t^y[uyY  in  the  expan¬ 
sion  of 

1  _ 1 _ , 

2  1  —  2  (s«  +  +  wy  —  tujB'y  —  usya.  —  stu^  +  stua-lBy)  ’ 


and  we  have  shown  that  this  fraction  is  equivalent  to  that  portion  of  the  expansion  of 
the  fraction 

1 - - - - 

2  {1  —  s(2a  +  /3  +  y)}  {1—  ^5(2«  +  2^  +  y)}  {t  —  U{2u  +  2yS  +  2y)} 

which  is  a  function  only  of  sa,  and  uy. 

41.  It  will  now  be  shown  that  the  fraction 


1 _ 

Ml 


1 


Si  (2«j  +  «2  +  . . .  «„)}  {1  —  Sj  (2«j  +  2ix.,  +  . . .  +  «„)}  ...  {1  —  s„  {2cii  +  2«2  -F  . . .  -f  2a„)} 


is,  in  fact,  a  generating  function  which  enumerates  the  compositions  of  multipartite 
numbers  of  order  n. 

This  important  theorem  will  be  demonstrated  by  showing  that  the  aggregate  of 
terms  in  the  expansion  of  the  last  written  fraction,  which  is  composed  entirely  of 
powers  of  is  correctly  represented  by  the  fraction 


1  2  ( Y  ^  "t  ■  '  *  (.  1  ^1^2  *  *  ‘ 

which  has  been  already  shown  to  be  a  true  generating  function. 


42.  For  brevity  put 

Sk  =  (2a^  -]-  2a2  +  •  •  •  +  2a^  +  +  i  +  .  .  .  +  a«)  =  (A,,  +  2ctY) 

^  &0.  ... 

M  =  (1  —  (1  —  .  .  .  (i  “  '28,^0.,^. 


The  two  fractions  under  comparison  are 


\ 

2 


_  1 _ 

—  1  +  2  (1  —  S^a^)  (1  —  •  •  •  (1  —  S;.«h) 


1 

2N’ 


1 

2 


1 


(1  -  Si)(l  -  So).  ..(1  -  S„) 


1 

2H  ■ 


and 


OF  THE  COMPOSITION'S  OF  NUMBERS. 


873 


Since  M  -  N  =  (2^  -2)h,-  (2^  -  2)  +  .  .  +  {-Y  (2-  -  2)h,, 


N  _  ]\I 
D  ""  D 


]\I  -  NT 
D 


V  1 


1  _  (2^  -  2)  5^  -  (2^  -  2)  +  .  .  ■  +  (-Y  (2«  -  2)  h 

s/ 


VC  +  f^ 


(22 


(1  -  Si)  (1  -  S2) ...  (1  -  S„) 

+(_)«(2»-2)&„. 


(1  -  Si)  (1  -  S,)  ...  (1  -  S„) 


the  second  member  of  the  right-hand  side  of  this  identity  has  now  to  be  transformed 
into  a  series  of  partial  fractions  of  the  same  form  as  those  which  arise  from  the 
product 


43.  Let  /Cl,  /C3,  .  .  ,  Kt  be  any  t  different  numbers  selected  from  the  first  n  integers 
1,  2, ...  n,  arranged  in  ascending  order  of  magnitude. 

Let 


=  2s^a^S.OL^ 
<\<2  ^2  ^^2 


f>(*)  _  Q  _|_  *150)  Q  I  Q 

-^/CxK2'f3  n  ^/C2  I  -^Ki/C2  ^^3 


B(l)  _  V  Q  Q 


the  summation  being  for  the  terms  obtained  from  the  expressions  that  it 

is  possible  to  construct  from  the  t  integers  Ki,  /Co,  .  .  .  /c/. 

Further,  let 

S;  +  0  .  .  •  S; 


Bl'l  ..  =  S 


'K1K2  .  .  ,  Kt 


<^<2  .  .  .  Kj  +  l  +  i 


the  summation  being  for  the  ^  terms  obtained  from  the  (^j  ^ expressions 
B^i/c, . . .  *1+1^^  that  it  is  possible  to  construct  from  the  t  integers  k^,  /c^,  .  .  .  k^. 


44.  The  following  lemma  is  required  : — 
“  Lemma. 


V  S  = 

^  ^K\K2  .  .  .  K(-i 


K1K2  •  •  •  Kl^ 


=  i  bB«> 


K^K2  •  »  .  Kl  ^ 


5'  T>0)  Q 

“*  ■’^*1*2  •  •  •  l  ’ 


MDCCCXCIII. — A. 


5  T 


t  -j-1 


B 


O') 

’K1<2  •  <  •  Kt 
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the  summations  being  subject  to  the  same  conditions  as  before.  The  truth  of  these 
relations  is  obvious  from  the  elementary  theory  of  permutations.” 

45.  Consider  now  the  series  of  functions — 

p  _ p(i) 

p  _  p(l)  _  p(2) 

p  _  p(l)  _  p(2)  I  p(3) 

p  _ pu)  _ p(2)  1  I  / _ 

K1K2  •  •  •  K(  .  Kl  ■^KiK2  •  >  •  <t  \  •  *  •  1  \  /  K( 

From  the  foregoing  lemma  are  derived  the  relations — 


S  p,,..  S.. .  . 

2P.,,.A- 


2P  S 


Q  _  p(’) 

•  ^Kl  •••'<«? 


. .  s  = 


t 


0 


\  1 
t  -  2 
9 


B 


(1) 

K1K2  .  .  .  Kt 


-B 


B 


(1) 

K1K2  .  •  .  Kt 


(2) 

K1K2  • 

t  ■ 


kO 


(3) 

KlKa  , 


2P 


IClKS  . 


s 


Ks+i 


s  = 


B, 


(2) 

K1K2 


+  •■■  +  (-)'  B 


(s-l) 

.  Ki* 


Hence,  by  addition  with  alternate  signs, 


/  —  V  B  —  P  — YP  S-I-'^'P  SS  — 

\  /  .  Kt  K1K2  .  .  ,  Kt  K1K2  .  .  .  Kf^i  *^Kt  ^  KiKo  .  .  •  ’  *  * 

+  (-)'2P..,.S..S.....S., 


Here  the  summations  are  in  respect  of  the  t  numbers  k^,  k^,  .  .  .  K(. 

46.  A  similar  identity  may  be  established  for  every  selection  of  t  integers  out  of 
the  numbers  1 ,  2,  3,  ...  n. 

Summing  all  these  identities,  and  remembering  that 


2B.,.,.,.„('-»  =  (2'-2)6,, 

we  obtain 

( _  y  (2'  _  2)  6,  =  2  P,,.. 2  P.„  S.,  +  2  P..,.  S,  .  .  .  S,,, 

or,  attributing  to  t  all  integer  values  from  2  to  n  inclusive,  we  have  the  series  of 
relations  : — 


I 
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(2^ 
-  (23 

+  (2^ 


KiK2 


2)b,  =  %  P, 

2)J.3=2P.„.-SP.,..S.. 

2)b,=  'i  P........  -  X  P.,..,.S..  -I-  X  P.„.  S,S.. 


(_).(2«_2);).  =  XP.,„,,^.. -XP.„. ...... S..+  .  .  .  +  (-)"XP.,„S..,  .  .  S, 


Now 

S  P.1..S..  =  X  P.,..{S..  +  S..  +  .  .  .  +  S..) 

X  P.,..S..S.,  =  X  P.,.,  (S..S..  +  S.,S,.  +  .  .  .  +  S...,S..) 
with  similar  relations  in  the  case  of  the  other  symmetric  functions. 

47.  Hence,  by  addition, 

(2=-  2)6i,-(28  -2)h3  +  .  .  .  +(-)-(2'-  2)6. 

=  XP....(l-S,.)(l-S.,)...(t-S,.) 

+  X  P,„..  (1  -  S„)  ( 1  -  S.J  .  .  .  ( 1  -  S,.) 

+  .  .  . 

+  ^  —  S^„) 

I  ^  Pk]K2  •  •  • 

(2^  -2)K-  (2^  -  2)  Zi,  +  ■  .  .  +  (-)-‘  (2-  -  2)  h 
(1  _  SO  (1  -  So)  ...  (I  -  S„) 

P, 


and  thence, 


=  S 


KiK.2 


(I  -  S..)  (1  -  S.0 


+  ^  (I  -  s,o  (1  -  s,o  (I  -  s,,) 

+  .  . . 

p. 


Ki<2  •  •  •  Kl 


V - 

(1  —  (1  —  S^j  ...  (I  -  S,<,) 

P  O.. 

(I  -  SO  (I  -  so ...  (1  -  S„)  • 

5  T  2 


876 


MAJOR  P.  A.  MACMAH0:N^  OX  THE  THEORY 


The  relation 


N  _  »  /  _^A^\  _  f  2^  -  2)  -  (2^  -  2)  &,+  ■■■  +  (  -  )»  (2»  -  2)  h, 

T»  ~  1  r  1  -  Sj  (1  -  SJ  (1  _  S,).  ..(1  -  SJ 

now  becomes 


D=l  + 


1  -  S. 


.  ”  s„  s„  A^  A^, 


(1  -  S..)  (1  -  S.J 


+  ...  +  2!'a^ 


•  S, 


•  ^  •  •  • 


the  final  fraction 


1  K1K2  .  .  ■ 

(1-Si)  (1-S2)...(1-S„) 


vanishing  as  will  be  seen  presently. 

X 

48.  This  form  of  the  fraction  —  will  be  employed  in  order  to  show  that  the  expan 

sions  of  ^  and  ^  are  effectively  identical.  This  arises  from  the  circumstance  that 

the  right-hand  side  of  the  above  identity  when  expanded  contains  no  single  term  ex- 
])ressible  as  a  function  of  '^“25 


49. 


Of  the  fractions  X 


consider  the  typical  fraction 


(2g<,  +  .  ■ .  +  -f  +  ■  ■  •  +  g,;)  _ 

1  ~  1  ”■  (2«i  +  . . .  -t-  2a^j  -f-  -f  ...  +  «„)  ’ 


since  the  numerator  contains  a  factor  and  no  quantity  the  fraction  when 
expanded  can  contain  no  term  which  is  a  function  of  •52“2j  •  •  •  alone. 

Consider  next  the  typical  fraction 


the  numerator  is 


and 


TkiK3 

(1  -  S,d  (1  ’ 

—  2a, 


A,  A,  =  (2a  -f ., 

Kj  Kj  \  1  I 


-j-  2a,^_i  +  . . .  +  . . .  +  a^,)  (2ai-|-  . . .  +  2a,^  fi-  . . .  +  2a,^_i+  . . .  +a«), 


and,  therefore,  contains  a  term 
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hence  the  numerator  is  free  from  such  a  term  and  every  term  in  it  contains  one  of  the 
quantities 

; 

but  the  whole  fraction  contains  no  quantities 

and  thus  it  is  manifest  that  the  fraction  can  contribute  no  term  which  is  a  function  of 

50.  To  simplify  the  discussion  of  the  remaining  fractions  it  is  necessary  to  consider 
some  particular  properties  of  the  typical  numerator. 

The  function 


P  ... 

K1K2  •  *  •  Ki 


may  be  expressed  as 


.(2) 


(t-1) 


or  as 


{t  (2^  —  2)  a,  +  2aJ  .  .  .  +  2a,) 

—  t  {2^  — 2)  a,a,a,^  {A,^  +  2a,)  .  .  .  {A,^  +  2a,) 

+  .  .  . 

+  (  — y  (2^  —  2)  a,a,^  .  .  .  ...  5,^ 

the  summations  being  in  respect  of  the  t  numbers 


^13  ^2> 


Writing 


we  have  now  the  identity 


#^1^2  .  .  .  ^  KiK.2  ,  ,  .  K  ^2  •  •  • 


=  S  (23  —  2)  a,a,A,^A,^  .  .  .  A,^-\-t  (2^  -  2)  a,a,a,A,^  .  ■  .  A,^ 

+  .  .  .  +  (2^  —  2)  a,a„^  ...  a. 


51.  To  establish  this  it  is  sufficient  to  observe  that  the  coefficient  of 
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in  the  former  series  is 

2-“  (2==  -  2)  -  (gj  2-*  (2=  -  2)  +  ...  +  (-r  ■  (*)  (2-  -  2), 

which  has  the  value  2''  —  2. 


52.  Hence  the  numerator  of  the  typical  fraction  may,  to  a  factor  .  .  .  s^  pres 
be  thrown  into  the  form  ;  — 


^  {-^K,  +  •  •  •  (A,,  +  +  2a^J  +  2aJ, 


which  is  of  great  service. 

Of  the  series  of  quantities 

^l>  •  •  •  ^11) 

the  typical  fraction  contains  only  the  t  quantities 


If  it  can  be  shown  that  the  numerator  consists  of  terms  each  of  which  contains 
quantities  of  the  series 

^l>  ^-2)  •  •  • 

which  are  not  included  in  the  set 


it  will  follow  at  once  that  the  fraction  can,  when  expanded,  contain  no  term  which  is 
a  function  of 

It  suffices  to  show  that  the  numerator  vanishes  when  all  the  quantities  of  the  set 


not  included  in  the  set 


are  put  equal  to  zero. 

Under  these  circumstances,  remembering  that  Ko  .  .  .  are  in  ascending  order  of 
magnitude,  we  have 

A„^  =  +  .  .  .  + 

A«3  =  2a^^  +  +  •  .  •  + 

A«3  =  -f-  +  “^v 


Ak,_^  —  2  +  •  •  •  + 

A<,  =  2  .  -j-  j 
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and  the  relations 


-^<1  + 
-^K.  + 


^K.  .  +  2a« 


7-1 


A.  -1-  2a^ 


=  A,^  + 

=  2  (A^j  +  aj 


hence  the  numerator  factor  becomes 

2  (A^^  +  “-Ki)  (A^,  +  .  .  .  (A^_  +  “k,)  —  (^k,  +  •  •  •  (A^^  +  2  (A^^  +  =  0. 

53,  This  result  proves  incidentally,  as  stated  above,  that  the  final  fraction 

^Ki  ^K2  *  *  ■  ^Kn  A^^  A/cg  •  •  •  A;^^  ^2  •  *  ■ 


(1  -  Si)  (1  _  S,)  ...  (1  -  S,d 

vanishes  identically. 

It  also  terminates  the  proof  which  it  has  been  the  object  of  this  portion  of  the 
investigation  to  set  forth, 

54.  The  analytical  result  may  be  stated  as  follows  : — 

The  fraction 

1 _ 1 _ 

^  {1  — §1  (2«i  +  «2  A  •  •  •  "t  *«)}  — %  (2«i  +  2a2  +  .  .  .  +  a„)}  ...  {1  — Sli  (2«i  +  2«o  +  . . .  +  ‘io-rM 

is  equal  to  the  product  of  the  fraction 


^  1  —  2  (2  Si«i  —  2  s-^s^ci-^ci^  +  . .  .  +  (  — )“+^  s^.So  .  .  .  s,i  ai«2 .  .  .  «„) 

and  the  series 


I  +  s 

where 


2  (A„^  +  (Ak^  +  i^Ka)  •  •  •  (Ak,  +  ci^)  —  (A,,^  +  2«^^)  +  2«^J  . .  .  +  2«^p 

(1  -  SJ  (1  -  S,,)  .  .  .  (1  -  S,,) 

[2ciy  +  .  .  .  -j;  2a^  +  «K  +  i  +  .  •  •  +  ««)  =  (A^  +  2(x^) 


and  the  summation  is  in  regard  to  every  selection  of  t  integers  from  the  series 
1,  2,  3,  .  .  .  71,  and  t  takes  all  values  from  1  to  r  —  I. 


55.  It  may  be  interesting  to  give  the  simplest  cases  at  length. 
Order  2. 

1 _ \ _ _ _ 

^  (1  —  §1  (2ai  +  «2)}  {1  —  So  (2«i  +  Saj)} 


—  1 
—  2 


1—2  (Si«i  +  .S2«2  ~  SiSja^aj) 


X 


1  + 


■Si«2 


+ 


^2^1 


1  —  §1  (2ai  +  *3)  1  —  S^  (2ne,  +  2«3)_ 


880 


MAJOR  P.  A.  MACMAHON  ON  THE  THEORY 


56,  Order  3. 


"  {1- 


—  1 


Si  (2«1  +  «2  +  ^3)}  {1—^2  (2^1  +  2a2  +  «3)}  {1  -  %  i2«i  +  2«2  +  Sog)} 
_ 1 _ 

1  2  S^C^o  ”i~  ^'3^3  Sg'S^^g^l  ““  ~1”  '5o*^g  ^1  ) 

§1  («2  +  gtg)  §2  f2«^  +  ag)  Sg  (2^|  +  2a2) 


X 


1  + 
+ 
+ 
+ 


+ 


+ 


1  —  -Sj  (2aj  +  «2  +  ag)  1  —  §2  (2^2  +  2«2  +  «3)  1  —  Sg  (2«1  +  2^2  +  '2x.^ 

_ S^S.^Ci^  (2«^  +  «2  +  ^3) _ 

{1  -  (2«1  +  «2  +  «3)}  {1  -  ^2  (2«1  +  2«2  +  «3)} 

252Sga2  (“1  +  ^3  +  ^3) 


{1  —  Sj  (2«^  +  ^2  +  «3)]  {1  —  Sg  (2«^  +  25<2  +  2«3)} 

_ 2-g2S3«i  (2aj  +  2«2  +  ^3) _ 

{1  —  §2  (2«j  +  2a2  +  *3)}  {1  —  Sg  (2«j  +  2«2  +  2*3) }_ 


57.  The  general  algebraical  result,  interpreted  arithmetically,  shows  that 

JL _ _ _ _ _ _ _ _ 

^  {1  —  S;^  (2a^  +  ci.2  +  ...  +  a«)}  (1  —  ^2  (2“^!  +  2«3  +  .  .  .  +  a„)}  •  •  •  {1  —  S„  {2u^  +  2«2  +  .  .  .  +  2«„)} 

< 

is  a  generating  function  for  the  enumeration  of  the  compositions  of  multipartite 
numbers. 


58.  The  original  generating  function  of  tlie  earlier  sections  has  by  the  addition  of 
ineffective  terms  become  factorized,  and  can  thus  be  dissected  for  detailed 
examination. 

The  process  seems  to  be  analogous  to  the  chemical  operation  bj'  which  the  addition 
of  a  flux  causes  an  element  to  be  the  more  easily  melted. 

As  a  direct  consequence  of  the  geometrical  representation  of  the  compositions  of 
multipartite  numbers  on  a  reticulation  it  is  of  great  interest. 


59.  To  resume.  The  number  of  compositions  of  the  multipartite  number  PiP^  ■  •  •  Pn 
is  the  coefficient  of 

a.p'-  .  .  .  a,/" 

in  the  expanded  product 

1  (2a^  ,  -j-  (2a^  +  2ao  +  .  .  .  +  a,)P-^  .  .  .  {2a.^  +  2a^  +  .  .  .  +  2a.,)P\ 

or  we  may  say  that  it  is  the  coefficient  of  the  symmetric  function 

S  ct.p’'-  .  .  .  a,/'* 

in  the  development  of  the  symmetric  function 
2  ^  (2ai  +  “2  +  •  •  •  +  (2ai  +  2a2  +  .  .  .  +  +  2a2  +  .  .  .  +  '2a^P' 

in  a  sequence  of  monomial  symmetric  functions. 
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60.  The  unsymmetrical  form  gives  a  direct  connection  between  the  numbers  of  the 
compositions  and  of  the  permutations  of  the  letters  in  the  product 

•  •  •  “/t 

In  the  unsymmetrical  product  the  term  ay^a/-  .  .  .  attached  to  some  numerical 
coefficient,  arises  in  connection  with  every  permutation  of  the  letters  in  the  term. 
One  factor  of  such  coefficient  is  manifestly 

^Pi—i  • 

^  > 

if  the  letter  a^,  in  a  particular  permutation,  occur  q.2  times  in  the  last 
^9^  -f  Pg  -f  ...  +  p„  places  of  the  permutation  there  will  be  a  factor 

further,  if  the  letter  a^,  in  the  same  permutation,  occur  qg  times  in  the  last 
Vs  Ps+i  +  •  •  •  Pu  places  of  the  permutation  there  will  be  a  factor 

2^/'. 

Hence  for  the  permutation  considered  there  arises  a  term 


2;ji— l+y2+y3+  •  •  • 

and  the  number  of  compositions  must  therefore  be 

the  summation  being  taken  in  regard  to  every  permutation  of  the  letters  in  the 
product 

E.g.,  to  find  in  this  way  the  number  of  compositions  of  the  bipartite  22,  we  have 
the  following  scheme  : — 

% 


2 

ai«3 

1 

aoa^ 

1 

1 

a^ai 

1 

0 

Therefore 

F  (22)  =  22-1  (22  4-  21  +  21  +  21  +  21  +  2°)  =  2G. 
MDCCCXCIII, — A.  5  U 
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61.  The  vinsymmetrical  product  may  be  written  in  the  form 

i  {«3  +  .  .  .  +  {«!  +  «o  +  i(«3  +  .  .  .  +  •  • 

...{«!  +  aj  +  ...  +  a,,}/" 

and  herein  the  coefficient  of  .  .  .  a/-  may  be  written 


2  C,  (ly  =  tCs2^P-^-\ 


where  C^,  C,,  Co,  .  .  .  are  certain  integers. 

Cbserve  that  is  the  coefficient  of  .  .  .  a/"  in  tlie  product 

+  A  (a^  +  .  .  .  +  {«!  +  ag  +  X  (ag  +  .  .  .  +  a„)]P"~  .  .  .  _j_  +  .  .  .  +  a„]P' 

Considering  the  reticulation  of  the  multipartite  number  Pj2:>2 .  •  •  Pn,  suppose  there 
to  be  Dj  lines  of  route  which  possess  exactly  s  essential  nodes.  Upon  these  lines  of 
route  are  represented 


distinct  compositions,  and  the  whole  number  of  compositions  is  manifestly 

2D,2-^’-*-i  =  2C/2-»’-^-’, 


Hence 


or  =  C^  presumably  (see  post,  Sec.  5,  Art.  71),  that  is  to  say,  the  number  of 
distinct  lines  of  route  through  the  reticulation  which  possess  exactly  s  essential  nodes 
is  the  coefficient  of 


in  the  product 


a 


Pn 


;  a 


1  +  X  (ag  +  .  .  .  +  a„)}  {a^  +  +  X  (ag  +  .  .  .  +  a,,)} 


2^2 


{«! 


+  tto  +  .  .  .  +  a„} 


62.  To  interpret  the  product  arithmetically  we  find  that  for  a  particular  permutation 
of  the  letters  in 

.  .  .  a/" 

the  factor  X^  will  occur  if 


ag  occurring  times  in  the  first  p^ 

“3  >’  ’3  ”  Pi  +  Pz 


places  of  the  permutation 

)  j  55 


a., 


r„. 


the  sum  r^,  -  h  '^3  +  •  •  •  + 


P\  +  Pc  +  •  •  •  +P/'-i 


>3 
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63.  Hence  the  number  of  lines  of  route  through  the  reticulation  which  yjossess 
exactly  s  essential  nodes  is  equal  to  the  number  of  permutations  of  the  letters  in 


.  .  .  a/", 


for  which 


’’2  +  ’b  +  •  •  •  +  ’ 

Vi  denoting  the  number  of  times  that  the  letter  occurs  in  the  first 


2^1  +  •  •  •  +  Pt-\ 


places  of  permutation. 


64.  We  are  at  once  led  to  an  important  identity  of  enumeration  in  the  pure  theory 
of  permutations.  Following  the  nomenclature  of  a  previous  section  of  the  investiga¬ 
tion,  a  line  of  route  through  the  reticulation  is  traced  out  by  a  succession  of  steps, 
each  step  being  an  step  or  an  &c.,  or  an  step. 

The  whole  length  of  the  line  of  route  there  are  altogether  steps,  p.^,  a.,  steps, 

&c.,  .  .  .  steps. 

Without  regard  to  the  characteristic  of  lines  of  route  in  respect  of  essential  nodes, 
the  whole  number  of  lines  of  route  is  equal  to  the  number  of  different  orders  in  which 
these  steps  can  be  taken,  viz.,  equal  to  the  whole  number  of  permutations  of  the 
letters  in 

ap^ap-  .  .  .  aL,p‘. 

An  essential  node  occurs  whenever  a  step  a„  immediately  precedes  a  step  a^,  where 
u  >  t. 

In  the  corresponding  permutation  there  is  a  contact 


u  >  t, 

which  may  be  called  a  major  contact. 

Hence  a  line  of  route  with  s  essential  nodes  is  represented  by  a  permutation  with 
s  major  contacts.  We  have  thus  the  theorem  : — 

“  In  the  reticulation  of  the  multipartite  number  .  .  .  Pn  the  number  of  lines  of 
route  which  possess  exactly  essential  nodes  is  equal  to  the  number  of  permutations 
of  the  letters  in  the  product 

y 

which  possess  exactly  s  major  contacts.” 

“  Calling  a  contact  a  major  contact  when  u  >  t  the  number  of  permutations  of 
the  letters  in  the  product 

.  .  .  a/", 

5  u  2 
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M'hich  possess  exactly  s  major  contacts,  is  given  by  the  coeflficient  of 

.  .  .  «/“ 

in  tlie  product 

-f  X  (cto  +  .  .  .  +  ^  («3  +  •  •  •  +  •  •  • 

{«!  +  +  •  •  ■  “1" 

I  am  not  aware  if  this  problem  has  been  previously  solved  in  this  form,  or,  mdeed, 
if  it  has  ever  been  attacked  before.* 

65.  “  The  number  of  permutations  of  the  letters  in  the  product 

•^1  > 

which  possess  exactly  s  major  contacts,  is  equal  to  the  number  of  permutations  for 
which 

^3  +  +  •  •  •  +  =  5, 

Vt  denoting  the  number  of  times  that  the  latter  occurs  in  the  first 

+  i^3  +  •  •  •  +  ‘Pt-\ 

places  of  the  permutation.” 

66.  It  is  easy  to  obtain  a  refinement  of  these  theorems  which  has  been  fore¬ 
shadowed  by  the  detailed  bipartite  and  tripartite  cases  which  have  preceded.  Major 
contacts  in  a  joermutation,  and,  consequently,  also  the  essential  nodes  along  a  line  of 

route,  are  of  j  different  kinds. 

Consider  the  product 

(“l  +  +  Xg^ag  -f-  .  .  .  -fi  (a;^  -f  +  Xg^ag  +  +  .  .  .  +  X,,2a„)^- 

.  .  .  (cij  “h  o£o  “h  .  .  .  ~{~  X„  *  {,^1  T"  d”  •  •  •  “h  • 

The  coefficient  of  .  .  .  a/"  consists  of  a  number  of  monomial  products  of  the 

quantities  X,  each  attached  to  a  numerical  coefficient.  Of  these  products  a  certain 
number  are  of  a  definite  degree  s.  The  sum  of  the  coefficients  of  these  products 
gives  the  number  of  permutations  of  the  letters  in 

afi'a/-  .  .  .  a/" 

which  possess  exactly  s  major  contacts. 


*  See  a  paper  by  H.  Foeiy,  M.A.,  “On  Contact  and  Isolation,  a  Problem  in  Permutations,” 
‘  Proceedings  London  Mathematical  Society,’  vol.  15. 
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Let  one  such  product  with  its  attached  numerical  coefficient  be 


X 


The  number  k  enumerates  a  certain  number  of  the  permutations  which  have  6’  major 
contacts,  and  S  k  enumerates  the  entire  number. 

The  problem  is  to  determine  the  particular  permutations  enumerated  by  the 
number  k. 

If  and  be  both  greater  than  zero,  the  contact  must  occur  in  one  or  more 
of  the  enumerated  permutations. 

If  be  zero,  is  absent,  while  if  p>z  be  zero,  a.,  has  no  existence,  and  also  X^^  does 
not  appear. 

Hence,  X^,;^  only  appears  when  both  and  2^-2  are  greater  than  zero.  It  follows 

that  the  products  which  involve  X21  only  enumerate  by  their  coefficients  those  per-  , 
mutations  which  possess  contacts.  In  fact,  the  absence  of  either  or  a^,  by 
causing  f®  vanish,  diminishes  the  total  number  of  permutations  which  have  a 
definite  number  of  major  contacts  ;  this  would  not  be  the  case  if  the  terms  comprising 
Xji  as  a  factor  did  not  enumerate  contacts  ;  if  contacts  were  not  enumerated, 
the  vanishing  of  or  would  not  alter  the  enumeration  of  the  permutations 
possessing  a  given  number  of  contacts,  for  this  given  number  would  be  complete 
without  contacts  at  all. 

It  is  next  to  be  shown  that  a  product  involving  Xof"'  comprises  exactly  .93^,  a^ot^ 
contacts. 

Suppose  2h  <  521,  Vi  <  ^21- 

Then  occurs  less  than  ^gi  tunes. 

And,  therefore,  X2ia2  cannot  be  raised  to  the  power  Soi- 

And,  therefore,  X^i  cannot  occur  in  any  term  to  so  high  a  power  as  Soi. 

Similarly  if  pi  <  Sgi  it  is  evident  that  X21  cannot  occur  to  so  high  a  power  as 
6*21.  Therefore,  unless  both  2^\  p.j  are  at  least  as  great  as  X21  cannot  occur  in 
any  term  to  so  high  a  power  as  S21.  It  follows  that  the  products  which  involve 
X21*''  cannot  enumerate  permutations  possessing  fewer  than  i^i,  a2ai  contacts.  For 
suppose  that  the  permutations  enumerated  possessed  only  cr^i,  contacts  where 
^21  521.  If  Pi  cr  P2  be  diminished  so  as  to  be  less  than  931  the  permutations 

possessing  cr^i,  contacts  would  not  necessarily  be  diminished  in  number,  whilst 
those  possessing  S21  such  contacts  as  well  as  the  products  involving  X2/'‘  would  certainly 
vanish.  Hence  the  products  involving  Xof"*  cannot,  through  their  coefficients,  enmrrerate 
permutations  possessing  fewer  than  s.,^,  contacts.  Hence  the  number  k  enumerates 
permutations  having  at  least 
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?]5 

contacts 

^25 

(^x.p-1 

yy 

’?15 

yy 

’?25 

a^ao 

yy 

^]5 

«.-«3 

yy 

^25 

«-«3 

yy 

and  these  numbers  must  represent  also  the  exact  numbers  of  the  contacts  in  question 
because  the  sum 

+  +  .  .  . 

gives  the  whole  number  of  contacts  under  consideration. 

The  number  k  obviously  denotes  the  number  of  lines  of  route  through  the  reticula¬ 
tion  of  the  multipartite 

IhPz-  • 

which  possess 

essential  nodes  of  the  kinds 

^•2  5  5  5  5  5  5  ^X.P-\ 

and  so  forth. 

67.  By  an  easy  arithmetical  interpretation  the  number  k  also  denotes  the  number  of 
permutations  in  which 

occurs  times  in  the  first  'p^  places. 

5  5  ^2  5  5  5  5  5  5  5  5 


„  y]i  ,,  between  the  and  places. 

>5  5  5  55  5  5  55  5  5 


a. 

-1 


a. 


^3 


yy  yy 


yy  yy 


yy 


yy 


yy 
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§  5.  Extension  of  the  idea  of  Composition. 

68.  The  idea  of  composition  is  capable  of  enlargement  from  a  particular  point  of 
view. 

In  regard  to  unipartite  numbers,  consider^  units  placed  in  a  row 

111111..., 

there  are  p  —  1  spaces  between  them  which  may  be  occupied  by  algebraic  symbols  at 
pleasure.  We  may  select  a  definite  number  of  different  symbols,  and  choose  any  one 
to  occupy  any  one  of  the  p  —  1  spaces.  If  this  definite  number  be  h,  we  can,  by 
filling  each  space  at  pleasure,  arrive  at  different  expressions  involving  the  p 

units. 

Clearly  we  may  take  as  one  of  these  symbols  the  simple  unoccupied  blank  space,* 
since  such  space  left  between  any  two  numbers,  quantities,  or  expressions  of  any 
kinds  has,  in  every  case,  a  well-understood  signification,  not  always,  however,  the 
same,  in  mathematical  work. 

If  we  restrict  ourselves  to  a  single  symbol,  only  one  expression  involving  the 
units  is  possible  ;  choosing  this  symbol  to  be  that  which  indicates  addition  we 
merely  get 

which  is  p,  or  the  number  which  enumerates  the  units.  Had  the  chosen  symbol  been 
that  denoting  subtraction,  the  expression  would  have  denoted  —  (p  —  2) ;  a  blank 
space  would  have  yielded  a  succession  of  p  units ;  the  symbol  of  multiplication,  unity, 
and  so  forth. 

All  the  modes  of  obtaining  expressions  from  the  p  units  may  be  called  combinations 
of  the  first  order  in  respect  of  the  p)  units. 

Passing  to  the  case  of  two  different  symbols  we  may  choose  to  employ  the  sign  of 
addition  and  the  blank  space.  We  thus  obtain  2^“^  different  expressions  which  are 
the  several  compositions  of  the  number  p. 

In  general,  expressions  obtained  by  choosing  from  any  h,  different  symbols  may  be 
called  combinations  of  order  h  in  respect  of  the  p  fundamental  units. 

69.  There  is  a  one-to-one  correspondence  between  these  combinations  and  the 
“  Trees  ”  which  have  an  altitude  h  and  p  terminal  knots. 

As  an  example  take  k  andp)  each  equal  to  3,  and,  further,  take  as  symbols,  the  sign 
of  addition,  the  blank  space  and  the  symbol  |  of  unspecified  signification. 

The  correspondence  between  the  nine  trees  and  the  nine  combinations  of  order 
three  is  shown  below  :  — 

*  The  unoccupied  blank  space  might  be  represented  by  a  definite  symbol  such  as  O,  as  suggested  to 
me  by  one  of  the  referees. 
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B 

C 

B 

A 


The  process  consists  in  writing  down  a  unit  for  each  terminal  knot.  The  p  —  \ 
intervals  between  the  units  correspond  to  the  p  —  1  inter-terminal-knot  spaces.  If  a 
space  leads  to  a  bifurcation  in  row  B  the  symbol  is  +  ;  if  in  row  (7  it  is  a  blank 
sj)ace  ;  if  in  row  Z)  it  is  | . 

Thus,  take  the  fifth  tree  above,  we  have 

1  +  1|1 

for  the  space  a  leads  to  a  bifurcation  in  row  B,  giving  the  symbol  -f-  and  the  space  h 
leads  to  a  bifurcation  in  row  D  giving  the  symbol  | .  Hence  the  corresponding 
combination 

2|  1. 

On  the  same  principle  a  tree  can  always  be  drawn  to  represent  any  combination  of 
order  k  in  respect  of  p  units. 

70.  Passing  to  the  case  of  multipartite  numbers,  consider  tripartite  numbers  as 
representative  of  the  general  case.  Arrange  a  row  of  multipartite  units  of  the  three 
kinds,  viz.  : — 

100  100  100 ..  .  010  010  010  ..  .  001  001  001  ..  . 

and  employing  two  different  symbols,  viz.,  the  sign  of  addition  and  the  blank  space, 

we  arrive  at  a  certain  composition  of  the  tripartite  P1P2P3,  supposing  the  numbers  of 
the  units  100,  010,  001  that  appear  in  the  row  to  be  p^  pj,  and  pg  respectively.  With¬ 
out  altering  the  positions  of  the  symbols  introduced  we  may  change  the  order  of  the 
units  100,  010,  001,  and  thus  obtain  other  compositions.  Permutations  of  these  units 
between  contiguous  blank  spaces  are  not  permissible,  so  that  for  fixed  positions  of  the 
pluses  and  blank  spaces  we  do  not  obtain  in  general 


jPi  +  Ih  +  Ps)  •' 

compositions,  but  some  lesser  number. 

This  arises  from  the  commutative  nature  of  the  symbol  +. 
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Had  neither  of  the  symbols  employed  been  such  as  obey  the  commutative  law  of 
alc^ebra,  the  whole  number  of  combinations  of  the  second  order  would  have  been 
simply 

(Pi+ib+_Pj)_- . 

1\  ''■Vi''-  Ih'- 

Thus,  in  this  case,  the  symbol  +  introduces  a  complexity  into  the  theory  of 
compositions. 

Choosing  similarly  from  h  different  symbols,  none  of  which  are  commutative, 
there  are 

(Pl_+P2±^)J  , 

Pi !  P2 !  P3 ! 

combinations  of  order  h,  and  the  general  generating  function  may  clearly  be  written 

1  1 

—  •  -  5 

Ju  1  —  Zl  (^1  +  •  ■  •  +  «)i) 

but  there  is  a  lesser  number  of  combinations  if  one  or  more  of  the  symbols  be 
commutative. 

71.  For  the  purpose  of  this  investigation  the  most  interesting  case  to  consider  is 
that  in  which  one  symbol,  viz.,  the  blank  space,  is  non-comniutative,  and  the 
remaining  h  —  1  symbols  commutative.  This  species  of  combination  is  not  brought 
under  view  merely  for  the  purpose  of  adding  and  discussing  new  complexity.  Its 
introduction  is  absolutely  vital  to  the  investigation  as  clinching  and  confirming 
a  conclusion  which  was  momentarily  assumed  during  the  consideration  of  the 
compositions  of  multipartite  numbers.  (See  ante,  Art.  61.)  Consider  the  reticu¬ 
lation  of  a  multipartite  number.  That  of  a  bipartite  number  will  suffice  as  indicative 
of  the  general  case. 


A  combination  of  order  h  (of  the  nature  under  view)  is  regarded  as  having  m  parts 
when  m  —  1  blank  space  symbols  occur  in  the  combination. 

Let  us  first  enquire  how  many  combinations  possess  only  a  single  part.  We 
require  nodes  of  k  different  kinds,  viz.,  a  blank  space  node  and  k  —  1  other  different 
nodes.  A  blank  space  node  may  be  either  essential  or  non-essential,  but  an  essential 
MDCCCXCIII, — A.  5  X 
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node  must  be  also  a  blank  space  node.  The  only  line  of  route  through  the  reticu¬ 
lation  which  does  not  involve  an  essential  (that  is  a  blank  space)  node  is  ACB. 
Consequently  the  graphs  of  all  the  combinations  having  but  one  part  must  be  alono' 
the  line  of  route  ACB.  Similaidy  in  the  reticulation  of  the  multipartite  number 


Pilh  •  •  •  P., 

the  graphs  of  all  the  one-part  combinations  will  be  along  the  line  of  route  traced  out 
by  2^1,  oL^  segments,  po,  ao  segments,  and  so  on  in  succession.  The  Jc  —  1  different 
symbols  at  disposal  may  be  placed  at  pleasure  at  +  Pc  +  •  •  •  +p«  —  1  points 
along  this  line  of  route.  Hence 

diffei’ent  one-part  combinations  are  obtainable. 

In  other  words  the  generating  function  for  such  combinations  is 

/q  “k  —  1)  ho  “k  —  1)^  A3  “k  .  .  .  -k  (A  —  1)”  (n  =  00  , 

where  in  a  previous  notation  h,i  is  the  homogeneous  product  sum,  degree  n,  of  the 
quantities 

^1?  ^3?  •  •  • 


72.  Next  as  to  the  combinations  which  have  two  parts.  At  any  point  D  of  the 
reticulation  place  a  blank  space  node.  All  two-part  combinations  whose  graphs  pass 
through  D  must  follow  the  line  of  route  AEDFB,  for  otherwise  an  additional 
essential  (and  blank  space)  node  would  be  introduced.  The  whole  combination  may 
be  split  up  into  a  one-part  combination  along  the  line  of  route  AED,  followed  first  by 
a  blank  space,  and  then  by  a  one-part  combination  along  the  line  of  route  DFB.  All 
the  two  part  combinations  whose  graphs  pass  througli  the  point  D  are  obtained  by 
associating  every  one-parb  combination  in  the  reticulation  AD  with  every  one-part 
combination  in  the  reticulation  DB. 

Hence  the  whole  number  of  combinations,  having  two  parts,  of  the  multipartite 
number 


is 

where 


P1P3  .  .  .  p„ 


^  _  1 )  Aa  +  •  •  •  +  ~  ^  ( A  _  1 ) +•••■'■  r""  “  1 


v'l  +  =  Ih  ;  P'3  +  =  lh>  •  •  •  p'n  +  p'n  =  P«. 


Hence,  the  generating  function  for  two-part  combinations  is 

{hi  +  (A  —  1)  A3  +  (A  —  I)-"  A3  “k  •  •  •  +  (A  1)"  *  A;,/}". 


n'  =  CO . 
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78.  Pursuing  this  chain  of  reasoning  it  is  completely  manifest  that  the  generating 
function  of  m-part  combinations  is 


{h,  +  {Ic  -  1)  h,  +  (^■  -  1)2  /,3  +  .  .  .  +  (rf  = 


00 


and  hence  the  complete  generating  function  of  combinations  of  the  multipartite 
number 


is 


Pilh  •  • 

Ai  +  (^-  -  1)  ^3  +  ■  ■  ■  +  (k  - 
1  _  /ij  _  _  1)  A,  _  .  .  .  _  (A-  _ 


which  is  effectively  the  same  as 

1 _ 1 _ 

k  1  —  Z;  2  (A:  —  1)  S  Ci^a.,2  ~  ^  —  1)2  S  +  .  .  .  +  (  — )'d'  (A  —  .  .  .  a.,P 


for  the  latter  is  obtained  by  adding  the  fraction  l/A  to  tlie  former  and  then  transforming 
from  homogeneous  product  sums  to  elementary  symmetric  functions. 

Just  as  in  the  case  of  A;  =  2,  corresponding  to  compositions,  this  generating  function 
admits  of  an  imi^ortant  transformation  to  a  factorized  redundant  form. 


74.  In  the  above  fraction  put  for  a.^,  .  .  .  respectively;  it 

may  then  be  written 

A  -  1  _  1 _ 1^ 

A  ’  -  1  +  A  {1  -  (A  -  1)  }  {1  _  (A  -  1)  s,ci2]  ...  {1  -  (A  -  1)  s„«4  ~  AN  ' 

For  brevity  put 

==  S(  {ka^  -h  /lUo  +  .  .  .  +  ka-i  +  1  +  .  .  .  +  a,;)  =  5/  (A,;  +  Aa^) 

l>.2  —  Ac., 

jVI  =  (l  (l  .  .  .  (l  kSiPik^, 

and 

1  1  1 
A  ■  (1  -  Si)  (1  -  S3)  ...  (1  -  S„)  ~  AD  ■ 


It  will  be  shown  that  —  is  a  generating  function  equivalent  to  the  former  in  regard 
to  terms  which  are  products  of  powers  of 


5  X  2 
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for 

M  -  N  =  {k^  -  k  {k-l)]h.,-  {F  -  /,•  (Z;  -  1)2]  63  +  .  .  .  +  {-Y  -  1)""^] 

and  thence 

D  b  D  A  1  -  Sj  (1  -  S.)  (1  -  SJ  .  .  .  (1  -  S.) 

75.  The  investigation  proceeds  precisely  as  in  the  case  of  Z:  =  2  with  the  following 
result.  The  fraction 

1 _ _ _ 1 _ _ 

{1  +  «o  +  .  .  .  -f  «h)}  {1  —  ^2  (^“1  “t  ka^  +  .  .  .  +  ajj)}  •  ■  •  {1  —  (Zi«i  +  kci^  +  .  . .  +  Z;a„)} 

is  equal  to  the  product  of  the  fraction 

1 _ 1 _ 

k  1  —  +  k  (Jc  —  1)  2s;^S2*l‘^3  —  .  .  .  +  ( —  y^k  [k  —  1)"“^S2^S2  •  •  •  .  .  .  a„ 

and  the  series 

,  ,  ^  k  (A/^  +  (Af^  +  g/J  ■  .  ■  (A4  +  x/J  —  +  kx^y)  (At^  +  kxty)  .  .  .  (A/„  + 

(k-  1)  (1  -  S,^)  (1  -  S,,)  ...  (1  -  SJ 

the  summation  having  regard  to  every  selection  of  it  integers  from  the  series 
1 ,  2,  3,  .  .  .  n,  and  u  takes  all  values  from  1  to  n  —  1. 

As  in  the  former  case  the  relation 


which  becomes 


Ai  +  kat  —  A^+j^  +  cLt+i, 


A/„  +  kaf^  —  k  (Af^  +  a/) 


where  and  are  the  highest  and  lowest  sufBxes  present,  shows  that  the  terms 

under  the  summation  sign  do  not  involve  any  products  of  52^2?  •  ■  • 

and  therefore  as  far  as  concerns  the  generating  function  may  be  put  equal  to  zero. 

7  6.  Hence  the  number  of  combinations  of  order  k  of  the  multipartite  number 


Zh  Ih-  ■ 

is  the  coefficient  of  iii  fke  expansion  of  the  generating 

function 

1  _ 1  _ _ 

k  fl  —  S]^  (,k^\  H  +  .  .  .  A  “«)}  {1  —  %  (^*^1  A  kx^  A  •  •  ■  A  ‘^k)}  ...  {1  5„  (Z'a^  A  ...  A  ^^m)} 
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that  is  to  say  it  is  the  coefficient  of  .  .  .  «/“  in  the  product 

-  (hai  -j-  •  •  •  H"  (^’*1  ”1“  ^’“3  “f~  “3  H“  •  •  •  +  •  •  •  (^’<^1  +  +  •  •  •  + 


which  may  be  written 

liy,+ih+  +  T  (^3  +  •  •  •  +  +  7  («3  +  •  •  •  + 


Tc 


h 


The  coefficient  of  .  .  ,  a/'‘  is 


•  (“l  “b  “l~  •  •  •  “b  ^nY“‘ 


where  C.  is  the  coefficient  of 


in  the  product 


a/^a/^  .  .  .  «/'■ 


{«!  4-  ^  (“3  +  •  •  •  +  (“1  +  “3  +  (“3  “b  •  •  •  “b  4“  “3  “b  •  •  •  + 

If  in  the  reticulation  of  the  multipartite  number  there  be  lines  of  route  which 
possess  exactly  5  essential  nodes, 

combinations  of  order  h  may  be  represented  upon  these  lines.  Hence  the  whole 
number  of  combinations  is 

Hence 

S  D,  =  kCs 

a  relation  which  is  true  for  all  positive  integral  values  ofh. 

77.  Hence 

D,  =  0, 

the  important  relation  temporarily  assumed  in  the  investigation  concerning  com¬ 
positions.  (Art.  61.) 

78.  The  theorem  thus  established,  viz.,  that  the  number  of  distinct  lines  of  route 
through  the  reticulation  of  the  multipartite 

PiPo .  .  .'Pn, 

which  possess  exactly  s  essential  nodes,  is  given  by  the  coefficient  of 

.  .  .  a/'‘ 
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in  the  product 

{“i  +  ^  («3  +  •  •  •  +  ^  («3  +  •  •  •  +  •  •  •  {^1  +  ''^3  +  •  •  ■  +  Ci„Y‘ 

gives  the  theorem  in  compositions  : — 

“  The  number  of  compositions  of  the  multipartite 


Ihlh’-Pn 

which  jDOssess  exactly  5  contacts  of 

n  —  u  zeros  witli  —  1  zeros, 
subject  to  the  condition  u  >  t,  is 


Qm\+'P2+ 


where  is  the  coefficient  of 
in  the  above-mentioned  product.” 


Vn 


79.  Also  the  further  theorem  : — 

“  The  number  of  compositions  of  the  multipartite 

P\V%  •  •  •  P'H 

which  possess  exactly 

contacts  of  n  —  u-^  zeros  with  —  1  zeros. 
'®«»4  ”  ”  ^3  '  ^  ” 


is  the  product  of 
and  the  coefficient  of 


in  the  product 


2lh+lh^r  .  .  .  [-5  _ 


XSui^i\  '^“2^2 


^lhr^  Vi 


a„ 


(“1  +  ^3l“3  +  •  •  •  H~  +  <^3  "b  ^33^3  +  •  •  •  ~b  +  “3  +  •  •  •  + 


80.  The  generating  function  which  enumerates  the  combinations  of  order  h  of 
multipartite  numbers  may  be  written 


where 


i  +  JY 

k  ^  k -I 


+ 


H'2 

(t- 1)2  + 


H'3  H'“ 

-  4-  -I-  — - 4- 

(k  _  1)3  ^  ^  (Z;  -  1)'«  “  •  • 


a\  =  {k  —  1)  a'o  =  {k  —  1)  a.,,  See. 
h'^  is  the  homogeneous  product  sum  of  degree  m  of  the  quantities 

1)  35  •  •  •  ^  n) 
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and 

The  coefficient  of 


in 


H'  =  h\  +  +  /I'g  +  . . . 


Virt  n 


a 


2>n 


{1-.  —  ]  Y 


enumerates,  in  respect  of  the  multipartite  PiP-i  ■  ■  ■  p,i,  the  number  of  combinations 
having  m  parts. 

From  previous  work  this  coefficient  is 


where 


/(piPs  •  •  •  Pn,  w)  = 


{k  —  +  •  •  •  V"> 

'p-^  +  m  —  I\  /pg  +  m  —  I\  [pn  +9)1—1 


Pi 


Pi 


/m\  /pj  +  m  —  2\  /pi  +  7)1  —  2\  fp^  +  m  —  2\ 

“\1/V  Pi  )\  Pi  Pn  ) 

+  &c., 

to  m  terms. 


f 


81.  Hence  the  whole  number  of  combinations  is 

[k  -  l)-^-^f{p\P^  ■  ■  •  Vn,  1)  +  (/-  -  1)-''" V(Pii?2  •  •  •  Pn,  2)  +  . 

a  result  which  is  immediately  obtainable  from  the  reticulation. 

82.  There  exists  a  very  interesting  correspondence  between  the  compositions  of  the 
multipartite 

1 

into  k  parts,  zeros  not  excluded,  and  the  combinations  of  order  k  of  the  unipartite 
number 

zeros  excluded. 

The  generating  function  for  the  compositions  of  multipartite  numbers  into  k  parts 
zeros  not  excluded,  is 

(1  4-  +  /ij  +  .  .  .)^'  =  (1  —  (I  —  ...  (1  — 

hence  the  number  in  the  case  of  'Pip.2  •  •  •  Jhi  is 

p  +  Pi  -  1\  fk  +  1^2  -  l-\  p  +  Ps  -  l'\  p'  +  Pn  -  1\ 

\  Pi  /  \  Pi  J  \  Ps  -*  \  Pn  J 
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which  for  the  multipartite  1''  ^  is 


k"' 


This  expression  also  gives  [ante)  the  number  of  combinations  of  order  k  of  the 
unipartite  number 


zeros  excluded. 


11, 


83.  The  correspondence  may  be  shown  by  reference  to  the  “  Theory  of  Trees.” 
The  trees  to  be  considered  are  of  altitude  k  and  have  n  terminal  knots. 

For  simplicity  take  n  —  k  =  ?,. 

The  trees  are 


which,  as  shown  above,  represent  combinations  of  order  3  of  the  unipartite  number  3. 
These  are 

3  21  12  111  2|1  ll2  11|1  1|11  1|1|1, 

the  number  of  parts  (observe  that  blank  space  symbols  are  between  adjacent  parts) 
being  equal  to  the  number  of  bifurcations  in  the  second  row  from  the  top,  increased 
by  unity. 

Now  these  trees  may  be  interpreted  so  as  to  represent  the  compositions  of  the 

multipartite  ( 1^)  into  three  parts,  zero  parts  not  excluded,  by  attending  to  the  con¬ 
nection  between  the  twm  bifurcations  of  each  tree  and  the  two  inter-terminal-knot 
spaces. 

In  any  row  of  knots  in  a  tree  we  have  or  we  have  not  bifurcations,  and  each 
bifurcation  communicates  either  Avith  the  first  or  with  the  second  inter-terminal-knot 
space. 

Beginning  with  the  row  marked  A,  if  we  find  no  bifurcation  aa^c  write  00;  if  we 
find  a  bifurcation  communicating  with  the  first  space  but  not  Avith  the  second  we 

write  10  ;  if  with  the  second  space  and  not  with  the  first  01  ;  if  there  be  two  bifur¬ 
cations,  Avhich  necessarily  in  the  present  case  communicate  Avith  both  spaces,  we 

write  11  ;  and  proceeding  in  the  same  way  Avith  the  row^s  B  and  C  in  succession  we 
will  have  finally  written  down  three  bipartite  parts  constituting  a  composition  of  the 

multipartite  11. 

We  thus  obtain,  beginning  Avith  the  left  hand  tree, 
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(00  00  II),  (00  01  10),  (00  10  01),  (00  II  00),  (01  00  10),  (10  00  01), 

(MIo"^),  (lo'^'^),  (ll'^OO), 


in  order  of  correspondence  with  the  above  written  combinations,  of  order  3,  of  the 
unipartite  number  3. 

84.  The  process  is  j^erfectly  general.  Every  tree  of  altitude  k  is  representative 
alike  of  a  combination  of  order  k  of  a  unipartite  number,  zeros  excluded,  and  of  a 
composition  of  a  unitary  multipartite,  zeros  not  excluded,  and  each  combination  or 
composition  of  the  nature  considered  is  uniquely  represented  by  a  tree. 

The  number  of  compositions  of  the  multipartite  1"“^,  zeros  not  excluded,  into 
k  or  fewer  parts  is 


in-i  _p  2«-i 


a  number  which  also  represents  the  number  of  the  aggregate  of  the  combinations  of 
the  number  n,  of  orders  1,  2,  .  .  .  k,  zero  parts  not  excluded. 

The  interesting  fact  here  brought  to  light  is  the  connection  between  the  unipartite 
numbers  and  the  unitary  multipartite  numbers. 


85.  We  have  seen  that  expresses  the  number  of  combinations  of  order  k 

possessed  by  the  unipartite  number  m.  Each  combination  involves  a  certain  number 
of  the  k  different  symbols  and  we  may  inquire  the  number  of  combinations  which 
involve  exactly  p  out  of  the  k  symbols.  It  is  clear  that  one  combination  can  be  formed 
which  involves  any  one  symbol  and  none  of  the  others ;  hence,  k  combinations  involve 

but  a  single  symbol.  Two  out  of  k  symbols  may  be  selected  in  different  ways  ; 

for  each  such  selection  we  must  take  the  number  of  combinations  of  the  number  m, 
of  order  2,  and  subtract  the  number  of  these  in  which  but  a  single  symbol  appears. 
Hence,  the  number  of  combinations  involving  exactly  two  symbols  is 


Similarly  three  out  of  k  symbols  may  be  selected  in 


ways,  and  for  each  selection 


we  take  the  whole  number  of  combinations  of  order  3  and  subtract  those  of  them 
which  involve  exactly  two  symbols  or  exactly  one. 

Hence  we  arrive  at  the  number 


In  this  way  it  is  easy  to  see  that  the  number  of  combinations  involving  exactly  p 
symbols  is 
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Q  ~p  ^p - 1)“"'  +  (fj ^p  “  2)""'  -  •  •  •  +  {-y^'^p} 

=  A" 


in  the  notation  of  finite  differences. 

We  have  now  the  well  known  identity 

^  P'  ^  (y.-l)  _|_  Q  ^2  (0-1)  +  ■  ■  .  +  P)  A'  (0*-')  +  •  ■  ■  +  P)  A'  (0-1), 


and  we  have  seen  its  interpretation  in  the  theory  of  the  combinations  of  order  h  of  a 
given  unipartite  number  m. 

Tables  of  Compositions  of  Multipartite  Numbers. 


No. 

1 


part 


Total 

1 


No. 

2 

P 


parts 


1 

. 

i 

i 

1 

2 

T  otal 


3 


No. 

] 

2 

3 

3 

1 

2 

1 

21 

1 

4 

3 

P 

1 

6 

6 

parts  Total 

...  4 

...  8 
...  13 


No. 

L 

2 

3 

4 

4 

1 

3 

3 

1 

W[ 

1 

6 

9 

4 

2‘^ 

], 

7 

12 

6 

1 

10 

21 

12 

P 

1 

14 

36 

24 

.  .  8 
.  .  20 
.  .  26 
.  .  44 

.  .  75 
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No.  1  2  3  4  5  parts  Total 

16 

48 
76 
132 
176 
308 
541 


No.  1  2  3  4  5  6  parts  Total 

32 

112 
208 
368 
252 
604 
1076 
818 
1460 
2612 
4683 


6 

51 

42 

41“^ 

¥ 

¥21 

3F 

03 


1 

5 

10 

10 

5 

1 

1 

10 

30 

40 

25 

6 

1 

13 

48 

76 

55 

15 

1 

18 

78 

136 

105 

30 

1 

14 

55 

92 

70 

20 

1 

22 

111 

220 

190 

60 

1 

30 

177 

388 

360 

120 

1 

25 

138 

294 

270 

90 

1 

34 

219 

516 

510 

180 

1 

46 

345 

900 

960 

360 

I 

62 

540 

1560 

1800 

720 

5 

1 

4 

6 

4 

1 

il 

1 

8 

18 

16 

5 

¥ 

1 

10 

27 

28 

10 

3P 

1 

14 

45 

52 

20 

¥i 

1 

16 

57 

72 

30 

1 

22 

93 

132 

60 

p? 

1 

30 

150 

240 

120 

899 
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No.  1  2  3  4  5  6  7  parts 


7 

1 

6 

15 

20 

15 

6 

1 

61  . 

1 

12 

45 

80 

75 

36 

7 

1 

16 

75 

160 

175 

96 

21 

5D 

1 

22 

120 

280 

325 

186 

42 

43 

1 

18 

93 

216 

255 

150 

35 

421 

1 

28 

183 

496 

655 

420 

105 

4D 

1 

38 

288 

856 

1205 

810 

210 

¥l 

1 

30 

207 

588 

810 

540 

140 

1 

34 

255 

772 

1120 

780 

210 

32D 

1 

46 

399 

1324 

2050 

1500 

420 

3P 

1 

62 

621 

2260 

3740 

2880 

840 

Wl 

1 

52 

489 

1728 

2820 

2160 

630 

22X3 

1 

70 

759 

2940 

5130 

4140 

1260  1 

XD 

1 

94 

1173 

4980 

9300 

7920 

2520 

V 

1 

126 

1806 

8400 

16800 

15120 

5040 

Total 

64 

256 

544 

976 

768 

1888 

3408 

2316 

3172 

5740 

10404 

7880 

14300 

25988 

47293 


[During  the  considerable  time  that  has  elapsed  since  this  paper  was  read  I  have 
discovered  the  general  theory  of  the  transformations  of  Arts.  41  and  75. 

Let  Xj,  X^,  Xg  be  general  linear  functions  of  exhibited  in  the  Notation 

of  the  Theory  of  Matrices 


(X]^,  X^,  Xg)  -  (  Oj,  ag,  CKg  )  X.2,  a!g), 

I  I 

j  K  ^3 

!  > 


and  considei’  the  algebraic  fraction 


1 


(l-»,Xi)(l-S2X,){l- vV) 
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I  have  established  that  that  portion  of  the  expansion  of  this  fraction,  which  is  a 
function  of  products  of  powers  of  s^x^,  s.^x^  only,  is  represented  by  the  fraction 


1_ 

N 


where 


N  =  1  —  a-^s-yX-^  — 

+  !  I  hh^\^2  +  i  I  +  I  ^3^3  I  hh^2^^ 

the  notation  being  that  in  use  in  the  Theory  of  Determinants. 

The  coefficients  of  N  are  the  several  co-axial  minors  of  the  determinant  of  the 
matrix  defining  X^,  X^,  and  X3,  viz.: — 

Ci/Y 

&i  63  63 

Cl  Co  Co 


The  result  is  immediately  deducible  from  the  identity 


^1  (s^\^  Xj) 

1  -  ^1X1 


-  1, 


1  -  %X3  ’ 


1  -  63X3  ’ 


1  -  ’ 

So  (^->^2  Xini 


1  -  5.1X, 


-  1, 


CoS-^X.. 


1  -  S3X3  ’ 


1^1 


1  -  .^1X1 
i-jS^Xo 
1  —  SjXo 


^3  (C3X’3  X3) 

1  *'3X3 


X 


•  -^iX^, 

0, 

0, 


0, 

1  -  53X3, 

0, 


0 

0 

1  '^3X3 


a^s-^x-^  —  1, 

h-^s^x^, 

C-^S^o, 


Ci/:)S'yX/-^  y 

^2^  2^  2  1 5 

^2'®3^3j 


^^3^  1^3 
hoSoXo 


t 


the  determinant  last  written  being,  with  changed  sign,  the  value  of  N. 

The  theorem  for  the  case  of  n  variables  x-^,  Xo,  .  .  .  x^  will  be  completely  manifest 
from  the  above. 

It  appears  to  be  one  of  considerable  importance  with  regard  to  the  generating 
functions  which  present  themselves  in  this  domain  of  the  Theory  of  Numbers. 

The  results  of  its  further  investigation  I  hope  to  bring  before  the  Royal  Society  in 
the  near  future. — Added  August  25,  1893,  P.  A.  M.] 
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Introductory  Remarks. 

In  a  paper  read  before  tbe  Geological  Society*  early  this  year,  I  gave  the  evidence — 
the  result  of  personal  observation — which  led  me  to  conclude  that  the  South  of 
England  had  been  submerged  to  the  depth  of  not  less  than  about  1000  feet  between 
the  Glacial  (or  Post-glacial)  and  the  recent  or  Neolithic  periods.  That  evidence  was 
based  upon  the  characters,  jDhysical  and  palaeontological,  of  a  peculiar  superficial  drift, 
for  which  I  proposed  the  term  of  “  Rubble-drift,”  to  distinguish  it  from  the  valley, 
marine,  and  glacial  drifts  of  the  same  districts.t  Under  this  term  I  include  various 
detrital  deposits  to  which  different  designations  have  been  attached.  Amongst  the 
more  important  of  these  are  the  drift  called  “head”  over  the  Raised  Beaches  of  the 
Channel  and  the  Ossiferous  Fissures  of  South  Devon. 

Various  explanations  have  been  suggested  to  account  for  the  “head,”  such  as,  1st, 
an  excessive  rainfall,  accompanied  by  great  cold ;  2nd,  the  sliding  of  masses  of  snow 
and  ice  over  slopes  ;  3rd,  waves  of  translation  ;  4th,  torrential  fluviatile  action  during 
a  period  of  great  cold.  I  have  stated  in  the  paper  referred  to  the  objections  to  these 
several  explanations.^  Some  of  them,  no  doubt,  would  sufiice  to  produce  a  portion  of 
the  observed  effects,  but  they  fail  to  embrace  the  whole,  and  they  all  involve  conse¬ 
quences  which  are  incompatible  with  the  general  facts.  They  all,  also,  with  one 
exception,  depend  on  subaerial  agencies,  to  which  there  is  the  general  objection  that 
these  ao;encies  involve  a  certain  amount  of  friction  and  weatherino-  which  are  con- 
spicuously  wanting — or,  if  present,  it  is  in  a  very  slight  degree — in  the  deposits 
under  review.  There  is  the  further  objection  that  some  of  the  phenomena  indicate 
the  exercise  of  a  propelling  force  for  which  the  suggested  causes  are  manifestly 
inadequate.  There  are  other  points,  apparently  inconsistent  with  such  agencies,  con¬ 
nected  more  especially  with  the  Ossiferous  fissures  and  the  Loess  of  the  continental 
area,  which  will  be  considered  more  fully  in  the  following  pages. 

In  the  jDresent  paper  my  object  will  be  to  show  that  the  phenomena  on  which  I 
relied  as  proofs  of  submergence  in  England,  extend  likewise  over  large  continental  areas. 
Owing  to  the  extent  of  the  subject,  it  will  be  necessary  to  confine  the  inquiry  to  the 
more  prominent  and  typical  cases.  Nor  will  it  be  necessary  to  give  full  geological 
details,  as  they  are  to  be  found  in  the  works  of  the  several  geologists  referred  to.  I 


*  ‘  Qxiai't.  Journ.  Geol,  Soc.,’  vol.  48,  p.  263,  1892.  I  have  there  entered  into  more  details,  and  specified 
the  objections  to  previous  explanations,  "which  it  is  therefore  unnecessary  to  repeat  here. 

t  Both  Sir  R.  Murchison  (‘  Quart.  Jornm.  Geol.  Soc.,’  vol.  7,  p.  349),  and  Professor  J.  Geikie 
(‘Prehistoric  Europe,’ p.  140),  have  contended  that  certain  detrital  deposits,  spread  widely  over  the 
South  of  England,  could  not  be  referred  to  ordinary  marine  or  fluviatile  agencies.  The  former  attri¬ 
bute  them  to  a  wave  of  translation  :  the  latter  (which  I  unknowingly  overlooked  in  the  above-named 
paper)  to  the  agency  of  frozen  snow-drifts  during  the  Glacial  period. 

+  Ibid.,  pp.  326-328. 
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shall,  therefore,  give  only  such  particulars  as  are  needed  for  the  discussion  of  their 
views,  and  for  the  purpose  of  generalizing  the  phenomena  they  describe,* 

Though  this  rubble-ch’ift  in  some  of  its  phases  sometimes  simulates  the  characters 
of  the  other  drift  deposits,  I  found  it  impossible  to  reduce  it  to  the  terms  of  any  of 
those  others.  Whereas  these  latter  are  spread  out  in  beds  more  or  less  horizontal, 
and  keep  to  definite  lines,  this  drift  drapes  the  hills,  follows  divergent  directions, 
and  ends  only  when  it  reaches  the  floor  of  the  valleys.  The  faunal  debris  of  this  drift 
also  differs  essentially  in  its  main  characteristics  from  that  of  the  other  drift  deposits. 
There  is  an  entire  absence  both  of  marine  and  fluviatile  shells  ;  the  remains  found  in 
it  are  those  of  land  animals  and  land  shells  alone,  with  traces  of  land  plants,  such 
remains  in  fact  as  could  have  been  derived  from  a  land  surface,  and  from  a  land 
surface  only.  Owing  to  their  extreme  friability,  the  shells  are  of  rare  occurrence,  and 
the  most  common  one,  the  Pupa  marginata,  is  so  minute,  that  it  often  escapes  obser¬ 
vation.  Another  feature  to  be  noted,  is  that  the  bones  of  the  Mammalia  (which 
belong  to  the  ordinary  Quaternary  group),  are  distinguished  by  their  very  fragmen¬ 
tary  state  and  by  the  absence  of  roear,  whether  of  the  broken  fragments  or  of  the 

*  [The  notices  of  the  several  detrital  beds  I  have  included  under  the  term  of  “  Rnbble-drift  ”  have, 
with  the  exception  of  the  Loess,  generally  been  incidental  and  limited  to  some  one  phase.  With  respect 
to  that  form  of  it  represented  by  the  Ossiferous  fissures,  an  impression  would  appear  to  have  prevailed 
that  the  subject  was  exhausted  by  the  early  reseai’ches  of  Cuvier  and  Marcel  de  Seeres,  for  though  so 
much  has  been  done  of  late  years  in  explanation  of  the  contents  of  the  remarkable  Prehistoric  Caves  in 
France  and  elsewhere  on  the  continent,  there  have  been  no  detailed  descriptions  of  those  Ossiferous  fissures, 
with  the  exception  of  those  of  Gibraltar  (1878),  and  slight  notices  of  those  of  Nice  (1887),  since  that  of 
De  la  Beche  in  1828  ;  nor,  with  the  exception  of  the  short  notice  by  M.  Lanza  in  1855,  has  anything  been 
added  to  our  knowledge  of  tlie  numerous  Dalmatian  fissures  since  the  Abbe  Fortis  wrote  in  1778.  In 
Italy,  the  latest  contribution  I  can  find  is  the  one  by  Professor  Capellini  in  1879.  The  recent  paper’s 
of  Stefani  in  the  ‘Annales  de  la  Soc.  Geol.  de  Belgique’  (1891),  on  the  Upper  Tertiary  and  PosU 
Pliocene  beds  of  the  Mediterranean  Basin  barely  touch  on  any  of  those  which  form  the  subject  of  this 
inquiry. 

It  is  the  same  with  the  rubble-drift  on  slopes.  Besides  the  instances  I  have  given  in  France 
(1860-71),  and  at  Gibraltar  (1878),  and  of  the  Argile  a  hlocaux  in  Belgium  (1872),  I  am  not  aivare  of 
any  more  recent  memoirs  on  this  particular  subject.  The  later  more  general  works  on  the  geology 
of  the  South  of  Europe  and  the  North  of  Africa,  have  added  nothing  to  the  facts  described  by  the 
earlier  writers  I  have  referred  to. 

The  contemporaneous  deposit  of  Loess  forms  an  exception  to  this  neglect.  The  recent  literature  on 
this  subject  is  copious  and  varied,  but  it  is  mainly  confined  to  that  section  of  the  Loess  which  has  a 
fluviatile  origin,  and  is  not  applicable  to  that  other  section  which  extends  beyond  the  reach  of  river- 
floods  and  to  the  greater  heights  of  Central  Europe.  It  is  to  the  latter  alone  that  my  observatiorrs  are 
at  present  confined,  and  they  only  relate  to  a  few  points.^ 

I  should  add  that  I  have  been  obliged,  for  various  I’easons,  to  confine  myself  in  each  section  to  a 
limited  number  of  the  more  typical  instances.  I  have  not,  however,  I  believe,  omitted  any  cases  but 
such  as  would  confirm  the  evidence  of  those  which  I  have  adduced.— J.  P.,  June,  1893.] 

I  have  discussed  the  subject  of  the  fluviatile  Loess  in  a  paper  which  appeared  in  the  ‘  Phil.  Trans.’ 
for  1864,  p.  247. 
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entire  bones,  as  well  as  by  their  freedom  from  all  traces  of  gnawing ;  conditions  in 
marked  contrast  with  those  presented  by  the  bones  of  the  caves,  which  have 
commonly  heen  gnawed  by  predaceous  animals,  and  with  those  of  the  fluviatile 
deposits  which  are  usually  more  or  less  worn. 

The  physical  characters  of  this  drift  are  equally  well  marked.  The  detritus  of 
which  it  is  composed,  is  always  of  local  origin  and  angular.  The  component 
fragments  retain  their  sharp  angles  uninjured.  It  is  without  stratification,  and 
yet  not  without  a  certain  order  such  as  might  result  from  successive  masses  of 
debris  sliding  down  slopes  and  shot  into  hollows.  In  many  respects,  such  as  its  wide 
distribution,  and  its  want  of  stratification,  it  resembles  a  subaerial  glacial  detritus, 
but  its  entire  want  of  wear,  the  presence  of  and  condition  of  the  bones,  and  especially 
the  presence  of  delicate  land  shells,  are  incompatible  with  such  an  origin.  The 
absence  of  foreign  transported  materials  or  boulders,  and  of  marine  shells,  is  equally 
incompatible  with  a  submarine  glacial  origin. 

Taking  all  these  facts  into  consideration,  the  only  agent  which  appears  to  me 
capable  to  have  produced  such  results,  is  that  of  an  upheaval  of  a  submerged  land 
following  upon  a  wide-spread  submergence.  This  upheaval  by  displacing  the  super¬ 
incumbent  body  of  water,  would  give  rise,  as  shown  in  a  paper  by  the  late  Mr.  W. 
HorKiNS,  of  Cambridge,^'  to  divergent  etfiuent  currents,  which  would  sweep  down 
from  the  higher  to  the  lower  levels  the  debris  of  the  submerged  surface.  Such  would 
have  happened,  if  after  a  temporary  submergence  the  land  had  again  been  upheaved, 
and  the  former  levels  approximately  restored.  All  the  phenomena  presented  by  this 
Rubble-drift  are  explicable  upon  this  hypothesis,  and  upon  none  other  that  I  can  see. 
Of  the  submergence  we  can  only  infer  that  it  was  slow  and  gradual,  but  of  the 
upheaval  we  have  evidence  to  show  that  it  was  by  stages  alternately  slow  and  more 
or  less  rapid.  That  evidence  is  best  exhibited,  not  in  districts  where  the  rocks  are  of 
an  uniform  character,  as  then,  in  the  absence  of  any  difference  in  the  debris,  the 
rubble  has  the  appearance  of  a  talus  without  divisional  planes,  but  where  the  rocks 
are  composed  of  beds  of  different  textures  and  degrees  of  hardness  then  the  debris 
shows  sorting  and  a  kind  of  rough  bedding,  and  this  gives  a  clue  to  the  manner  in 
which  the  accumulation  took  place.  These  conditions  obtain  best  in  chalk  districts, 

*  ‘  Quart.  Journ.  Geol.  Soo.,’  vol.  4,  p.  90,  Mr.  Hopkins,  sliows  Hat  if  a  considerable  area  at  the 
bottom  of  the  sea  were  suddenly  elevated,  currents,  the  velocity  of  which  would  depend  principally 
upon  the  depth  of  the  sea,  would  diverge  in  all  directions  from  the  central  disturbance.-  “  Calculations,” 
he  says,  “  prove  beyond  all  doubt  that  paroxysmal  elevations,  beneath  the  sea,  varying  from  50  to 
100  feet  in  height,  may  produce  currents  of  Avhich  the  velocities  shall  vary  from  at  least  5  or  6  to  15 
or  20  miles  an  hour,  provided  the  depth  of  the  sea  do  not  exceed  800  or  1000  feet.”  In  considering 
the  magnitude  of  the  blocks  which  might  be  moved,  he  found  that  the  force  exerted  on  a  surface  of 
given  magnitude  increases  as  the  square  of  the  velocity,  and  that  it  “  varies  as  the  sixth  power  of  the 
velocity  of  the  current^'  But  the  movements  must  be  repeated  for  large  blocks  to  travel  beyond  short 
distances.  In  this  inquiry,  however,  we  have  to  deal  with  smaller  quantities  and  less  paroxysmal 
jiiovements. 
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where  layers  of  light  earthy  chalk  debris  alternate  with  others  of  heavy  splintery 
flints,  as  in  the  case  of  the  mass  of  Rubble-drift  (or  head)  overlying  the  Raised  beaches 
of  Brighton  and  Sangatte. 

The  Brighton  beach  abuts,  like  the  recent  one,  against  a  cliff,  over  which  the  drift 
was  shot  from  the  uplands  above,  not  in  one  sweep,  but  in  a  succession  of  throws,  some 
of  which  were  of  sufficient  force  to  move  large  masses  of  flints  and  great  blocks  of 
Tertiary  sandstone  from  a  distance  of  two  to  three  miles  inland,  whilst  others  had  only 
force  enough  to  carry  down  the  lighter  chalk  rubble,  and  impalpable  marly  sediment  often 
finely  laminated,  showing  that  it  was  deposited  in  water,  and  in  water,  at  the  time, 
comparatively  still.  W  e  thus  have,  as  it  were,  a  measure  of  the  forces  in  operation 
during  the  upheaval,  for  as  the  divergent  currents,  caused  by  the  upheaval  of  the 
land  through  the  superincumbent  body  of  water,  would  vary  in  velocity  and  power 
according  to  the  rapidity  of  the  upheaval,  it  is  evident  that  the  weight  and  quantity 
of  material  moved  will  be  in  accordance  with  the  strength  and  length  of  those 
currents.  The  variations  in  the  structure  of  the  “  head  ”  show  the  movements  to 
have  been  alternately  slow  and  more  rapid,  or  by  fits  and  starts,  though,  as  there  is 
no  break  in  the  continuity  of  the  deposit,  it  is  probable  that  they  were  continuous  or 
nearly  so.  It  is  also  obvious  that  a  body  of  water  1000  feet  or  more  deep,  moving 
even  slowly  oft  the  land,  would  have  formed  an  engine  of  enormous  power,  and  as  I 
have  before  remarked,  capable,  like  Nasmyth’s  hammer,  of  exerting  that  power  with 
the  gentlest  touches  or  with  almost  irresistible  force.  For  the  fuller  discussion  of 
these  points,  I  must,  however,  refer  to  the  paper  before  mentioned,  in  which  these 
points  are  described  more  fully.* 

In  that  paper  I  have  shown  that  the  Rubble-drift  is  very  widely,  though  generally 
very  sparsely,  spread  over  the  South  of  England.  I  now  propose  to  show  that  it  may 
be  traced  over  much  of  Western  Europe  and  the  Mediterranean  coasts  (see  Plate).  My 
own  personal  observations  are  limited  to  parts  of  France  and  Italy.  I  have,  however, 
the  less  cause  to  regret  this  circumstance,  as  some  of  the  principal  exhibitions  of  it 
have  been  explored  by  other  geologists  in  a  way  which  would  have  been  difficult  for 
a  single  individual  to  have  accomplished,  and  their  evidence  is  free  from  the  bias 
which  might  be  supposed  to  attach  to  the  advocate  of  a  theory.  At  the  same  time 
there  is  the  disadvantage,  that  without  attention  being  specially  directed  to  this 
particular  drift,  some  of  its  phases  may  easily  be  overlooked  and  passed  by,  so  that 
further  research  may  prove  it  to  be  far  more  general  than  here  described.  It  is  also  to 
be  observed  that  in  continental  areas  we  meet  with  fresh  phases  of  the  rubble-drift, 
which,  while  differing  from  what  we  find  in  England,  equally  bear  testimony  in  tbe 
same  direction. 


*  ‘  Qnr,rt.  Jcnrn.  Geol.  Soc.,’  vol.  48,  p.  331. 
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The  Coast  Sections  of  France. 

The  phenomena  on  the  north  coast  of  France  are  very  similar  to  those  on  the  south 
coast  of  England.  The  section  of  the  Ptaised  Beach  and  overlying  Ptubble-drift  (or 
head)  at  Sangatte  on  the  northern  slope  of  Cape  Blanc  Nez  is  identical  with  that  at 

Fig.  1.  — Section  of  the  west  end  of  Sangatte  Cliff,  near  Calais, 
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a'.  Alternating  irregular  mas.ses,  often  contorted,  of  coarse  and  fine  fiint-and- chalk  rubble  and  marl, 
with  layers  of  light  coloured  loam  (or  Loess).  The  top  bed  has  lo.st  much  of  its  chalky  matter,  and 
passes  at  Sangatte  into  mere  Hint  gravel.  Mammalian  remains  have  been  found  at  xxx,  land  shells 
at  XX,  and  a  palceolithic  Hint  implement  at  x  (others  have  been  picked  up  on  the  shore.) 
c.  Raised  beach.  A  portion  of  the  beach  has  been  caught  and  turned  up  in  the  rubble.  At  the  foot  of 
the  old  clifi’  lie  large  blocks  of  chalk.  C.  Chalk. 

Brighton,  but  the  former  is  more  accessible  and  better  exposed.  The  raised  beach  (c), 
which  rises  about  10  feet  above  the  level  of  the  present  beach,  abuts,  as  at  Brighton, 
against  an  old  cliff.  It  contains  very  few  shells,  and  those  mostly  in  fragments.  The 
species  are  the  same  as  those  commonly  met  with  in  the  English  raised  beaches,  and 
consist  of* — 

Purpura,  lapillus,  Tellina  haJthica. 

Littorina  littorea.  Mytilus  edulis. 

,,  ohusata.  Cardium  edule. 

Modiola  modiolus. 

This  beach  is  buried  under  a  head  consisting  of  chalk  and  flint  rubble  not  regularly 
stratified,  but  spread  out  in  irregular  lenticular  masses.  In  some  of  these  the  detritus 
is  coarse  and  the  bedding  tumultuous  ;  in  others  the  ddbris  is  fine,  and  even  laminated 
in  places.  These  alternations  are  repeated  several  times,  but  it  is  not  possible  to  say 
how  often,  as  the  beds  overshoot  one  another,  and  the  lines  of  demarcation  are  obscure. 
The  last  or  upper  bed  is,  however,  as  at  Brighton,  the  most  massive  and  important, 


*  M,  C.  Bareois,  in  ‘  Ann.  Soc.  Geol.  du  Nord,’  vol.  7,  p.  182,  1880. 
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and  is  the  one  which  has  been  propelled  to  the  greatest  distance.  A  view  of  part  of 
this  fine  section*  is  given  in  fig.  1.  The  section,  however,  varies  with  every  fall  of  the 
cliff.  The  partial  uprooting  of  a  portion  of  the  beach  (c)  is  a  noticeable  feature. 

The  following  diagram  will  show  the  successive  increments  of  growth,!  supposing 
them  to  have  been  regular  and  defined. 


Fig.  2. — Diagram  to  illustrate  the  mode  of  formation  of  the  ‘  Head' 
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The  dark  bands  represent  coarse  debris,  and  the  light,  fine  rubble  and  loam,  or  derived  Loess.  The 
uppermost  bed  has  lost  much  of  its  calcareous  matter  through  filtration  of  the  surface  waters. 


Except  at  Folkestone  and  Portland,  land  Mollusca  are  very  scarce  in  the  English 
coast  sections.  At  Sangatte  they  are  numerous  in  places,  though  limited  to  the  few 
following  species,  and  to  the  finer  portions  of  the  rubble  — 

Helix  concinna.  Pupa  marginata. 

„  pulchella.  Avion  ater. 

Succinea  ohlonga.  Limax  agrestis. 

On  the  other  hand.  Mammalian  remains  are  scarcer  than  with  us.  I  have  found  a 
few  indeterminable  fragments  of  bone,  and  M.  Robbe  had  in  his  collection  part  of 
the  lower  jaw  of  Elephas  primigenius.  Of  paleolithic  flint  implements,  several 
specimens  have  been  found  on  the  shore,  and  one  in  situ  in  the  rubble. 

Another  point  calling  for  notice  is  the  distance  to  which  the  flint  rubble  spreads 
out  into  the  plain,  which  extends  from  the  foot  of  the  chalk  hills  to  near  Calais 
and  Guines.  Here,  as  in  the  coast-plain  between  Brighton  and  Selsea,  the  calcareous 
portion  of  the  rubble  decreases  in  amount  as  the  drift  ranges  from  its  base  on  the  slope 
of  the  hills  to  the  more  distant  points  to  which  it  has  been  carried.  The  chalky 
portion  is  lost  either  through  solution  or  broken  up  by  friction  and  incorporated  with 
the  loess  or  brick-earth.  In  a  j)it  near  Hames  I  found  in  the  thin  beds  of  ochreous 
flint,  gravel,  and  brick-earth,  to  which  the  rubble-drift  is  there  reduced,  fragments  of 
a  tooth  of  the  Mammoth,  and  a  few  specimens  of  Pupa  marginata,  as  in  the  analogous 
beds  at  Upchurch,  in  Kent. 

The  dry  chalk  valleys  at  the  back  of  Blanc  Nez  exhibit  that  phase  of  this  drift,  so 

*  I  have  described  this  section  with  its  land  shells  in  detail  in  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  7, 
p.  274, 1861,  and  vol.  21,  p.  440,  1865. 

t  It  is  the  same  in  the  Brighton  Cliff  (see  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  48,  p.  263). 
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common  in  the  chalk  hills  of  Kent,  consisting  of  trails  of  ochreous  gravel.  These  are 
usually  attributed  to  the  action  of  former  streams,  but  they  seem  to  me  to  be  more 
intimately  connected  with  the  rubble-drift,  into  the  main  body  of  which  these  gravel- 
streams  debouche  in  the  plains  below.*  Such,  for  instance,  as  in  the  case  of  the 
narrow  stream  of  unstratified  ochreous  gravel  from  3  to  10  feet  in  thickness,  which 
descends  the  dry  chalk  valley  from  near  Pihen  to  Hames,  where  it  enters  the  broad 
alluvial  plain  near  Guines.  Midway  in  this  stream  of  gravel  M.  Sauvage  found  a  jaw 
of  Rhinoceros  tichorhinus.^ 

Fig.  3. — Section  from  Sangatte  Cliff  to  above  La  Queenvaclierie. 

jv:w  s.E. 


The  relation  of  these  streams  of  gravel  to  the  head  at  Sangatte  is  similar  to  that 
which  exists  between  the  head  (Elephant  Bed)  at  Brighton  and  the  drift  in  the  bed  of 
the  valleys  on  the  coast  of  Bottingdean  and  other  places  thence  to  Eastbourne.;};  They 
all  consist  of  debris  from  the  surrounding  hills,  except  that  in  the  one  case  only  a 
trail  has  been  left,  whilst  in  the  head  it  has  accumulated  en  masse. 

There  is  a  small  counterpart  of  the  chalk-rubble  on  the  Wissant  side  of  Blanc  Nez ; 
and  at  a  short  distance  out  of  Wissant  on  the  road  to  Tardinghen  is  a  hillock  of 
gravel,  containing  a  remarkably  large  proportion  of  chert  fragments  of  the  Lower 
Greensand,  referable  probably  to  the  Bubble-drift. 

Thence  to  Boulogne  there  is  little  to  notice,  the  encroachment  of  the  sea  ha^fing 
removed  all  the  later  coast  deposits,  only  leaving  here  and  there  slight  traces  of 
angular  rubble.  To  this  also  belongs  a  pocket  of  drift  with  remains  of  the  Mammoth 
exposed  in  carrying  the  railway  through  the  Kimmeridge  clay  on  the  high  slopes 
between  the  old  town  of  Boulogne  and  the  coast. 

Abbeville. — The  sections  here  are  of  much  interest,  as  they  show  the  relation  of  the 
Bubble-drift  to  the  fluviatile  deposits  of  the  old  river,  and  likewise  to  the  Baised 
Beaches.  The  marine  or  estuarine  bed  at  Menchecourt  is  24  feet  above  the  sea-level, 
which,  allowing  for  its  distance  inland,  corresponds  wfith  that  of  the  Baised  Beaches  of 
the  Channel.  It  is  here,  however,  overlaid  by  the  old  river  beds  -with  fluviatile  shells 


*  In  some  instances  streams  may  have  preceiled  tliese  later  gravel  trails, 
t  The  specimen  is  in  the  Boulogne  Museum. 

J  See  section  in  ‘  Quart.  Journ.  Geol.  Soc.,  vol.  48,  Plate  7,  fig.  I. 
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and  Mammalian  remains  together  with  palseolithic  flint  implements,  while  the  bed 
marked  h  in  my  original  section,*  and  which,  after  descending  the  hill  slope,  passes 
beneath  the  alluvium  in  the  valley,  represents  the  rabble-drift  such  as  is  met  with 
on  slopes. 

Since  that  section  was  taken  another  (flg.  4)  very  illustrative  section,  corresponding 
in  its  main  features  with  the  head  on  the  Channel  coast,  was  for  a  short  time  to  be 
seen  in  a  road-cutting  in  the  suburb  of  Mercade,  north  of  Abbeville.  This  section 
showed  the  same  remarkable  reversal  of  the  out-cropping  edges  of  the  beds,  so 
conspicuous  at  Brighton  and  Portland,  with  additional  features  of  some  Importance. 


Fig.  4. — Section  of  Buhhle-Drift  on  the  slope  of  the  hill  to  the  north  of  Ahheville. 


f  1.  Coarse  angular  flint-  and  clialk-rabble. 

I  2.  Chalk-rubble  with  seams  of  Loess  and  flint  gravel.  Land  shells  (^Ilelix — several  species,  Fupci 
marginata,  &c.)  abounded  in  this  bed.f 

3.  Coarse  brown  loam  or  brick-earth,  with  dispersed  flint  gravel  and  a  seam  of  it  at  base. 

4.  Mixed  rubble  derived  from  the  underlying  beds. 

The  dip  of  the  base  line  should  cori’espond  more  closely  with  that  of  the  surface. 


I  saw  no  Mammalian  remains  nor  any  shells  other  than  land  shells.  The  slope 
above  is  bare  with  the  exception  that  about  half-way  up  there  is  a  cavity,  a',  10  to 
15  feet  deep  and  filled  wdth  chalk  debris  and  brick-earth.  The  summit  of  the  hill  is 
capped  by  plateau  Loess.  The  total  thickness  of  the  beds  Nos.  1  to  4  (fig.  4)  may 
be  estimated  at  about  40  feet.  This  rubble  possibly  forms,  at  Porte  Mercade,  the 
bed  of  ochreous  flint  gravel  in  which  M.  Boucher  de  Perthes  found  a  considerable 
number  of  paleolithic  flint  implements. 

Besides  the  unusual  abundance  of  land  shells,  this  section  is  of  interest  from  the 
circumstance  that  whereas  at  Brighton  and  Sangatte  the  rubble  is  piled  up  without 
distinct  divisional  lines,  here,  on  the  contrary,  there  are  well-marked  main  divisions. 
To  whatsoever  cause  this  may  be  due — whether  to  the  lesser  force  of  the  effluent 
currents  than  on  the  coast  wLere  the  successive  layers  are  more  intermingled  and  the 
divisional  lines  rendered  more  obscure,  or  to  the  position  being  more  sheltered,  I  cannot 
say.  In  any  case,  "we  have  here  three  major  divisions  corresponding  with  three  main 

*  ‘  Phil.  Trans.’  for  1860,  figs.  1,  2,  p.  284,  and  Plate  10,  section  1 , 

t  On  my  first  visit  I  bad  not  time  to  make  a  complete  collection  of  these  shells,  and  when  I  retuimed 
the  section  was  covered  over. 
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upheavals,  besides  some  minor  ones  in  bed  No.  2.  This  agrees,  as  a  whole,  perfectly 
well  with  the  Brighton  and  Sangatte  sections,  where  fine  marly  beds  predominate 
in  the  central  division,  with  coarse  beds  below  and  above,  the  last  one  evidently 
resulting  from  a  stronger  joi’opulsion  and  exercising  greater  erosive  action. 

This  section  strengthens  the  conclusion  forced  upon  us  by  the  coast  sections  that 
the  upheaval  was  not  one  continuous  and  uniform  movement,  but  a  succession  of 
movements  of  greater  or  lesser  rapidity,  irregular  in  their  action  and  not  long 
prolonged.  By  prolonged,  I  mean  continuous  movements  but  of  variable  rapidity. 
If  there  were  rests,  they  did  not  last  long  enough  to  leave  marks  of  shore-wear  at 
these  successive  stages  on  the  upraised  land.  That  there  were  pauses  is  shovni  by 
the  division  of  the  beds  in  fig.  4,  but  they  could  not  have  been  of  long  duration. 

The  Normandy  Coast. — Between  the  Somme  valley  and  Havre  the  coast  presents 
a  line  of  chalk  cliffs,  closely  resembling  in  all  their  features  those  between  Brighton 
and  Eastbourne.  Like  as  on  those  parts  of  our  coast,  where  the  encroachment  of 
the  sea  has  removed  the  raised  beach  and  left  only  detached  trails  of  the  rubble-drift 
in  the  valleys,  so  on  the  French  coast  the  erosion  of  the  cliffs,  which  may  be  estimated 
at  1  to  2  feet  annually,*  has  removed  all  traces  of  the  beach ;  but  of  the  rubble-drift 
which  overlaid  the  beaches  and  ascended  higher  inland,  considerable  portions  remain 
in  the  bed  and  at  the  mouth  of  the  valleys  of  Treport,  Fecamp,  and  Etretat.  This 
drift  also  contains  at  places  remains  of  the  extinct  Mammalia.  At  Mers  it  consists 
of  a  mass  of  loam  with  chalk-and-flint  rubble,  as  at  Freshwater.  It  is  probable 
also  that  the  great  bank  of  flint  shingle  or  gravel  from  12  to  18  feet  thick  which  lies 
off  the  Pointe  du  Houdel,  near  St.  Valery,  and  extends  along  the  coast  for  a  distance 
of  about  10  miles,  at  a  height  of  16  feet  above  high  tide,  originated  with  the  rubble- 
drift  of  the  Somme  valley.  At  St.  Adresse,  near  Havre,  the  rubble-drift  appears  to 
be  represented  by  a  bed  of  slightly  subangular  flint  gravel  forming  a  low  cliff  extend¬ 
ing  to  the  foot  of  the  chalk  hills,  and  connected  by  a  thin  trail  with  the  chalk  of  the 
hills  and  with  the  red  clay  with  flints  which  caps  them. 

Six  miles  to  the  westward  of  Cherbourg  a  “  head,”  25  feet  thick,  of  large  angular 
fragments  of  the  local  granitic  rocks  in  a  matrix  of  clay,  sand,  and  Loess,  fronts  the 
cliffs.  Under  it  are  traces  of  a  raised  beach  in  the  form  of  rolled  and  water-worn 
pebbles,  but  there  is  no  clear  section,  nor  could  I  find  any  fossils.  Between  Granville 
and  St.  Paire,  is  a  section  showing  a  small  quantity  of  Rubble-drift  on  a  slope,  and 
under  it  the  broken  edges  of  the  rock  are  bent  back  in  a  manner  similar  to  the  case  I 
have  recorded  in  Devonshire. 

The  Channel  Islands  afford  evidence  of  submergence  and  upheaval  of  a  character 
different  from  that  we  have  hitherto  noticed,  but  no  less  striking.  Both  Guernsey 

*  Lambaedie  estimated  the  loss  on  the  Normandy  coast  at  1  “  pied  de  roi  ”  annually.  M.  Baude  men¬ 
tions  later  observations  continued  from  1800  to  1847,  which  show  that  at  the  Cape  d’Ailly,  near  Dieppe, 
the  loss  was  0'80  metre  yearly,  but  at  the  Cape  La  Heve,  near  Havre,  it  was  only  0'30  metre. 
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and  Jersey  have  been  surrounded  by  a  Raised  beach*  overlaid  by  a  “head”  of 
Rubble-drift,  though  it  is  only  at  intervals  that  remnants  of  the  beach  are  now  to  be 
seen.  In  Guernsey,  sections  more  or  less  perfect  are  shown  on  the  cliff  south  of 
St.  Peter’s,  at  St.  Martin’s  Point,  in  Saints  Bay,  La  Pezerie,t  Creux  des  Fees,t  Havre, 
Bordeaux,!  at  Fort  Gray,  Lihou  Fort,  and  Cobo.|  Also  at  a  few  places  on  the  north 
side  of  the  island.  Amongst  the  best  preserved  are  those  at  Lihou  passage  and 
Firman  Bay,  of  which  latter  the  following  (fig.  5)  is  a  section. 


Fig.  5. — Raised  Beach,  Firman  Bay. 


a 


c 
R 

a.  Head  o£  angular  fragments  of  tlie  local  rocks — some  of  the  fragments  of  large  size — in  a  matrix  of 
loam  or  brick-earth,  20  feet  thick. 

c.  Raised  beach  of  well-rolled  pebbles  and  subangular  blocks  of  granite,  &c.,  6  feet  thick. 

E.  Granite  (decomposed),  5  feet. 


The  height  of  the  beach  is  less  than  on  the  English  coast,  being  generally  only  5  to 
8  feet  above  the  high  tide  level.  No  shells  are  recorded. 

The  greater  part  of  the  Island  (as  also  Jersey)  forms  a  plateau  300  to  350  feet 
high,  of  granitic  and  metamorphic  rocks,  and  is  without  any  commanding  heights. 
This  plateau  is  covered  very  generally  by  a  deposit  of  Loess  or  brick-earth  from  5  to  10 
feet  thick,  extending  over  the  highest  points  of  the  surface.  The  Loess  is  identical 
with  that  on  the  mainland,  and  that  it  is  not  to  be  confounded  with  the  decomposed 
granite  or  other  rocks  which  it  overlies,  is  shown  in  the  followdng  section  (fig.  6). 

To  whichever  of  the  generally  assigned  causes  the  origin  of  “  Loess  ”  has  been 
attributed — whether  to  river  floods,  or  to  glacial  inundations,  or  to  rainwash — it  is 
impossible  to  admit  that  the  Loess  of  Guernsey  and  Jersey  can  be  attributed  to  any 
of  them.  There  are  no  rivers  in  either  island,  and  the  watercourses  are  mere  small 
brooks  that  could  scarcely  flood  the  lowest  ground,  and  certainly  could  never,  in 
present  nor  past  times,  have  reached  the  plateau  on  which  the  Loess  occurs.  Nor  are 
there  any  hills,  rising  above  the  general  level  of  the  plateaux,  the  wash  from  which 
could  have  been  spread  over  those  plateaux.  Nor  can  it  be  admitted  that  it  was 
formed  when  the  island  was  connected  with  the  mainland,  and  that  the  Loess  is  due 

*  For  notices  of  the  raised  beaches  and  drift  beds  of  these  islands,  see  the  papers  by  Sir  W.  C. 
Teeveltan,  ‘Proc.  Geol.  Soc.,’  vol.  2,  p.  577,  1837;  by  R.  A.  C.  Godwin- Austen,  ‘  Quart.  Jonrn.  Geol. 
Soc.’  vol.  7,  p.  118,  1851 ;  Ansted’s  ‘  Channel  Islands,’  p.  280-296,  1862. 

t  These  places  I  give  from  sketches  in  my  possession  made  by  Mr.  De  La  Condamine. 

+  At  Cobo  there  is  a  second  beach  about  30  to  40  feet  above  the  lower  one,  which  latter  is  the  one 
I  have  taken  for  my  base  line. 

MDCCCXCIII. — A.  6  A 
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to  the  extension  of  the  land  flood- waters,  over  what  was  then  part  of  the  continental 
area  ;  for,  unless  the  Loess  were  older  than  the  raised  beaches,  it  is  obvious,  as  those 
beaches  extended  all  round  the  islands,  that  at  the  time  of  the  deposition  of  the 
Loess,  the  islands  were  then,  as  now,  detached  from  the  mainland.  The  Loess  in  fact 
is  closely  connected  with  the  “  head  ”  and  not  infrequently  associated  with  it.  A 
thin  layer  of  an  angular  rubble  similar  to  that  which  forms  the  “  head,”  is  also  often  to 
be  found  at  the  base  of  the  Loess,  and  as  the  rubble  is  newer  than  the  beaches,  so  must 
the  Loess  likewise  be  newer,  and  subsequent  therefore  to  the  severance  of  the  islands 
from  the  mainland.  Further,  if  the  formation  of  this  brick-earth  cannot  be 
attributed  to  floods  or  to  a  rain-wash  from  higher  ground,  it  must  have  an  origin 
independent  of  those  to  which  the  Loess  is  ordinarily  assigned. 


Fig.  6. — Section  on  the  hill  near  St.  Andreevs. 


a.  Light  brown  Loess  with  a  few  angular  rock  fragments  (a')  at  base,  4  to  6  feet. 

It.  Decomposed  granite,  4  to  8  feet.  The  solid  rock  does  not  show  here. 

On  the  other  hand — that  a  uniform  sediment  of  that  character  should  be  formed 
during  such  a  submergence  as  we  have  described,  is,  owing  to  the  waste  of  the  softer 
surface  beds  and  decomposed  rocks  by  the  advancing  waters,  what  we  might  expect. 
This  w^aste  was  general  over  all  the  area  submerged,  and  the  waters  must  have  been 
rendered  turbid  to  a  considerable  distance  from  the  coast,*  so  that  not  only  the  main¬ 
land  but  the  adjacent  islands  also  were  covered  with  a  mantle  of  sedimentary  matter 
deposited  during  those  periods  of  comparative  quiet  or  lulls,  which  are  shown  to  have 
occurred  in  the  formation  of  the  Head.  The  absence  of  marine  remains  is  readily 
accounted  for  by  the  temporary  nature  of  the  occupation  of  the  land  by  the  sea 
waters,  as  well  as  by  the  circumstance  that  the  waters  would  be  rendered  for  a  time 
unfit  for  the  habitation  of  marine  life.  We  shall  revert  to  this  subiect  ao-ain  when 
we  have  to  speak  of  the  continental  Loess. 

If  we  suppose  that  the  Loess  in  these  islands  was  deposited  during  and  after 
submergence,  it  follow's  that  as  the  land  rose,  it  would  be  removed  where  it  was 
in  the  way  of  the  effluent  currents,  and  carried  with  the  angular  rubble  down  to  lower 
levels,  or  to  a  distance.  That  this  was  the  case  is  shown  by  the  fact  that  the  “  head,” 
which  covers  the  beaches,  consists  of  angular  local  rubble,  with  Loess  or  brick-earth 
(derived  from  the  plateaux)  as  a  matrix  and  forming  occasional  seams  and  overlying 
beds.  The  following  diagram  (fig.  7)  will  illustrate  my  meaning. 

*  On  the  coast  of  China  the  sea  is  coloured  yellow  to  a  distance  of  100  miles  from  land  by  the  fine 
Loess-mud  carried  down  by  the  luvers. 
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Fig.  7. — Diagram  Section  across  the  Island  of  Guernsey. 


R 


a.  Brick-earth  or  loess.  c.  Raised  beache.s. 

a' .  Rubble-drift  or  “  head.”  R.  Slates  and  granite  rocks. 

The  arrows  represent  the  direction  of  the  effluent  currents  as  the  land  emerged 
from  beneath  the  waters,  leaving  portions  of  the  fine  sediment  on  the  plateaux,  but 
sweeping  it  off  the  slopes  and  down  the  valleys. 

Jersey. — In  this  island  there  are  the  remains  of  a  low-level  Raised  beach  at  Fort 
Regent,  St.  Clements,  La  Motte,  Mont  Orgueil,  Ann’s  Port,  St.  Catherine’s  Bay, 
Rozel  Bay,  and  Boulay  Bay,*  They  are  covered  as  in  Guernsey  by  a  rubble-drift  or 
“Head,”  and  are  about  5  to  15  feet  above  the  sea-level.t  They  are  well  seen 
at  Ann’s  Port  and  St.  Catherine’s  Bay ;  the  section  at  the  former  place  is  as  under. 


Fig.  8. — Section  of  the  Raised  Beach  and  Head  on  the  north  side  of  Port  Ann  Bay, 


a 

c 
U 

a.  “Head,”  largely  composed  of  loam  roughly  bedded,  with  fragments,  and  a  few  angular  blocks,  of 
the  rocks  from  the  hills  above,  12  feet. 
c.  Raised  beach,  chiefly  of  diorite  pebbles,  2  feet.  R.  Diorite  rock. 

In  none  of  these  beaches  have  there  been  found  any  pebbles  of  foreign  origin,  with 
the  exception  of  fragments  of  chalk  flints,  as  in  the  beaches  on  the  Devon  and 
Cornish  coasts  ;  nor  did  I  see  any  shells,  nor  have  any  been  recorded,  except  by  Mr. 
T.  W.  Danby,  who  discovered  in  a  Raised  Beach  on  the  Hermitage  Rock,  St.  Aubyn’s 
Bay,  “  an  abundance  of  shells  of  species  now  flourishing  on  the  adjacent  shore.”  The 
Beach,  which  was  about  6  feet  above  high  water  mark,  has  since  been  concealed  by  the 
harbour  works, In  Jersey,  as  in  Guernsey,  brick-earth  or  Loess  is  widely  spread 

*  Professor  Noury  mentions  besides,  Portelet  Bay,  Crabbe,  Petit  Port  (Vicard)  :  he  assigns  a  different 
origin  to  the  beaches,  ‘  Geologic  de  Jersey,’  p.  162,  1886. 

t  Dr.  Dtjnlop  informs  me  that  there  are  some  beaches  considerably  higher,  but  these  I  have  not  seen. 
t  ‘  Geol.  Mag.,’  for  1876,  p.  143. 
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and  covers  the  highest  parts  of  the  islanch  It  likewise  has  been  referred  to  disintegra¬ 
tion  of  the  rock  in  situ,  or  to  rain-wash.  But  as  I  have  explained  in  describing 
Guernsey,  the  height  at  which  it  occurs,  precludes  the  possibility  of  its  being  rain- 
wash,  while  though  superposed  on  the  disintegrated  rock  surfaces,  the  absence  of  the 
quartz  grit  of  decomposed  granite  or  syenite,  and  the  presence  of  angular  rock 
fragments  or  rubble  at  its  base,* * * §  equally  show  its  special  and  independent  origin.  This 
was  the  opinion  of  Professor  Ansted,!  who  says  “In  addition  to  the  soil  derived  fi’om 
the  decomposition  and  disintegration  of  the  rocks  in  all  the  island,  there  are  occasional 
deposits  of  some  extent  of  brick-earth  and  potter’s  clay.”  It  is  also  the  opinion  of 
Dr.  A.  Dunlop,|  who  found  that  in  one  place  the  brick-earth  had  a  thickness  of  50 
feet.  No  Mammalian  remains  have  been  found  in  these  drifts,  which  tends  to  confirm 
the  early  separation  of  the  islands  from  the  mainland. 

Similar  phenomena  are  exhibited  on  the  French  coast.  M.  Tribolet§  says  that,  on 
the  small  island  of  Brehat  on  the  north  coast  of  Brittany,  there  are  deposits  of  loam 
about  2  feet  thick,  overlying  the  granite,  “  completely  identical  with  those  which  are 
known  in  Switzerland  and  Germany,  under  the  name  of  Loess.”  It  there  contained  a  few 
land  shells  {Pupa,  Helix,  Succinea,  &c.),  with  the  small  concretions  termed  race,  so 
common  in  Loess.  M.  Tribolet  found  the  same  Loess  on  the  adjacent  mainland,  and 
supposed  that  it  might  have  been  deposited  by  the  water  descending  from  small 
glaciers  on  the  inland  hills,  but  these  are  of  small  height  and  show  no  sign  of  glacial 
action.  The  other  reasons  I  have  applied  to  the  Channel  Islands  witli  respect  to  its 
special  and  local  origin,  apply  equally  to  the  island  of  Brehat. 

One  feature  that  I  failed  to  notice  in  Guernsey  occurs  in  marked  distinctness  in 
Jersey.  This  is  the  distance  to  which  the  “head”  has  been  propelled  from  its  base. 
The  section  at  the  islet  of  La  Motte  is  even  more  illustrative  than  that  at  Godrevy 
in  Cornwall,  which  I  have  before  d escribed,  j]  This  islet  lies  mile  south-east  of  St. 
Heliers,  on  a  part  of  the  coast  where  the  shore  is  low,  but  rising  gradually  inland  to 
a  height,  at  Mont  Ube,  of  149,  and  at  Prince’s  Towmr,  2-^  miles  inland,  of  200  feet. 
A  rubble-drift  descends  the  slopes  of  Mont  Ube  and  St.  Clements  (160  feet)  and  forms 
a  small  low  cliff  on  the  coast,  while  at  the  distance  of  about  1000  feet  from  the  shore, 
and  accessible  at  low  water,  is  the  small,  flat  islet  of  La  Motte.  It  is  only  a  few 
acres  in  extent,  and  consists  of  a  base  of  diorite,  capped  by  the  remains  of  an  old 
beach,  overlaid  by  a  mass  of  rubble-drift  or  head,  the  section  of  which  is  very  similar 
to  that  represented  in  fig.  8.  It  consists  of — 


*  At  Copp’s  brickfield  I  found  one  to  tliree  feet  of  angular  rubble  under  several  feet  of  brick-earth,  and 
at  the  base  decomposed  granite  in  situ. 

+  ‘  The  Channel  Islands,’  p.  296 ;  see  also  pp.  279-295. 

+  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  45,  p.  118,  1889. 

§  ‘Ann.  Soc.  Geol.  du  Norcl,’  vol.  5,  p.  100,  1878. 

II  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  48,  p.  281. 
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1.  “Head”  of  angular  fragments  and  small  blocks  of  diorite  and  syenite,  passing  down'| 

into  debris  of  decomposed  syenite  or  gi’anite  (cbiefly  at  its  base),  mixed  with  more  I 
or  less  loam  or  brick-earth,  and  containing  small  flat  calcareous  concretions  (race)  f  ®  ® 

and  a  few  rolled  pebbles  derived  from  the  beach.  J 

2.  Raised  beach,  formed  of  pebbles  of  diorite  and  red  granite  or  syenite.  There  were] 

no  shells  to  be  seen.  Remains  only  in  places.  r6  to  12  inches. 

3-  Diorite . .  to  3  feet. 

The  syenite  and  diorite  fragments  in  the  rubble  arc  derived  from  the  hills  of  the 
adjacent  coast,  while  the  brick-earth  which  caps  those  hills  forms  the  chief  portion  of 
the  rubble  matrix.  Notwithstanding  the  slight  difference  of  level  and  the  very  small 
gradient  of  the  slope  from  the  inland  hills  to  La  Motte,  a  considerable  spread  of 
rubble-drift  has  been  propelled  thus  far  out  (fig.  9),  which,  I  conceive,  could  only  have 
been  effected  by  a  strong  effiuent  current,  passing  from  the  mainland  sea-ward  during 
upheaval  of  the  land.  The  hills  are  so  low  and  distant  that  no  snow-slide  could  ^ 
possibly  have  effected  this  transport. 


s 

La.  Motte  islet. 
,  22’ 


Fig.  9. — Section  from  La  Motte  to  Mont  JJhe. 


MoTtt  Vbe 


a.  Rubble-drift,  composed  of  grauitic  and  diorite  debris  in  a  brick-earth  or  Loess,  covered  by  a  sandy 
earth  and  soil. 

c.  Raised  beach — only  portions  of  this  remain. 


The  phenomena,  however,  are  readily  explicable  on  the  assumption  tliat,  as  with  the 
head  at  Brighton  and  Sangatte,  the  driving  force  was  that  of  a  superincumbent  body 
of  water,  flowing  outwards.  As  at  Sangatte,  the  forcible  impact  of  the  head  on  the 
beach  has  led  to  the  incorporation  of  fragments  of  the  beach  in  the  head. 


Alderney. — I  did  not  visit  this  island,  but  an  unpublished  section,  taken  many  years 


Eig.  10. — Section  on  the  Coast  of  Alderney  (De  La  Condamine). 


a'.  Rubble-drift  or  Head  ;  c,  Raised  Beach.  No  description  is  attached  to  Mr.  De  La  Condamine’s  sketch, 
but  this  drawing,  compared  with  his  other  drawings,  leaves  me  in  no  doubt  of  its  meaning.  The 
rubble  seems  partly  consolidated. 
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ago  by  the  Rev.  H.  M,  De  La  Condamine,  gives  what  seems  to  me  a  very  correct 
representation  of  a  rubble-drift  on  a  slope,  covering  the  remnants  of  a  raised  beach. 

We  have  seen  that  after  the  deposition  of  the  angular  rabble  the  land  on  our 
Western  Coasts  was  left  considerably  above  the  level  at  which  it  noAv  stands,  so 
that  the  land  area  was  much  enlarged.  Such  likewise  appears  to  have  been  the  case 
with  the  Channel  Islands,  which  are  fringed  by  submerged  forests,  like  those  rooted 
on  the  rubble-drift  of  Devon  and  Cornwall.  On  this  surface,  flint  flakes  and 
Neolithic  implements,  together  with  the  remains  of  Deer,  &c.,  are  found,  but  no 
traces  of  Palseolithic  Man  have  been  discovered  on  or  around  the  Islands. 

Brittany. — M.  Ch.  Barrois  has  shown*  that  in  Finisterre,  the  coast  is  fringed 
in  many  places  by  Raised  Beaches  at  a  height  of  from  10  to  30  feet  above  the 
present  beach,  and  he  describes  one  in  particular  in  the  Bay  of  Kerguille,  not  far 
from  Brest,  which  may  be  taken  as  a  type  of  the  rest.  It  lies  against  Silurian 
rocks  and  contains  pebbles  (elsewhere  there  are  boulders)  chiefly  of  Paleeozoic  and 
Plutonic  rocks,  with  numerous  pebbles  of  white  quartz  and  some  chalk  flints.  M 
Barrois  considers  that  the  pebbles  and  boulders  of  these  Raised  Beaches  are  derived 
in  part  from  the  local  rocks,  whilst  others,  which  comprise  a  great  variety  of 
jiorphyries,  are  from  rocks  in  the  hydrographical  basins  of  the  adjacent  rivers,  which 
include  the  Loire,  and  he  attributes  their  transport  to  the  action  of  coast  and  river 
ice  at  the  commencement  of  the  Quaternary  period. 

I  am  not,  however,  satisfied  that  the  drift  of  the  shingle  was  altogether  from  that 
direction,  for  besides  the  pebbles  of  porphyry  and  of  basalt  foreign  to  the  district,  and 
which  M.  Barrois  supposes  may  have  come  from  the  central  plateau  of  France, 
there  are  upper  chalk  (Senonian)  flints,  showing  a  transport  from  the  Coast  of 
Picardy,  or  from  the  eastward,  which  would  agree  with  that  which  then  prevailed  on 
the  English  coast.  A  current  from  the  eastward  would  account  also  for  the  foreign 
boulders  like  those  on  the  Sussex  coast.  Another  point  of  resemblance  between  the 
French  and  English  beaches,  is  the  often  enormous  size  of  the  pebbles,  which  form 
true  boulder  beaches. 

M.  Barrois  traces  the  extension  of  these  beaches,  and  of  pebble  banks  derived 
from  them,  along  the  coast  of  South  Brittany. t  M.  Durocher;};  has  also  figured  a 
well-marked  Raised  Beach,  12  to  15  feet  above  the  sea  level,  but  apparently  without 
any  overlying  detrital  matter,  and  without  shells,  at  the  mouth  of  the  River  Vilain. 

Thus  far  there  can  be  no  doubt  of  the  synchronism  of  the  land  movements  at  the 
later  Quaternary  period,  on  both  sides  of  the  English  Channel,  but  as  we  proceed 
further  south,  the  breaks  in  the  continuity  of  the  beaches  become  longer,  and  the 

*  ‘  Soc.  Geol.  dll  Nord,’  toI.  4,  p.  186,  1877. 

t  A  short  notice  by  M.  T.  H:^na  C.  Rend.,’  p.  1870,  1874)  indicates  the  presence  of  a  Raised  Beach 
and  head  on  the  shores  of  the  Cotes  dii  Nord. 

J  ‘  Bull.  Soc.  Geol.  de  France,’  2®  s&’.,  vol.  6,  p.  212,  1849. 


OF  WESTERN  EUROPE  AND  THE  MEDITERRANEAN  COASTS.  919 

evidence  less  conclusive.  This  may  be  partly  due  to  the  fact  that  the  coasts  on  the 
Bay  of  Biscay  and  of  Portugal  being  more  exposed  to  the  severe  westerly  gales, 
the  old  beaches  have  generally  been  destroyed,  and  remnants  only  of  detrital  head  or 
Rubble-drift  left. 

The  Coast  south  of  Brittani/. — In  the  Island  of  Noirmoutier,^  on  the  coast  of 
La  Vendee,  the  “  Quartzite  du  Cobe”  forms  a  low  cliff,  15  to  20  feet  high,  against 
which  abuts  what  from  description  seems  to  be  a  mass  of  angular  rubble-drift  rising 
to  the  height  of  10  to  25  feet  above  the  sea-level,  but  without  a  Raised  Beach.  On 
the  coast  between  Biarritz  and  St.  Jean  de  Luz,  I  saw  no  Raised  Beaches,  though  at 
places  there  are  traces  of  a  Rubble-drift.  This  is  well  marked  at  the  entrance  of  the 
valley  at  Bidart,  where  it  forms  a  slope  of  angular  debris  derived  from  the  local 
strata  and  from  the  plateau  gravel.  There  is  another  section  at  the  mouth  of  a  small 
river  south  of  Bidart  where  the  debris  forms  a  thick  roughly  stratified  mass  of  gravel 
and  loam  (or  Loess)  inclined  on  the  hill  side. 

The  evidence,  though  slight,  is  sufficient  to  show  that  on  the  south-western  coasts 
of  France,  the  Ptubble-drift  is  present,  thereby  indicating  the  operation  of  the  same 
common  cause  which  affected  the  coasts  of  the  Channel.  More  striking  evidence, 
however,  to  the  same  effect,  but  of  a  different  class,  exists  in  the  interior  of  the 
country,  and  on  the  south  coast,  some  of  which  we  will  now  describe. 

Inland  Forms  of  the  Rubble-drift  in  France  and  Belgium. 

These  embrace,  1st,  the  high-level  or  plateau  Loess ;  2nd,  the  angular  drift  or 
breccia  on  slopes ;  and  3rd,  the  ossiferous  fissures. 

The  Loess. — Few  questions  in  Quaternary  Geology  have  given  rise  to  more  frequent 
discussion  than  the  origin  of  the  Loess.t  It  was  suggestively  considered  by  Lyell,;}; 
and  a  critical  review  of  the  various  opinions  concerning  it  has  been  given  by  Professor 
James  Geikie.§  The  more  general  expressions  of  Continental  opinion  will  be  found 
in  the  works  of  M.M.  De  LapparentH  and  Credner,1I  and  others.  Here  we  need 
only  consider  its  origin,  and  must  refer  for  details  to  the  original  memoirs. 

There  is  a  general  agreement  amongst  geologists  that  the  Loess  of  the  great  river 
valleys  is,  up  to  the  height  to  which  the  old  rivers  rose,  due  to  floods  connected  with 
the  melting  of  the  ice  and  snow  of  the  Glacial  period.  The  Loess,  however,  is  not 

*  ‘Mem.  Soc.  Geol.  de  France,’  vol.  1,  p.  325. 

t  M.  D’Archiac  has  given  an  excellent  summary  up  to  the  year  1848  in  his  ‘Histoire  des  Progres  de 
la  Geologic,’  vol.  2,  chaplers  iii.-vi. 

+  ‘Antiquity  of  Man,’  4th  edit.,  chapter  xvi. 

§  ‘  Prehistoric  Europe,’  chapters  ix.  and  xi. 

11  ‘  Traite  de  Geologic,’  p.  1084. 

T[  ‘Traite  de  Geologic  et  de  Paleontologie,’  French  Translation,  pp.  6.39-641. 
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confined  to  the  limits  of  those  valleys,  but  occurs  on  the  watersheds  which  separate 
them,  as,  for  example,  on  the  pass  above  Ham,  between  the  basins  of  the  Somme 
and  the  Oise,  at  a  height  of  184  feet  above  the  sea-level.  Not  only  so,  but  deposits 
of  Loess  cover  the  plateaux  between  these  and  other  river-valleys  of  the  north  of 
France  and  Belgium  which  rise  to  the  height  of  400  to  650  feet,  whilst  in  central 
France  the  Loess  on  the  hills  and  plateaux  attains  a  height  of  700  feet,  and  in  the 
neighbourhood  of  Lyons  of  some  1300  feet  (about  400  metres).* 

But  this  is  far  from  showing  the  limits  of  height  which  it  attains  in  Central  Europe. 
In  the  upper  valleys  of  the  Rhine  and  Danube  it  rises  to  altitudes  of  not  less  than 
1500  feet,  and  even  higher  in  some  parts  of  Central  and  Eastern  Europe.  The 
Odenwmld,  the  Taunus,  and  other  upland  tracts,  are  cloaked  with  Loess  up  to  a 
considerable  height.  The  Danube  and  many  of  its  tributaries  flow  through  vast 
tracts  of  it.  Lower  Bavaria  is  thickly  coated  with  Loess,  and  it  attains  a  great 
develoj)ment  in  Bohemia,  Austria,  and  Moravia — in  the  latter  country  rising  to  an 
elevation  of  1300  feet.  It  is  equally  abundant  in  Hungar}^  Galicia,  and  Transyl¬ 
vania,  and  in  the  valleys  of  the  Carpathians  it  stretches  u]^  to  heights  of  800  and 
2000  feet. 

That  the  great  rivers  of  Europe  were,  during  the  Glacial  period,  laden  in  times  of 
flood  with  fine  sediment  which  they  deposited  to  certain  heights  in  the  valleys 
through  which  they  flowed,  admits  of  little  doubt.  It  is  the  view  which,  with  other 
geologists,  I  have  myself  advocated.!  It  is  impossible,  however,  to  suppose  that  that 
Loess  which  lies  spread  in  thick  sheets  over  whole  countries,  covering  them  as  though 
with  a  mantle,  and  rising  to  great  heights,  can,  with  the  hydrography  of  those 
countries  as  it  now  exists,  or  as  it  existed  in  Glacial  times,  be  the  result  of  any 
ordinary  river  floods.  The  whole  question  is  too  large  to  be  discussed  here,  but  I 
would  draw  attention  to  some  of  the  objections  which  attend  its  reference  to  river 
floods,  with  the  river  valleys  and  the  land  gradients  in  the  form  they  now  exist. 

To  meet  the  difficulties,  two  suggestions  have  been  made.  The  one  is  that  at 
the  time  of  the  deposition  of  the  Loess  “  the  amount  of  depression  and  re-elevation  in 
the  central  (mountain)  region  was  considerably  in  excess  of  that  experienced  in  the 
lower  countries  or  those  nearer  the  sea,  and  that  the  rate  of  subsidence  in  the  latter 
was  never  so  considerable  as  to  cause  submergence  or  the  admission  of  the  sea  into 
the  interior  of  the  continent  by  the  valleys  of  the  principal  rivers.  It  was 
supposed  that  the  depression  might  have  been  at  the  rate  of  five  feet  in  a  century  in 
the  mountains,  and  only  as  many  inches  in  the  same  time  nearer  the  coast,  and  that 
the  Loess  was  accumulated  during  subsidence  and  removed  during  the  upheaval  of 
the  land.  But  there  is  nothing  to  corroborate  this  view,  and  even  supposing  that 
these  movements  might  to  some  extent  have  equalized  the  levels,  the  height  to  wliich 

*  ‘Bull.  Soc.  Geol.  Franc.,’  2nd  ser.,  vol.  16,  p.  1067. 

t  ‘Phil.  Trans.,’  1864,  p.  247. 

X  ‘  The  Antiquity  of  Man,’  p.  383, 
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the  waters  would  still  have  been  heaped  up  whilst  wide  valleys  remained  open  with 
rivers  offering  ready  channels  of  escape,  is  not  easy  to  understand.  Other  objections 
to  this  view  are  urged  by  Professor  J.  Geikie. 

The  other  suggestion  is  that  the  great  rivers  of  Europe  had  been  dammed  back 
for  a  time  by  the  advance*  of  the  great  northern  ice  sheet,  or,  as  others  have 
suggested,  by  the  block  caused  by  great  masses  of  ice  carried  down  by  these  rivers 
at  the  break  up  of  the  ice  in  spring,  as  now  of  frequent  occurrence  in  Arctic 
regions.  The  former  suggestion  is  inadmissible,  because,  whatever  the  cause  was,  it 
v/as  one  that  affected  the  whole  central  area,  whereas  a  northern  ice  sheet  would 
only  have  blocked  the  rivers  flowing  north,  and  not  those  flowing  south.  The  other 
suggestion  of  ice-dams  in  the  rivers  might  answer  to  some  of  the  conditions,  but 
would  scarcely  meet  the  case  where  the  areas  covered  are  so  vast  and  high.  We 
should  have  expected  also  to  find  greater  traces  of  destructive  and  transporting  , 
action.  If  the  Loess  had  been  confined  to  narrower  valleys  this  cause  might  have 
been  available,  but  the  extensive  plains  and  high  hills  over  which  it  extends 
renders  it  difficult  to  imagine  that  river  floods  alone  could  have  spread  such  a  mantle 
over  large  portions  of  Europe.  For  these  reasons,  amongst  others,  I  do  not  think 
that  any  land-flood  hypothesis  will  satisfactorily  account  for  all  the  phenomena. 

[More  lately  the  Eolian  theory,  proposed  by  the' Baron  F.  von  BiCHTHOFENt  to  account 
for  the  origin  of  the  loamy  deposit  which  covers  large  surfaces  in  China  and  some 
adjacent  districts,  has  been  thought  applicable  to  the  European  area.  This  deposit  is 
described  by  the  Baron  as  perfectly  similar  to  the  Loess  of  Europe  in  composition, 
structure,  and  mode  of  occurrence.  It  extends  from  the  alluvial  plains,  only  a  few  feet 
above  the  sea-level,  to  heights  of  8000  feet  and  more  ;  and,  while  thin  in  some  places, 
it  attains  in  others  a  vertical  thickness  of  500  to  1500  feet.  It  abounds  in  land  shells, 
and  contains  also  the  bones  of  animals  of  the  same  genera,  and  mostly  of  the  same 
species,  as  those  that  now  live  in  steppes  or  on  grassy  plains.  He  ascribes  this  remark¬ 
able  deposit  to  the  action  of  the  high  winds  that  sweep  over  these  parts  of  Asia  and 
drive  before  them  clouds  of  fine  dust  which  in  a  few  hours  form  thick  dust-drifts, 
burying  In  them  the  land  shells  of  the  district  and  the  bones  of  the  animals  left  on 
the  grassy  surface.  From  this,  I  infer  that  the  bones  of  the  skeletons  should  be  found 
not  far  apart,  and  sometimes  in  close  relation  to  the  skeleton,  but  whether  or  not  this 
is  the  case,  or  whether  any  of  them  belong  to  extinct  species,  I  cannot  gather. 

Of  the  power  of  these  winds  and  the  height  of  the  country  devastated  by  them, 
there  is  ample  confirmatory  evidence.  A  recent  traveller  in  these  regions  j  says  that 
on  the  high  plateaux  of  Thibet  and  North-Western  China,  the  winds  are  often  fearful, 

*  T.  Belt,  ‘Quart.  Journ.  Geol.  Soc.,’  vol.  30,  p.  490,  1874;  ‘Quart.  Journ.  of  Science’  for  January, 
1877. 

t  ‘Brit.  Assoc.  Rep.,’  1873,  Sect.  p.  86;  ‘  CEina,’  vol.  7,  p.  97,  1877 ;  ‘  Geological  Magazine’  for  1882, 
p.  293.  See  also  R.  Pujipellt  in  ‘  Amer.  Jonrn.  Science  and  Arts,’  3rd  series,  vol.  17,  p.  183,  1879. 

+  ‘Across  Thibet,’  by  M.  BoNYALOT,  English  translation,  1891. 
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and  when  the  storm  bursts,  the  valleys  viewed  from  a  height,  disappear  in  the  dust 
which  forms  into  waves  that  the  tempest  hurls  in  all  directions,  building  up  mountains 
of  sand.  These  vast  sandy  tracts  are  dotted  with  tamarisk  trees,  which  serve  to  stay 
the  moving,  surface  of  the  desert.  M.  Bonvalot  attributes  these  dust-storms  which 
were  experienced  up  to  heights  of  14,000  feet  or  more,  moving  enormous  waves  of  the 
sand  eastward,  to  the  erosive  power  of  the  winds  on  low  chains  of  crumbling  marls. 

The  great  height  of  the  land,  the  vast  thickness  and  the  irregularity  of  the  deposit, 
and  the  absence  of  river-  or  sea-shells,  preclude,  as  Bichthofea’  justly  observes,  our 
looking  upon  this  deposit  as  due  either  to  marine  or  fluviatile  sedimentation,  whilst 
the  irregularity  in  its  dimensions,  the  variable  and  great  heights  at  which  it  occurs, 
and  the  character  and  position  of  its  entombed  organisms,  are  all  such  as  might  ensue 
from  the  action  of  devastating  winds  and  overwhelming  dust  clouds.  If  we  could 
suppose  snowdrifts  to  be  consolidated  and  remain  in  permanence,  the  annual  incre¬ 
ments  would  in  a  period  comparatively  short,  fill  up  valleys  and  accumulate  in  vast 
masses  in  the  more  sheltered  places,  and  it  is  in  manner  like  this  that  I  presume  we 
are  to  understand  that  the  so-called  Loess  of  China  has  been  formed. 

But  there  are  many  conditions  at  variance  with  those  of  the  European  Loess. 
Amongst  them,  it  may  be  observed,  that  the  latter  is  generally  but  from  10  to  50  feet 
thick,  and  only  occasionally  attains  a  thickness  exceeding  100  feet  or  attains  the 
wind -devastating  heights  of  the  other.  The  European  Loess  also  exhibits  not  infre¬ 
quent  traces  of  water  action,  and  the  organic  remains  are  not  in  their  original  position 
and  entirety,  but  are  scattered  and  dispersed.  The  bones  of  the  animals  especially  are 
almost  always  found  single,  often  in  isolated  fragments,  and  are  very  few  in  number, 
whereas  if  buried  by  the  dust,  as  we  presume  they  were  in  China,  on  or  near  the  spot 
where  they  died,  the  whole  skeleton,  more  or  less  entire,  should  be  found  in  situ. 
Further,  the  climatal  conditions  under  which  the  two  deposits  were  formed,  seem  to 
have  been  entirely  distinct. 

While,  therefore,  I  would  accept  Baron  von  Bichthofen’s  explanation  for  the 
remarkable  wind-formed  deposit  of  China  and  Central  Asia,  it  does  not  seem  applicable 
to  the  Loess  of  Europe.* 

Dr.  A.  NEHRiNot  describes  a  Loess  in  Northern  Germany  which  claims  to  have  some 
points  of  analogy  with  that  of  Bichthofen,  but  the  evidence  seems  only  of  local 
application,  and  not  to  be  generally  conclusive.  The  Mammalia  he  names  are  mostly 
the  ordinary  species  of  the  Quaternary  fauna  in  Western  Europe. — J.P.,  April,  1893.] 

The  plateau  Loess  in  Francej  and  Belgium  is  often  divisible  into  two  parts.  In  some 
cases  this  feature  (which  may  be  also  occasionally  seen  in  England)  is  due  to  secondaiy 

*  Otlier  objections  are  stated  by  Professor  James  Geikie  in  “  Prehistoi'ic  Europe,”  2nd  edit., 
pp.  165,  244. 

t  ‘  Geol.  Mag.’  for  1882,  p.  570,  and  various  previous  papers  in  German  periodicals. 

t  Amongst  tbe  many  otbei'  papers  on  this  subject  those  of  MM.  H^bekt  and  De  Meecet  for  the  north 
of  France  should  be  consulted. 
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causes  and  not  to  original  structure.  It  is  where  a  homogeneous  bed  of  Loess,  say 
from  10  to  15  feet  thick,  has,  by  the  long  continued  action  of  the  rainfall,  been  so 
modified  in  its  upper  part  by  the  removal  of  all  soluble  matter,  that  the  residual 
insoluble  argillaceous  and  siliceous  matter,  with  the  iron  oxide  in  an  altered  state, 
assumes  the  appearance  of  a  separate  bed.  This  upper  division  is  known  as  the 
terre  d  briques,  and  the  lower  is  the  ergeron  of  the  Belgian  geologists.  There  are, 
however,  cases  in  which  the  distinction  is  real,  and  the  lower  bed  seems  to  be  of  a 
different  age  from  the  upper  and  may  be  due  to  an  earlier  glacial  drift. 

M.  A.  Briart'”'  also  points  out  that  in  Belgium,  besides  the  ordinary  river- valley  Loess, 
there  is  a  mid-level  Loess,  which  he  names  Limon  cles  plaines  moyennes,  as  well  as  a 
high-level  Loess,  or  the  Limon  des  hauts  q^lateaux;  and,  though  he  sees  in  these  a 
great  lithological  analogy,  he  considers  them  distinct  in  jDoint  of  time.  He  says  that, 
whereas  the  plateau  Loess  is  unfossiliferous,  the  Loess  of  the  valleys  and  slopes 
contains  abundant  remains  of  the  ordinary  Quaternary  Mammalia,  together  with 
land  shells  {Helix,  Pupa,  and  Succineaf).  He  further  states  that  this  mid-level 
Loess  frequently  rests  on  an  angular  and  sandy  drift  of  debris  derived  from  the 
adjacent  local  rocks.  As  these  are  the  characters  of  one  phase  of  the  Bubble-drift,  it 
is  not  improbable  that  the  deposit  to  which  M.  Briart  refers  may  be  the  equivalent 
of  the  Faversham,  Upchurch,  and  similar  beds  in  the  Thames  Valley. 

I  take  this  mid-level  rubbly  Loess  to  have  been  formed,  like  the  “head”  and  the 
angular  rubble  on  slopes,  during  the  emergence  of  the  land.  The  results  during 
submergence  were  different.  As  the  waters  then  gradually  crept  up  the  valleys  they 
would  have  abraded  portions  of  the  softer  strata  and  the  older  drift  beds,  including 
the  river- valley  Loess,  and  so  become  charged  with  sediment,  which,  as  the  turbid 
waters  rose,  would  be  carried  to  higher  grounds,  and  there  be  deposited  in  intervals 
of  rest  and  where  the  currents  were  weakest. 

South  of  the  Alps  Professor  F.  SACCoj  has  also  recognized  similar  divisions  of 
the  Loess  in  Piedmont.  He  describes  (l)  a  Loess  of  the  plains  of  fluviatile  origin; 
(2)  a  Loess  of  the  hills  of  meteorological  origin  ;  the  latter,  w'hich  attains  a  height  of 
400  metres  and  contains  sixty-two  species  of  land  shells,  he  assigns  to  the  close  of 
the  Glacial  Period  ;  (3)  a  high-level  Loess  of  the  mountains  with  remains  of  the 
Mammoth.  In  Spain,  south  of  the  Eastern  Pyrenees,  there  is  also  a  large  develop¬ 
ment  of  Loess.  The  general  conditions  seem,  in  many  cases,  to  point  to  some 
connection  betw'een  the  high-level  Loess  and  Alpine  ranges. 

Let  us  now  see  what  the  consequences  of  this  gradual  submergence  wmuld  be.  The 
mountains  of  Europe  were  still  loaded  wdth  the  ice  of  the  Glacial  period,  and  the  rivers 
surcharged  with  the  silt  from  the  great  glaciers  and  abraded  lands.  The  volume  of 

*  ‘Ann.  Soc.  Geol.  de  Belgique,’  vol.  18,  Memoires,  1892 

t  M.  Briaet  adds  Limnea  and  Flanorlis,  on  tbe  authority  of  M.  LADRitRE,  but  M.  LADRitRE’s  correla¬ 
tions  bave  yet  to  be  confirmed. 

f  ‘Bull.  Soc.  Geol.  France,’  3rd  ser.,  vol.  16,  p.  229,  1888. 
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sediment  with  which  the  surrounding  waters  were  charged  became,  as  the  flood 
waters  advanced,  gradually  greater ;  while  the  height  which  the  Loess  reaches  in  the 
valleys  of  the  great  Alpine-born  rivers  would  indicate  that  the  submergence  was 
probably  not  less  than  from  1500  to  2000  feet.  It  was,  in  any  case,  sufficient  to  cover 
all  the  lesser  inequalities  of  surface  over  which  the  Loess  spreads,  and  accords  with  the 
assumption  that,  whatever  the  cause  was,  it  acted  equally  in  all  directions  round 
certain  central  areas.  It  is  also  in  accordance  with  the  singularly  homogeneous 
character  of  the  Loess,  which  is  such  as  would  be  due  to  the  agency  of  a  common  fluid 
medium. 

As  the  waters,  on  the  upheaval  of  the  land,  retreated,  they  carried  with  them  a 
portion  of  the  sediment  deposited  on  the  heights,  which  again  would  be  re- deposited 
at  lower  levels  on  the  slopes  and  plains  that  were  least  under  the  influence  of  the 
effluent  currents.  I  do  not  imagine  that  at  any  time  this  deposition  of  this  Loess 
was  sufficent  to  fill  the  great  valleys  of  the  Rhine  and  Danube,  but  only  to  drape 
their  contours,  while  the  scour  of  the  effluent  waters  kept  the  main  channels  free. 
Not  only  have  great  valleys  been  thus  scoured,  but  large  tracts  in  the  midst  of 
Loess-laden  countries  have  been  swept  bare  by  the  great  volume  and  more  rapid  flow 
of  the  retreating  waters.  For  wherever  the  velocity  of  the  effluent  currents  was  less 
than  8  feet  per  second,  the  precipitation  of  fine  sediments  may  have  taken  place, 
but  where  the  channels  were  more  contracted,  and  the  currents  exceeded  8  feet  per 
second,  no  such  deposit,  or  but  little,  need  have  been  left  on  the  land,  so  that  under 
similar  flood  conditions,  these  deposits  might  cover  certain  large  tracts,  whilst  adjacent 
tracts  might  remain  bare  of  them. 

It  may  be  objected  that  the  deposit  of  Loess  is  so  great  that  it  could  not  have  been 
formed  in  the  short  time  I  would  allow  for  the  submergence.  But  it  must  be  under¬ 
stood  that  I  look  ujoon  the  Loess,  as  a  whole,  as  belonging  to  more  than  one  period,  in 
the  sense  that  it  was,  in  the  main,  primarily  a  valley  deposit  in  time  of  floods ;  and, 
secondly,  as  just  described,  a  reconstruction  in  great  part  of  a  more  general  character 
— the  one  the  accumulation  of  long  ages,  and  the  other  of  brief  time.  The  first  is  a  case 
of  ordinary  sedimentation  ;  the  other,  one  of  wider  sweep  and  mainly  of  redistribution. 
It  is  well  known  how  one  heavy  rainfall  will  remove  and  re-deposit  many  feet  of  an 
alluvial  deposit  like  the  Loess.  Striking  evidence  of  this  is  afforded  by  the  changes  in 
the  valley  of  the  Ganges  and  its  tributaries,  described  by  Mr.  James  Fergusson.*  Old 
channels  have  there  been  filled  up  and  new  ones  formed  with  extraordinary  rapidity ; 
and,  on  the  banks  of  the  Brahmapootra,  “hundreds  of  miles”  of  alluvial  land  are  swept 
away  every  year  and  re-deposited  lower  down  the  river  course.  A  few  seasons  suffice 
to  form  deposits  40  feet  thick,  whilst  little  addition  is  made  in  other  places.  We 
may  suppose,  therefore,  that  as  the  ocean  waters,  charged  with  silt,  advanced  up  the 
great  river  valleys,  and  met  the  river  waters  laden  with  glacial  mud,  a  vast  homoge¬ 
neous  mass  of  sediment  would  be  the  result,  and  this  would  necessarily  lodge  over 

*  ‘Qaarfc.  Jonrn.  Geol.  Soc.,’  vol.  1,9  p.  321. 


OF  WESTERN"  EUROPE  AND  THE  MEDITERRANEAN  COASTS. 


925 


the  areas  most  free  from  the  scour  of  the  varying  currents  and  retreating  waters,  or 
in  the  more  sheltered  places. 

The  cause  here  assigned  for  the  origin  of  this  section  of  the  Loess  accords  with 
that  to  which  I  have  attributed  other  phenomena  of  a  different  class  on  heights 
in  France  and  elsewhere,  and  with  the  facts  we  have  noted  in  the  Channel 
Islands.  Like  also  these  other  divisions  of  the  Kubble-drift  this  Loess  contains  only 
the  debris  of  a  land  surface,  consisting  of  land  shells  and  the  remains  of  the  later 
Quaternary  Mammalia,  together  with  which  there  have  been  occasionally  found  a  few 
fragments  of  the  human  skeleton. 

Ruhhle-drift  on  Slopes. 

The  North  of  France  and  Belgium.  —  I  have  before  referred  to  some  of  the  more 
striking  sections  of  this  drift  on  the  coast-line  in  the  North  of  France,  We  may 
notice  a  few  of  the  inland  exposures  and  also  one  that  occurs  in  a  conterminous 
district  of  Belgium,  The  character  and  position  of  some  of  the  Quaternary  beds 
in  the  province  of  Namur,  described  by  M.  Dupont,  agree  exactly  with  those  of 
the  Bubble-drift  in  the  South  of  England.  His  “  Argile  d  hlocaux  ”  and  “  Limon 
homogene”  are  counterparts  of  our  angular  di’ift  and  brick-earth,  and,  as  with  us, 
they  vary  accordingly  as  they  are  spread  out  in  valleys  and  j^lains,  or  are  massed 
on  the  slopes  of  the  hills."^  The  following  section  (fig.  11)  gives  the  succession  in 
the  valleys. 

Fig.  11. 


1.  Loam,  not  stratified.  3.  Loam,  stratified,  fluviatile. 

2.  The  same  with  angular  rock-fragments.  4.  Bed  of  rolled  pebbles,  fluviatile. 

M,  Dupont  says  of  the  bed  No.  2,  which  constitutes  his  “  Argile  d  hlocaux,” 
that  it  has  deeply  eroded  the  underlying  beds,  and  when  it  has  caught  up  pebbles 
from  those  beds,  a  great  number  are  broken,  and  the  fractured  edges  remain  sharp. 
When  overlying  hard  rocks  these  are  unaffected  by  it.  There  is  an  absence  of 
stratification,  though  in  places  there  is  a  sort  of  rude  {torrentielle)  bedding.  The 
angular  fragments  (sometimes  including  blocks  of  large  size)  are  all  of  local 
origin,  and  there  are  none  transported  from  a  distance.  The  loamy  matrix  varies 
in  colour  and  substance  according  to  the  nature  of  the  local  rocks  from  the 
surface  of  which  it  is  derived.  The  loam  No.  1  forms  a  brick-earth,  and  is 

*  ‘Bull.  Soc.  Geol.  France,’  2nd  Ser.,  vol.  24,  p.  77,  1866;  and  ‘Bull,  de  I’Acad.  Roy.  de  Belgique, 
2nd  Ser.,  vol.  21,  No.  6. 
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intimately  connected  with  No.  2,  into  which  it  passes  by  insensible  degrees.  It 
generally  accompanies  bed  No.  2,  hut  it  also  extends  beyond  it  and  attains  to  much 
greater  heights,  often  covering  the  country  like  a  mantle.  This  agrees  exactly 
with  some  of  the  main  physical  characters  of  the  rubble-drift  in  England.  The 
organic  remains  are  too  variable  a  quantity  to  affect  this  conclusion.  None,  in  fact, 
have  been  recorded  in  the  rubble  bed  in  this  district,  except  when  in  connection  with 
the  caves ;  but  Helix  concinna,  H.  hisjDula,  Pupa  marginata,  and  Succinea  oblonga, 
have  been  found  in  the  loam  (l).  M.  Dupont  further  describes  how  intimately  much 
of  the  Loess  of  Belgium  is  connected  with  these  beds.  The  observations  of  M.  Briart 
{ante,  g.  923)  confirm  this  view,  which  is  one  I  shall  have  occasion  to  develop  more 
fully  presently. 

M.  Dupont  also  shows  that  in  the  neighbourhood  of  Dinant,  the  “  Argile  d 
hlocaux  ”  is  frequently  present,  and  forms  a  well-defined  division  between  the  cave 
beds  and  the  deposits  of  the  Stone  Age.  One  of  the  most  typical  of  these  caves  is 
that  of  the  “  Trou  du  Frontal  on  the  banks  of  the  Lesse,  and  which  I  had  the 
opportunity  of  visiting  with  M.  Dupont,  not  long  after  its  exploration.  A  copy  of 
this  section,  and  of  his  description  of  it,  is  given  below  (fig.  12). 

M.  Dupont  divides  the  cave  deposits  into  two  groups,  assigning  beds  3  and  4  to  the 
Mammoth  age,  and  No.  2  to  the  Beindeer  age  in  consequence  of  the  scarcity  in  this 
latter  of  the  larger  Quaternary  Mammalia  and  the  abundance  of  Beindeer  remains. 
But  is  not  this  preponderance  caused  by  the  circumstance  that  during  the  deposition  of 
the  beds  No.  3,  the  cave  was  frequently  flooded  and  only  occasionally  inhabited  by 
Carnivorous  animals  or  visited  by  Man  ;  whereas,  after  the  deposition  of  those  beds,  the 
cave,  or  rather  shelter,  being  then  out  of  the  reach  of  the  floods,  was  often  frequented  by 
Paleolithic  Man,  and  became  consequently  the  floor  on  wdiich  were  scattered  the  flint 
tools  he  used  and  the  remains  of  the  animals  on  which  he  fed,  such  as  the  Beindeer, 
Wild  Boar,  Ox,  Horse,  &c.,  and  the  other  animals  named  by  M.  Dupont  ? 

The  contents  of  caves  necessarily  vary  according  to  their  occupants  for  the  time 
being.  The  spoil  of  the  Hysena  will  differ  from  that  of  the  Bear,  and  those,  again, 
from  that  of  Man.  For  this  reason  I  doubt  whether  the  caves  afford  a  just  means  of 
classification.  Outside  the  caves  the  same  animals  may  have  inhabited  the  Avoods  and 
plains  during  the  whole  of  the  late  Glacial  or  Post-glacial  time,  and  that  seems  to  me 
the  conclusion  to  be  drawn  from  the  other  evidence  than  that  of  caves.  Certainly 
the  Beindeer  existed  throughout  that  period,  though  its  distribution  may  haA'e 
varied  ;  while  the  contents  of  the  rubble-drift,  AAdien  not  connected  with  the  caA'es, 
show  that  the  Mammoth  and  other  great  extinct  Mammalia  Avere  common  at  the  time 
of  its  formation,  and,  therefore,  at  the  time  of  the  so-called  Beindeer  Age. 

Though  I  should  agree  wuth  M.  Dupont  in  considering  the  “  Argile  a  hlocaux  ” 
distinct  from  the  cave  beds  beneath,  I  look  upon  the  organic  remains  in  that  deposit 

*  ‘Bull.  Acad.  Roy.  de  Belgique,’  2nd  Ser.,  vol.  20,  No.  13,  Plate  3;  and  ‘  L’Homme  pendant  les 
Ages  de  la  Pierre  dans  les  Environs  de  Dinant-sur-Meuse,’  2nd  edit.,  1872. 
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as  derived  from  an  old  cave  floor  and  hearth  (H)  spread  on  the  surface  of  the  fluviatile 
beds  No.  3,  and  caught  up  by  the  angular  debris  as  it  swept  down  from  the  heights 
above,  just  as  in  the  same  rubble  (No.  2)  there  are  fragments  of  clay  and  gravel 
{a,  h)  derived  from  the  beds  3a,  36  beneath  it.  Not  but  that  this  rubble  may,  as 
elsewhere,  have  some  remains  proper  to  it,  but  their  origin  in  this  case  appears  to  me 
to  be  clearly  from  the  denuded  beds.  It  is  important  to  notice  in  connection  with 


Fig.  12. — Section  of  the  “  Trou  du  Frontal"  (Dupont).* 


2.  Yellow  clay  and  liglit  grey  earth,  with  angular  fragments  of  limestone,  containing  at  S,  Human 

sepulchral  bones,  and  at  H,  debris  of  repasts  and  industrial  works  of  (palaeolithic)  Man  ;  D,  flagstone 
shutting  the  sepulture ;  E,  hearth ;  a,  b,  fragments  of  clays  from  Bed  3,  eroded  at  the  time  of  de¬ 
position  of  No.  2  (Argile  d  hlocaux  ;  Reindeer  age). 

3.  Stratified  argilo-arenaceous  deposits  (fluviatile)  ;  3a,  reddish  yellow  clay ;  3h,  seam' 

of  gravel ;  3c,  grey  clay  alternating  with  yellow  sands 

4.  Rolled  pebbles  derived  from  the  Ardennes  (fluviatile) 

6.  Greenish  quartzose  sands,  with  traces  of  peat 
6.  Red  clay  in  veins.  E,  rock. 

(Bed  No.  2  corresponds  with  our  Rubble-dtift,  and  Nos.  3  and  4  with  our  fluviatile  valley-drifts.) 


^Mammoth  age. 

I 


this  section  these  clay  fragments,  a  and  h,  for  it  shows,  as  I  have  had  occasion  to 
note  everywhere  with  the  Rubble-drift,  that  the  movement  has  been  from  above 
downwards,  and  that  it  has  been  of  such  short  duration  that  substances  so  soft  as 
these  should  have  been  jDreserved  intact  in  the  body  of  the  rubble.  Had  the  agency 
been  running  water,  or  subaerial,  these  fragments  must  have  been  disintegrated  and 
lost  in  the  mass.  Nor  would  ice  have  answered  the  purpose.  The  case  is  in  some 
degree  analogous  to  the  Gower  Cliff  sections,  where  the  Rubble-drift  has  masked  the 

*  ‘  Coug.  Inf.  d’Anfbrop.  et  d’Archeol.  Prehis.  a  Bruxelles,’  1872,  Plate  31. 
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entrance  to  the  caves,  and  destroyed  portions  of  the  “  Eaised  Beach.”  I  should 
therefore  consider  the  remains  of  the  animals  here  found  in  the  ‘‘Argile  d  hlocanx”  to 
be  foreign  to  that  deposit,  and  as  belonging  to  the  Mammoth  group.  It  was  only  near 
the  base  of.  this  angular  rubble  (2)  that  these  derived  remains  were  found. 

Another  point  of  analogy  rendered  evident  by  the  sections  of  M.  Dupont,  is  the 
abrupt  transition  from  the  Paleolithic  to  the  Neolithic  deposits.  This  agrees 
precisely  with  what  we  have  witnessed  on  the  English  coasts,  where  the  stanniferous 
gravel  of  Cornwall  and  the  angular  rubble  of  Devonshire  sharply  separate  the  Raised 
Beaches  and  sands  of  Quaternary  age  from  the  alluvial  deposits  and  forest  growth  of 
the  recent  period.  The  following  (fig.  13)  is  one  of  the  sections,*  where  the  two 
deposits  are  seen  in  superposition. 

Fig.  13. — Section  of  the  Trou  clu  Bureau,  Montaigle  (Dupont). 


1.  Debris  with  Neolithic  flints,  and  animal  remahis  of  the  same  age. 

2.  Clay  with  angular  fragments  {Argile  a  hlocaux). 

3.  Fluviatile  beds  with  animal  remains  of  Quaternary  age. 

[I  am  not  prepared  with  evidence  relating  to  the  Rubble-drift  eastward  through 
Germany,  or  to  the  northward  of  Belgium,  but  I  may  mention  that  Dr.  Loete,  of 
Utrecht,  has  called  my  attention  to  a  deposit  which  covers  some  parts  of  North 
Holland,  and  is  described  by  him  under  the  head  of  “  Phenomenes  pseudo-glaciaires.”* 
This  drift,  which  seems  to  represent  some  phase  of  the  Rubble-drift,  is  referred  by 
Dr.  Lorie  to  the  warp  of  Trimmer,  and  trail  of  0.  Fisher. — J.  P.,  July,  1893.] 

The  Paris  Basin. — Several  sections  of  this  drift  have  been  noticed  in  the  Paris 
Basin  where  deep  valleys  cut  through  high  plains  of  Tertiary  strata.  The  steep  slopes 
and  escarped  edges  of  tliese  valleys  are  generally  covered  with  debris  or  a  talus  of 
recent  formation,  but  sometimes  of  Quaternary  age.  The  latter  occasionally  contains 
Mammalian  remains,  as  at  llltampes  and  La  Ferte-Aleps  (Seine-et-Oise),  to  south  of 
Paris,  and  at  Auvers  and  ITsle-Adam  in  the  valley  of  the  Oise  to  the  north. 

At  Auvers  and  ITsle-Adam  the  late  distinguished  geologist  M.  E.  Hebert  dis¬ 
covered  remains  of  Hycena  syelcea,  Felis,  Elef>hant,  Horse,  Ox,  Irish  ElJi,  Red  Deer, 
Eox?  Anteloije?  Hare  and  Rabbit  A  at  Etampes  there  were  Rhinoeeros  and  Bear 
also.  The  bones,  which  were  numerous,  were  generally  much  broJcen.  The  rubble 

*  “  ContTibutions  a  la  Geologic  des  Pays  Bas,”  pp.  70-76.  Extrait  des  ‘Archives  Teyler,’  Stu-.  ii., 
Tome  iii.,  Plate  2,  1^®  partie,  1887. 

t  ‘  Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  6,  p.  604,  1849. 
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consisted  of  large  blocks  and  fragments  of  the  Calcaire  de  St.  Ouen  which  crops  out 
above,  with  loam  and  finer  debris  generally  at  the  base,  and  in  which  the  bones 
occurred.  The  drift  lies  in  crevasses,  hollows,  or  pockets  showing,  according  to 
M.  Hebert,  strong  water  action.  This  agrees  very  much  with  what  we  see  in  the 
rubble  (or  head)  overlying  the  Raised  Beaches — beds  of  finer  rubble  due  to  currents 
of  small  velocity  succeeded  by  a  final  current  of  greater  force. 

The  “Montague  de  GenayT — An  excellent  description  of  this  hill,  and  of  the 
superficial  drifts  of  the  district  generally,  has  been  given  by  M.  J.  J.  Gollenot,  with 
whom  I  visited  the  section,  which  presents  some  exceptional  features.*  It  is  situated 
a  few  miles  to  the  north-west  of  Semur,  and  consists  of  horizontal  Liassic  strata, 
capped  by  beds  of  “Calcaire  d  entroques”  (lower  Oolite)  covered  by  a  drift  of  red 
earth,  aud  is  nearly  isolated  from  the  surrounding  ranges.  Extending  for  some 
distance  along  the  south  side  of  the  hill,  which  rises  to  the  height  of  1430  feet 
above  the  sea-level,  and  of  526  feet  above  the  valley,  is  a  mass  of  breccia  lying 
on  the  beds  of  the  Upper  Lias  and  descending,  apparently,  to  nearly  the  base  of 
the  slope.  It  consists  mainly  of  angular  detritus  of  the  “  Calcaire  d  entrocques  ”  in  a 
red  earth,  and  has  been  in  great  part  converted  into  a  hard  breccia  by  calcareous 
infiltration.  In  one  place  this  breccia  contains  a  large  quantity  of  bones.  The  teeth 
and  more  solid  bones  are  generally  intact,  but  the  other  bones  are  broken,  some  trans¬ 
versely,  and  others  in  the  direction  of  their  length.  They  show  no  trace  of  wear,  the 
angles  being  perfectly  sharp,  as  are  also  the  innumerable  splinters.  The  bones  longi¬ 
tudinally  split,  M.  Gollenot  considered  to  have  been  broken  by  Man  to  get  at  the 
marrow,  and  others  which  are  black,  or  partly  black,  to  be  carbonized  by  fire.t 
He  also  remarks  that  none  of  the  bones  showed  any  traces  of  gnawing,  though 
remains  of  Garnivora.  were  present.  In  some  parts  of  the  breccia  he  found  land  shells 
— Pupa,  Clausilia,  and  Cyclostoma  elegans.  The  Mammalian  remains  belong  to — 


Hycena  spelcea. 

Canis  lupus. 

Elephas  primigenius. 
Sus  scrofa. 

Equus. 


Bison  prisons. 

Bos  primigenius. 
Cervus  elaphus. 

„  tarandvs. 

,,  megaceros. 


In  addition  to  these,  Beaver  and  Wild  Goat  (Bouquetin)  were  mentioned  at  the 
Avallon  Meetinm 

o 

M.  Gollenot  also  found  in  this  breccia  many  flint  flakes,  some  of  them  trimmed  on 
the  edges  and  weathered  white,  with  round  and  angular  fragments  of  granite  and 
quartzite  pebbles,  which  he  believed  may  have  been  used  as  hammers  and  trimmers 


*  ‘  Description  Geologiqne  de  TAuxois,’  Semur,  pp.  444,  482,  1873.  See  also  ‘  Bull.  Soc.  Geol.  de 
France,  2nd  sei’.,  vol.  2,  “  Reunion  Extraordinaire  a  Avallon,”  p.  721,  1845. 
t  This  appeared  to  me  doubtful. 

MDCCCXCIII. — A.  6  C 
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The  rubble  is  purely  local  aud  contains  the  remains  of  a  land  surface  only.  That 
its  accumulation  was  an  act  of  short  duration,  and  considerable  force  is  evident  from 
the  general  fractured  condition  (admitting  some  to  have  been  broken  by  man)  of  the 
bones,  their  innumerable  splinters,  and  the  absence  of  wear.  It  was  suggested  by 
M.  Nold""'  that  the  bones  must  have  been  fresh  at  the  time  of  entombment,  as  he 
found  that  the  thick  end  of  a  humerus,  which  had  been  shattered  and  flattened,  still 
held  together,  in  consequence,  as  he  supposed,  of  the  gelatine  of  the  bone  preventing 
the  dispersion  of  the  fragments.  This,  of  course,  is  open  to  another  explanation — 
that  the  bone  was  smashed  in  the  descent  of  the  rubble,  and,  being  held  in  place  by 
the  matrix,  was  kept  there  in  the  general  cementation  effected  by  the  subsequent 
calcareous  infiltration.  There  is,  I  think,  reason  to  believe,  as  I  hope  to  show  when 
describing  the  ossiferous  fissures,  that  the  bones  found  in  this  drift  are  those  of 
animals  which  sought  refuge  on  these  isolated  hills  from  the  rising  waters,  and 
were  eventually  destroyed,  their  remains  being  afterwards  swept  down  with  the 
local  rubble  on  the  subsequent  upheaval  of  the  land. 

These  detrital  taluses  are  not  to  be  confounded  with  those  later  ones  produced  by 
the  weathering  of  the  rocks  and  the  action  of  rain,  so  common  on  the  steep  slopes  of 
the  Jurassic  valleys  of  Burgundy,  and  in  the  Oolite  valleys  of  England.  These,  in 
the  distinct  we  are  speaking  of,  consist  of  finer  debris,  generally  loose,  and  locally 
called  Arene  or  Trasse^  They  are  inclined  at  steeper  angles,  and  contain  oifiy 
recent  remains — sometimes  the  skeleton  of  an  animal  with  the  bones  entire  and  not 
fractured.  On  the  other  hand,  the  older  rubble  is  coarse,  often  includes  large  blocks, 
has  prolonged  slopes,  is  frequently  cemented  so  as  to  form  a  hard  breccia,  and 
contains  remains  of  the  extinct  mammalia.  The  action  of  the  one  still  continues, 
that  of  the  other  ceased  with  post-glacial  times. 

Mentone. — One  more  illustrative  section  of  this  breccia  on  the  south  coast  of 
France  may  be  mentioned.  It  was  discovered  in  making  the  coast  railway  east  of 
Mentone,  at  a  spot  where  Jurassic  limestone  cliffs  rise  to  the  height  of  260  feet  on 
the  sea-board.  On  the  face  of  these  escarped  slopes  are  situated  the  several  well- 
known  ossiferous  caves  of  Mentone];  at  an  average  height  of  100  feet  abovm  the 
sea-level.  According  to  the  late  Mr.  Moggridge,  “  Below  these  caves  a  slope  of 
about  180  feet  descends  to  the  edge  of  the  sea.  Through  the  upper  part  of  this 
slope,  at  distances  from  the  caves  of  from  0  to  10  feet,  is  a  railway  cutting  600  feet 
long,  54  feet  deep,  and  60  feet  above  the  sea.  The  mass  removed  in  making  this 

*  ‘  Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  2,  p.  722,  1845. 

t  For  further  instances  and  details,  see  the  work  of  M.  Collet^ot  before  quoted,  p.  452  et  seq.,  and 
the  elaborate  work  of  M.  Belgrand,  the  late  eminent  engineer,  entitled  ‘  La  Seine,’  vol.  1,  Chapters 
III  and  XVIII,  1869. 

t  ‘  Report.s,  Brit.  Assoc.’  Edinburgh,  1871,  p.  156.  1  cannot  agree  with  Mr.  Moggridge  in  considering 

the  cave  of  more  recent  date  than  the  breccia.  On  the  contrary,  the  breccia  partially  masked  two 
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cutting  was  composed  of  angular  stones,  not  waterworn.  Loose  at  the  surface,  it 
soon  became  more  or  less  mature  breccia,  for  the  most  part  so  hard  that  it  was 
blasted  with  gunpowder.  In  this  breccia  and  at  various  depths,  some  of  more  than 
30  feet,  the  author  has  taken  out  teeth  of  the  Bear  [Ursus  spelmus),  and  of  the 
Hyaena  [Hycena  spelcBci),  while  with  and  below  those  teeth,  he  found  flints  worked 
by  man.”  Bones  and  teeth  of  other  various  animals  also  occur,  which  Mr.  G.  Busk 
pronounced  to  be  almost  identical  with  those  found  in  the  Gibraltar  caves.  The 
analogy  between  these  breccias  of  the  south  of  France  and  the  “  head  ”  and  rubble- 
drift  of  the  coasts  of  the  English  Channel  is  unmistakable, 

[This  slope  of  angular  rubble  was  also  noticed  by  M.  E.  Riviere,'"'  who  states  that 
in  1870,  when  the  railway  was  being  carried  in  front  of  the  caves  of  Baussi-Raussi, 
near  Mentone,  he  found  in  the  debris  thrown  out  of  the  cutting  “  a  number  of  bones 
— some  entire  and  others  broken — worked  flints  and  flakes,  shells,  &c.,  the  whole 
more  or  less  cemented  and  forming  a  hard  breccia  with  angular  pieces  of  the  adjacent 
rocks,  and  here  and  there  carbonaceous  matter.”  The  specimens,  however,  are  not 
specified. — J.  P.,  April,  1893.] 

The  Sub-fossil  Wood  of  Dixmont. — Near  Villeneuve-sur-rYonne,  between  Sens 
and  Auxerre,  is  a  very  curious  deposit  of  which  we  have  yet  but  a  very  insufficient 
description.  I  visited  it  some  years  ago,  but  too  hurriedly  to  add  much  to  the 
account  of  M,  Forestier.!  That  gentleman  termed  it  a  subterranean  forest.  It  is  a 
clotted  mass  of  stems  and  branches  of  coniferous  wood,  mostly  fir  trees,  with  some 
chestnuts,  piled  together  in  the  utmost  confusion,  but  in  the  jiart  we  saw,  not 
compressed  much  more  than  an  ordinary  wood-stack,  and  the  interstices  not  filled  in. 
The  river  is  at  some  little  distance,  but  it  is  not  apparently  connected  with  it,  and  the 
district  is  flat.  This  heap  of  wood  rises  some  10  to  20  feet  above  the  surface  of  the 
ground,  and  is  said  to  be  nearly  200  feet  (60  metres)  thick,  with  a  length  of  about 
3  miles  (4  to  5  kilometres).  It  is  oveidaid  by  a  bed  of  loam  or  sand,  and  under  it  is 
a  bed  of  gravel.  The  lower  part  is  said  to  pass  into  the  state  of  lignite,  whilst  in  the 
upper  part,  the  wood,  which  has  acquired  the  black  colour  of  ordinary  bog-wood,  is 
so  well  preserved  that  it  can  be  worked  like  ordinary  wood.  No  organic  remains  of 
any  sort  have  been  found  either  in  the  overlying  drift  or  amongst  the  wood.  The 
mass  seems  to  lie  in  a  depression  on  the  surface  and  not  to  be  connected  with  a 
river  deposit.  The  branches  are  broken  into  small  fragments.  Whether  it  can  be 
connected  with  the  rubble-drift  is  only  a  suggestion  I  venture  to  make.  It 
resembles  no  ordinary  deposit,  and  it  has  occurred  to  me  that  it  might  possibly  be, 
like  the  land  shells  and  Mammalian  remains  elsewhere,  a  portion  of  the  wash  of  the  old 
land  surface. 

*  ‘  Paleontologie,’  “  De  I’Antiquite  de  THomme  dans  les  Alpes  Maritimes,”  p.  12,  Paris,  1887. 

t  ‘Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  7,  p.  388,  1850. 
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Ossiferous  Fissures. 

The  South  Coast  of  France. — The  ossiferous  fissures  of  France  present  phenomena 
of  great  interest.  These  fissures,  which  are  more  common  there  than  in  England,  show 
the  close  connection  between  their  contents  and  those  of  the  rubble-drift  forming  the 
“  head  ”  over  the  Raised  Beaches.  The  local  character  and  condition  of  the  detritus 
are  alike,  and  the  same  organic  remains  are  common  to  both — the  only  exception  being 
that  the  land  shells  found  in  the  “  head  ”  have  not  been  recorded  in  the  Devonshire 
fissures.  This  deficiency  is  supplied  by  the  breccia  in  France,  where  these  fissures 
are  on  a  much  larger  scale,  and  present  conditions  pointing  more  definitely  to  a 
widespread  and  deep  submergence  (see  Map). 

Such  fissures  are  especially  common  on  the  Mediterranean  coast.  They  were 
described  by  Cuvier  early  in  the  century,  but  chiefly  from  the  palaeontological  point 
of  view,*  and  afterwards  with  a  few  additions  by  M.  Marcel  de  Serres.I  A  more 
complete  account  of  the  bone  caves  and  ossiferous  fissures  was  afterwards  given  by 
Desnoyers.J  Since  then  some  important  additions  have  been  made  of  similar  fissures 
inland. 

The  position  of  the  ossiferous  fissures  of  Plymouth  offers  no  salient  features.  The 
hills  on  which  they  are  situated  are  of  small  elevation,  without  any  commanding 
points.  At  Catsdown  and  Oreston  the  limestone  rocks  rise  to  the  height  of  100  to 
150  feet,  and  although  they  cannot  be  called  isolated,  yet  they  are  sufiiciently  high 
above  the  surrounding  valleys  to  render  difficult  the  retreat  of  animals  seeking  refuge 
there  from  the  rising  waters.  The  position  of  the  fissures  on  the  Mediterranean  coast 
is  in  marked  contrast.  They  there  occur  on  detached  and  isolated  hills  rising  high 
above  the  surrounding  plain,  and  from  which  no  retreat  would  be  possible  in  case  of 
submergence. 

At  Nice,  the  Mont  du  Chateau  rises  132  feet,  and  Mont  Boron  436  feet,  above  the 
sea,  and  little  less  above  the  plains  around.  At  Antibes  the  rock  is  200  to  250  feet, 
and  at  Villefranche  450  feet  high.  But  the  most  remarkable  hill  is  that  of  Cette, 
which  rises  to  the  height  of  355  feet,  and  bears  in  its  physical  features  a  strong 
resemblance  to  the  Rock  of  Gibraltar,  projecting  like  it  into  the  sea,  and  separated 
from  the  mainland  by  a  long  and  narrow  tract  of  sands. 

Some  of  the  fissures  are  vertical,  others  are  inclined  at  various  angles,  and  they 
are  very  irregular  in  size.  They  are  filled,  as  at  Plymouth,  with  angular  fragments 
of  the  local  limestone,  in  a  matrix  of  red  earth  or  clay  forming  a  breccia,  wdiich  is  in 
some  places  loose,  whilst  in  others  it  forms  a  hard  rock  with  a  calcareous  cement. 
Though  there  are  no  such  well-marked  Raised  Beaches  as  those  on  the  Devonshire 
coast,  they  are  not  altogether  wanting.  De  la  Beche  mentions  that  the  bottom  of 

*  ‘  RecFerclies  sur  les  Ossemens  Fossiles,’  vol.  4,  cliap.  4,  1823. 

t  ‘  Essai  sur  les  Cavernes  a  Ossements,’  3rd  edit.,  cliap.  2,  1838. 

t  0.  D’Orbigny’s  ‘  Dictionuaire  d’Histoire  Naturelle,’  vol.  6,  p.  343,  1849. 


I 


OF  WESTERN  EUROPE  AND  THE  MEDITERRANEAN  COASTS.  933 

one  of  the  fissures  at  Nice  was  filled  by  a  conglomerate  of  rolled  (beach)  pebbles, 
while  the  rock  on  one  side  was  drilled  by  Lithodomi.  Above  this  conglomerate,  the 
fissure  was  filled  with  a  breccia  containing  bones  and  land  shells.^  Thist  indicates, 
therefore,  the  same  relation  of  “head”  or  Rubble-drift  to  an  old  sea  level  that  exists 
in  the  English  Channel. 

The  greater  number  of  the  bones,  which  occur  only  in  places,  are  broken  and  in 
fragments,  only  a  few  being  entire.  They  are  neither  worn  nor  rolled,  nor  are  they 
found  in  any  relation  to  their  order  in  the  skeleton.|  Nor  is  it  recorded  that  there 
are  any  traces  of  their  having  been  gnawed. 

The  bones  which  have  been  found  at  the  several  places  here  named  belong  to  : — 


Felis  leo. 

„  pardus. 

Elephas  primigenms  ? 
Rhinoceros  leptorhinus. 
Hippopotamus  f 
Sus  f 

Ursus  [prisons  f).§ 

Bos. 

Equus  [caballus  ?). 
Cervus  elaphus. 

The  shells  are — 

Helix  nemoralis. 

„  algira. 

■  „  vermiculata. 

„  lapicida. 

,,  nitida. 


Cervus  dama. 

Lagomys  [pusillus '?). 
Lepus  caniculus. 

,,  til  nidus. 

Antilope  f 

Lizard  (recent  species  ?). 
Tortoise  ,, 

Serpent  ,, 


Helix  cristallina. 
Pupa. 

Bidimus  decollatus. 
Cyclostoma  elegans. 


These  land  shells  are  all  of  recent  species  living  in  the  neighbourhood. 

Amongst  the  specimens  sent  to  Cuvier  from  Nice  was  a  portion  of  jaw  which  he 
recognised  as  human,  though  he  felt  doubt  as  to  whether  it  was  contemporaneous 
with  the  other  bones.  It  was  found,  not  in  the  undisturbed  breccia,  but  in  a 
talus  of  the  breccia  which  had  fallen  from  the  exposed  surface  of  an  ossiferous  fissure. 
Some  portions  of  this  breccia  were  hard  and  compact,  and  other  portions  were  uncon¬ 
solidated  and  earthy,  and  the  bones  in  those  parts  were  less  stained  and  less  well- 

*  ‘Trans.  Geol.  Soc.,’  2nd  ser.,  vol.  3,  p.  171,  1835.  The  height  of  the  perforated  rock  above  the  sea 
is  not  given. 

t  There  is  a  similar  instance  of  superposition  near  Mentone,  but  not  so  well  shown. 

t  CnviEE,  ‘Ossemens  Fossiles,’  vol.  4,  2nd  Edit.,  p.  172. 

§  Mentioned  by  Falconer  in  ‘  Palseont.  Mem.,’  vol.  2,  pp.  370  and  466. 
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preserved  than  in  the  solid  parts.  It  was  amongst  this  debris  that  the  jaw  was 
discovered.  It  was  coated  with  the  same  film  of  stalagmite  as  the  other  bones  of 
which  the  antiquity  could  not  be  doubted.  Cuvier,  however,  thought  that  the  uncon¬ 
solidated  part  of  the  breccia,  to  v/hich  the  jaw  belonged,  might  be  of  more  recent 
date  than  the  consolidated  portion,  but  this  is  no  test,  and  it  must  be  remembered 
that,  at  that  time,  the  belief  in  the  recent  creation  of  Man  was  universal,  and,  like 
the  later  discovery  of  Man’s  works  in  the  cave  deposits  of  Kent’s  Hole,  it  led 
geologists  to  look  with  doubt  at  anything  which  was  not  in  accordance  with  that 
belief  Apart  from  this  cause  of  doubt,  Cuvier’s  own  account  affords  reasonable 
evidence  of  the  contemporaneity  of  the  jaw  with  the  other  bones. 

[Though  M.  KiviIcre’s  work  [ante  p.  931),  is  devoted  mainly  to  the  description  of  the 
Mentone  Caves,  he  touches  incidentally  upon  the  breccia  of  the  ossiferous  fissures  of 
Nice,*  which  he  considers  to  be  analogous  to  the  breccia  on  the  Mentone  slopes.  He 
describes  the  Nice  breccia  as  consisting  of  two  parts,  a  lower  one,  red  and  compact 
with  land  shells,  aud  an  upper  one,  less  compact,  of  a  brown  or  black  colour,  with 
sea-shells  and  bones  sometimes  black  as  if  burnt,  and  some  of  them  split  longitudi¬ 
nally  as  if  for  the  purpose  of  extracting  the  marrow.  He  concluded  that  the  Nice 
fissures  had  served,  like  the  Caves  of  Baussi-Kaussi,  as  habitations  for  a  prehistoric 
people,  and  that  these  people  were  of  late  Quaternary  age  (p.  314).  The  fissures  of 
Nice  may,  however,  like  those  of  Gibraltar,  have  been  only  partly  filled  by  the 
osseous  breccia  leaving,  owing  to  the  inequalities  of  their  sides,  cavities  and  open 
spaces,  which  were  subsequently  used  as  habitations  by  a  later  race  of  men  and 
animals.  This  would  be  in  accordance  with  the  succession  of  deposits  elsewhere — a 
succession  forming  three  separate  stages,  namely  ; — 

1st.  The  older  Palaeolithic  bone-breccia  of  the  caves. 

2nd.  The  angular  Rubble-drift  and  breccia  of  the  slopes  and  fissures,  with  similar 
Quaternary  animal  remains. 

3rd.  The  more  recent  cave  beds  of  the  Neolithic  epoch. 

When  the  Rubble-drift  masks  the  caves,  no  Neolithic  deposits  are  met  with ;  but 
when,  as  at  Baussi-Raussi,  there  is  no  stalagmite  floor  or  Rubble-drift  to  separate  the 
first  and  third  of  these  deposits,  they  may  then  appear  to  pass  one  into  the  other. 
The  reason  of  the  small  percentage  of  extinct  species  from  the  Mentone  caves,  noted 
by  M.  Riviere,  seems  to  me  to  be  owing  to  the  circumstance  that  he  takes  the  whole 
contents  of  the  cave  as  belonging  to  one  epoch,  and  does  not  give  separate  lists  of  the 
different  beds.  He  thus  obtains  a  total  of  281  species  (p.  529),  consisting  of  (10 
Mammals,  2  Reptiles,  42  Birds,  7  Fishes,  1G8  Mollusca,  1  Annelid,  and  1  Polype,  the 
result  being  that  the  average  gives  an  undue  proportion  of  recent  species,  t  There  is 

*  Op.  cit.,  p.  .32. 

t  It  is  true  that  M.  RivitRE  speaks  of  Lion  and  Panther  in  connection  with  this  upper  bed,  but 
neither  the  depth  from  the  surface  nor  the  other  conditions  are  given,  and  there  are  other  ways  of 
accounting  for  their  presence. 
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an  absence  also,  in  the  upper  part  of  tliose  cave  deposits  in  which  M.  Riviere  made 
his  interesting  discoveries,  of  flint  implements  of  a  special  Palieolitliic  type,  whereas 
those  of  well-known  Neolithic  types  are  common. 

With  regard  to  the  human  jaw  (now  lost)  from  Nice,  M.  Riviere  does  not  agree 
with  Cuvier  that  it  was  of  a  date  more  recent  than  the  other  bones  in  the  breccia, 
although  he  considers  that  it  came  from  his  upper  and  newer  bed.  Cuvier  only 
mentions  that  it  was  an  isolated  fragment  and  not  attached  to  the  breccia,  and  it  must 
be  remembered  that  the  greater  part  of  the  bones  examined  by  him  were  collected 
by  the  eminent  naturalist  Risso*  from  the  debris  of  a  fissure  that  had  fallen  at 
the  foot  of  an  escarpment. — J.  P.,  April,  1893.] 

Inland  Fismres. — Ossiferous  fissures  are  not,  however,  confined  to  near  the  coast, 
nor  to  moderate  heights,  as  on  the  coasts  of  France  and  England.  They  are  found, 
on  the  contrary,  in  the  interior  of  France  at  very  considerable  heights.  Two  of  the 
most  remarkable  instances  are  those  of  Pedemar  and  Santenay. 

The  Montagne  de  Pedemar  lies  a  short  distance  S.S.W.  of  St.  Hippolyte  (Gard), 
and  has  been  described  by  M.  Marcel  de  Serres.I  It  is  an  isolated  hill  rising  to 
the  height  of  1128  feet  above  the  sea-level,  and  of  577  feet  above  the  adjacent  valleys 
It  “  has  the  form  of  a  truncated  cone,  of  which  the  contours  represent  an  elongated 
oval.  The  greatest  diameter  of  the  oval  is  984  feet  and  the  smallest  460  feet.”  ,  .  . 
“  It  is  wit  hin  this  limited  area  that  the  strange  phenomenon  has  happened  of  the 
accumulation  of  a  large  quantity  of  bones  of  diverse  animals  ”  in  hollows  or  fissures  on 
the  south  slope  of  the  hill  near  the  top.  They  are  found  in  a  red  earth,  with  fragments 
of  the  subjacent  Neocomian  rocks,  which  cover  the  summit  of  the  hill,  but  the  bones 
occur  only  in  the  fissures.  The  rock  fragments  are  perfectly  angular,  and  there  is 
not  a  trace  of  rolled  pebbles.  Almost  all  the  bones  are  broken  into  fragments,  and 
M.  de  Serres  specially  notices  that  they  are  scattered  without  order,  without  any 
relation  to  their  position  in  the  skeleton,  and  that  they  have  neither  been  gnawed  nor 
rolled.  There  is  also  an  entire  absence  of  coprolites.  A  few  of  the  bones  only  were 
sufficiently  perfect  to  be  recognised  as  belonging  to  Rhinoceros  lunelensis,  Gervais 
{R.  leptorhinus  f),  Bos  ?,  Capra  ?,  and  Equus. 

Marcel  de  Serres  makes  the  simiificant  remark  that  the  detritus  is  such  as  could 
only  have  been  derived  from  rocks  on  the  summit  of  the  hill,  showing  that  the 
spread  of  the  debris  was  due  to  a  current  originating  on  its  summit,  and  not  from  a 
distance, — such  a  displacement  in  fact  as  would  be  caused  by  divergent  currents 
during  upheaval. 

The  “  Montagne  de  Santenay  ”  offers  another  singular  instance  of  a  high-level 

*  It  is  not  probable  that  Risso,  wbo  resided  at  Nice,  would  have  sent  Cuvieb  any  specimens  but  such 
as  he  thought  belonged  to  that  deposit.  He  was  of  opinion  that  the  fissures  had  not  served  as  caves  for 
the  habitation  of  the  animals  whose  remains  are  found  in  the  breccia. 

t  ‘Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  15,  p.  233,  1858. 
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ossiferous  fissure.  It  is  situated  on  an  isolated  hill  near  the  village  of  Santenay 
(Cote-d’Or),  and  was  visited  in  1876  by  the  Geological  Society  of  France,  on  the 
occasion  of  the  “Reunion  Extraordinaire”  at  Chalons-sur-Saone,  when  the  questions 
to  which  it  gave  rise  led  to  an  interesting  discussion, 


Fig.  l.S*. — La  Montague  de  Santenay  (after  a  sJcetch,  hy  M.  A.  Gaxjdry). 


Grotte  de  to.  Breche  de  Ict- 

Pomte  St  Jean .  Pacnte  die  hois. 


Village  de  Santenay. 


The  hill  is  a  few  miles  south  of  Chalons,  and  rises  to  the  height  of  1640  feet, 
its  summit  forming  a  nearly  level  platform,  some  1030  feet  above  the  surrounding 
plain.  On  all  sides  its  slopes  are  steejD,  except  on  the  one  by  which  it  is  connected 
with  the  range  of  the  Cote-d’Or.  On  the  south  side  of  the  hill  is  an  ordinary 
bone  cave  {Grotte  de  Saint  Jean),  in  which  M.  Hamy  found  remains  of — 

Felis  leo  [F.  spelcea).  Equus  caballus. 

Canis  lupus.  Cervus  elaphus  (var.  Canadensis), 

„  vulpes.  Bovidee  of  the  size  of  Bos  taurus. 

Ursus  (probably  U.  ferox). 

There  is  another  cave  (Grotte  de  St.  Aubin),  on  the  opposite  or  northern  side 
of  the  hill,  containing  the  remains  of  Bears,  Horse,  Elephant,  Rhinoceros,  and  Ox. 
In  some  sands  outside  the  cave,  large  horns  of  Cervus  megaceros  were  found. 

Close  on  the  summit  of  this  hill,  which  consists  of  strata  of  the  middle  oolites,  at  a 
spot  called  La  Pointe-du-bois,  is  a  fissuret  on  the  surface.  It  was  filled  with  a  breccia 
composed  of  the  fragments  of  the  adjacent  rocks,  embedded  in  a  yellow  or  brownish 
earth,  with  bones  which  were  determined  by  Professor  A,  Gaudey  to  be  those  of — 


*  ‘  Bull.  Soc.  Geol.  de  France,’  3rd  ser.,  vol.  4,  jDp.  681-695. 

t  It  is  not  said  whether  it  is  a  fissure  of  water  erosion  or  a  fissure  of  fracture.  That  does  not, 
however,  affect  the  argument. 
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Felis  leo  (F.  spelcea). 

Felis  lynx. 

Equus  cahallus  (of  large  size). 
Canis  lupus  (remains  very 
abundant). 

„  vulpes. 

Meles  taxus. 


Ursus  (intermediate  between  U.  spelceus 
and  U.  ferox). 

Lepus  timidus. 

Rhinoceros  merckii. 

Sus  scrofa. 

BovidcB  (size  of  Bos  taurus). 

Cervus  elaphus  (and  var.  Canadensis). 


The  bones  were  in  a  very  broken  state.  M.  Gaudry  observes  that  their  accu¬ 
mulation  could  neither  be  attributed  to  man  nor  to  animals,  for  the  fractures  in  no 
way  resemble  those  made  by  man  for  the  j)urpose  of  extracting  the  marrow,  and 
notwithstanding  the  abundance  of  Wolves,  none  of  the  hones  show  traces  of  having 
been  gnawed  by  Carnivora.  How  then  could  this  collection  have  been  brought 
together  ?  As  M.  Gaudry  justly  remarks,  “  Why  should  so  many  Wolves,  Bears, 
Horses,  and  Oxen  have  ascended  a  hill  isolated  on  all  sides  ?  ”  M.  Gaudry  further 
remarks  that  the  deposit  seems  to  have  been  formed  by  water  precipitating  the 
breccia  and  the  bones  into  a  fissure.  But  whence,”  he  says,  “  have  come  the 
waters  sufficiently  abundant  to  bring  together  the  bones  ?  ”  The  fissure  is  so  near 
the  top  of  the  hill  that  there  is  little  gathering  ground  above  it,  and  had  the  bones 
and  fragments  of  rock  been  carried  in  by  a  stream  or  torrential  rains,  they  must 
have  shown  more  or  less  wear,  and  have  lost  their  sharp  angles.  It  was  suggested 
by  some  members  that  the  event  took  place  during  the  height  of  the  glacial  period, 
when  the  Alpine  glaciers  are  known  to  have  advanced  as  far  as  Lyons,  and  might 
there  have  formed  a  barrier  which  would  have  greatly  modified  the  conditions  of  the 
country  through  which  the  Saone  flowed,  but  it  is  difficult  to  suppose  that  the 
glacier  at  that  distance  from  its  base,  retained  a  magnitude  sufficient  to  dam  back 
the  land  waters  to  a  height  that  would  cover  the  hill  of  Santenay,  though  it  is  said 
that  the  glaciers  of  Savoy  have  left  traces  on  the  hills  around  Lyons,  at  a  height 
of  about  1300  feet ;  but  even  this  would  not  have  sufficed  to  cover  Santenay,  and  on 
the  hill  itself  no  traces  of  glacial  action  are  recorded. 

To  account  for  the  presence  of  the  bones  it  was  pointed  out  that  in  winter  snow 
would  cover  the  ground  and  hide  such  fissures,  which  would  thus  serve  as  traps  for  the 
animals  when  pursued,  or  that  on  the  melting  of  the  snow  the  remains  of  those  which 
had  died  v/ould  be  washed  into  them.  But  as  I  explained  in  a  former  paper,  it  is 
impossible  to  admit  that  the  remains  are  those  of  animals  that  had  fallen  into  the 
fissures,  for  in  that  case  all  the  bones  of  the  skeleton  must  inevitably  have  been  pre¬ 
served,  although  they  might  have  been  scattered,  whereas  the  presence  of  the  entire 
skeleton,*  or  even  of  the  bones  of  detached  limbs  in  connection,  is  the  rare  exception. 
As  a  rule,  the  bones  are  without  order  and  in  no  j)0ssible  relative  proportion. t 

*  Not  a  single  such  case  is  recorded  of  the  fissures  in  France. 

t  That  there  are  instances  of  open  fissures  in  which  animals  are  lost  is  not  to  be  doubted.  It  is  said 
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Nor  is  it  easy  to  conceive  that  under  extreme  glacial  conditions,  herds  of  such 
animals  should  have  resorted  to  high  hills  in  the  midst  of  ice  and  snow  fields,  instead 
of  retreating  before  the  ice  and  keeping  to  the  open  plains  and  richer  pastures.  That 
Wolves  and  Bears  should,  before  the  rising  of  the  waters,  have  inhabited  the  caves 
of  St.  Aubin  and  St.  Jean  lower  down  the  mountain  sides,  and  carried  to  those  caves 
the  prey  which  they  pursued  in  the  plains  around,  is  readily  understood  ;  but  it  is  incon¬ 
ceivable  that  under  any  ordinary  circumstances  the  predaceous  animals  and  their  victims 
should  have  congregated  together  on  the  summit  of  a  high,  steep,  and  isolated  hill. 

Another  suggestion  was  that  towards  the  close  of  the  Quaternary  period,  the 
rainfall  was  so  excessive  that  it  flooded  the  plains  and  obliged  the  animals  to  seek 
refuge  on  the  higher  ground,  where  they  congregated  in  great  numbers,  and  eventually 
succumbed  to  the  rain,  cold,  and  hunger,  or  to  the  attacks  of  the  predaceous  animals 
of  the  caves  below,  their  bones  being  then  dispersed  and  carried  by  the  diluvial 
rainfall  into  the  open  fissures.  In  support,  however,  of  this  suggestion  it  had  to  be 
assumed  that  the  rainfall  was  one  hundred  times  greater  than  at  present,  and  that 
the  waters  rose  at  the  rate  of  one  metre  daily,  but  although  the  rainfall  during  much 
of  the  Quaternary  period  was  no  doubt  very  heavy,  it  is  a  physical  impossibility  that 
without  a  change  in  the  level  of  the  land,  the  waters  could  ever  have  been  piled 
up  in  the  manner  here  required.  It  is  evident  also  from  the  condition  of  the  bones, 
that  the  animals  whose  remains  are  entombed  in  the  breccia  did  not  fall  a  prey  to 
predaceous  animals. 

The  general  opinion  amongst  the  members  present  was  that  the  animals  had  fallen 
victims  to  floods,  but  whether  caused  either  by  dams  of  ice,  the  melting  of  snow- 
fields,  or  excessive  rainfall,  was  left  indeterminate. 

The  condition  and  position  of  the  bones  are,  on  the  other  hand,  at  Santenay  and 
Pedemar,  as  they  are  at  Oreston  and  Catsdown,  such  as  might  result  from  the  eflects 
of  a  gradual  submergence  of  the  land.  For  a  submergence  of  the  character  I  have 
described  would  naturally  drive  the  animals  in  the  plains  to  seek  refuge  on  the 
higher  hills.  Flying  in  terror  and  cowed  by  the  common  danger,  the  Carnivora  and 
Herbivora  alike  sought  refuge  on  the  same  spot,  and  alike  suftered  the  same  fate 
wherever  the  hill  was  isolated  and  not  of  a  height  sufficient  for  them  to  escape  the 
advancing  dood.  We  may  suppose  the  subsidence  to  have  been  so  slow  that  there 
was  no  sudden  rush  of  water  to  carry  the  bodies  far  away,  so  that  as  they 
decayed,  the  limbs  fell  and  were  scattered  and  dispersed  irregularly  on  the  submarine 
surface.  When  that  surface  was  again  upheaved,  the  bones  and  detached  limbs, 
together  with  the  detritus  on  that  surface,  were,  as  I  have  before  explained,*  carried 


that  even  in  extremely  hot  weather  large  fissures,  in  which  the  young  game  is  lost,  are  opened  in  the 
ground  in  the  south  of  Spain.  It  is  also  well-known  that  in  many  countries — Greece,  for  example — the 
remains  of  animals  are  sometimes  carried  down  by  the  streams  into  large  swallow  holes.  But  special 
results  attend  all  these  cases,  and  the  swallow  holes  are  situated  in  low  grounds  and  not  on  hill-tops. 

*  ‘Quart.  Jour.  Geol.  Soc.,’  vol.  48,  p.  340. 
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down  by  divergent  currents  to  lower  levels,  or  they  fell  into  fissures  of  the  rock  over 
which  the  detrital  matter  passed,  or  else,  when  facing  the  coast,  over  the  ledges  of 
the  old  cliffs  rising  above  the  Raised  Beaches.  Swept  down  by  the  intermittent 
currents  produced  by  the  more  or  less  rapid  uplifts,  and  falling  with  the  mass  of 
detritus  in  a  body  over  the  old  cliffs  or  into  the  open  fissures,  the  bones,  in  the  one 
case  as  in  the  other,  were  broken  and  smashed  in  the  extraordinary  manner  we  now 
find  them.  Added  to  this  was  the  fall,  caused  by  the  earth  tremors  inevitable  with 
such  movements,  of  fragments  of  rock,  some  of  large  size,  from  the  sides  of  the  fissures, 
so  that  very  few  of  the  bones  escaped  whole.  At  the  same  time  the  action  was  of 
too  short  duration,  and  the  transport  was  to  too  short  a  distance  to  wear  down  the 
sharp  angles  either  of  the  rock  or  the  bone  fragments.  Raised  again  to  the  surface, 
the  rain  waters,  percolating  through  the  calcareous  rocks  traversed  by  the  fissures, 
and  carrying  down  carbonate  of  lime,  have  generally  cemented  the  debris  of  the 
fissures,  and  occasionally  of  portions  of  the  “  head  ”  (Brighton),  into  a  hard  brecciated  ' 
mass  from  which  it  is  now  difficult  to  extract  the  bones.  Where,  on  the  contrary, 
the  debris  remained  loose  on  the  surface  and  formed  permeable  superficial  drift,  the 
effect  of  water  percolation  has  been  to  remove  the  calcareous  matter  together  with  the 
bones,  so  that  where  thus  exposed,  the  rubble  is  more  unfossiliferous  than  when  it 
lies  in  fissures  or  hollows  where  the  surface  waters  could  not  freely  percolate. 

Although  the  localities  of  Santenay  and  Pedemar  are  on  levels  so  very  different 
from  those  on  the  shores  of  the  Mediterranean,  the  conditions  which  led  the  animals 
to  congregate  there  were  precisely  the  same.  At  Nice,  at  Antibes,  and  at  Cette  the 
fissured  hills  form,  as  before  mentioned,  high  isolated  rocks  fronting  the  sea,  and 
connected  with  the  mainland  by  tracts  of  lower  ground.  In  each  instance  these 
isolated  hills  would  assuredly  have  been  resorted  to  as  places  of  safety  from  the  rising 
waters  by  the  animals  of  the  adjacent  plains,  as  well  as  by  those  living  amongst  the 
rocks  and  caves  of  the  hills. 

Other  osseous  breccias  analogous  to  those  on  the  Mediterranean  coast  have  been 
noticed  in  the  departments  of  the  Doubs,  Lot,  and  Haute-Saone,  but  those  I  have 
described  are  sufficient  for  our  object.  M.  Desnoyers"^  also  notices  an  ossiferous 
deposit  on  the  slopes  of  the  bill  of  Montmorency,  near  Paris,  which  he  considered 
analogous  in  its  character  with  the  Mediterranean  breccias.  In  it  he  found  the 
remains  of  Reindeer,  Red  Deer,  Horse,  Wild  Boar,  Lagomys,  Hare,  S'permopliilus, 
Beaver,  Pole  Cat,  Marten,  &c.,  together  with  land  shells  of  recent  species,  but  the 
identity  with  the  true  ossiferous  fissures  does  not  seem  to  me  complete,  though  it  is 
clear  that  the  deposit  was  not  due  to  fluviatile  agency.  The  bones  are  better 
preserved  than  in  the  fissure-breccias,  and  there  were  several  entire  or  nearly  entire 
skeletons  with  the  bones  nearly  in  their  natural  position.  M.  Constant  Prevost 
spoke  of  these  cavities,  which  are  in  gypseous  beds  of  Tertiary  age,  as  pot  holes  or 


*  ‘  Bull.  Soc.  Geol.  de  France,’  vol.  13,  pp.  290  and  311,  1842. 
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swallow  holes,  and  as  the  result  of  slow  but  intermittent  rain  action  on  lines  of 
drainage,  by  which  surface  debris  and  animal  remams  were  carried  underground. 

Spain  and  Portugal. — The  Atlantic  waves  have  left  but  few  traces  of  Raised 
Beaches  or  of  the  “  head  ”  on  the  western  coasts  of  Spain  and  Portugal.  M.  Ch. 
Barrois  figures  some  broad  platforms  of  marine  denudation,  apparently  of  the  age  of 
the  Raised  Beaches,  at  Cape  Vidio,  on  the  north  coast  of  Spain,* * * §  but  they  were 
without  any  organic  remains  by  which  he  could  determine  their  exact  age. 

The  Memoir,  however,  by  Colonel  J.  F.  N.  DelgadoI  on  “  La  Grotte  de  Furninha, 
near  Cape  Carvoeiro,  the  most  westerly  point  of  Portugal,  and  49  feet  above  the  sea 
level,  leaves  no  doubt  of  the  prolongation  thus  far  of  a  beach  in  a  position  analogous  to 
that  on  the  Gower  coast.  This  cave  presented  some  very  interesting  features.  At 
the  bottom  of  the  cave  deposits  was  a  bed  of  rolled  pebbles,  3  feet  thick,  with  Patella 
vulgata  and  Littorina  littorea.  Above  this  beach  were  a  series  of  ossiferous  deposits, 
having  a  total  thickness  of  31  feet.  The  lower  of  these  contained  the  remains 
of  the  striped  and  spotted  Hywna,  Cave  Bear,  Lynx,  Wolf,  Felis,  Rhinoceros  [ticho- 
rliinus  ?),  Deer,  Ox,  Horse,  Hedgehog,  Badger,  Weasel,  Hare,  Bird,  Fish,  &c., 
with  flint  implements  of  the  type  of  those  of  St.  Acheul.  A  fragment  of  a  human 
maxillary  bone  was  also  found  on  the  lower  beds  at  a  depth  of  20  feet.  The  upper 
beds  contained  remains  of  the  Neolithic  period.  M.  Delgado  considered  that  the 
violence  of  the  waves  at  this  spot  had  worn  back  the  cliff  for  a  considerable  distance, 
which  may  be  the  reason  why  there  is  an  absence,  seemingly,  of  Rubble-drift. 

Besides  some  interesting  glacial  phenomena  described  by  M.  Fred,  de  Vasconcellos| 
on  the  west  coast  of  Portugal,  there  are  some  great  taluses  on  slopes,  which  may 
possibly  represent  the  Rubble-drift.  Mr.  D.  Sharpe,§  in  his  paper  on  the  Geology 
of  the  neighbourhood  of  Lisbon,  says  that  the  valleys  near  Lisbon  are  often  lined  with 
detritus  washed  down  from  the  hills  enclosing  them,  but  whether  this  is  of  recent 
date  or  belongs  to  the  Rubble-drift  he  gives  no  information  to  show.  || 

The  late  Sehor  Carlos  RibeiroU  has  alluded  to  the  occurrence  of  a  Raised  Beach 
near  Capes  Espiches  and  Sines,  as  well  as  other  places,  but  no  particulars  are  given. 
He  also  alludes  to  a' conglomerate  (breccia?)  which  occurs  in  places  on  the  sides  of 
hills,  and  is  composed  of  the  debris  of  rocks  higher  up  the  slopes ;  this  may  possibly 
represent  one  form  of  the  Rubble-drift. 

*  ‘  Reclierches  siir  les  Terrains  Anciens  des  Astaries  et  de  la  Gallice,’  Lille,  1882,  p.  619,  and 
Plate  20,  fig.  17. 

f  ‘  Congres  Intern.  d’Anthrop.  et  d’Arclieol.  Preh.,’  Lisbonne,  1880,  p.  207. 

f  Ibid.,  p.  155,  and  ‘  Ti'abalhos  Geol.  de  Portugal,’  vol.  1,  p.  189,  1887. 

§  ‘  Trans.  Geol.  Soc.,’  2nd  sen,  vol.  6,  p.  130,  1842. 

II  Mr.  G.  Maw  alludes  to  the  traces  of  a  bigb-level  beach  clinging  to  the  Rock  of  Lisbon  at  a  height  of 
150  to  180  feet  above  sea-level,  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  28,  p.  87. 

‘Descripcao  do  Tei’reno  Quaternario,’  pp.  2,  15,  17,  22,  ct  seq.,  1866. 
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On  the  south  coast  of  the  peninsula  there  is  more  distinct  evidence  of  Raised 
Beaches  and  Rubble-drift.  General  De  la  Marmora* * * §  mentions  that  at  Cadiz  the 
remains  of  a  Raised  Beach,  with  foreign  pebbles  overlaid  by  a  drift  of  red  earth,  are 
to  he  seen,  and  that  traces  of  a  similar  beach  are  again  met  with  at  Cape  Trafalgar 
and  Tarifa.  Mr.  G.  Maw  gives  some  further  particulars,  statingt  that  in  “  the 
neighbourhood  of  Cadiz  long  ranges  of  low  cliffs  occur,  closely  resembling  the  Raised 
Beaches  of  Devon,  and  like  them  composed  of  a  hard  concrete  of  sand  and  shells  ”  of 
recent  species,  implying  an  elevation  of  the  coast  of  40  or  50  feet. 

Little  is  known  of  these  beds  on  the  east  coast.  Professor  Ansted|  speaks  of 
Raised  Beaches,  at  a  height  of  about  40  feet  above  the  sea  at  various  points  of  the 
coast  (of  Malaga),  consisting  generally  of  fragments  of  slate,  for  the  most  part  angular, 
and  often  of  a  large  size.  In  one  of  them  “fragments  of  copper  ore  were  found  derived 
from  a  vein  cropping  out  on  the  hill  above.”  Similar  deposits  of  angular  gravel  exist 
a  few  miles  up  on  the  banks  of  the  Guadalmedina  at  a  rather  higher  level.  He  did 
not  observe  any  shells  or  fragments  of  shells  in  these  beds.  It  would  seem  from 
his  description  that  these  dejDOsits  represent  a  Rubble-drift  or  head  rather  than  a 
Raised  Beach.  In  the  neighbourhood  of  Barcelona  Professor  L.  Molins  Poti§  states 
that  there  is  an  extensive  development  of  Loess.  A  Raised  Beach  above  the  sea- 
level  has  also  been  noticed  on  that  coast. 

Scanty  as  is  this  information,  it  is  in  accordance  with  the  general  characters  of  the 
Ruhble-drift,  while  the  absence  of  intervening  links  is  of  less  importance,  as  the 
phenomena  we  have  noticed  at  Pedemar  and  Santenay,  and  those  we  are  about  to 
notice  at  Gibraltar,  bridge  over  the  intermediate  area,  and  lead  us  to  infer  that  it 
must  have  shared  in  the  submergence  which  affected  high  hills  on  its  borders.|| 

Gibraltar. — The  well-known  Rock^  is  an  isolated  hill,  separated  from  the  mainland 
hy  a  few  miles  of  flat  ground  about  10  feet  above  the  sea-level,  and  is  composed  of  hard 
limestones  of  Jurassic  age,  forming  a  high  scraggy  ridge  rather  more  than  2-|  miles 
long,  from  550  to  1 550  yards  broad,  and  rising  at  the  north  end  to  the  height  of  1 349  feet, 

*  Db  la  Marmora’s  ‘  Voyage  en  Sardaigne,’  p.  370,  1857. 

t  ‘  Geul.  Mag.,’  vol.  7,  p.  553,  1870. 

t  ‘  Qnart.  Journ.  Geol.  Soc.,’  vol.  15,  p.  599,  1859. 

§  ‘Atti  della  Societa  Italiana  di  Scienze  Natural!,’  vol.  12,  fasc.  3,  1869. 

II  M.  Marcp;l  de  Seeres  speaks  of  an  ossiferous  breccia  of  Concud,  near  Teruel,  in  Aragon,  but  gives 
no  particulars  and  no  references. 

^  Cuvier  gives  an  account  of  tbe  organic  remains  of  tbe  Gibraltar  breccia  in  his  ‘  Ossements  Eossiles.’ 
The  general  geology,  and  especially  tbe  Raised  Beaches,  were  described  by  Mr.  J.  Smith,  of  Jordanbill, 
in  1844  (‘  Quart.  Journ.  Geol.  Soc.,’  vol.  2,  p.  41)  ;  the  caves  and  their  contents,  by  Dr.  Falconer  and 
Mr.  Busk  in  1865  (‘ Quart.  Journ.  Geol.  Soc.,’  vol.  21,  p.  364;  ‘Paljeon.  Mem.,’  vol.  2,  p.  556,  1868; 
and  Congr.  Preh.  Archaiol.,  Norwich  Meeting,  1868)  ;  the  fossil  fauna,  by  G.  Busk  in  1877,  (‘  Trans. 
Zool.  Soc.,’  vol.  10,  pt.  2)  ;  and  the  solid  and  superficial  geology  by  Sir  A.  Ramsay  and  Professor 
James  Geikie  in  1878  (‘  Quart.  Journ.  Geol.  Soc.,’  vol.  34,  p.  505). 
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and  at  the  south  end  of  1370  feet  above  the  sea-level.  From  the  O’Hara  Tower,  at 
the  south  end,  the  Ptock  falls  rapidly  to  the  Windmill  Plain  (400  feet),  and  again  to 
the  Europa  plain  (150  feet).  These  are  plains  of  marine  denudation.  The  strata 
dip  at  a  high  angle  to  the  west.  On  the  east  side  the  Pock  forms  an  almost  sheer 
precipice :  on  the  west  side  it  slopes  rapidly  to  the  sea  level,  as  shown  in  the  follow¬ 
ing  sections  by  Messrs.  Pamsay  and  Geikie,  which  have  the  advantage  of  being 
drawn  to  a  true  scale.  The  interpretation  of  the  drift  beds  is,  however,  my  own. 
At  the  foot  of  the  west  slope  is  the  belt  of  lower  ground  on  which  the  town  is  situated. 


Fig.  14. — Transverse  Sections  of  the  Bock  of  Gibraltar  (after  Ramsay  and  Ge[kie). 


A.  Section  across  Sugar  Loaf  Hill,  O'Hara 
Tower,  1370  feet. 


B.  Section  across  Middle  Hill,  St.  MichaeVs  Gate, 
11.38  feet. 


s,  sands;  a',  limestone  breccia  or  rubble-drift  (tlie  agglomerates  of  the  authors — their  older  agglomerate 
is  that  on  the  left  and  their  newer  one  that  on  the  right  side  of  the  sections)  ;  L,  limestone ;  S,  shale ; 
X,  ossiferous  fissures  (not  in  original  sections*)  ;  c.  Raised  Beach. 


The  Pock  has  been  extensively  faulted  and  fissured.  Large  rents,  some  perpen¬ 
dicular,  and  others  inclined  at  various  angles,  and  extending  to  great  depths,  traverse 
it  in  different  directions.  They  are  met  with  at  all  heights  up  to  1100  feet  (St. 
Michaels).!  In  the  course  of  constructing  fortification  works,  ossiferous  fissures  haY^e 
been  discovered  from  time  to  time.  Amongst  the  most  important  is  the  one  known 
as  the  Genista  Cave  on  Windmill  Hill  explored  by  Captain  Brome  (1862  and 
1868),  and  investigated  paleontologically  by  Dr.  Falconer  and  Mr.  G.  Busk  in  1865. 
This  hill  forms  a  plateau  400  feet  above  the  sea  at  the  south  end  of  the  rock. 

Many  of  the  fissures  have  been  only  partly  filled  up  by  the  breccia,  leaYung  large 
open  spaces  at  various  depths,  some  of  Avhich  have  been  occupied  as  caY^es  and  places 
of  refuge  up  to  comparatively  recent  times.  OYving  to  the  untimely  death  of 
Dr.  Falconer  it  fell  to  Mr.  Busk  to  complete  the  investigation  of  the  fossil  fauna, 
commenced  by  the  former.^ 

The  folloYving  is  Mr.  Busk’s  revised  list  of  the  Mammalian  remains  : — § 


*  Tliese  I  have  merely  put  in  approximately  to  indicate  tlieir  general  position,  bnt  not  tlieir  depth, 
t.  Sea-caves  and  beaches  also  exist  at  various  heights.  (See  Mr.  Jajies  Smith’s  paper.) 

X  ‘  Palisontological  Memoirs,’  vol.  2,  p.  554. 

§  ‘  Trans.  Zool.  Soc.,’  vol  10,  p.  53,  1876. 
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Ursus  fossilis  sive  priscus. 

Hycsna  crocuta. 

Fells  pardus. 
pardina. 

,,  caligata. 

Equiis  cahallus. 

Rhinoceros  hemitcechus,  Falc.  {R. 
leptorhinus,  Owen,  vel  R. 

Merchii,  Lartet). 

Cuvier  mentions  Lagomys,  but  with  doubt. 

The  bones  were  much  broken  and  splintered,  and  Dr,  Falconer  states  that  in  no 
Instance  did  they  observe  “  fossil  bones  attributable  to  one  complete  skeleton  of  any 
one  of  the  larger  Mammalia,”  nor  does  he  or  Mr.  Busk  allude  to  any  of  the  bones 
having  been  gnawed.  Had  they  been  so,  it  would  certainly  not  have  escaped  the 
notice  of  such  experienced  observers.  At  the  same  time  they  remark  that  the  bones 
in  the  newer  or  prehistoric  caves  were  gnaived. 

Mr.  Busk  tells  us  that  “  wherever  the  surface  is  exposed  it  is  seen  intersected  by 
ramifying  fissures  which  occasionally  widen  into  extensive  caverns  either  empty  or 
filled  with  bone  breccia  and  crystalline  spar.”*  Sometimes  the  fissures  are  very 
narrow,  at  other  times  they  are  many  feet  wide  and  extend  to  great  depths;  the  one 
on  Windmill  Hill  was  followed  to  a  depth  of  290  feet  from  the  surface,  and  another  on 
St.  Michael’s  Hill  to  a  depth  of  288  feet.  Owing  to  the  size  of  the  blocks  in  some 
cases,  and  in  others  to  the  contraction  of  the  sides  of  the  fissures,  large  open  spaces 
have  often  been  left  at  various  depths. 

Human  remains,  including  entire  skeletons,  together  with  fragments  of  pottery, 
stone  implements,  worked  bones  and  remains  of  recent  animals,  were  discovered  in 
many  of  these  spaces  or  caverns,  but  they  were  all  of  Neolithic  and  recent  date,  and 
do  not  come  wdthin  the  scope  of  our  inquiry. t  Besides  these,  however,  traces  of 
Palgeolithic  Man  were  met  with.  At  the  depth  of  53  feet,  in  one  of  the  fissures  on 
Windmill  Hill,  the  workmen  came  upon  a  quantity  of  red  breccia  in  which  were 
found  two  teeth  of  Rhinoceros.  In  the  same  mass  there  was  a  human  tooth,  which 
Mr,  Busk  identified  as  a  molar  that  had  never  been  cut,  together  with  a  jlint  knife, 
and  numerous  large  pieces  of  flint.| 

To  account  for  the  bones  in  the  breccia,  two  explanations  have  been  suggested, 
1st,  that  of  Buckland  and  De  la  Beche,  which  attributes  the  ossiferous  debris  to 
the  remains  of  animals  that  had  fallen  into  open  fissures.  To  this  I  have  already 


Cervus  elaphus. 

„  dama. 
Capra  ibex. 

Bos  primigenius, 
Sus  scrofa. 

Lepus  caniculus. 

,,  timidus. 
Canis  vulptes. 


*  Many  of  the  later  caves  were  beautifully  furnished  witli  stalactites, 
t  They  are  desci’ibed  by  Mr.  Busk  in  the  paper  just  quoted, 
t  Land  shells  are  also  said  to  have  also  been  found. 
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stated  objections  which  must,  I  think,  be  considered  fatal.*  2nd,  that  suggested  by 
Dr.  Falconer,  who  supposed  that  “the  wild  animals  above  enumerated,  during  a  long 
series  of  ages,  lived  and  died  upon  the  rock.  Their  bones  lay  scattered  about  the 
surface,  and  in  the  vast  majority  of  instances  crumbled  into  dust,  and  disappeared 
under  the  influence  of  exposure  to  the  sun  and  other  atmospheric  agencies,  as  con¬ 
stantly  happens  under  similar  circumstances  at  the  present  day.  But  a  certain 
proportion  of  them  were  strewed  in  hollows  along  the  line  of  natural  drainage  when 
heavy  rains  fell ;  the  latter,  for  the  time  converted  into  torrents,  swept  the  bones 
with  mud,  shells,  and  other  surface-materials,  into  the  fissures  that  intercepted  their 
course;  there  the  extraneous  objects  were  arrested  by  the  irregularity  of  the  passages, 
and  subsequently  solidified  into  a  conglomerate  mass  by  long  continued  calcareous 
in  filtration.  ”t 

Although  this  last  explanation  gets  rid  of  some  of  the  difficulties  attached  to  the 
first,  it  gives  rise  to  others  which  seem  insujoerable.  In  the  first  place,  it  is 
improbable  that  all  the  various  wild  animals,  of  which  the  list  is  given  above, 
could  have  at  any  time,  or  habitually  lived  together  on  the  rock.  The  crags  and 
caves  may  have  been  the  resort  of  Hycenas  and  other  predaceous  animals,  but  the 
Deer,  and  other  ruminants,  the  remains  of  which  were  numerous,  could  never  have 
lived  in  the  neighbourhood  of  these  Carnivora.  They  would  naturally  have  frequented 
the  surrounding  plains  and  forests,  where  they  could  have  found  food,  shelter,  and 
water,  rather  than  scrags — dry  and  in  great  part  barren.  It  is  true  that  the  pre¬ 
daceous  animals  might  have  carried  there  some  portions  of  their  prey,  but  had  they 
done  so,  either  the  bones  would  have  been  devoured,  or  such  as  remained  must 
inevitably  have  shown  marks  of  the  animals’  teeth. 

In  the  second  place,  no  animal  remains  left  on  the  surface  could  possibly  have 
escaped  destruction  in  the  proximity  of  ground  frequented  by  Hysenas  and  other 
Carnivora  ;  or,  supposing  any  bones  had  escaped,  they  would  have  deca^^ed  under 
ordinary  atmospheric  agencies,  and  exhibited  more  or  less  weathering  ;  had  they  also 
been  washed  down  by  streams  and  amongst  rocks,  they  would  have  been  rolled  and 
worn.  But  there  is  no  evidence  of  weathering  or  wear,  nor  is  it  shown  that  the 
fissures  are  connected  with  old  watercourses.  The  bones  have  clear  and  sharp 
fractured  edges.  Only  in  two  instances  it  is  mentioned  that  the  bones  present 
the  appearance  of  being  weathered  and  sun-cracked,  and  this  seems  to  refer  to  those 
found  with  human  remains  and  works  of  art,  and  not  to  the  older  breccia. 

For  these  reasons  I  think  this  explanation  cannot  be  accepted,  and  would  again 
revert  to  the  hypothesis  of  a  submergence  of  the  land.  This  affords  a  vera  causa  for 
the  association  of  animals  otherwise  so  little  likely  to  be  found  together.  It  could 
only  have  l)een,  as  in  the  cases  I  have  before  named,  a  great  and  common  danger, 
such  as  that  of  the  gradual  encroachment  of  the  sea  on  the  land,  that  could  have  so 

*  Ante,  p.  937,  and  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  38,  p.  336. 

+  ‘  Palasontolog’ical  Memoirs,’  vol.  3,  p.  537. 
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paralyzed  their  natural  instincts  as  to  have  driven  those  various  animals  to  flock 
together  in  search  of  a  common  place  of  refuge  from  a  catastrophe  which  threatened 
all  alike.  Under  such  circumstances  the  Ruminants  would  naturally  flee  from  the 
plain  to  the  higher  hills,  and  -w^hen  these  were  isolated,  as  in  this  and  the  other  cases 
I  have  named,  whenever  the  waters  rose  above  those  hills,  they  were  drowned  and 
their  limbs  dispersed  in  the  manner  I  have  before  described. 

The  conclusions  I  would  draw  from  the  important  paper  of  Sir  A.  Ramsay  and 
Professor  James  Geikie,  on  the  Geology  of  the  Rock,*  correspond  with  those  formed 
on  the  palaeontological  evidence,  though  they  differ  from  those  of  the  authors  of  that 
paper ;  but  I  speak  with  reserve  from  want  of  personal  knowledge  of  the  ground. 
They  describe  the  superficial  deposits  as  consisting  in  ascending  order  of — 

1.  An  older  Limestone-agglomerate. 

2.  Bone  breccias  in  caves  and  fissures. 

3.  Raised  Beaches  and  calcareous  marine  sands. 

4.  Alameda  and  Catalan  sands. 

5.  A  later  Limestone-agglomerate. 

Beds  1  and  5  are  true  breccias,  but  the  authors  adopt  the  term  agglomerates  for 
these  beds,  to  distinguish  them  from  the  bone-breccia  of  the  caves  and  fissures 
(No.  2).  They  say:  “The  oldest  (1)  of  all  the  superficial  accumulations  is  the 
remarkable  agglomerate  or  breccia  which  covers  so  large  an  area  in  the  district  of 
Buena  Vista  and  Rosia,  and  in  the  neighbourhood  of  the  South  Barracks,  Similar 
accumulations  are  met  with  in  other  parts  of  the  Rock ;  but  these,  as  we  shall 
afterwards  point  out,  belong  to  a  later  date  (5).  In  caves  and  fissures,  as  is 
well  known,  breccias  also  occur,  but  these  are  distinguished  from  the  others  by  the 
presence  of  abundant  Mammalian  remains.”  They  proceed  to  say  that  this  older 
breccia  {a',  on  the  left  of  the  sections,  fig.  14)  is  quite  unfossiliferous,  and  rests  on 
the  main  limestone  or  on  the  overlying  strata.  For  these  reasons  they  thought  it 
“  better  to  restrict  the  term  breccia  to  the  true  cave-and-fissure-accumulations, 
leaving  the  term  agglomerate  for  the  great  superficial  masses.” 

In  the  neighbourhood  of  Rosia  and  Buena  Vista,  this  agglomerate  or  breccia 
“  attains  a  thickness  in  some  places  of  not  less  than  100  feet,  and  occasionally  shows 
a  well-marked  dip,  ...  as  a  rule,  however,  the  mass  is  quite  amorphous  and  devoid  of 
stratification.  The  matrix  is  sometimes  grey,  sometimes  reddish,  and  the  included 
fragments  (of  the  limestone)  are  almost  invariably  quite  angular,  no  rounded  waterworn 
stones  being  visible.  The  agglomerate  is  of  all  degrees  of  coarseness,  the  stone  vary¬ 
ing  in  size  from  mere  grit  up  to  blocks  1 2  feet  and  more  in  diameter  ;t  and  larger  and 
smaller  fragments  are  all  rudely  heaped  together  without  the  slightest  reference  to 

*  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  34,  p.  505. 

t  They  add,  “  Sorae  of  the  larger  blocks  must  weigh  20  or  30  tons  at  least.” 

MDCCCXCIII. — A.  6  E 
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size  or  shape,  so  as  to  present  an  appearance  as  tumultuous  and  confused  as  that  of  a 
coarse  volcanic  ao’o-lomerate.” 

This  description  might  be  applied  almost  word  for  word,  to  the  “  head  ”  over  the 
Raised  Beaches  of  Brighton  and  Devon.  There  is  the  same  absence  of  wear  and  the 
same  local  character  of  the  component  fragments ;  the  same  various  degrees  of 
coarseness  and  occasional  inclusion  of  massive  blocks  ;  and  the  same  occasional  dip  or 
appearance  of  bedding  :  to  which  may  be  added  the  same  general  rarity  of  organic 
remains.  Bones,  however,  have  been  met  with,  though  very  rarely,  but  when  that  is 
the  case  the  authors  assign  it  to  a  later  period.  But  even  at  Brighton  the  greater 
part  of  the  Elephant-bed  is  unfossiliferous,  and  it  is  only  occasionally  that  bones  are 
found,  whilst  in  Devon,'''  owing  to  various  causes,  they  are  almost  unknown.  In  the 
fissure  breccia  likewise  there  are  large  portions  (probably  the  largest)  in  which  no 
bones  are  found.  The  jjresence  or  not  pf  bones  cannot  therefore  be  considered  a 
character  of  any  fixed  value,  and  alone  is  insufficient  as  a  test  of  comparative  age. 

Messrs.  Ramsay  and  Jas.  Geikie  state,  that  the  bone  breccia  of  Rosia  Bay  occupies 
a  “  vertical  fissure  of  erosion  in  the  unfossiliferous  limestone-agglomerate”  and  hence 
that  the  latter  must  be  of  older  date.  But  Major  Imrie,!  who  was  there  when  the 
first  excavations  were  going  on,  says,  that  it  was  a  cave  (with  the  ordinary  cave  bone- 
bi'eccia)  that  had  been  “  filled  up  with  the  concretion  ”  (agglomerate),  and  Mr.  Smith 
merely  says  that  it  was  a  fissure  in  the  face  of  the  cliff.  Unfortunately  no  sections 
are  given  to  assist  us  in  our  conclusions.  If  this  breccia  (the  older  agglomerate) 
were,  hoAvever,  older  than  the  Raised  Beaches,  we  should  expect  to  find  portions  of 
it  under  some  of  those  beaches,  but  none  such  are  recorded.  On  the  contrary,  a 
section  given  by  the  authors  shows  an  agglomerate  or  breccia  overlying  a  beach  (see 
fig.  17).  They  explain  this  section  by  supposing  this  agglomerate  (their  No.  5)  to 
be  of  later  date  than  the  agglomerate  or  breccia  of  Rosia  and  Buena  Vista  on  the 
wmst  side  of  the  Rock,  but  the  evidence  of  superposition  is  wmnting,  and  it  is  difficult 
to  suppose  that  the  breccias  on  the  east  and  west  side  of  the  Rock,  shown  in  the  twm 
sections  in  fig.  14,  a, re  otherwdse  than  contemporaneous. 

The  authors  themselves  say  “  there  is  no  perfectly  conclusive  evidence  to  show  that 
any  of  them  (the  agglomerates)  are  older  than  the  marine  platforms  at  Europa  and 
low'er  levels,”  and  again,  “  the  agglomerates  (No.  5)  now  referred  to  (those  resting  on 
marine  deposits,  or  Raised  Beaches,  and  eroded  platforms  on  the  east  side  of  the  Rock), 
are  similar  in  most  respects  to  the  older  accumulations  (No.  l)  in  Buena  Vista.  Like 
them  they  are  made  up  of  angular  fragments  of  limestone  of  all  sizes  up  to  blocks 
several  yards  in  diameter,  set  in  an  earthy  matrix  which  is  either  red  or  grey.” 
Another  section|  (fig.  1.5)  is  described  by  them  at  p.  527,  fig.  10.  They  consider 

*  I  am  not  aware  of  any  except  tlie  tootE  of  Horse,  wliicli  I  found  at  Hope’s  Nose,  as  mentioned  in  my 
first  paper  to  the  Geological  Society. 

t  ‘  Trans.  Roy.  Soc.  Edinb.,’  vol.  4,  p.  191  ;  1779. 

t  This  is  described  somewhat  more  fully  by  Professor  J.  Geikie  in  ‘  Prehistoric  Europe,’  p,  326. 
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that  the  agglomerate  here  overlying  the  marine  sands  (a  littoral  deposit)  is  newer 
than  that  of  Buena  Vista  and  Bosia.  I  do  not,  however,  see  sufficient  reason  for  this 
conclusion,  and  would  suggest  another  interpretation  (see  fig.  16). 

Fig.  15. — Section  from  near  Windmill  Sill  Barracks  to  the  sea  near  Monkey's  Gave-road  (Ramsay  and 


Geikie). 


L.  Limestone. 

Platform  of  marine  erosion  160  feet  above  the  sea. 

Platform  of  marine  erosion  260  feet  above  the  sea. 
s^.  Caloareons  sandstone,  horizontally'  bedded,  marine. 

s^.  Calcareous  sandstone  dipping  a'way  from  cliffs,  the  'weathered  and  rearranged 
upper  surface  of  s'. 

a.  Unfossiliferous  limestone  agglomerate  (the  later  agglomerate). 

Presuming,  therefore,  that  the  surface  breccia  on  both  sides  of  the  Bock  is  all  of  the 
same  age,  my  reading  of  this  section  would  be  as  under. 

Fig.  16. — Alternative  reading  of  Section  No.  15. 


{«'. Coarse  limestone  detritus. 

a".  Composed  mainly  of  the  debris  of  the  marine  sands,  c,  with  fragments  of  lime¬ 
stone  in  its  upper  part, 
f.  Marine  sands  =  Raised  Beach. 

I  take  it  that  during  upheaval  the  first  effect  of  the  effluent  waters  has  been  to 
denude  the  marine  sands  c,  forming,  with  the  limestone  debris  from  higher  up  the 
slopes,  a  finer  mixed  detrital  bed,  which  should  be  connected  with  the  breccia  or 
Bubble-drift  a,  and  not  with  c. 

In  another  section  (their  fig.  12),  the  agglomerate  is  again  shown  directly  over- 

6  E  2 
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lying  the  shelly  grit,  while  in  fig.  17  (their  fig.  11)  it  rests  on  a  remnant  of  a  Eaised 
Beach,  lying  on  a  platform  of  marine  erosion. 

Fig.  17. — Section  at  Princes  Lines  (the  sketch  only  is  after  Ramsay  and  Geikie). 


of,  Limestone  Rubble-drift  or  head  (Newer  agglomerate,  No.  5,  of  the  authors), 
c,  Raised  Beach  (Gravelly  conglomerate  of  the  authors). 

Why  this  agglomerate  is  taken  to  be  more  recent  than  that  in  Bosia  Ba}^,  is 
that  it  contains  fragments  of  Mammalian  bones,  which  the  other  is  supposed  not 
to  do.  But  it  seems  to  me  rather  a  reason  to  prove  that  that  breccia  (No.  1)  is 
occasionally  ossiferous,  and  also  that  it  is  newer  than  the  Baised  Beach.  The 
uncertainty  of  the  occurrence  of  bones  is,  as  before  mentioned,  one  of  the  features  of 
the  Bubble-drift.  Mr.  Smith  speaks  only  of  one  breccia  with  remains  of  the  extinct 
Mammalia,  though  he  considered  that  there  was  a  re-constructed  breccia  of  modern 
date  formed  by  the  washings  and  debris  of  the  older  breccia,  which  it  consequently 
closely  resembles,  that  resemblance  being  aided  by  the  continued  deposition  of 
carbonate  of  lime  and  cementation  of  the  mass.  This  differs,  howmver,  from  the  older 
cave  breccia  and  from  the  agglomerates  of  the  authors  in  containing  the  remains  of 
later  Man  and  his  handiwork,  and  of  recent  animals.  The  distinction  has  been  well 
shown  by  Mr.  Busk.* 

With  respect  to  the  origin  of  the  breccia,  Messrs.  Bamsay  and  Geikie  attribute 
their  older  agglomerate  on  the  western  slopes  to  severe  cold  at  the  time  “  when  the 
Bock  had  a  wider  area  of  low  ground  at  its  base,  and  when,  so  far  as  we  know,  it  was 
not  tenanted  by  land  animals.”  They  justly,  however,  observe,  “  something  more 
than  the  mere  action  of  strong  frost  is  needed  to  account  for  the  presence  of  the  wide¬ 
spread  and  massive  agglomerate  of  Bosia  and  Buena  Vista.”  How%  then,  is  the  trans¬ 
port  of  large  blocks  and  the  accumulation  of  the  debris  in  so  large  a  volume  over 
the  small  incline  of  8°  to  9°  (in  places  not  more  than  2°  to  3°)  for  a  distance  of  at  least 
550  yards  from  the  base  of  the  main  slope,  to  be  accounted  for  ?  Winter  torrents  will 
not  suffice.  A  cone  of  dejection  spreads  out  fan-shaped,  and  would  not  extend  so  far 
beyond  tlie  foot  of  the  main  slope,  and  the  debris  would  show  symptoms  of  wear  and 
rolling,  as  well  as  a  gradation  from  coarso  to  finer  materials.  ‘‘But  in  the  great 
limestone-agglomerates,  not  onl}''  are  the  stones  all  more  or  less  sharply  angular  and 
arranged  generally  without  any  reference  to  size  or  figure,  but  tlie  agglomerate  at  the 
foot  of  the  Bock  is  not  sensibly  coarser  than  that  wdiich  occurs  at  Bosia  Bay,  a 
distance  of  500  or  600  yards  away.”  It  is,  therefore,  impossible  to  look  upon  the 
rubble  as  a  talus,  or  as  thrown  out  by  cones  of  dejection. 

*  ‘  Trans.  Inter.  Coiigr.  Pretis.  ArcLasology,’  Norwich  Meeting,  1869. 


OP  WESTERN  EUROPE  AND  THE  MEDITERRANEAN  COASTS. 


949 


From  these  and  other  considerations,  the  authors  conclude  that  there  seems  to  be  in 
this  agglomerate  “  evidence  not  only  of  the  former  action  of  frosts  severe  enough  to 
wedge  out  large  blocks  of  limestone,  but  also  of  more  or  less  sudden  meltings  of  thick 
snow,  such  as  would  saturate  heavy  trains  of  debris,  and  cause  them  to  move  en  masse 
down  the  steep  slopes  and  over  the  lower  grounds  beyond.”  This  might  be  a  true 
cause  if  the  gathering  ground  had  been  larger  and  higher  and  the  terminal  slope  less, 
but  with  so  limited  a  gathering  ground  I  do  not  see  that  it  would  be  possible  for 
snow,  even  if  frozen,  to  hav-e  accumulated  in  sufficient  quantity  as  to  be  able  to 
propel  so  vast  a  mass  of  debris,  with  blocks  12  feet  in  diameter,  over  the  low^er 
slope,  which  dips  at  the  small  angle  of  8°  to  9^.''''  Even  were  it  possible,  would  not  the 
friction  have  been  such  as  to  cause  the  blocks  to  lose  their  sharp  angles  ?  I  have 
shown,  also,  that  this  projection  of  debris  with  blocks,  occurs  even  where  the 
gathering  ground  was  of  much  smaller  extent,  the  height  less,  and  a  snow-slide 
improbable.  The  later  agglomerate  they  suppose  to  have  been  formed  under  similar 
cold  climatic  conditions  after  a  long  interval,  during  which  the  Rock  had  become 
inhabited,  and  the  cave  and  fissure  breccias  had  accumulated  under  the  influence  of  a 
genial  interglacial  climate. 

The  view  I  would  take  respecting  the  origin  of  the  breccia  may  be  briefly  stated. 
First,  however,  with  regard  to  the  remarkable  series  of  marine  terraces,  described 
by  Mr.  Smith,  of  Jordan  Hill,  at  various  levels  up  to  600  feet.  Of  these  we  have 
very  insufficient  information.  We  only  know  from  his  general  statement  that  in  the 
beach  at  Europa  Point,  on  the  level  of  70  feet,  he  collected  nearly  100  species  of 
recent  shells  said  to  be  such  as  now  inhabit  the  Mediterranean,  but  no  list  is  given. 
At  a  higher  level  he  makes  mention  of  an  oyster  bed  and  of  Pectunculi,  and  then 
of  a  shelly  bed,  and  of  a  bed  with  recent  shells  at  the  600  feet  level.  But,  wdth  the 
exception  of  Pecten  maximus  and  Patella  ferruginea,  no  species  are  named.  Although 
we  cannot  assign  a  date  to  these  several  terraces,  it  is  probable  that  the  one  at 
Europa  Point  is  of  the  same  age  as  the  one  in  the  Channel.  The  others  may  go  back 
to  earlier  Quaternary  or  Tertiary  times  and  correspond  with  similar  traces  at  high 
levels  in  different  parts  of  the  Mediterranean  coasts.  To  determine  their  age  we 
must  wait  for  a  better  knowledge  of  their  Molluscan  fauna. 

On  the  emergence  of  the  Rock,  after  the  formation  of  these  beaches,  it  became 
inhabited  by  wild  animals,  but  there  is  nothing  to  show  that  this  took  place  at  an 
earlier  date  than  the  later  Glacial  or  Post-glacial  period,  for  the  Mammalia  are — with 
a  few  exceptions,  due  to  the  more  southern  situation  of  the  Rock — of  the  same 
species  as  are  common  in  the  more  northern  caves.  The  predaceous  animals  found 
ready  shelter  in  the  caves  and  amongst  the  crags  of  the  Rock,  and  there  they  may 
have  carried  the  remains  of  the  ruminants  found  in  the  older  bone  caves  ;  but  it 
is  difficult  to  suppose  that  the  numerous  Red  Deer,  Falloiv  Deer,  Oxen,  and  the 
vast  numbers  of  Ibex  spoken  of  by  Falconer — the  bones  of  which  show  con- 
*  A  more  detailed  section  is  given  in  ‘  Prehistoric  Europe,’  p.  217. 
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clusively  that  they  had  not  been  devoured  by  the  Carnivora — could  have  inhabited 
the  E,ock  at  the  same  time.  When,  however,  the  submergence  took  place,  the 
animals  living  on  the  surrounding  plains  sought  refuge  on  the  Eock  in  face  of  this 
unprecedented  danger,  and  there  shared  in  the  common  doom.  Such  of  theii’  remains 
as  fell  on  the  submerged  surface  of  the  Eock  were  subsequently  carried  down 
with  the  local  detritus  and  their  fragments  incorporated,  as  the  Rock  emerged  from 
the  waters,  here  and  there  in  the  general  mass  of  breccia. 

The  highest  point  on  the  west  side  of  the  Eock  which  the  breccia  is  shown 
to  reach  is  about  500  feet,  and  on  the  east  side  about  700  feet.  But,  considering 
the  volume  of  detritus  and  the  denuded  state  of  the  upper  portion  of  the  Eock,  we 
may  presume  that  the  greater  part,  if  not  the  whole  of  the  Eock,  was  submerged. 
On  its  upheaval  divergent  currents  swept  down,  in  the  manner  I  have  described  in 
speaking  of  the  “head”  at  Brighton  and  Sangatte,  the  great  body  of  limestone 
debris  disintegrated  by  the  cold  of  the  earlier  glacial  period,  and  propelled  it  en  masse 
over  the  flatter  ground  at  the  base  of  the  long  slopes.  With  the  necessary  velocity 
blocks  of  12  or  more  feet  in  diameter  would  be  easily  moved  under  such  a  volume  of 
water,  while  the  friction  would  be  comparatively  small.  Raised  above  the  sea  level 
the  surface  waters,  after  percolation  through  the  calcareous  rocks  and  debris,  would 
rapidly  effect  the  consolidation  of  the  brecciated  rubble,  as  on  the  slopes  of  Mont 
Genay,  the  coast  of  Mentone,  and  in  the  fissures  of  Nice  and  Cette,  of  which  this 
deposit  at  Gibraltar  is  a  counterpart  on  a  larger  scale.  After  the  final  rise  of  the 
land  the  caves  and  open  spaces  left  in  the  fissures  became  the  resort  of  the  more 
recent  wild  animals  and  of  Neolithic  Man. 

On  this  view  the  superficial  deposits  would  be  comprised  in  three  stages  or  epochs. 
First  and  oldest,  that  of  the  later  Raised  Beaches  and  Quaternary  Bone-caves. 
Second,  that  of  the  Breccia  on  the  slopes  and  in  the  Ossiferous  fissures  (or  Bubble- 
drifts).  Third,  and  latest,  that  of  the  Neolithic  caves. 

I  have  dwelt  thus  long  on  Gibraltar  not  only  on  account  of  the  extensive  scale  on 
which  the  phenomena  are  exhibited,  but  also  because  the  other  explanations  of  the 
facts  being  by  geologists  of  high  authority  and  of  competent  local  experience,  I  did 
not  deem  it  prudent  to  advance  further  on  what  is  still  debateable  ground,  and  leave, 
without  an  attempt  to  capture,  so  important  a  position  in  the  rear.  We  can  pass 
more  rapidly  over  Italy  and  some  of  the  Mediterranean  Islands. 

Corsica. — It  would  seem  that  there  are  here  several  Raised  Beaches  some  of  which 
attain  a  considerable  height.*  I'he  lowest  of  them  is  from  15  to  20  feet  above  the 
sea-level,  and  contains  species  of  shells  now  living  on  the  coast.  To  the  north  of 
Bastia  stretches  the  promontory  of  Cape  Corso,  formed  by  a  mountain  range 
from  2000  to  3000  feet  high  and  intersected  by  transverse  valleys.  Fringing  this 
promontory  on  the  eastern  side,  are  numerous  quarries  of  limestone  of  Cretaceous 
*  M.  D.  Hollande,  ‘  Bull.  Soc.  Geol.  de  France,’  .3me  ser.,  toI.  4,  p.  86,  1875. 
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age,  traversed  by  a  large  number  of  ossiferous  fissures,  250  to  450  feet  above  sea- 
level,  that  have  been  described  by  M.  A.  Locard.'^  These  fissures  are  generally 
crooked  and  narrow,  and  extend  the  whole  height  of  the  quarries.  When  the  sides 
of  rock  come  near  together  at  the  top,  the  fissures  are  sometimes  empty,  but  more 
generally  they  are  filled  with  an  ochreous  and  ferruginous  eartli  or  loam  containing 
sharp  angular  fragments  of  the  adjacent  rocks,  some  of  large  size,  with  bones  and 
land  shells,  heaped  together  without  any  order.  In  some  places  the  breccia  is 
concreted  and  forms  a  hard  rock.  M.  Locard  gives  the  following  list  of  the  fauna 
that  have  been  found  in  the  breccia  : — 


Homo. 

Lagomys  Corsicanus,  Cuv. 
Myoxus  glis,  Schreber. 
Mus  sylvaticus,  L. 

Canis  vulpes,  L. 


Lacerta. 

Ovis  musimon,  L. 
Lepus. 

Testudo. 

Perdix. 


The  predominant  remains  are  those  of  the  Lagomys,  those  of  the  other  Rodents  are 
also  numerous  ;  of  Birds  only  a  few  bones  have  been  found.  All  the  bones  are  much 
broken  and  there  are  no  large  ones.  Avery  few  fragmentary  bones  of  Man  have  been 
found  in  association  with  the  bones  of  Lagomys.  The  condyle  of  the  left  upper 
maxillary,  and  a  fragment  of  the  sphenoid  bone  were  determined  by  Dr.  Lortet.  A 
few  species  of  marine  shells  were  discovered,  but  M.  Locard  considers  that  these  were 
introduced  by  later  Man  (?).  He  further  gives  a  list  of  thirteen  species  of  Helix,  three 
of  Zonites,  two  of  Pupa,  and  one  of  Clausilia.  They  are  all  species  now  living  in 
Corsica,  except  one  referred  to  as  an  Egyptian  species. 

As  the  Lagomys  still  survives  in  Siberia,  and  its  remains  are  found  elsewhere 
associated  with  the  Mammoth  and  Woolly  Rhinoceros,  M.  Locard  concludes  that 
these  ossiferous  fissures  are  of  late  glacial  age,  and  that  Corsica  was  then  separated 
from  the  mainland. 

Sardinia.  —The  work  of  General  De  la  Marmora!  gives  many  interesting  details 
of  the  Quaternary  deposits  of  this  island.  He  shows  that  at  several  places  on  the 
coast  there  is  a  Raised  Beach  (or  littoral  deposit)  like  that  of  Gibraltar,  composed  of 
sand  and  grit  (Gres  Quaternaire),  with  occasional  layers  of  pebbles  and  shells.  The 
list  is  useful  as  affording  a  term  of  comparison  with  the  Raised-Beach  shells  of  the 
English  Channel.  Like  them  they  are,  with  few  exceptions,  all  of  species  now  living 
in  the  neighbouring  seas.  There  is,  therefore,  no  reason  why  the  Sardinian  beach 
should  not  also  be  of  late  glacial  age,  although  the  stratigraphical  evidence  is  not  so 
clear  as  in  the  other  case. 


*  ‘  Arch.  Mus.  d’Hist.  Nat.  de  Lyon,’  vol.  1,  p.  37,  1873  ;  and  ‘  Bull.  Soc.  Geol.  de  France,’  3me  ser., 
vol.  1,  p.  232. 

t  ‘Voyage  en  Sardaigne,.’  Paris,  1857. 
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The  Raised-Becwh  Shells  of  Sardinia. 


Cerithium  vulgatum,  Bn. 
Conus  Mediterraneus,  Brug. 
Murex  plicatus,  Brog. 

,,  SedgimcJcii,  M. 

,,  trunculus,  L. 

'^Hassa  reticidata,  F. 

Area  Now,  L. 

*Cardiuni  edide,  L. 

,,  papillosum,  Poli. 

„  rusticum,  L. 

,,  tuherculatum,  L. 
Donax  truncidus,  L. 

Lucina  fragilis,  Ph, 

,,  lactea,  Lk. 

Lutraria  rugosa. 

^Moxtra  stidtorum,  L. 
*Mytilus  edulis,  L. 

*Ostrea  edulis,  L. 

,,  lamellosa,  Broc. 

,,  plicatula,  L. 


Patella  Lamar chii,  Lk. 

„  scutellaris,  Lk. 
Tritonum  nodiferum,  Lk. 
Turbo  rugosus,  L. 

Vermelia  triquetra,  L. 

'^Pectunculus  glycimeris,  L, 
,,  p>ilosus,  Lk. 
Petricola  fragilis,  L. 

,,  lithophaga,  Betz. 
Pinna  rudis,  L. 

,,  tetragona,  Broc. 
*Scrohicula  piperata. 

Solen  vagina,  Lk. 
Spondylus  gardrop>us,  L. 
Tellina  p)lanata,  L. 

Venus  chione,  L. 

„  decussata. 

,,  gallina,  L. 

multilamella,  Lk. 

,,  verrucosa,  L. 


Those  with  a  star  are  found  also  in  the  glacial  deposits  of  England. 

In  some  cases  the  shells  are  whole  and  with  both  valves  united,  but  more  generally 
they  are  broken,  and  with  the  colour  often  preserved  as  in  the  Channel  beaches. 
Ostrea  and  Mytilus  sometimes  form  entire  beds.  On  the  coast  the  beach  is  generally 
about  20  feet  above  the  sea-level,  though  sometimes  less,  and  is  of  small  thickness, 
but  it  is  said  that  as  it  extends  inland  it  increases  in  height  and  thickness,  attaining 
at  Fontana,  one  mile  from  the  sea,  a  height  of  90  feet,  and  at  Marmorata,  two  miles 
inland,,  a  thickness  of  60  feet,  whilst  at  Alghero  it  is  said  to  rise  to  a  height  of 
100  metres.!  At  one  place  the  so-called  beach  was  found  three  miles  inland.  This 
deposit  is,  as  at  Gibraltar,  generally  consolidated  by  a  calcareous  cement,  and  has  been 
quarried  as  a  building  stone  from  time  immemorial.  The  beds  are  generally  nearly 
horizontal,  and  sometimes  show  oblique  lamination. 

On  the  summit  of  the  hill  of  Monreale,  near  Cagliari,  there  are  fissures  (a",  fig.  18), 
filled  with  breccia  containing  an  enormous  quantity  of  bones  of  Lagomys,  Myoxus, 
Arvicola,  and  other  small  animals,  but  without  any  of  the  larger  extinct  Mammalia. 


t  I  should  iuiagine  these  to  be  uot  one  but  separate  sea-levels,  like  those  of  Gibraltar. 
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The  breccia  extends  down  the  slope  of  the  hill  on  the  seaward  side,  where  it  seems  to 
impinge  on  a  Eaised  Beach,  as  in  the  following  diagram,  but  the  author  s  description 
of  them  is  not  very  clear. 

Fig.  18. — Generalized  Section  near  Cagliari  {J.P.)- 

MonreaJe  Cagliari  MtdelaPace. 

322' 


a 


a'.  Breccia  ;  a",  Ossiferous  fissures ;  c.  Raised  Beach. 


The  breccia  on  the  slopes  contains  no  bones,  but  land  shells  have  been  found  in  it. 
In  the  plain,  to  the  west  of  Cagliari,  the  rubble  attains  a  thickness  of  several  metres 
and  contains  blocks  derived  from  the  neighbouring  higher  hills  Inland,  in  a  matrix  of 
cemented  red  earth. 

On  the  whole,  these  Quaternary  beds  accord  perfectly  with  those  of  Corsica,  and 
also  in  their  essential  features  with  those  we  have  noticed  on  the  Mediterranean  coast 
of  France.  The  projection  of  the  angular  local  debris  to  a  considerable  distance  (over 
the  flat  land  towards  the  shore)  from  the  base  of  the  hill  slopes,  is  likewise  a  feature 
common  with  the  Bubble-drift. 

Minorca  and  Majorca. — General  De  la  Marmora  describes  similar  recent  marine 
beds  skirting  the  coasts  of  those  islands  at  heights  of  30  to  100  feet,  and  M.  Jules 
Haime*  names  some  of  the  shells,  but  further  details  are  wanting  of  the  coast  deposits 
in  these  islands  ;  they  seem  identical  with  those  of  Sardinia. 

Italy. — The  phenomena  on  the  coast  of  Italy  are  in  close  agreement  with  those  on 
other  parts  of  the  Mediterranean  shores,  both  with  regard  to  the  position  of  a  low  level 
beach  and  to  the  position,  condition,  and  contents  of  the  ossiferous  fissures.  General 
De  la  Marmora  notes  the  occurrence  of  Lithodomus  perforations  on  the  rocks  near 
Genoa  at  a  height  of  82  feet  above  sea  level, t  and  of  a  consolidated  Eaised  Beach  about 
25  feet  above  sea  level  in  the  neighbourhood  of  Leghorn.^  At  Ischia,  also,  are  well- 
known  marine  beds  at  different,  and  mostly,  high  levels.  In  one  of  them,  the 
fact  was  noted,  that  it  abounds  with  Foraminifera  of  a  species  which  M.  Ernest 
Van  den  Broeck  found  to  indicate  closer  relations  with  the  northern  oceanic  fauna 
than  with  that  of  the  warmer  Mediterranean.  § 

There  is  also  a  concreted  Eaised  Beach  containing  recent  shells  at  Capri,  about 
30  feet  above  the  sea-level.  Other  former  higher  sea  levels  are  indicated  by  zones  of 
rock  with  Lithodomus  perforations. 

Osseous  breccia  is  said  to  occur  in  several  places  near  Verona,  and  Vicenza,  and 

*  ‘  Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  12,  p.  742. 

t  ‘  La  Sardaigne,’  yol.  2,  p.  34.5. 

t  In  places  it  is  quarried  as  a  building  stone,  termed  PancMna. 

§  A.  W.  Watees,  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  34,  p.  196. 
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in  Tuscany.  Near  Pisa,  a  red  breccia,  not  distinguishable  from  that  of  Gibraltar,  lies  in 
vertical  fissures  of  a  light  coloured  limestone.  It  contains,  like  the  other,  remains  of 
Carnivora,  Puminants  (especially  Deer),  with  species  of  Helix  and  Cyclostoma  elegans. 
In  the  south  of  Italy,  ossiferous  breccias,  with  remains  of  various  Puminants,  occur  in 
fissures  of  the  limestone  at  CajDe  Palinura. 

Professor  Capellini  gives  a  more  special  account  of  a  bone-breccia  discovered  a 
few  years  since  near  Spezzia.'^"  On  either  side  of  the  bay  are  promontories  of  Jurassic 
limestone.  The  headland  of  the  one  on  the  south  side  forms,  as  at  Nice,  an  almost 
isolated  hill.  In  the  course  of  constructing  a  fort  on  this  point,  a  fissure  or  cavity  in 
the  rock  was  met  with  at  a  height  of  246  feet  (75  metres)  above  the  level  of  the  sea. 
It  was  filled  with  a  red  ferruginous  breccia,  cemented  by  calcite,  in  which  were  a 
great  number  of  bones  belonging  to  Higopopotamus  amgohibius  [H.  major),  and  Cervus 
capreolus,  chiefly  the  former.  A  great  number  of  the  bones  were  however  dispersed 
and  lost  before  the  attention  of  Professor  Capellini  was  directed  to  the  spot.  The 
discovery  is  interesting,  as  it  points  to  the  existence  of  a  fauna  similar  to  that  on  the 
Sicilian  coast. 

Sicily. — On  the  Atlantic  coast,  where  the  successive  changes  of  level  have  been 
due  to  earth  movements  extending  over  wide  areas,  there  has  been  little  to  interfere 
with  the  comparative  uniformity  in  the  level  of  the  beaches.  But  in  the  Mediter¬ 
ranean  area  volcanic  action  has  introduced  a  disturbing  element,  which  no  longer 
allows  of  uniformity  of  level  being  accepted  as  contributory  evidence  of  contemporaneity 
of  upheaval ;  and  where  we  have  no  other  evidence,  altitude  alone  cannot  be  taken  as 
a  proof  of  age.  This  renders  the  age  of  some  of  the  beaches  in  Sardinia  and  Corsica 
uncertain. 

In  Sicily  there  is,  in  fact,  proof  of  considerable  uplifts  in  recent  times.  Accordiug 
to  Signor  Gemmelae.o,+  there  are  on  tlie  coast  of  Catania  several  zones  of  sea-levels 
on  lava-streams  of  known  date.  In  one  case,  the  lava-stream  of  the  year  1169  has 
“  adhering  to  it  a  coarse  shelly  sand,  in  which  may  be  distinguished,  almost  in  a  normal 
position,  Cyprwa  lucicla”  and  other  shells,  at  a  height  of  6  to  7  feet  above  the  sea- 
level.  At  another  spot  he  found  blocks  of  lava  encrusted  by  Serpulce,  at  a  height 
of  45  feet.|  This  he  considered  to  be  the  greatest  elevation  the  coast  had  undergone 
during  the  present  period. 

Of  bone  caves  there  is  one  with  traces  of  a  Paised  Beach  70  feet  above  sea-level, 
two  miles  north  of  Syracuse.  The  cave  contained  remains  of  Elephant,  Hippo¬ 
potamus,  &c.  A  bone  breccia,  which  Dr.  Christie  classed  with  that  of  San  Giro, 
extended  from  the  entrance  to  some  distance  at  the  base  of  the  cliff 

*  “Breccia  Ossifera  della  Caverna  di  S.  Teresa,”  ‘Mem.  dell’  Accad.  di  Scienze  dell.  1st,  di  Bologna,’ 
ser.  3,  vol.  10,  1879. 

t  ‘  Quart.  Jonrn.  Geol.  Soc.,’  vol.  14,  p.  504. 

t  The  age  of  the  lava  at  this  spot  is  not  mentioned, 
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But  the  caves  which  more  especially  bear  upon  this  inquiry  are  those  in  the  neigh¬ 
bourhood  of  Palermo  that  are  connected  with  an  ossiferous  breccia  of  a  very 
remarkable  and  unique  character,  and  which  we  must  therefore  describe  at  g-reater 
length.  This  breccia  has  been  associated  with  the  breccia  of  the  ordinary  older  bone 
caves,  but,  though  occurring  in  front  and  close  to  such  caves,  I  think  the  association 
accidental,  and  that  the  two  are  independent.  Without  this  disconnection  its  origin 
appears  unintelligible. 

Palermo  stands  in  a  plain,  encircled,  at  a  distance  of  about  2  to  4  miles,  by  an 
amphitheatre  of  hills  from  2000  to  3000  feet  high  (fig.  21).  Pliocene  strata  rise  very 
gradually  from  the  shore  to  the  height  of  about  200  feet,  when  they  abut  against  highly 
inclined  limestone  strata  of  Cretaceous  and  Jurassic  age,  which  present  a  precipitous 
front  towards  the  plain,  while  in  places  a  thick  accumulation  of  limestone  breccia 
lies  at  their  base. 

There  are  several  caves  in  the  limestone  escarpment  a  little  above  the  line  of  junc¬ 
tion  with  the  Pliocene  plain,  but  the  one  which  most  particularly  claims  attention, 
from  the  extraordinary  quantity  of  Hi^'popotamus  hones  found  in  connection  with  it, 
is  that  of  San  Giro,  or  Mardolce,  situated  about  2  miles  to  the  south-east  of  Palermo, 
at  the  foot  of  Monte  Grifone.  This  cave  is  130  feet  long,  10  feet  AVide  at  the 
entrance,  30  feet  in  centre,  and  21  feet  high,  measured  from  the  surface  of  the  cave 
deposits.  It  is  situated  near  the  base  of  the  escarpment,  with  ground  sloping  from 
its  entrance  down  to  the  church  of  San  Giro,  a  distance  of  266  feet  (see  fig.  19).  But 
the  breccia  extends  apparently  beyond  this.  The  cave  Avas  described  by  the  Abbate 
D.  SciNA* * * §  in  1830,  and  by  Dr.  Turnbull  Ghristie  in  1831.t  It  was  visited  after¬ 
wards  by  Dr.  Falconer,  who  included  it  in  his  description  of  the  Maccagnone  Gave.| 
Owing  to  the  Avay  in  which  the  caAm  deposits  inside  and  out  had  been  ransacked  for 
bones,  first  by  the  peasants  and  aftei’Avards  by  order,  no  systematic  exploration  was 
then  possible. 

When  first  discovered  many  hundred  quintals  of  bones  were  dug  out  by  the 
peasants.  According  to  Scina  the  breccia  was  crammed  with  hones,  so  fresh  that 
they  were  cut  into  ornaments  and  polished,  and  that  when  burnt  they  gave  out 
ammoniacal  vapours.  The  quantity,  hoAvever,  Avas  so  great,  that  when  afteinvards 
exploited  for  commercial  purposes,  20  tons  were  shipped  in  the  first  six  months  to 
Marseilles  and  England,  where  It  is  said  they  were  used  for  the  manufacture  of  lamp 
black§ ;  if  this  Avere  the  case  they  could  have  lost  very  little  of  their  animal  matter. 
The  bones  Avere  mostly  those  of  Hippopotami,  with  a  feAv  only  of  Deer,  Ox,  and 
Elephant.  In  a  weight  of  nearly  \  \  tons,  all  except  six  were  bones  of  tAAm  species  of 

*  ‘Rapporto  snlle  Ossa  Fossili  di  Mardolce,’  Palermo,  1831. 

t  “  On  the  Newer  Deposits  of  Sicily.”  ‘  Phil.  Mag.’  for  October,  1831,  p.  1. 

+  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  16,  p.  99,  1860 ;  and  ‘  Palaeontological  Memoirs,’  vol.  2,  p.  543,  1868. 

§  Or  more  probably  of  animal  charcoal  for  the  sugar  factories.  In  the  I’ubble-drift  at  Chilton,  near 
Oxford,  the  bones  likewise  retained  a  large  proportion  (above  17  per  cent.)  of  animal  matter. 

6  F  2 
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Hippopotamus  ;  amongst  thorn  were  300  astragali  of  that  animal.  Scina  also  col¬ 
lected  76  astragali  for  the  Museum  of  Palermo,  together  with  14  jaws  with  teeth, 
besides  numerous  single  teeth,’"'  and  specimens  of  almost  all  the  bones  of  the  body 
belonging  to  animals  of  all  ages  down  to  the  foetus.  The  following  diagram  section 
(fig.  19)  gives  the  chief  features,  as  described  by  the  above  writers.  It  is  not  drawn 
to  any  scale. 


Fig.  19. — Restored  diagram  section  of  the  Cave  of  San  Giro  {J.P.). 


i.  Hippurite  limestone.  2.  Pliocene  sands  and  marls. 

I  Red  clay,  with  angular  blocks  of  limestone,  passing  dovm  into  reddish') 
a'.  Bone  hreccia<  clay,  with  smaller  fragments  and  some  pebbles  of  limestone  and  >  20  feet  ? 

quartz.  (The  latter  may  be  derived  from  the  sea-bed,  c)  .  .  .  J 

c.  Sand,  with  sea-shells  and  corals  (?)  of  recent  species.  The  walls  to  some  height 

above  c  were  perforated  by  Lithodomi  f . 1  to  2  „ 


With  respect  to  the  position  and  condition  of  the  bones,  the  evidence  is  conflicting. 
SciNA  says  that  the  bones  ^vere  without  order,  and  those  of  the  different  animals 
were  mixed  together,  that  they  were  broken,  shattered,  and  dispersed  in  fragments. 
Speaking  of  the  Elephant  remains,  he  remarks  that  no  entire  tusks  were  found,  and 
that  the  fangs  of  the  teeth  and  epiphyses  of  the  vertebrae  w^ere  gone,  whilst  some  of 
the  bones  were  so  reduced  by  wear  as  to  be  scarcely  recognisable.  Two  teeth  of 

*  These  were  still  so  numerous  on  the  surface  of  the  ground  between  the  cave  and  the  church  of  San 
Giro,  at  the  time  of  Dr.  Falconer’s  visit,  that  the  women  and  childi’en  of  the  neighbourhood  picked  up 
the  teeth  and  brought  them  to  him  in  handfuls.  Whether  these  were  ploughed  up,  or  had  been  rejected 
at  the  time  of  the  diggings,  is,  however,  uncertain.  They  wei’e  not  worn. 

t  It  is  possible  that  there  may  have  been  a  distinct  bone-breccia  of  the  cave  age  between  c  and  a'. 
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Elephant  had  been  worn  down  to  the  state  of  pebbles.  It  is  evident,  however,  tliat 
these  are  the  exceptions;  they  may  have  been  derived  from  the  old  beach-  or  cave-beds.''^ 
Christie  merely  says  that  the  breccia  contains  “  a  prodigious  number  of  fragments  of 
bones  with  some  rolled  pieces  and  blocks  of  limestone.”  Dr.  Falconer  makes  no 
allusion  to  the  wear  of  the  bones,  and  the  specimens  deposited  in  the  College  of 
Surgeons  have  neither  been  worn  or  gnawed.  Speaking  also  of  the  analogous  breccia 
at  the  Grotta  di  Maccagnone,  he  says  that  the  bones  were  all  broken  and  splintered, 
and  that  none  of  them  hove  marks  of  gnawing. 

To  obtain  the  bones,  a  cutting  6^  feet  wide,  and  apparently  about  20  feet  deep, 
was  made  from  the  mouth  of  the  cave  to  the  slope  outside,  but  no  particulars  of  the 
section  have  been  preserved.  In  the  interior  of  the  cave  the  upper  part  of  the  breccia 
was  loose  and  pulverulent,!  and  the  bones  light  and  adhering  to  the  tongue,  but  the 
greater  part  of  it,  both  in  the  cave  and  outside  on  the  slojDe,  was  extremely  hard.;]; 
SciNA,  however,  says  it  was  more  compact  in  the  cave,  and  that  the  bones  in  it  were 
petrified  and  solid,  carbonate  of  lime  being  the  cementing  and  solidifying  material. 
The  same  writer  speaks  of  the  breccia  inside  and  outside  the  cave  as  one  mass, 
whereas  Christie  thought  there  was  a  want  of  continuity  between  the  two. 

Looked  upon  as  a  whole,  the  mass  of  debris  which,  near  the  entrance  of  the  cave 
had  a  thickness  of  from  20  to  30  feet,  closely  resembles  in  its  general  character  the 
Eubble-drift  on  slopes  or  over  some  of  our  Raised  Beaches.  Christie  says  that  it  “  has 
some  appearance  of  being  divided  into  strata  as  if  deposited  under  water,”  and  here,  as 
at  Brighton  and  Sangatte,  the  coarsest  bed  lies  on  the  top.  According  to  the  same 
writer,  a  similar  calcareous  conglomerate  or  breccia  attains  at  the  foot  of  Monte 
Pellegrino,  a  thickness  of  40  to  50  feet,  and  contains  blocks  many  yards  in  circum¬ 
ference.  In  this  respect  it  resembles  the  breccia  on  the  slopes  at  Gibraltar.  Christie 
also  remarks  that  “  This  bone-deposit  has  more  analogy  to  the  bone-breccias  that 
occur  in  various  parts  along  the  shores  of  the  Mediterranean  than  to  the  bone-caves 
of  the  more  southern  parts  of  Europe.” 

The  traces  of  old  occupation  of  the  cave  of  San  Ciro  by  predaceous  animals  is  more 
obscure  than  in  the  case  of  the  Gower  caves.  If  an  old  cave  floor  existed,  it  has  been 
swamped  under  the  great  mass  of  breccia  with  the  Hippopotamus  bones.  That  there 
were,  however,  dens  of  Hymna  fringing  the  declivities  of  that  range  of  hills  is  certain. 
One  was  discovered  by  Baron  Anca  di  Mangalaviti  §  between  Palermo  and  Messina, 
in  which  a  large  number  of  bones  and  Coprolites  of  Carnivora,  with  Deer  horns,  and 
astragali  of  other  animals,  bearing  the  •  marks  of  gnawing,  have  been  found.  The 
Baron  also  points  out  that,  whereas  in  these  caves  bones  of  Carnivora  and  Deer  are 

*  Nine  ElepEants’  teetE  were  found  in  the  cave.  It  looks  as  tliongh  the  cave  beds  and  tbe  angular 
rubble  (Rubble-drift)  formed  two  distinct  deposits,  as  in  some  of  the  Belgian  caves  (see  fig.  12). 

t  Apparently  there  was  no  stalagmite. 

t  It  was  quarried  outside  as  a  building  stone. 

§  ‘Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  17,  p.  680. 
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common,  in  the  caves  of  San  Giro  and  Maccagnone  such  bones  are  scarce,  whilst  those 
of  Hippopotami  abounded. 

The  bones  found  in  the  San  Giro  breccia  belong,  according  to  Falconer,  to — 


Hippopotamus  major.  Sus. 

„  Pentlandi.  Bos. 

Elephas  antiquus,  Cervus. 

Felis  (a  large  sp.),  Ursus. 

Canis. 


There  are  two  other  caves  about  four  miles  westward  of  Palermo  where  this  breccia 
has  been  observed.  Both  are  situated  at  the  foot  of  Monte  Belliemi,  and  at  a  height 
of  about  too  feet  above  that  of  San  Giro.  In  neither  of  them  was  there  any  evidence 
of  marine  action.  In  that  of  Ben  Fratelli,  which  is  320  feet  above  sea-level,  the 
breccia  occurs  both  inside  and  outside  the  cave,  whilst  in  the  other,  or  that  of 
del  Fuedo,  332  feet  above  sea-level  and  distant  one-third  of  a  mile  from  the  former, 
the  breccia  is  confined  to  the  exterior  of  the  cave  (fig.  20),  Scina  states  that  both 
the  bones  and  soil  here  gave  out  ammoniacal  vapours. 

Fig.  20. — Section  from  the  slope  of  Monte  Belliemi  to  the  Bay  of  Palermo  (Christie). 

Monte  Belliemi.  Plain  of  Palermo.  Bay  of  Paleimio. 


2 

a'  Bone  breccia  (=  Rnbble-cirift  ?),  outside  tbe  cave. 

: :  Gravel  (of  uncertain  age). 

The  upper  beds  of  the  cave  of  Maccagnone,  near  Garini,  which  is  situated  in  a 
similar  amphitheatre  of  hills,  have  been  fully  described  by  Dr.  Falconer,  but  there 
the  same  uncertainty  exists  with  respect  to  the  character  of  the  lower  beds  as  at 
San  Giro.  There  is  also  the  same  profusion  of  Hippopotamus  bones  in  the  breccia 
on  the  slope  in  front  of  the  cave.  Dr.  Falconer  says  that  he  “  dug  up  an  enormous 
quantity  of  these  remains  within  an  area  of  12  or  14  feet  square.”  Amongst  them 
were  a  very  large  number  of  astragali.  There,  likewise,  the  “  bone  breccia  was 
strewed  over  with  huge  blocks  of  limestone  which  had  fallen  since  its  deposition.” 

With  regard  to  the  origin  of  this  extraordinary  accumulation  of  Hippopotamus 
bones,  we  may  at  once  discard  the  idea  that  they  were  brought  to  their  present 
position  by  predaceous  animals,  as  were  the  bones  in  the  breccia  of  true  bone-caves. 
In  these,  the  evidence  of  their  having  served  for  food  is  unmistakable,  as  traces  of 
the  animal’s  teeth  are  conspicuously  apparent  upon  the  bones,  but  the  bones  in  this 


1.  Limestone  rocks. 

2.  Pliocene  strata. 
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breccia  show  no  traces  of  gnawing.  Besides,  in  one  case,  the  breccia  is  confined 
entirely  to  the  outside  of  the  cave,  where  it  is  not  probable  that  the  Hippopotamus 
remains  would  have  escaped  destruction  by  the  Hysenas  which  frequented  the  same 
district.  Nor  could  the  bones  have  been  washed  and  transported  by  river-  or  sea- 
action,  for  they  are  mostly  splintered  and  in  fragments,  and  are  neither  worn  or  rolled.* 
It  is  evident  also  that  the  animals  must  have  died  on  or  near  the  spot  where  their 
bones  are  found,  and  that  their  accumulation  is  due  to  causes  other  than  the  foregoing. 

It  was  suggested  by  Dr.  Falconee,  that  the  bones  were  those  of  successive  gene¬ 
rations  of  Hippopotami,  which  went  there  to  die.  But  this  is  not  the  habit  of  the 
auimal.  Sir  Samuel  Bakee,  in  his  many  years’  experiences  in  the  Soudan,  and  on 
the  borders  of  Abyssinia,  where  Hippopotami  live  in  large  herds,  makes  no  mention 
of  such  an  instinct, t  nor  does  he  allude  to  any  circumstances  which  could  possibly, 
under  the  ordinary  conditions  of  life,  have  led  to  such  local  accumulation  of  their 
bones.  Under  ordinary  circumstances,  their  dead  bodies,  like  those  of  other  wild 
animals,  are  devoured  by  Carnivora,  or  rapidly  disappear  from  the  surface  under 
atmospheric  and  other  agencies.  Even  supposing  the  accumulation  of  the  bones  to 
have  been  effected  in  some  way  by  successive  additions,  the  usual  weathering  would 
have  caused  great  inequality  in  their  state  of  preservation,  whereas,  as  a  rule,  all  the 
bones  in  the  breccia  seem  to  have  been  in  the  same  almost  fresh  state,  with  the 
exception  of  the  specimens  near  the  surface,  which  have  lost  more  of  their  animal 
matter.  Besides,  as  the  bones  are  those  of  animals  of  all  ages — including  the  unborn 
— this  fact  is,  I  think,  conclusive  against  this  explanation. 

The  circumstances,  therefore,  which  led  to  these  remarkable  accumulations  of  the 
remains  of  the  Hippopotami  must  have  been  extraordinary,  and  I  see  no  hypothesis 
which  meets  the  case,  so  well  as  the  one  that  I  have  suggested  to  account  for  the 
bones  of  Mammalia  in  the  Bubble-drift  and  in  the  ossiferous  fissures,  though  the  local 
conditions  in  this  case  are  peculiar. 

On  the  submergence  of  the  Sicilian  area,  the  wild  animals  of  the  plains  would,  as 
in  the  case  of  Santenay,  Cette,  and  Gibraltar,  be  driven  to  seek  refuge  on  the  nearest 
adjacent  high  ground  and  hills.  In  the  instance  before  us,  the  animals  must  have  fled 
to  the  amphitheatre  of  hills  which  encircle  the  plain  of  Palermo  on  all  sides  except  the 
sea,  and  on  the  slopes  of  which  the  Cave  of  San  Ciro  and  the  others  are  located.  As 


*  SciNA  was  of  a  different  opinion.  He  thonght  that  the  bones  had  been  transported  from  a  distance 
— drifted  in  by  marine  currents.  But,  in  that  case,  all  the  bones  together  with  the  limestone  fragments 
should  have  suffered  equally,  whereas,  it  is  evident  from  his  remarks,  as  well  as  those  of  Chmstie,  that 
the  roUed  fragments  constitute  the  exception.  These  may  have  been  formed  when  the  sea  entered  the 
cave  (c,  fig.  19),  and  caught  up  afterwards  in  this  Rubble-drift  as  were  the  beach  pebbles  in  the  head 
at  Saugatte  and  La  Motte.  Or  weathering  by  the  percolation  of  water  may  have  had  something  to  do 
with  the  removal  of  the  angles  of  the  limestone  fragments  and  of  some  of  the  bones. 

t  Mr.  Hudson,  however,  mentions  one  instance  of  an  animal  resorting  to  a  given  spot  to  die.  It  is 
that  of  the  Huanaco  :  ‘  The  Naturalist  in  La  Plata,’  p.  318,  1892.  This  was  also  noticed  by  Darwin. 
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the  waters  rose,  the  area  of  this  plain  became  more  and  more  circumscribed  (fig.  21), 
and  retreat  more  and  more  impossible,  except  through  a  few  rare  passes  in  the  range 
of  hills,  until,  at  last,  the  animals  were  driven  together  at  the  base  of  the  hills, 
where  they,  were  stopped  by  mural  precipices  impassable  to  the  larger  and  heavier 
animals,  though  some  of  the  more  active  and  agile  Ruminants  and  Carnivores  may 
have,  and,  judging  by  the  rarity  of  their  remains,  probably  did  escape  to  the 


Fig.  21, — The  Tlain  of  Palermo  with  its  Amphitheatre  of  Hills. 


Ml  Ossiferous  breccia.  X  Caves. 

1.  Pliocene  strata  (witli  a  narrow  belt  of  Eocene  beds  in  places). 

2.  Cretaceous  and  Jurassic  strata. 

The  boundary  line  between  1  and  2  gives  approximately  a  contour  line  of  from  150  to  200  feet  above 
sea-level.  The  slope  thence  to  the  sea  is  very  gradual.  Above  the  Pliocene  plain,  rocks  of  Hippurite 
limestone  rise  abruptly,  forming  steep  cliffs  and  mural  precipices,  with  breaks  in  the  direction  of 
Monreale  and  in  the  course  of  the  River  Oreto.  The  dotted  lines  are  supposed  to  represent  roughly  the 
portions  of  the  plain  gradually  occupied  by  the  advance  of  the  sea.  These  are  merely  for  illustration 
and  are  ideal,  but  the  boundary  lines  and  heights,  given  in  feet,  are  taken  from  the  Geological  Survey 
Map  of  Sicily. 
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mountains  behind.  Retreat  entirely  cut  off  by  projecting  promontories  on  either 
side,  the  only  paths  yet  open  to  the  imprisoned  herds  were  those  that  led  to  the  caves, 
which  were  a  little  above  the  general  level  of  the  plain.  Hither  the  animals  must 
have  thronged  in  vast  multitudes,  crushing  into  the  caves  and  swarming  over  the 
ground  at  their  entrance,  where  they  were  eventually  overtaken  by  the  waters  and 
destroyed,  and,  as  their  bodies  decayed,*  a  confused  mass  of  their  remains  were  left 
and  scattered  on  and  near  the  spot  where  they  had  finally  congregated. 

For  reasons  before  given,  the  land  could  not  have  remained  long  submerged.  As 
it  rose  intermittently  from  beneath  the  waters,  our  supposition  is  that  the  rocky  debris 
on  the  sides  of  the  hills  was  hurled  down  by  the  effluent  waters  on  to  the  pile  of  bones 
below,  breaking  them  into  fragments,  and  forming,  together  with  them,  the  hetero¬ 
geneous  mass  of  bones  and  rubble  constituting  the  breccia.  The  last  more  rapid  uplift, 
the  effects  of  which  are  so  frequently  seen  in  many  sections  of  the  head,  brought  down 
the  larger  blocks  of  rock  that  now  lie  on  the  top  of  the  whole.  Scina,  an  independent 
witness,  inferred  from  the  character  of  the  rock  fragments,  and  from  the  red  clay  in 
which  they  are  imbedded — and  which  comes  from  decomposed  rock  surfaces  on  the 
hills  above — that,  in  the  case  of  the  Belliemi  breccia,  both  the  detritus  and  tbe  bones 
had  been  washed  down  from  Monte  Belliemi.  All  this  must  have  been  effected  in  a 
space  of  time  comparatively  so  short,  that,  though  the  bodies  of  the  animals  decayed, 
the  bones  underwent  but  little  change,  nor,  encased  as  they  became  in  an  almost 
impermeable  breccia,  has  the  change  they  have  since  undergone  been  great. 

Thus  there  is,  in  all  the  essential  conditions,  a  close  agreement  between  this  Sicilian 
breccia  and  the  Rubble-drift  of  the  south  of  England,  as  likewise  with  the  rubble  on  the 
slopes  of  Mont  Genay,  of  the  Rock  of  Gibraltar,  and  of  other  places  mentioned  in  the 
preceding  pages.  In  all,  the  debris  consists  strictly  of  local  materials  ;  the  fragments 
are  angular  and  sharp  ;  the  bones  are  mostly  in  fragments,  and  are  neither  gnawed 
nor  worn  ;  and  the  faunal  remains  are  those  alone  of  a  land  surface,  and  of  species  such 
as  then  were  to  be  found  in  the  district.!  This  rubble,  also,  forms  in  all  these  cases 
the  last  of  the  drift  beds.  The  only  apparent  difference  arises  from  the  circumstance 
that,  in  the  Sicilian  area,  the  geographical  configuration  was  that  of  a  land-locked  bay 
with  many  minor  bays  or  embrasures  in  the  front  of  the  hill-range,  so  that,  as  the  waters 
rose,  the  animals  of  the  plain  were  driven  together,  as  in  a  seine,  into  those  bays, 
where,  as  a  last  resource,  they  sought  shelter  under  the  mural  precipices  and  in  the 
more  accessible  caves.  As  these  precipices  were  nearly  vertical,  they  formed,  as  the  land 
rose  again,  a  partial  protection  from  the  effluent  currents,  which  otherwise  might 
have  carried  the  debris  to  a  greater  distance  outwards.  Under  no  other  circumstance 
that  I  can  conceive  could  the  animal  remains  have  been  massed  as  they  are  at  the 
foot  of  the  escarpments  encircling  the  plain  of  Palermo. 

It  may  be  asked  how  could  large  herds  of  Hippopotami  have  existed  in  so  limited 

*  Some  may  have  floated  and  so  been  carried  to  a  distance  and  lost. 

t  Scina  seems  to  imply  that  on  the  slope  of  Belliemi  land  shells  are  associated  with  the  breccia. 
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a  plain  as  that  of  Palermo.  It  needed  then  to  have  had  much  greater  extent  and 
larger  rivers.  I  have  shown  that  the  present  height  of  the  Raised  Beaches  on  the 
English  Coast  does  not  give  the  initial  upheaval,  but  is  the  sum  of  the  differences 
of  several  earth-movements — that  the  primary  upheaval  of  the  beaches  was  not  less 
than  100  to  150  feet  greater  than  the  altitude  at  which  they  now  stand,  and  that 
this  led  to  the  conversion  of  a  considerable  extent  of  the  area  of  the  Bristol  and 
English  Channels  into  dry  land.  What  little  evidence  we  have  on  the  coast  of  Malta 
(postea,  p.  965),  and  of  Greece,*  points  to  similar  elevations  of  the  coasts  of  the 
Mediterranean,  so  that  large  tracts  of  dry  land  may  then  have  existed  between  the 
Sicilian  and  Italian  shores,  and  formed  suitable  pasture  grounds  for  the  Hippopotami. 
With  increase  of  the  land  area,  so  would  the  rivers  also  have  had  increased  size,  and 
though  they  may  not  have  been  very  large,  yet  as  Sir  S.  Baker  has  shown,  perennial 
waters  are  not  indispensable  to  the  Hippopotamus,  for  in  the  Settite  and  other  rivers 
of  the  Soudan,  these  huge  animals  tide  over  the  dry  season,  by  resorting  to  the  few 
pools  left  in  the  dried-up  channels  of  the  rivers. 

On  this  interpretation  of  the  origin  of  the  San  Ciro  breccia,  the  reason  of  the 
uncertainty  as  to  its  position  relatively  to  the  cave  deposits,  felt  by  Falconer  and 
Christie,  becomes  apparent,  for  it  is  obvious  that  in  that  case  it  was  formed  subse¬ 
quently  to  the  cave  bone-breccia,  and  fronts  the  deposits  in  the  same  way  that  the 
angular  rubble  (“  Argile  a  blocaux”)  masked  the  “  Trou  du  Frontal”  {ante,  fig.  12). 

Malta. — There  does  not  appear  to  be  any  well-marked  Raised  Beach  on  this  island, 
but  of  bone-caves  of  the  same  age  as  those  of  Sicily  there  are  several,  and  their  contents 
are  of  a  very  remarkable  character.  The  independence  of  the  caves  and  the  ossiferous 
breccia  of  Malta  is  also  more  clearly  shown  than  in  Sicily.  These  caves  have  been 
described  by  Dr.  Leith  Adams,!  Admiral  Spratt,|  Dr.  Falconer,§  and  Mr.  G.  Bijsk.|| 

The  island,  which  is  extremely  bare,  consists  entirely  of  Tertiary  strata,  covered 
by  a  red  earth,  derived  partly  from  their  decomposition.  The  drift  beds  lie  on  the 
slopes  and  in  the  valleys.  The  island  is  hilly,  but  there  are  no  hill  ranges  like 
those  of  Sicily,  the  greatest  heights  being  under  800  feet. 

It  is  not  necessary  to  give  any  descriptions  of  the  caves,  as  they  are  to  be  found  in 
the  memoirs  quoted,  but  I  may  give  the  list  of  the  remarkable  cave  fauna,  which 
was  in  occupation  of  the  island  at  the  time  of  the  Rubble-drift.  The  variation  of 

*  MM.  Boblaye  and  Vielet  mention  the  occnrrence  of  a  submarine  cliff  off  the  Greek  Coast. 

t  ‘The  Nile  Valley  and  Malta,’  pp.  161-238,  1870;  and  vanions  papers  in  ‘  Geol.  Mag.,’  and  in 
‘  Reports,  Brit.  Assoc.’ 

t  “On  the  Bone  Caves  near  Crendi  Zebbug  and  Melliha,”  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  23,  p.  283. 
It  was  in  these  that  the  dwarf  Hippopotamus  and  pigmy  Elephant  were  first  discovered. 

§  ‘  Paleontological  Memoirs,’  vol.  2,  p.  292. 

II  ‘  Trans.  Zool.  Soc.,’  vol.  6,  p.  119.  See  also  a  short  notice  by  Professor  F.  W.  Hutton,  in  ‘  Geol. 
Mag.,’  vol.  3.  p.  145  ;  and  Dr.  John  Muekay’s  “  The  Maltese  Islands,”  in  ‘  Scottish  Geographical  Mag.’ 
for  September,  1890,  p.  449. 
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this  fauna  from  the  contemporaneous  fauna  of  Sicily  and  the  mainland  was  probably 
due  to  long  isolation  of  the  island  during  the  Quaternary,  and  possibly  the  later  Ter¬ 
tiary,  periods.  According  to  the  last  summary  of  Dr.  Leith  Adams,  it  consists  of : — 


Elephas  Mnaidra,  Adams  . 

,,  Melitensis,  Falc.  . 

,,  Falconeri,  Busk  . 

Hippopotamus  Pentlandi  . 
Myoxus  Melitensis,  Pakker 
„  Cartel,  Adams 

Arvicola  pratensis,  Baillon 
Cygnus  Falconeri,  Parker 
,,  Olor,  Gmelin  .  . 


The  large  Elephant  of  Malta. 
The  dwarf  Elephant  of  Malta. 
The  pigmy  Eleyhant  of  Malta. 
The  small  Hippopotamus. 

The  gigantic  Dormouse. 

The  hollow -jawed  Dormouse. 
The  Banh  Vole. 

The  great  Swan. 

The  mute  Swan. 


With  these  were  found  bones  of  a  large  fresh-water  Turtle,  and  the  tooth  of  a 
Carnivorous  animal. 

The  Hippopotamus  Pentlandi  occurs  in  the  caves  of  Sicily  ;  the  Arvicola  pratensis, 
a  recent  species,  is  found  in  caves  in  this  country  ;  the  Cygnus  Olor  is  a  North  African 
bird,  and  a  winter  visitor  to  Malta.  The  absence,  or  extreme  rarity,  of  the  ordinary 
cave  animals  and  of  Buminants  is  another  feature  of  the  special  insular  character  of 
this  fauna. 

The  land  shells  of  the  drift  beds  are  not  given,  but  those  found  in  them  in  the 
adjacent  island  of  Gozo  are  all  of  recent  species.* 

The  breccia  is,  as  it  is  elsewhere,  of  a  date  immediately  subsequent  to  the  caves, 
and  contains,  in  the  few  instances  where  it  is  fossiliferous,  the  same  Mammalian 
remains.  It  occurs  under  three  conditions  :  1st,  in  the  rock  fissures  ;  2nd,  in  cavities 
or  hollows  in  the  surface  ;  3rd,  on  the  slopes  of  the  hills  and  under  escarpments. 
As  instances  of  the  first  are  the  Gandia  and  Shantiin  fissures,  met  with  in  quarrying 
the  calcareous  sandstone  near  the  village  of  Micabba.  Dr.  L.  Adams  describes  them 

o 

as  rents  of  small  size,  crammed  to  the  top  with  red  earth  and  angular  fragments, 
from  a  few  inches  to  2  or  3  feet  in  circumference,  of  the  adjacent  rock,  with  which 
numerous  bones  were  interspersed  in  the  greatest  confusion.  He  observes  that  “  the 
broken  and  splintered  condition  of  the  long  bones  was  remarkable,”  and  that  none  of 
them  showed  traces  of  having  been  rolled.  He  also  remarks  that  “  throughout  the 
mass  were  strewn  abundant  remains  of  Elephant  bones  with  the  teeth  entire  or 
broken,  together  with  fragments  of  bones  of  very  large  aquatic  birds  and  those  of  the 
Dormouse,  just  as  if  numerous  decayed  carcasses  of  Elephants,  large  Water  Birds,  and 

*  Mr.  J.  H.  Cooke  enumerates  : — 

,  Helix  Pisani,  Mull.  Helix  esoperata  ?  Mont. 

,,  striata,  Drap.  „  vermiculata,  Mull. 

„  virgata  ^  Mont.  Pomafias  melitensis,  Sow. 
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Eats,  scattered  about  on  the  surface,  had  been  suddenly  swept  pell-mell  into  the 
gaping  rent  ”  with  the  detrital  matter  of  the  rocks.  In  the  Shantiin  fissure  upwards 
of  fourteen  Elephant  molars  were  discovered,  while  the  Gandia  fissure  was  estimated 
to  contain  the  remains  of  no  fewer  than  sixteen  individual  Elephants.  The  breccia  is 
coloured  red  by  the  red  earth  derived  from  the  hill  tops,  and  is  generally  cemented  by 
carbonate  of  lime,  like  the  Gibraltar  and  Nice  breccias. 

Elsewhere  Dr.  Adams  says  that  some  of  the  bones  have  the  appearance  of  having 
been  partially  devoured  by  Carnivorous  animals,  but  the  specimens  in  question  are 
uncertain  as  no  particulars  are  given,  and  they  may  have  been  derived  from  the  old 
bone  caves. 

The  Mnaidra  and  Berghisa  gaps  seem  to  be  more  in  the  nature  of  pot-holes  or 
depressions  in  the  surface,  into  which  the  local  detritus  and  carcasses  of  animals  had 
been  swept.  There,  “  among  the  large  blocks  of  freestone,  either  impacted  or  strewn 
in  a  heterogeneous  manner  were  lying  seemingly  entire  skeletons  of  Elephants,  some 
of  the  skulls  and  jaws  furnishing  good  evidence  of  the  rough  usage  they  had  sustained 
by  being  broken  and  crushed  flat  by  blocks,  which,  with  the  force  of  impact,  had 
cracked  the  others  on  which  they  had  impinged.”  Dr.  Adams  also  mentions  that  at 
these  places  seams  of  rolled  pebbles  are  intermingled  with  the  breccia.  These  may 
have  been  derived  from  an  old  watercourse  or  beach. 

Admiral  Spratt  and  Dr.  Adams  both  notice  the  large  accumulation  of  angular 
and  sub-angular  debris  in  red  earth  at  the  mouths  of  the  valleys,  and  on  the  slopes  of 
some  of  the  hills.  One  such  bed  of  special  interest  is  to  be  seen  at  Malak,  on  the 
south  coast  of  Malta,  where  for  some  miles  a  steep  escarpment,  200  to  300  feet  high, 
formed  by  an  old  line  of  fault,  fronts  the  sea.  The  lower  part  of  this  escarpment 
is  covered  by  a  red  breccia,  hidden  in  places  by  a  modern  talus,  sloping  down  to  the 
water’s  edge,  where  it  forms  steep  banks  that  are  being  gradually  worn  away  by 
the  waves.  In  this  breccia,  which  consists  of  red  earth  derived  from  the  hills  above, 
and  of  angular  and  worn  fragments  of  the  overhanging  calcareous  sandstone  and 
lower  limestone,  several  molars  and  part  of  the  skull  of  a  Pigmy  Elephant  were 
found  in  situ*  Dr.  Adams  has  given  a  sketch  and  section  of  these  cliflFs,  of  which 
the  following  diagram-section  (fig.  22)  is  a  reduction. 

The  breccia  bears  a  close  similarity  to  the  Bubble-drift  or  “  head  ”  over  the 
“  Raised  Beaches  ”  in  the  English  Channel.  There  is  the  same  local  origin  t  of  the 
detritus  with  remains  of  the  animals  then  in  occupation  of  the  land.  The  main 
difference  is  that  at  Brighton  and  Sangatte  the  old  cliffs  are  low,  so  that  they  are 
entirely  masked  by  the  rubble,  whereas  the  escarpment  at  Malak  is  so  high,  that  the 

*  In  addition,  Professor  Hutton  mentions  Szis,  Arvicola,  and  land  sliells ;  ‘  Geol.  Mag.,’  vol.  3, 
p.  145,  1866. 

t  Dr.  Adams  supposed  that  fragments  of  a  black  limestone,  found  in  the  breccia,  -were  foreign  to  the 
island,  but  Mr,  Cooke  has  recently  shown  that  a  bed  of  this  character  does  exist  in  the  Lower  Coralhne 
Limestone;  ‘Geol.  Mag.’  for  August,  1892,  p.  361. 
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mass  of  debris  has  only  sufficed  to  cover  up  the  base  of  the  cliff.  I  also  take  this  breccia 
to  be  the  equivalent  of  the  breccia  on  the  slopes  of  Gibraltar  (the  presence  of 
Mammalian  remains  being  a  local  condition),  and  of  the  breccia  on  the  Mentone 
Coast,  They  all  testify  to  the  debris  of  a  land  surface,  carried  from  higher  to  lower 
levels  by  a  force  acting  vertically. 

Fig.  22. — Section  showing  the  position  of  the  Bone  Caves  and  Bone  Breccia  on  the  Coast  at  Malah. 


a,  Ossiferous  Breccia. 

1,  Malak  Cave,  -witli  remains  of  Hippopotamus  Pentldndi,  and  Pigmy  Elephant. 

2,  Melleha  Cave,  witli  remains  of  Hippopotamus. 

3,  Red  clay  on  surface. 

A  fact  mentioned  by  Admiral  Spratt"^  tends  to  confirm  the  opinion  I  expressed 
when  speaking  of  the  Sicilian  coast,  that,  previously  to  the  submergence,  the  land 
stood  at  a  higher  level  than  at  present,  for  in  excavating  the  naval  docks  at  Valetta, 
the  breccia  of  red  eartb,  with  fragments  of  surface  debris  and  land  shells,  were  found 
in  fissures  and  crevices  of  the  rock  at  20  feet  and  more  below  the  present  sea-level. 

Judging  from  the  height  at  which  the  Rubble-drift  is  found  it  is  probable  that 
the  island  was  wholly  submerged.  It  is  a  significant,  though  not  conclusive,  fact, 
also,  that  not  one  species  or  even  a  single  genus  of  its  Quaternary  Mammalia  are 
now  living  on  the  island,  the  only  indigenous  quadrupeds,  according  to  Dr.  Leith 
Adams,  being  the  Weasel,  Hedgehog,  and  Rabbit. 

Carniola  and  Istria. — Some  remarkable  facts  have  been  noticed  in  connection  with 
the  mines  of  Carniola.t  The  hills  around  Kropp,  which  rise  to  the  height  of  several 
hundred  metres  above  the  sea  level,  are  traversed  by  large  fissures  filled  with  a 
breccia,  with  which  is  associated  a  hydrated  oxide  of  iron  in  grains  from  the  size  of 
a  pea  to  that  of  a  nut.  This  breccia  contains,  as  usual,  angular  fragments  and  large 
blocks  of  the  adjacent  limestone  rocks.  The  greater  number  of  these  fissures  are 
unfossiliferous,  but  in  a  few  the  teeth  and  bones  of  Ursus  spelceus  have  been  discovered, 
and  in  one  the  tooth  of  a  carnivorous  animal  was  found  at  a  depth  of  about  250  feet. 
Brongniart  classed  these  fissures,  some  of  which  have  been  worked  to  the  depth  of 

*  Op.  cit.,  p.  296. 

t  A.  Brongniart,  ‘  Annales  des  Sciences  Naturelles,’  August,  1828  and  1829. 
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720  feet,  with  those  of  Nice  and  others  on  the  Mediterranean  coast,  and  considered 
them  all  to  be  due  to  a  common  cause.  Ossiferous  breccias  are  also  found  in  parts  of 
Istria,  and  there  are  large  accumulations  of  red  drift  and  loam  filling  cavities  in  the 
neighbourhood  of  Trieste  ;  but  without  further  details  it  is  not  possible  to  judge  with 
certainty  of  the  exact  relations  of  these  deposits.  So  far  as  known  to  me,  the 
explanation  I  have  suggested  in  the  other  cases  might  possibly  apply  to  these 
districts,  but  the  great  height  of  the  ground,  and  the  peculiar  local  conditions,  render 
further  investigation  necessary. 

Dalmatia. — The  travels  of  Alberto  Fortis  in  Dalmatia*  furnish  some  incidental 
notices  of  the  ossiferous  breccia  on  the  Adriatic  coast,  and  especially  on  the  islands  of 
Charso  and  Ossero,  which  consist  of  ranges  of  limestone  hills  of  some  height  either 
bare  or  covered  by  red  earth.  The  cliffs  on  the  coast  are  traversed  by  numerous 
fissures  filled  with  breccia,  and  containing,  Fortis  says,  an  extraordinary  abundance 
of  bones,  but  beyond  these  facts  there  is  no  reliable  statement  as  to  the  character  and 
nature  of  the  bones  or  breccia. 

Dr.  F.  Lanza.,!  who  visited  this  coast  long  subsequently,  adds  little  to  our  informa¬ 
tion,  except  that  some  of  the  bones  belong  to  a  species  of  Deer,  and  that  the  breccia 
contains  land,  but  no  marine,  shells.  These  instances,  however,  help  to  show  the 
generality  and  common  characters  of  the  phenomena  over  all  this  area. 

Ionian  Islands. — Except  a  few  incidental  notices  by  AnstediJ;  and  Strickland,^ 
such  as  that  the  valley  of  Signies  in  Cephalonia  is  covered  by  an  alluvium  full  of 
angular  flints,  I  can  find  no  mention  of  anything  referable  to  a  Rubble-drift. 

I  am  unable  to  extend  this  inquiry  through  central  and  south-eastern  Europe,  as 
it  would  involve  many  large  and  separate  questions  upon  which  I  am  not  at  present 
sufficiently  informed,  still,  I  should  wish  to  call  attention  to  a  few  points  which  may 
be  found  to  bear  upon  the  general  subject.  The  great  height  of  the  plains  and  the 
vast  extent  of  the  area  over  which  Loess  deposits  are  spread  in  south-eastern  Europe, 
is,  as  observesll  Professor  James  Geikie,  “  fatal,  not  only  to  every  form  of  the 
lacustrine  hypothesis,  but  also  to  the  ingenious  view  supported  by  Lyell,  as  it  is  to 
that  of  Belt.”1[  Marine  and  fluviatile  hypotheses  are  equally  inapplicable,  though  in 
some  districts,  as  in  Roumania, the  Loess,  as  in  Western  Europe,  belongs  both 
to  the  valley  and  plateau  types.  In  other  districts  it  cannot  be  so  referred.  Loess 
is  very  largely  developed  in  Southern  Russia, tt  and  with  it  some  geologists  associate 

*  English  Translation,  London,  1778,  p.  440. 
t  ‘  Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  13,  p.  127,  1855. 
t  ‘  The  Ionian  Islands.’ 

§  ‘  Memoirs,’  by  Jardine,  p.  68. 

II  ‘  Pi’ehistoric  Europe,’  p.  160. 

^  ‘Quart.  Journ.  Geol.  Soc.,’  vol.  30,  p.  490. 

**  Stefanescu,  ‘  Memoire  relatif  a  la  Geologic  du  Indet,  &c. 
tt  Murchison’s  ‘  Geology  of  Russia,’  chap.  19. 
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the  Black  Earth  or  Tchernozem  of  the  Steppes.  Whatsoever  may  be  their  origin,  it 
is  evident  from  the  heights  at  which  the  Loess  and  the  black  earth  are  found,  that  the 
waters  in  which  they  were  deposited  reached  to  considerable  altitudes,  and  the  general 
character,  both  of  the  Loess  and  of  the  black  earth  would  accord  with  a  sedimentation 
from  the  turbid  and  barren  waters  of  a  temporary  submergence.  Like  the  Loess,  the 
black  earth  occurs  at  all  heights,  and  covers  the  valley  drifts.  From  its  uniformity 
and  wide  extent  Muechison  supposed  it  to  have  been  deposited  under  water,  and 
considered  that  it  might  have  been  in  great  part  derived  from  the  black  Jurassic  shales 
which  are  largely  developed  in  Southern  Russia,  so  that  its  origin,  as  with  other  forms 
of  the  Rubble-drift,  would  be  local. 

The  area  covered  by  these  deposits  is  so  vast — larger  than  that  of  some  European 
countries — and  so  nearly  flat  and  open,  that  the  waters  during  emergence  must  have 
flowed  off  less  rapidly  than  they  would  in  more  restricted  channels,  and  therefore 
allowed  of  a  greater  sedimentation.  As  in  Western  Europe,  the  organic  remains  of  ' 
the  Loess  are  all  those  of  a  land  surface,  and  though  none  have  been  found  in  the 
black  earth,  its  highly  nitrogenous  character  is  a  singular  feature,  and  indicative  of 
the  presence  of  organic  if  not  of  animal  matter. 

Greece. — Since  the  great  work  published  by  the  French  Government,"^  in  which 
the  extent  and  physical  characters  of  the  Quaternary  deposits  were  treated  with  a 
fulness  unusual  for  the  time  at  which  it  was  written,  I  am  not  aware  that  anything 
has  been  done  to  throw  much  additional  light  upon  these  drift  beds  of  Greece. 
MM.  Boblaye  and  Virlet  placed  these  deposits,  which  they  term  “Alluvions 
anciennes,”  between  the  Tertiary  formations  and  the  last  upheaval  which  marks  in 
Greece  the  commencement  of  the  present  period.  The  latest  of  these  is  composed  of 
a  red  earth  containing  angular  fragments  of  the  local  rocks,  some  of  wLich  are  more 
than  a  metre  long,  but  as  the  deposit  approaches  the  sea,  to  the  level  of  which  it 
descends,  the  fragments  became  less  angular.  This  drift  covers  the  valleys  of  the 
Morea  and  rises  to  a  considerable  height  up  the  sides  of  the  adjacent  hills,  of  which 
it  follows  the  slopes,  and  is  in  places  cut  off  on  the  coast  by  cliffs  15  to  20  metres 
high,  while  in  the  valleys,  the  torrents  have  cut  into  it  to  considerable  depths. 
Though  the  deposit  is  unstratified  in  the  upper  parts  of  the  valleys,  on  the  coast  it 
becomes  interstratified  with  seams  of  sand  and  gravel.  Previous  to  the  spread  of 
this  drift,  there  had  been  an  elevation  of  the  coast  to  the  extent  of  20  to  25  metres, 
as  shown  by  lines  of  Pholas  perforations.  An  instance  occurs  on  the  cliffs  near 
Nauplia.  In  other  places  traces  of  a  Raised  Beach  exist.  Over  one  of  these  was  a 
drift  bed  with  Helix  algira.\ 

The  authors  say  that  this  ferruginous  and  argillaceous  drift  “fills  the  valleys  and 

*  ‘Expedition  Scientifique  de  Moree ;  Geologie  et  Mineralogie,’  par  MM.  De  Boblate  et  T.  Virlet, 
vol.  2,  2nd  part,  pp.  316-375,  1833. 

t  In  an  overlying  bed  some  rnde  pottery  was  found. 
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forms  taluses  on  the  old  coast  lines . and  seems  to  be  contemporary  with  the 

osseous  breccia  with  which  it  becomes  confounded.”  It  is  quite  distinct  from  the 
detritus  carried  down  by  the  present  streams  which,  though  large  in  quantity,  is  not 
spread  out  in  sheets,  but  forms  cones  of  dejection  at  the  mouths  of  the  valleys. 

This  old  angular  drift,  which  is  often  cemented  by  calcareous  infiltration  into  a  hard, 
rocky  mass,  forms  taluses  or  banks  40  to  50  metres  high  against  the  escarpments  of 
Dolomite  at  the  foot  of  Mount  Taygetus,  and  is  also  found  at  the  foot  of  the  escarped 
shores  of  the  lakes  and  of  the  sea-cliffs.  The  authors  state  that  this  drift  is 
prolonged  into  historic  times,  with  precisely  the  same  characters,  but  this  means  I 
presume,  no  more  than  that  the  more  recent  deposits  formed  by  the  wear  and  erosion 
of  the  older  drift,  retains  very  much  of  the  same  character  and  aspect.  The 
limestone  hills  are  covered  up  to  their  highest  summits  with  a  red  earth,  due  to  the 
decomposition  of  the  rock  by  atmospheric  agencies.  It  is  from  this  that  the  matrix 
of  this  deposit  and  of  the  osseous  breccias,  and  which  fills  certain  caves,  is  derived. 

Though  it  is  stated  in  one  place  that  the  breccia  forms  a  slope  at  the  foot  of  the 
hills  inclined  at  an  angle  approaching  45°,  which  might  lead  to  the  inference  that  it 
was  a  sub-aerial  talus,  this  statement  does  not  agree  with  what  the  authors  say  about 
its  extending  into  the  plains,  nor  with  the  sections  they  give,  which  represent  the 
breccia  with  slight  and  variable  slopes  (Plate  2,  fig.  2  ;  Plate  3,  fig.  4 ;  Plate  6, 
figs  4,  5  ;  Plate  7,  fig.  2),  while  it  attains  in  some  places  in  the  valleys  a  thickness 
of  from  50  to  60  feet  or  more.  They  also  tell  us  that  in  some  places  “the  breccia 
has  been  nearly  denuded  away,  and  all  that  remains  in  proof  of  its  existence,  is  the 
osseous  breccia  which  fills  the  fissures  of  the  rock,  and  has  acquired  great  solidity.” 
This  drift  also  blocks  the  entrance  of  some  bone  caves. 

No  particulars  are  given  of  the  organic  remains.  It  is  merely  stated  that  in  this 
respect  they  resemble  all  the  others  on  the  coast  of  the  Mediterranean,  and  that  not 
only  is  there  an  absence  of  marine  remains,  but  that  land  shells  {Helix  algira)  occm' 
in  the  breccia. 

A  few  miles  off  the  south  coast  of  Greece  is  the  island  of  Cerigo,  which  at  an  early 
date  attracted  attention  in  consequence  of  the  reported  occurrence  of  human  remains 
in  the  ossifeimus  breccia  filling  fissures  on  the  summit  of  a  flat-topped  hill  near  the 
sea.  Amongst  these  were  a  jaw  and  part  of  a  skull.  Cuvier  discredited  the  report, 
but  without  seeing  the  specimens,  and  the  discovery  was  not  followed  up.  Nor 
were  any  particulars  given  of  the  animal  remains.  A  breccia  is  said  also  to  lie  on  the 
slopes  of  the  hills,  while  the  ossiferous  fissures  are  situated  on  an  isolated  hill,  where, 
as  at  Cette  and  other  places,  the  animals  were  likely  to  have  sought  refuge  from  the 
rising  waters. 

This  Old  alluvium  of  the  Morea  is  identical  in  many  of  its  features  with  the  Rubble- 
drift  of  the  South  of  England.  There  is  (1)  the  same  derivation  of  the  detritus  from 
local  rocks ;  (2)  the  same  angularity  of  the  fragments  ;  (3)  the  same  general  absence 
*  This  red  colour  of  the  ground  is  common  in  all  the  western  Mediterranean  area. 
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of  stratification,  though,  as  in  England,  with  an  occasional  appearance  of  rough 
bedding ;  (4)  the  same  transport  from  the  higher  ground  behind  to  the  sea- level ; 
(5)  the  same  fall  over  the  old  line  of  cliffs,  and  the  same  cutting  back  of  the  rubble 
slope  since  the  present  sea-level  has  been  established  ;  (6)  the  same  blocking  of  the 
mouth  of  caves  and  filling  up  of  fissures  as  the  rubble  swept  over  the  surface  ;  (7)  the 
same  powerful  propulsion  forward  of  the  rubble,  and  its  spread  in  wide  sheets  instead 
of  in  the  cones  of  dejection  formed  under  ordinary  sub-aerial  agency,  and  (8)  the 
same  limitation  of  the  organic  remains  to  those  of  a  land  surface. 

What  diflferences  there  are  are  due  merely  to  the  different  character  and  colour  of 
the  strata.  Soft  rocks  with  light  colours  prevail  on  the  south  coast  of  England, 
whereas  on  the  Mediterranean  coasts,  the  red  earth,  due  to  the  decomposition  of  the 
limestones  gives,  as  in  the  Plymouth  district,  a  general  red  colour  to  the  ossiferous 
breccias  and  Pubble-drift. 

With  these  many  points  of  resemblance  there  is,  I  consider,  good  reason  to  believe 
that  in  both  countries  these  drifts  are  due  to  a  common  cause — one  that  we  have 
already  seen  equally  affected  the  intermediate  area.  These  drift  heels  require,  how¬ 
ever,  further  investigation,  and  may  prove  as  rich  in  Palseolithic  remains  as  the  ground 
above  them  has  proved  to  be  in  prehistoric  remains. 

Crete. — From  M.  Victor  Paulin’s  work  on  Crete"^  I  gather  that  there  is  evidence 
of  the  elevation  of  the  island  within  the  historical  period  to  the  extent  of  15  to  25  feet, 
and  further,  that  at  a  height  of  about  65  feet,  a  Raised  Beach  of  Quaternary  age  is  met 
with  at  many  points  of  the  coast.  In  the  absence  of  sections  and  exact  details,  we 
can  only  surmise  that  the  Rubble-drift  is  present  there  from  the  mention  of  tw'o  facts — 
(1)  that  at  one  place  the  Raised  Beach  is  overlaid  by  a  calcareous  breccia  {hreche  caU 
caire)  or  ‘^Head;"  and  (2)  that  at  the  foot  of  the  great  escarpments  of  the  interior  there 
are  immense  accumulations  of  angular  detritus.  Some  of  these  {terrains  ditritiques) 
are  recent,  but  some  seem  more  widespread  and  older.  They  are  traceable  up  to 
heights  of  200  to  300  metres.  A  red  earth,  as  in  Greece,  covers  much  of  the  surface. 

Admiral  Spratt  has  shown,!  that  within  recent  times  there  lias  been  a  subsidence 
of  the  east  coast  of  Crete,  whilst  the  west  side  has  been  elevated  to  the  extent  of 
26  feet.  Anchor  blocks  have  been  found  11  feet  above  the  sea  level,  and  the  port  of 
Kissamo  has  been  raised  18  feet  out  of  the  sea  within  Christian  times.  The  two 
piers  of  the  port  of  Phalasarna,  a  city  of  late  Hellenic  date,  and  described  by  Strabo, 
are  now  22  feet  above  their  original  level.  Spratt  also  found  Pectunculi  of  recent 
species  40  feet  above  the  shore,  and  indications  of  another  Raised  Beach  or  old  sea 
level  at  100  feet.  At  about  the  same  height  he  discovered  a  bone-cave  with  remains 
of  Myoxus,  Goat^  Roebuck,  or  Deer,  in  a  breccia  under  stalagmite.  Remains  of 


*  ‘Description  physique  de  File  de  Crete,  partie  Ueologique,’  pp.  616-656,  1861;  and  ‘Bull.  Soc. 
Geol.  France,’  2nd  ser.,  vol.  13,  p.  4.39. 

t  ‘Travels  and  Researches  in  Crete,’  London,  1865. 
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Hippopotamus  have  been  found  on  the  north-west  side  of  the  Lasethe  Mountains, 
but  their  age  is  doubtful  and  more  particulars  are  wanting. 

These  facts  prove  how  prolonged  earth  movements  have  been  in  this  area.  They 
show  also  that  drift  deposits  of  the  same  character  as  we  have  noticed  in  Greece  and 
Malta  are  clearly  traceable  thus  far  eastward. 

Turkey. — What  little  is  known  of  the  superficial  deposits  of  Turkey  confirms  the 
impression  that  the  later  geological  changes  we  have  described,  affected  that  country 
equally  with  Greece.  On  both  sides  of  the  Dardanelles  there  are  the  remains  of  a 
marine  deposit  with  recent  species  of  Ostrea  and  Cardium,  at  a  height  of  about 
40  feet  above  the  present  sea-level  and  Strickland t  says  that  a  thick  mass  of 
drift  consisting  of  a  ferruginous  earth  with  pebbles  and  boulders  skirts  the  southern 
flanks  of  the  lesser  Balkans,  and  extends  to  the  neighbourhood  of  Constantinople, 
but  he  gives  no  details,  | 

M.  DE  Tchiha.tcheff§  tells  us  that  in  Boumelia  there  are  immense  deposits  of 
angular  detrital  matter  sometimes  loose,  at  others  agglutinated,  covering  like  a  mantle 
a  great  part  of  the  country,  and  especially  developed  in  the  neighbourhood  of  Con¬ 
stantinople.  The  only  fossils  he  names  are  land  shells — sjDecies  of  Pupa  and 
Clausilia. 

M.  Viquesnel||  says  that  in  Macedonia  the  Tertiary  and  Cretaceous  strata  are 
covered  by  a  drift  {Alluvions  anciennes),  over  which,  in  the' Plain  of  Doubnitza,  is  a 
loam  with  fragments  of  Palaeozoic  and  crystalline  rocks,  derived  from  the  adjacent 
hills.  This  drift  forms  slopes  resting  against  the  hills  to  the  height  of  200  to  300  feet. 
A  similar  deposit  flanks  the  hills  in  the  Ptodonia  valley,  and  again  in  some  of  the 
valleys  of  Albania. 

Although  exact  particulars  and  sections  are  wanting,  we  recognize  in  these  general 
descriptions  many  of  the  characters  of  the  Rubble-drift, 

Asia  Mhior. — Admiral  Beaufort,1[  who  surveyed  the  south  coast  of  Asia  Minor, 
speaks  of  a  “  petrified  beach  ”  as  of  common  occurrence,  but  from  his  description  it 
appears  to  be  recent.  It  contains  angular  fragments  in  places.  He  also  incidentally 
notices  that  in  the  Island  of  Rhodes  there  is  a  pudding-stone  (breccia  ?),  considerably 
elevated  a,bove  the  sea,  which  was  not  distinguishable  from  some  he  saw  on  the  shores 
of  Greece,  except  that  it  was  more  solid. 

*  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  13,  p.  81,  1857. 

t  ‘  Memoirs,’  Part  2,  p.  8,  1836. 

J  Mr.  F.  Caltept  mentions  the  finding  of  two  Palseolilhic  flint  implements  “  like  those  from  Suffolk,” 
ill  a  valley  running  into  the  Dardanelles,  with  boulders,  on  a  ridge  100  to  300  feet  high.  ‘Journ. 
Anthrop.  Inst.,’  vol.  10,  p.  428,  1881. 

§  ‘Bull.  Soc.  Geol.  France,’  2nd  ser.,  vol.  8,  pp.  307,  311. 

II  “  Un  Voyage  dans  la  Turquie  d’Europe,”  ‘  Mem.  Soc.  Geol.  France,’  2  ser.,  vol.  1,  p.  291. 

^  ‘  Karamania,’  2d  edit.,  pp.  182-5,  1818. 
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Spratt  and  Forbes,^  and  Botta  also  refer  to  a  consolidated  beach  of  recent  forma¬ 
tion  ;  while  BoTTAt  notices  a  bone  cave  on  the  slopes  of  the  hills  near  Beyrout,  in 
which  he  found  a  breccia  with  numerous  bones  and  some  shells,  but  it  is  apparently  of 
Neolithic  age,  though  he  likens  the  breccia  to  that  of  Dalmatia.  Mr.  J.  W.  Hamilton;}; 
speaks  of  a  breccia  covering  the  sides  of  the  hills  near  Cnidus,  but  does  not  enter  into 
details. 

M.  DE  Tchihatcheff  in  his  great  work§  on  Asia  Minor  remarks  that  Quaternary 
deposits  are  much  less  common  than  in  Europe.  He  found  traces  of  a  Baised  Beach 
in  the  Troad,  and  again  in  the  Gulf  of  Smyrna,  but  the  height  above  the  sea-level  is 
not  given.  It  contains  fragments  of  pottery. jj  Near  Mermeridje  the  limestone  cliffs 
are  drilled  by  Pholades  at  a  height  of  10  metres  above  sea  level.  In  the  plain  of 
Tchoukour  are  some  isolated  hills  capped  by  beds  of  gravel,  sand,  and  clay,  containing 
a  number  of  recent  marine  shells,  probably  Quaternary,  of  which  a  short  list  is  given, 
but  without  the  height  above  the  sea. 

There  are  detrital  deposits  of  local  origin  on  the  slopes  of  the  hills,  but 
M.  DE  Tchihatcheff  was  uncertain  whether  they  were  Quaternary  or  modern. 
Elsewhere,  in  speaking  of  the  detrital  deposits  in  the  plain  of  Smyrna,  he  says  that 
they  may  probably  be  of  the  same  age  as  the  cave  deposits.  He  remarks  on  the 
absence  of  organic  remains  in  the  superficial  drift  of  Asia  Minor,  and  on  the  fact 
that  the  detritus  is  always  derived  from  the  neighbouring  hills,  as  a  reason  for 
believing  that  it  is  of  local  origin  [forme  sur  place)  when  the  country  had  assumed 
its  present  configuration. 

Although  these  observations  leave  much  to  be  desired,  they  seem  to  indicate  the 
presence  of  a  Rubble-drift  and  its  comparatively  recent  origin. 

Cyprus. — Monsieur  A.  Gaudry  has  shown  in  a  valuable  paperIF  on  the  geology  of 
this  island,  that  a  Raised  Beach  or  seabed  [Cordon  littoral)  of  Quaternary  age  may  be 
traced  nearly  all  round  the  island  at  a  height  from  3  to  30  feet  above  the  present  sea 
level.'"'*  In  places  it  forms  a  belt  of  some  width,  occasionally  penetrating  up  the 
valleys  and  abutting  against  hills  of  Pliocene  strata.  It  consists  of  shelly  sands 
3  to  15  feet  thick,  with  seams  of  pebbles,  frequently  agglutinated,  and  is  used,  like 
the  Panchina  of  Leghorn,  as  a  building  stone. 

*  ‘  Travels  in  Lycia,  &c.,’  vol.  2,  pp.  164-209  ;  1847. 

t  ‘Mem.  Soc.  Geol.  France,’  vol.  1,  pp.  148-159  ;  1833. 

I  ‘  Proc.  Geol.  Soc.,’  vol.  3,  p.  293  ;  1840. 

§  ‘  Asie  Minenre,’  part  4,  “  Geologic,”  vol.  3,  1869,  pp.  382-624. 

II  In  western  Europe  it  is  not  certain  that  any  pottery  has  heen  found  in  beds  of  Palasolithic  age. 
But  I  see  no  reason  why  this  should  be  the  case  in  southern  Europe  and  the  coasts  of  the  Mediterranean, 
if,  as  we  advance  towards  the  old  centres  of  civilization  in  the  East,  Palaeolithic  nvin  had  there  been 
in  a  more  advanced  state  than  in  the  more  western  area. 

“  Geologic  de  Tile  de  Chypre,”  ‘  Mem.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  7,  p.  149,  1859. 

**  In  places  there  is  apparently  a  newer  upraised  beach  of  recent  date.  There  are  also  places  where 
there  has  been  subsidence  within  historic  times. 

6  H  2 
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This  deposit  is  overlaid  in  places  by  a  fine  sandy  bed,  like  “  Loess,”  but  in  none  of 
the  sections  given  by  M.  Gaudry  is  there  the  appearance  of  an  overlying  Rubble- 
breccia  or  “  head.”  Only  in  three  sections  are  breccias  figured,  and  these  are  inland 
and  at  no  great  height,  lying  at  the  foot  of  hills,  whence  the  blocks  they  contain  are 
derived.  The  matrix  is  a  marl  derived  also  from  the  adjacent  soft  Tertiary  strata. 

Nor  is  any  mention  made  of  osseous  breccias  or  of  fissures  with  angular  detritus, 
which,  had  they  existed,  could  hardly  have  escaped  M.  Gaudry’s  notice.  I  infer 
from  these  facts  that  the  submergence  of  this  island  was  comparatively  slight,  and 
resulted  only  in  a  small  settlement  from  the  superincumbent  turbid  waters  of  the 
Loess-like  deposit  which  covers  much  of  the  lower  grounds,  where  it  attains  in  places 
a  thickness  apparently  of  about  20  feet. 

Northern  Syria. — Near  Lattakia,  on  the  coast  opposite  Cyprus,  Dr.  Post* * * §  discovered 
at  a  height  of  150  to  250  feet  above  the  sea-level,  a  bed  of  marine  shells,  supposed  to 
be  a  Raised  Beach  ;  but  in  the  absence  of  a  list  of  the  shells,  its  exact  age  cannot  be 
settled.  It  may  correspond  with  the  Pliocene  beds  of  Cyprus. 

Palestine. — Amongst  the  incidental  geological  notices  of  Canon  Tristra^iI  are 
some  bearing  upon  the  question  before  us.  In  passing  over  the  promontory  south  of 
Beyrout,  he  found  a  mass  of  bone  breccia  with  fragments  of  “  flint  chips  ”  in  crevices 
in  the  limestone  rock,  some  feet  above  the  level  of  the  road,  but  below  the  level  of  the 
old  Egyptian  track.  He  traced  this  bed  for  a  distance  of  about  120  feet,  and  it 
probably  extended  as  far  as  the  face  of  the  cliffs,  as  blocks  of  hard  breccia  with  bones 
were  found  on  the  shore.  The  Canon  describes  the  flints  as  “  elongated  chips  with 
sharp  edges”  (flakes),  and  says  that  the  teeth  were  referred  by  Professor  Boyd 
Dawkins  to  Bison,  probably  Red  Deer  or  Reindeer,  and  Elh.  He  was  of  opinion  that 
this  breccia  formed  the  flooring  of  an  ancient  cavern,  but  his  description  agrees  as  well 
with  the  characters  of  an  ossiferous  breccia  or  of  breccia  on  a  slope.  The  height  above 
sea-level  is  not  mentioned. 

Allusion  is  frequently  made  to  the  stones  of  all  sizes,  from  small  gravel  to  large 
blocks — all  aiigular  or  but  slightly  worn — scattered  over  the  surface  of  the  country. 
Canon  Tristram  also  alludes  to  the  huge  hillocks  of  a  soft  conglomerate,  quite  unlike 
sedimentary  beds,  containing  land  shells  of  existing  species,  which  fringe  the  plain  of 
the  Jordan  and  stud  the  sides  of  the  valleys  under  the  hills,  but  he  refers  these  to 
freshwater  floodings  from  the  Upper  Jordan. 

The  geology  of  Palestine  has  been  the  subject  of  special  investigation  by  M.  Louis 
Lartet|  and  Professor  E.  Hull.§  They  inform  us  that  raised  beaches  or  sea-beds 

*  ‘  Nature,’  for  August,  1884. 

t  ‘The  Laud  of  Israel,’  London,  1865. 

J  ‘  Essai  sur  la  Geologie  de  la  Palestine,’  Paris,  1869,  pp.  224-290. 

§  ‘ The  Sui’vej  of  Western  Palestine:  Memoir  on  the  Geology  aud  Physical  Geography,’  1886, 
pp.  69-90. 
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are  of  frequent  occurrence  on  tbe  coast  of  Syria,  but  that  it  is  difficult  to  fix  tlieir 
exact  date.  M.  Lartet  says  that  some  of  them  may  go  back  to  the  Quaternary 
period,  while  some  may  date  from  historic  times.  There  is  a  Raised  Beach  on  the  coast 
near  Beyrout,  and  another  at  Jaffa,  in  which  were  found  Pectimculus  violacescens, 
Lk.,  Purpura  hemastoma,  Lk.,  Murex  hrandaris,  L.,  Columbella  rustica,  Lk., 
identical  with  those  on  the  present  beach.  He  also  sj^eaks  of  clastic  and  erratic 
deposits,  but  does  not  show  whether  there  is  any  relation  between  them  and  the 
beaches.  Some  of  these  deposits  may,  he  thinks,  be  of  Tertiary  age,  whilst  others 
seem  to  be  subaerial  and  due  to  long  atmospheric  disintegration.  They  form  vast 
taluses  in  the  interior. 

The  bone-cave  in  the  valley  of  the  Nahr-el-Kelb  near  Beyrout,  discovered  by  Botta 
{ante  p.  971),  was  more  fully  examined  by  Lartet,  who  found  in  it  the  remains  of 

Cervus  dama.  Capra  Sinaitica. 

Antilope  (a  small  species).  ,,  (like  that  of  Crete). 

On  a  platform  of  rock  above  the  cave  there  was  a  calcareous  breccia  with  similar 
remains  (some  of  the  bones  calcined)  mixed  with  flint  flakes  and  scrapers.*  He 
concluded  that  this  was  a  rock  shelter  of  the  same  age  as  those  of  the  Dordogne  in 
Central  France,  in  which  the  flint  implements  are  of  the  same  character.  But  this 
correlation  is  doubtful,  as  the  implements  consist  only  of  flakes  and  scrapers  which 
are  equally  characteristic  of  Neolithic  as  of  Palseolithic  times.  Besides  that  he 
mentions,  on  the  authority  of  M.  E.  Lartet,  that  Cervus  dama  is  still  found  in 
the  Lebanon,  the  Capra  Sinaitica  abounds  in  Arabia  Petrsea,  and  the  other  species 
is  closely  allied  to  the  Wild  Goat  of  Crete,  whilst  the  Antelope  is  probably  tbe 
Gazelle  so  common  in  some  adjacent  districts. 

Remains  of  extinct  Mammalia  are  extremely  scarce  in  these  regions,  though  the 
remains  of  a  fossil  Elephant  and  of  a  species  of  Hippopotamus  have,  it  is  said, 
been  found  on  tbe  southern  confines  of  Palestine.  M.  Lartet  states  also  that  stone 
implements  of  a  true  Paleolithic  type  have  been  found  in  some  parts  of  Palestine. 
One  from  near  Bethlehem  has  the  discoid  form  resembling  some  of  the  Abbeville 
implements.  Others  have  been  found  in  Arabia  Petrea  and  Babylonia.  One  from 
Boucher- Ain  resembles  in  every  respect  the  specimens  of  the  spear-head  {haclie)  type 
found  in  the  Quaternary  drifts  of  the  Somme  and  Thames  Valleys.  They  appear  to 
have  been  found  on  the  surface,  but  the  exact  sites  are  not  well  determined. 

Professor  Hull  considers  that,  throughout  the  eastern  end  of  the  Mediterranean, 
there  is  evidence  of  a  submergence  after  the  Miocene  epoch  to  the  depth  of  about 
220  feet,t  as  compared  with  the  present  sea-level.  He  describes  a  number  of  Raised 
Beaches  or  sea-beds,  but  in  his  several  sections  no  overlying  angular  debris  (or  head) 

*  See  also  ‘  Ball.  Soc.  Geol.  Prance,’  2nd,  ser.,  vol.  22,  p.  537. 

t  The  higher  sea-levels  or  beaches  are  anterior  to  the  changes  I  am  considering,  which  date  from  the 
lower-level  beaches. 


974  PROFESSOR  J.  PRESTWICH  OR  THE  EVIDERCES  OF  A  SUBHERGERCE 


is  shown.  One  noticeable  sea-bed  is  exhibited  in  the  plain  of  Pbilistria,  where  a 
large  tract,  little  above  the  level  of  the  Mediterranean,  and  running  some  distance 
up  the  main  valleys,  is  covered  by  marine  sands  and  gravels.  The  raised  beach  in 
the  neighbourhood  of  Jaffa  was  found  by  the  Professor  to  stretch  far  inland,  and  to 
attain  a  height  of  over  200  feet.  But  this  height  is  open  to  the  objection  I  have 
before  stated.  On  the  coast  these  beaches  are  generally  covered  by  blown  sands. 

If  we  may  be  allowed  to  judge  from  these  brief  notices,  made  independently  of 
this  special  inquiry,  it  would  seem  that  the  Bubble-drift  and  osseous  breccia,  so 
largely  spread  over  Western  Europe  and  Greece,  and  again  in  Crete,  become  less 
frequent  as  we  proceed  eastward,  and  are  but  slightly  developed  in  Syria. 

Still  more  significant  is  the  absence  of  those  Fissures  filled  with  local  debris  and  often 
ossiferous,  so  common  in  limestone  districts  of  Southern  Europe.  They  are  uncertain 
in  Syria,  and  seem  to  be  wanting  in  Cyprus  and  Palestine,*  notwithstanding  that 
Tertiary  and  Cretaceous  limestones  of  the  same  characters  are  largely  developed  on 
the  coast-lines.  I  can  only  infer  that  the  more  eastern  areas  were  less  affected  by  the 
great  physical  disturbances  accompanying  the  submergence  and  re-elevation  of  the 
land  than  was  the  westward  area,  and  that  the  submergence  was  of  less  depth  or  ap¬ 
proaching  its  outer  limits.  To  this  point  I  shall  have  occasion  to  refer  again  (see  Map). 

The  Coast  of  North  Africa. — Facing  Gibraltar  there  is  evidence  of  upheavals 
corresponding  with  those  on  the  Spanish  side.  At  Tangiers,  Mr.  G.  MawI  found 
horizontal  beds  of  sand  and  clay  resting  on  nearly  vertical  strata  of  the  older  rocks 
“  at  about  40  feet  above  the  sea-level.”  He  did  not  discover  any  organic  remains, 
but  concluded  that  this  deposit  was  probably  of  post-Tertiary  age,  and  synchronous 
with  the  Baised  Beaches  which  he  had  met  with  near  Cadiz.  He  also  noticed  a 
concreted  sand,  with  recent  shells,  to  the  south  of  Cape  Spartel,  and  at  Saffe,  forming 
cliffs  about  50  feet  high.J 

At  Tangiers  Messrs.  Bamsay  and  Geikie§  observed  two  lines  of  marine  terraces  of 
elevation.  In  the  lower  one,  which  consists  of  “  semi-consolidated  coralline  and  shell 
sandy  beds,  with  small  pebbles,”  they  discovered  at  its  base,  which  is  on  a  cliff 
12  or  15  feet  above  high-water  mark,  a  tooth  of  Elephas  antiquus.  No  mention 
is  made  of  angular  rubble  at  top. 

M.  Coquard||  speaks  of  large  ossiferous  fissures  near  Tetuan,  in  which  he  found 
several  species  of  Helix  still  living  in  the  neighbourhood  such  as  H.  lactea,  H. 
lapicida,  H.  naticoides,  H.  erycina,  &c. 

*  Unless  the  breccia  near  Beyrout  should  prove  to  belong  to  an  ossiferous  fissure ;  but,  in  any  case,  it 
is  at  no  great  height. 

t  “  On  the  Evidences  of  Recent  Changes  of  Level  in  the  Mediterranean  Coast-line,”  ‘  Geol.  Mag,,’ 
vol.  7,  p.  548. 

J  ‘Quart.  Journ.  Geol.  Soc.,’  vol.  28,  p.  87. 

§  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  34,  p.  514. 

II  ‘  Bull.  Soc.  Geol.  Franc.,’  2nd  ser.,  vol.  4,  p.  1246. 
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Oran. — MM.  Bayle  and  Ville"^  give  a  short  list  of  the  shells  (all  recent)  found  in 
the  Raised  Beach  on  this  part  of  the  coast,  and  state  that  Quaternary  drifts  are 
largely  developed  in  the  province,  but  the  particulars  given  are  insufficient  to  identify 
the  several  stages,  though  the  presence  of  a  detrital  drift  is  indicated.  Nor  is  there 
any  very  definite  account  of  the  Ossiferous  breccia  discovered  in  the  fissures  in  that 
neighbourhood.  It  is  said  to  present  the  same  characters  as  those  of  Nice  and 
Gibraltar,  and  contain  the  remains  of  Bear,  Ox,  Horse,  and  several  ruminants.t 

This  is  probably  the  breccia  referred  to  by  M.  Bevou,  who  says  that  the  rocks  at 
Santon,  near  Oran,  are  traversed  in  all  directions  by  enormous  fissures  filled  with 
breccia  and  a  few  bones.  He  also  states  that  the  adjacent  cliffs  of  Tertiary  black 
limestone  are  drilled  at  a  height  of  aSout  100  metres  by  boring  shells,  whilst,  at 
Arzeii,  there  is  a  raised  beach,  16  to  20  feet  above  the  sea-level,  remarkable  for  the 
profusion  of  shells,  and  in  places  concreted  into  a  hard  mass.  This  beach  is  overlaid 
by  a  breccia  comyjosed  of  fragments  of  slate  and  limestone.  The  thickness  of  these 
beds,  which,  from  description  of  a  section  near  Oran,  would  seem  to  correspond  with 
the  Raised  Beaches  and  “  Head”  of  our  south  coast,  is  not  given. 

Mr.  Maw  mentions,  on  the  authority  of  Canon  Tristram,  that  on  the  coast,  to  the 
west  of  Oran,  there  is  a  series  of  raised  concreted  sea-beaches,  at  heights  of  200  to 
600  feet.  From  fragments  found  in  one  of  these,  at  a  height  of  400  feet.  Dr.  Gwyn 
Jeffreys  determined  Pecten  oyjercularis,  Pectuncidus  glycimeris,  Cardium  edule, 
Venus  gallica.  Turbo  rugosus,  and  Fusus  comieus,  all  common  Mediterranean  and 
Quaternary  species.^  Mr.  Maw  also  remarks  upon  a  fact  he  had  noticed  on  the 
coast-lines  of  Morocco,  Corsica,  and  the  Riviera,  “that  the  hill-  and  valley-system  of 
the  land  shelves  under  the  adjacent  sea  without  the  intervention  of  distinct  escarp¬ 
ments,  indicating  as  he  believes  that  the  existing  coast-level  is  so  recent  that  the  sea 
has  not  yet  had  time  to  excavate  a  cliff-boundary. ”§ 

Algeria. — In  the  important  governmental  work  of  scientific  research  in  Algeria,  M. 
Renou||  gives  a  few  interesting  particulars  of  the  Quaternary  beds.  He  mentions 
that  there  are  several  lines  of  sea-levels — one  in  particular,  general  all  along  the  coast, 
is  marked  by  a  horizontal  belt  1  foot  broad  of  holes  drilled  by  boring  shells,  and 
about  5  feet  above  the  present  sea-level.  Another  bed  is  composed  of  a  gray  clay  full 
of  Cardium  edule  and  other  recent  species,  with  a  few  fragments  of  pottery  in  places, 
and  is  about  20  feet  above  sea-level.  This  bed  is  covered  by  a  thickness  of  150 
to  180  feet  of  dunes.  The  higher  sea-levels  are  not  described. 

At  a  height  of  132  metres,  a  bone  cave  was  discovered,  the  entrance  to  which  was 

*  ‘Ball.  Soc.  Geol.  Prance,’  2nd  ser.,  vol.  11,  p.  505,  1854. 

t  Desnotees  in  C.  D’Orbignt’s  ‘  Diet.  d’Hist.  Nat.,’  vol.  6,  p.  383. 

X  He  states  that  remains  of  Pleistocene  animals  had  been  found  in  the  neighbourhood  of  Algiers,  but 
only  mentions  Bubalus  antiquus,  which  was  found  in  rearranged  debris  of  Tertiary  beds. 

§  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  30,  p.  106. 

II  ‘Exploration  Scientifique  de  I’Algerie,’  Paris,  1846;  ‘  Geologic,’  par  M.  E.  Renou. 
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blocked  by  a  mass  of  breccia  containing  Helix  as2)ersa,  and  a  BMlimus,  while  the 
interior  was  filled  by  a  bed  of  clay  with  Mammalian  remains  covered  by  washed- 
in  earth.  Three  other  caves  are  noticed,  one  of  which  seems  rather  to  have  been  an 
ossiferous  fissure.  In  this,  at  a  depth  of  33  feet  and  under  a  mass  of  stalagmite,  was 
a  concreted  red  breccia  containing  numerous  bones,  amongst  which  M.  Eexou 
discovered  a  worked  flint^'  flake,  very  thin,  circular  in  shape,  and  2^  inches  in 
diameter.  In  another  cave  or  fissure,  which  was  also  blocked  by  a  mass  of  breccia 
with  Helix  aspersa,  he  found  an  isolated  human  molar  tooth,  with  a  few  Mammalian 
remains.  The  bones  found  in  these  several  caves  belonged  to  Hycena^  Rhinoceros, 
Felis,  Canis,  Bos,  Ovis,  Capra,  Sus,  and  Antilope,  but  the  species  are  not  named.  As 
these  discoveries  were  made  in  1840-1842,  M.  Eenou,  though  correctly  noticing  that 
the  sj^ecies  were  somewhat  dissimilar  to  those  of  the  present  day,  came  to  the  conclu¬ 
sion  that  the  caves  were  synchronous  with  the  Raised  Beaches,  and  that  both  belonged 
to  the  human  period  as  then  understood, — that  they  were  pre-Homan,  or,  as  we  should 
now  say,  pre-historic.  Owing  to  the  prepossession  then  prevailing  on  this  subject, 
this  find  failed  to  attract  further  attention.! 

Non-osseous  breccias  seem  to  be  widely  spread  in  Algeria,  but  they  have  been  only 
incidentally  noticed.  There  is  also  in  places  an  angular  rubble  with  Helix  and 
Cyclostoma  resting  on  an  uneven  surface  and  overlaid  by  a  bed  of  red  earth.  These 
may  be  a  form  of  Bubble-drift.^ 

Constantine. — In  an  argillaceous  bed,  underlying  a  deposit  of  Travertine,  on  the 
plateau  of  Mangourah,  remains  of  Hip)popotamus,  Bos,  Equus,  and  Antilope,  considered 
by  M.  Bayle§  to  be  of  Quaternary  age,  have  been  found.  No  caves  and  no  ossiferous 
fissures  have,  however,  been  recorded  in  this  province.  We  are  not  in  possession 
of  sufficient  evidence  to  say  whether  or  not  a  conglomerate  (or  breccia)  which 
M.  H.  Coquand||  describes  as  varying  from  2  to  50  metres  in  thickness,  should  be 
classed  with  the  Bubble-drift.  It  resembles  it  in  many  respects,  overlying  all  other 
beds  except  the  travertine,  and  consisting  of  debris  of  the  local  rocks,  of  older  drift 
gravels  and  sands,  and  of  the  red  surface  clays,  confusedly  mixed  together,  besides 
containing  occasionally  blocks  of  large  size  (exceeding  1  metre  cube). 

Tunis. — A  Raised  Beach  north  of  Monastir  attains  a  height  of  20  metres,  decreasing 
in  level  southward  to  5  or  6  metres.  It  contains  a  Strombus  (/S',  coronatus)  not  found 

*  This  material  is  foreign  to  the  district. 

t  [Of  the  occurrence  of  Palaeolithic  flint  implements  there  can  be  no  doubt,  Sir  John  Lubbock  having 
picked  up  one  on  the  surface,  near  Algiers.  He  mentions  also  the  discovery  of  one  by  Dr.  Bleicher 
in  a  rock  shelter,  near  Oran.  ‘  Joimn.  Anthrop.  Inst.,’  vol.  10,  p.  316,  1881. — J.  P.,  July,  1893.] 

t  ‘Bull.  Soc.  Geol.  de  France,’  2nd  ser.,  vol.  11,  p.  343:  ibid.,  3rd  ser.,  vol.  16,  p.  877,  1888. 

§  M.  Bayle  remarks  on  the  extent  inland  and  on  the  coast  of  Quaternary  drifts,  and  states  that  some 
beds  contain,  in  places,  numerous  Helices. 

II  “Description  Geologique  de  la  Province  de  Constantine,”  ‘Mem.  Soc.  Geoh  de  France,’  3rd  ser., 
vol.  6,  p.  219,  1878. 


OF  WESTERN  EUROPE  AND  THE  MEDITERRANEAN  COASTS 


977 


in  the  adjacent  sea,  but  occurring  in  the  Raised  Beach  at  Arzen,  near  Oran,  and  living 
on  the  Atlantic  coast.'* 

Further  to  the  south  M.  PoMELt  describes  the  country  as  consisting  of  rolling  hills 
of  Cretaceous  rocks  in  a  sea  of  Quaternary  drift  composed  of  a  loam  more  or  less  sandy, 
often  of  a  red  colour,  and  with  but  slight  traces  of  bedding,  though  in  places  showing- 
intercalated  beds  of  sand.  Fossils  are  of  very  rare  occurrence,  and  consist  of  fragments 
of  land  shells,  including  specimens  of  Zonites  candidissimus,  a  shell  still  common  in  the 
district.  This  deposit  forms  in  places  low  cliffs  on  the  coast.  Elsewhere  it  plunges 
under  the  sea.  The  Island  of  Karkenna,  opposite  Sfax,  is  entirely  composed  of  it. 
Inland  it  rises,  as  a  Rubble-drift  might  do,  on  the  slopes  of  the  hills  to  heights  of 
60  metres.  Its  thickness  is  not  given.  Near  Gabes  a  conglomerate,  of  which  the 
materials  are  derived  from  the  adjacent  hills,  caps  the  gypseous  loam,  but  there 
is  no  mention  of  any  breccias  or  of  ossiferous  fissures  in  that  district. 

Tripoli. — Judging  from  a  remark  of  M.  Pomel,  I  should  imagine  that  the  Quater-  ' 
nary  loam  of  South  Tunis  ranged  into  Tripoli,  and  eastward  toward  the  Lybian 
desert,  but  details  are  wanting. 

The  evidence  thus  far  on  the  North  African  coast,  imperfect  as  it  is,  shows  the 
persistence  of  the  Raised  Beaches  ;  while,  as  we  proceed  from  west  to  east,  we  have  to 
note  the  increasing  rarity  of  Ossiferous  Fissures  so  characteristic  of  the  submerged 
areas.  Though  of  frequent  occurrence  in  the  neighbourhood  of  Oran,  and  not 
uncommon  in  Algeria,  there  is  no  record  of  them  in  the  provinces  of  Constantine 
and  Tunis.  Ordinary  surface  breccias  continue,  however,  into  the  former  province. 
These  facts  would  seem  to  imply  that,  as  on  the  coast  of  Asia  Minor,  the  depth  of 
the  submergence  decreased  eastward,  but  closer  investigation  is  needed  (see  Map). 

Egypt. — It  may  be  a  question  whether  the  submergence  extended  beyond  the 
Lybian  desert.  There  is  no  well-defined  evidence  in  proof,  of  it  in  Egypt,  for  the 
breccia  described  by  General  Pitt-Rivers  near  Thebes,^  and  in  which  he  found 
chert  or  flint  implements,  does  not  appear  to  be  a  Rubble-drift,  though  it  possesses 
some  of  its  characters.  It  is  composed  of  debris  of  chert  and  limestone  derived 
from  the  adjacent  hills,  cemented  together  by  carbonate  of  lime.  In  this,  worked 
chert  flakes  occurred  at  a  depth  of  from  6  to  10  feet  from  the  surface.  That  these 
implements  are  of  great  antiquity  is  evident  from  the  fact  that  there  are  tombs 
excavated  in  the  breccia  which  are  supposed  to  be  not  less  than  3500  years  old. 
There  is,  however,  nothing  in  the  shape  of  the  implements  to  indicate  their  age,  and 
no  organic  remains  of  any  sort  were  found.  The  hardness  of  the  breccia  is  no 
criterion,  for,  as  we  have  before  mentioned,  the  recent  beach  on  the  coast  of  Syria 

*  De  la  Marmora  states  that  near  Tunis  and  Carthage  a  “  Panchina,’’  like  that  at  Leghorn,  and  about 
8  metres  above  the  sea-level,  is  worked  as  a  building-stone. 

t  ‘Bull.  Soc.  Geol.  de  France,’  3rd  ser.,  vol.  6,  p.  219,  1878. 

X  ‘»Tourn  Anthrop.  Inst.,’  vol.  11,  p.  38-2,  1881. 
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also  forms  a  perfectly  hard  conglomerate,  as  do  some  of  the  recent  breccias  in  Greece. 
Besides,  the  deposit  is  said  to  have  been  washed  down  a  valley  and  “  spread  out  on 
the  plain  in  a  fan-shape  between  the  gorge  of  the  valley  and  the  Nile,”  which  is  not 
the  usual  form  assumed  by  the  Bubble-drift.  It  seems  more  probably  to  be  a  detrital 
bed  carried  down  from  the  adjacent  hills  at  a  time  when  a  heavy  seasonal  rainfall,  like 
that  which  now  takes  place  in  Abyssinia,  prevailed  in  this  part  of  Egypt,  and  is  not 
necessarily  of  geological  antiquity. 

In  the  many  accounts  we  have  of  the  geology  of  Egypt  no  mention  is  made  of  any 
deposit  that  corres2:)onds  with  the  Ossiferous  Breccias  and  Fissures  of  the  Mediterranean 
coasts,  though  limestone  rocks  have  been  largely  exploited  and  exhibit  great  lengths 
of  mural  escarpments.  It  would  seem  that  these  proofs  of  submergence  are  wanting 
in  Egypt.  The  earlier  stages,  however,  or  those  corresponding  with  the  period  of 
some  of  the  high-level  beaches  of  the  Mediterranean  are  represented  in  Egypt  by 
the  terraces  of  the  Lower  Nile  valley,  described  by  Sir  J.  W.  Dawson.*  One  of 
these  terraces  on  the  Mokattam  Hill,  near  Cairo,  is  about  200  feet  above  the  sea 
level,  and  associated  with  it  have  been  found  recent  species  of  Ostrea,  Pecten, 
Terehratula,  Litliodomiis,  and  Balanus.  Other  terraces  are  mentioned  higher  up 
the  valley,  and  likewise  in  the  neighbourhood  of  Alexandria. 

The  Mokattam  beach  possibly  corresponds  also  with  the  river  terrace  above  Assouan, 
about  120  feet  above  the  level  of  the  Nile,  described  by  Dr.  Leith  Adams.+  In  the 
river  drift  on  this  terrace  he  found  several  freshwater  shells,  and  amongst  others  the 
Corhicula  Jluminalis  so  common  in  pre-glacial  and  post-glacial  times  in  England.  If, 
as  in  Western  Europe,  the  valley  gravels  and  Baised  Beaches  had  been  covered  by  a 
Bubble-drift,  it  should  have  shown  in  some  of  these  sections,  but  none  have  been 
recorded. 

Again,  in  the  European  area,  the  Quaternary  deposits  are  separated  from  the  alluvium 
of  modern  or  Neolithic  date  by  beds  of  coarse  gravel,  as  in  the  valleys  of  the  Thames 
and  Somme,  or  by  the  stanniferous  gravel  in  the  valleys  of  Cornwall.  In  the  valley 
of  the  Nile  no  such  drift  beds  have  been  found  at  the  base  of  the  alluvium  of  that 
river,  though  the  numerous  deep  boringsj  that  have  been  made,  both  below  and 
above  Cairo,  offered  unusual  facilities  for  their  detection.  In  all  cases,  where  the 
boring  was  of  sufficient  depth,  the  alluvium,  was  found  “  to  consist  of  variable  propor¬ 
tions  of  blown  sand  and  alluvial  mud,”  and  nothing  to  represent  a  Bubble-drift  was 
met  with.  Nor  were  any  marine  beds  encountered. 

We  may,  therefore,  assume  that  before  the  deposit  of  the  alluvium  over  the  Nile 
valley,  a  land  surface  existed  which  would  seem  to  have  subsided  gradually  to  an 
extent  corresponding  with  the  thickness  of  the  Nile  sediments.  Although,  therefore, 

*  ‘  Geol.  Mag.,’  Dec.  iii.,  vol.  1,  p.  289,  1884  ;  and  “Egypt  and  Syria,’’  chapters  2  and  4,  1887. 

t  ‘  Quart.  Jonrn.  Geol.  Soc.,’  vol.  20,  p.  6,  1864. 

^  Leonard  Hornkr  m  ‘Phil.  T  vans.’  for  1855,  Part  I.,  p.  105,  and  for  1858,  Part  II.,  ^3.  63,  and 
Prof.  Judd,  in  ‘  Roy.  Soc.  Proc.,’  vol.  39,  p.  213,  1885. 
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Egypt  may  not  have  felt  the  full  effects  of  the  great  earth  movements  which  told 
upon  the  lands  to  the  westward,  it  would  appear  not  to  have  altogether  escaped. 

As  the  rate  at  which  the  Nile  sediment  accumulated  admits  of  a  rough  appi'oxima- 
tion,  we  may  in  this  way  possibly  get  a  clue  to  the  date  w^hen  this  change  of  level 
took  place,  and  though  Mr.  Hoener’s  estimate  of  13,500  years* * * §  cannot  claim  entire 
reliance,  it  may  serve  as  a  starting  point  subject  to  correction.t  A  secular  addition 
of  sediment,  uniform  throughout,  cannot  be  admitted,  for  as  the  sediment  results 
from  the  persistent  seasonal  rains  of  the  Abyssinian  uplands,  the  quantity  of  sedi¬ 
ment  carried  down  annuall}^  must  be  a  diminishing  quantity  in  proportion  as  the 
rocks  become  gradually  denuded  and  barer  by  the  loss  of  surface  and  disintegrated 
soil. 

Judging  by  analogy,  it  is  most  probable  that  Paleolithic  Man  did  exist  in 
Egypt,  for  flint  or  chert  implements  of  the  precise  ‘type  of  those  found  in  the  river 
drifts  of  the  Thames  and  Somme  Valleys  have  been  found  there,  but  apparently 
only  on  the  surface.  Sir  John  Lubbock |  has  discovered  them  on  the  hills  and  lower 
plateaux  of  the  Nile  Valley.  Three  pointed  flint  implements  which  he  found  at 
Abydos,  and  are  stained  chocolate  colour,  might  be  matched  with  specimens 
from  the  high-level  gravels  of  St.  Acheul.  General  Pitt-Pivers  figures  one  of  an 
elongated  pointed  shape,  4  inches  in  length,  which  was  found  on  the  surface  near 
Koorneh.  In  the  collection  made  by  Professor  H.  W.  Haynes,  there  are  specimens 
of  the  long  pointed  form  so  common  at  Amiens,  and  in  the  British  Museum  there  is 
another  specimen  of  pointed  type  also  common  in  the  valley  of  the  Somme.  It  was 
found  by  Mr,  W.  M.  Flinders  Petrie  on  the  surface  of  the  spur  of  a  hill  about 
200  feet  above  the  Nile  level,  near  Esneh,  18  miles  south  of  Thebes.§  He  describes 
it  as  river-worn  and  rolled.  To  me  it,  however,  seems  to  have  suffered  more  from 
sand-  than  river-wear,  for  although  on  one  side  the  sharp  angles  are  rounded  off,  and 
the  surface  of  the  flint  has  received  a  bright  polish,  on  the  other  side  the  chipped 
surface  retains  its  sharp  angles  and  the  flint  its  dull  aspect. 

Another  circumstance,  which  may  be  merely  a  coincidence,  or  may  have  a  collateral 
bearing  on  the  question,  is  that  several  of  the  animals  which  lived  in  the  South  of 
Europe  prior  to  the  time  of  the  Rubble-drift  and  Ossiferous  fissures,  disappeared  in 
that  area  after  that  event,  whereas  they  survived  in  the  Nile  Valley  to  Historic  times  ; 
such,  for  example,  are — 

Lion.  Spotted  Hyaena.  Hippopotamus. 

Panther.  Caffir  Cat.  African  Elephant, 

*  Op.  cit.,  p.  74 ;  and  Lubbock’s  ‘  Pre-liistoric  Times,’  p.  .320. 

t  M.  Moelot’s  estimate,  based  on  the  growth  of  the  delta  of  the  Tiniere,  gives  8000  to  11,000  years 
as  the  lapse  of  time  since  the  commencement  of  the  Neolithic  epoch  in  Switzerland,  thns  agreeing 
approximately  with  the-age  assigned  by  Mr.  Hoener  to  the  alluvium  of  the  Nile. 

X  ‘  Journ.  Anthrop.  Inst.,’  vol.  4,  p.  215,  1874. 

§  ‘  Ten  Years’  Diggings  in  Egypt,’  p.  79,  1892. 
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Tliese  reasons,  although  not  conclusive,  and  requiring  corroboration,  afford  some 
grounds  for  supposing  that  the  submergence  did  not  extend  to  Egypt. 

Conclusion. 

The  seemingly  confused  accumulations  of  superficial  debris,  lying  on  the  surface  of 
the  land  without  apparent  order  or  stratification,  led  the  early  geologists  to  conclude 
that  they  were  all  due  to  the  transient  action  of  water  and  had  a  common  origin, 
but  the  explanation  wanted  the  necessary  geological  data  and  definition.*  Subsequent 
research  lias  introduced  order,  and  discovered  agencies  adequate  to  the  explanation  of 
most  of  the  phenomena.  Glacial,  fluviatile,  and  meteoric  action  have  claimed  a  large 
share  of  the  work,  and  accounted  for  much  which  was  then  obscure.  Nevertheless  a 
residue,  which  supports  to  a  certain  extent  the  contention  of  the  early  geologists, 
remains,  and  which,  as  I  have  already  explained,  cannot  be  placed  to  the  account  of 
any  of  these  agencies.  It  is  to  the  various  forms  that  this  residue  assumes,  that 
I  have  applied  the  general  term  of  “  Rubble-drift.”  The  reason  why  I  have  not 
retained  the  original  term  of  “Diluvium,”  is  that  this  has  been,  and  still  is  on  the 
Continent,  so  widely  applied  to  fluviatile,  subaerial,  and  other  drift  beds,  that  it  is 
desirable  to  avoid  a  term  so  variously  used,  whilst,  at  the  same  time,  it  does  not 
embrace  some  of  the  more  important  phases  of  the  Rubble-drift. 

I  am  well  aware  that  several  objections,  more  or  less  formidable,  may  be  raised  to 
the  hypothesis  which  I  have  suggested  to  account  for  the  origin  of  this  drift.  A  few  of 
these  I  may  allude  to  here,  though  it  would  not  be  possible  to  discuss  in  these  pages 
the  wide  and  important  general  questions  involved.  Those  who  hold  uniformitarian 
views  will  object  to  the  want  of  known  precedents  and  to  the  exceptional  character 
of  the  agency  proposed.  In  this  difficulty  I  cannot  share.  I  must  repeat  what  I 
have  long  contended  for,t  that  it  is  impossible  to  suppose  that  our  very  limited 
experience — say  of  2000  years— could  furnish  us  with  standards  applicable  to  the 
comparatively  illimitable  past.  In  fact,  those  that  are  relied  on  depend  upon  unstable 
conditions  and  are  liable  to  vary  with  every  passing  century.  While  admitting  the 
permanence  of  the  laws  of  Nature,  it  is  impossible,  under  the  conditions  through  which 
this  globe  has  passed,  to  suppose  that  at  all  former  periods  the  effects,  which  have 
resulted  from  the  operation  of  those  laws,  though  equal  in  hind,  were  equal  in  degree. 
As  in  other  similar  questions,  we  must  judge  of  the  hypothesis  not  by  an  d  priori 

*  A  very  complete  and  valuable  body  of  references  to,  and  abstracts  of,  these  early  opinions  vill  be 
found  in  Sir  Henry  Howorth’s  ‘  The  Mammoth  and  the  Flood,’  and  in  his  various  papers  in  the 
‘  Geol.  Mag.’  for  1882.  It  must,  however,  be  borne  in  mind  that  the  larger  proportion  of  the  phenomena 
upon  which  those  opinions  were  based  have  since  been  shown  to  be  referable  to  glacial  and  fluviatile 
agencies,  so  that  some  of  them  are  no  longer  applicable  to  the  conditions  as  they  were  then  interpreted. 
Sir  Henry  also  adopts  an  hypothesis  somewhat  analogous  to  my  own,  but  based  on  different  grounds, 
and  treated  from  a  different  point  of  view.  It  relates  also  to  a  different  area. 

t  ‘Inaugural  Lecture,’  Oxford,  p.  33,  1875. 
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assumption,  but  by  the  agreement  of  the  consequences  which  it  involves  with  the 
facts,  and  by  the  extent  to  which  it  satisfies  the  various  conditions  of  the  problem. 

Another  objection  may  be  raised  on  the  grounds  that  the  thickness  of  the  Earth’s 
crust  is  such  as  to  render  the  movements  spoken  of  improbable ;  but  there  again  the 
physical  data  upon  which  that  thickness  has  been  estimated  depend  upon  observa¬ 
tions  of  such  extreme  delicacy  that  they  scarcely  yet  afibrd  a  sure  basis  for  calculation,"'' 
whilst  the  geological  facts  are  antagonistic  to  the  great  thickness  and  rigidity  contended 
for.  No  conclusion  can,  at  all  events,  be  correct  which  does  not  satisfy  the  geological 
as  well  as  the  ^physical  conditions. 

[Whatever  may  be  the  present  rigidity  of  the  crust  of  the  Earth,  the  facts  I  have 
briefly  alluded  to  in  the  preceding  pages  respecting  the  presence  of  Raised  Beaches  at 
many  different  levels  and  at  great  heights  on  the  shores  of  the  Mediterranean,  show 
how  great  its  mobility  must  have  been  throughout  Quaternary  times,  and  up  to  the 
date  of  the  Rubble-drift.  The  latter  merely  marks  the  last  stage  of  a  long  series  of 
earth  movements  of  variable  intensity  and  duration. — J.  P.,  June,  1893.] 

Though  some  geologists  may  not  admit  that  the  presence  of  marine  shells  at  the 
height  of  1300  feet,  on  Moel  Tryfaen,  is  a  proof  of  upheaval  of  the  sea-bed,  none  deny 
that  the  terraces  and  shell  beds  in  Norway  and  Sweden,  at  heights  of  from  200  to 
600  feet,  have  been  caused  by  elevation  of  the  land  during  the  same  Quaternary  times 
with  which  we  are  now  dealing.  The  main  question  for  consideration  in  connection 
with  these  great  earth  movements  is  the  rate  at  which  the  upheavals  have  been 
effected.  Here  again,  for  reasons  before  stated,  I  cannot  hold  that  the  present  affords 
a  just  criterion  for  the  past ;  but  as  these  are  questions  which  I  have  discussed  else- 
where,t  I  merely  refer  to  them  here  that  the  geological  argument  may  not  be  over¬ 
ruled  by  postulates  that  are  not  founded  on  a  more  certain  basis. 

Other,  and  to  my  mind  more  serious,  objections  may,  however,  be  raised,  which 
will  require  careful  investigation,  such,  for  instance,  as  that  there  is  nothing  to  show, 
in  the  absence  of  marine  sediments,  the  occupation  of  the  land  by  the  sea  waters. 
But,  if  that  occupation  were  of  short  duration,  it  would  not  have  been  possible  for 
ordinary  sedimentation  to  have  taken  place ;  it  could  only  have  been  such  sedimen¬ 
tation  as  might  have  fallen  in  a  limited  time  from  the  turbid  superincumbent  waters 
— like  that  which  now  forms  the  beds  of  brick-earth  or  Loess  in  the  Channel 
Islands  and  in  certain  continental  areas.  Nor  would  there,  for  the  same  reason,  have 
been  time  for  the  migration  and  establishment  of  a  marine  fauna  on  the  submerged 
area.  1  can  only  conclude  from  these  and  other  circumstances  that  the  submergence 
of  the  land  was  of  short  duration,  in  which  case  this  objection  would  no  longer  hold. 

The  questions,  also,  which  arise  in  connection  with  the  effect  that  such  a  wide¬ 
spread  submergence  would  have  upon  both  the  land  and  the  marine  life  of  the  period, 
present  many  difficulties.  How  far  both  the  land  and  sea  faunas  would  suffer,  and  in 

It  is  also  a  question  on  which  physicists  have  arrived  at  very  different  results, 
t  ‘  Roy.  Soc.  Proc.,’  vol.  41,  p.  158,  1885;  and  ‘  Geology,’  vol.  1,  p.  2,  1886. 
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what  way  could  their  re-occupation  of  the  emerged  lands  and  uplifted  sea-bed  have 
been  established,  are  matters  for  much  consideration.  In  certain  areas,  where  the 
waters  rose  above  the  highest  summits  of  the  land,  entire  faunas  must  have  been 
destroyed,  but  where  the  higher  summits  were  not  submerged,  room  for  the  escape 
of  large  sections  of  both  the  fauna  and  flora  existed,  and  local  centres  were  left  for 
their  subsequent  redistribution.  Then,  again,  how  far  would  a  marine  fauna  be  able 
to  withstand  the  changes  of  level  and  pressure ;  or  would  its  survival  depend  upon 
immigration  from  adjacent  unsubmerged  areas  ?  But  these  are  questions  for  natu¬ 
ralists.  No  answer  can  be  given  at  present,  as  the  occasion  for  their  discussion  has 
not  hitherto  arisen.  I  have  necessarily  confined  myself  to  the  geological  phenomena. 

Whatever  phase  of  the  Bubble-drift  we  may  examine,  we  recognize  in  all  of  them 
physical  and  faunal  conditions  referable  to  the  agency  of  one  and  the  same  cause. 
Whether  we  look  at  (1)  the  debris  in  one  section  of  the  Loess,  (2)  the  Breccia  on  slopes, 
(3)  the  “  Head  ”  over  the  Raised  Beaches,  (4)  the  Basement  gravels  of  many  valleys,  or 
(5)  the  Ossiferous  fissures,  we  discern  a  complete  absence  of  that  wear  which  results 
from  maintained  river,  sea,  or  ice  action.  Nor  is  there  any  indication  of  that 
transport  of  debris  from  a  distance  which  attends  river  or  tidal  action.  On  the 
contrary,  all  the  component  materials  are  of  local  origin,  derived  from  the  adjacent 
slopes  or  hills,  and  they  are  cdl  unworn.  The  evidence  of  the  organic  remains  is  to 
the  same  effect,  in  that  they  are  those  of  a  land  fauna  cdone,  with  an  entire  absence 
of  marine  and  fluviatile  remains.  The  bones  found  in  the  Bubble-drift  are  not  only  in 
the  same  unworn  condition  as  the  rock  fragments,  but  they  are  free  from  all  marks 
of  gnawing.  This  is  a  proof  that  the  animals  had  not,  as  in  the  caves,  fallen  a  prey 
to  Carnivora,  but  must  have  met  their  death  in  a  way  which  was  unusual — sucli  as 
from  drowning, — for  had  their  bodies  remained  on  a  land  surface  after  death,  they 
would  have  been  subject  to  being  devoured  by  predaceous  animals,  or  else  the  bones 
would  have  shown  traces  of  weathering  and  wear.  At  the  same  time  the  sharply 
fractured  state  and  dispersion  of  the  bones  show  that  they  must  have  been  subjected 
to  considerable  violence  and  displacement.  These  conditions,  as  well  as  the  mode  of 
distribution  of  the  rul)ble  from  many  independent  centres,  accord  in  all  points  with 
the  results  that  would  ensue  from  the  submergence  and  re-elevation  of  a  land  surface 
from  beneath  deep  waters  after  a  temporary  submergence. 

These  conclusions,  startling  though  they  may  appear,"^  have  been  forced  upon  me, 
not  only  by  my  own  observations  in  the  South  of  England,  and  parts  of  the 
Continent,  but  also  by  the  independent  evidence  of  other  geologists,  though  their 
interj)retation  of  the  facts  may  be  different.  Looked  at  in  all  its  aspects,  I  see  no 
alternative  that  equally  well  answers  to  all  the  conditions  of  the  problem.  Other 

'*  Viewed  by  oui’  own  standard  the  depth  of  submergence  appears  excessive,  but  in  dealing  with  a 
body  of  the  volume  of  the  globe  and  with  a  surface  length  of  3000  miles  or  more,  the  deflection  of  the 
crust  Avould  apjDear  really  comparatively  slight. 
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explanations*  may  satisfy  some  of  the  conditions  in  particular  cases,  but  none  of  them 
satisfy  all,  whereas  I  think  it  will  be  found  that  the  submergence  hypothesis  not 
only  meets  the  requirements  of  each  particular  case,  but  that  it  also  shows  them 
all  to  be  concordant,  and  such  as  would  pertain  to  one  common  and  general  cause. 

Another  important  conclusion  hinges  upon  this  question.  I  have  beforet  pointed 
out  the  bearing  that  the  position  of  the  Rubble-drift  should  have  in  limiting  our 
estimate  of  the  time  elapsed  since  the  close  of  the  Glacial  period.  In  a  paper  already 
referred  to  I  had  shown  cause  why  that  time  was  not  to  be  measured  by  Dr.  Ceoll’s 
reckoning  of  80,000  years,  as  not  being  supported  by  the  facts  of  geology.  The 
.position  and  character  of  the  Rubble-drift  show  that  the  transition  from  the 
so-called  Post-glacial  beds  to  the  recent  Alluvial  deposits  is  very  abrupt,  and  that 
there  is  an  absence  of  sedimentation  or  of  anything  indicative  of  lapse  of  time 
between  those  two  series.  This  conclusion  is  confirmed  by  the  sections  of  the  Belgian 
caves.  There,  as  we  have  seen  {ante,  pp.  927,  928),  the  Quaternary  cave  deposits  are 
separated  by  only  a  few  feet  of  Rubble-drift  from  deposits  of  the  stone  or  Neolithic 

age.  Nowhere  are  there  any  intervening  sedimentary  beds,  or  any  deposits  requiring 
length  of  time  for  their  accumulation — the  only  subsequent  work  requiring  time  being 
comprised  in  the  alluvial  accumulation  of  our  great  rivers. 

Besides,  on  Croll’s  hypothesis,  Man  must  have  remained  comparatively  stationary 
during  a  vastly  long  period.  But  how  does  this  accord  with  the  facts.  Take 
the  earliest  works  of  Man  with  which  we  are  acquainted — the  rude  implements 
of  the  Chalk  plateau — and  note  the  difference  between  them  and  the  implements  of 
the  later  Valley  gravels.  The  former  consist  of  rude  flints  picked  up  on  the  surface, 
and  given  only  such  an  amount  of  trimming  as  to  bring  an  angle  to  a  point,  or  to 
form  a  cutting  edge  out  of  a  blunt  natural  fracture,  or  else  the  stones,  just  as  they 
were  found,  were  used  as  hammers  and  trimmers.  The  valley  implements,  on  the 
other  hand,  comprise  flint  tools  and  Implements  carefully  worked  all  over  and  trimmed 
to  certain  definite  patterns,  the  workmanship,  apart  from  the  want  of  grinding,  being- 
in  some  cases  so  fine  as  almost  to  equal  that  of  the  implements  of  the  Stone  age. 

The  caves  of  Central  France  and  of  Belgium  afford  still  clearer  evidence  of  the 
progress  made  by  early  Man  in  the  interval  between  these  two  stages.  His  work  in 
the  last  Quaternary  stage  exhibits  an  intelligence  higher  than  that  of  many  modern 
savages.  His  harpoons  and  bone  implements  were  skilfully  made,  and  that  he 
possessed  some  artistic  taste  is  shown  by  the  sculptured  bones  and  horns,  and  by 
the  rude,  but  sufficiently  accurate  representations,  of  the  contemporary  fauna.  How 
can  we,  then,  believe  that  Man,  who  had  showed  himself  thus  progressive  early  in 
the  Quaternary  period,  could  towards  its  close  have  remained  for  say  70,000  years 
without  further  progress  than  that  shown  by  Man  of  the  early  Stone  period. 

*  These  have  been  considered  seriatim  in  a  former  paper,  ‘  Quart.  Journ.  Geol.  Soc.,’  vol.  48, 

pp.  325-328. 
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There  is  certainly  nothing  to  represent  geologically  that  long  period  of  time,  nor  have 
biologists  been  able  to  detect  any  essential  structural  differences  between  Palgeohthic 
Man  and  Neolithic  Man  in  support  of  such  a  conclusion.  All  the  evidence  tends,  on 
the  contrary,  to  prove  that  late  glacial  (or  post-glacial)  Man,  together  with  the  great 
extinct  Mammalia,  came  down  approximately  to  within  some  10,000  to  12,000  years 
of  our  own  times,'''  and  that  the  Rubble-drift  marks  the  stroke  of  the  pendulum  when 
the  Glacial  period  came  to  a  close,  and  the  Neolithic  age  commenced. 


Explanation  of  Map  (Plate  33). 

This  map  merely  gives  the  position  of  the  typical  sections  of  the  Rnbble-drift  and  Raised  Beaches  men¬ 
tioned  in  the  text.  They  indicate  the  extent  of  the  submerged  area,  but  not  its  limits,  and  may  serve 
as  points  of  departure  for  more  extended  and  detailed  work.  Pending  the  delimitation  of  the  two 
divisions  of  the  Loess,  I  have  not  attempted  to  apportion  the  areas  they  respectively  occupy.  A  line, 
however,  drawn  from  Brest  to  Odessa  may  be  taken  as  a  median  line  of  a  broad  and  iiTegulai’  belt 
traversing  the  countries  in  which  the  high-level  Loess  as  a  whole  is  most  largely  developed — not 
continuously,  but  in  certain  areas  and  at  certain  heights. 


*  This  point  is  discussed  at  length  in  my  paper  on  “  The  Glacial  Period  and  Antiquity  of  Man,”  in 
‘  Quart.  Jouru.  Geol.  Soc.,’  vol.  43,  p.  393,  1887. 
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[Plates  34-41.] 

Recent  applications  of  electricity,  and  especially  the  extended  nse  of  transformers, 
have  added  particular  interest  to  the  study  of  cyclic  magnetizing  processes  in  iron.  It 
has  become  a  matter  ol'  consequence  to  investigate,  in  various  specimens  of  metal,  not 
only  the  amount  of  the  energy  dissipated  by  hysteresis  in  a  magnetic  cycle,  but  the 
relative  amounts  under  various  degrees  of  magnetization  and  various  intensities  of 
magnetizing  force.  Other  questions  arise  with  regard  to  the  dependence  of  this  loss 
on  the  frequency  of  the  cyclic  process  and  on  the  manner  in  which  it  is  performed. 
The  experiments  to  be  described  in  this  paper  deal  mainly  with  the  effects  of  cyclic 
variations  of  magnetizing  force.  They  are  intended  to  contribute  some  additions  to 
existing  data,  to  answer  one  or  two  sjDecific  questions,  and  to  exemplify  certain  more 
or  less  novel  methods  of  experimental  inquiry.  A  section  at  the  end  of  the  paper 
relates  to  the  molecular  theory  of  magnetization,  and  its  adequacy  to  explain  some 
characteristic  manifestations  of  magnetic  hysteresis. 

Experiments  on  Rings,  by  the  Ballistic  Method. 

In  a  paper  published  eight  years  ago  by  one  of  us,*  experiments  were  described  in 
which  a  piece  of  i^oft  iron  was  carried  through  a  numerous  series  of  cycles  of  magneti¬ 
zation,  of  graded  amplitude,  with  the  object  of  determining  the  form  taken  by  the 
curve  of  magnetization  and  magnetizing  force  during  the  process  of  reversal  between 
any  assigned  limits,  and  of  comparing  the  work  spent  in  the  process  with  the  ampli¬ 
tude  of  the  magnetization.  A  similar  experiment  was  described  for  steel.  Since  then 
the  importance  of  such  information  has  been  recognized  by  electrical  engineers,  and 
some  experiments  with  a  similar  object  have  been  made  by  Messrs.  Evershed  and 

*  “Experimental  Researches  in  Magnetism.’’  ‘  Phil.  Trans.,’  Part  II.,  1885,  p.  523. 
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ViGNOLES.-''*  and  by  Mr,  C.  P.  SxEiNMETZ.t  Notwithstanding,  however,  the  increased 
interest  which  now  attaches  to  the  matter  in  consequence  of  its  practical  bearing,  the 
available  data  are  still  meagre.  By  way  of  adding  to  them,  we  have  made  a  detailed 
examination  of  some  ten  samples  of  wire  and  sheet  iron,  arranged  in  the  form  of 
rings  to  be  operated  on  by  the  ballistic  method. 

In  the  former  tests,  referred  to  above,  the  method  used  was  to  make  direct  observa¬ 
tions  with  a  magnetometer,  the  samples  being  then  long,  straight  pieces  of  wire. 
When  the  metal  to  be  examined  is  in  the  form  of  wire,  which  may  be  taken  long 
enough  to  secure  j^ractical  endlessness,  or  of  rods  or  bars  big  enough  to  be  turned 
down  into  ellipsoids,  the  direct  magnetometric  method  is  entirely  suitable.  Several 
of  our  samples,  however,  were  to  be  cut  out  of  plate  or  sheet  metal,  such  as  is  now 
largely  used  in  the  manufacture  of  transformers ;  and  for  this  reason,  as  well  as 
because  direct  measurements  were  to  be  made  of  the  heating  effect  of  magnetic 
reversals  (which  made  ring  samples  most  eligible),  the  ballistic  method  was  selected, 
and  a  somewhat  novel  form  was  given  to  it,  to  allow  points  on  the  cyclic  curve  to  be 
accurately  and  conveniently  determined  by  its  means. 

In  the  paper  already  cited,  some  ballistic  observations  of  magnetic  cycles  were 
described,  in  which  the  successive  points  on  the  cycle  were  determined  by  summing 
the  ballistic  effect  of  successive  steps,  in  each  of  which  the  magnetic  force  underwent 
a  small  sudden  change.  This  method  is,  at  the  best,  laborious,  and  requires  great 


point  depends  on  that  of  the  points  before  it,  though  at  the  end  of  the  process  a 
check  may  be  applied  by  comparing  the  ballistic  effect  of  a  sudden  reversal  with  the 
sum  of  the  effects  of  successive  steps.  There  is  an  obvious  advantage  in  making  the 
determination  of  each  point  independent  of  the  previous  readings  of  the  ballistic  gal¬ 
vanometer,  and,  recognizing  this,  Messrs.  Evershed  and  Yignoles  introduced,  in 
their  experiments,  the  plan  of  reading  each  point  by  a  single  step  from  the  terminal 
condition  of  magnetization  represented  by  one  or  other  extremity  of  the  cycle.  They 
wound  their  ring  with  two  coils,  through  one  of  which  a  constant  current  was  main¬ 
tained  ;  through  the  other  coil  a  current,  opposite  in  magnetizing  quality,  could  he 
passed,  and  its  strength  could  be  varied  up  to  a  maximum  which  made  its  ampere- 
turns  just  twice  the  ampere-turns  of  the  other  coil.  Then,  when  current  flowed  in 
the  first  coil  only,  the  magnetization  had  its  extreme  positive  value.  By  suddenly 
applying  a  current  in  the  second  coil,  it  was  altered  to  any  value  between  the  positive 
and  negative  extremes.  The  use  of  two  currents  is  an  undesirable  complication, 
especially  as  the  symmetry  of  the  resulting  curves  depends  on  the  exactness  with 
which  the  magnetizing  effect  of  the  one  is  adjusted  to  be,  at  its  maximum,  just  twice 
that  of  the  other.  We  have  devised,  and  used  throughout  all  these  experiments,  a 
method  which,  while  requiring  only  one  current  and  one  magnetizing  coil,  retains  the 

*  Eyershed  and  Vignoles,  ‘  The  Electrician,’  May  15,  1891. 

t  Steinmetz,  ‘  Transactions  of  the  American  Institute  of  Electi-ical  Engineers,’  vol.  9,  No.  1. 
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advantage  that  each  point  in  the  cycle  is  reached  by  a  single  step  from  the  end 
of  the  cycle. 

The  diagram  (fig.  1)  shows  the  arrangement  used. 


Fig.  1. 


The  magnetizing  current  passes  from  the  battery  through  the  adjustable  resistance 
and  the  galvanometer  to  a  key,  K,  and  thence,  through  the  resistance  to  a 
two-way  plug,  P,  which  allows  it  to  be  sent  either  into  the  magnetizing  coil  of  the 
ring  A,  which  is  the  sample  under  test,  or  into  the  primary  of  a  special  induction  coil, 
C,  which  is  used  for  standardizing  the  ballistic  galvanometer.  A  and  C  each  have  a 
secondary  coil;  the  two  secondaries  are  kept  in  series  with  one  another,  and  their 
circuit  is  completed  through  the  ballistic  galvanometer  Gg.  A  Kelvin  balance,  B, 
which  is  short-circuited  when  it  is  not  required,  serves  to  determine  the  constant  of 
the  current  galvanometer  G^.  The  key  K  is  a  rocker,  working  in  mercury  cups,  which, 
when  rocked  to  the  left,  connects  a  with  e  and  6  with  f,  and,  when  rocked  to  the 
right,  connects  a  with  c  and  h  with  d.  In  the  latter  position  of  the  key,  the  full 
strength  of  the  magnetizing  current  is  in  action,  and  hence,  if  the  plug  P  is  set  so  as 
to  send  the  current  into  A,  the  sample  is  magnetized  to  a  degree  which  represents  one 
extremity  of  a  magnetic  cycle.  Between  the  cups  e  and  d  of  the  rocking  key  are  a 
short-circuit  plug  and  also  an  adjustable  resistance,  Bg.  When  this  short-circuit  plug 
is  inserted,  the  key  K  is  simply  a  reversing  key,  and  then,  when  rocked  to  the  left,  it 
reverses  the  magnetization  of  the  ring,  carrying  it  at  once  to  the  opposite  end  of  the 
cycle.  But  when,  instead  of  a  short  circuit  between  c  and  d,  there  is  a  resistance,  the 
rocking  of  the  key  to  the  left  applies  to  the  sample  a  magnetizing  current  opposite  in 
sign  to  the  primitive  current,  but  less  than  it  in  amount,  and,  consequently,  carries 
its  magnetism,  not  to  the  end  of  the  cycle,  but  to  a  point  which  falls  short  of  the  end 
by  an  amount  depending  on  the  magnitude  of  the  resistance  Bg.  The  peculiarity  of 
the  method  is  that,  by  a  single  movement  of  the  key,  the  magnetizing  current  is  at 
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once  reduced  in  amount  and  reversed  in  sign.*  By  giving  Bg  a  series  of  values,  each 
movement  of  the  key  to  the  left  determines  a  new  point  on  the  curve,  while  each 
movement  to  the  right  brings  back  the  magnetization  to  its  extreme  value.  In  this 
way  as  many  points  are  found  as  may  be  required  to  define  that  part  of  the  curve 
which  lies  between  the  zero  of  magnetizing  force  and  its  extreme  negative  value.  To 
find  points  lying  between  the  positive  extreme  and  the  zero  of  magnetizing  force,  a 
different  process  is  adopted.  The  key  is  kept  to  the  left,  and  a  sudden  reduction  of 
the  current  (without  change  of  sign)  is  effected  by  withdrawing  a  i^lug  from  the 
resistance  box  II3.  This  gives  a  point  in  the  first  quadrant  of  the  descending  curve, 
and  a  series  of  such  points  are  found  by  selecting  successive  values  of  B,,  the  magne¬ 
tization  of  the  sample  being,  however,  restored  to  its  initial  full  value  before  each  such 
step. 

To  make  the  matter  plainer,  we  may  describe  the  operation  of  taking  a  cycle  in 
detail.  First,  the  strength  of  the  magnetizing  current  was  adjusted  by  selecting  a 
proper  number  of  cells  (a  storage  battery  was  used  throughout)  and  by  means  of  the 
resistance  B^,  so  that  the  limits  of  magnetization  should  have  the  desired  value.  At 
this  stage  there  was  no  resistance  in  Bo,  and  the  short-circuit  plug  between  e  and  d 
was  in  its  place.  The  key  K  was  now  rocked  back  and  forth  many  times  to  bring  the 
magnetic  changes  into  a  thoroughly  cyclic  state — a  precaution  especially  necessary' 
when  only  a  weak  degree  of  magnetization  was  in  question.  The  ballistic  effect  of 
this  reversal  was  observed,  several  times  over.  Then,  with  the  key  K  leaning  to  the 
right,  a  small  sudden  reduction  of  current  was  made  by  removing  a  plug  from  B3,  and 
the  ballistic  effect  of  this  was  observed.  The  plug  in  B^  was  replaced,  the  key  K 
rocked  back  and  forth  to  put  the  metal  through  a  cycle,  and  then  a  second  resistance, 
larger  than  the  first,  was  suddenly  opened  in  B^.  Operating  in  this  way,  a  series  of 
points  were  found  for  values  of  the  magnetizing  force  H,  lying  between  the  positive 
maximum  and  zero.  To  continue  the  curve  beyond  the  axis  into  the  region  of 
negative  H,  the  resistance  Bg  was  adjusted  to  have,  first,  a  rather  high  value.  The 
key  was  then  rocked  from  right  to  left,  the  ballistic  effect  being  read ;  then  this 
resistance  was  short-circuited  ;  the  specimen  was  taken  through  its  full  cycle  by 
rocking  the  key ;  Bg  was  set  to  be  less  than  before,  and  its  short-circuit  plug  was 
removed,  the  key  was  again  rocked  to  the  left,  and  so  on.  The  curve  determined  by 
these  successive  operations  was  the  curve  ABCD  (fig.  2),  in  which  (ordinates  being 
magnetization  and  abscissae  magnetizing  force)  A  is  the  extreme  state,  always  reverted 
to  between  each  operation  and  the  next ;  AB  is  the  position  determined  by  plugging 
out  resistances  in  B3,  and  BCD  by  rocking  the  key  K  with  successive  (lessening)  values 
of  Bg.  This  curve  completely  defines  the  magnetic  cycle,  inasmuch  as  the  return  limb 

*  Since  this  description  was  written,  a  paper  has  been  communicated  to  the  Royal  Society  by 
Dr.  John  Hophinson  and  Messrs.  Lydall  and  Wilson,  in  which  ballistic  experiments  are  described  where 
the  method  was  essentially  the  same  as  that  used  by  us.  A  single  movement  of  a  key  reversed  the 
magnetizing  current  and  introduced  resistance.  (‘Roy.  Soc.  Pro.,’  vol.  53,  p.  352.) 
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Fig.  2 


is  symmetrical  with  the  one  sketched.  As  a  matter  of  convenience  in  exhibiting  the 
results,  the  portion  CD  may  be  sketched  as  extending  from  a  point  C'  back  to  the 
starting  point  A,  as  in  fig.  3,  OC'  being  taken  equal  to  OC,  and  in  this  way  the 

Fig.  3. 


relations  of  the  rising  and  falling  curve  to  one  another  are  more  clearly  .shown.  There 
is,  of  course,  no  need  to  draw  the  other  half  of  the  cycle.  The  ordinate  of  A  is  taken 
as  equal  to  half  the  magnetic  change  which  occurs  on  reversal  of  the  full  strength  of 
the  magnetizing  current. 

G^,  used  in  measuring  the  magnetizing  current,  was  a  mirror  galvanometer,  strongly 
shunted  and  provided  with  a  strong  controlling  field.  Its  constant  in  the  shunted  state 
was  determined  daily  by  means  of  the  Kelvin  centi-ampere  balance.  The  ballistic  gal¬ 
vanometer  was  provided  with  a  usual  arrangement  for  applying  electromagnetic  impulses 
to  stop  the  swing  of  the  needle.  Its  readings  were  reduced  to  absolute  measure  by 
means  of  the  coil  C,  an  air  induction  coil,  whose  dimensions  were  accurately  measured, 
and  the  coefficient  of  mutual  induction  of  its  coils  calculated  from  them.  Its  induction 
was  sufficient  to  give  a  ballistic  deflection  of  the  same  order  of  magnitude  as  that  given 
by  the  sample  under  test.  The  resistance  of  the  ballistic  circuit  w^as  not  altered  through¬ 
out  an  experiment,  and  the  two  secondaries  were  permanently  connected  in  series 
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The  use  of  the  coil  C  made  the  magnetic  induction,  as  well  as  the  magnetizing  force, 
depend  for  its  interpretation  in  absolute  measure  on  the  standard  furnished  by  the 
Kelvin  balance.  The  resistance  was  a  frame  of  platinoid  wire,  wound  for  these 
experiments  ;  Kg  was,  in  the  first  instance,  a  liquid  slide  consisting  of  amalgamated  zinc 
plates,  immersed  in  a  jar  containing  solution  of  zinc-sulphate,  but  in  the  later  experi¬ 
ments  we  found  that  a  Yarley  carbon  resistance,  consisting  of  a  pile  of  discs  adjustable 
by  compression,  formed  a  very  convenient  substitute,  especially  when  supplemented 
by  short  shunts  of  platinoid  for  the  lower  values  of  Rg. 

All  the  samples  tested  in  this  set  of  experiments  were  arranged  in  the  form  of  rings, 
wnth  a  mean  diameter,  generally,  of  about  10  centims.,  and  an  area  of  cross-section  of 
from  one  to  two  square  centims.  The  magnetizing  coil  was  wound  uniformly  round 
the  whole  ring,  in  a  single  layer  or  in  two  layers.  A  few  turns  of  wire,  wound  out¬ 
side  of  that,  formed  the  secondary  or  induction  coil,  the  number  of  these  turns  being 
chosen  so  that  reversal  of  the  strongest  magnetization  produced  as  large  a  throw  as 
could  conveniently  be  read  on  the  ballistic  galvanometer.  In  several  instances  pans 
of  rings  were  prepared,  exactly  alike  in  all  respects,  for  the  purpose  of  making  certain 
special  tests  which  will  be  described  later. 

With  each  sample  a  series  of  cycles  were  determined,  generally  ten  or  twelve, 
beginning  with  one  in  which  the  limiting  magnetization  was  strong,  and  working 
down  to  cycles  on  which  the  range  was  so  small  that  the  efiects  of  hysteresis  nearly 
disappeared.  In  the  case  of  one  or  two  samples  a  supplementary  examination  of  the 
smaller  cycles  was  made  on  a  finer  scale,  by  means  of  another  secondary  coil  with  a 
considerably  larger  number  of  turns,  while  the  scale  of  the  current  galvanometer  was 
at  the  same  time  altered  by  using  a  weaker  shunt.  We  shall  now  give  the  results  of 
the  tests  in  detail. 

Ring  I. — In  this  ring  the  core  was  of  fine  iron  wire,  insulated  by  a  winding  of 
cotton.  The  diameter  of  the  wire  was  0'02475  centim.  It  was  supplied  (by  Messrs. 
Glover)  as  a  specimen  of  soft  iron,  but  the  tests  showed  that  it  had  either  not  been 
softened,  or  had  been  insufficiently  softened  after  its  last  passage  through  the  draw- 
plate,  the  curve  of  magnetization  presenting,  to  some  extent,  the  characteristics  of 
those  for  unannealed  metal.  Eleven  cycles  were  examined ;  the  results  are  stated 
below  and  are  shown  by  the  curves  of  fig.  4  (Plate  34).  Tlie  figures  give  the  magnetic 
force  H  and  the  magnetic  induction  B,  both  in  C.G.S.  units. 
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Ring  I, — Fine  Iron  Wire. 


Cycle  (1). 

Cycle  (2). 

Cycle  (3). 

Cycle  (4). 

H. 

1 

B. 

H. 

j 

i 

B. 

1 

H. 

1 

B. 

H. 

B. 

18-23 

10870 

13-01 

8840 

8-80 

6780 

6-59 

5260 

12-12 

10220 

9-52 

8510 

7-06 

6610 

3-76 

4880 

5-14 

8840 

7-50 

8190 

5-87 

6450 

2-29 

4630 

2-98 

8290 

4-58 

7690 

3-91 

6130 

1-39 

4440 

1-61 

7620 

2-80 

7370 

2-52 

5850 

0-78 

4200 

0 

6910 

1  00 

6990 

1-47 

5640 

0 

3900 

-  0-67 

6890 

0 

6450 

0-65 

5370 

-0-39 

3740 

-  i  ll 

6310  1 

-  0-79 

5750 

0 

5040 

-1-11 

3310 

-  1-48 

6040  1 

-  1-30 

5420 

-0-81 

4610 

-1-85 

2660 

-  1-85 

5750 

-  1-85 

4930 

-1-48 

4170 

-2-31 

1790 

-  2-41 

4800  1 

-  2-78 

2930 

-2-22 

3310 

-2-78 

270 

-  2-78 

3820  1 

-  3-71 

-  430 

-2-78 

1630 

-3-24 

-1250 

-  3-33 

1490  ' 

-  4-17 

-1630 

-3-22 

-  110 

-3-71 

-2280 

-  3-89 

-  300 

-  4-64 

-2490 

-3  71 

-1460 

-4-47 

-3580 

—  4-45 

-  1540  ! 

-  5-56 

-3960 

-4-63 

-3310 

-6-59 

-5260 

-  5-37 

-  3230 

-  6  49 

-5200 

—  5-56 

-4500 

-  6-48 

-  4830  ! 

-  8-38 

-6670  ' 

-6-48 

-5370 

-  8-34 

-  6580 

-13-01 

-8840 

-8-80 

-6780 

-10-18 

-  7780 

-18*23 

- 10870 

i 

1 

i  Cycle  (5). 

Cycle  (6). 

I 

1  Cycle  (7). 

i 

Cycle  (8). 

i 

1 

1 

B. 

H. 

B. 

i 

H. 

B. 

H. 

B. 

1" 

4-40 

3280 

2-91 

1410 

S  1-94 

560 

1-23 

270 

;  2-93 

3060 

2-18 

1330 

1-24 

450 

,  0-73 

220 

;  1-94 

2900 

1-10 

1110 

0-59 

340 

I  0 

80 

j  1-24 

2760 

0-31 

870 

:  0 

200 

0-39 

0 

0-51 

2550 

0 

760 

i  -0-48 

30 

0-65 

80 

0 

2360 

-0-46 

600 

'  -0-74 

-  40 

0-93 

160 

;  -0-43 

2110  t 

-0-93 

320 

-1-02 

-150 

1-23 

270 

>  -111 

1730 

-1-39 

50 

-1-39 

-310 

,  -1-85 

590 

-1-85 

-  380 

-1-67 

-420 

-2-31 

0  ; 

-2-31 

-  920  : 

-1-94 

-560 

-2-78 

-1110  1 

-2-91 

-1410  ; 

-3-25 

-1980  1 

-4-40 

-3280  ! 

I 

In  addition  to  these,  three  higher  cycles  were  taken,  with  limiting  values  of 
H  and  B,  as  under  : — 
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Limit  of  H. 

Limit  of  B. 

55-8 

16640 

.34-4 

14810 

25-3 

12940 

These,  however,  are  omitted  from  the  figure,  as  they  would  have  required  it  to  be 
drawn  to  an  inconveniently  small  scale. 

Inspection  of  fig.  4  brings  out  6ne  curious  feature  in  the  relation  of  the  successive 
cycles  to  one  another,  which,  however  (as  other  figures  will  presently  show),  is  of 
quite  general  occurrence.  The  extremity  of  each  cycle  lies  outside  of  the  rising  curve 
of  the  immediately  higher  cycle,  provided  there  is  no  very  great  difference  in  their 
ranges  of  magnetization.  It  is  only  when  we  come  down  to  the  lowest  cycles,  where 
the  steps  by  which  B  is  reduced  from  cycle  to  cycle  are  relatively  great,  that  this  does 
not  happen.  It  should  be  remembered  that  each  of  these  cycles  is  taken  only  after  a 
large  number  of  reversals  of  that  particular  magnetizing  force  which  determines  its 
range.  During  these  reversals  the  range  became  somewhat  reduced,  especially  when 
the  magnetism  does  not  approach  saturation. 

From  these  curves,  by  measuring  the  enclosed  areas,  values  have  been  found  of  the 


energy  dissipated  in  performing  the  magnetic  cycle,  namely,  j"]!  dl  or,  ^ 


HdB. 


Bing  I. — Fine  Iron  Wire.  Energy  dissipated  in  Cyclic  Process  of  Double  Beversal 

of  Magnetism. 


Limit  of  H. 

Limit  of  B. 

JII  dl,  ergs. 

55-8 

16640 

24930 

34-4 

14810 

20320 

25-3 

12940 

17130 

18-23 

10870 

13410 

13-01 

8840 

9900 

8-80 

6780 

6420 

6-59 

5260 

4180 

4-40 

3280 

1940 

2-91 

1410 

450 

1-94 

560 

62  1 

1-23 

270 

18  1 

These  results  are  given  graphically  in  figs.  7  and  8,  along  with  corresponding  ones 
for  the  next  rino’. 

Bing  II.  was  of  steel  wire,  of  nearly  the  same  fineness  as  the  iron  wire  of  Bing  I. 
The  diameter  was  0'0257  centim.,  and,  like  the  last,  it  wms  insulated  throughout  with 
cotton.  Eleven  cycles  were  taken  in  the  first  instance,  as  follows  : — 
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Ring  II. — Fine  Steel  Wire. 


Cycle  (I). 

Cycle  (2). 

Cycle  (3). 

Cycle  (4). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

43-91 

17680 

32-42 

16720 

21-89 

15040 

13-66 

12070 

23-25 

16900 

19-50 

16160 

15-02 

14680 

7-27 

11570 

15-63 

16470 

13-93 

15870 

9-25 

14260 

3-80 

11180 

9-69 

15900 

8-91 

15440 

5-24 

13830 

1-83 

10960 

6-05 

15440 

5-78 

14940 

2-79 

13430 

0 

10500 

2-31 

14830 

2-99 

14510 

0 

12820 

-  1-36 

10040 

0 

14260 

0 

13760 

-  0-61 

12650 

-  2-73 

9430 

-  0-95 

13980 

-  1-43 

13330 

-  2-04 

12110 

-  3-47 

9010 

-  2-04 

13590 

-  2-38 

13010 

-  3-40 

11500 

-  3-74 

8830 

-  3-40 

12870 

-  3-40 

12480 

-  4-76 

10130 

-  4-07 

8580 

-  5-09 

11050 

-  4-76 

11300 

-  5-44 

7770 

-  4-76 

7360 

-  5-78 

8560 

-  5-78 

8050 

-  6-18 

4570 

-  5-44 

4800 

-  6-80 

4350 

-  6-80 

3350 

-  6-87 

920 

-  6-12 

1950 

-  8-16 

-  2210 

-  8-16 

-  3310 

-  9-14 

-  6270 

-  6-80 

-  1910 

-11-49 

-  9270 

-10-53 

-  8160 

-10-19 

-  8410 

-  8-57 

-  6970 

-13-59 

-11520 

-12-27 

-10590 

-11-56 

-10340 

-  8-84 

-  7820 

-16-51 

-13400 

-17-06 

-13830 

-13-53 

-12190 

-10-40 

-  9960 

-19-44 

-14860 

-19-91 

-14730 

-18-01 

-14120 

-12-10 

-11280 

-43-91 

-17680 

-32-42 

-16720 

-21-89 

-15040 

-13-66 

-12070 

Cycle  (5j.  , 

Cycle  (6). 

Cycle  (7). 

Cycle  (8). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

10-98 

10190 

8-91 

8190 

7-48 

6170 

6-12 

3960 

6-51 

9840 

5-71 

7770 

5-03 

5960 

340 

3680 

4-55 

9630 

3-29 

7530 

2-58 

5600 

2-04 

3460 

2-45 

9350 

1-77 

7320 

1-09 

5350 

0 

3060 

1-43 

9170 

0 

6890 

0 

5060 

-1-09 

2680 

0 

8810 

-1-36 

6490 

-0-88 

4850 

-2-04 

2350 

-  0-34 

8770 

-2-72 

5910 

-1-70 

4570 

-3-40 

1470 

-  0-68 

8700 

-3-74 

5170 

—2-72 

4030 

-4-08 

610 

-  1-70 

8270 

-4-49 

4280 

-3-40 

3600 

-4-76 

-1390 

-  2-72 

7840 

-5-09 

2250 

-4-08 

2890 

-5-44 

-3030 

-  3-40 

7530 

-5-44 

710 

-4-76 

990 

-6-12 

-3960 

-  4-08 

6920 

-6-12 

-2680 

—  5-50 

-1900 

-  4-76 

5630 

-6-80 

-5240 

-6-12 

-4240 

-  5-44 

2890 

-7-89 

-7090 

-7-48 

-6170 

-  6-12 

-  70 

-8-91 

-8090 

-  6-80 

-  3530 

-  7-40 

-  5700 

-  8-16 

-  7340 

-  9-66 

-  9130 

-10-98 

-10190 

i 

1 

G  L 


MDCCCXCIII.-  A. 
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Cycle  (9). 

Cycle  (10). 

Cycle  (11). 

H. 

B. 

i  H. 

B. 

H. 

B. 

476 

1820 

4-08 

1180 

2-24 

360 

2-92 

1610 

!  170 

900 

0-88 

210 

1-50 

1390 

I  0 

610 

0 

70 

0 

1110 

L70 

110 

-1-57 

-210 

--170 

610 

2'99 

-  630 

-2-24 

-360 

-3-40 

-  430 

4-08 

-1180 

-4-08 

-1250 

-476 

-1820 

These  results  are  also  shown  in  fig.  5  (Plate  34),  where,  however.  Cycle  2  and  the 
extremity  of  Cycle  1  are  omitted  to  avoid  overloading  the  diagram.  Cycles  10  and 
1 1  are  also  omitted.  In  drawing  the  curves  the  points  corresponding  to  the  readings 
actually  taken  are  marked  by  dots  enclosed  within  circles.  They  give  satisfactory 
evidence  that  the  method  of  observation  we  have  used  will  yield  a  smooth  curve.  The 
curves  here  have  the  square-shouldered  form,  which  is  often  found  in  steel  as  well  as 
almost  always  in  annealed  soft  iron.  (The  absence  of  this  characteristic  in  Ring  I.,  as 
well  as  its  comparatively  low  permeability,  was  an  indication  of  its  being  in  a  some¬ 
what  hard  state.) 

To  test  more  particularly  the  action  of  weak  magnetic  forces,  Ring  II.  was  further 
taken  through  a  series  of  low  cycles,  the  sensibility  of  the  apparatus  in  regard  both 
to  ballistic  and  current  measurements  having  been  first  increased  in  the  manner 
already  indicated.  That  is  to  say,  an  induction  coil  of  a  larger  number  of  turns  was 
now  used,  and  the  current  galvanometer  was  less  strongly  shunted.  Five  small  cycles 
were  observed  as  follows  : — 
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Ring  II.  (Small  cycles.) 


Cycle  (12). 

Cycle  (13). 

Cycle  (14), 

Cycle  (15). 

Cycle 

(16). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

3-930 

925 

3-105 

590 

2-145 

320 

1-340 

170 

0-787 

89 

2-315 

750 

1-995 

480 

1-215 

220 

0-905 

135 

0-422 

52 

1-260 

605 

1-155 

380 

0-840 

185 

0-680 

110 

0-203 

34 

0-695 

505 

0-630 

295 

0-535 

135 

0-385 

75 

0 

12 

0 

395 

0-325 

245 

0 

75 

0 

30 

-0-267 

-21 

-0-265 

320 

0 

195 

-0-265 

25 

-0-160 

10 

-0-534 

-58 

-0-535 

265 

-0-425 

125 

-0-535 

-  10 

-0-5.35 

-  35 

-0-787 

-89 

-1-070 

130 

1-070 

-  25 

-1-070 

-110 

-0-800 

-  85 

— 

-  50 

1-605 

-160 

-1-550 

-210 

-  1-070 

-120 

1  -2-140 

-210 

3-100 

-590 

-2-140 

-320 

-1-340 

-170 

1  -2-670 

-405 

2-185 

-320 

1  -2-885 

-520 

-3-930 

-925 

These,  with  the  exception  of  No.  15,  are  drawn  out  in  fig.  6  (Plate  35). 
Measuring  areas  as  before  we  find  the  energy  dissipated  in  the  cycles  : — 


Ring  II. — Fine  Steel  Wire.  Energy  dissipated  in  cyclic  process  of  double  reversal 

of  maofnetisra. 

O 


No.  of  Cycle. 

Limits  of  H. 

Limits  of  B. 

1 II  dl,  ergs. 

1 

43-91 

17680 

45770 

2 

32-42 

16720 

41320 

3 

21-89 

15040 

34330 

4 

13-66 

12070 

23460 

5 

10-98 

10190 

18100 

6 

8-91 

8090 

12820 

7 

7-48 

6170 

8300 

8 

6-12 

3960 

4310 

9 

4-76 

1820 

1130 

10 

4-08 

1180 

540 

12 

3-93 

925 

307 

13 

3-105 

590 

125 

14 

2-145 

320 

30 

16 

0-787 

89 

1-4 

Fig.  7  gives  the  value  of  |  H  dl  for  this  ring  and  also  for  Ring  I.,  in  relation  to  H, 
and  fig.  8  (Plate  36)  gives  them  in  relation  to  B. 

Fig.  8a  further  shows  to  a  larger  scale  the  relation  of  |  H  (il  to  B  in  the  low-cycle 
tests  of  Ring  II.  It  is  interesting,  as  an  example  of  the  growth  of  J  H  dl  in  the 
region  of  low  magnetic  force,  when  the  effects  of  hysteresis  are  only  beginning  to  be 

6  L  2 
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felt.  The  figures  show  in  a  striking  way  how  small  the  loss  of  energy  through 
hysteresis  becomes  when  the  limits  of  magnetization  or  of  magnetic  force  are  restricted 
within  certain  values. 

A  characteristic  of  the  curves  of  fig.  5  is  the  remarkably  uniform  rate  at  which 
B  changes  with  respect  to  H  during  a  great  part  of  the  process  of  magnetic  reversal. 
After  the  shoulder  of  the  descending  curve  has  been  turned,  by  applying  a  sufficiently 
strong  demagnetizing  force,  the  quantity  r^B/cZH  takes  a  large  and  nearly  constant 
value  which  it  retains  until  a  tolerably  strong  reversed  magnetization  has  been  pro¬ 
duced.  The  steep  and  nearly  straight  portion  of  the  curve  which  corresponds  to  this 
part  of  the  process  has,  moreover,  nearly  the  same  gradient  in  all  except  the  smallest 
cycles.  The  same  characteristic  will  be  found  in  examples  of  annealed  iron,  to  be 
given  later,  and  the  gradient  in  them  is  of  course  even  steeper  than  it  is  here.  In 
the  present  sample  of  steel  wire  (Bing  II.),  the  maximum  value  of  c?B/<iH  is  about 
4950  ;  nearly  half  the  whole  magnetic  change  in  the  highest  cycle  occurs  at  approxi¬ 
mately  this  rate.  In  some  of  our  soft  iron  samples  c?B/c^H  reaches  a  value  nearly 
three  times  as  great  as  this. 

The  amount  of  demagnetizing  force  just  sufficient  to  bring  the  magnetism  to  zero 
lias  been  called  by  Hopkinson*  the  coercive  force.  It  will  be  seen  from  these  tests 
that  the  coercive  force  rises  progressively  as  the  magnetization  is  increased.  We  have 
measured  its  values  for  the  cycles  of  Bings  I.  and  II.,  and  these  may  conveniently  be 
expressed  in  relation  to  the  limits  of  H  and  of  the  intensity  of  magnetization  I. 


Bing  I. 


Limits  of  H. 

Limits  of  I. 

Coercive  force. 

58-36 

1320 

4-75 

35-93 

1176 

4-55 

26-48 

1027 

4-20 

18-23 

863 

3-84 

13-01 

703 

3-59 

8-80 

539 

3-20 

6-59 

418 

2-88 

4-40 

261 

2-25 

2-91 

112 

1-46 

1-23 

22 

0-36 

*  J.  Hopkinson,  ‘-Magnetization  of  Iron,”  ‘  PFil.  Trans.,’  1885,  p.  460. 
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King  II. 


Limits  of  H. 

Limits  of  I. 

Coercive  force. 

43-21 

1404 

i 

7-71  I 

32-42 

1328 

7-43  I 

21-89 

1195 

7-06  I 

13-66 

960 

6-48  ' 

10-98 

810 

6-00  i 

8-91 

643 

5-61 

7-48 

490 

5-01 

6-12 

317 

4-28 

4-76 

145 

2-83 

4-08 

94 

1-94 

2-14 

25 

0-45 

Fis?.  9. 


Coercive  Force  and  I.  Rings  I.  and  II. 


In  fig.  9  the  coercive  force  is  plotted  in  relation  to  I.  From  this  figure  it  is 
possible,  by  extrapolation  of  the  curve,  to  arrive  at  a  probable  estimate  of  a  definite 
physical  constant  of  the  material  which  forms  a  good  criterion  of  magnetic  hardness, 
namely,  the  coercive  force  which  would  correspond  to  the  state  of  magnetic  saturation. 
This,  in  other  words,  is  the  demagnetizing  force  which  would  be  just  sufficient  to 
remove  magnetism  from  a  piece  which  had  been  magnetized  to  literal  saturation. 
We  know  that  the  saturation  value  of  I.  in  wrought  iron  and  steel  is  about  1700.* 
A.  conjectural  extension  of  the  curves  along  the  straight  lines  which  they  follow  in 
the  region  of  strong  magnetization  shows  that  the  coercive  force  of  saturation  is 
probably  about  5'5  in  the  (rather  hard)  iron  of  King  I.,  and  8‘5  in  the  steel  of 
King  II. 


*  ‘  PM  Trans,’  1889,  A,  p.  221. 
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The  next  three  rings  had  cores  of  sheet  iron.  Ring  III.  was  made  up  of  com¬ 
paratively  thick  annular  discs  which  were  turned  out  of  discs  that  had  been  supplied 
for  the  core  of  a  dynamo  armature.  The  mean  thickness  of  the  discs  was  0‘195  centim. ; 
the  internal  diameter  of  the  annulus  was  13*55  centims.  and  its  external  diameter 
1545  centims.  Rings  of  paper  were  interposed  to  prevent  the  discs  from  touching 
one  another.  The  tests  showed  that  this  iron  compared  well  with  most  other 
specimens  in  the  matter  of  magnetic  softness. 

The  following  cycles  were  measured  : — 


Ring  III. — Thick  Sheet  Iron. 


Cycle  (1). 

Cycle  (2). 

Cycle  (3). 

Cycle  (4). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

32-34 

15920 

21-60 

14920 

14-62 

13730 

10-42 

12460 

22-51 

15520 

16-66 

14660 

12-19 

13560 

9-11 

12330 

17-23 

15190 

13-59 

14390 

10-44 

13400 

8-12 

12130 

10-10 

14290 

8-73 

13730 

7-29 

12900 

6-08 

11940 

5-97 

13330 

5-47 

12860 

4-86 

12260 

4-33 

11470 

3-30 

12220 

3-08 

11870 

2-09 

10940 

2-70 

10940 

0 

9350 

1-37 

10670 

1-37 

10380 

1-29 

9950 

-  1-33 

5700 

0 

9060 

0 

8950 

0 

8560 

-  1-54 

4180 

-  0-72 

7820 

-  0-95 

7230 

-  0-83 

7100 

-  1-90 

1390 

-  1-33 

5800 

-  1-33 

5630 

-  1-33 

5100 

-  2-28 

-  1060 

-  1-52 

4300 

-  1-52 

4640 

-  1-52 

3720 

-  2-85 

-  3720 

-  1-90 

1390 

-  1-90 

1390 

-  1-90 

660 

-  3-80 

6370 

-  2-28 

-  1190 

-  2-28 

-  1330 

-  2-28 

-  1730 

-  4-75 

7820 

-  2-66 

-  2980 

-  2-66 

-  3120  i 

-  2-66 

-  3580 

-  5-69 

9220 

-  3-04 

—  4440 

-  3-23 

-  4970 

-  3-23 

-  5500 

-  6-65 

10220 

-  3-80 

-  6500 

-  3-80 

-  6570  ! 

-  3-80 

-  6830 

-  7-59 

10870 

-  4-75 

-  8220 

-  4-75 

-  8230 

-  5-69 

-  9550 

-  9-53 

12000 

-  5-69 

-  9290 

-  5-69 

-  9350  : 

-  7-59 

-11010 

-11-30 

12740 

-  7-59 

-10840 

-  7-59 

-11010 

-  8-73 

-11670 

-18-22 

14460 

-  9-49 

-12000 

-10-82 

-12660 

-10-42 

-12460 

-24-15 

15320 

-11-39 

-12770 

-12-15 

-13000 

-25-44 

15460 

-15-18 

-13790 

-14-62 

-13730 

-32-34 

15920 

-18-22 

-14460 

-21-60 

-14920 
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Cycle  (5). 

Cycle  (6). 

Cycle  (7). 

Cycle  (8). 

H. 

B. 

1 

1 

H. 

B. 

H. 

B. 

H. 

B. 

8-05 

11340 

5-59 

9520 

4-01 

7790 

2-89 

5830 

7-26 

11270 

4-83 

9460 

3-42 

7700 

2-39 

5770 

6-61 

11170 

403 

9260 

2-89 

7590 

1-60 

5500 

5-17 

10940 

3T5 

9060 

2-17 

7390 

0-95 

5230 

3-84 

10610 

2-20 

8720 

1-48 

7100 

0 

4280 

2-51 

10150 

1T4 

8290 

0-80 

6800 

-0-76 

3380 

1-22 

9490 

0-61 

7990 

0-30 

6530 

-1-14 

1930 

0-65 

8830 

0 

7130 

0 

6060 

-1-52 

-  530 

0 

8160 

-0-76 

5940 

-0-95 

4270 

-1-90 

-2920 

-0-76 

6900 

-M4 

4740 

-1T4 

3490 

-2-28 

-4380 

-1-33 

4790 

-1-52 

2090 

-1-52 

700 

-2-66 

-5300 

-1-52 

3260 

-1-90 

-  900 

-1-96 

-2020 

-2-89 

-5830 

-1-90 

200 

-2-28 

-3090 

-2-28 

-3750 

-2-28 

-  2260 

-2-66 

-4540 

-2’85 

-5600 

-2-66 

-  3780 

-3-23 

-6200 

-3-42 

-6730 

-3-23 

-  5830 

-3-80 

-7320 

-4-01 

-7790 

-3-80 

-  7100 

-4-75 

-8660 

-4-75 

-  8490 

-5-59 

-9520 

-5-69 

-  9620 

i 

-6-84 

-10550 

-8-05 

-11340 

1 

Cycle  (9). 

Cycle  (10). 

Cycle  (11). 

Cycle  (12). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

2-05 

3720 

1-.32 

1360 

0-76 

400 

0-45 

170 

1-63 

3620 

0-95 

1300 

0 

140 

0 

30 

1  1-10 

3460 

0-68 

1160 

-0-49 

-140 

0-42 

-100 

,  0-68 

3160 

0-45 

1060 

-0-57 

-230 

0-45 

-170 

i  0 

2750 

0 

830 

-0-76 

-400 

:  -0-76 

1590 

-0-57 

200 

'  -1-14 

260 

-0-76 

-  100 

-1-52 

-1890 

-0-95 

-  560 

-1-90 

-3380 

-1-14 

-  960 

-2-05 

-3720 

-1-32 

-1360 

1 

These  cycles,  with  the  exception  of  No.  1,  are  shown  in  figs.  10  and  10a  (Plate  37), 
where,  to  avoid  confusion,  the  odd  and  even  cycles  are  drawn  separately.  Measure¬ 
ment  from  these  curves  of  the  area,  and  of  the  coercive  force,  gives  the  following 
results : — 
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Ring  III. — Thick  Sheet  Iron  :  Values  of  |  H  dl  and  Coercive  Force. 


Number  of  cycle. 

Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

iHtt 

Coercive  force. 

1 

32-34 

15920 

1265 

13960 

2-10 

2 

21-60 

14920 

1187 

12050 

2-10 

3 

14-62 

13730 

1092 

10240 

2-10 

4 

10-42 

12460 

991 

8550 

2-01 

5 

8-05 

11340 

902 

7270 

1-96 

6 

5-59 

9520 

757 

5240 

1-79 

7 

4-01 

7790 

620 

3760 

1-61 

8 

2-89 

5830 

464 

2270 

1-44 

9 

2-05 

3720 

296 

1130 

1-20 

10 

1-32 

1360 

108 

230 

0-69 

11 

0-76 

400 

32 

,  , 

0-28 

12 

0-45 

170 

14 

•  • 

0-12 

The  values  of  |  H  dl,  in  relation  to  B,  will  be  found  plotted  in  fig.  21,  along  with 
corresponding  results  for  other  samples  of  sheet  and  wire  iron. 

The  next  sample  to  be  tested  (Bing  IV.)  was  of  thin  sheet  iron,  which,  like  the 
last,  had  been  supplied  to  form  the  core  of  a  dynamo  armature.  This  iron,  though 
supplied  for  a  purpose  in  which  magnetic  softness  is  important,  did  not  compare 
favourably  with  the  thick  sheet  of  Bing  III.  The  ring  was  built  up  of  30  flat  annuli, 
which  were  turned  out  of  larger  punched  discs.  The  thickness  of  the  sheet  varied  in 
different  discs  from  0‘044  to  0‘050  centim.  The  external  diameter  was  10 '9  centims. 
and  the  internal  diameter  8 '45  centims.,  and  the  mean  thickness  of  the  sheets  was 
0'47  millim.  The  discs  were  insulated  from  one  another  with  paper.  Nine  cycles 
were  measured  in  the  first  instance,  and  then  six  small  cycles,  with  a  larger  induction 
coil  and  a  more  sensitive  adjustment  of  the  current  galvanometer.  The  results  are 
given  numerically  below,  and  graphically  in  figs.  11  and  12.  The  larger  cycles,  with 
the  exception  of  the  second,  are  drawn  on  fig.  11.  Fig.  12  exhibits  the  small  cycles. 
The  induction  coil  used  in  measuring  the  large  cycles  had  12  turns,  but  in  the  small 
cycles  a  coil  with  195  turns  was  used  to  give  a  large  magnification  of  the  ballistic 
readings,  the  sensibility  of  the  ballistic  galvanometer  itself  being  unchanged.  The 
curves  of  the  small  cycles  have  been  determined  in  this  instance  with  particular 
minuteness,  as  a  study  of  tlie  behaviour  of  the  iron  under  reversals  of  weak 
magnetizing  forces.  In  the  lowest  cycle  the  limits  of  the  magnetizing  force  are 
so  narrow  that  the  condition  is  approaching  that  of  quasi-elastic  magnetization  : 
there  is,  however,  still  a  distinct  trace  of  hysteresis. 
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Ring  IV. — Thin  Sheet  Iron. 


Cycle  (1).  ■  ! 

Cycle  (2). 

I 

Cycle  (3). 

Cycle  (4). 

Cycle  (5). 

H. 

B. 

H. 

B. 

H. 

1 

1 

B. 

1 

H. 

B. 

H. 

B. 

•23'61 

i 

14720 

17-20 

13760 

12-99 

i 

12640 

8-89 

10880 

6-45 

9030 

15'‘25 

14220 

11-33 

13420 

9-38 

12410 

7-02 

10740 

4-63 

8830 

10T3 

13790 

8-35 

13090 

7-26 

12170 

5-80 

10610 

3-24 

8630 

4-97 

12960 

4-63 

12420 

4-36 

11710 

3-78 

10280 

2-19 

8370 

2-93 

12260 

2-76 

11890 

2-66 

11170 

2-39 

9940 

1-33 

8100 

0 

10590 

0 

10290 

!  1-46 

10700 

0 

8730 

0 

7430 

-  0-68 

9990 

-  0-68 

9660 

0 

9770 

-0-85 

7930 

-0-68 

6830 

-  F19 

9320 

-  1-36 

8750 

-  0-73 

9100 

-1-71 

6520 

-1-36 

5890 

-  1'71 

8420 

-  2-05 

6880 

-  1-36 

8200 

-2-39 

26.50 

-2-05 

3420 

-  2-39 

4980 

-  2-73 

1870 

-  2-05 

6220 

-2-90 

-  1020 

-2-73 

-1250 

-  2-90 

1370 

-  3-41 

-  2070 

-  2-73 

1.350 

-3-41 

-  3750 

-3-41 

— 4460 

-  3-41 

-  1570 

-  4-09 

-  4740 

-  3-41 

-  2520 

-4-26 

-  6220 

-4-09 

-6190 

-  4-26 

-  4690 

-  4-78 

-  6480 

-  4-09 

-  5120 

-5-15 

-  7430 

!  -4-78 

-7200 

-  5-12 

-  6780 

-  5-46 

-  7880 

-  4-78 

-  6800 

-6-48 

-  9300 

-5-63 

-8300 

-  5-97 

-  8250 

-  6-14 

-  8750 

-  5-80 

-  8470 

-7-47 

-  9980 

-6-45 

-9030 

-  6-82 

-  9250 

-  6-82 

-  9420 

-  6-82 

—  9540 

-8-89 

-10880 

-  8-53 

-10720 

-  8-53 

-10820 

-  8-53 

-10810 

-10-92 

-11840 

1  -10-24 

-11760 

-10-24 

-11670 

-13-65 

-12920 

-11-94 

-12420 

-12-04 

-12.340 

1 

-20-57 

-14520 

-13-65 

-12960 

-12-99 

-12640 

■ 

-23-61 

-14720 

-17  20 

-13760 

i 

1 

i 

Cycle  (6).  i 

Cycle  (7). 

;  Cycle  (8). 

Cycle  (9). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

4-93  ■ 

7250 

4-01 

5710 

3-24 

4160 

2-32 

1800 

3-78 

7120 

2-49 

5510 

2-19 

4020 

1-36 

1670 

2-80 

6980 

1-81 

5380 

1-63 

3920 

0-75 

1530 

1-95 

6780 

0-85 

5080 

0-82 

3690 

0 

1270 

1-22 

6580 

0 

4640 

0 

.3360 

-0-78 

800 

0 

6010 

-0-85 

4000 

-0-73 

2790 

-1-19 

400 

-0-82 

5310 

-1-71 

2430 

-1-36 

1980 

-1-36 

130 

-T71 

3710 

-2-05 

500 

-1-71 

1080 

-1-71 

-  600 

-2-39 

-  430 

-2-39 

-1.500 

-2-05 

-  650 

-2-05 

-1330 

-3-07 

-3840 

-2-73 

-3040 

-2-.39 

-2150 

-2-32 

-1800 

-3-75 

-5580 

-.3-07 

-4040 

-2-73 

-3190 

-4-43 

-6.580 

-3-41 

-4780 

!  -3-24 

-4160 

-4-93 

-72.50 

-4-01 

-5710 

i 

1 

6  M 
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Ring  IV. — continued.  Small  Cycles. 


Cycle  (10). 

Cycle  (11). 

Cycle  (12). 

Cycle  (13). 

1 

Cycle  (14). 

1 

Cycle  (15). 

H. 

B. 

H. 

; 

B. 

H. 

B. 

1 

!  H. 

[ 

B. 

1 

H. 

B. 

H. 

1 

B. 

1-884 

927 

1 

1-687 

677 

1-400 

420 

! 

1-105 

263 

1 

0-825 

157 

0-320 

— 

43 

1-696 

906 

1-403 

644 

1-193 

401 

1  0-974 

251 

1  0-659 

140 

0-227 

34  ' 

1-537 

886 

1-118 

607 

0-981 

372 

0-827 

232 

0-547 

126 

0-158 

27 

1-204 

840 

0-8.34 

564 

0-756 

.341 

1  0-659 

209 

0-408 

108 

0 

6 

0-882 

787 

0-551 

512 

0-518 

304 

'  0-470 

186 

0-2.32 

85 

-0-172 

-18  ' 

0-573 

722 

0-276 

447 

0-265 

255 

i  0-254 

152 

0 

46 

-0-24.3 

-.31 

0-278 

647 

0-150 

418  ! 

0 

195 

i  0 

98 

-0-221 

5 

-0-320 

-43  , 

0-150 

610 

0 

373  1 

-0-221 

131 

-0-221 

49 

-0-331 

-  23 

0 

561 

-0-221 

299  : 

-0-441 

59 

! -0-441 

-  12 

-0-441 

-  50 

-0-236 

470 

-0-441 

208 

-0-662 

-  29 

'-0-662 

-  86 

-0-662 

-105 

■ 

-0-331 

429  , 

-0-551 

167 

-0-772 

-  80 

-0-882 

-172 

-0-825 

-157 

-0-441 

380  ; 

-0-662 

106 

-0-882 

-129 

-0-992 

-217 

-0-551 

327 

-0-772 

44 

-0-992 

-186 

-1-105 

-263  : 

-0-662 

261 

-0-882 

-  17  , 

-1-105 

-249 

-0-772 

195 

-0-992 

-  91  ; 

-1-213 

-319 

-0-882 

121 

-1-103 

-177  i 

-1-400 

-420 

-0  992 

43 

-1-213 

-264  1 

-1-103 

-  51 

-1-.324 

-363  i 

:  -1-213 

-154 

-1-456 

-486  I 

!  -1-324 

-272 

-1-544 

-568 

;  -1-434 

-401 

-1-687 

-677  1 

-1-544 

-552 

-1-654 

-693 

-1-783 

-824 

! 

-1-884 

-927 

I 

From  measurement  of  the  curves  of  figs.  11  and  12,  the  following  values  of  JHc/I 
and  of  the  coercive  force  have  been  determined. 


Ring  IY. — Thin  Sheet  Iron.  Values  of  |H  ell  and  Coercive  Force. 


Number  of  cycle. 

Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

Coercive  force. 

1 

23-61 

14720 

1170 

16670 

2-66 

2 

17-20 

13760 

1093 

14830 

2-56 

3 

12-99 

12640 

1005 

12670 

2-46 

4 

8-89 

10880 

865 

9750 

2-31 

5 

6-45 

9030 

718 

6940 

2-12 

6 

4-93 

7250 

577 

4980 

1-94 

7 

4-01 

5710 

454 

3440 

1-79 

8 

3-24 

4160 

331 

2220 

1-62 

y 

2-32 

1800 

143 

660 

1-20 

10 

1-884 

-  927 

73-6 

225 

11 

1-687 

677 

53-7 

134 

12 

1-400 

420 

.33-3 

59 

13 

1-105 

263 

-20-9 

24 

14 

0-825 

157 

12-4 

8 

15 

0-320 

43 

3-4 

u*y 

_ .i 
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These  results  are  also  exhibited,  with  others,  in  fig.  21.  A  reference  to  fig.  12  will 
show  that  the  overlapping  of  one  cyclic  curve  by  the  next  lower  curve  (corresponding 
to  a  slightly  narrower  magnetic  range)  is  characteristic  of  low  cycles  as  well  as  of 
high  ones.  The  loss  of  energy  in  reversal  (measured  by  the  area  enclosed  within 
the  curve)  becomes  very  small,  both  absolutely  and  relatively  to  the  magnetization,  in 
the  lowest  cycles ;  the  molecular  movements  which  constitute  magnetization  are  there 
approaching  the  almost  perfect  reversibility  which,  as  Lord  Rayleigh  has  shown,  is 
attained  when  the  range  of  force  is  still  further  reduced. 

By  way  of  further  illustrating  the  behaviour  of  this  sample  under  the  weak 
magnetizing  forces  of  the  small  cycles,  fig.  13  has  been  drawn  to  show  the  total 
induced  magnetism,  and  also  the  residual  magnetism,  in  each  small  cycle,  both  in 
relation  to  H.  The  figure  forms  an  interesting  example  of  the  early  stages  of  the 
magnetizing  process. 

The  next  sample  (Ring  V.)  was  also  of  thin  sheet  iron.  It  was  sent  by  Mr.  Parker, 
of  the  Electric  Construction  Corporation,  as  a  sample  of  the  iron  used  in  building  up 
the  cores  of  his  transformers.  This  iron  is  supplied  in  sheets  about  6  feet  long  and 
3  feet  wide,  and  its  thickness  is  0'367  millim.  To  make  the  ring,  a  strip  2  inches  wide 
and  6  feet  long  was  cut  from  the  sheet,  and  this  was  coiled  (along  with  a  strip  of  paper 
for  insulation)  into  a  close  spiral  of  the  dimensions  shown  in  the  sketch  (fig.  14),  the 
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ends  of  the  spiral  overlapping  one  another  for  a  centimetre  or  so.  This  is  a  convenient 
way  of  giving  sheet  metal  the  ring-form  suitable  for  ballistic  tests  ;  it  is  open,  however, 
to  the  criticism  that  the  bending  of  the  metal  is  liable  to  harden  it  somewhat, 
especially  near  both  surfaces,  and  it  is  possible  that  this  consideration  partly  explains 
the  comparatively  sloping  character  of  the  curves  (figs.  15  and  15a)  obtained  with  this 
ring.  A  similar  remark,  of  course,  applies  in  the  case  of  rings  formed  by  winding  soft 
iron  wire. 
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Ring  V, — Soft  Thin  Sheet  Iron  (used  in  transformer  cores). 


Cycle  (1). 

1 

1 

Cycle  (2). 

Cycle  (3). 

Cycle  (4). 

Cycle  (5). 

i 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

1 

H. 

B. 

1 

15-72 

12360 

1  12-41 

11390 

9-15 

10120 

6-95 

8940 

1 

5-03 

7530 

8-43 

11420 

7-36 

10720 

6-02 

97.30 

4-99 

8690 

3-92 

7420 

5-74 

10640 

!  5-23 

10170 

3-54 

9070 

3-20 

8280 

2-75 

7120 

3-51 

9760 

3-31 

9460 

1-96 

8360 

1-41 

7450 

1-30 

6600 

1-62 

8720 

1-55 

8520 

0 

6760 

0 

6300 

0 

5550 

0 

7230 

0 

7090 

-0-69 

5830 

-0-69 

5420 

-0-69 

4620 

-  0-86 

5970 

-  0-69 

6160 

-1-38 

3680 

-1-38 

3050 

-1-38 

2140 

-  1-72 

1460 

-  1-38 

4010 

-1-72 

600 

-1-72 

-  80 

-1-72 

-  880 

-  2-41 

-  2560 

-  1-72 

1040 

-2-06 

-  1700 

-  2-06 

-2230 

-2-06 

-2640 

-  3-10 

-  4590 

-  2-06 

-  1260 

-2-75 

-  4180 

-2-75 

—4540 

-2-75 

-4780 

-  4-30 

-  6680 

-  2-75 

-  3850 

-3-44 

-  5660 

-3-44 

—5800 

-3-27 

-5610 

-  5-16 

-  7620 

-  3-44 

—  5500 

-4-30 

-  6870 

-4-30 

-6960 

-3-92 

-6430 

-  6-88 

-  8880 

-  4-30 

-  6760 

-518 

-  7640 

-5-03 

-7620 

-5-03 

-7530 

-  8-50 

-  9870 

-  5-16 

-  7640 

-6-09 

-  8470 

-6-29 

-8550 

-11-97 

-11370 

-  6-88 

-  9020 

-7-74 

-  9400 

-6-95 

-8940 

-12-76 

-11640 

-  9-90 

— 10560 

-915 

-10120 

-15-72 

-1-2360 

-12-41 

-11390 

Cycle  (6). 

Cycle  (7). 

Cycle  (8). 

Cycle  (9). 

Cycle  (10). 

H. 

B. 

H. 

1 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

3-68 

6100 

2-75 

4730 

2-04 

3240 

1-27 

1210 

0-61 

220 

2-58 

5940 

2-09 

4670  ! 

1-30 

3080 

0-76 

1100 

0-34 

200 

1-82 

5690 

1-55 

4480 

0-61 

2800 

0-41 

930 

0 

80 

1-20 

5440 

1-06 

4290 

0 

2360 

0 

710 

-0-34 

-150 

0 

4620 

0-67 

4070 

-0-69 

1460 

0-34 

410 

-0-61 

-220 

-0-69 

3680 

0 

3550 

-1-38 

-1320 

0-69 

-  50 

-1-38 

710 

-0-69 

2720 

-1-72 

-2530 

1-03 

-  710 

-2-06 

-3350 

-1-39 

-  550 

-2-04 

-3240 

1-37 

-1210 

-2-75 

-4950 

-206 

-3460 

-3-03 

-5280 

-2-32 

-3960 

-3-68 

-6100 

-2-75 

-4730 

1 

These  cycles  are  shown  in  figs.  15  and  15«.  Measuring  from  the  curves  we  hav 
these  results,  which  will  also  be  found  in  fig.  21. 
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Ring  V. — Soft  Thin  Sheet  Iron.  Values  of  JHc^I  and  Coercive  Force. 


Number  of  cycle. 

Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

|H  dl. 

Coercive  force. 

I 

15-72 

12366 

982 

8310 

1-92 

2 

12-4I 

11.390 

905 

7250 

1-87 

3 

9T5 

10120 

882 

6020 

]-80 

4 

6‘95 

8940 

711 

4900 

1-71 

5 

5-03 

75.30 

599 

3670 

1-62 

G 

3-68 

6100 

485 

2520 

1-47 

7 

2-75 

4730 

376 

1760 

1-42 

8 

2-04 

3240 

258 

900 

1-02 

9 

1-27 

1210 

96 

180 

0-68 

10 

0-61 

220 

17 

6 

0-10 

The  remaining  specimens  dealt  with  in  this  section  of  our  experiments  were  of 
iron  wire.  In  Ring  No.  VI.  the  core  was  of  fine  cotton-covered  wire  0'34  millim.  in 
diameter,  which  was  kindly  supplied  to  us  for  the  purpose  of  these  experiments  by 
a  leading  firm  of  manufacturers  at  the  instance  of  Mr.  W.  H.  Preece.  It  was 
described  as  Swedish  charcoal  iron,  but  the  tests  show  that  it  was  decidedly  hard  in 
the  magnetic  sense,  having  a  rather  high  coercive  force  and  other  characteristics 
resembling  those  of  mild  steel.  Six  cycles  were  measured,  with  results  which  are 
given  below  and  graphically  in  fig.  16. 


Ring  VI. — Fine  Iron  Wire. 


Cycle  (1). 

1 

1  Cycle  (2). 

Cycle  (3). 

H. 

B. 

H. 

B. 

H. 

B. 

12-34 

11.330 

9-14 

94.30 

7-30 

7730 

6  54 

10760 

5-45 

9070 

4-71 

7410 

3-29 

10280 

2-44 

8540 

2-27 

7000 

1-64 

9960  ; 

0-61 

8140 

0-77 

6680 

0-64 

9720 

0 

7980 

0 

6480 

0 

9470  ‘ 

-0-64 

7730 

-1-28 

6030 

-  1-31 

8910  ' 

-1-54 

7330 

-2-57 

52.30 

-  2-57 

8020 

-2-57 

6360 

-3-85 

1840 

-  3-93 

5110  1 

—3-85 

3610 

-4-50 

-1640 

-  4-37 

2520 

-4-37 

870 

-4-86 

-.3410 

-  5-17 

-  1760 

-4-88 

-2040 

-6-12 

-6560 

-  5-68 

-  4180 

-5-40 

-4460 

-6-38 

-6880 

-  6-41 

-  6360 

-7-.35 

-8100  1 

-7-30 

-7730 

-  9-28 

-  9680 

-7-71 

-8420 

-12-34 

-11330 

-9-14 

-9430 

1 

1 
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Cycle  (4). 

1 

Cycle  (5). 

Cycle  (6). 

H. 

R. 

H. 

B. 

H. 

B. 

6-14 

6230 

5-03 

4220 

3'55 

1290 

3-18 

5830 

2-85 

3940 

2-31 

1130 

1-85 

5600 

1-72 

3690 

0-95 

850 

0 

5150 

0 

3250 

0 

650 

-1-28 

4620 

-1-28 

2760 

-1-03 

240 

-2-57 

3810 

-2-57 

1880 

-2-06 

-  200 

-.3-21 

2800 

-3-21 

750 

-2-79 

-  690  i 

-3-85 

100 

-3-68 

-  950 

-3  55 

-1293  I 

-4-21 

-1520 

-4-47 

-3290 

1 

1 

-5-27 

-5070 

-503 

-4220 

-5-48 

-5.390 

-6-14 

-62.30 

lliNG  VI. — Fine  Iron  Wire.  Values  of  |H  dl  and  Coercive  Force. 


Number  of  cycle. 

Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

jHdl. 

Coercive  force. 

1 

12-34 

113.30 

901 

16490 

4-83 

2 

9-14 

9430 

750 

12250 

4-52 

3 

7-30 

7730 

614 

9050 

4-20 

4 

6-14 

6230 

495 

6580 

3-86 

5 

5-03 

4220 

335 

3670 

3-43 

6 

3-55 

1290 

105 

490 

1-65 

The  next  specimen  (Ring  VII.)  was  also  of  cotton-covered  iron  wire,  of  larger 
diameter  than  the  last,  namely  0'975  millim.  It  turned  out  to  be  only  moderately 
soft  in  the  magnetic  sense.  In  addition  to  the  measurements  of  magnetic  cycles,  the 
results  of  which  are  given  below  and  in  figs.  17  and  17a  (Plate  39),  several  other 
experiments  were  made  with  this  ring  with  the  view  of  determining  directly  the 
heating  effect  of  magnetic  reversals.  These  will  be  described  in  a  later  part  of  this 
paper.  The  ring  had  a  mean  diameter  of  9 '6  centims.,  and  the  net  area  of  section  of 
the  iron  wire  forming  its  core  was  I'OO  sq.  centim, 
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Ring  VIL — Iron  Wire. 


Cycle  (1). 

Cycle  (2). 

Cycle  (3). 

Cycle  (4). 

1 

H. 

B. 

H. 

B. 

H. 

i 

B. 

,  H. 

i 

1 

B.  , 

37-40 

15980 

21-73 

14340 

14-59 

12860 

10-28 

11420 

25-65 

15490 

10-48 

13300 

8-47 

12230 

8-21 

11130 

11-42 

13880 

5-86 

12250 

5-18 

11580 

4-51 

10570 

3-04 

11330 

3-38 

11370 

1-75 

10310 

1-69 

9520 

1-58 

10610 

0-79 

9970 

1  0-77 

9780 

0-39 

8670 

0-00 

9310 

0-00 

9240 

0-00 

9130 

0-00 

8550 

-  2-78 

-  410  ! 

-  0-75 

.  7840 

-  0-73 

8430 

-  0-73 

7570 

-  3-8-5 

-  5130 

-  1-28 

7480 

-  0-90 

7910 

-  1-28 

6720 

-  5-15 

-  7740 

-  2-14 

3820 

-  1-71 

6050 

-  2-14 

2860 

-  6-97 

-  9600 

-  3-42 

-  3650 

-  2-57 

520 

-  3-00 

-  2860 

-  9-41 

-11070 

-  4-71 

-  7080 

-  3-85 

-  5520 

-  4-02 

.  -  6290 

-13-86 

-12710 

-  6-84 

-  9520 

-  5-56 

—  8461  > 

-  5-15 

-  8190 

-22-67 

-14600  ' 

-10-82 

-11670 

-  7-72 

-10350 

-  6-33 

-  9430 

-24-81 

- 14860 

-21-73 

-14340 

—  8<i8 

-10820 

-10-28 

-114-20 

-37-40 

-14980 

1 

-14-59 

-12860 

Cycle  (5). 

Cycle  (6). 

Cycle  (7). 

Cycle  (8). 

Cycle 

(9). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

7-06 

10090 

5-61 

8520 

3-60 

5780 

1 

2-20 

2260 

1-05 

390 

5-56 

9840 

3-34 

8170 

1-92 

5430 

1-07 

1960 

0-45 

260 

2-63 

9180 

1-50 

7680 

1-28 

5270 

0-58 

1730 

0-28 

190 

0-73 

8240 

0-71 

7350 

0-64 

4970 

0-00 

1440 

0-00 

130 

0-00 

7770 

0-00 

6730 

0-00 

4550  , 

-0-56 

880 

-0-58 

-130 

-0-73 

6900 

-0-73 

6020 

-0-64 

4080 

-1-07 

230 

-1-05 

-390 

-1-28 

6050 

-0-98 

5620 

-1-07 

3200 

-1-50 

-  820 

-2-14 

1860 

-1-43 

4640 

-1-71 

950 

-1-93 

-1800 

-3-00 

-  3630 

-2-14 

690 

-2-35 

-2740  1 

—2-20 

-2260 

I  -4-28 

-  7130 

-3-00 

-4180 

-3-00 

-4680 

-5-26 

-  8170 

-4-28 

-7130 

-3-00 

-5780  i 

-7-66 

-10090 

-4-53 

-7390 

! 

-5-61 

-8520 

1 
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Ring  VII. — Iron  Wire.  Values  ofjHcZI  and  Coercive  Force. 


Number  of  cycle. 

Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

jHc?l. 

Coercive  force. 

1 

37 -‘lO 

15980 

1268 

16580 

2-81 

.) 

2173 

14340 

1140 

13390 

2-74 

3 

14-59 

12860 

1023 

11270 

2-61 

4 

10-28 

11420 

908 

8790 

2-52 

5 

7-66 

10090 

802 

7390 

2-41 

6 

5-61 

8520 

677 

5600 

2-22 

7 

3-60 

5780 

460 

3020 

1-84 

.  8 

2-20 

2260 

182 

650 

1-17 

9 

1 

1-05 

390 

31 

26 

0-32 

For  the  last  sample  on  our  list  (Ring  VIII.)  we  are  indebted  to  Mr.  James 
Swinburne,  who  sent  a  hank  of  the  soft  iron  wire  used  in  the  cores  of  his  “  hedgehog” 
transformers.  The  diameter  of  the  wire  was  0'602  millim.,  and  its  surface  was 
bright.  On  winding  it  into  a  ring  with  a  mean  diameter  of  2 '7 5  centims.,  without, 
in  the  first  instance,  taking  any  steps  to  secure  insulation  between  neighbouring 
turns  of  the  bright  iron  wire,  we  found  that  the  Foucault  currents  in  the  ring  were  so 
influential  as  to  make  the  ballistic  tests  of  it  in  this  condition  worthless.  In  all  the 
previous  examples  the  wire  or  sheet  metal  forming  the  core  had  been  insulated  by 
cotton  or  jiaper.  The  ring  was  then  soaked  in  a  hot  bath  of  boiled  linseed  oil,  which 
was  allowed  to  penetrate  freely  to  the  core — a  treatment  which,  we  believe,  is  similar 
to  that  actually  followed  in  the  building  of  the  transformers.  It  appears  that  this  was 
effective  in  preventing  the  Foucault  currents  from  passing  from  wire  to  wire.  Tests 
made  with  the  ring  in  this  state,  which  we  shall  distinguish  as  the  flrst  state,  are 
shown  in  figs.  18  and  18a.  The  following  are  the  observed  values  of  B  and  H  in  nine 
graded  cycles  : — 
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Ring  VIIL — Soft  Iron  Wire  of  “  Hedgehog  ”  Transformer.  First  State. 


Cycl 

3(1). 

Cycle  (2). 

Cycle  (3). 

Cycle  (4). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

22-23 

15600 

15-04 

14200 

11-33 

13020 

8-62 

11690 

9-58 

14400 

7-89 

13410 

6-72 

12550 

4-60 

11030 

4-45 

I3I40 

4-05 

12530 

3-69 

11820 

1-84 

10290 

2-16 

I2I30 

2-00 

11840 

1-92 

11160 

0-75 

9830 

1-06 

11540 

0 

10140 

0-98 

10630 

0 

9300 

0 

10750 

-  1-21 

9080 

0 

9960 

-  1-53 

7500 

-  1-38 

9150 

-  1-96 

7550 

-  1-45 

8300 

-  1-96 

6380 

-  2-16 

7020 

-  2-77 

1380 

-  1-96 

7110 

-  2-37 

3590 

-  2-44 

4830 

-  3-14 

-  2080 

-  2-40 

4190 

-  2-75 

-  .3301 

-  2-79 

1450 

-  3-53 

-  4280 

-  2-75 

800 

-  3-14 

-  3130 

-  3-02 

-  550 

-  4-34 

-  6790 

-  3-14 

-  2520 

-  3-73 

-  5980 

-  3-34 

-  2950 

-  4-71 

-  8120 

-  3-54 

-  4780 

-  4-32 

-  7430 

-  3-93 

-  5530 

-  5-89 

-  9520 

-  4-15 

-  6770 

-  5-07 

-  8630 

-  4-71 

-  7520 

-  6-88 

-10580 

-  4-71 

-  8040 

-  5-91 

-  96.30 

-  5-89 

-  9430 

-  8-24 

-11580 

-  5-70 

-  9430 

-  7-66 

-11030 

-  7-85 

-11310 

-12-29 

-13310 

-  6-68 

-10430 

-  8-62 

-11690 

-  9-81 

-12500 

-15-04 

-14200 

-  9-69 

- 12350 

-16-72 

-14710 

-11-33 

-13020 

—  22-23 

-15600 

Cycle  (5). 

Cycle  (6). 

Cycle  (7). 

Cycle  (8). 

Cycle  (9). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

6-56 

10160 

5-03 

8490 

3-65 

5950 

2-51 

2490 

1-73 

900 

3-65 

9630 

3-14 

8170 

2-56 

5740 

1-42 

2150 

0-82 

630 

1-57 

9030 

1-57 

7700 

1-69 

5470 

0 

1490 

0 

300 

0-90 

8760 

1  0 

6910 

0 

4680 

1-10 

430 

0-66 

-  .30 

0 

8230 

!  -1-10 

5780 

-1-10 

3480 

1-77 

-  690 

1-18 

—  360 

-0-98 

7240 

!  -1-57 

4980 

-1-77 

1960 

2-12 

-  1020 

1-73 

-900 

-1-.38 

6710 

:  -2-16 

2320 

-2-36 

-  1630 

2-51 

—  2490 

-1-96 

5120 

-  -2-75 

-  2660 

-2-87 

-  4150 

-2-36 

2320 

-3-10 

—  4650 

-3-65 

—  5950 

-2-76 

-  1530 

1  -.3-95 

-  6910 

i 

-3-14 

-  4190 

!  -5-03 

-  8490 

-3-53 

-  5780 

. 

-4-13 

-  7300 

-4-83 

-  8360 

-6-01 

-  9630 

< 

—6-56 

-10160 

These  cycles  give  the  following  values  of  JHdl  and  the  coercive  force  : — 
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Ring  VIII. — Soft  Iron  Wire  of  “Hedgehog”  Transformer.  First  State. 

Values  of  \\ldl  and  Coercive  Force. 


No.  of  cycle. 

Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

jHdI. 

Coercive  force. 

I 

22-23 

15600 

1240 

15980 

2-95 

2 

15-04 

14200 

1128 

13620 

2-89 

3 

11-33 

13020 

1035 

11890 

2-85 

4 

8-62 

11690 

930 

9780 

2-71 

5 

6-56 

10160 

808 

7820 

2-61 

6 

5-03 

8490 

673 

5850 

2-40 

7 

3-65 

59.50 

474 

3500 

2-17 

8 

2-51 

2490 

198 

870 

1-47 

9 

1-73 

900 

72 

130 

0-60 

The  fact  that  the  cyclic  curves  obtained  from  the  metal  in  this  state  had  somewhat 
rounded  outlines,  and  gave  values  of  JHdl,  which,  though  by  no  means  exceptionally 
great,  are  greater  than  those  given  by  the  softest  iron,  led  us  to  suspect  that  the 
metal  had  been  slightly  hardened,  either  in  the  manufacturer’s  hands,  or  in  our 
coiling  it  into  a  ring  for  testing.  Accordingly,  we  resolved  to  make  another  trial 
after  annealing  the  wire  in  the  coiled  up  state.  The  ring  (No.  VIII.)  was  stripped  of  its 
magnetising  coil,  and  was  heated  to  redness  in  a  forge-fire,  after  which  it  was  again 
thoroughly  soaked  in  a  hot  bath  of  boiled  linseed  oil.  This  treatment,  besides 
removing  any  hardness  that  might  have  been  produced  by  mechanical  operations,  no 
doubt  had  the  effect  of  improving  the  insulation  of  the  coils  from  one  another,  by  coating 
the  wire  with  a  film  of  oxide ;  and  this  may  have  contributed  to  produce  an  apparent 
change  of  magnetic  quality.  On  rewinding  the  magnetising  coil,  the  following  tests 
were  made  with  results  which  differ  in  a  noteworthy  way  from  those  of  the  preceding 
tests,  although  the  expectation  that  |Hc/I  would  be  reduced  was  not  fulfilled. 
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Ring  VIIL — Second  State,  Soft  Iron  Wire  of  “  Hedgelrog  ”  Transformer 

after  special  anoealing. 


Cycle  (1). 

Cycle  (2), 

Cycle  (3). 

Cycle  (4). 

Cycle  (5). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

23-60 

16170 

15-25 

15490 

11-24 

14870 

8-05 

13840 

6-15 

12640 

9-63 

15700 

7-89 

15220 

6-74 

14660  ! 

4-08 

13510 

3-50 

12450 

5-77 

15450 

4-01 

14830 

3-70 

14460  ^ 

1-81 

13330 

1-27 

12120 

3-46 

15180 

2-04 

14570 

1-92 

14070 

0 

12720 

0 

11650 

212 

14970 

0 

13970 

0 

13460 

-1-50 

11470 

-1-54 

10540 

0 

14310 

!  -  1-23 

13040 

-  1-54 

12150 

-2-16 

8480 

-2-35 

4890 

-  1-54 

13380 

j  -  1-92 

11720 

-  2-31 

7650 

-2-73 

1780 

-2-89 

-  2110 

-  2-58 

5560 

j  -  2-69 

3570 

-  2-69 

2800  i 

-3-27 

-  5160 

-3-46 

-  6950 

-  3-08 

-  1060 

-  3-27 

-  3700 

-  3-08 

-  2350 

-3-85 

-  8360 

-4-58 

-10410 

-  3-46 

-  4960 

-  3-85 

-  7880 

-  3-47 

-  5990 

-4-62 

-10330 

-6-15 

-12640 

-  3-91 

-  8020 

1  -  4-62 

-10340 

-  4-23 

-  9500 

-7-05 

-13190 

-  4-70 

-10410 

-  7-05 

-13170 

-  5-27 

-11490 

-8-05 

-13840 

-  5-77 

-12180 

-10-82 

-14690 

-  7-05 

-13280'^ 

-  7-74 

-13730 

-15-25 

-15490 

-  9-59 

-14400  ' 

-12-24 

-15180 

-11-24 

-14870  1 

-16-17 

-15640 

1 

-23-60 

-16170 

1 

1 

! 

Cycle  (6). 

Cycle  (7). 

Cycle  (8). 

Cycle  (9). 

Cycl 

B  (10). 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

H. 

B. 

4-66 

10940 

3-63 

8640  ! 

2-50 

4000 

1-92 

1390 

1-41 

660 

2-19 

10610 

1-42 

8250 

0 

3140 

0 

730 

0 

260 

1-19 

10480 

0 

7780 

-1-39 

1480 

-1-06 

-  120 

-0-81 

-  70 

0 

10080 

-1-54 

6310 

-1-73 

30 

-1-35 

—  450 

-1-41 

-660 

-1-42 

9010 

-2-27 

1890 

-2-07 

-2101 

-1-92 

-1390 

-1-92 

7550 

-2-87 

— 4660 

-2-50 

-4000 

-2-50 

1060 

-3-63 

-8640 

-2-89 

-  3570 

-3-66 

-  8750 

-4-27 

-10140 

— 4-66 

-10940 

Inspection  of  these  curves  (figs.  19  and  19a,  Plate  40)  will  show  that  a  result  of  the 
special  annealing,  which  the  ring  received  after  it  was  coiled,  was  to  make  the  stages  of 
the  cyclic  process  be  much  more  sharply  differentiated  from  one  another  than  they  were 
before.  In  other  words,  the  curves  are  now  exceedingly  square-shouldered.  The 
residual  magnetism  is  high,  and  the  rate  of  descent  when  reversal  of  magnetism  is 
taking  place  is  extremely  rapid  and  uniform.  dB/dH  in  the  higher  cycles  is  about 
13,000  at  its  maximum,  and  maintains  a  value  little  short  of  this,  while  B  changes  by 
as  much  as  20,000. 
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Fig.  20  has  been  drawn  in  further  illustration  of  the  magnetic  qualities  of  this 
ring  (Ring  VIII.  after  special  annealing).  The  curves  in  it  show  the  whole  induced 
magnetism  and  the  residual  magnetism  (for  each  cycle)  in  relation  to  H.  Taking  the 
inclination  of  a  tangent  to  the  former  curve  drawn  through  the  origin  to  measure  the 
maximum  permeability  we  find  its  value  to  be  2420. 

In  the  same  diagram  (fig.  20)  the  curve  drawn  in  broken  line  shows,  in  relation 
to  H,  the  ratios  of  the  residual  to  the  induced  value  of  B  in  each  cycle.  This  curve 
rises  with  a  rapid,  nearly  uniform,  gradient  (from  a  point 'to  the  right  of  the  origin, 
since  a  finite  amount  of  magnetising  force  may  be  applied  without  causing  the  iron 
to  acquire  any  residual  magnetism).  It  bends  over  fast  when  H  is  about  2'5,  passes  a 
maximum  which  is  not  sharply  defined,  and  slowly  falls  as  the  magnetism  is  pushed 
into  the  region  of  saturation.  Throughout  the  steep  part  of  the  magnetization  curve 
the  difference  between  the  residual  and  induced  magnetisms  scarcely  increases  at  aU, 
while  B  is  increasing  tenfold.  The  relation  of  the  residual  to  the  induced  magnetism 
presents,  in  this  and  other  respects,  just  those  characteristics  which  the  molecular 
theory  (referred  to  below)  would  anticipate.  In  the  present  instance  when  the  ratio 
is  a  maximum  the  residual  induction  is  93  per  cent,  of  the  induced. 

The  values  of  |II(iI  and  the  coercive  force  for  Ring  VIII.  in  its  second  (annealed) 
state  are  as  follows  : — 


Ring  VIII. — Second  state.  Soft  iron  wire  of  “  Hedgehog  ”  Transformer  after 
special  annealing.  Values  of  |H  dl  and  coercive  force. 


No.  of  cycle. 

Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

Coercive  force. 

1 

23-60 

16170 

1285 

17380 

2-98 

2 

15-25 

15490 

1231 

15790 

2-95 

3 

11-24 

14870 

1183 

14800 

2-89 

4 

8-05 

13840 

1101 

12990 

2-85 

5 

6-15 

12640 

1005 

10770 

2-73 

6 

4-66 

10940 

871 

8780 

2-56 

7 

3-63 

8640 

688 

6120 

2-44 

8 

2-50 

4000 

318 

1770 

1-71 

9 

1-92 

1390 

111 

310 

1-00 

10 

1-41 

660 

53 

70 

0-70 

It  will  be  seen  from  these  figures  that  the  special  annealing  had  hardly  any 
influence  on  the  value  of  jll(il  and  of  the  coercive  force,  notwithstanding  its  very 
considerable  effect  in  changing  the  form  of  the  cyclic  curves  and  in  improving  the 
permeability.  The  curve  from  Ring  VIII.  in  fig.  21  gives  the  relation  of  JH(iI  to  B 
in  this  final  state.  The  corresponding  curve  for  the  ring  in  its  previous  state  would, 
if  drawn,  be  nearly  coincident  with  this  one. 
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Fi^.  21. 


Curves  of  |HdI  and  B.  Collected  results. 


For  the  sake  of  comparison  with  these  various  specimens  of  Iron  we  add  here  the 
values  of  JH(iI  (copied  from  ‘Phil.  Trans.,’  1885,  p.  556)  obtained  in  tests  made  in 
Japan  of  a  piece  of  soft  iron  wire.  The  method  used  in  the  Japanese  tests  differed 
from  our  present  method  ;  the  specimen  was  a  single  straight  piece,  long  enough  to 
be  practically  endless,  and  its  magnetism  was  changed  slowly  and  was  measured  by  a 
magnetometer.  We  have  numbered  these  old  tests  IX.  for  convenience  of  reference. 
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IX. — Old  tests  made  in  JajDan  of  a  Soft  Iron  Wire. 


Limits  of  H. 

Limits  of  B. 

Limits  of  I. 

jHdI. 

75-2 

15560 

1230 

10040 

26-5 

13700 

1090 

8690 

7-04 

11960 

951 

6590 

G-62 

11480 

913 

6160 

4-96 

10590 

842 

5560 

3'76 

8790 

699 

3990 

3-01 

7180 

571 

2940 

2-56 

5950 

473 

2190 

1-95 

8830 

304 

1160 

1-50 

1970 

157 

410 

None  of  the  specimens  tested  at  this  time  have  given  so  low  values  of  JHal  for  the 
higher  cycles,  though  the  values  in  Rings  III.  and  V.  are  practically  identical  with 
those  in  the  Japanese  iron  for  cycles  in  which  B  is  less  than  4000.  The  superior 
magnetic  softness  of  this  wire  (No.  IX.)  was  further  shown  by  the  fact  that  its 
coercive  force  after  strong  magnetization  was  1'75,  whereas  in  all  the  rings  now 
tested  the  coercive  force  exceeded  2.  At  least  one  other  specimen  of  wire  used  in 
the  Japanese  experiments  was  as  good. 

The  comparison  suggests  a  doubt  whether  all  that  is  possible  has  yet  been  done  by 
manufacturers  of  iron  to  produce  a  quality  specially  suitable  for  such  uses  as  the  con¬ 
struction  of  transformer  cores.  The  conditions  of  manufacture  which  secure  low 
hysteresis  appear  to  be  imperfectly  known,  or,  at  least,  to  be  less  generally  recognized 
than  electricians  might  wish.  It  must,  however,  be  admitted  that  with  respect  to 
hysteresis  losses  under  the  comparatively  low  intensities  of  magnetization  usual  in 
transformers,  the  sheet  iron  of  Rings  III.  and  V.  is  very  nearly  as  good  as  the  wire 
tested  in  Japan. 

This  will  be  apparent  from  fig.  21,  where  the  values  of  |H  dl  are  plotted  in  relation 
to  B  for  all  the  rings,  and  also  for  the  wire  in  question  (No.  IX.).  The  figure  shows 
in  a  striking  way  the  extent  to  which  the  dissipation  of  energy  in  a  cyclic  magnetizing 
process  may  vary  in  different  specimens  even  of  soft  iron. 

To  facilitate  comparison,  we  also  give  a  Table  of  Numerical  Values  of  JIT c/I,  measured 
from  these  curves,  for  the  various  specimens  of  iron. 
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Values  of  |H  dl. 


B. 

IX. 

III. 

VII. 

VIII. 

IV. 

I. 

VI. 

2000 

400 

420 

530 

600 

750 

930 

1100 

3000 

780 

800 

1050 

1150 

1350 

1700 

2150 

4000 

1200 

1260 

1670 

1780 

2030 

2600 

3300 

5000 

1680 

1770 

2440 

2640 

2810 

3800 

4700 

6000 

2200 

2370 

3170 

3360 

3700 

5200 

6200 

7000 

2800 

3150 

4020 

4300 

4650 

6600 

7800 

8000 

3430 

3940 

5020 

5300 

5770 

8400 

9500 

9000 

4160 

4800 

6100 

6380 

6970 

10100 

11400 

10000 

4920 

5730 

7200 

7520 

8340 

11800 

1.3400 

1 1 000 

5800 

6800 

8410 

8750 

9880 

13600 

15600 

12000 

6700 

8000 

9750 

10070 

11550 

15400 

13000 

7620 

9200 

11200 

11460 

13260 

17300 

14000  ; 

8620 

10500 

12780 

13100 

15180 

15000 

9730 

12150 

14600 

14900 

17300 

The  values  for  Ring  V.  are  nearly  the  same  as  for  Ring  III. 

IX.  Very  soft  iron  wire  (Japanese  tests). 

III.  Sheet  iron,  1’95  millim.  thick. 

V.  Thin  sheet  iron,  0‘367  millim.  thick. 

VII.  Iron  wire,  0'975  millim.  diameter. 

VIII.  Iron  wire  (of  “  Hedgehog  ”  transformers),  0'602  millim.  diameter. 

IV.  Thin  sheet  iron,  0*47  millim.  thick. 

I.  Fine  iron  wire,  0’2475  millim.  diameter. 

VI.  Fine  wire,  0‘34  millim.  diameter.  Supplied  as  Swedish  charcoal  iron. 

Again,  fig.  22  shows  the  relation  of  B  to  H  for  the  various  rings.  The  values  of 
B  are  the  limiting  values  in  the  successive  cycles,  and  are  measured,  as  we  have 
already  pointed  out,  after  the  corresponding  magnetic  force  has  been  many  times 
reversed.  They  are  consequently  rather  lower,  especially  in  the  early  parts  of  the 
curve,  than  those  values  of  B  which  a  first  application  of  H  would  produce.  Comparing 
the  curves  of  fig.  22  we  see  that  high  maximum  permeability  does  not  necessarily 
imply  small  hysteresis  losses.  Ring  VIII.  with  its  “  square-shouldered  ”  curve  has  a 
higher  maximum  of  permeability  than  any  of  the  other  rings,  though  its  hysteresis 
losses  are  much  greater  than  those  of  Rings  III.  and  V.  And  Rings  III.  and  V. 
differ  decidedly  in  permeability  though  their  hysteresis  losses  are  as  nearly  as 
possible  equal.  A  reference  back  to  fig.  15  will  show  that  the  curves  exhibiting 
magnetic  cycles  may  assume  a  sloping  form,  implying  comparatively  little  per¬ 
meability,  and  yet  enclose  but  small  areas.  Whei]  iron  is  spoken  of  as  magnetically 
soft  the  implication  sometimes  is  that  its  permeability  is  high,  sometimes  that  its 
hysteresis  losses  are  small.  The  two  characteristics  are  however,  in  great  measure. 
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Fig.  22. 


Curves  of  B  and  H.  Collected  Results. 
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independent.  It  is  interesting  to  notice  also  that  the  easy  slope  of  some  of  the  soft 
iron  curves  in  fig.  22  allovs  them  to  be  crossed  by  curves  for  steel,  even  under 
moderate  magnetizing  forces.  For  instance,  a  force  of  13  c.g,s.  induces  more 
magnetism  in  the  rather  hard  steel  of  Fing  II.  than  in  the  very  soft  iron  of  Ring  V. 
A  comparison  of  permeabilities  in  respect  to  any  such  force  as  this  would  furnish  no 
criterion  of  magnetic  softness.  It  may,  however,  be  added  that  the  specimens  which 
are  soft  in  the  sense  of  having  small  hysteresis  losses  excel  in  permeability  in  the 
initial  stage  of  the  magnetizing  process.  Compare,  for  instance,  the  relative 
permeabilities  of  the  rings  when  B  is  say  1000  :  it  will  be  seen  that  the  order  in 
which  they  stand  in  regard  to  smallness  of  hysteresis  loss,  and  in  regard  to 
permeability,  is  at  this  stage  the  same.  If  softness  is  to  be  judged  by  the  B-H  curve 
it  is  clear  that  the  early  portion  of  the  curve  is  the  best  guide. 

In  a  paper  read  before  the  American  Institute  of  Electrical  Engineers'^  on  the 
“  Law  of  Hysteresis,”  Mr.  C.  P.  Steiivmetz  has  discussed  certain  experiments  on 
the  relation  of  |H  dl  to  B,  and  contends  that  the  empirical  formula 

|h  dl  = 

where  rj  is  a  constant  factor,  is  in  good  agreement  with  the  results  of  experiment. 
From  the  figures  Mr.  Steinmetz  gives,  and  from  those  which  our  own  experiments 
supply,  it  appears  that  within  a  certain  range  of  values  of  B  this  formula  may  be 
taken  as  giving  a  fairly  close  approximation  to  the  real  value  of  JH  dl.  As  an 
empirical  formula  of  the  kind  is  of  use  to  designers  of  transformers,  we  have  been 
at  some  pains  to  examine  how  nearly  and  within  what  range  a  formula  of  this 
type  may  be  taken  to  represent  the  facts.  It  will  suffice  to  refer  to  one  example  in 
some  detail. 

Taking  Bing  IV.  (thin  sheet  iron)  for  which  we  have  a  numerous  and  very 
consistent  series  of  determination  of  JH  dl,  extending  from  B  =  43  to  B  =  14,720, 
we  have  tested  the  constancy  of  the  index  e  in  the  formula 

|h  dl  =  t^B^ 

by  plotting  log  B  in  relation  to  log  JH  dl. 

From  B  =  2000  to  B  =  8000,  the  curve  obtained  in  this  way  is  a  good  straight  line 
giving  the  value  1'475  for  the  index  e,  and  O'Ol  for  g.  When  B  is  about  8000  the 
inclination  of  the  line  changes,  and  from  B  =  8000  to  B  =  14,000  we  again  obtain 
very  nearly  a  straight  line  giving  e  =  1'70  and  g  =  0 '00 134. 

Again,  the  measurements  obtained  from  the  small-cycle  tests  of  Bing  IV.,  show 
that  from  B  =  200  toB=  500  the  curve  of  log  B  and  log  JH  dl  is  very  closely  a 
straight  line,  giving  e  =  1’9. 

Where  B  is  above  500  the  gradient  of  the  line  gradually  changes.  Taking  the 

*  ‘  Transactions  of  the  Institute,’  Jan.  19,  1892,  vol.  9,  p.  3, 

MDCCCXCIII. — A  6  O 


3018 


PROFESSOR  J.  EWING  AND  MISS  H.  G.  KLAASSEN 


region  from  B  =  500  to  B  =  1000  the  value  of  e  is  1‘68,  while  from  B  =  1000  to 
B  =  2000  it  is  1'55. 

From  these  results  it  is  clear  that  no  formula  of  the  type  under  consideration,  vnth 
a  constant  index  e,  will  serve  to  reiDresent  the  results  within  anything  like  the  limits 
of  experimental  accuracy.  The  index  begins  by  being  2  or  nearly  2  (a  result  which 
follows  also  from  Lord  Rayleigh’s  experiments*) :  in  the  ring  referred  to.  this 
decreases  to  about  1'47  in  the  region  of  high  permeability,  and  then  increases  again 
to  1'7  when  the  “  wendepunct”  is  passed.  The  changes  in  the  index,  indeed,  corre¬ 
spond  to  the  passage  from  one  to  another  of  the  familiar  successive  stages  in  the 
process  of  magnetization  :  comparatively  high  values  of  the  index  are  found  first  in 
the  initial  stage  of  low  jiermeability,  and  again  in  the  stage  of  strong  magnetization 
when  the  permeability  is  reduced  by  the  approach  towards  saturation,  while  in  the 
intermediate  stage  where  the  curve  of  B  and  H  is  steep  the  index  is  decidedly  low. 
The  well-marked  changes  of  gradient  curve  which  characterize  the  magnetizing  are 
accompanied  by  scarcely  less  well-defined  changes  on  the  part  of  the  index  e  and 
the  factor  rj,  in  the  empirical  formula  devised  by  Mr.  Steinmetz. 

While,  therefore,  a  formula  of  this  type  cannot  be  admitted  to  have  any  physical 
significance,  it  may  still  be  serviceable  in  giving  rough  approximations  for  the  purposes 
of  the  electrical  engineer.  Though  the  formula  is  by  no  means  to  be  accepted  as  an 
equation  to  the  actual  curve  of  JH  dl  and  B,  the  curve  which  it  gives  by  a  suitable 
choice  of  index  e  and  factor  17  lies  faudy  close  to  the  actual  curve,  intersecting  it  at 
an  intermediate  point  as  well  as  at  two  extremes.  And  it  is  the  case  that  an  index 
of  1'6,  or  a  number  approximating  to  that,  gives  a  curve  lying  generally  in  the 
neighbourhood  of  the  true  curve  throughout  the  range  of  B  which  is  of  most 
practical  importance.  In  the  case  of  our  Ring  IV.,  for  instance,  the  formula 

|lIcM==  0-0034  Bi'6 

give  values  of  JH  dl  which  are  nowhere  (within  the  range  of  these  experiments)  so 
grossly  divergent  from  the  truth  as  to  unfit  them  for  use  in  calculations  connected 
with  transformer  design.  Thus  we  have  ; — 


*  ‘  Phil.  Mag.,’  March,  1887. 
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B. 

Actual  value  of  JHH. 

Value  calculated  frotu 
the  above  formula. 

150 

7 

10-3 

300 

31 

31 

500 

80 

71 

1,000 

256 

215 

2,000 

750 

650 

4,000 

2,030 

1,970 

6,000 

3,700 

3,780 

8,000 

5,820 

5,980 

10,000 

8,340 

8,540 

12,000 

11,550 

11,430 

14,000 

15,200 

14,630 

The  divergence  is  becoming  considerable  at  the  top  of  the  range,  but  elsewhere  the 
agreement  is  fair.  It  should,  however,  be  observed  that  if  we  wish  to  make  the  curve 
given  by  the  empirical  formula  coincide  with  the  real  curve  throughout  any  short  part 
of  its  range,  other,  and  often  very  different  values  must  be  given  to  e  and  7^.  Thus, 
if  the  part  from  B  =  2000  to  B  =  8000  only  is  considered — a  part  wiiich  includes  those 
values  of  B  which  are  usual  in  transformer  cores — the  formula 

|Hc^I  =  0-01  B1-4'75 

will  express  the  results  very  much  more  closely.  For  example:— 


B. 

Actual  value  of  jHril. 

Value  calculated  from 
the  expression  O'Ol  B^ 

2,000 

750 

740 

3,000 

1,350 

1,345 

4,000 

2,0:30 

2,060 

5,000 

2,820 

2,860 

6,000 

3,700 

3,740 

7,000 

4,650 

4,690 

8,000 

5,800 

5,720 

Throughout  this  not  inconsiderable  range  of  magnetization  (the  region,  namely,  of 
high  permeability)  the  agreement  is  good,  but  other  empirical  constants  are  required 
to  fit  the  earlier,  and  again  the  later  parts  of  the  curve. 

In  further  illustration  of  the  point,  we  add  a  curve  (fig.  22),  showing  the  actual  values 
of  jH  c?I  in  relation  to  B  for  the  low  cycles  in  the  tests  of  Bing  IV.,  and  on  the  same 
diagram  a  dotted  line  is  drawn,  to  show  the  value  found  for  Mr.  Steinmetz’  formula, 
namely,  the  constant  7^  being  taken  as  0’0034,  since  that  value  best  accords  with 
the  tests  of  Bing  IV.  throuD-hout  the  whole  raime  of  mao^netization.  It  will  be 
evident  from  the  diagram  that  this  early  portion  of  the  curve  is  not  even  approxi- 
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mately  expressed  by  the  formula  in  question.  The  character  and  extent  of  the 
divergence  is,  perhaps,  more  obvious  from  iuspection  of  the  curve,  than  from  comparison 
of  the  numbers  whicli  have  been  given  above. 

Fig.  23. 


|H  dl  and  B  for  tte  low  cycles  of  Ring  IV.  The  dotted  line  repi’esents  values  of  0‘0034 


Experiments  on  the  Heating  Effect  of  Eeyersals  of  Magnetism. 

In  another  section  of  our  experiments  direct  measurements  were  made  of  the 
amount  of  heat  generated  by  reversals  of  magnetism. 

Some  of  the  rings  employed  in  the  tests  which  have  just  been  described  were  again 
used  in  these  experiments,  and  under  precisely  the  same  conditions. 

The  method  employed  (a  short  account  of  which  was  published  in  ‘  The  Electrician’ 
of  October  9,  1891)  depended  on  the  use  of  two  exactly  similar  rings,  one  of  which 
had  its  iron  core  subjected  to  magnetic  reversals,  while  heat  was  developed  in  the 
other  by  the  passage  of  a  steady  electric  current.  This  steady  current  "was  adjusted 
until  the  rate  at  which  heat  was  generated  by  the  current  in  one  ring  became  the 
same  as  the  rate  at  which  heat  was  generated  by  reversals  of  magnetism  in  the  other 
ring,  equality  of  temperature  as  between  the  two  rings  being  tested  by  means  of  a 
thermoelectric  circuit  with  a  jiair  of  junctions,  one  embedded  within  the  core  of  each 
ring.  The  current  which  was  used  to  magnetize  the  one  ring  passed  also  round  the 
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other,  in  a  coil  which  had  the  same  dimensions  as  the  magnetizing  coil  of  the 
first  ring,  but  wliich  was  wound  non-inductively.  Hence,  whatever  heating  effect  the 
magnetizing  current  had  on  one  ring,  it  also  had  on  the  other,  though  one  ring  only 
became  magnetized.  Both  rings  were  subjected  to  precisely  the  same  thermal 
influence,  except  that  in  the  active  ring  the  magnetism  of  the  core  was  periodically 
reversed,  and  in  the  inactive  ring  a  special  heating  current  was  used  to  balance  the 
heat  generated  in  the  other  by  these  magnetic  reversals.  The  arrangements  were  in 
all  cases  such  that  the  inactive  ring  could  be  made  magnetically  active  and  vice  versd, 
without  any  change  in  the  winding  or  structure  of  the  rings,  by  merely  changing  the 
electrical  connections  of  the  divided  coils  which  were  wound  in  identical  fashion  on 
each.  In  those  of  the  experiments  that  dealt  with  rings  which  had  a  core  of 
insulated  iron  wire,  the  heating  current  was  caused  to  pass  through  the  wire  of  the 
core  itself  in  the  inactive  ring — a  particularly  satisfactory  arrangement,  inasmuch  as 
the  heat  generated  by  this  current  in  the  inactive  ring  was  then  distributed  through¬ 
out  the  core  in  just  the  same  way  as  the  heat  generated  by  magnetic  reversals  in  the 
active  ring.  In  experiments  dealing  with  sheet  metal  cores  a  special  coil  was  wound 
as  close  as  possible  to  the  core  of  the  inactive  ring  to  take  the  heating  current. 

This  method  of  measuring  the  heat  due  to  magnetic  hysteresis  by  securing  a  thermal 
balance  between  two  rings,  alike  in  all  respects,  was  originally  devised  to  give  an 
answer  to  the  question  whether,  when  a  transformer  is  in  action,  the  heating  of  the 
core  through  magnetic  hysteresis  is  the  same  when  the  transformer  is  “  loaded,”  or 
when  it  is  not ;  in  other  words,  wBether  the  taking  of  current  from  the  secondary  coil 
has  any  inflnence  on  the  amount  of  heat  generated  in  the  core,  the  limits  of  magne¬ 
tization  and  the  frequency  of  the  reversals  being  unaltered.  Independent  experiments 
by  Professor  Byan,  Mr.  Morley,  and  Professor  Ayrton,  on  the  efficiency  of  trans¬ 
formers,  had  apparently  agreed  on  showing  a  marked  reduction  in  the  loss  of  energy 
due  to  magnetic  reversals  when  the  “  load  ”  was  put  on.  Adding  a  secondary  coil  to 
each  of  our  rings  to  make  it  into  a  transformer,  we  applied  the  above  balance  method 
to  compare  the  rate  of  magnetic  heating  when  the  secondary  was  open  with  the  rate 
when  the  secondary  was  closed  through  a  low  resistance,  so  as  to  apply  a  heavy 
“  load,”  arrangements  being  at  the  same  time  used  to  keep  the  magnetic  range  and 
frequency  unchanged.  The  result  was  that  no  change  could  be  detected  in  the  rate 
at  which  heat  was  produced  by  the  reversal  of  magnetism  when  the  “load”  on  the 
secondary  coil  was  varied  from  nothing  to  an  amount  greatly  in  excess  of  any  “  load  ” 
used  in  practical  transformers.*  The  conclusion  being  of  this  negative  kind,  a  very 
short  account  of  the  experiments  will  suffice. 

The  electrical  connections  are  shown  in  fig.  24.  On  each  ring  of  the  pair  a  primary 
coil  was  wmund  in  two  layers,  and  a  secondary  coil,  also  in  two  layers.  In  each  coil 

*  Since  these  experiments  were  made  (and  briefly  published  in  ‘  The  Electrician’  of  Dec.  4,  1891), 
later  tests  of  transformers,  by  Professor  FLEiiiNa  and  others,  have  borne  out  our  conclusion  that  the 
amount  of  “  load  ”  has  no  influence  on  the  waste  of  energy  through  magnetic  hysteresis 
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the  two  layers  had  the  same  number  of  turns,  and  the  number  was  the  same  on  both 
rings.  The  two  layers,  both  of  primary  and  of  secondary,  could  be  connected  either 
inductively  or  non-inductively.  They  were  each  wound  uniformly  round  the  whole  of 
the  ring.  On  one  ring  they  were  connected  inductively,  and  were  respectively  in 
series  with  the  non-inductive  primary  and  secondary  of  the  other  ring.  Hence  all 
direct  thermal  action  of  primary  and  secondary  currents  was  the  same  for  both  rings. 
The  magnetic  reversals  were  caused  by  passing  through  the  primary  circuit  the  current 
from  an  alternating  dynamo,  which  could  be  run  at  various  speeds,  and  the  strength 


Fig.  24. 


of  this  current  was  adjusted,  by  means  of  a  liquid  rheostat,  E.^^,  in  its  circuit,  to  secure 
that  the  magnetization  should  have  the  same  limiting  value  when  the  secondary  circuit 
was  closed  (through  the  resistance  Kg)  as  when  it  was  open.  To  test  the  constancy  in 
the  limit  of  magnetization,  a  voltmeter,  V^,  of  special  construction  was  used,  which  was 
connected  to  a  special  induction  coil  of  a  few  turns  wound  on  each  ring.  The  voltmeter 
was  of  the  hot  wire  type  ;  it  consisted  of  a  piece  of  very  fine  platinum  wire,  stretched 
between  supports,  but  deflected  sideways,  after  the  manner  of  the  wire  in  Professors 
Perry  and  Ayrton’s  voltmeter,  by  a  light  spring  pulling  transversely  in  the  middle  of 
the  wire’s  length.  The  middle  portion  of  the  wire  stood  in  the  field  of  a  microscope, 
and  its  transverse  movements  were  read  on  a  micrometer  scale  in  the  eye-piece.  This 
was  found  to  form  a  very  convenient  means  of  reading  alternating  electromotive  forces 
of  one  or  two  volts  and  under.  Owingf  to  the  small  section  of  the  wire  and  the 
freedom  from  friction  which  was  secured  by  having  no  mechanical  indicating  gear,  the 
instrument  responded  quickly  and  exactly  to  change  of  electromotive  force,  and  allowed 
the  necessary  adjustment  of  the  primary  alternating  current  to  be  made  with  great 
nicety.  Tn  most  of  the  experiments  a  Cardew  voltmeter,  Vg,  was  also  connected  across 
the  terminals  of  the  primary  circuit.  Its  response  to  small  changes  was  much  less  rapid 
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and  certain,  but  its  absolute  graduations  furnished  a  convenient  means  of  estimating 
the  intensity  of  magnetization  from  the  amount  of  back  electromotive  force. 

The  heating  due  to  magnetic  reversals  in  the  active  ring  was  determined  by  seeing 
what  strength  of  steady  current  in  the  core  of  the  inactive  ring  would  maintain  a  balance 
in  the  thermo-electric  circuit.  The  heating  current  was  adjusted,  by  means  of  so 
that,  after  both  rings  had  been  brought  to  the  same  temperature,  the  two  temperatures 
remained  equal  while  both  rose.  The  thermo-electric  junctions  were  connected  to 
oppose  each  other  through  a  sensitive  galvanometer,  but  an  alternative  connection 
could  be  made  in  which  one  junction  only  acted  on  the  galvanometer,  so  that  the 
temperature  of  the  ring  might  be  estimated  at  any  stage  in  the  experiment.  It  was 
necessary,  in  fact,  to  record  the  temperature  of  the  ring  from  time  to  time,  to  allow 
for  chanx^e  in  the  resistance  of  the  iron  wire  forminef  its  core. 

The  following  will  serve  as  an  example  of  the  readings  taken.  It  refers  to  an  expe¬ 
riment  upon  a  pair  of  precisely  similar  rings,  one  of  which  was  the  Ring  VII.  of  the 
tests  already  described.  The  core  consisted  of  iron  wire,  insulated  with  cotton.  The 
frequency  in  this  experiment  was  133  periods  per  second,  and  the  greatest  value  of  B 
was  about  7500. 

(a.)  With  secondary  open  : — 


Heating  current,  in  amperes. 

Reading  of 
Cardew  voltmeter. 

Resistance  of 
iron  core. 

O' 75  (too  strong) 

22 

5-85 

O' 65  (too  weak) 

22 

to 

0'7  (balance) 

22 

5'90 

(b.)  With  secondary  closed  through  a  low  resistance  ; — 


Heating  current,  in  amperes. 

Reading  of 
Cardew  voltmeter. 

Resistance  of 
iron  core. 

O' 75  (too  strong) 

24i 

5'80 

0'65  (too  weak) 

to 

to 

O' 7  (balance) 

24 

5'90 

The  reading  of  the  microscope  hot-wire  voltmeter  was  the  same  in  both  parts  of  the 
experiment,  the  difference  in  the  Cardew  readings  being  due  to  the  greater  volume  of 
magnetizing  current  that  was  required  when  the  secondary  circuit  was  closed.  It  will 
be  seen  that  no  difference  could  be  detected  in  the  amount  of  balancing  current  neces¬ 
sary  to  maintain  equality  of  temperature.  Other  experiments  gave  confirmatory  and 
quite  conclusive  results.  One  more  may  be  quoted  : — 

Frequency  69  periods  per  second.  Greatest  value  of  B  about  13500. 

(a.)  Secondary  open.  Balancing  current  236  on  arbitrary  scale. 

(5.)  Secondary  short-circuited.  Balance  with  current  between  231  and  244. 
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The  heating  effect  of  reversals  is,  of  course,  due  to  Foucault  currents,  as  well  as  to 
magnetic  hysteresis.  An  attempt  was  made  to  compare  the  total  heating  effect, 
measured  directly  by  reference  to  the  balancing  current  in  the  inactive  core  with  the 
value  of  jH  .c/I  as  found  in  the  preceding  experiments,  with  the  view  of  estimating  the 
influence  of  Foucault  currents.  But  the  value  of  such  a  comparison  depends  on  our 
being  able  to  estimate  the  maximum  of  magnetization  in  the  cycle,  and  this  is  by  no 
means  a  simple  matter.  The  observed  electromotive  force  gives  the  mean  value  of 
(dB/df)^,  and  to  calculate  B  from  this  it  is  often  assumed  that  the  mode  of  variation 
of  B  may  be  treated  as  simply  harmonic,  in  which  case  we  should  have 


Maximum  B  = 


lO^E 
irn  NA  v/2  ’ 


where  E  is  the  observed  electromotive  force  in  a  coil  of  N  turns,  the  area  of  curve- 
section  of  the  iron  being  A  and  the  frequency  n.  But  even  if  the  magnetizing  force 
were  simply  harmonic  it  is  otherwise  with  B,  whose  increment  and  decrement  is 
largely  affected  by  magnetic  hysteresis.  The  relation  of  maximum  B  to  mean 
(dB/d^)~  could  be  determined  if  the  form  of  the  curve  of  B  and  t  were  known.  Becent 
experiments — amongst  others,  those  of  Dr.  John  Hopkinson  and  Messrs.  Wilson 
and  Lydall,*  in  which  B  as  well  as  dB/d^  has  been  determined  as  a  function  of  t  in 
a  ring  submitted  to  alternating  niagnetic  forces — exemplify  how  wide  the  variation 
from  a  sine-function  is  likely  to  be.  In  view  of  this  consideration,  and  of  the  fact 
that  no  such  data  were  at  hand  in  the  case  of  our  own  tests,  we  have  not  followed 
up  this  method  of  directly  measuring  the  heat  produced  by  reversals. 


Experiments  made  with  the  Magnetic  Curve  Tracer. 

When  the  magnetism  of  a  piece  of  iron  is  reversed  rapidly  more  work  is  spent  than 
when  the  reversal  takes  place  slowly.  Whether  all  the  extra  work  done  in  the 
former  case  is  to  be  set  down  to  Foucault  currents  is,  perhaps,  an  open  question  ;  there 
may  be  a  genuine  time-lag  in  the  process  of  magnetization,  independent  of  the  effect 
ot  Foucault  currents,  though  not  readily  distinguishable  experimentally  from  their 
eftect.  This  quasi-viscosity,  distinct  from  Foucault-current  effects,  will,  if  it  exists, 
require  higlier  values  of  H  to  be  applied  than  would  otherwise  be  necessary  when  any 
assigned  limits  of  B  are  to  be  quickly  reached.  At  high  speeds  of  reversal  the  curve 
Vt'hich  shows  the  relation  of  the  externally  applied  magnetizing  force  to  B  becomes 
swelled  out  and  encloses  a  larger  area,  corresponding  to  the  greater  amount  of  work 
then  done,  whether  in  generating  Foucault  currents  or  in  overcoming  this  other 
possible  source  of  quasi-viscous  resistance.  Tliat  an  increased  amount  of  energy  is 
expended  is  clear  from  experiments  of  the  kind  which  have  just  been  referred  to, 


*  ‘  Roy.  Soc.  Proc.,’  1893. 
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even  if  the  exact  interpretation  of  these  results  is  somewhat  doubtful  through  un¬ 
certainty  as  to  the  value  of  B.  Direct  evidence  of  the  change  in  form  of  the  B — H, 
or  rather  B-current,  curve  is  furnished  by  the  magnetic  curve-tracer. 

This  instrument,  which  was  exhibited  by  one  of  us  at  the  Edinburgh  meeting  of 
the  British  Association  (1892),  draws  the  magnetic  curve  by  giving  to  a  small  mirror 
two  component  motions,  one  (horizontal)  proportional  to  the  magnetizing  current  and 
the  other  (vertical)  proportional  to  the  magnetism  of  the  metal  under  examination. 
The  metal  is  arranged  to  form  a  magnetic  circuit  which  is  complete  except  for  a 
narrow  gap  between  a  pair  of  opposed  poles.  In  this  gap  a  wire  is  tightly  stretched, 
through  which  a  constant  current  passes.  The  wire  consequently  sags  up  or  down  in 
the  gap  as  the  magnetism  of  the  circuit  varies,  and  this  gives  movement  in  altitude 
to  the  mirror.  At  the  same  time,  the  varying  magnetizing  current  passes  through 
another  similar  wire  tightly  stretched  between  the  poles  of  another  magnet.  The 
magnetism  of  this  second  magnet  is  kept  constant,  a,nd  hence  the  sagging  of  its  wire 
depends  on  the  varying  strength  of  the  current  which  the  wire  carries,  namely,  the 
magnetizing  current  of  the  other  mtignet.  This  gives  azimuthal  movement  to  the  same 
mirror.  A  spot  of  light  reflected  from  the  mirror  to  the  screen  consequently  traces 
out  the  curve  of  magnetism  and  magnetizing  current.  The  movements  are  so  dead¬ 
beat  that  with  a  light  mirror  and  tightly  stretched  wire  a  magnetic  cycle  of  double 
reversal  may  be  traversed  ten  times  or  even  twenty  times  per  second  without 
material  distortion  from  the '"inertia  of  the  working  parts.  The  variation  of  mag¬ 
netizing  current  must  not,  however,  be  sudden,  and  to  secure  this  a  commutator  is 
used  in  which  a  revolving  boss  carrying  two  zinc  plates  turns  within  a  cylinder  con¬ 
taining  a  weak  solution  of  zinc  sulphate,  in  which  there  are  two  other  (fixed)  plates 
of  zinc.  As  the  revolving  pair  of  j^lates  reverse  their  position  between  the  fixed  pair, 
the  potential  of  a  battery  connected  to  the  fixed  plate  becomes  reversed  on  the 
revolving  pair,  and  from  them  the  current  is  taken  to  the  magnetizing  coil.* 

By  the  slow  manipulation  of  a  rheostat  of  any  form  the  magnetizing  force  may  be 
cai'ried  throughout  any  desired  series  of  changes  and  the  character  of  the  corre¬ 
sponding  process  of  magnetization  be  studied.  The  instrument  affords  a  ready  means 
of  testing  the  comparative  magnetic  quality  of  given  samples  of  metal.  It  also  allows 
features  in  the  magnetizing  process  to  be  examined  which  it  would  be  difficult  to 
observe  in  other  ways.  We  have  made  a  number  of  experiments  with  it,  some  of 
which  may  be  cited  as  showing  the  application  of  a  novel  method  in  magnetic 
research,  and  also  as  bearing  incidentally  on  points  that  have  been  ah'eady  spoken 
of  in  connection  with  the  ballistic  tests. 

Fig.  25  gives  the  curves  drawn  by  the  magnetic  curve  tracer  in  a  series  of  tests  of 
a  pair  of  bars  built  up  of  soft  thin  sheet  iron.  Four  cycles  are  shown,  the  magnetizing 
current  having  had  as  extreme  values  three,  two,  one  and  one-half  amperes  respec- 

*  lor  diagrams  and  description  of  the  magnetic  curve  tracer,  see  the  ‘  Electrician  ’  of  May  26,  1893, 
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tivelj.  The  zero  was  shifted  a  little  before  each  cycle  to  separate  the  curves.  Here 
the  changes  of  current  took  place  slowly,  a  pause  being  made  at  each  of  the  marked 
points  to  allow  the  position  of  the  reflected  spot  of  light  to  be  noted.  The  curves  are 
sheared  over  to  the  right  in  consequence  of  the  gap  in  the  magnetic  circuit  under 


Fig.  25. 


1  Cell 
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test.  The  areas  of  these  curves,  which  are  not  affected  by  this  shearing,  when 
plotted  in  relation  to  B  are  found  to  lie  on  a  smooth  curve  of  the  tyije  drawn 
in  fip  21. 

Fiof.  26  is  another  test  of  the  same  class,  made  with  a  different  curve  tracer  and 
with  other  iron.  Here  the  successive  cycles  are  shown  in  their  natural  relation  to  one 
another,  without  change  of  zero,  and  it  will  be  seen  that  they  show  well  a  feature 
which  was  referred  to  in  the  ballistic  tests,  namely  the  projection  of  the  extremities 
of  each  cyclic  curve  over  the  rising  limb  of  the  cycle  next  above  it.  Many  other 
examples  of  curve-tracer  tests  might  be  cited  as  confirming  this  observation. 

Fig.  27  is  closely  related  to  fig.  26.  It  shows  a  group  of  curves  taken  in  immediate 


Fig.  27. 


succession  to  the  group  of  fig.  26,  the  iron,  the  instrument,  and  the  condition  of  the 
experiment  being  in  every  way  the  same,  except  that  in  fig.  27  the  cycles  were  gone 
through  comparatively  fast — at  the  rate  of  3^  cycles  per  second — whereas  in  fig.  26 
the  process  was  quite  slow.  The  rounded  corners  and  increased  wideness  of  these 
curves  should  be  noticed.  Their  increased  area  shows  that  more  work  is  here  being 
done  on  the  iron,  the  effect  probably — at  least  in  great  part — of  Foucault  currents. 
The  main  portion  of  the  magnetic  circuit  consisted,  in  this  instance,  of  well  laminated 
metal,  but  thick  solid  pole  pieces  were  used. 

The  curves  of  fig.  27  were  recorded  by  marking  with  a  pencil  the  luminous  fine 
described  upon  the  screen  in  the  periodic  repetition  of  each  cycle.  In  fig.  28,  where 
the  results  of  a  group  of  tests  with  a  different  instrument  are  shown,  the  curves  were 
automatically  recorded  by  allowing  the  spot  of  light  to  fall  on  a  sensitive  plate. ^  In 
all  except  the  last  figure  in  this  group  each  cycle  was  gone  through  in  about  half 


*  tVe  are  indebted  to  Mr.  A.  G.  Dew  Smith  for  tliese  pbotograpbic  records, 

6  P  2 


1028 


PROFESSOR  J.  A.  EWING  AN’D  MISS  H.  G.  KLAASSEN 


a  second — the  commutator  being  driven  uniformly  by  means  of  a  small  electric  motor 
--and  the  exposure  lasted  during  some  twenty  to  thirty  cycles.  The  curves,  there¬ 
fore,  give  good  evidence  of  the  constancy  with  which  the  movement  repeats  itself 
In  the  last  figure  in  the  group  of  fig.  28  the  commutator  was  slowly  turned  by  hand, 
and  two  minor  loops  were  superposed  on  the  main  cycle. 

Fig.  29  is  another  test  made  at  the  same  time,  and  on  the  same  metal  as  the  tests 
of  figs.  26  and  27.  It  shows  a  small  loop  superposed  on  a  main  cycle,  and  also  a 
curve  (drawn  in  broken  line),  which  is  the  magnetization  curve  starting  from  zero, 
taken  after  the  metal  had  been  reduced  to  neutrality  by  the  process  commonly  known 
as  “  demagnetizing  by  reversals  ” — namely  by  numerous  reversals  of  a  gradually 


Fig.  29. 


diminishing^  mag:netic  force.  Here  is  found  a  feature  which  was  first  remarked,  we 
believe,  by  Dr.  John  Hopkinson,  namely,  that  in  magnetizing  from  the  neutral  state 
the  curve  crosses  the  rising  limb  of  the  cyclic  curve.  The  same  feature  has  been 
looked  for,  and  always  found,  in  many  other  curve-tracer  tests. 

This  crossing  is  in  agreement  wuth  the  fact  already  noticed,  that  the  extremity  of 
one  cyclic  curve  projects  beyond  the  rising  limb  of  a  higher  cycle.  For,  after  a  piece 
has  been  put  through  the  process  of  “  demagnetizing  by  reversals,”  the  magnetizing 
curve  starting  from  zero  passes,  as  nearly  as  we  caji  judge,  through  the  projecting 
extremities  of  the  cycles.  Hence  it  lies  outside  of  the  upper  part  of  the  rising  limb 
of  any  cyclic  curve. 

Fig.  30  gives  a  further  illustration  of  these  remarks.  It  shows  a  magnetic  curve- 
tracer  test  of  moderately  hard  steel,  the  dotted  curve  being  obtained  by  magnetizing 
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from  zero,  after  the  process  of  demagnetizing  by  reversals  had  been  performed.  This 
line  will  be  seen  to  pass  through  the  extreme  points  of  the  several  cyclic  curves,  which 
thus  overlap  one  another  in  the  manner  already  described. 


Fig,  31  is  a  study  in  superposed  magnetizations  in  soft  iron.  Here  the  magnetic 
curve  tracer  was  arranged  with  two  independent  magnetizing  coils  upon  the  magnetic 
cn-cuit  under  examination.  One  of  these  was  used  to  apply  a  cyclic  variation 
of  magnetic  force,  while  the  other  was  used  to  apply  a  steady  force  of  greater  or  less 
intensity,  on  which  the  cyclic  force  could  be  superposed.  For  brevity,  we  may 
distinguish  the  two  circuits  as  P  and  Q.  In  the  first  place,  after  the  iron  had  been 
demagnetized  by  reversals,  the  current  in  Q  was  applied,  and  was  reversed  repeatedly 
between  equal  positive  and  negative  values,  there  being,  at  the  time,  no  current  in  P. 
This  gave  the  usual  cyclic  curve  ah  (fig.  31),  from  which  it  will  be  seen  that  the 
magnetizing  force  then  applied  by  Q  was  comparatively  small.  Then  (the  piece  having 
been  again  demagnetized)  a  current  was  set  up  in  P,  which  brought  the  magnetism  up  to 
a  value  represented  by  the  point  c  in  the  figure.  This  current  in  P  being  now  kept 
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constant,  the  current  in  Q  was  applied.  This  gave  the  line  cd ;  then  the  current  in 
Q  was  reversed,  giving  the  dotted  line  de,  and  re-reversed.  Finally,  after  several 
reversals  of  the  current  in  Q,  the  process  of  reversal  gave  the  closed  figure  shown  by 
the  full  line  fgf.  Next  (the  current  in  Q  having  been  stopped),  the  steady  current  in 
P  was  increased  to  a  value  which  brought  the  magnetism  up  to  h.  Then  the  applica¬ 
tion  and  reversal  of  Q’s  current  gave  the  lines,  hi,  ij,  jlc,  the  cycle  finally  settling  down 
after  several  reversals  into  the  form  shown  by  the  full  lines,  Jdk.  The  same  description 
applies  to  each  of  the  loops  which  are  seen  higher  in  the  diagram.  The  highest  ones 
lie  in  what  is  often  called  the  region  of  saturation.  Throughout  all  these  successive 


Fig.  31. 


operations  the  current  in  Q,  whose  reversal  formed  the  loops,  had  the  same  extreme 
value.  The  experiment  shows  how,  as  might  be  expected,  the  reversals  of  a  given 
magnetizing  current  produce  less  and  less  magnetic  change  as  the  total  magnetism  is 
increased.  It  also  illustrates  one  of  the  minor  consequences  of  magnetic  h3"steresis, 
namely,  that  a  periodic  force,  applied  in  addition  to  a  constant  force,  does  not  imme¬ 
diately  produce  cyclic  effects ;  it  is  only  after  several  repetitions  of  the  reversal  that 
the  curves  become  closed.  During  the  interval  of  “  accommodation  ”  (to  use  the  term 
which  has  been  applied  in  other  instances  where  the  same  feature  occurs  in  the 
phenomena  of  magnetization)  the  mean  value  of  the  magnetism  is  rising,  as  a  conse¬ 
quence,  one  may  say,  of  the  molecular  shaking  which  is  involved  in  the  process 
of  reversal. 

A  more  striking  example  of  the  influence  of  the  molecular  shaking  which  is  brought 
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about  by  reversals  of  a  magnetizing  force  will  be  found  in  the  experiment  of  fig,  32. 


Fig.  32. 


This  experiment,  like  the  last,  was  made  with  a  magnetic  curve-tracer  in  which  the 
metal  under  examination  had  two  independent  magnetizing  colls  wound  on  it. 
Through  one  of  these,  Q,  a  current  was  passed  which,  when  acting  alone  and  carried 
through  a  cycle  of  values,  gave  the  usual  curve  cibcd,  the  dotted  line  ab  being  obtained 
after  the  metal  had  been  neutralized  by  reversals  in  the  usual  way.  Next  the  current 
in  Q  was  brought  to  some  steady  value  and  a  violent  molecular  shaking  was  produced 
by  rapid  reversals  of  a  current  in  P  which,  starting  with  a  rather  high  value,  was 
gradually  reduced  to  zero  while  a  rapid  reversing  key  in  its  circuit  was  kept  in 
motion.  It  would  be  inappropriate  to  call  this  process  by  the  accustomed  name  (of 
“demagnetising  by  reversals”)  inasmuch  as  its  effect  was  to  leave  the  iron  more  or 
less  strongly  magnetized  in  consequence  of  the  existence  of  the  constant  magnetizing 
force  due  to  the  current  in  Q.  The  maximum  magnetizing  force  produced  in  this 
process  of  reversals  by  the  current  in  P  wms  about  equal  to  the  maximum  force  which 
was  excited  by  the  current  Q  at  the  extreme  point  h  of  the  curve.  Reversals  of  a 
force  beginning  with  this  high  value  and  decreasing  to  zero  gave  the  metal  so  thorough 
a  molecular  shaking  up  that  the  magnetizing  ejffect  of  the  steady  current  became, 
under  their  influence,  almost  wholly  independent  of  the  previous  magnetic  history  of 
the  piece.  In  other  words  the  effects  of  hysteresis  nearly  disappeared.  The  points 
marked  thus  -{■  in  fig.  32  were  obtained  in  this  way.  They  represent  the  relation  of 
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B  to  the  magnetizing  force  after  reversals  of  an  auxiliary  force  had  been  used  to 
produce  violent  molecular  agitation.  Some  of  the  points  are  marked  thus  ©,  and  in 
these  cases  the  process  of  magnetic  shaking  was  performed  after  the  steady  current  had 
been  so  manipulated  as  to  lead  to  a  point  on  the  descending  limb  of  the  ordinary  cyclic 
curve  :  the  application  of  reversals  then  brought  the  magnetism  down  to  the  marked 
value.  On  the  other  hand  the  points  marked  +  were  reached  by  applying  reversals 
to  raise  the  magnetism  from  a  point  on  the  ascending  limb  of  the  main  cycle.  It 
will  be  seen  that  the  points  marked  ©  lie  as  nearly  as  possible  on  the  same  smooth 
curve  with  those  marked  +.  That  is  to  say,  the  effects  of  hysteresis  are  obliterated 
by  this  method  of  agitating  the  metal  even  more  completely  than  they  are  obliterated 
by  mechanical  vibration  in  soft  iron."^  Ascending  and  descending  limbs  alike  become 
merged  on  the  single  curve  ae. 

Fig.  33. 


Magnetic  curve-tracer  curves  for  soft  iron  bars. 

(а)  Cjcle  performed  slowly. 

(б)  Period  of  cycle  3  seconds. 

(c)  Period  of  cycle  0'43  second. 

Keference  has  been  made  above  to  the  evidence  of  time-lag  in  magnetization  which 
the  magnetic  curve  tracer  furnishes.  It  is  in  the  softest  iron  that  these  are  most 
apparent,  and  especially''  when  the  pieces  under  test  are  solid  or  imperfectly  laminated. 
When  solid  rods  of  soft  iron  are  used,  three  quarters  of  an  inch  or  so  in  diameter,  the 

*  Compare  a  corresponding'  expei-iment  in  which  tapping  was  found  to  make  the  ascending  and 
descending  limbs  of  the  magnetic  cycle  approach  coincidence,  ‘  Phil.  Trans.,’  1885,  Part  II.  p.  564-566. 
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movements  of  tlie  mirror  of  the  curve  traces  take  place  as  if  it  were  controlled  by  a 
dash-pot,  or  were  immersed  in  a  viscous  fluid.  Even  a  comparative!}’’  slow  gradual 
change  in  the  magnetizing  current  is  followed,  after  it  ceases,  by  a  continued  creeping 
of  the  reflected  spot  of  light  lasting  for  some  seconds,^  and,  when  a  cycle  of  reversal  is 
performed  at  even  a  very  moderate  pace,  the  curve  assumes  a  wholly  different  form 
from  that  which  would  correspond  to  a  quite  slow  process.  This  is  illustrated  by 
fig,  33,  where  {a)  is  the  curve  taken  quite  slowly  for  a  pair  of  soft  iron  rods 
1'9  centim.  in  diameter,  and  (6)  and  (c)  show  the  results  when  the  period  of  a  cycle 
was  3  seconds  and  0*43  second  respectively. 

The  influence  which  even  the  lower  of  these  speeds  has  on  the  form  of  the  curve  is 
extraordinary.  The  maximum  of  the  magnetizing  current  is  nearly  the  same  in  all 
three  curves  (owing  to  the  self-induction  of  the  magnetizing  coil  it  is  a  little  less  in 
the  faster  cycles,  but  enough  non-inductive  resistance  was  put  in  the  circuit  to  make 
this  difference  small).  It  will  be  seen  that  the  effect  of  time-lag  in  lowering  the  ' 
maximum  of  magnetization  (namely,  the  maximum  of  the  mean  magnetization  taken 
over  the  cross-section  of  the  rods)  is  enormous ;  the  effect  of  change  in  frequency 
being  most  noticeable  when  the  period  is  comparatively  long.  Again,  the  influence  of 
time-lag  in  augmenting  the  work  spent  in  magnetic  reversals  is  conspicuous,  and  here, 
again,  it  is  remarkable  how  great  this  influence  is  at  very  moderate  speeds  of  reversal. 
The  exact  form  which  the  curve  takes  at  any  assigned  speed  will,  of  course,  depend 
on  what  particular  function  of  the  time  the  applied  electromotive  force  is  caused  to  be, 
as  a  consequence  of  the  exact  form  of  the  commutator  plates  and  other  conditions  of 
the  experiment.  In  the  present  case  it  appeared  that  the  applied  electromotive 
force  w’as  made  to  vary  lather  quicker  near  its  mean  values  and  rather  less  quick 
near  its  extreme  values  than  would  have  been  the  case  had  it  been  a  simple  harmonic 
function  of  the  time. 

It  is  noticeable  that  the  area  of  the  curve  increases  at  first  and  finally  decreases  as 
the  frequency  is  increased,.  In  other  words,  with  a  given  maximum  of  magnetizing 
current  the  work  expended  in  reversals  is  a  maximum,  per  cycle,  for  some  one 
frequency.  This,  of  course,  results  from  the  fact  that  at  higher  frequencies  the 
magnetization  fails  to  penetrate  suflSciently  into  the  interior  of  the  bar. 

In  steel  these  phenomena  are  much  less  apparent  than  in  soft  iron,  but  they  take 
place  to  some  extent.  Fig.  34  shows  the  results  of  a  similar  experiment  made  with 
a  pair  of  bars  of  tool  steel  of  the  same  dimensions  as  the  iron  rods  of  fig.  33.  Here 
again  {a)  shows  the  effects  of  perfectly  slow  reversal,  while  {h)  and  (c)  are  cycles 
performed  in  periods  of  3  seconds  and  0'6  second  respectively.  In  both  of  these 
experiments  (figs.  33  and  34)  the  cycles  marked  (6)  and  (c)  were  produced  by  using 
an  electric  motor  to  drive  the  commutator,  regularity  of  speed  being  essential  to 
steadiness  of  the  figure,  especially  at  the  slower  speeds. 

Whether  these  manifestations  of  time-lag  in  magnetization  are  entirely  explicable 

*  Compare  the  direct  magnetometric  observations  described  in  ‘  Roy,  Soc.  Proc.’  June  20,  1889. 

MDCCCXCIII. — A.  6  Q 


1034 


PROFESSOR  J.  A.  EWING  AND  MISS  H.  G.  KLAASSEN 


by  reference  to  Foucault  currents  is  not  easy  to  answer.  It  appears  possible  that 
another  cause  may  contribute  to  produce  time-lag.  In  the  upsetting  of  a  group  of 
molecular  magnets  time  is  needed  for  the  disturbance  to  gradually  spread  from  the 
point,  or  points,  where  the  mutual  controlling  forces  which  produce  equilibrium  are 
first  overcorn e.  Let  a  group  of  pivotted  compass  needles,  for  example,  be  subjected 
to  a  gradually  augmented  deflecting  magnetic  force ;  the  first  to  yield  will  in  general 
be  some  outlying  member  ;  its  yielding  will  reduce  the  stability  of  its  neighbours,  and 
the  disturbance  spreads  to  them  and  from  them  to  others.  In  a  bar  of  iron  we  may 
conceive  the  molecules  next  the  surface  to  be  less  strongly  controlled  than  those  in 
the  interior,  and  to  be,  therefore,  more  likely  to  act  as  origins  of  disturbance  when 
the  equilibrium  is  upset  by  application  of  magnetizing  force.  From  this  point  of 
view,  the  greater  amount  of  surface  a  mass  of  iron  presents  the  more  c^uickly  it  is 
likely  to  take  uj)  the  full  amount  of  magnetic  induction  proper  to  any  applied  magnetic 
force,  and  hence  in  laminated  iron  the  influence  of  time-lag  should  be  less  conspicuous 


Fig.  34. 


Magnetic  curve-tracer  curves  of  steel. 

(a)  Cycle  performed  slowly. 

(b)  Period  of  cycle  3  seconds. 

(c)  Period  of  cycle  0'6  second. 

than  in  a  solid  piece.  To  distinguish  an  effect  of  the  kind  here  suggested  from  the 
effect  of  Foucault  currents  is  evidently  difficult,  since  both  effects  depend  on  the 
metal  being  tested  in  relatively  large  solid  masses.  A  possible  exjoeriment  might  be 
arranged  in  which  a  rod  built  up  of  a  number  of  concentric  cylinders  should  be 
compared  with  an  equal  rod  of  the  same  iron  built  up  of  a  number  of  sectors  parted 
by  radial  planes.  Both  modes  of  lamination  would  reduce  whatever  part  of  the  time- 
lag  is  due  to  the  cause  just  suggested,  but  the  second  mode  only  would  be  effective 
in  preventing  Foucault  currents. 

It  is  clear  from  the  experiments  of  fig.  33,  and  even  those  of  fig.  34,  that  ordinary 
ballistic  tests  are  liable  to  serious  error  when  the  specimen  tested  is  a  solid  bar  of  any 
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considerable  section,  especially  when  the  material  is  soft  iron,  unless  the  ballistic 
galvanometer  has  a  much  longer  period  than  is  usual.  The  need  of  insulation,  as  well  as 
lamination,  is  well  exemplified  by  the  case  of  Bing  VIIL,  described  above  at  p.  1008, 

Experiments  with  Groups  of  Pivotted  Magnets, 

The  remainder  of  our  experiments  relate  to  the  molecular  theory  of  magnetic 
induction  discussed  in  a  former  paper  by  one  of  us,*  It  was  there  shown  that,  if  we 
adopt  Weber’s  view  that  the  molecules  of  a  magnetizable  metal  possess  magnetic 
polarity,  the  phenomena  of  hysteresis  and  other  prominent  characteristics  of  the 
magnetizing  process  follow  as  consequences  of  the  control  which  the  molecular  magnets 
exert  on  one  another  by  their  polar  forces.  Thus,  in  the  application  of  magnetic  force 
to  an  unmagnetized  piece,  the  molecular  magnets  are  at  first  deflected  stably,  and  in 
this  stage  there  is  no  hysteresis.  But  when  the  force  is  sufliciently  increased  certain 
molecules  are  deflected  so  far  as  to  become  unstable,  and  a  breaking  up  and  re-  ' 
arrangement  of  molecular  groups  supervenes.  Finally,  after  this  process  has  occurred 
throughout  the  piece  a  third  stage  is  entered  on,  when  further  stable  deflections 
through  a  small  range  bring  about  the  completely  “  saturated  ”  state.  Hysteresis  is 
found  whenever  any  of  the  molecules  pass  from  one  stable  conflguration  to  another 
through  a  phase  of  instability,  and  this  transition,  being  mechanically  irreversible, 
involves  a  dissipation  of  energy.  It  was  shown  that  this  conception  of  molecular 
structure  gave  an  explanation  of  very  many  known  facts  regarding  the  magnetic 
quality  of  iron  and  steel,  and  that  some  of  these  may  be  effectively  illustrated  by 
means  of  a  model  consisting  of  a  group  of  small  magnets  pivotted  like  compass  needles 
on  fixed  centres,  and  placed  near  enough  to  one  another  to  allow  their  mutual  polar 
forces  to  be  strongly  felt. 

In  further  elucidation  of  this  theory,  we  have  made  a  number  of  experiments  with 
such  a  model.  In  some  of  them  as  many  as  130  little  magnets  have  been  used.  These 
were  cut  out  of  sheet  steel.  They  wmre  mostly  lozenge-shaped,  and  were  about  an 
inch  long  and  half  an  inch  wide,  but  some  were  smaller ;  each  had  a  central  recess 
punched  in  it  to  form  a  socket  for  the  supporting  pivot,  which  was  an  inverted 
drawing-pin  with  a  sharp  point.  The  pins  were  stuck  through  a  sheet  of  paper  to 
hold  them  at  the  desired  distance  apart,  and  the  paper  was  laid  on  a  horizontal 
sheet  of  glass  which  stood  between  a  pair  of  coils,  through  which  current  was  passed 
to  produce  a  deflecting  magnetic  field.  Two  layers  of  such  magnets  were  generally 
used,  one  above  the  other.  The  aggregate  magnetic  moment  of  the  group  was 
measured  by  means  of  a  mirror  magnetometer,  which  w^as  furnished  with  an  adjustable 
compensating  coil  to  neutralize  the  direct  effect  of  the  current  in  the  two  field-coils  of 
the  model. 

The  group  having  been  well  stirred  up  and  allowed  to  settle  in  the  absence  of 

*  “  Contributions  to  the  Molecular  Theory  of  Induced  Magnetism,”  ‘  Roy.  Soc.  Proc.,’  vol.  48,  p.  342 
(.Tune,  1890). 
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directing  force,  the  current  in  the  coils  was  slowly  increased  by  means  of  a  liquid 
rheostat,  and  galvanometer  readings  of  it  were  taken,  along  with  magnetometer 
readings  of  the  aggregate  moment.  The  numbers  (with  arbitrary  scales)  are  given 
below,  and  are  drawn  as  a  curve  in  fig.  35.  The  highest  value  of  the  current  was 


Fig.  35. 


Cnrve  sliowing  the  behaviour  of  a  group  of  130  pivotted  magnets  subjected  to  increasing 


airecuve  lorce. 


strong  enough  to  bring  the  group  of  magnets  to  a  configuration  approaching  satura¬ 
tion.”  It  will  be  seen  that  the  three  stages  of  the  magnetizing  process  are  well 
reproduced  in  the  behaviour  of  the  model,  and,  notwithstanding  the  limited  number 
of  “molecules”  which  took  part  in  the  operation,  the  readings  lie  faiidy  well  on  a 
smooth  curve,  which  has  all  the  general  character  of  the  curve  of  magnetization  in 
actual  iron. 
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In  the  same  way  fig.  36  shows  the  results  obtained  in  carrying  a  group  of  pivotted 
magnets  through  a  complete  cycle,  by  double  reversal  of  the  directing  field,  after  the 
cycle  had  already  been  gone  through  once  or  twice.  Fig.  37  shows  an  immediately 
succeeding  experiment  on  the  same  group,  designed  to  illustrate  the  formation  of  small 
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loops  by  the  removal  and  reapplication  of  magnetic  force.  In  these  operations  the 
behaviour  of  the  model  agrees  in  all  respects  with  that  of  a  magnetic  metal. 


Fig,  36.  Fig.  37. 


The  same  close  correspondence  is  found  even  in  less  obvious  features  of  the 
magnetizing  process.  This  is  illustrated  in  figs.  38,  39,  and  40. 


Fig.  38. 


Fig.  39. 


Corresponding  process  in  model. 
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Fig.  40. 


When  a  piece  of  previously  unmagnetized,  iron  or  steel  is  acted  on  by  a  magnetic 
force  sufficiently  strong  to  carry  the  metal  to  the  stage  of  high  permeability,  but  not 
strong  enough  to  make  it  approach  saturation,  and  this  force  is  then  caused  to  vary 
between  equal  positive  and  negative  values,  it  is  found  that  the  first  application  induces 
more  magnetism  than  is  induced  by  subsequent  applications,  and  that  the  changes  of 
magnetism  do  not  become  cyclic  until  the  force  has  been  several  times  reversed.  And 
during  this  gradual  approach  towards  a  cyclic  regime  the  range  through  which  the 
magnetism  varies  between  its  positive  and  negative  extremes  becomes  reduced.  These 
effects  of  hysteresis  are  wmll  shown  by  fig.  38,  which  is  copied  from  a  former  paper,’' 
aiid  represents  a  test  of  a  piece  of  annealed  steel. 


The  same  phenomena  occur  in  the  model,  provided  the  little  magnets  have  been 
previously  shaken  up  and  allowed  to  settle  in  the  absence  of  any  directing  field  :  a 
condition  which  may  be  supposed  to  correspond  with  the  annealing  of  the  solid  metal. 
Fig.  39  is  a  characteristic  instance.  It  represents  a  test  of  the  same  group  of  pivotted 
magnets  as  was  used  in  figs.  36  and  37.  After  all  effects  of  earlier  deflecting  fields 
had  been  eradicated  by  shaking  up  the  group,  a  rather  weak  directing  force  was  applied, 
first  to  the  positive  side,  and  then  this  was  reversed  three  times.  At  the  third 
reversal  the  changes  of  aggregate  moment  on  the  part  of  the  group  had  become  nearly 
cyclic,  but  with  a  range  of  variation  which  was  decidedly  less  than  that  indicated  by 
the  first  application  of  the  field.  Corresponding  results  were  found  in  another 


^  ‘  Phil  Trans.,’  1885,  Plate  61,  fig.  28.  See  also  fig.  26  on  the  same  plate. 
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experiment  where  the  first  application  of  the  field  was  towards  the  side  called 
negative. 

Again,  using  a  model  in  which  there  were  only  36  magnets,  notes  were  made  of 
the  position  assumed  by  each  member  of  the  group  when  the  directing  field  was 
(1)  applied,  (2)  reversed,  (3)  re-reversed,  and  so  on.  It  was  seen  that  the  configura¬ 
tion  assumed  in  the  first  application  was  not  reproduced  in  the  third,  nor  that  of  the 
second  in  the  fourth.  But  the  fifth  application  made  all  the  memljers  of  the  group 
take  up  the  same  position  as  they  took  in  tlie  third,  and  again  the  sixth  agreed  with 
the  fourth. 

Further,  tests  of  iron  and  steel  show  that  if  we  have  to  deal,  not  with  a  previously 
unmagnetized  piece  but  with  a  piece  on  which  the  process  of  “  demagnetizing  by 
reversals  ”  has  been  performed,  the  phenomena  which  have  just  been  described  are  not 
found,  or,  at  least,  are  much  less  conspicuous  than  in  virgin  metal. 

They  reappear  after  the  primitive  state  is  reproduced  by  annealing.  In  this  respect  ^ 
the  molecular  state  of  iron  which  has  been  demagnetized  by  reversals  of  a  strong 
magnetic  force  (diminishing  to  zero)  differs  from  that  of  a  piece  which  has  been  de¬ 
magnetized  by  annealing — or  even,  it  may  be  added,  by  mechanical  vibration.* 

The  same  difference  is  found  in  the  behaviour  of  the  model  after  the  two  corre¬ 
sponding  kinds  of  preliminary  treatment.  If  a  neutral  initial  state  has  been  arrived 
at  by  a  casual  stirring  up  of  the  little  magnets,  the  model  behaves  in  the  way  shown 
in  fig.  38,  On  the  other  hand,  if  the  neutral  state  has  been  produced  by  repeated 
reversals  of  a  strong  deflecting  field,  very  slowly  performed,  so  as  not  to  throw  the 
group  into  general  agitation,  and  gradually  reduced  in  range  to  zero  while  the 
reversals  go  on,  the  displacements  of  the  magnets  under  a  subsequently  applied 
weaker  field  are  found  to  fall  at  once  into  a  cyclic  regime  when  the  field  is  reversed. 
An  example  of  this  is  given  in  figs.  40  and  41,  which  show  experiments  made  with  a 
group  of  120  magnets.  In  fig.  40  the  magnets  had  been  shaken  up  to  begin  with, 
and,  in  consequence,  when  the  magnetic  field  was  applied  the  displacements  were  not 
at  once  cyclic.  Fig.  41  shows  the  behaviour  of  the  same  group  under  precisely  the 
same  changes  of  deflecting  field  after  the  process  of  “  demagnetizing  by  reversals  ” 
had  been  used  to  bring  the  group  into  a  neutral  state.  Here  we  find  a  cyclic  regime 
established  at  once,  and  as  near  an  approach  to  symmetry  in  the  curve  as  a  model 
with  a  limited  number  of  magnets  can  well  be  expected  to  show.  Observations  made 
on  such  a  model  are  necessarily  somewhat  rough,  and  too  much  stress  must  not  be 
laid  on  particular  features  of  the  curves.  But  in  several  repetitions  of  these  experi¬ 
ments  the  same  general  distinction  has  always  been  apparent  in  the  behaviour  of  the 
model  after  one  and  the  other  mode  of  preliminary  treatment,  a  distinction  which,  as 
we  have  seen,  forms  a  striking  analogue  to  what  is  observed  in  actual  iron  or  steel. 

*  In  illustration  of  this  difference,  reference  may  be  made  to  figs.  26  and  27  in  Plate  61,  ‘  Phil. 
Trans.,’  1885. 
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Introduction. 

This  paper  is  a  continuation  of  that  at  pp.  43-95  supra,  on  “  The  Potential  of 
an  Anchor  Ping.”  In  that  paper  the  potential  of  an  anchor  ring  was  found  at 
all  external  points ;  in  this,  its  value  is  determined  at  internal  points.  The  annular 
form  of  rotating  gravitating  fluid  was  also  discussed  in  that  paper  ;  here  the 
stability  of  such  a  ring  is  considered.  In  addition,  the  potential  of  a  ring  whose 
cross-section  is  elliptic,  being  of  interest  in  connection  with  Saturn,  is  obtained.  The 
similarity  of  the  methods  employed,  as  well  as  of  the  analysis,  has  led  me  to  give  in 
this  paper  also  a  determination  of  the  steady  motion  of  a  single  vortex-ring  in  an 
infinite  fluid,  and  of  several  fine  vortex  rings  on  the  same  axis. 

In  Section  I.  solutions  of  Laplace’s  equation  applicable  to  space  inside  an  anchor 
ring  are  obtained.  These  results  are  applied  to  obtain  the  potential  of  a  solid  ring  at 
internal  points,  and  also  of  a  distribution  of  matter  on  the  surface  of  the  ring.  The 
work  done  in  collecting  the  ring  from  infinity  is  obtained. 

In  Section  IT.  the  stability  of  an  annulus  of  rotating  gravitating  fluid  is  considered 
for  three  kinds  of  disturbances. 

(1)  Fluted:  i.e.,  those  in  which  the  ring  remains  symmetrical  about  its  axis,''"  but 

the  cross-section  is  deformed. 

(2)  Twisted:  i.e.,  those  in  which  the  cross-section  remains  circular,  but  the 

circular  axis  of  the  ring  is  deformed. 

(3)  Beaded :  i.e.,  those  in  which  the  circular  axis  of  the  ring  is  undisturbed,  but 

the  cross-section  is  a  circle  of  variable  radius. 

The  ring  is  found  to  be  stable  for  fluted  and  twisted  waves,  but  is  broken  up  by 
long  beaded  waves. 


*  Axis  of  the  ring  throughout  the  paper  means  the  axis  of  revolution ; 
is  called  the  circular  axis. 


the  central  circle  of  the  ring 
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Section  III.  is  devoted  to  Saturn’s  rings.  In  Laplace’s  proof  Mec.  Cel.,’  Book  3, 
c.  6)  that  the  rings  are  not  continuous  fluid,  he  assumes  the  attraction  of  a  ring  of 
elliptic  cross-section  on  a  point  at  the  surface  to  be  the  same  as  that  of  an  elliptic 
cylinder.  Mine.  Kowalewski,  in  her  memoir  on  the  ring  of  Saturn  (‘  Astronomische 
Nachrichten,’  No.  2643,  vol.  Ill,  1885)  uses  a  method  which  applies  only  to  rings  of 
nearly  circular  section.  Here  J  have  attempted  to  find  the  potential  of  a  ring  of 
elliptic  cross-section.  Ai^plied  to  Saturn,  the  results  obtained  agree  fairly  with 
Laplace’s. 

In  Section  IV.  the  steady  motion  of  a  single  vortex-ring  of  finite  cross-section  is 
discussed.  If  m  be  its  strength,  c  its  mean  radius,  and  its  cross-section  be  given  by 


Pv  =  a  { 1  +  ^3  cos  2x  +  ^3  cos  3x  +  cos  4x  +  .  .  . }, 


it  is  shown  that  ySo,  ^83,  .  .  .  are  of  the  2nd,  3rd,  &c.,  orders  in  ctjc,  and  their  values 

are  found  as  far  as  (a/c)"^. 

The  velocity  of  the  ring 


m 


...  r.  8c 

=  log  ■■ 

lire  ®  f 


a 


JL 

4 


12  log—  —  15 
*=  a 


32 


12L  -  17 
32 


The  results  agree  with  those  given  by  Mr.  Hicks,  obtained  by  means  of  Toroidal 
Functions.  (‘Phil.  Trans.,’  1884-1885.) 

In  Section  V.  the  motion  of  a  number  of  fine  vortex  rinofs  on  the  same  axis  is 

o 

discussed.  Equations  are  obtained  giving  the  forward  velocity  and  the  rate  of 
increase  of  the  radius  of  each  ring.  Let  wq  be  the  strength,  the  mean  radius, 
(Xj  the  radius  of  the  cross-section,  and  the  distance  of  the  centre  along  the  axis  of  2: 
for  one  of  the  rings. 

It  is  shown  that  the  kinetic  energy  of  the  system  is  given  by 


T  =  8si'l“(log^;' 


,  c,c.,  cos  d)  (16 

+  niurn.y  ,  "o — L; 

'o\/{(%  -  A)"  +  V  - 


cos  (/)  -f  q~} 


The  equations  of  motion  are 


—  JUjCj^Cj  = 


Sir  0c 
Stt  0q  J 


The  momentum  integral  takes  the  simple  form 


Y  (vn  jC^")  =  const. 
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The  special  cases  of  one  ring  pursuing  another  of  equal  strength,  of  the  direct 
approach  of  a  ring  towards  a  fixed  plane,  and  of  the  motion  of  a  ring  over  a  spherical 
obstacle  are  considered  in  detail. 


Section  I. 

§§  1-4.  Solution  of  Laplace’s  equation  inside  an  anchor  ring. 

§§  5-7.  Potential  of  a  solid  anchor  ring  at  internal  points. 

Exhaustion  of  potential  energy. 

§§  8-9.  Potential  of  a  distribution  of  matter  on  the  surface  of  a  ring,  at  all 
internal  points,  and  at  external  points  near  the  ring. 


Section  II. 

§§  10-13.  Potential  and  exhaustion  of  potential  energy  of  a  ring  whose  cross- 
section  is  R  =  a  (1  +  S  /d„  cos  ny). 

§§  14-15.  Small  fluted  oscillations  of  a  gravitating  fluid  ring. 

§§  16-19.  Exhaustion  of  potential  energy  of  a  ring  which  has  beaded  waves  on  it. 

§  20.  Such  waves  render  the  ring  unstable. 

§§  21-22.  Exhaustion  of  potential  energy  of  a  ring  whose  central  circle  is  deformed. 
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Section  I. 


§  1.  To  find  solutions  of  Laplace’s  Equation  aiyplicable  to  space  inside  an  anclioi 
ring. 


z 


Let  O  be  the  centre  of  the  ring,  OZ  its  axis. 

Let  any  section  through  OZ  cut  the  ring  in  the  circle  whose  centre  is  C. 

Let  Q  be  any  point  in  that  section. 

Let  OC  =  c,  CA  =  a,  and  let  the  coordinates  of  Q,  referred  to  CA  and  CB  as  axes, 
be  X  and  2; ;  also  let  the  polar  coordinate  of  Q,  referred  to  C  as  origin,  CA  as  initial 
line,  be  E,  and  y,  so  that  CQ  =  R  and  A  ACQ  =  y. 

In  cylindrical  coordinates,  Laplace’s  equation  is 

,  1  r/V  ,  il?T  ,  1 

- f--.  —  4 - • -  =  0. 

^  dttj  ^  dz^  ^ 


Writing  zs  =  c  —  x,  this  becomes 


(PY  (fiV  _  1  dV 
cLv“  dz^  c  —  X  dx 


d}Y 


(c  —  xy 


We  shall  find  solutions  of  this  equation  in  descending  powers  of  c. 
First,  consider  the  case  where  V  is  independent  of  (j). 

Then 


Let 


[d^Y  ,  d^Y\  (d^Y  ,  d-V\  ,  dY 

^  \dx^  dz^ )  \dx-  dz" )  dx 


V  -  U„  +  -  U„4  2  +  3  U«  +  2  + 

c  c 


then 
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,  cm 
cim 


clz 


~2 


=  0 


tlx^ 

cm 


(jm 

I  ^  ^  n-ir\ 

+ 


«+2 


clx’^- 


+ 


dz^ 

dm^^ 


«+2 


dz^ 


=  X 


=  X 


d^JJn 

dx^ 


+  '~d^  +  ^ 


r^+i 


Let 

then 

therefore 

Take 

then 


dx^  '  dz^ 

&c.,  &c. 

U,,  =  {x  -\-  izY, 


I 

"*■  (/rt; 


f?a;2 


U«+i  =  +  C  (a?  +  izY'^K 

C  =  0, 

U„+i  =  i  (a?  —  iz)  (x  +  iz)\ 


From  this  U„+2  might  be  found,  and  so  on. 

§  2.  It  is,  however,  more  convenient  to  transform  the  equations  to  polar  coordinates. 
Let 

X  =  ae'’  cos  ^  sin  X’ 

Fcr  points  inside  the  ring  p  varies  from  —  qo  to  0,  and  x  from  0  to  27r. 

Now, 

dU  1  /  dU  .  dU^ 

=  -  e  ( cos  X 


dx  a 

dU 
dz 


i,  -  X 


1  —  /  ■  ,  V  <*u\ 

=  -  e  sin  Y  —  -4-  cos  A  —  , 
cc  \  ^  dp  dx! 


and 


d^U  ,  d^u  _  1  _2„  (cm  d^u 

dx^  dz^  ~  cd  ®  "  Vdp2  dx^ 

Substituting  in  the  above  equations,  we  find 
d"U„  ,  d^U„  _ 

dp^  dx^  - 

d^u„,^  .  d2u„+,  „  f  (cim,  ,  cm,,  ,  dUA  .  du„ 


dp 

&c.  &c. 


d^U„+2  ,  d2U„+2  _  \  fd-Vn  +  i  +  1  ,  dU.^  +  ^ 

dp 


-  s^x 


dUn  +  l 


} 


•  •  (!)• 
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Let 

Then 

Therefore 


U„  =  e'"*  cos  n^j. 

^  "A.i  _  cos  n  —  Iv. 

c7p-  djc 


TT  +  COS  —  Iv 

U„  +  1  _  an  +  1^2  -in-  1)2  ’ 
=  ^  g-0  +  i)p  eos  {n  —  l)^. 


This  gives 


+  2 


f7p2 


.  f7“U„,9  3  \on  /  .  2%  +  1  1 

+  +  |—  cos  (^^  —  2)x  -1 - cos  j' 


Therefore 


U«+3  =  \\  cos  ?^x  +  #2  cos  (?i  —  2)  X 


16  {71  +  1) 


In  the  same  way  we  find 


U^  +  s  — 


a 


,  {n  +  3)  p 


,  (271  +  1)  {2n  +  3) 
^  (2?i  +  2)  (2?i  +  4) 

1.3.5 


cos  {n  +  l)x  +  2  - 


1 . 3  2?i  +  1 


2 . 4  2%  +  2 


-cos(n-  l)x 


+  : 


2.4.6 


cos  (?^  —  3)  X  f- 


This  suggests  the  form  of  'U„+p,  which  is  easily  verified. 

cos  (w  fi-p  —  2)  X 

1  2^1  (2^  2yTT7(2iirf2^^^)  +  P  “  4)  X 

^  1.3.5  72».-l-lL..72n,4-2-}i_ 


n  —  /fiV  gO^+iP)P  J 1  +  1) .  ■  ■  (2ii  +  2p  -  3) 

—  [2)^  12  +  2) . . .  (2n  +  2p  -  2) 

—  1  1.3  (2n  +  1) . . .  (2?i  +  2^  —  5) 

1  ^  (2^  2yTT7(2iMr2p^^) 
0)-l)(p-2)  1.3.5  (2«+l)... (271  +  2^-7) 


2  ! 


o  ^  ^ m  /.T  o  ...  COS  (n+»  — 6)x  +  ...l  (2). 
2.4.6  (271  +  2). ..(27i  +  2/)— 6)  '  ^  J  '  ^ 


This  formula  for  holds  whether  ^  be  >  or  <  n.  The  number  of  terms  in 

IS  2^' 

§  3.  The  series  +  -  U,,+i  +  U^+o  +  ...  is  a  solution  of  Laplace’s  equation.  It 

C  C'^ 

is  convergent  at  all  internal  points. 

a\P 


For  is  <  e<»+2^)p(l  +  l)p-\ 

Thus  the  series  U«  +-U„+i  .  .  .  converges  more  rapidly  than  the  geometrical  pro- 


1  +  -  +  ?  +  &C. 

C  C" 


gression 
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Writing  sines  instead  of  cosines,  we  obtain  another  set  of  solutions  of  Laplace’s 
equation  applicable  to  space  inside  a  ring. 

Writing  —  n  for  n  solutions  of  Laplace’s  equation  applicable  to  space  just  outside 
an  anchor  ring  are  obtained.  They  can,  however,  only  be  obtained  as  far  as  the  nth 
term.  At  this  point  log  E,  arises  in  the  series.  In  obtaining  each  term  from  the  pre¬ 
ceding,  as  an  integration  is  performed,  a  constant  should  be  added  ;  and  for  the  series 
to  be  convergent  these  constants  must  have  definite  values.  To  find  the  series  furtlier, 
the  method  of  my  former  paper  is  necessary. 

The  following  are  the  solutions  of  Laplace’s  equation  inside  a  ring  for  n  =  0, 
1,  2,  3,  or  4. 

Constant. 


R  ,  a 

cosy  -f 


a 


1  5*  + 


zc 


3 


R3 


f  •  ,7  cos  X  + 


/a\3rp 


c 


(I  COS  2x  +  -h) 


+  (7)  7  Ws  cos  3x  +  M  cos  x)  +  .  .  ., 


3  cos  2x  +  1 cos  X  +  { .y: )  (1%  cos  2x  +  |) 


a 


«■* 


+  (|)  7(Mcos3x  +  fcosx)  + 


IF 


cos  3x  + 


A  L 
2 


IF 


cos  2x  + 


a  \3  R 


2c  a 


y  (ft  cos  3x  +  I  cos  x)  + 


J>5 

^cos  4x+^.i.^;.cos3x+... 


1 


c.  .  (3). 


J 


§  4.  In  discussing  the  stability  of  a  fluid  ring,  approximate  solutions  of  the 
equation 


1  dV 


+ 


cPY 


d~Y  (PY  _ 
clx^  dx"  c  —  X  dx  '  (c  —  xf  d(f) 


-  =  o 


are  required. 

Writing  V  cos  for  V,  it  becomes 


d~Y  d^Y 
dx"-  +  .7,2 


1  dY 


dz 


-  V  =  0. 


c  —  X  dx  (c  —  x) 


If  p  is  of  the  order  cja  the  last  term  becomes  of  the  same  order  as  the  terms 
I  d^Y 
dx^  dz^  ' 


itT  +  equation  may  be  written 


dx?  d?} 


—  See.  =  0 
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and  the  equation  must  be  regarded  as  an  approximation  to 


.  fPv 


clx~ 


,2  + 


~  V  =  0 

7  0  0  * 

az"  c" 


or 


4_  1  ^  .  1  1  f  Y 

^2  +  R  ■  dll  R2  dx^  ”  c3  ^ 


r/I 


=  0, 


/ipll\ 

of  which  cos  nx  .  J»  (  “^ )  ^  solution  ;  and  starting  from  this,  an  approximate  solution 

mav  be  obtained. 

t/ 

W e  shall  only  need  the  cases  in  which  p  is  small. 

The  equation  may  then  be  written 

S  +  1 X  +  3  b  S + Fv)  +  +  2p’-^y)  + .  •  ■ 


c  dx 


dx 


(?  V  dx 


An  approximate  solution  of  this  is 


R“  ct  ^ 

cos  j  -  cos  nx  +  7-  cos  {n  -  l)x 


+ 


4c  ft* 

a-  R*'  +  3  UjP  +  2?i  +  1 


Sc^  ft'* +  2 


‘2n  + 


cos  nx  +  3  cos  (n  —  2)y  j  +  &c, 


(^)- 


When  n  =  0  the  solution  is 


cosj4  ^  1  ^  +  &c. 


(5). 


§  5.  To  find  the  Potential  of  a  solid  anchor  ring  at  an  internal  point. 
At  any  external  point  whose  jrolar  coordinates  are  r,  6,  <f, 


V 


=  “|r _ 

TT  1  Jo  v/  (r^ 


dcf) 


+  -^-^ 

8  cdc  J I 

_  ^ 

192  UW  Jo 


d<h 


U  0  \/  {d  +  c^  —  2cr  sin  6  cos 
(d  /  d 


c/  Jo  \/  {P  +  c^  —  2cr  sin  6  cos  0) 


0  \/  +  d  —  2cr  sin  0  cos  (j)) 

—  &c.  1.* 


Using  the  expansions  of  the  integrals  given  in  that  paper,  we  find  that  at  the 
surface  of  the  ring 


Sti^^rd,  p.  59. 


MR.  P.  W.  DYSON  ON  THE  POTENTIAL  OP  AN  ANCHOR  RING. 


1049 


V  =  277-a^  j  \  +  2  +  — a  cos  x  + 


X-i  ,  ?>(\  +  U) 


16 


+ 


16 


cos  2x 


(T 


+ 

+ 


3(A--iV) 


5  (X.  + 


- cosx  + - cos  3x 


or 


9X  ,  7(X-  M  ^  ,  35  (X  +  -rVV)  .  ‘ 
-  + 71^  COS  2x  +  --  joT4  ■  cos  4x 


256 


128 


cr^  +  &C.  I  .  (6), 


where  cr  =  ajc,  and  X  =  log  (8c/a)  —  2. 
Now,  inside  the  ring, 


d^Y  ,  IclY  ,  , 

7?  + 


Let 

then 


V  =  -  2772^  +  V 


1> 


fll  4.  _L  =  0 

dz"  du!^  w  r?nr 


We  may,  therefore,  assume  that 


27r«2 

,  .  fE  ,  (7E2  ,  3cr2R3  ,  q/LV/.;  ^  ,  q  X  .  1 

+  As  cos  X  +  j  -o  +  -^  ;;i  cos  X  +  o-s  (-g^  cos  2x  +  tw)  +  •  •  •  |* 
+  Ag  I  ^  cos  2x  +  j  -3  cos  X  +  -4  (/s  cos  2x  +  #2 ) 


+  (^6%  cos  3x  +  cos  x) 

+  ^  (toIa  cos  4x  +  cos  2x  +  /ra )  +  •••(-, 

,  ,  fE^  ^  ,  <7  R*  ^  , 

+  A4  cos  3x  +  I  ^  cos  2x  +  . 

+  Ag  cos  2x  +  ...|. 

Therefore,  at  the  surface  of  the  ring, 

^  1  .  A  ,  A  /o-  .  ,  ,  fSa^  ,  25a^\ 

^  -  -  2  +  Ai  +  A2(j  +  +  A3(—  +  — 


27ra' 


4  ■  128 

3cr- 
16 


512  /’ 


+  COS  X  {Ao  (^1  +  +  Ag  j, 

+  cos  2x  +  As  —  +  Ag  (^1  +  —  +  +  A4  - j, 

+  cos  3x  I  Ag  yyy  -\-  A^^  j, 


+  cos  4x  \  Ag 
MDCCCXCIII.—  a, 


768 

21o-^ 

10^ 


+  Ag 


(^)- 
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Comparing  this  with  the  value  of  the  potential  at  the  surface  of  the  ring,  given 
above,  we  have  equations  to  determine  the  constants  Aj,  An,  &c. 

Tliese  o'ive 

o 


Ai 

A3 

A3 

A4 

A. 


I  \  .'S  ^  +  T  •:>  lA  +  i)  4 


X  +  I 


cr  — 


3  A  +  5 
64 


cr 


3  (X  +  -5-) 


_  1  J-  "  o-'  — 

si-  16  "" 

5  (X  +  -j^)  ^ 

64  ^ 

35  (X  +  ^ 

:  -  (T‘ 

1024 


12X  +  19 
512 


a 


> 


(8). 


Thus  the  potential  is  found  at  all  internal  points  as  far  as  terms  in  crh 
Writing  L  (log  Bc/a)  instead  of  X  +  2,  as  far  as  terms  of  the  second  order 


V  =  27ra^  1  L  +  4  ( 1 


EC 

^ 


'L  -  1  E 
2  a 


If 

8fd 


cos  X 


I 

+  O" 


_  -  1 
16  8 


Pd  ,  3  (L  -  Pd 


"  m -f- cos  2x 


<5  4 


9% --cos  2x 


+ 


(9). 


§  G.  The  value  of  V  is  a  maximum,  when 


and 


x=o, 


—  2ll  +  cr  (L  —  1)  «  —  I 


Idl 


=  0, 


that  is,  when  R=cr.^(L  —  !)«  +  terms  in  a-\ 
This  maximum  value 


=  2™=  |l  +  i  -  f  (L  -  IF  +  j  (r  -  If  -  . . 

=  277a'  |L4-44-^(r  —  1)^  "r  -  •  -  j' 


§  7.  The  exhaustion  of  potential  energy 


MR.  F.  W.  DrSOX  OX  THE  POTENTIAL  OF  AN  ANCHOR  RING. 


1051 


1  1 1 1 Y  dm 


—  \ .  277  V  (c  —  K  COS  x)  R  c/x 


•  0-  u 


2.5(7“  R6 


.  "  0  rn  .  R^  ,  ,  /(7  ,  9(7'^  R“\  ,  ,  /‘So-^  R“  , 

477^6-0  jo  j  1  2«3  +  ^3  (4  ^^3  +  128  ay  +  ^3  32  ^4  +  512  af^} 


=  2n'^ay 


—  277Y<.®|  |Aj 

{-i  +  A,- 


R  3^  R3 

Cl  16 


R3 


E* 


R=cffi 


^4  8- +4 


Ft  ,  ,  L-l  ,  3(L-if) 

L  +  T  -  —  o- - 


(T 


m- 


If  we  may  judge  from  these  few  terms  this  series  is  very  convergent.  When 
(T  =  1,  i.e.,  in  the  case  of  a  ring  so  thick  that  it  touches  itself  cit  the  origin,  we  have 
L  =  logv8  =  2-080. 

The  exhaustion  of  energy 


1\P 


,  .  [2-330 

'Ittc 


-177  -  -003] 


^  M2 

=  2-150  .  —  . 


'Ittc 


The  first  three  figures  would  seem  to  be  correct. 

[Let  the  same  mass  be  collected  into  rings  of  different  mean  radii,  and  consequently 
different  thicknesses  ;  let  the  final  mean  radius  of  the  ring,  that  is,  the  mean  radius 
when  the  ring  is  so  thick  that  it  touches  itself  at  its  centre,  he  taken  as  unity  ;  let 
the  exhaustion  of  energy  in  this  position  be  also  taken  as  unity.  Then  the  exhaustion 
of  energy  for  different  mean  radii  of  the  ring  is  given  by  the  following  Table  ; — 


Mean  radius . 

1--25 

1-5 

1-75 

2 

3  j  4 

5 

Exhaustion  of  potential  energy 

•9488 

•8874 

•8284 

•7749 

•C144  i  •5162 

■3506 

July  22,  1892.]* 


*  This  Table  was  given  at  the  suggestion  of  one  of  the  Referees,  replacing  a  Table  given  in  the  paper 
as  read. 
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§  8.  To  find  the  potential  ofi  a  distribution  ofi  matter  of  density  /3„  cos  n^  on  the 
surface  of  an  anchor  ring,  at  all  internal  points  and  at  external  ^joints  near  the  surface 
of  the  ring. 

We  know  that  for  a  cylinder 


and 

Let  us  assume  for  a  ring 
nV;  /E\» 


liV  1 

COS  nx 


a 


cc\^^ 

=  (r  cos?zx 


I 

h 


27r/3t,  \RJ 


J 


COS  nx 

a  /R\  1 

4  \a, 


+  4  Taj  +  12-7^2""^ 

+  'cos(7i- l)x  + cos(n-2)x  + 


a^fT.Y  +  ^\2n+l  1  . 

-  -  nx  +  |cos(w  —  2)xj  +  .  ■ 

...} 


4  \aj 


+  f^d(a)”  l)x  + jR"j  cos»x+  ■  •  ■ 


+  16^' 


nij  +  •  ■ 


+  'oos{»  +  2)x  +  ---} 


a  j 


and 


a 


^=u; 


L»-CV“‘  /  _L,^  .  .rS/aV'-s  r2»-l 

+  j(pJ  (0  L«-2 


cos(n  —  2)  X  + 1  cos  (n  —  2)  x|  + 


+  I®> 


COS  (w  -  l)x  +  ^  (^)  COS5?.X  + 


R 


...1 


+  i®MVK 


+  1 


cos 


(n+  l)x  +  ^(k)  cos(n  +  2)x+  •  •  •} 


+  16^31(1)  cos0^-2)x  +  ... 

+  +  ■■■ 
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and 


V,  -  Vo  =  0  1 
I 

dV.  dVi  ,  ,  „  „  I" 

rfit  -  rfR  +  "X  =  °  J 

at  the  surface  of  the  ring. 

Thus 

1  + 

(;i  +  1)  +  —  1) 

Ao  =  1  -{- 

{)i  +  1)  A.2  =  —  {71  —  1)  —  {n  +  1)  B3  J 

and 

f  +  Ai  +  Ag  =  Bg 

I  (w  +  2)  +  nAi  +  0^  —  2)  Ag  =  —  (a  —  2)  Bg 

'"+^+A,  +  A,  =  ^+B,+  B, 


n  -\-  1 


y"  d“  2)  A  {71  +  2)  A^  +  nAj.  —  — 


r  • 


n  + 


y<B, 


These  equations  give 


Ai  = 


rt 


71-1' 


Ao  = 


1 


11  1 


A5  —  f  +  +  Bg 

{71  +  2)  Ag  =  —  f  {n  —  2)  —  ?iBo  —  {n  +  2)  Bg 


B.,= 


H  —  1 

11 


71 


2  (71  -  2)  ■ 


A,  =  —  2. 


A.  = 


2?!,  +  3 


(11  +  1)  {n  +  2)  ■ 

Thus  we  find  that  to  the  second  power  of  cr, 


Bg  = 


B.= 


B.  =  - 


71  +  1  ’ 

(2?^  -  3) 


{11  —  1)  (7i 

2. 

11 

2  (n  +  2)  • 


-2) 


Vi  j'Kv>  cos  nx 

27r«/S„  \aj  11 

1  /R\«  +  i 


+  i 


+  i 


11  \aj  71  —  1  \  a 

2  (271  +  3)  /E\«  +  3 


1  /T>\«-1-1  1 

cos  {n  —  1 )  X  + 


R\«  +  i 


11  (n  +  1)  \a 


cos  {71  +  i)x 


4  r  /PA" +  2 

/  IN/  \  I  COS  {)l  +  2)  X  +  ~  i  (  “  ' 

ji  (n  +  1)  (ih  +  2)  \a J  '  '  ^  71  \«y 


.  ct 


COS  nx 


+ 


3  /PA" +  3 


/PA“ 


PA" 


71  —  1  V  6f  , 


_  O 


COS  {n  —  2)  X 


•  (11), 
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ft  Y'  cos 
R 


+  .^ 


]  /aV-^ 


«  + 1 


71  Vl  i/  n  -{-  1  yPi 

2  (2a  -  3) 

n  (*  —  1)  (/i  —  2)  \E 


cos  (r  +!);)(  — 


1 


71  {71  —  1)  \li 


/i-1 


ft  .‘if/  ft\«‘ 

cos(«-2)x  +  YY  - 


COS  {/I  -  l)x 
cos  ?ix 


ft\« 

E 


3  / ft\'^~“ 


+  iAi;l  - 


a  +  1  \E 


ft  \“ 


(pj  I  cos(/i+  2)xJ  (11a). 


n  + 


These  agree  in  giving  at  the  surface  of  the  rin 

V  cos  «X  ,  (T  \  cos  (71  +  1)  X  cos  (71  —  1)  X 

—  “Y  r  771  m  « -  1 


27rft/3,j 


4a  |_  ??/  -4"  1 


2/1 


+  ih{(«  +'i)  o‘+  2)  +  “  A  -  (--_7,(7-2)  <=oU«  -  2)  x|  +  &c.  (12). 


I  have  verified  the  above  value  of  the  potential  at  external  points  near  the  ring  by 
evaluating  the  integral.  The  method  here  given  is  suggested  by  Laplace  Mec. 
Cel.,’  Book  3,  c.  6).  It  is  not  satisfactory,  as  it  will  not  give  the  value  of  V  further 
than  the  terms  in  cr".  The  form  of  the  potential  at  points  near  the  ring  changes  after 
these  terms.  Log  E.  is  introduced,  and  it  is  found  that  some  of  the  equations  coincide 
so  that  there  are  not  enough  to  determine  the  necessary  constants. 

§  9.  [As  illustrating  this,  and  furnishiiig  a  result  which  will  be  used  later,  consider  a 
distributio]!  of  matter  of  density  a/^^  cos  2x  on  the  surface  of  the  ring. 

By  §  22  of  my  previous  paper,  it  is  seen  that 


Vq 

27ra“/32 


1 

2 


ft- 

E2 


cos  2x  + 


2 


+  2 


cos  3x  “  cosxj 

i^)  (2  “  3  ^ 


3 


cos  4v  ^  +  &c. 


This  agrees  with  (11a),  except  for  the  term 


4  loo—  +  1 

G"^  It 


32 


The  value  of  the  potential,  inside,  is  consequent!}^  given  by 


Vi 

^TTCrfB^ 


•- 


ft- 


cos 


^X  + 


4 


1  L®  fi\  >  1  1’® 

1 - 1  cos  X  +  ^  ^  cos  3x 


ft” 


ft 


o 


cos  4x  + 


cos  2x  + 


2 


IB 

ft” 


2log 


+  &c. 
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Adding  to  this  the  value  given  in  (9)  for  the  potential  inside  the  ring  11  =  o,  we 
have  correct  to  the  first  power  of  the  potential  inside  R  =  a  (1  +  ySg  cos  2;^). 

The  terms  in  of  the  exhaustion  of  potential  energy  of  this  ring  are  given  by 


^a(l  -r 

277%^  \  \  j  or 

Jo  Jo 


»2ir  /»a(l  +^2COS2x) 

^L-1  E 


E-n 


2  a 


+  0-^“ 

+  2^a%f‘'[{  j(A  _  fi  cos  X  +  3°; 


P2  p4" 

_3_  /T  _  _ _ ^  _ 

16  rl  ^^2  9  6  ^^4 


COS  2y  I  (c  —  R  COS  y)  R  cZR  f/y 


E^ 
32  V  2  cP 


—  2  —  —  2L  I  Uc  —  R  COS  y)  R  dR  c/y, 


all  the  other  terms  vanishing  on  integration. 
Therefore  this  part  of  the  exhaustion  of  energy 


=  277^cdc^ 


J  0 


4L  -  5 

“TlT" 


+  A  (L  —  4 )  ~  ImT  cos^  2y  +  2^  cos^  y  —  -3-0  (L  d"  1  (/y 


=  -  27rVc  yS^  I  (L  -  1^,-) . (13). 

July  22,  1893.] 


Section  II. 


§  10.  An  annular  form  is  possible  for  gravitating  fluid  rotating  round  an  axis  in 
relative  equilibrium.  When  the  cross-section  of  the  annulus  is  small  compared  with 
its  radius,  the  cross-section  is  nearly  circular. 

Let  the  ring  be  disturbed  so  that  the  cross-section  takes  the  form  given  by 
the  equation 

=  a  [  1  -f  ^.3  cos  2y  +  .  .  .  +  cos  ny  +  .  .  . } . 


We  shall  prove  that  the  ring  is  stable  for  disturbances  of  this  kind,  and  find  the 
periods  of  the  various  oscillations. 

It  is  necessary  to  find  the  exhaustion  of  potential  energy.  Let  this  be  called  U. 
Then 


=  77 


Vy  (c  —  R  cos  y)  R  c/R  dx 


where  Vy  is  the  potential  at  an  internal  point. 
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It  is  necessary  to  know  U  as  far  as  the  second  order  of  the  small  quantities 
ySg,  &c.,  Suppose  V;  is  obtained  in  the  form  Vq  +  S'lL  cos  where  are 

functions  of  R.  Then  it  is  necessary  to  know  Vq  and  to  the  second  order,  but 
V2  .  .  .  Vn  .  .  .  only  to  the  first  order. 

Now 


27ra~ 


h  ,  8^’  ,  1  L  /log8c/a  -  1  k  Pd\ 

:;3  =  log:;  +i(i  -:5)  +  <^( - 5 - 7 “ iT* )  ^ 


/ 


R\'*  cos  ny  ,  a 
'  +4 


n 


1 


n  a 


+ 1 


n  —  1  cv 


p«-i\ 

—1  cos  {n-\)x 


.  1  ,  .  .X  11 

H - ; - — 7T  cos  \n  +  1)  y  1 

n(^i  +  1)  '' 


+  A  +  B 


/E  ,  (7  E^ 

-  cos  X  +  7  — 

\a  4  «- 


where  A  and  B  are  small  quantities  of  the  second  order  in  .  .  .  /8„  .  .  .  ,  which  must 
be  found  by  comparing  the  value  Vy  at  the  surface  of  the  ring  with  the  value  of  Vq 
there. 


§11.  We  shall  now  find  Vq  the  potential  of  the  ring  at  an  external  point. 


Let  Q  be  an  external  point  whose  coordinates  are  7’  and  6. 

Let  P  be  a  ])oint  on  the  axis,  C  be  the  centre  of  gravity  of  the  cross-section.  Let 
PCO  =  a  and  let  CP  =  7\. 

The  potential  at  P  is 


2.  rr 

0  J  0 


iTT 


(c  —  E  COS  x)  E  f?E  dy 

\/{rd  +  IP  —  2Erj  cos  (%  —  «)} 


"I  +  cos(x-  «)+  ;r3  7  ^2  [cos  (x  -  a)]  -  |-cosx 


cp^ 


cos 


X  cos  (x  -  a)  .  .  .  I  dx- 
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Substituting  for  cos  a,  c/r^,  and  for 


aP  \  l  'pt  13,,  cos  n  X  +  +  /3«  A*+i  cos  x)  | , 


and  retaining  only  for  the  present  the  terms  of  the  second  degree  in  . 

we  find  that  at  P 


-\T  _  I  •2„2„  i  1  -^  ( I3n“  O  O  \  \  v*/5)i/9«+3 

V 0  =  47r'«“C  <i  -  -  Y  (  -  o-  A.  A;+i  j  +  ^ 


G,.- 


•> 


Therefore  at  Q 


V„  =  .W 2  (f  -  . ft, ft.)  £ 

—  27ra®c  Y(A.A:+i)  £  I  - 


(I  r 

'  0  \/(r'  +  r  —  2cr  sin  9  cos  0) 


\_Su2yi'a,  p.  59.] 

Expanding  these  integrals,  we  find  that  at  a  point  R,  x  outside  the  ring, 


V„ 


:7rcr 


—  o-A^A^+i)  (log  -  + 


,  ,  8c  1  \ 

E  ^  i;  ) 
- ^ - r  cos  X 


•2  log  -  1 
°  E 


-\-  cr  %  /3, 1  /3„^  1  £  COS  X  +  + 


Adding  this  to  the  values  already  obtained  for  the  potential  of  a  ring  whose  cross- 
section  is  an  exact  circle  of  radius  a,  and  to  that  for  a  distribution  of  surface  density 
a  1  /8„  cos  nx  on  such  a  ring,  we  find  that 


_ ^  0 

2irci“ 


8c 

logjr  + 


1  1 

‘“Sr-G 


t  cos  Y  o”  I  c; 


4 


s  \r“‘*x  + 

cos  (ft  4-  1)  X 
11 


+ 


u  cos  {n  -t  1)  % 
Mj  ft  -f  1 


a  cos  (ft  —  1)  X 

E/  ft  {n  —  1) 


-f  .  .  . 


+  s(%*-a-ftft,.)nog'^  + 


8o 


*"«  K  -  Gi 


E. 


O  1  Sc  1 
2  log  —  —  1 

°  E 


c 


.  \ 

COSXy- 


A  o-S/3«y8;,+i  yp,cosx  +  - ^  -1- 

G  T 


(If' 


ilDCCCXCIlI.  —  A. 
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§  12,  Now  when  Fv  =  p  =  a  (1  +2ft  COS  Vj  and  Vg  must  have  the  same  value. 
This  will  enable  us  to  find  the  terms  of  the  second  order  in  V^. 

Remembering  that  for  a  solid  ring  of  circular  section,  V  and  cZV/rZR  are  continuous 
at  the  surface,  and  cZ'^Yq/cZR^  =  (rZ-Vi/cZR^)  +  47r,  and  that  for  a  distribution  of 
surface  density  a  cos  ny 

cIY,  clYi  ,  ,  .  „ 

we  see  that  when  R  =  /3  =  a(l  +  S/3,(  cos  ny) 


V  —  V 

2TTCt“ 


^  (^3  cos  2x  +  .  .  .  +  A.  cos  nx  +  .  .  .f 

Jj'TTCt  ^ 

47r«  2/3„  coBnx  ,n  o  t  ^  o  i 

- ^ ^  a  (A  cos  2x  +  .  .  .  +  A  cos  nx  + 


+  2  (%  —  o-A  A+i)  (log  + 


loo- - 1 

^  a 


2  log  _  _  1 

^  (t 

+  N  (in  Ai  + 1 1  COS  X  +  ^  o" 


a 

8c 


cr  COS  X 


4 


—  A  —  B  (cosy  +  ^ 


Since  Va  —  Vj  =  0,  we  find 


Therefore 


A  I  p  ^  /T  m  2L  +  1  ^  p  p  1 

A  +  B,  —  (L  —  1)S^  —  ^  cr  2Aj  Ai+i 


4 

B 


L  -  1 


4 


cr 


B  2 

'  Hn 


y 


j 


_Zi_ 

27rcd 


T  L  1  L  1  .  X 


+ 


/I  IH+i  1  E«-A  . 

—  ■  - r  COS  In 

!i+l  r.i  -  1  — 1  /  V 


n  a 
lH  +  1 


n  (71  +  1) 


n  —  1  a 
COS  (n  +  1)  X 


i)x 


J_  /T  1 1  ^  2L  +  1  p  p 

+  (B  ~  1  )  S  ^  —  ,  O-  X  Pn  p,j  +  1 


L  -  1 


10 


0-"  S  Ar 


+ 


L  -  1  ^  ^  ,  /'R  .  (T  W 


o-SAn-cosx  +  ^;^)  .  . 


(15.) 
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§  13.  The  exhaustion  of  potential  energy  is  given  by 
U  =  -I  I  Vi  dm 


=im-  L  +  i  ( 1  -  +  <r  cos  t!  -  ^)  H'’  “  ®  '=®®x)  R  # 


2  a  8fl^ 


lP»  +  i  1  p,«-i\ 


n  a 


+  TTCd 


1 

+  - TT — rrcos0i4-  1)y 

n  (n  +  1)  a"  '  ^  ^  ^ 


c  —  R  cos  x)  R  o^R  r^x  ^^4* 


2L  +  1  ^  ^  ^  L-1 

1)  s  v - o-S  A^Ai  +  i - 

+  O-  2  A®  (f  cos  X  +  5  f)  I  (c  -  B  cos  x)  B  c^B  («x  # 


=  2irV 


f 


+  i) 


i\p: 

8a^ 


—  cos  X 


+  i) 


nf-  _  -P- 


3  10«~ 


+  -cosxiV£ 


o-/3« 


+  2TThdc  S  A.  cos  nx  t  cos  nx  -  cos  {71  -  1)  x 


+ 


cr/3n 


4:71  (n  +  1) 

2L  +  1 


cos  (?i+l)x|(l“0-  cos  x)  dx 


+  2^%‘c{(L-l)2A-^i^o-2AA.i 


In  the  first  integral,  substitute 

pp  =  a?’  1 1  +_p  2  A.  cos  nx  +  +  cos  x  ^  AA+ 1  +•'•)}' 

On  integration  this  gives 

27rVc  |l  +  i  +  (L-1)2§-“-  o-  2  I3„l3„ ,}  ■ 

The  second  integral  may  be  written  in  the  form 

2^%*c  £'2  A  cos  «x  2  (f  -  “x  ( 1  -  ^os  x)  a^, 

6  T  2 
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giving  on  integration 


/3„ 


cr 


(2n  +  1)  ^,S;i+i 
'2n  (n  +  1 ) 


Therefore,  adding  the  three  integrals  together, 


U  —  ^TT'^'a^c  I L  +  ^  —  1  +  ^  —  (7  S 


n 


'2L  +  1  2»  +  1 

O  “1" 


2n  {n  +  1)_ 


AA  +  4  (16) 


Let  a-Q  be  the  mean  radius  of  the  cross-section. 
Then 

7rao^  =  TTCi~  il  — 


(17). 


Let  ^TrciQCQ  be  the  volume  of  the  ring. 
Then 

I 


n.? 


27r%o^Cn  =  1  -f  X  ~  —  cr  S  l^,Sn  +  \  •  • 


\ 


Substituting,  we  obtain 


(18). 


8Cn 


U  =  \  log  — "  -f  —  S 


R  3  !L-  ^  _  ^R  R  -  1)  +  1)' 

n  1  <  T  _j_ 


M.  Poincare  gives 


U  =  {log|"  +  i  - 

(Tisserand,  ‘  Mdc.  Cel.,’  vol.  2,  p.  166.) 


n 


[This  is  correct  to  the  first  power  of  cr.  The  term  in  cr"^  is  important,  for  in 
the  equilibrium  position  of  the  ring  is  of  order  cr®,  and  therefore  this  term  is  of 
the  same  order  as  the  term  in  ^8/.  By  (10)  and  (13),  the  more  correct  value  of  U  is 

{  L  +  i 


July  22,  1893.]* 


b  i  3  3  (L  II)  .  R  ^  (J  _5_\ 

cr  cr  P3  g  (L  12) 


512 


_  Y 


A/ 


?i  —  1 


% 


""A'A^+i 


{n  -  1)  (3?t  +  1) 
471  {n  +  1) 


]}  .  .  (19). 


*  Tills  was  inserted  in  consequence  of  an  observation  of  one  of  tlie  Referees,  who  noticed,  what  I  had 
overlooked,  that  the  less  exact  ralue  of  U  failed  in  §  14  to  give  the  correct  equilibrium  value  of 
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§  14.  To  find  the  fluted  oscillations,  it  is  necessary  to  determine  the  kinetic  energy 
in  the  disturbed  motion. 

Let  $  be  the  velocity  potential  of  this  motion. 

Since  the  bounding’  surface  is  given  by 

R  =  a  [  1  +  cos  nx], 

therefore 


01t*  •/Ti.cHo  \i  n  -e/o*  \/l  ' 

^  c  =  a ( 1  +  2  cos nx)  +  a%/3„  cos  Jiy  —  «  2  {nfS,, sin  ny )  [  — ,  ^ 


at  the  surface  of  the  ring. 
Now 


0R  ,  0y  sill  y 

=  cos  X  and  ^  — 


0c 


0C 


11 


Therefore 

0<J) 


0Pt 


=  a  —  c  cos  X  +  -  («A  +  «A)  cos  7ix  —at  sin  ny)  ^  '  j.“  c 


1  0$  Sill  y 


Since 


Therefore 


0R 


A  pproximately 


Therefore 


This  gives 


a^c  ^1+2  =  const., 

-  +  -  +  Sftft  =  0- 

c  a 


•  /  •  * 

c  f  cos  X  +  —  j  —  5  2AA  +  ^  («A  +  «A)  cos  7ix 

^  /  n  •  V  /  1  0<I>  sin  y  •  \ 
a2(nA.sinwx)(^-  - ^c  j. 


0<1>  •  /  a 

an  =-"rsx  +  5; 


^  •  fR  ,  a  Pd 

0)  =  _  cm  1  -  cos  X  +  “  — 
[«  ^  4«  a- 


04>  •  R  . 

-  =  cm  sin  y, 


Substituting  in  the  last  term,  we  see  that  it  vanishes  ;  the  second  term  may  also 
be  omitted,  giving 

0^  •  /  fit  \ 

0  J>  =  —  C  (cos  x  +  7y)  +  t  +  «A.)  cos  nx 

at  the  surface. 
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Therefore 


=  —  ca 


cos 


X 


a  IH 
Ac 


1  •  •  Pi" 

+  -  S  («A<  +  «A-)  —  cos  nx- 


The  term  in  may  be  omitted. 

It  is  easily  seen,  by  §  4,  that  a  more  approximate  solution  is  obtained  by  assuming 


(p 


•  .  fP  ‘a  P“  ,  a  Pd 

—  «cAi  1  -  cos  X  +  r  ~  ^  "T  X 

^  ^  Ac  or  32c  cd  ^ 


P'^  n  P"'*"^ 

+  SA.-|-cos»x  + l)x 


,  .  (20). 


The  constants  are  easily  found  to  be 


Ai 

A. 


o  -2 
OC7" 


32 


o  /A,  {n  +  2) 


n  An  (%  +  1) 


cAi+i 


At  the  surface  of  the  ring,  therefore, 


4>  = 


—  ac\ 


ac  I  cos  X  (  1 


^)  +  J  }  +  «’2  (f  -  nx  +  J  cos  (»  -  1)  X 


=  —  ac  1  cos  X  ( 1 


—  )  +  - 
16  /  ^  4 


+  ^ 


'A. 

n 


'C^n  + 1 


'n{n  +  1); 


cos  nx 


and 


•  /  ,  o'\  ,  ^  n 

—  =  -  C  (cos  X  +  ^  )  +  Cl  S  A  cos  nx. 


The  kinetic  energy  is  given  by 


2T  = 


=  27rac  I  4’  ^  (1  —  O-  COS  x)  f?x 


27rVo  .|  ci=  ( 1  _ 


O'  /3,i  /3n  + 1 


n 


■  ■  (21). 


To  this  must  be  added  the  kinetic  energy  of  the  undisturbed  motion,  which  is 
given  by 
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2T  =  77(^^  [  [  (c  “  R  COS  v)  3R  dR  dy 

•'o  •’0 

=  (I  +  I  cr"  +  f  cr^/S^) . (22), 

where  ^  is  the  undisturbed  angular  velocity  of  the  fluid. 

Therefore 


2T  =  M  I 


dll 


9o-2\  .  ,  /3d  —  Cr^ndi+\ 


16 


+  N 


n 


+  (1  + 1  o-'^  +  f  r  •  (^^)' 


§  15.  Also 


U  = 


7 


27rc 


1  I  1  a  f  1  5 

log  -  +  .  _  &c.  -  —  log  -  -  A 


Aj; _ 1  o  2  (oh  +  l)(?i  1)  ^  Q 


n 


2n(n  +  1) 


(24), 


where  a  and  c  now  denote  the  mean  radii  of  the  cross-section  and  of  the  ring  respec¬ 
tively  ;  o-  =  ajc,  and  is  small  ;  y  is  the  constant  of  gravitation. 

Retain  only  the  terms  of  the  highest  order ;  Lagrange’s  equations  give 


^  0  /3a  ,  M“  H  —  1  ^ 

Ma-  -  +  7  =  0. 

n  Ittc  '  y.r 


in 


Thus  the  period  of  the  oscillation  of  the  type  A»  cos  ny  is  given  approximately  by 


A  +  TT  :5-—  yAj  =  d. 


(25). 


VStt 

- ,  and  the  time  a  fluted  wave  of 

{n  —  1)  7 

this  type  would  take  to  travel  round  the  ring  is 


n 


_ 8^ 

(h  —  1)  7 


[The  equation  giving  the  period  of  the  disturbance  of  type  /3o  cos  2y  is 
u\aA-i  ^  +  q  (log  q  -  *)}  =  0, 


Therefore  the  value  of  in  the  undisturbed  motion  is  given  by 
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^3  =  1  -h 


a 


3  a® 


=  S  (‘°g  ?  -  i)  -  8o=  !  -  a),  by  (26), 


=  1- j6°gr-R 


agreeing  with  the  result  given  supra,  p.  94. — July  22,  1893.]* 

An  interesting  oscillation  of  the  ring  is  that  in  which  the  mean  radius  increases 
and  diminishes,  necessitating  a  decrease  and  increase  of  the  cross-section. 

We  have 

=  const. 


8c 


Me  —  Mc(^^  —  y  : 


i«g- 


277  dc 


0 


J 


Eemembering  that  aA  is  constant, 


Therefore, 


cl_ 

dc 


,  8c 

log  —  -t-  I 
°  a  ' 


1  A  8c  ,  ,  1  /I  ,  1  a\ 

+  -c{c+a2c) 


Mc-Mo,^=  +  :^(loKf-f)  =  0. 


Thus  the  angular  velocity  in  the  position  of  relative  equilibrium  is  given  by 


7]\H  a  8  c  - 


=  log 


8c, 


a 


■  (26), 


agreeing  with  the  results  found,  a7ite,  p.  94, 

For  the  small  oscillation,  write  c  =  Cq  x,  a  =  (Iq  +  y,  in  the  above  equation. 
Then, 


apx  -j-  2  ap^y  —  0,  oi'  y  — 


_  i  A 


*  See  note,  p,  1060. 
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Therefore 


Mx  -  4-  -  f )  =  0. 

(Co  +  xy  -lir  (Co  +  xf  \  ^  (ci^  +  y)  ^  > 


Therefore 


or 


or 


«n"Cn~  (  lOQ-  —  4  , 

X-y  _ . V  ^_7^vr.o-Co 


0  '"0  \  ^  4  /  O/  9-7r  r/  Jr...  /_  8  (Co  +  x) 


(co  +  xy 


Itt  (cq  +  x)~ 


±A^og 


-1=0, 


%  + 1/ 


+  3y  '^(log  -i)x-  2y  5^(log  p-i)x+fy'^x  =  0, 


^0^  \  ^^0 


.T  -f-  y  ^2  (log  ^  —  0, 


C^7), 


giving  for  the  time  of  a  complete  oscillation 


-•^6)  / 
CL 


The  oscillations  might  be  found  more  approximately,  but  this  hardly  seems  worth 
while,  as  the  ring  will  be  proved  unstable  for  disturbances  of  a  different  kind. 


§  16,  The  effect  of  long  headed  ivaves. 

As  before,  let  U  be  the  exhaustion  of  potential  energy  of  the  ring  in  its  disturbed 
state.  In  this  case  tire  ring  is  disturbed  so  that  its  central  circle  remains  an  exact 
circle  of  radius  c,  the  cross-section  is  always  a  circle,  but  the  radius  of  this  circle 
varies  with  the  azimuth.  Let  it  be  given  by 


p  =  a{l  +  S  (a/i  sin  iff  +  A*  cos  ncf))]. 

Let  Vj  be  the  potential  inside  ;  Vg,  outside. 

Then 

U  =  1  |V,  dm 

=  i  f  f  I  Vi  (c  —  It  cos  x)  If  cZE,  dx  dcf). 
J  0  j  0.'  0 


If  Vi  be  expressed  in  the  form 

-i-  Vi  cos  X  +  V3  cos  2x  +  .  . 


the  only  terms  we  need  are  Vg  and  Vi, 

Also,  the  only  terms  of  the  second  order  in  the  small  quantities  a  and  /3,  which 
need  be  retained  are  those  independent  of  cf),  as  the  others  vanish  on  integration. 
MDCCCXCIII. — A.  6  U 
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§  17.  To  determine  we  must  first  find  Vg. 

Let  rr',  z,  (f)'  be  the  coordinates  of  any  external  point,  ct,  2,  of  any  internal  point. 
Then 

cr  dcj  dz  d(f) 


T-  —  2cjci'  cos  ((j)'  —  0)  -f  (z'  —  z)~} 


Let  ta7  =  c  —  X. 
Then 

V.= 


(c  —  x)  dx  dz  d<p 


^/{(c  —  xy  +  cj'"  —  2  (c  —  x)  cj'  cos  ((/)'  —  (p)  +  iz'  —  z)-] 


—  g  -  Wdc)  -  s(d,dz') 


c  d  (j) 


{c^  +  2cuj'  cos  {(p'  —  <^)  + 


=nf{'  -(*i+Li 


c  d(p 


-y/ —  2cm'  COS  {(p'  —  (p)  +  z'^} 


where  the  double  integral  is  taken  over  a  circle  of  radius  p. 
Therefore 


,'277 


fdP  .  d- 


Vg=:  Up-^+8VbH  + 


\dc-  ‘  dz'- 


Now 


j  g  /bP  fP  1  _ c  dp _ 

+  To  2  -r  +  .  •  •  I  ^1^,3  +  _  2c57'  cos  (p'  -P)  +  z'^-} 


pp  =  cW  1  1  +  (ot/,  sin  n  p  -j-  cos  n  p) 


^  +  (a«  “7^+1  +  Ai  A/+i)  COS  + 


(P  d^ 

Substituting  this,  and  writing  —  +  —  = 


Vn  = 


c  dp 


+  mi-  jj,  +  -j  ^*j  ^{s'a  +  c«  _  2c5,' cos  (<f.'  -  ^)  +  s'-} 


\/ +  c”  —  2cot^  cos  [p'  —  p)  -{-  z''^} 
c  S  («,»  sin  n  p  +  I3n  cos  n  p)  dp 


3a~ 


5rd 


c  dp 


.  o  <^n  +  J  ,  ,  V72  I  'AL  V74 

Jo  2  1  ^  4  ^  +  64  ^  i  +  c2  _  2cny'cos  (0'  -  <^)  +  z'~} 
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v3  +  —  4- 

8  ^  192  ^ 


c  d(f> 

\/ 2ct)s'  cos  +  z'“^ 


+  na^  t  (otii  sin  7i  tf)'  -I-  /3,i  cos  [  \2 


•  0  L 


C  COS  71  (j)  (1^ 


\/  P  —  2cm'  COS  +  s'^) 


3  Y 


(*-n  + 


c  dcji 


’  J  +  c"  —  2ct<j'cos 


,  (28). 


§  18.  These  integrals  admit  of  simplification. 
Denotinsf 


cos  7lcf)  d(j) 


\/ {c^  +  —  2c7)s'  cos  (f)  +2^"} 


by  I 


dn  ,  1_  f  r  —  a 


dm'-^ 


m 


since  I  cos  w  ^  is  a  solution  of  Laplace’s  equation. 
Synimetry  shows  that 


therefore 


and 


—  4-1—  —  0 

dc~  c  dc'^  dz’^-  c3  ^ 


^  I  l!L\  T  _  _|_  T 

dc^  dz'V  ~  de^  c 


11  4-  -ll  Y  T  —  _  -1  /  -  — 
dc  dz'^J  ^  dc\c  dc 


C2  dc 


Substituting,  we  obtain 


V„  =  2™^oU  +  |^  + 


2  \2 


YA 


cdc  ^  ^  \cdcj 


d(j) 


1 0  \/(c^  +  —  2cx)s'  cos  0  +  z'") 


+  47700  2  («„  sin  n([>'  +  /3„  cos  )  .ji-f— +  —  — 


0^71^  .  aPP 


O  0\  0 

rr7?~\  a'^ 


32cV  ci/c 


cos  ncj)  d^ 


0\/ (^“  +  —  2cm'  cos  (j)  +  z'") 


dtj) 


\/ (c"  +  m'^  —  2cm'  COS  (f)  +  z'~) 


(29). 
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It  is  important  to  notice  that  at  the  surface  of  the  ring  differentiation  with 
respect  to  c  lowers  the  order  of  the  terms  once  in  ajc.  Therefore  the  operation 

—  •  y  raises  the  order  once  in  ajc.  Provided  that  n  is  not  greater  than  ^{cja),  that 

is,  when  the  waves  are  long,  the  value  of  Vq  is  given  by  §  17  correctly  to  the 
order 

V/e  shall,  however,  simplify  the  work  by  rejecting  all  but  the  most  important 
terms,  though  it  would  be  quite  easy  to  retain  terms  of  higher  orders. 


§  19.  Let  the  point  w',  z ,  (f)'  be  near  the  ring,  and  with  the  notation  used  before 
be  the  point  R.y. 

The  most  important  term  in  [  - — 

'  0 

cos  n4>d(b  ,  .  r.  ,  1  P  1  r  cos  nd>d(f> 

The  integral  ^ - ,  ,  o" — being  of  the  form  ■  ,  , 

°  J  “  c  cos  (^  +  c-  +  * ")  ■  °  A/(2uy  c)  J 


.  ,  8c 

-  2^'c  cos  (f)  +  c^  +  p2)  p 


IS 


1  1  J  160+1)  2^2  / 

^(2,.'c)  v/a  4-1  v'{2»'c)  I  + 


>^(2cj'c)  Jov^f?  —  cos  (f)) 
1 


2n  ~  ly 

(J.  J,  Thomson,  ‘Motion  of  Vortex-rings,’  p.  26) 


8c 


where 


=  log—  - 


/(?l)  —  1  +  A  +  •  •  •  + 


2?i  -  1 


Writing  </>  for  the  azimuth,  instead  of  (f)',  we  have,  therefore,  that  near  the  ring 
outside 


Vo  =  2,r«»|l  +  S^-^’}  log  I 

-f  4TTa^  't  {dn  sin  +  A,  cos  ??</))  j  log  y  -  2/ (w)  I  .  .  (30). 


Inside  the  ring,  therefore. 


v,  =  2™qiog®-'  +  i(i-^"' 


+  iira^  S  (a,,  sin  jx/i  +  (i„  cos  jlog’^^  —  %f  (n)| 

+  c . 


■  (31). 


where  C  is  a  constant  of  the  second  order  in  a,;,  kc. 
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As  in  §  11,  we  find  that  at  the  surface  of  the  ring, 

Vo  -  V,-  =  27ra2  2  — log  -  +  f  2  {a„,  sin  ncf>  +  /3,  cos  n(f,y  irr 

w  cc  ^ 

+  «  2  [a,,  sin  ncf)  +  /3„  cos  7i(j))  [—  Ittw  2  (a«  sin  n(j)  +  /8«  cos  n(/))]  —  C. 


Since  Vq  and  V^-  are  equal  at  the  surface,^ 


C  =  27ra3fW  -^-  - 


Now 


(32). 


u=  i  fv^c/m 


+  ( log  -  1 )  2  —  1-  (c  -  Pv  cos  x)  p  c^P  dx  d(f> 


=  27r%2c  [  j (log  ^  1  ^  -  £-3  +  2  2  [log  ^  —  2/ (n)] (a« sin n(fi  +  cos  ncfi) 


+  ( log  V  —  1 ^  ' 


a 


See- 
o\d<l> 


=  27r'V*^c  {log  -  +  i  +  [log  —  l)  2  {ay  +  ^y) 

\  CL  '  Oj  j 

+  (2  1og^'  -  4/(«))2(a,/+ft^)|. 


Let  CTo  be  the  mean  value  of  a. 

Then 

§  20,  When  the  ring  is  thin  and  n  is  small  the  change  in  the  radius  of  the  cross- 
section  is  slow,  and  an  approximation  to  the  disturbed  motion  is  easily  found  by  the 
method  of  parallel  sections. 


TTpH  =  const.  =  C 
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Therefore 


2T  = 


J  0 


2cC2 


3  <- 


a 

2cC2 


1  +  f^(a/  +  A.')} 


—  ^  ( 1  +  2  S  (a.,f  -f  ^,f') } 


a, 


0 


A2 


—  ^2  { 1  +  2  S  (a/  + 


Let  A„  be  the  component  of  momentum  corresponding  to  the  coordinate  a„.  Then 
the  whole  kinetic  may  be  expressed  in  the  form 


W 


2Mc 


3  [  1  +  2  S  +  Ai^)}  +  k  A/  . 


•  (34), 


where  the  terms  in  the  summation  are  necessarily  positive.  Thus 


T  _  U  =  i  5:aa/  +  1  +  2  s  (a/  +  Ac)]. 


2M3 


-=';7[l^H-i  +  2X[L-2/00-i](«/  +  ;8/)}  .  .  (35). 


Hamilton’s  equations  will  give 

|F.A4  +  -^«„-^“hL-2/(«)-U«»  =  0  ....  (36). 

The  steady  motion  will  be  stable  or  unstable  as 

2M3 

-  ~^[L  -  2f{n)  -  i]  IS  >  or  <  0. 

“  [L  -  4/(n)  +  f]  is  >  or  <  0. 

L-4/(»)  +  i  =  log^"-3i. 

"O 

When  c  >  3«q,  this  is  positive  :  therefore  for  any  ring  whose  cross-section  is  smaller 
than  this,  beaded  waves  cause  instability. 

§  21.  Next  consider  a  disturbance  which  leaves  the  cross-section  of  the  ring  by  any 
plane  through  the  axis  an  exact  circle  of  radius  a,  but  the  centre  of  the  section  is 


2h^ 

That  is,  according  as 
Now,  when  n  =  1 
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displaced  to  the  point  whose  cylindrical  coordinates  are  c  —  </>, 

where 


and 


^  =  c  2  (a,,  sin  nff)  +  A*  cos  ncf)), 
i  =  ct  {y„  sin  n4>  +  cos  ntj)), 


^  and  ^  are  taken  to  be  small  quantities  compared  with  a. 

Let  c  —  i  ^  I  bti  c oorciiDcLt 0S  of  poitit  of  tldo  j^ncl  co  ^  ^  ^  f  of 
any  external  point. 

The  j)otential  of  the  ring  at  ct',  z  .  (/>'  is  given  by 


(c  —  X  —  dx  dz  d^ 


J  J  J  \/ {jjj''  —  2{c  —  X  —  cos  (0'  —  0)  +  {e  —  X  —  +  {z  —  z  —  ^)-} 


=  \  dx  dz 


c  d(f) 


\/ +  c“  —  2ct^'  cos  —  <^)  + 


=  j  1  _  a;  £  -  2 

+  .  .  .’^dx  dz 

+  •  •  • 


c  d(f) 


y/ +  c"  —  2ct5i^  cos  —  0)  + 


-  0 


c  dcf) 


y/Ipt'-  +  C-  —  2cpt'C0S  {(f)'  —  (/))+  .2'^} 

^  ^  8  (  dc^  dz'-^)  ‘^  ■  ■  ■  J  Jo  r  ^  fL-'  ■*“  2  dd^ 


+  .  . 


c  d  (f) 


y {pj'"  +  —  2cpj'  cos  {(j)'  —  (p)  +  2^"} 


•  (37)- 


Iletaining  only  those  terms  of  the  second  order  in  the  small  cjuantities  a,  /3,  y,  8, 
which  do  not  involve  </>', 


Vr,  =  na^ 


c  d(j} 


\/{^''^  +  —  2cpj'  cos  (p  +  z'^} 


-  TTcd  ^  1  +  £  £|j  +£,-.)+■■•  j  I  ^  +  A.  COS  ncP')  £ 


do 


■j-  2  {y;,  sin  ncp'  +  cos  n(p')  j 


e  cos  7icp  d(p 


o?  /  dd 


d^ 


\/ +  d  —  2cpj^  cos  <P  +  z'"} 


+  'x,n„  +  /3„S,j  d? 

d - 8 — 


4  dd 


dc  dz 


+  8/  d?  i 


c  d^ 


4  dz'y  Jo  +  c3  _  2cnT'  cos  (P  +  z'y 


(38). 
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Write 


sill  n(f>'  +  cos  nf' 
sin  n(ji'  +  8/;  cos  ncp' 


Then 


r  a-/cp  .  <:P 


Y,,  =  wa?\  1  +  8 


+  ..0  |i  -f 

O  /  70 

ct''  /  fr 


/  ^  w  1  p“  CCOS(f}(h 

^  dz'  'J ‘  ‘  •  J  Jo  v"{c7'2  +  (;2-2cct' 


rfc 


c  cos  <p  d(f) 

cos  ^  T"  s "} 


+  mr|l  +  gt7J,  +  rf,-jj+  •  •• 


f_t  vt  'I  (1  —  cos  n(f)}d(f> 

^  ^  ^  f^j  Jo  s/W'^  +  c"--2ci^'  cos  0+^2} 


Let  the  point  cr',  2',  (f)'  be  on  the  surface  of  the  ring. 

Let 

ot'  =  c  —  il'  cos  X  z'  =  E,'  sin 


X 


—  c  —  a  cos  xi  —  r 


=  «  sin  xi  +  t- 


lletaining  only  the  most  important  terms, 


V„  =  2to’-  (  1  _  f'  a  +  .  .  .  )  jlog  +  &C. 


„  on  8 (c - r)  ,  r r,  > 

=:::  27r«-'  ^  log - - j-  ~/(n) 


=  2™=  ]  log  f  [/(«)  -  1]  -  g 


=  -j  log  —  +  S  [y  (^0  ~  1]  "h  A<  cos  ncf)') 

CC 


■<n~  +  /3,r 


.  (39). 


§  22.  Inside  the  ring  the  potential  is  V;-,  where 


J  L.,..  ^  _L  1 


a 


rd 


\i  =  27rrt®  jlog  —  +  ^  ( 1  —  — )  +  S  [/(n)  —  1]  (a„sin  cos  —  S 


^ii~  +  ^ii‘ 


where  is  the  distance  from  the  curve  of  centres. 
The  exhaustion  of  potential  energy 


U  = 


=  ijv 


;  dm. 


U 

TTCd 


\i 


iira 


-  (c  —  X  —  dx  dz  d(f)', 


thus 
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or 


For 


U  =  2A*  jlog  ^  +  i  -  S  -  2[/(»)  -  1]^ 


/3.> 


w 

'lire 


iog"f +  i-s— t--[/W-i] 


■  •  (40)- 


M  =  III  {c  —  X  —  ^')  clx  dz  d(j)' 
=  2n^a^c. 


§  23.  The  exhaustion  of  potential  energy  is  therefore  diminished  when  the  ring 
is  displaced  so  that  the  central  circle  does  not  remain  circular.  For  this  kind  of 
disturbance  therefore,  the  ring  is  stable,  even  when  the  fluid  does  not  rotate.  The 
effect  of  rotation  is  to  increase  tliis  stability. 

We  have  therefore  the  following  results. 

The  annular  form  of  equilibrium  of  rotating  gravitating  fluid  is  stable  for  disturbances 
symmetrical  about  the  axis,  and  for  disturbances  which  alter  the  shape  of  the  central 
curve,  but  is  unstable  for  long  beaded  disturbances. 

This  result  was,  perhaps,  to  be  expected,  as  by  means  of  beaded  waves,  the  mass 
would  naturally  be  broken  up  into  spheroidal  masses. 


Section  III. 

§  24.  The  methods  given  in  my  paper,  ante,  may  be  used  to  find  the  potential  of 
any  ring  whose  cross-section  does  not  deviate  far  from  a  circle.  They  will  not, 
however,  apply  to  a  ring  whose  cross-section  is  very  elliptic,  any  more  than  the 
potential  of  an  elliptic  cylinder  can  be  obtained  as  an  approximation  from  one 
whose  section  is  circular.  In  this  section,  the  potential  of  a  ring  of  elliptic  cross- 
section  is  obtained  by  taking  the  known  result  for  an  elliptic  cylinder  as  a  first 
approximation.  The  value  of  the  potential  obtained  applies  only  to  points  not  far 
from  the  surface  of  the  ring.  The  potential  at  internal  points  may  be  derived  from 
this,  while  the  potential  at  other  points  may  be  found  easily  by  other  methods. 

Consider  a  ring,  whose  cross-section  is  elliptic,  the  major  axis  of  the  ellipse  being 
perpendicular  to  the  axis  of  the  ring. 

Let  the  figure  represent  a  section  through  the  axis  of  the  ring. 


MDCCCXCIJL— A. 


d  A^c  J 

{)  X 
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Let  OC  =  c  :  CA  =  a  :  CB  =  6. 

Let  X  and  z  be  the  coordinates  of  any  point  in  this  section  of  the  ring  referred  to 
CA  and  CB  as  axes. 

The  potential  of  the  ring  at  any  external  point  ct',  z  ,  is 


(c  —  x)  dx  dz  d(j) 


{(c  —  xy  +  —  2cj'  (c  —  x)  cos<j)  +  {z'  —  zf}  ' 


■  («). 


_  f'- 

J  J  J  0  A 


c  d(f) 


}  0  \/ (vj'"  +  cos  4*  + 


(42). 


Writing  D  for  djdc,  and  D'  for  djdz,  and  taking  the  double  integral  over  the  area 
of  the  ellipse,  we  obtain  for  the  potential  at  an  external  point, 


V. 


—  ^TTUO  <2^2.4=  2  t  ^  27476 


(«2D2  +'  r-B'J 


4! 


+  • 


f 

J  n 


c  d(j) 


J  o\/ +  d  —  2cm'  COS 


(43). 


§  25.  When  the  cross-section  is  circular,  the  formula  may  be  simplified.  Calling 


Therefore 


dcf) 


V/3 

dd 

+ 

d?  ' 
dz'\ 

d'^  ' 

+ 

~d7\ 

'  d^ 

+ 

dc^ 

d7^ 

\/(m'^  +  —  2cm'  COS  4>  + 

"A  +  'Zl  +  1 A  =  0. 

dd^  ^  dz'^-  ^  c  dc 


dl 

do 


'i\> 


dl 

_ 

^  dc 

do 

d  [cV- 

+ 

dd 

I  oi 

1 

hi 

II 

dz'\ 

-  i 

fcP 

+ 

~  dc ' 

ydd^ 

d 

~  ~  dc  ' 

d  /Idl 
do  \c  dc 


j  i  ca 
dz'y  \c  dc 


c  dc\c  dc 


-  +  1C*) 

So  that  when  the  cross-section  is  circular,  we  arrive  at  the  formula  given  in 
my  former  paper,  p.  59. 


Vo  = 


M 


ttc 


1  j.  ( 1  ly 


8c  dx  192  \  c  dcj 


-•h: 


C  d<j) 


-f-  c"  —  2ctij^  cos 


(44). 
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§  26.  Let  the  external  point  at  which  the  potential  is  required  be  near  the  ring ; 
let  its  coordinates  referred  to  CA  and  CB  be  B  cos  x  B  sin  x- 
The  integral 


c  d(f) 


+  C“  —  2ctij'  cos  (f)  -t  z'~) 


may  be  expanded  in  the  form 


1  I 

logjr  + 


^  8c 

‘“8r 


-  1 


E  cos  X 


+ 


f 


2  loo’  ^  _ 

°  R 
IG 


8c 


3  3  loa  ^  -  4 

°  R 


+ 


Pd 


16 


cos  2;)^ y  —  +  &C.  (45). 


Now 


i  +  2.4  log 


E 


=  ilog8c-ni$m~-&c. 


_  1  loo-B  4-  .  HH3  ^ 

2  n  2.4  0  P^2  ^  2.4.6  A  T>i  ^ 


Let 


Rdx 


Pd 


■  {46)- 


(fd  —  &-) 


A^  =  ?/ 


the  second  series  is  the  real  part  of 

—  I  log  \/ i  log  y  +  Iri  +  •  •  • 

Calling  this  series  S, 

—  =  —  Ji-J-Pdi;  t  1-1-3  1  _|_  1 

dy  |2  y -r  2.4  ^  +  2.4.6  ^5  •  •  *1 

=  Vy‘^  —I  —y. 

Therefore 

S  =  ^  _  1  log  (y  +  _  1)  _  ^  +  const. 

Now,  when  y  is  very  large 

S  =  —  ^  log  >^/a^  —  Ir-  —  \  log  y. 

Therefore 

*3  3 

^7  —  5  -  i  log  2y  —  ^  +  const.  =  -  i  log  -  i  log  y- 

6x2 
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Therefore 

Put 


Then 


Const.  =  ^  +  2  log  2  —  log  \/a^  —  W. 
#  = 

y  —  cosh  IV  =  cosh  [u  +  w). 


cosh  w  (sinh  w  —  cosh  w)  i  i  i  -is  i 

b  =  - - - log  (cosh  IV  +  sinh  id)  p  ^ 


1  1 

ilog-9 


=  - 


\_  p  —  Zw  _  JL 


log 


cl 


Taking  the  real  part  of  this,  we  find  for  the  first  term  of  the  potential 

16c  u 


i  log  —  —  T)  —  i  e  cos  2v 

cl  ^ 


a*' 


16c2 . 


Calling  the  operator 


1  I  1.1  I  p 


Since 

Therefore 


/(D.  D')t«’  =  ®/(D,  D')«  +  DtiY„  +  D'®^«+  ka. 
/(D,  D')(log|-l)^^ 


=  ^^/(D,D')(log|-l) 

.  /  1  Pt  COS  ;\;\  0/  /,  8c 

+  (2-.-^)aDrsE-i 

+  &C. 


It  is  easily  shown  that 

S/  /i_8« 


0D 


log  ^  —  1  j  =  (e  gQg  2,'))  —  3e“"  cos  v)  + 


12d 


Fc 


Pietaining  only  the  terms  of  the  highest  order 


r  A  16c 


2c 


a- 


(46a), 


(47). 


.z’/T-v  1/1  8c  \Rcosyl  co.sh ?{ cos  v  f,  ,  16c  w  ,  .  , 

/(D,D)((log--  = - 5; - jllog—  J_4c-2.c032t, 


d  2- 


^  I' 


+  -r— A  ( <3  cos  Sv  —  3e  “  cos 

24cd  '• 


cosh  u  —  -j;^g  cosh  u  e  —  g--  e  "/  cos  t’ 


+  (  —  iV  cosh  u  e  +  —r^  e~^" )  cos  3v  }-  .  . 


(47a). 
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Let 


1  V 

loo’  — -  —  =  K. 

^  a 


Then  the  potential  of  an  elliptic  ring  at  outside  points  not  far  from  the  ring  is 


2TTah  Ik  —  ie  cos  2v  + 


K  -  1 


cosh  w  —  4-  cosh  —  4-  cosh^  Un  e  '4  cos 


V 


+  [  —  §  cosh  ue~^’‘  +  Y2  cosh^  Uq  e  cos  Sv 


. (48). 


At  the  surface  of  the  ring  u  =  Uq  and  K  =  Kg  =  log  (IGc/d)  —  Uq,  and 


d 


V  =  2TTah  1  Kg  —  -ie  cos  2v  +  ~ 


K,  -  1  '  1  +  2e-^o\ 


,  cosh  Uq  cos  V 

O  j 


2  —  e-2“o 


e"-""  cosh  Ur.  cos  Sv 
24  ^ 


(49). 


The  complexity  of  the  expressions  renders  it  useless  to  find  the  potential  any 
further,  in  the  general  case  :  but  for  a  very  flat  ring,  i.e.,  where  b  is  negligible 
compared  with  a,  the  expressions  take  much  simpler  forms. 


27.  For  a  very  flat  ring 


Y  =  4tt  ah 


1  IH 

9  I  2-4  2  I  2-4.6  r  ' 


111  8c  , 


1  8c 

logg-l 


Rcos 


X 


+ .  .  . 


(50) 


/  (D)  log  I"  =  i  (log  ^  -  \e  cos  2v  -  , 

f  {^)  ^  ^  (®“'"  CO®  cos  'y)  +  ^  ’ 


8c 


U"  (D)  log  i  =  : 


R  16 


log 


16c 


v  — 


5  e  cos 


4v 


Therefore, 
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^  K  1  _o  ^ 

7— T  =  -R  —  COS  2o  — 

4:71  ah  2  ^  16c^ 


,  /K  —  1  1  „  ^  \  o  cosli  u  cos  V 

+  f  —^7—  —  \.e~  cos  2v 


2c 


+ 


—  (e  cos  Sp  —  3e  "  cos  v)  +  — 


8c 


'  1  a  cosh  u  cos  v 
Jc  2c2 


a 


~  ^2  (K  -  cos  4v) 


.  a?  /Iv  ,  „  \  5  cosh  ho  cos^  v  —  sinh  hi  sin^  v 

+  ^  2  -  - 16 - 


—  (11  cosh®  w  cos®  V  —  5  sinh®  u  sin®  v) 


ct 

-f  (e“®“  cos  3v  —  3e"“  cos  v) 


10  cosh  u  cos  V  llft^ 


12c2 


16 


128c2 


+  ^(K»ie-''cos  Av)il, 


Therefore 


Y j2TTab  =  K  —  e  ®^'  cos  2v 


H —  •{  cos  V 

C 


^  cosh  u  — 


4c2“  +  9  +  c 
16 


3e“  —  e““ 
48 


e  ®"  cos  3v 


I  if  Jt7  4  cosh 2zf  +  7  _3_  o?; _  339  _  ^-•Zu _ 3_  „-i!/ 

cM  64  326  .256  e 


} 


a 


+  ~  COS  2v  -iK 


3  cosh  2m  +  2 
32 


I  1  p'Zu  I  iA  I  10  7  ^  — 3«  I  _1_  fi—iu 

^2^  ^32^192^  ^96^ 


f6“ 


c- 


+  -  COS  4^;  <1  —  ^6  -  e- 


2w 


_ L 

96  ^  f  • 


.  .  .  (51). 


At  the  surface  of  the  ring 


16c 


u  =  {),  K  =  log  — , 


and 


a- 


V  =  2^a6  ^Kll  +  ii~)  -  fif  ^  +  cosv(-  -  I'l- 


(12.  '  ^  “  y  2  ®  /  c 


+  cos  21! 


~  i  + 


^  I  27i\  a' 

32  1 9  2  Ks 


a 


—  —  COS  3  y 
24c 


a- 


^  cos  4ii 


(52). 


§  28.  Let  us  take  Saturn  to  be  a  sphere  of  radius  r  and  of  density  p.  Assume 
that  the  ring  is  fluid  rotating  with  angular  velocity  (o,  of  density  <x ;  let  its  section 
be  supposed  elliptic  (semi-axes  a  and  h),  h  being  much  smaller  than  a :  and  let  its 
mean  radius  be  c. 
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It  is  necessary  that 


a  /K 


^TTcrah  <{K  +  --  •+~(M~F)cosn-l- 


2+12  +  1 


2  71  \ 


92/^0 


COS  2v 


«  o  o  5  «“  , 

—  —  COS  —  7-6%  “Y  COS  4y 
J4c  c“ 


1  ,  a  cos  V  .  ct^  cos^  V 


+  3  7r/3rN-+  - +... 


+  —  {c^  —  2ac  cos  V  cos^  v] 


(53) 


should  be  constant  at  the  surface  of  the  ring. 
Therefore 


and 


Thus 


and  also 


fd5  4K-7  ,  4  3  „ 

TTCr - 7 - +  ^wp~  „  —  =  0 

C  *x  O'* 


cro)^ 


^  7  f  1  ,  80K  +  271fd}  ,  , 

2^aah  j-  i  +  192  -^+  =  Oj 


4K  -  7  b  w 


TT  4  a  c' 

=  4  I  - 


TI  O'  +  3  yP 
0 


80K  +  271  a2]  I 

96  c2  J  ^  —  3  ^3  F  J 


(54). 


As  a  rough  approximation  to  Saturn’s  rings,  take 


-  =  1  and  -  =  Then  K  =  log^  64  =  4’]  5 
c  c 


and 


and  also 


therefore 


(0~ 

TT 


=  -15-17  + ip 

=  2-44^0-  -  ip 


.k 


p/a-  =  4‘58  h/a. 


(55), 


For  a  ring,  about  the  thickness  of  Saturn’s,  vve  shall  have  roughly  p/cr  —  0  ;  or 

the  ring  would  need  to  be  100  times  as  dense  as  the  planet,  if  it  were  a  continuous 
fluid  mass. 
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Section  IV. 

§  29.  The  motion  of  two  or  more  vortex  rings  on  the  same  axis  is  most  easily  dis¬ 
cussed  by  means  of  the  stream-line  function.  The  determination  of  this  function  is 
easily  reduced  to  the  determination  of  the  potential  of  a  distribution  of  gravitating 
matter,  so  that  the  preceding  methods  apply  to  this  problem. 


The  Steady  Motion  of  a  Vortex  ring  of  Finite  Cross-section. 

As  before,  let  the  figure  represent  a  section  through  the  axis  of  the  ring. 

Let  0  be  the  centre  of  the  ring,  Oz  the  axis,  C  the  centre  of  gravity  of  the  cross- 
section. 

z 


Let  OC  =  c  :  the  cross-section  is  nearly  circular ;  let  its  equation  be 

L  =  «  (1  -p  cos  X  +  /3o  cos  2;)(  -f  &c.)  .  .  . 

Avhere  &c.,  are  small  quantities. 

Since  C  is  the  centre  of  gravity  of  the  cross-section 


•  (56), 


r'ZTT  rR 

Pt  cos  X  Pi-  H  c?Y  =  0. 

Jo  Jo 


Therefore 


or 


(1  -f  /3i  cos  X  +  /8o  cos  2y  -f  .  .  . cos  x  dx  =  0, 

0 

(^1  +  A  +  A  +  /Sg  + . . .  =  0  .  . 


Now  it  will  be  shown  that 

A  is  of  the  second  order  in  ajc ; 
A  of  the  third,  &c. 


(57). 
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Thus  /Sj  will  be  of  the  fifth  order. 

Therefore,  correctly  to  the  fourth  order,  the  equation  of  the  cross-section  is 

R  =  a  {1  + /dj  cos  2;)( -{- ySg  cos  3^  + cos  4;)(}  ....  (58). 

5  30.  Let  oi  be  the  molecular  rotation,  and  the  stream-line  function. 

Then 


outside  the  ring,  and 


rf-'F 

dz^ 


+ 


1 

CT  dw 


d-^F  d^q^ 
dz^ 


1  .  o 

—  - —  -f-  2(770)  =  0 

m  dTtS 


inside  the  ring,  while  q^  and  d^/dn  are  continuous  at  the  surface. 
Let  the  vorticity  be  constant  throughout  the  ring. 

Then  O)  =  (M/2)  nr,  where  M  is  a  constant. 

Write  q^  =  aiid  the  above  equations  become 


and 


1  I  1 

dz-  du5^-  dvs 

dlx  I  _|  1  lx 

d.z~  dm~  OT  dur 


"  I 

• 

^„  +  Mr^  =  0  i 


Therefore  x  cos  (f)  is  the  potential  of  matter  of  density  (Mct  cos  (f>)f7T  occupying 
the  same  space  as  the  ring. 

Therefore,  at  any  external  point,  ct',  z,  (f)', 


X  cos  (f)' 


]\1  , ,  r  r  r  cos  ^  dm  dz  d^ 

Ttt  '  J  J  J  \/ —  2wct'  cos  (^  +  ot®  +  (fi  —  2)"} 


Therefore 

j\I  ,  r  r  r  m~  cos  (f>  dm  dz  d(j) 

Ttt  J  J  ]\/{m'^  —  2mm'  COS  h  +  m“  +  (z'  —  z'f] 


(59), 


the  integration  extending  all  over  the  ring. 

(The  value  of  q^  at  an  internal  point  may  be  found  as  the  solution  of 


d^^F  d-^Jf 
d^  +  dm"- 


1 

m  dm 


Mto"  =  0, 


which  gives  values  continuous  at  the  surface). 
Let  TT  =  c  —  X. 

Then 

MDGCCXCIII. — a.  6  Y 
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T  / 

^  CT 

Ttt 


(c  —  xf  cos  dx  dz  d(j) 


jVI 

47r 


?T7 


.y/ (cr^^  —  2vy'  (c  —  x)  COS  (f)  +  (c  —  xy  +  (z'  —  zy} 

cos  (f)  d<f) 


^  x{dldc)  z{djdz) 


{m'"  —  2ct^'  cos  <^  +  +  z'~'\ 


(60). 


where  the  double  integral  is  to  be  taken  all  over  the  area  of  the  cross-section 
E  =  a  (1  +  cos  2x  +  ^3  cos  3x  +  ^4  cos  4x). 


§31.  While  finding  this  double  integral  we  may  treat  djdc  and  d/dz'  as  constants. 
Put 


Then 


The  double  integral 


taken  over  the  area  of 


—  =  V  cos  a  =  V  sin  a. 

dc  dz 


d^  d^ 
dc^  dz'^- ' 


{j:c;osa+isin  o) 


dx  dz 


E  =  rt  (1  +  ^2  cos  2x  +  ^3  cos  ox  +  cos  4x) 

may  be  conveniently  calculated  in  three  parts. 

(1)  Over  the  circle  of  radius  a  ; 

(2)  Eound  the  circumference  of  this  circle  to  obtain  the  first  powers  of  /Sj,  /3^ ; 

(3)  To  find  separately  the  coefficient  of 


Part  (1) 


where 


where 


(.';cosa  +  :  sin 


dx  dz, 


0  I  0^0 

a;-'  +  z-'  <  cr 


(61), 


f-  +  C-  <  1, 


=  Tra"  h  e  v/1  “  C‘‘Zi 


=  4<r 

J  f 


e  cos^  0  c/0 


_  sill  I 

—  wa  p  +  ^  +  25;|s  „  +  •  ■  ■ 


(62). 
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Part  (2) 

=  \  e-«vco3(x-a)  2^  cos  3v  +  cos  4;^) 

Jo 

r27r 

=  a®  f  ^0^  cos  2a  cos  2x(j  +  A  cos  3a  cos  3i/>  +  A  cos  4a  cos  Axp]  dxfj 

J  0 


=  rra, 


4:  I 


,/32 


4  \dc^ 


1. 

dz'^ 


1  + 


«2V“ 


12 


+ 


—  ttw 


12  \  dd‘ 
/Se  fd^ 


cf  d  d? 

dc  d^^ 


1  + 


fPV^ 

Te 


+  •  • 


d^^ 
dJdF~ 


jP 


(63). 


Part  (3)  is  easily  found  to  be 


TTO^-^  +  iT  Tra^yS, 


„  /  d'*’ 


^  d-  d^  ,  # 

6  — —  + 


4!\dc‘^  dc^  dz'^  dz'* 


(04). 


At  any  external  point  the  stream -function  is,  therefore,  the  elfect  of  the  operation 


1  ^  ¥.1^  +•••!■+  —  ^  1  +  TIT  +  YqT  +  •  •  • 


4  1  dc-  dz'^ 


fdV“  ,  fdV^ 

IF  Fsi 


,  yS,  /  d^  ^  d  d-  \ 

yO  ' 


12  Idc®  ^  rfc  ds'2  j  ( ^  +  16  +  ’  ■  ■ 


/3,.  ,  5^2\  /d-^ 


+  Tra®  (192  +  16(4)  ( ^  fZc2  d^  dz'^ 


on 


r-’^  c( 

Jo  v/ —  Sct' 


cos  (j)  dcf) 


CGOS<p  +  c-  +  z"^) 


.  .  .  .  (65) 


32.  Now  at  the  surface  of  the  ring 


[ 


cos  6  d(b  .  ^  1  c” 

■„ — s - :r  is  ol  the  order  5 

0  y/ (rz  ^  —  2oi  c  cos  ^  +  z!^)  a 


d”'  c®  cos  (bdd)  ‘  1  .  c- 

w”—  ..  ^ IS  ol  the  Order  a" — -7  “  ’ 

fZc”  Jo  ^ (m  “  —  2m  c  COS  (f)  -i-  c-  +  2^^)  rt""''!  a 


cat" 


d2  cP  \» 


dd^ 


c?  cos  (f)  d 4) 


0  —  257 'c  cos  6  4-  c"  +  z'^) 

6  Y  2 
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will  be  shown  to  be  of  the  order 


— —  r.e.,  - 
c”-  a 


c , 


We  have  assumed  to  be  of  the  second  order,  ^3  of  the  third,  &c. 

/ Ci 

the  above  formula,  all  terms  as  far  a-s  ( “j  have  been  retained. 


S  33.  Let 

Then 

Let 

Then 

Or, 


=r 

j  0 


c  cos  ^  d(f) 


y/ —  2z!s'e  cos  ^  +  z'-) 


cm  ,  ^ 

cm  ccic^  ^ 


U  =  I .  c. 


cP  ,  cP  \  [cPl  ,  2  cll  ,  cPl 

dc-  dz'~  '  ^  ^  ^  r.  rln'^  ,1 


V^U  =  3  f  = 

dc 


V^'U  =  3  I-  V2I 

dc 


clc~  c  dc  dz' 


dc  \  c  dcj 


vou  =  3 . 1  y  V2  5r 

clc  \c  dc 


Hence 


3.1y|-V2y--4(-^U> 

dc  \  c  dc  c  dc  \c  dc , 


V-U  =  3.1(-l)...(-2«+5)|(i|y‘-‘l 


Therefore,  in 


(65a). 


§  34.  Tlierefore  at  a  point  nr',  z ,  cfj',  the  stream-function  is  given  by 
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^  = 


ST 


^2' 


?>a~  1  cl 


c&  fl  cl 


- 1- 

^  2  ^  8  cclc^  U\c  clc 


i4T+ 


3072  \c  clcj  '  81920  Vc  clc 


1  cl 


Mfr  ,a^l3.^(cP 
2  4  \cM 


dz’^ 


cd  1  dl 


fp 


I  /I  d\^ 


—  ST 


24  ^  clc  dd^ 


^  4:  G  do  12%  \c  dc 


I  ,  .  1  dl 


Ma2  ^  /^4 

4!\  8 


2 


5^\f^ 

16  /  VA'* 


+  --i--'r,(4‘  +  ^)(^.-6|4.  +  ~)cI 


(66). 


Using  the  fact  that  ^  ~  ^  +  ^^3  =  0,  and  neglecting  terms  of  order  higher 


c  dc  dz'’ 


than  ( -  )  since  f-  ]  I  is  of  order  —  at  the  surface  of  the  ring,  we  find  that 
\  p  /  ^  c  dc]  ® 


crc'^ 


24^  _  \ .  _,^cd\d  ,  /I  d\2 

■/  —  if“r  “T 


Ma^ccr 


Therefore 


where 


and 


8  c  clc  '  64  V  c  c^c 


cr 


3072  V  c  Ac 


1  A  A 


+ 


81920 \c  dc 


1  A 


a®c® 


f3«3  1  cl  {%d  +  bcd)cdjl  clV  cdc^  n  dV 
1  4  c  Ac  16  \c  dc)  8  \c  dc)  256 

_  J5ah  /I  Ay  cdc^  /I  A  V  ,  <^dc^  /I  A' 

^  [  8  \c  Ac/  6  \c  clc)  32  \'c  Ac 


1  A 
c  Ac 


1 


/3,  ,  5/83^ 


+  <24+  48 


f  -  ~ 

c  dc 


^  MaA  ,  r  -r  ,  1  AI  ,  ,  J1  A\3 

'?  =  —  |a„I  +  «,ac -  ^  +  «#V I  +  .  ,  . 


an  —  1  + 


_  3(7  3(7  ^ 

—  8  +  T 

%  =  +  A  (i  +  )  —  ^3 


16 


8 


—  R  Z  ^ 

<^3—  3.210"’“  g  g 

_  g-i  -  _ ^  a  5;Sy 

”  5. 211  256  ^3  32  24  48 


cr 


« 

c 


(67). 


(68), 


.  (69). 


§  35.  Let  the  point  sr',  2',  cj)'  be  on  the  surface  of  the  ring,  so  that 

st'  =  c  —  II  cos  -)(, 


z'  =  Ji  sin  X‘ 
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Writing  I  for  log  (8c/R)  —  2,  and  s  for  Vijc,  we  have 

cos  2x ) 


T _ 7i^  —  1  +  —  4 

J=^?+-^5COSX+(-^^+ 

15Z  -  23 


+ 


/33^  +  1 
I  64 


cos  X  +  cos  3x) 

105Z  -  176 

768  +  3072 


,  /540^  +  27  ,  240^  -  23  ^  . 

+  (  2048  +  768  + 


cos  4x )  4- 


We  obtain,  by  differentiation, 


1  fZJ  1  I 

~cTc~  ~  c^si  ^  “ 


'21  +  1  cos  2x\  _  /20Z  +  5 


4 


s  — 


32 


[Supra,  p.  53) 
cos  X  —  A  cos  3x 


/36/  +  3  .  24Z  +  3  ^  \  . 

- d - —  cos  2x  —  yf  8  cos  4x )  + 


V  128 


64 


1  dYr  1  . 

Tdc)  ^  -  cV  +  ■  ■  •} 


^  (70). 


+  (2  cos  2x  +  i  cos  4x.)  s  +  .  .  .} 


Multiplying  by  sr'  or  c  ( I  —  s  cos  x) 


J^  =  l- 


I  +  1 


s  cos  X  + 


,  /3Z  +  5 

+  (-^cosx 


2Z  +  5 
16 

3Z  -  1 


j^cos  2x)s^ 


192 


cos  3x )  S' 


.  /12Z+11  ,  12Z  +  17  ^  15Z-8  ,  ,  ^  , 

+  (^LLTo  -  — cos  2x-  -^^cos4x)s4+... 


\  2048 


768 


1^^_  }_ 

c  dc  c  ch 


,  /2Z  +  3  ,  cos2y\ 

cos  X  +  (“I- + -^r  j  ^ 


+  ■  cos  X  +  ^2  cos  3x ) 

41  +  7  .  4Z  +  1 


+  - 


128 


e  del  c 


■  =  S  {cos  2x  - 


cos%  ,  cos  3x^ 

4  4  '® 


121  +  9 
32 


+  I  cos  2x  +  ^2  cos  4x^  .  .  I 


1  <Z\3  _  _  1  ^2cos3x  +  (cos2x  -  h  cos4x)5  +  .  • .} 

C  0  o 


c  dc 

1  rf\*T®'  I  1  (O  ,1  _L  I 


c  s 


d-  cos  2x  d-  xis  cos  4x)  -j-  .  .  .  j 


[  •  (71) 


J 
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At  the  surface  of  the  ring 

E,  =  a  (1  -f  cos  2x  +  &c.). 

Substituting  for  5,  o-(l  +  ySgCOS  2^  +  .  .  .)  and  writing  log  —  —  2  —  X, 

(X/ 


xss  .  .  2\  +  5  ,  .  12A  +  11 


J  -  =  X  + 


16 


cr  + 


.  2X-1  a:- 

2048“'"  “  4 


+  cr  COS  X  — 


\  +  1  .  3\  +  5 


+ 


A 


■’—7  A 


64  “  4 


+  COS  2x  -  + 


Ao--  ,  12A  +  7  4  p  Ap  A  +  2<,p 

—  0-"  -  A  -  4  o-A  +~^^-A 


Acr/Sj'' 


16 

,  „  /  3A  -  1  „ 

+  cos3x(--^-,  o-'-ft-  ^ 

,  ,  /  15A-8  ,  _  A  _  2A-1 

+  cos4x(^-  -ft-  JO-ft - J,— <7-ft+  -^j+. 

1  <7J  If  2A  +  3  4A  7  /  y  .  /  ,  4A  +1  ■>  ,  i  o 

0  *7  =  S  ■"  -  "W  +  C08  x(  -  1  +  <-'  +  i  ft 


4  128 

^  a  .  4A  +  1 


+  COS  2x  ,  + 


64 


0-5  —  i  o-A  H-  i  /S3 


+  COS  3x  (  ^  +  i  A  )  +  cos  4x  ( 


1  _^\3  j  ct'  _  1 


c  dcj  ''  c  cV- 


12A  +  0  „  a-  0/1  ^ 

O-  —  A  -  7  cos  X  +  cos  2x  1  — 


32 


2\ 


/  •'> 
/  (7'" 


-cos  3X-COS  4x  +  A 


oA  ^7=  '‘X 

'li\4  »'  1  .  ^ 

7*]  J  7  =  77.  ® 


(72). 


§  36.  Now,  in  the  steady  motion,  if  V  be  the  velocity  of  the  ring. 


Therefore 


is  constant  when 


^  Vct-  =  constant  at  the  surface  of  the  ring 


li"  11“ 

'P  —  ^  V  ( —  2cK  cos  X  +  "7  +  ^  cos  2x 


.  .  (73). 


Therefore 


II  =  rt  (I  -j-  cos  2x  +  .  .  .). 
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—  ^  1 1  +  A  +  ^  A  +  COS  X  ( —  2c7  -  0-^2)  -f  cos  2x  ( ^  +  -  cr/3. 


.A 


-  0-^2  cos  ox  +  cos  4x  (  —  0-^83  +  o-=  2 

IS  constant. 

Ecj  Liating  the  coefficients  of  cos  Xj  cos  2x,  cos  3x,  cos  4x  to  zero, 

I  X+l|3X  +  5..,  o  \  \  /  II  ^  .1  I  182 

^0^  { - ^  H - ^  O"  —  4  ^^2 )  +  «1  (  —  1  +  ^  9. 


“  4  Mft3  +  o-A)  —  h 


32 


CCr 


Xa-  ,  12\  -f  7  . 


~l6  + 


768 


(T 


—  ^'2~  7\  + 


\  +  2 


+  “.(i  +  ^-^<^’-5A  +  iA)  +  «4i- 


Clr 


64 

M«2  \  2 

Xo 

1 


-^2,^-  (^  +  ^"^^2  -  0-^3)  =  0 


■V-~  .  ySs 


3X  —  1  q  'Xo'  r,  \  ,  /  CT"  ,  Ha 

+  (32  +  i 

V 


— 


-  «2  4  -  2%  +  =  0 

^4  n  ^  n  2X  1  ,Tp  .  10  9, 

“3072  ~  i  ^^3 - O’  P2  +  i  P2 


32 


+  ^'1  fils  +  §' )  +  ^^3  (  “  32  “ 


128 
CT 


V  ,  .  q/S2 


+  «3  2  +  2 7  ^ 

Now,  to  =  ■§•  Mot  ;  therefore,  if  m  be  the  strength  of  the  vortex, 

ni  =11^^  =  -|-  M  ||(c  —  E,  cos  x)  E  (^E  c/x 

=  iM7r«~c(  I  +  ^ 

Substituting  then  for  M  a^,  and  solving  the  above  equations  : 

-rj  in  r 4x  +  7  12X  +  9  o'! 

‘;i~8 - i^"'i 


TTC 


^2=- 
/33-- 
/34  = 


J2X  + 


0--  + 


I 2X  +  / / 
3.211^ 


<T^ 


CT 


168X  +  63 
^1024 

84X3  XI  lx  +  41 
512 


r 


)* 


(74). 


(76). 


(77). 
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These  equations  give  the  velocity  of  the  ring  in  steady  motion,  and  the  form  of  its 
cross-section.  The  cross-section  is  slightly  elongated  in  the  direction  of  the  motion 
of  the  ring.  The  quantities  /Sg  and  are  very  small  ;  for  example,  when  cr  =  ’3, 
the  case  of  a  very  thick  ring, 

V  =  2-96  X  W-  ,  A’  =  -  -063,  As  =  -  ‘006,  Ar  =  '005. 

lire 


§  37.  Fluted  oscillations  of  a  Circular  Vortex-Riny. 

Let  the  cross-section  of  the  ring  when  disturbed  be  given  by 

R  =  n  { 1  +  S  (a,,  sin  nx  +  A^  cos  nf)] . (78) 

At  an  externa]  point,  not  far  from  the  ring,  the  stream-line  function  is  given  by 


m  = 


me 

TT 


log|-2- 


86' 

lOG  -  -  1 

”  R 


'5  a?  cos  X 
cll 


+  -  2  -  (a„  sin  nx  +  P>,  cos  nx) 


al’’ 


/ili 


(79). 


Let  the  central  circle  of  the  ring  have  moved  a  distance  2q  from  the  plane  ot  x,  y. 
Then 


+  +  =  2  [(««;,  -f  ctrx,)  sin  nx  +  (oA«  +  «A^)  cos 

vz^  cc 


Now 


and 


Therefore 


+  a  2n  (a„  cos  ny  —  A.  sin  ny)  ("y  -f  ^  2^  -f  c 


0R 

0y 

sill  X 

0c 

cos  y. 

dc 

~U  = 

0rt 

cosy 

(h 

'‘~o 

—  sin  y. 

02„  ~ 

R 

1 

1  (Z'F 

R  = 

^  R/y  ’ 

~  m  Rf/R 

R=7-- 


J)l 


1  8c  . 

11  ^  1  . 


17  (c  —  R  cos  x) 
m 


5<?  1  . 

-smy-h  —  ^^.,siny 


C 


+ 


IT 


(c  —  It  COS  x) 


1  ((.“ 

7.  -  TG  ('■A/  cos  ny  —  A:  sin  iiy) 

li 


6  z 


(80). 


(81). 


MDCCCXCIII. — A. 
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and 


m 


1 


X 


TT  (c  —  K  co,s  %)  1C 


(82). 


Writing  K  =  a,  and  neglecting  a  in  comparison  with  c 


8c 


log  v  —  i  sin  X  —  2:0  sin  X  +  c  cos  X  +  —  t  cos  nx  —  A.  sin  nx) 

rrrrp  \  xt  /  TTct 

•  •  •  '))X, 

=  a  +  a  ^  (a,,  sin  nx  + cos  ?ix)  H - iS  a  (a„  cos  nx  —  A;  sin?Jx)  .  (83). 


This  equation  gives 


rt  =  0,  c  =  0 


or  V  =  (log  ~  -  i 

live  \  ^  a 


a. 


«  -  -  J-)  A.  =  1 

17(1  * 


• 

^  -  1  )«./!  =  0 

iva~ 


h 


Therefore 


'Dl 


a.„ 


+  —  1 )'  —  0  . 


iv-a 


Therefore  the  time  of  an  oscillation  of  the  type 

a.,,  sin  nx  +  A  cos  ux 


IS 


2. 


TV 


27r-cd 


'HI  ,  mi'll  —  1) 

“  ^1 

ITO, 


(84). 


(85). 


The  steady  motion  and  small  fluted  oscillations  of  a  single  vortex  ring  have  been 
worked  out  by  Mr.  Hicks  by  means  of  toroidal  functions.  Only  the  simplest  case, 
that  of  a  vortex  ring  in  a  fluid  of  equal  density,  with  no  added  circulations,  is 
considered  in  this  paper ;  the  same  methods  might  be  applied  to  other  cases.  The 
steady  motion  given  above  agrees  with  Mr.  Hicks’  result,  in  the  velocity  V,  and  the 
value  of  Ai  to  fbc  first  order. 
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Section  V. 

The  motio7i  of  any  number  offne  Vortex  rings  on  the  same  axis. 

§38.  The  stream-line  function. 

The  cross-sections  of  the  rings  are  approximately  circles. 

In  each  ring,  let  the  vorticity  be  constant.  Then  <y/t!7  =  constant,  over  each  ring. 


z 


I;et  oj  =  -^Mgcr,  &c.,  in  the  several  rings. 

The  stream-function  SF  satisfies 


1 

fZ'F 

dz^ 

fZci'^ 

zas 

tZcj 

+ 

fZ2^ 

1 

fZ^ 

did 

djyr 

CJ 

dm 

fZ^^ 

+ 

1 

d'ir 

dz^ 

(Zw“ 

rfy 

dxds 

+  =  0,  inside  the  ring  ; 

+  Mara”  =  0,  inside  the  ring  Co,  &c. ; 


while  and  d'^jdn  are  continuous  every’where. 

The  value  of  at  any  point  ra',  z ,  outside  the  rings  is  given  by 


'T''  =  ra"  S 


Ttt  ]]]\/  {^(f  —  zT  +  cos  (j)  + 


cos  (j)  dz  dv3  d(j) 


2  1 
; 


(86), 


where  the  integrals  are  taken  throughout  the  volume  of  each  ring. 

Consider  the  integral  over  the  ring  whose  mean  radius  is  c^,  and  cross-section  Wj, 
and  whose  central  circle  is  distant  from  the  plane  of  xy. 

Let 

^  =  Cl  -/| 

z=  Zy-\-  h] 

6  z  2 
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Due  to  this  ring  alone 


Ttt  J 

—  ^  I 

J  I 


Clfdh 


cos  d(j) 


rn 


Jo  \/  {{d  —  —  20^7^'  cos  (f)  +  Cf} 

cd  cos  (j)  dcf) 


,^y  {{z'  —  %)“  +  w'~  —  2CjnT'  cos  (f)  +  Cj~} 


(87) 


Take  a  point  on  the  surface  of  the  first  ring.  Let  its  coordinates  be 


~  '"h  *20S  X,  sin  x- 


The  part  of  T  due  to  the  ring  itself  is 


f  _  2  +  '”8  8^1 /"I  -  I  !!i  cos  ^  ^ 


(88). 


The  part  due  to  the  ring  is 

^77(Ci-niCOSx) 

]MoC.d 


cos  (j)  d(j) 


'  \/{(h  +  shi  X  —  +  (h  —  '"9  cos  xY  —  Sc,  (c^ 

'  0 


COS  COS  (f>  +  c^~] 


Let  tlie  integral 


p  C;^C2  cos  (f)  d(f) 

•hv/Kn  --  hY  +  -  2ciCo  cos  <f)  + 


be  called  Ijg. 

Then  the  part  of  due  to  the  ring  is 


It  I  •  dI|o 

“  Ij3+ OiSinx^^-^ -%cosx-^“ 


.  (89). 


a”ci  is  constant :  write 


TT 


Then  at  a  point  Cj  —  cosx,  sin  x,  on  the  surface  of  the  ring  C^,  we  find 


??z,  r  1  8o  _  log  8c-,  la^  —  t 

'5'=  27  I  G°g  „  -  2  -  - ^7<=°SX+--- 


TT 


I  ^^*'2  Jt  I  ■  ^^fl2  dijo  I 

+  -  I  Ii3  +  «i  Sin  X  -  «i  cos  X  +  .  .  . 

Ill-i  1  T  I  •  dl];5  dlj3 

Ii3  +  0,  sin  X-J^-  «1  cosx  hT  +  •  ■  • 


+ 

+ 


dc, 


(90). 
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§  39.  The  equations  of  Motion. 

Let  the  ring  be  moving  forward  with  velocity  z-^ 

Let  its  radius  increase  with  velocity  Cj^.  The  radius  of  the  cross-section  will  change, 
but  since  a-^  Cy  =  const., 

«i  =  -  i  7  Cl, 

A 

and  therefore  being  small),  is  negligible  compared  with  e^. 

The  normal  velocity  of  any  point  on  the  ring’s  surface  is 


2i  sm  X  —  Cl  cos  X  —  oi^. 

But  the  resolved  part  of  the  velocity  along  the  normal  to  the  ring  is 


Therefore 


(Mr 

ds 


xn  d-m  ds  m  dz  ds 


=  cTT  (zi  sin  X  ~  Cl  cos  x  —  «i) 


(91) 


at  the  surface  of  the  rino-. 


Therefore  at  the  surface  of  the  ring  Cp 


=  I  (zi  sin  X  “  Cl  cos  x  “  cii)  ds 

=  j"  (zi  sin  X  ~  Cl  cos  x  —  ^i)  (ci  —  r^i  cos  x)  «i  f^x 

=  —  «i  Cl  Zi  cos  X  —  Cl  Cl  sin  x  +  terms  of  higher  orders  .  .  (92). 

Comparing  this  with  the  value  already  found  for  at  the  surface  of  the  ring,  we 
obtain 


Cl  Zi  — 


riu  dl 


Wg  fZIi3 


cq  V  ^  TT  dc,  +  TT  f/q  + 


1 


and  —  Cl  Cl  = 

If  we  write 

then  this  equation  may  be  written 


■wi.2  (ZIi2  ^ 

TT  fZ^i  TT  (7~i 


+ 


(93) 


S  »  Ii3  =  U, 

TT 


m,CiZ,  =  7log(^‘-p  +  ;7 


and 


27r 


Sq 


—  /^l  Cl  Cl  — 


clU 

~dz. 


(94). 


Similar  equations  hold  for  each  of  the  other  rings. 
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§  40.  Two  integrals  of  the  equations. 

Since  U  is  a  function  of  z■^^  —  z-^  —  2:3,  ^  —  23,  &c.. 


Thus  S  =  0. 

Therefore 


(W  cUJ 

(tz^  (tz^ 


S  ?n|Cj^  —  const, 


(95). 


Again,  multiply  the  equations  by  z-^,  Cj,  z^,  &c.,  and  add. 
Therefore 


V 


Md 

27r 


(96). 


Eemembering  that  a^Ci  =  const.  ;  this  equation  gives  on  integration 

+  =  . 

§  41.  These  integrals  are  the  equations  expressing  the  constancy  of  linear 
momentum  and  of  energy  in  the  system. 

They  are  easily  obtained  directly. 

The  momentum 

=  [ [  j"- ^  c/<xr  c/2  f/c/) . (98), 


the  integral  being  taken  all  over  space. 

Since  T'  and  c/^F/c/tc- are  continuous  everywhere,  this 

=  2^7  f  (Tf.  -  ch 

•  ~  00 


(99), 


where  =  value  of  T'  at  a  great  distance  from  the  axis,  and  Tg  =  value  of  T"  at 
the  axis. 

Now 

_  F  Ml  cos  (f)  dcji 

"  TJ"  Jo\/{z  —  zf  +  —  2  nrq  cos  ^ 


and 


CT”?! 


{(^  -  +  7.^}* 


%=  0. 


(100), 


Therefore  the  momentum 
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=  277  X  m 


,«i9 

J  I 


{(^  - 

sec-  6  (10 


sec'^  9 


3  a  ’ 


where  tan  9  = 


T!5 


=  277  S  m^Ci 


(101). 


§  42.  The  kinetic  energy  is  given  by 


T  = 


JJ 


77  1  1- 
C7 


rfcT )  i  ^ 


c/ct  dz 


,  id~'¥  .  (d'^  1  ,  , 


dm 


(102). 


Now,  outside  the  ring 


and  inside  the  ring 


At  the  surface  of  the  ring 


(1^  cl^  i  _ 

dz^  dm^  m  dm  ’ 


nuc 


1^1 


TTiTf, 


4^  = 


TT 


iog^-2)  +  2’yr, 


77 


(103). 


Therefore,  inside  the  ring 


'F  = 


7/il6-i 


77 


i>'g!'-h  +  s?o+“9(i-S)- 


(104). 


Integrating  throughout  this  ring,  the  part  of  the  kinetic  energy  arising  from 
this  is 

S  (log  +  Wi  +  aiglia  +  •■•)}  •  •  ■  (105). 


Adding  the  integiuls  arising  from  the  other  rings,  the  kinetic  energy 


=  i7r\X ( log  ^‘1  -  i)  +  2  2  7«,m,Ji3 


(106). 


The  equations  of  motion  may  be  written  in  the  interesting  forms, 


1  0T 1 

-  8'^  0,^  I 

1  0T  I 


.  (107). 
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The  preceding  work  exemplifies  an  interesting  fact  about  vortex  motion.  Wheu 
the  configuration  of  the  vortices  are  known,  their  various  velocities  are  obtained  bv 
linear  ecpiations  ;  just  as  in  the  case  of  gravitating  matter,  linear  equations  give  the 
accelerations  of  the  various  parts. 

§  43.  When  there  are  only  two  rings,  the  equations  of  motion  are — 


/  8q 

TTC.Zi  =  -  log  - 


TTCiCi 


TTCoZn  = 


«i 


■111:,  L  be, 
-f  log  — 
2  V  ^  a. 


i  + 


—  m. 


cR 
clc-^ 

cU 

dh  \ 

cR 


rrC^C:2  = 


iR 


(108), 


where 


=  f 


CjCo  cos  (j)  cl (j) 


W {(%  —  rT  +  ~  cos  0  +  r/} 


The  two  integrals  of  these  equations,  already  found,  are 

=  constant  . 


(109), 


•> 


Cl 


log  ~  -  4  )  + 


Co 


m^m^l  =  constant 


(110). 


Siqjpose  the  ring  (C^)  in  front  of  the  ring  (Cg). 
Then  z^  —  z.^  is  positive,  and 


(R  _  P _ fy.2  (q  —  ::o)  cos  cf)  dcf) _ 

dz  Jo  \/ {(q  —  +  ck  ”  cos  6  +  oy} 


The  integral  is  easily  seen  to  be  positive. 

Therefore  the  radius  of  the  front  ring  increases,  and  of  the  back  ring  diminishes. 
These  changes  cause  decrease  and  increase  of  the  velocities,  so  that  it  may  happen 
that  the  second  ring  will  overtake  the  first. 

That  the  motion  is  of  this  character  was  shown  by  Helmholtz,  ‘  Ckelle’s  Journal,’ 
vol.  55,  pp.  54,  55. 


ME.  F.  W.  DYSON  ON  THE  POTENTIAL  OP  AN  ANCHOR  RING. 


1097 


§  44.  Vortex  Ring  app7vaching  a  Fixed  Plane. 

This  question  is  at  once  reduced  to  the  case  of  two  vortex  rings  on  the  same  axis, 
by  taking  the  image  of  the  ring  in  the  plane. 


Let  2  be  its  distance  from  the  plane  at  any  moment. 
The  equation  of  energy  gives 


c'  cos  (f)  d(fj 
+  4c2  sill' 


where  Cg,  Wg,  are  the  values  of  c  and  a  when  the  ring  is  at  a  great  distance  from  the 
plane. 

Put 

Then 


V,s  +  ,.(F-E)  +  ^,F  =  c,(log^"-i 


(111). 


where  /  v  s  is  the  modulus  of  the  elliptic  functions. 

VC'  +2'  ^ 

This  equation  gives  the  relation  between  tlie  radius  of  the  ring  and  its  distance 
from  the  plane. 

Put 

~7===  =  sin  6. 

\/c'  +  2^ 
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Then 

c  (^log  ^  —  ■j'j  —  2c  cosec  ^  (F  —  E)  +  c  sin  ^  .  F  Cq  (log  ^  ~  •  (112). 


In  addition  to  this  a^c  =  Cfo^- 

When  the  ring  is  so  near  the  plane  that  2  is  much  smaller  than  Cj  though  greater 
than  a, 


F  =  log  ^  --  log  ~  .  approximately. 


E  =  1. 

Therefore, 

o(log|  +  i)  =  o„(log|”-i)  . (113). 


When  the  ring  is  near  the  plane,  the  equations  of  motion  are 


(114), 


m 


cz=  -  -  i  log 


a 


+  i 


(115). 


From  these,  or  more  simply  from  the  equation  of  energy 


Therefore 


Let 


and 


Then 


on  i  ^  /  G 

=  —  e"  V  - 

TTftn  ^  Cn 


Co/c  [log  (Sc'oA'o)  -  i] 


IIIG\ 


(^3  —  ^l)  =  [  \/ -  •  ''^dc. 

J  Cj  V  Cq 


c/Cq  —  X", 


h  =  log  — “ 


CL, 


7 

!• 


•me* 


'O^'O 


(h 


(116). 
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The  following  Table  shows  the  change  in  the  radius  of  a  ring  in  which  Cq/c^q  =  100. 
When  the  ring  is  near  the  plane,  the  approximate  formula 


c  (log  -5  +  i) 


L\  — 


a 


Oo  (log 


8c„ 


a. 


was  used,  but  in  other  cases  the  exact  formula. 


0. 

z 

a 

z 

“0 

c 

t'o' 

0 

45 

104 

1-04 

60 

61-8 

1-07 

70 

40-0 

1-10 

75 

.30-5 

1-14 

80 

21-3 

1-21 

83 

16-0 

1-30 

85 

121 

1-38 

86 

10-1 

1-44 

10 

8T2 

1-52 

8 

G-26 

1-63 

6 

4-67 

1-80 

5 

3-60 

1-93 

4 

2-,  5 

212 

3 

1-93 

2-42 
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§  45.  Vortex  ring  passing  over  a  Fixed  Spherical  Obstacle. 

When  a  vortex  ring  lies  on  a  sphere  concentric  with  a  sphere  in  the  fluid,  the 
method  of  images  may  be  applied,  as  is  shown  by  Mr.  Lewis,  ‘  vol.  16,  p.  338. 


Let  m.2  be  the  strength  of  the  external  ring 
C3  its  radius, 

the  radius  of  its  cross-section, 

23  the  distance  of  its  centre  along  OZ. 

Let  nil,  corresponding  quantities  for  the  image 

Then 


w.j  =  —  ni2 


fi 

a 


c 


2 


a 


2 


At  any  external  point  P  (coor.  s,  cr,  </>), 


=  WI2 1 

Jo 


c^us  cos  ^ 


0v/{(2  —  22)"  -fro'  —  2c5-C2  cos  (f)  +  Cj-} 


mo 


q  Jo 


CjOT  cos  (f) 


v/  {(^  ~  -fro®  —  2ti7q  cos  ^  +  q-}  * 


The  equation  of  energy  becomes 
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mj-Cj  8^3  7\  ,  (^2  G  1  (^h 


«0 


logP-i  +T^?log  ?-i 


Cj  2 


C;^t“3  cos  (f)  d(j) 


\/{('^2  "I”  2c^C2  COS  +  Cj"} 


8Cn 


=  771o2Co  log  — °  -  i- 


(U7). 


where  a,j  and  Cq  are  the  values  of  a  and  c,  when  the  ring  and  sphere  are  a  long  way 
apart. 

Let  the  radius  of  the  sphere  be  Z’, 


Changing  to  polar  coordinates,  let 

Co  =  r  sin  6. 


z,  =  r  cos  6. 


c,  =  —  sin  6. 

r 

Co  =  -  cos  i). 

■"  r 


Then 


(sj  —  4"  c.^  —  2C1C3  cos  ^  4-  =  ?’”  4*  "7  —  2Z;"  cos*^  ^  —  2/;^  sin^  6  cos^  </> 


z=  Ir  —  +  4F  sin  0  sin^  ^ 


Therefore 


r  sin  6  f  loof  —  ')'k  sin^  6  | 


cos  (f)  dfp 


\/{{t  —  k~lry  +  4:k^  sin^  6  sin^  ( } 


•  A  n  sin  ^^0  7 

=  Tq  sin  6»o  log  -  I 


Also 


ah'  sin  0  =  a^^VQ  sin  0q. 


Substituting  a  from  the  second  equation,  we  have  the  path  of  the  ring  from  infinity 
up  to  the  sphere,  i.e.,  the  path  of  any  point  in  the  ring. 

Let 

Vq  sin  Oq  —  Cy  and  cja^  =  n. 

Then  the  above  equation  becomes 


’  sin  6  log  8n  — 


-  f  log  '  1  —  hr  sin^  0  j 


cos  ^  d^ 


-  khrf  +  4:¥  sin3  d  sin^  (kcj))} 

=  Co  (log  871  -  I) . (118). 


When  the  centre  of  the  ring  coincides  with  the  centre  of  the  sphere,  let 
?•  sin  0  =  CT,  sin  0=1;  and  an  easy  transformation  of  the  integral  gives 
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log  8«  -  J  +  i  log  =}  -  2F  ['  =  c„  (log  8»  -  f). 


Therefore 


7  {logSn  -  I  +  I log^l  -  2^  ^  (F  -  E)  -  (log 8^  -  I)  =  0, 

c  0  L  ^0  J  ^0 


where  the  modulus  of  the  elliptic  function  is 
Therefore 

P-E 


\/  sin 


;  =  i  (log  8n  -  I  +  I  log^  -  i  (log  8/1  -  |) 


•  (119). 


where  sin  a  =  I?  jzsr. 


Let  Co/^o  or  n  =  100. 
Then 


F-E 
\/  sin  « 


2*467 


+  |logio^ 
‘'0 


It  is  easy  to  construct  the  following  table  :•  — 


a. 

Cq. 

h. 

o 

20 

1 

•98 

•58 

30 

1 

•90 

•71 

4.5 

1 

•82 

•84 

60 

1 

•70 

•93 

From  which,  taking  Cq  the  value  of  the  radius  at  infinity  as  the  unit,  we  see  that 

when  h  (radius  of  sphere)  =  *6,  *8,  1,  1*3;  zs,  the  radius  of  the  ring  when  passing  the 

middle  of  the  sphere,  =  1*02,  1*1,  1*3,  1*4. 

§  46.  I'wo  coaxal  rings  of  equal  strength  and  volume  moving  in  the  same  direction. 
Let  the  radii  of  the  rings  be  Cj  and  Cg,  and  the  radii  of  their  cross-sections  aj  and  rtg. 
Then 

=  ahc.2  =  constant . (120). 

The  equation  of  momentum  is 

-\-cf  =  2K~ . (121), 

and  the  equation  of  energy  is 


*  This  and  the  next  paragraph  ha^e  been  altered  since  the  pa23er  was  read,  in  consequence  of  a  very 
valuable  suggestion  of  one  of  the  Referees. — Jirly,  1893. 
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^ -  '2)  +  |(>»S  7^  i)  +  £ 


and  if  m  be  the  strength  of  each  ring, 


vi  f  1  ('■.  Scj  ,  '\  1  /'  8c.t  ,  \  1  dl  1  dl  ] 

i  li7.  (‘‘’S  t;  -  b  "  ^  77  -  b  +  ^  ^  ^  *  j  • 


Let  us  write  =  z. 

Then 

2  ^  _  1  ^ 

dCj  Co 


_  f’"  (Cj-  —  C]C2  COS  (f)  +  Z^)  cos  (/)  d(j)  (Cj-  —  qc.2  cos  0  +  Z^)  6’^  cos  (j)  d(f) 

Jo  Cl  {Ci  —  2C1C3  cos  </)  +  Cg'^  +  «")*  j 0  (Ci^  —  26\C3  cos  +  c^-  + 


_ —  Cj-  p  (c2  —  CjCj  cos  ^  +  c-  +  2;“)  cos 


cos  </)  +  Cg^  +  2")? 


_  C3-  —  Cj-  p  (Cj'  —  CjCj  cos  I 

C^Cg  J  0  ”*  ^^1^3 

_ Cg-  —  Cj'  p  cos  ^  _j_  /  a  3\  r  ~ 

Cj^Cg  ]  0  (Cj*  —  cos  </)  +  Cg-  +  2^^  '  Jo  (b“  ~  ^qCg  cos  0  +  Cg^  +  2-)  5 

_  r _ ^ 

J  0  (^1”  ”  ^^1^3 


cos  (f>  +  c. 

(cg-  —  cd)  d4> _ 

cos  0  +  Cg^  +  7s!-)^' 


Therefore 


- = :  ^  -  b + (-^z  -  «.-)£  ^ (123). 


Now  the  rings  are  at  their  greatest  distance  apart  when  z^  =  2.3  or  when  z  vanishes. 
Now,  equation  (123)  shows  that  this  takes  place  when  =  c^. 

When  Cl  =  Cg  let  the  value  of  each  be  k,  and  let  and  %  each  =  a.  Also  let 
«!,  0,1  :  K3,  be  the  values  of  c^,  :  Cg,  a^,  when  z^  —  z^,  i.e.,  when  the  rings  are  in 

the  same  plane. 

Then  these  quantities  are  connected  by  the  equations 


0^1  =  a  /c, 

+  K-l  =  2/<~, 


Mlog?a-b  +  f(log®'' 


Cg  .J  '  K _ /c^/cg  cos 

2  '^/  Jox/{/Ci"  —  2/Ci/Cg 

/'  8/c  7\  ,  K“  cos  (bdS 

-  X  (  Og’  7  ~  4  j  +  +23  -  2/c2cOS^} 


/Cj/Cg  cos  <f>  d(f) 

cos  0  +  «2"} 


and 
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Thus,  when  we  are  given  and  we  have  two  equations  to  determine  k  and  2 ; 
or  given  2  and  k,  the  greatest  distance  apart  of  the  two  rings  and  their  radius  at  that 
time,  we  have  equations  to  find  and  k^. 

One  of  the  quantities,  a.,,  a,  is  arbitrary,  being  the  cross-section  of  the  ring, 
when  it  has  a  definite  radius. 

Let  us  take 

K 

n 

Also  let 

=  k\/2  sin  6q  and  =  k\/2,  cos  Bq. 


Then  the  equation  connecting  2  and  Bq  is 


sill  ^0  n  o 

^73-  [log 


COS  Br, 


I  +  I  log  (<^/2  sin  ^0)]  +  8n  -  1+  I  log  {^2  cos  6'o)] 

1  p  sin  2Bq  cos  4>  B4> 

=  log  Svi  —  1  -h  ^  - //  - - ^ . (124). 


^y(l  —  sin  2^0  cos  <^) 
cos  (f)  dip 


/\J ( 2  +  ^2  —  2  cos 


This  equation  can  only  be  satisfied  when  B^  is  between  certain  limits  /8  and 
(77/2)  - 

The  limiting  values  of  dy  give  2  =  00  . 

When  Bq  is  between  ^  and  {nj2)  —  yS,  the  equation  gives  a  real  value  of  2  ;  this 
value  becomes  smaller  as  Bq  approaches  7r/4. 

We  have,  therefore,  the  following  theorem. 

If  k^2  sin  Bq  and  k\/ 2  cos  Bq  he  the  radii  of  two  coaxal  vortex  rings  of  equal 
strength  and  volume  tvhen  the  rings  are  in  the  same  gfonie  {Bq  being  <  njA,  so  that 
k\/2  sin  Bq  is  the  radius  of  the  inner  ring) :  then  these  two  rings  will  continue  to  thread 
one  another  in  turns,  or  will  seqmrate  to  an  infinite  distance  according  as  Bq  is  >  or 
<  A  ivhere  (3  is  determined  by  the  equation 


sin  /3 


[log  8?i 


V_ 

4 


+  I  log  ( v^2  sin  ^)]  + 

1  sill  2y3  cos  <p  d(p 

v/2  Jq  \/  (1  —  sin  2yS  cos 


[log  -4  f  log  ( \/2  cos  /3)] 

=  log  —  ] . (125). 


The  following  Table  gives  the  values  of  /3,  and  thence  of 
values  of  n. 


and  k.2,  for  ditferent 
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n. 

9- 

^\! 

k^Ik. 

8 

18= 

■437 

1'345 

11 

19° 

•460 

1-337 

20 

20° 

•484 

1-329 

100 

22°  20' 

•537 

1-308 

.3300 

26" 

•620 

1-271 

Roughly  speaking,  when  n  is  between  8  and  100,  the  ratio  of  for  this  limiting 
case  is  between  ^  and  f. 

The  following  diagram  calculated  from  the  equations  (12  l)and  (122)  gives,  forn=  100, 
simultaneous  values  of  the  radii  of  the  rings  and  their  distance  apart  in  the  limiting 
case  in  which  the  inner  ring  just  goes  to  an  infinite  distance  in  front  of  the  outer  one. 

The  radius  of  the  front  ring  is  given  by  an  abscissa  of  the  circle  in  the  diagram,  the 
radius  of  the  back  ring  by  the  corresponding  ordinate,  and  the  distance  apart  by  the 
abscissa  of  the  curve.  Thus  NQ  is  the  distance  apart  when  the  ratio  of  the  radii  is 
tan  30°,  or  when  the  rings  have  the  radii  OM  and  MP. 


§  47.  When  9q  is  greater  than  the  limiting  value  the  greatest  distance  apart  to 
which  the  vortices  can  go  is  given  by  the  equation  (124).  When  Oq  is  less  than  the 
MDCCCXCIII. — A.  7  B 
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limiting  value  /3,  the  inner  ring  goes  to  an  infinite  distance  from  the  outer  one, 
increasing  in  radius  towards  the  limiting  value  K:v/2sind^,  the  radius  of  the  outer 
ring  diminishing  towards  the  limiting  value  k\/2  sin  6^. 

The  equation  determining  is 


sin  0Q  [log  8n  — 1  +  f  log  (\/ 2  sin  6q)]  +  cos  Oq  [log  Sn  —  |  +  f  log  ( \/  2  cos  ^q)} 

r  sill  2^0  cos  (f)  dcf) 

-h  \/  (1  —  shi  2^0  cos  (/)) 

=  sin  6^  [log  8«  — l-f  f  log(v/2  sin  6^)]  +  cos  6^  [log  8n  —  |log( ^2  cos  6^)}  (12G). 


The  table  in  §  46  gives  22^  20'  as  the  value  for  ^  for  rings  in  which  n  =  100. 

The  tables  below  give  the  greatest  distance  the  rings  will  separate  for  values  of 
0Q  >  22°  20' ;  and  the  radii  at  infinity  of  the  rings  for  values  of  Oq  <  22°  20'.  and 
Ko  are  the  radii  of  the  rings  when  they  are  in  the  same  plane  ;  are  their  radii 

when  at  an  infinite  distance  apart,  if  they  separate ;  and  2:  is  their  greatest  distance 
apart  if  they  remain  together. 


^0* 

t 

A'l  . 

/ 

0 

0  1 

5  • 

•123 

1-408 

5-50 

•144 

1-407 

10 

•246 

1-392 

12-49 

•309 

1-379 

15 

•366 

1-366 

22-20 

•537 

1-308 

20 

•484 

1-329 

38-30 

•880 

1-056 

(\, 

^2 

0 

25 

•598 

1-282 

1-044 

30 

•707 

1-225 

•500 

35 

•811 

1-159 

•245 

40 

•909 

1-083 

•084 
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1.  In  1834  the  existence  of  an  annual  period  of  earthquake  frequency  was  pointed 
out  by  Merian,  and  his  discovery  has  been  fully  confirmed  by  the  woi-k  of  later 
seismologists.  No  result  of  equal  importance  was,  however,  added  to  our  knowledge 
until  fifty  years  afterwards,  when  a  valuable  memoir*  was  presented  by  Dr.  C.  G.  Knott 
to  the  Seismological  Society  of  Japan,  As  the  present  paper  follows  somewhat 
closely  in  the  lines  laid  down  by  Dr,  Knott,  I  will  first  give  a  short  account  of  the 
results  obtained  by  him,  and  in  the  next  section  will  describe  his  method  of 
investigation. 

One  of  the  objects  of  Dr,  Knott’s  work  w^as  to  ascertain  whether  any  trace  could 
be  detected  of  a  six-monthly,  as  well  as  of  an  annual,  period.  He  examined  for  this 
purpose  lists  of  earthquakes  in  Japan  from  1872  to  1880  (Milne),  Europe  and  the 
adjacent  parts  of  Asia  and  Africa  from  306  to  1843  (Perrey),  the  Grecian  Archipelago 
from  1859  to  1873  (Schmidt),  the  East  Indian  Archipelago  from  1873  to  1881 
(Bergsma),  New  Zealand  from  1869  to  1879,  and  Chili  from  1873  to  1881  (Vergara), 
The  chief  results  obtained  from  this  discussion  are  the  following  :  (l)  In  five  of  the 
six  districts  selected  there  is  a  well-marked  annual  period,  the  maximum  occurring 
about  December  or  January  in  Europe,  the  Grecian  Archipelago,  and  Japan,  and 
between  June  and  September  in  New  Zealand  and  Cliili ;  i.e.,  during  the  winter 
season  in  every  case  :  while  in  the  East  Indies,  lying  close  to  and  on  either  side  of 
the  equator,  no  such  period  could  be  discerned,  (2)  With  the  exception  again  of  the 
East  Indies  there  seems  to  be  in  the  earthquakes  of  each  district  a  semi-annual  period, 
the  maxima  occurring  about  January!  and  June  or  July  in  Europe,  about  March  and 
September  in  the  Grecian  Archipelago,  about  June  and  November  in  Japan,  about 
February  and  August  in  New  Zealand,  and  about  April  (for  the  first  maximum)  in 
Chili,  the  second  not  being  clearly  defined.  In  the  case  of  Europe,  the  semi-annual 
period  is  not  very  pronounced,  and  the  smoothness  of  the  curve  representing  it  as 

*  “Earthquake  Frequency”  [1884],  ‘Japan,  Seismol.  Soc.  Trans.,’  vol.  9,  part  1,  1886,  pp.  1-20. 

t  These  dates  differ  from  those  given  hy  Dr.  Knott.  The  reason  for  the  change  is  stated  below  in  §  3. 

7  B  2  10,1.94. 
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compared  with  the  others  “almost  suggests,”  says  Dr.  Knott,  “  that  this  semi-annual 
characteristic  is  almost  accidental,  and  that  with  a  sufficient  number  of  observations  it 
might  vanish  altogether  ”  ;  “  and  yet,”  he  adds,  “  it  seems  too  general  to  be  accidental.” 

It  appears  to  me,  therefore,  desirable  to  examine  the  seismic  records  of  other 
countries  besides  those  which  were  at  the  disposal  of  Dr.  Knott  in  1884,  and  this  I 
shall  endeavour  to  do  in  the  present  paper.  The  relation  of  seismic  periodicity  to 
intensity  will  also  be  considered,  though  the  materials  are  somewhat  inadequate  for 
the  purpose.  In  the  closing  paragraphs,  a  summary  is  given  of  the  principal 
conclusions  arrived  at,  and  an  attempt  is  made  to  show  that  the  annual  variation  in 
barometric  pressure  may  be  the  cause  of  the  annual  seismic  period. 

With  regard  to  the  origin  of  the  semi-annual  period,  I  regret  that  I  am  unable  to 
offer  any  definite  suggestion. 


Method  of  Investigation. 


2.  Dr.  Knott’s  Method. — If  f{6)  be  a  periodic  function  of  a  variable  we  may 
write 

f[d)  =  ag  +  (^1  cos  {6  +  ctj  -f  cos  (29  +  a?)  +  •  •  •  "T  ««cos  (/i  0  otn)  , 

from  which  it  follows  that 


,  cusm2(h  ,  X  ,  ,  a„sin?z</)  /  ,  x  , 

”1“  m  cos  (29  fi-  tto)  -j-  .  .  .  -j-  y  cos  (n9  -j-  a,;)  fi-  .  .  . ; 


2(f) 


n(f) 


the  latter  equation  giving  the  mean  value  of  f  (9)  through  an  interval  ^  on  either 
side  of  9. 

Let  T  and  S  be  the  values  of  the  last  series  when  (/>  is  put  equal  to  tt/I  and  7r/2 
respectively,  then 

T  =  (Xg  -f  "  cos  (9  -fi  ad  ^  cos  (29  -j-  a.,)  -j-  .  .  . 

•K  TT  ' 

,  4rt„sinJ7i7r  /  ^  ^  , 

+  - ^ —  COS  (n9  +  a„)  -i-  .  .  .  , 

nir  ' 


+ 


TT 

sin  |?i7r 


S  Ug  -f  —  COS  (9  +  “i)  —  ^  COS  (3^  ttg)  +  .  .  . 

OTT 


niT 


cos  (n9  +««)+..., 
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and 


S 


=  1  — 


72-  = 


v/2 


a,  v/2 


TT 


COS  (2^  -|-  oto)  “1“  .  .  . 


^nir  —  v/2  sin  ^nir)  cos  {n9  +  ««)  +  ...; 


where  in  T  all  terms  are  absent  which  involve  multiples  of  4^,  in  S  all  those 
involving  multiples  of  26,  while,  in  the  third  expression,  the  terms  involving  6  and 
all  multiples  of  4^  disappear. 

If,  then,  we  take  27r  to  represent  a  period  of  one  year,  T  represents  the  result  of 
taking  three-monthly  means,  and  the  effect  of  this  is  to  eliminate  the^  three-monthly 
period,  if  there  be  one,  and  all  periods  which  a.re  fractions  of  three  months,  and  also 
to  diminish  the  amplitudes  of  all  other  periods  relatively  to  that  of  the  annual 
period.  In  like  manner,  S  represents  the  result  of  taking  six-monthly  means,  the 
effect  being  to  eliminate  the  six-monthly  period,  if  there  be  one,  and  all  periods 
which  are  fractions  of  six  months,  and  also  to  diminish  the  amplitudes  of  all  other 
periods  relatively  to  that  of  the  annual  period.  The  result  of  the  third  operation  is  to 
eliminate  the  annual  period,  and  to  give  special  prominence  to  the  six-monthly  and 
four-monthly  periods,  if  such  exist. 

Now,  if  we  have  a  record  of  all  the  earthquakes  felt  during  a  given  interval 
(containing  an  exact  number  of  years)  over  a  definite  area,  and  if  we  group  together 
all  the  earthquakes  felt  during  each  month  of  the  year,  we  may  regard  the  numbers 
so  obtained  as  representing  the  average  number  for  each  month  felt  on  the  middle  day 
of  that  month.  The  mean  of  the  numbers  for  the  months  of  December,  January,  and 
February,  will  be  the  three-monthly  mean  corresponding  to  the  middle  of  January ; 
and  the  mean  of  the  numbers  for  the  months  of  November,  December,  'January, 
February,  March  and  April,  will  be  the  six-monthly  mean  corresponding  to  the  end  of 
January.  If  three-monthly  and  six-monthly  means  be  calculated  in  tlrs  manner  for 
each  month,  and  if  the  results  be  plotted  in  the  usual  way,  the  first  of  the  curves  so 
obtained  will  show  no  trace  of  a  three-monthly  period,  and  the  second  none  of  a  six- 
monthly  period.  To  eliminate  the  annual  period,  arithmetic  means  are  interpolated 
between  each  pair  of  numbers  in  the  two  series,  the  means  of  the  first  series  giving 
the  three-monthly  means  corresponding  to  the  end  of  each  month,  and  those  of  the 
second  series  the  six-monthly  means  corresponding  to  the  middle  of  each  month. 
Multiplying  each  number  of  the  first  series  by  Ij ^2,  or  ’707  ,  and  subtracting  it 

from  the  corresponding  number  of  the  second  series,  the  curve  obtained  by  j^lotting 
the  resulting  difierences  will  show  no  trace  of  an  annual  period,  and  will  give 
special  prominence  to  the  six- monthly  and  four-monthly  periods,  if  such  exist. 
Lastly,  if  each  of  the  twenty-four  difierences  be  divided  by  the  average  of  all,  the 
curves  so  obtained  for  different  intervals  and  for  different  areas  of  observation  will  be 
more  directly  comparable  with  one  another. 


mo 
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3.  If  the  third  and  succeeding  terms  in  the  expression  for  S  —  may  be 

neglected  in  comparison  with  the  first  and  second,  it  is  evident  that  S  —  T/v/2  will 
be  a  maximum  when  the  second  term  (which  determines  the  six-monthly  period)  is  a 

"minimum,  and  vice  versct.  By  a  slight  oversight.  Dr.  Knott  has  reversed  the  sign  of 
this  term,  and  consequently  the  epochs  which  he  obtains  for  the  maxima  of  the  six- 
monthly  period  are  in  reality  those  of  the  minima,  and  vice  versd. 

4.  Method  adopted  in  this  Paper. — I  have  described  in  some  detail  the  method 
employed  by  Dr.  Knott,  for,  in  principle,  it  is  the  same  as  that  adopted  in  this  Paper. 
The  chief  differences  are  that  I  have  used  the  same  method  in  investigating  both  the 
annual  and  semi-annual  periods,*  and  have  also  taken  into  account  the  variable  length 
of  the  month. 

Whenever  possible  I  have  grouped  the  earthquakes  in  half-monthly,  instead  of  in 
monthly  intervals,  the  first  half  of  February  containing  fourteen  days,  and  of  all  other 
months  fifteen  days.  The  numbers  so  obtained  are  then  reduced  to  equal  half-monthly 
intervals  of  fifteen  days. 

In  investigating  the  annual  period,  the  reduced  figures  for  the  halves  of  each  month 
are  added  together,  giving  the  numbers  of  earthquakes  corresponding  to  equal  monthly 
intervals  of  thirty  days.  Six-monthly  means  are  then  taken  of  these  numbers,  as  in 
Dr.  Knott’s  method,  and  the  mean  thus  obtained  for  the  end  of  each  month  is  divided 
by  the  average  of  all  twelve  means. 

For  the  semi-annual  period,  the  reduced  figures  for  the  first  half  of  January  and  the 
first  half  of  July  are  added  together,  and  so  on.  Six-half-monthly  means  are  then 
taken  of  these  numbers,  and  the  mean  thus  obtained  for  the  end  of  each  half-month 
is  divided  by  the  average  of  all  twelve  means. 

5.  Seismologists  generally  group  earthquakes  in  monthly  intervals,  and  in  some 
cases  I  have  only  been  able  to  make  use  of  such  tables.  In  a  few  others,  also,  for 
reasons  which  will  be  obvious,  I  have  used  them  though  having  access  to  the  catalogues 
on  which  they  were  founded.  The  results  obtained  in  this  way  are  not  of  equal  value 
for  purposes  of  comparison,  as  they  probably  depend  on  different  definitions  of  the  unit 
earthquake. 

In  all  these  cases  the  monthly  numbers  are  first  reduced  to  equal  intervals  of  thirty 
days.  The  discussion  for  the  annual  period  is  then  continued  as  before. 

For  the  semi-annual  period  the  numbers  for  January  and  July  are  added  together, 
and  so  on.  Three-monthly  means  are  then  taken  of  these  six  numbers,  and  the  mean 
thus  obtained  for  the  middle  of  each  month  is  divided  by  the  average  of  all  six  means. 
The  method,  of  course,  chiefly  differs  from  the  preceding  in  giving  fewer  points  upon 
the  curve. 

6.  Again,  in  taking  six-monthly  means  for  the  annual  period,  and  dividing  each  by 
the  average  of  all  twelve,  it  is  evident,  from  the  expression  for  S  in  §  2,  that  every 

*  In  investigating  the  semi-annnal  period  by  this  method,  it  is  obvious  that  the  annual  period  is 
eliminated  (see  §  10). 
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ordinate  in  the  curve  so  obtained  is  reduced  in  the  ratio  2  :  tt.  It  is  also  further  reduced 
bj  the  method  of  grouping  the  earthquakes  in  monthly  intervals.  For,  instead  of 
using  the  actual  ordinate  for  cos  6,  we  use  the  average  ordinate  over  an  interval  tt/S, 
that  is 

-  cos  6  dO,  or  —  sin  —  cos  9. 

73'J0-V12  I^ 


Now,  the  value  of  12  sin  tt/tt  is  '9886 .  Hence  the  difference  between  each 
reduced  six-monthly  mean  and  unity  must  be  multiplied  by  the  factor  ^7r/’9886  or 
1’589.  The  same  remark  applies  to  the  case  of  taking  six-half-monthly  means  for  the 
semi-annual  period.  In  like  manner,  in  investigating  the  latter  period  by  means  of 
monthly  intervals  and  taking  three-monthly  means,  the  corresponding  augmenting 
factor  is  1'645. 

7,  Comj'yarison  of  the  Methods  of  Investigating  the  Semi-Annual  Period. — The 
method  here  employed  for  investigating  the  semi-annual  period  seems  to  me  to  possess 
several  advantages.  (1)  It  is  less  laborious  to  apply  than  Dr.  Knott’s  method  ;  (2)  it  ■ 
avoids  the  interpolation  of  arithmetic  means  in  the  series  of  three-monthly  and  six- 
monthly  meaus  ;  and  (3)  it  eliminates,  or  diminishes  more  completely,  the  effect  of 
shorter  periods,  if  any  such  should  exist.  The  latter  point  requires  a  brief 
examination. 

Taking  Dr,  Knott’s  method  first,  we  have  to  evaluate  the  ratio 


2rt„ 


niT 


Sill  -p  -  Sin  q- 


IT 


Ctji 

a.-, 


for  different  values  of  n.  If  n  =  3,  the  value  of  this  ratio  is  '943  ;  if  n  —  4,  it  is 
zero ;  if  n  =  5,  it  is  ’566  ;  if  n  =  6,  it  is  Hence,  compared  with  that  of  the  six- 
monthly  period,  the  amplitude  of  the  four-monthly  period  is  slightly  decreased,  that 
of  the  period  of  one-fifth  of  a  year  is  diminished  by  nearly  one-half,  while  that  of  the 
two-monthly  period  is  diminished  by  two-thirds. 

In  the  method  adopted  in  this  paper  we  have  to  evaluate  the  ratio 

2tt  ,i  sin4  a7r 

2fq/7r  ’  fq 

for  different  values  of  n.  If  n  =  2,  its  value  is  zero  ;  if  n  =  3,  it  is  Hence,  the 
three-monthly  period  is  eliminated,  and,  compared  with  that  of  the  six-monthly 
period,  the  amplitude  of  the  two-monthly  period  is  diminished  by  two-thirds.  More¬ 
over,  as  will  appear  from  §  10,  both  the  four-monthly  period  and  the  period  whose 
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length  is  one-fifth  of  a  year  are  eliminated,  provided  the  interval  over"  which  the 
seismic  record  extends  consists  of  an  integral  number  of  years. 

8.  The  curves  in  fig.  1  exhibit  the  close  agreement  in  the  results  obtained  by  the 
different  methods  of  determining  the  semi-annual  period,  the  seismic  record  chosen 
being  that  by  Professor  Milne  of  the  earthquakes  felt  in  Tokio  during  the  years 
1873-1881  and  1883-1890.  ,  The  continuous  curve  is  that  obtained  by  Dr.  Knott’s 


Fig.  1. 


method,  every  ordinate  being  first,  however,  multiplied  by  —  l)/2,  or  '65,  so  as 

not  to  alter  the  ratio  of  the  amplitude  to  that  of  the  annual  period.  The  broken 
curve  is  that  obtained  by  the  method  used  in  this  paper,  the  earthquakes  being 
grouped  in  half-months,  while  the  dotted  curve  is  that  obtained  by  the  same  method 
when  the  earthquakes  are  grouped  in  months. 

9.  Connection  hetioeen  the  Amplitude  of  the  Annual  Period  and  the  Winter -to- 
Suinmer  Ratio  in  the  Number  of  Earthquakes. — In  discussions  on  earthquake  frequency, 
it  is  usual  to  estimate  the  ratio  between  the  number  of  shocks  felt  during  the  six  winter 
months  (October  to  March)  to  the  number  felt  during  the  six  summer  months  (April 
to  September).  The  ratio  so  obtained  is,  of  course,  only  valuable  when,  as  is  fre¬ 
quently  the  case,  the  maximum  of  the  annual  period  occurs  either  at  the  end  of  June 
or  the  end  of  December.  Greater  uniformity  would  be  secured  by  evaluating  the 
ratio  of  the  number  of  shocks  felt  during  the  six  months  bisected  by  the  maximum 
epoch  to  the  number  felt  during  the  six  months  bisected  by  the  minimum  epoch.  In 
the  present  paper,  I  have  substituted  the  amplitude  of  the  annual  period  for  the  last- 
named  ratio,  and  it  seems  desirable  to  point  out  briefly  the  connection  between  them. 

In  fig.  2  let  the  distance  AC  represent  the  average  number  of  earthquakes  per 
month,  and  let  the  curve  represent  the  annual  seismic  period.  Let  PM  and  QN 
represent  the  average  length  of  the  ordinates  during  the  maximum  and  minimum 
halves  of  the  year  respectively.  Then  the  ratio  of  the  number  of  shocks  felt  during 
the  maximum  half  to  the  number  felt  during  the  minimum  half  of  the  year  is  equal  to 
PM  :  QN,  i.e.,  to  the  ratio  of  1  +  2a/7r  to  1  —  ^ajir,  where  a  is  the  amplitude  of  the 
annual  period,  the  average  number  of  shocks  felt  during  each  month  of  the  year  being 
taken  as  unity. 

For  instance,  in  the  case  of  the  European  earthquakes  of  1865-1884  as  tabulated 
by  Fuchs  (see  §  19),  the  maximum  of  the  annual  period  occurs  at  the  end  of 
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December,  the  number  of  shocks  felt  during  the  six  winter  months  is  3357,  the 
number  during  the  six  summer  months  2142,  and  the  ratio  of  one  to  the  other  1'57. 
The  amplitude  of  the  annual  period  is  '35,  and  the  value  of  the  ratio  1  +  2a/7r  : 
1  —  ^ajiT  is  1’56. 


10.  Duration  of  the  Seismic  Record. — It  has  been  assumed  in  the  preceding  j)ara- 
graphs  that  the  curve  obtained  by  plotting  the  number  of  eai'thquakes  felt  in  each 
month  is  not  affected  by  periods  of  longer  duration  than  one  year,  or  by  periods  which, 
are  not  exact  fractions  of  a  year.  The  assumption  may  be  tested  by  considering  a 
period  of  12m  +  n  months,  where  m  is  either  zero  or  a  positive  integer.  The  number 
of  earthquakes  (F,.)  belonging  to  this  period  felt  during  the  month  of  each  year 
may  then  be  represented  by 

a  cos  a.  -{•  a  cos  (a  +  12yS)  +  .  .  .  +  a  cos  [a  +  (\-  l).12^], 

where  /3  =  27rj{l2m  +  n),  and  X  is  the  number  of  years  over  which  the  seismic  record 
extends.  Then 

F,.  =  a  cos  [a  +  (X  —  1) .  6^]  sin  6X^/sin  G/3  ; 

and  the  value  of  F,.  is  zero  whatever  be  the  value  of  a  if  6X/3  =  /ctt,  where  k  is  an 
integer,  i.e.,  when  X  =  ^- (I2m  +  7^)/12.  Hence,  F,.  is  zero  for  all  values  of  r,  and 
consequently  our  method  of  investigation  is  not  affected  by  the  period  considered, 
provided  the  interval  over  which  the  seismic  record  extends  includes  an  exact  number 
of  these  periods. 

But  whatever  be  the  number  of  such  periods  included  in  the  seismic  record,  the 
absolute  error  introduced  by  a  given  uneliminated  portion  of  a  period  will  be 
constant,  and,  therefore,  the  relative  error  will  be  the  less  the  greater  the  interval 
over  which  the  record  extends. 

On  another  account,  also,  it  is  desirable  that  this  interval  should  be  as  long  as 
possible.  For,  owing  chiefly  to  orogenic  causes,  there  are  often  series  of  frequently 
recurring  shocks,  lasting  for  one  or  more  months,  which,  if  the  record  be  a  short  one 
or  imperfect,  would  unduly  increase  the  numbers  felt  during  those  months.  The 
record  should  therefore  be  an  extensive  one  in  order  to  eliminate  the  effects  of 
occasional  variability  in  the  rate  of  orogenic  action  and  to  bring  into  special  pro¬ 
minence  those  of  a  periodic  character. 

MDCCCXCin. — A.  7  c 
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11.  Defijiition  of  the  Unit  Earthquake. — The  difficulty  of  deciding  what  constitutes 
an  earthquake  attends  all  work  on  seismic  periodicity,  and,  unless  some  uniform  and 
natural  system  is  followed,  our  conclusions  cannot  possess  much  value.  For  example, 
every  great  earthquake  is  preceded  and  followed  by  a  large  number  of  minor  or 
secondary  shocks,  which  are  no  doubt  intimately  associated  with  the  principal  shock. 
Tn  such  a  case,  are  we  to  count  every  shock  that  is  recorded,  however  slight,  or  are 
we  to  regard  the  whole  series  as  a  single  earthquake  ?  Again,  the  distinction 
between  an  earthquake  and  earth-tremor  is  a  purely  arbitrary  one;  Are  we  to 
include  every  earth-tremor  recorded  by  a  most  delicate  instrument,  and  rank  it 
equally  with  the  most  destructive  shock ;  or,  if  not,  where  are  we  to  draw  the  line 
between  the  two  ? 

It  must  be  admitted  that  these  are  serious  difficulties,  but  I  do  not  think  they 
would  be  met,  as  has  been  proposed,  by  taking  the  intensity  of  the  shocks  into 
account  as  well  as  their  frequency.  Even  supposing  it  possible  to  estimate  the 
intensity  correctly,  it  may  be  doubted  whether  the  results  obtainable  in  the  finite 
time  at  our  disposal  would  possess  much  value,  at  any  rate  from  the  periodicity  point 
of  view.  For,  whatever  be  the  causes  of  seismic  periodicity,  it  seems  highly  probable 
that  they  are  merely  auxiliary,  and  determine  the  epoch  when  an  earthquake  shall 
take  place  rather  than  that  there  shall  be  an  earthquake  at  all.  The  intensity  is 
probably  determined  almost  entirely  by  erogenic  causes,  the  frequency  partly  by  the 
same  causes,  and  partly  by  certain  others  which  are  possibly  variable  and  periodic  in 
their  action. 

I  believe,  then,  that,  in  the  present  state  of  our  knowledge,  it  is  desirable  to 
regard  each  shock  felt  and  recorded  as  one  earthquake.  Moreover,  an  approximate 
uniformity  in  estimating  the  minimum  intensity  of  an  earthquake  will  be  attained  if 
we  consider  special  districts  of  comparatively  small  size — countries,  for  example,  like 
Italy  and  Switzerland,  rather  than  continents  or  hemispheres. 

There  is  still  room,  however,  for  some  arbitrariness  of  treatment,  owing  to  the 
imperfection  of  nearly  all  our  seismic  records.  The  following  principles  have,  there¬ 
fore,  been  adhered  to  throughout  this  paper  :  (l)  whenever  the  entry  in  a  catalogue 
is  “  several  shocks  about  this  time,”  or  some  equivalent  expression,  without  any 
attempt  being  made  to  give  the  time  of  occurrence  of  each  shock,  I  have  always 
i-eckoned  such  as  a  single  earthquake  ;  (2)  when  the  shocks  have  been  considered 
important  enough  to  be  entered  separately,  the  time  of  occurrence  of  each  being  given, 
every  such  shock  has  been  counted,  provided  the  interval  between  any  two  or  more 
was  not  less  than  five  minutes  ;  and  (3)  shocks  entered  as  doubtful  and  earthquake- 
sounds  unaccompanied  by  any  shocks  have  been  omitted. 

12.  Explanation  of  the  Tables,  Eigiires,  &c. — Table  I.  contains  the  number  of 
earthquakes  for  the  different  districts  investigated  during  each  half-month  or  month. 
The  reduced  six-monthly  means  obtained  in  discussing  the  annual  period,  as  described 
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in  §§  4  and  6  are  given  in  Table  II.  ;  and  in  Table  III.  the  reduced  six  half-monthly 
means,  or  three-monthly  means,  obtained  in  investigating  the  semi-annual  period. 

At  the  end  of  the  section  relating  to  each  record  examined,  are  given  the  maximum 
epoch  and  amplitude  of  each  period.  The  epoch  mentioned  is  the  end. of  the  month 
or  half-month  indicated,  the  letters  a  and  h  denoting  the  first  and  second  halves  of 
the  month.  The  date  of  the  maximum  and  the  amplitude  have  been  taken  as  those 
of  the  greatest  mean.  It  would  not  have  been  difficult  to  have  given  the  result  more 
-  minutely,  but  it  is  doubtful  whether  the  appearance  of  greater  accuracy  would  have 
any  value,  considering  the  unavoidable  imperfections  of  most  seismic  records. 

In  the  same  place,  I  have  also  given  the  date  of  the  maximum  epoch  of  the  annual 
barometric  period  over  the  greater  part  of  the  district  considered,  excluding  high-level 
stations.  For  this  purpose  I  have  made  use  of  Dr.  Buchan’s  great  work  on 
Atmospheric  Circulation.*  The  method  of  investigation  is  the  same  as  that  employed 
for  the  annual  seismic  period,  except  that  its  application  is  much  simpler  in  this  case. 

An  asterisk  placed  before  the  name  of  a  record,  either  in  the  Tables  or  detailed , 
discussion,  indicates  that  the  results  obtained  are  probably  more  reliable  than  in  other 
cases.  The  series  of  six-monthly  and  six  half-monthly  means  calculated  from  these 
records  are  illustrated  by  the  curves  in  figs.  5-15,  the  continuous  line  representing 
the  annual,  and  the  dotted  line  the  semi-annual,  period. 

The  Beality  of  the  Annual  Period. 

1 3.  It  is  well  known  that  many  more  earthquakes  are  recorded  as  felt  during  the 
night  than  during  the  day,  and  that  this  is  due  partly  to  the  stillness  of  the  night, 
but  more,  perhaps,  to  the  position  of  the  body  during  repose  being  more  favourable 
for  the  detection  of  slight  tremors.  Now,  the  maximum  of  the  annual  period  occurring 
during  winter,  it  may  seem  possible  that  the  periodicity  may  be  apparent  only,  and 
due  to  the  greater  number  of  shocks  observed  during  the  longer  nights  of  winter. 
The  question  is  one  that  deserves  examination,  and  the  following  facts  seem  to  me 
conclusive  in  establishing  the  reality  of  the  annual  period. 

In  the  case  of  the  earthquakes  recorded  at  Tokio  by  the  Gray-Milne  seismograph, 
there  can,  of  course,  be  no  doubt.  But  this  is  the  only  case  treated  in  this  paper  in 
which  the  shocks  are  registered  entkely  by  instrumental  means. 

The  hours  of  rest  may  be  taken  roughly  at  between  10  p.m.  and  8  a.m.,  and  we  may 
therefore  divide  the  day  into  two  parts,  reckoning  day-time  from  9  a.m.  to  9  p.m.,  and 
night-time  from  9  p.m.  to  9  a.m.  Using  Fuchs  ’  valuable  ‘  Statistik  der  Erdbeben,’ 

I  have  counted  the  number  of  shocks,  whose  time  of  occurrence  is  recorded,  in  Austria, 

*  “Report  on  Atmospheric  Circulation,  based  on  the  Observations  made  on  board  H.M.S.  Challenger 
during  the  years  1873-1876,  and  other  Meteorological  Observations.”  ‘Report  of  the  Scientific 
Results  of  the  Voyage  of  H.M.S.  Challenger,  &c. ;  Physics  and  Chemistry,’  vol.  2,  1889,  pp,  1-263. 

7  C  2 


1116 


MR.  C.  DAVISON  ON  THE  ANNUAL 


Hungary,  and  Switzerland  during  the  years  1865-1884,  and  in  Italy  during  the  years 
1865-1883.  The  total  number  is  2253.  In  the  six  summer  months  (April  to  September) 
the  number  of  shocks  felt  during  the  night  was  545,  and  during  the  day  358.  In  the 
six  winter  months  (October  to  March)  the  number  felt  during  the  night  was  821,  and 
during  the  day  529.  Thus,  the  ratio  of  the  number  of  shocks  observed  during  the 
night  to  that  observed  during  the  day  was  1’52  in  summer  and  1'55  in  winter.  These 
ratios  agree  so  closely  that  we  may  feel  confident  as  to  the  reality  of  any  marked 
annual  period  observable  in  these  countries. 

Again,  the  annual  period  is  well  marked  in  several  tropical  districts  where  the 
length  of  the  night  is  nearly  constant  throughout  the  year.  And,  also,  as  will 
presently  appear,  there  is  an  annual  period,  though  of  slight  amplitude,  in  earth¬ 
quakes  which  produce  damage  to  buildings,  and  shocks  of  intensity  so  great  could 
not  possibly  escape  observation  at  any  time  of  the  night  or  day. 

Seismic  Peeiodicity  in  relation  to  Intensity. 

14.  If  the  causes  of  seismic  periodicity  are  in  the  main  auxiliary,  as  has  been 
suggested  above,  it  seems  possible  that  the  periodicity  might  be  more  marked  in  the 
case  of  very  slight,  than  of  very  severe,  earthquakes.  An  attempt  is  therefore  made 
in  the  present  section  to  classify  earthquakes  according  to  their  intensity,  so  far  as  it 
is  possible  to  do  so  with  the  incomplete  materials  at  our  disposal.  For  this  purpose  I 
have  in  the  first  place  used  Mallet’s  well-known  catalogue,*  and  have  selected  from 
the  shocks  recorded  by  him  :  (1)  those  which  may  be  regarded  as  slight,  and  (2) 
those  which  are  strong  enough  to  damage  buildings  ;  the  latter  class  corresponding 
to  intensities  8  to  10  of  the  Possi-Forel  scale,  and  the  former,  probably,  to  intensities 
3  and  4.  Both  classes  contain  earthquakes  felt  in  the  northern  hemisphere  only. 

Slight  Earthquakes. — The  shocks  included  under  this  heading  are  those  which, 
from  Mallet’s  description,!  can  have  been  hardly  more  than  perceptible  even  at  the 
places  where  the  intensity  was  greatest.  When  two  or  more  such  shocks  are  felt 
within  the  same  area  on  the  same  day,  these  have  been  omitted,  for  they  may  be 
regarded  as  equivalent  to  a  single  shock  of  greater  intensity.  And,  for  the  same 
reason,  I  have  excluded  isolated  slight  shocks  which  are  members  of  a  long  and 
continuous  series  of  earthquakes  of  variable  intensity.  This  has  been  done  in  four 

*  “ Catalogue  of  recorded  Earthquakes,”  ‘Brit.  Assoc.  Rep.,’  1852,  pp.  1-176;  1853,  pp.  117-212; 
1854,  pp.  1-326. 

t  The  following  are  the  terms  employed  by  Mallet  which  I  have  taken  to  characterize  a  slight 
shock : — A  tremor,  a  trembling,  a  slight  trembling,  a  slight  tremor,  a  slight  tremulous  shock,  a  trembling 
shock,  a  very  feeble  shock,  a  feeble  vibration,  a  very  slight  shock,  a  slight  shock,  a  slight  vibration,  a 
slight  earthquake,  a  scarcely  perceptible  shock,  a  slight  vibratory  shock,  rather  slight,  of  trifling 
importance,  a  feeble  shock,  a  trifling  shock,  a  little  shock,  a  slight  undulatory  motion,  a  very  slight 
subterranean  commotion,  a  slight  undulatory  shock,  a  slight  oscillating  motion. 
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cases,  namely,  the  series  felt  at  Tiflis  in  Georgia  in  1804,  at  Pignerol  and  other  places 
in  Piedmont  during  1808  and  following  years,  at  Lunroe  in  Norway,  beginning  in 
1819,  and  at  Pesaro  in  Italy  during  the  year  1826.  The  period  investigated  is  that 
embraced  by  the  third  part  of  Mallet’s  catalogue — the  years  1785-1842  inclusive. 


Eig.  3. 


It  seemed  desirable  to  limit  it  thus  closely  in  order  to  avoid  any  considerable 
variability  in  the  estimation  of  a  “  slight  ”  shock.  The  total  number  of  such  shocks" 
is  187.  The  curves  of  the  annual  and  semi-annual  periods  are  shown  in  fig.  3. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

June,  h 

f  January,  h  1 

1  July,  h  / 

•16 

•27 

Destructive  Earthquahes. — Only  those  earthquakes  have  been  counted  in  which  it 
is  expressly  stated  that  some  damage  was  done  to  buildings.  The  whole  of  the 
Christian  era  is  included,  but  the  first  earthquake  on  which  the  month  and  day  are 


Eig.  4. 


definitely  stated  occurred  in  the  year  528,  and  in  several  succeeding  centuries  the 
year  is  frequently  the  only  date  given.  The  total  number  of  destructive  earthquakes 
recorded  by  Mallet  is  641.  The  curves  of  the  annual  and  semi-annual  period  are 
shown  in  fig.  4. 
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Period. 

Masimum. 

Amplitude. 

Annual . 

January,  6 

•13 

Semi-annual .  .  .  .  | 

February,  h — March,  a  - 
August,  h — September,  a 

CO 

o 

It  follows  from  this  examination,  imperfect  as  it  is,  (1)  that  in  slight  earthquakes 
both  periods  are  more  marked  than  in  destructive  ones,  but  that  this  is  especially  the 
case  with  the  semi-annual  period,  the  amplitude  of  the  annual  period  being  increased 
1’2  times,  and  that  of  the  semi-annual  period  3‘4  times;  and  (2)  that  the  maximum 
epochs  of  the  annual  period  are  almost  reversed. 

15.  J I'panese  Earthquakes  1 8  8  5- 1 8  89. — The  organization  of  earthquake  statistics 
in  Japan  is  under  the  direction  of  the  Imperial  Meteorological  Bureau.  Beports  are 
issued  yearly,  and  abridged  translations  of  these  for  the  years  1885-1889,  have  been 
published  by  Professor  S.  Sekiya  and  Professor  J.  Milne  (see  §51).  Professor  Mii.ne  has 
classified  the  earthquakes  in  monthly  groups  according  to  the  areas  disturbed  by  them. 
The  results  are  given  below,  but  it  should  be  remembered  that  the  duration  of  the 
record  is  short ;  also  that  the  areas  given  are  land  areas  only,  and  many  Japanese 
earthquakes  originate  beneath  the  sea. 

(1.)  Earthquakes  disturbing  an  area  less  than  100  square  ri  (1  square  ri  =  5‘9  square 
miles).  Number  of  earthquakes,  2256. 


Period. 

Alasimum. 

Amplitude. 

Annual . 

Semi-annual . 

September,  h — October,  h 

f  March,  a  1 

i  September,  a  j 

•14 

•12 

(2.)  Earthquakes  disturbing  an  area  less  than  1000  square  ri  and  greater  than 
100  square  ri.  Number  of  earthquakes,  565. 


Period. 

Maximum . 

Amplitude. 

Annual . 

February,  b — March,  b 

•17 

Semi-annual . 

f  June,  a  J 

[  December,  a  J 

•16 

(3.)  Earthquakes  disturbing  an  area  greater  than  1000  square  ri.  Number  of 
earthquakes,  176. 
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Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

March,  h 

J  March,  a  1 

I  September,  a  j 

•17 

•12 

Thus,  (l)  the  amplitudes  of  both  periods  in  all  three  classes  are  nearly  the  same, 
though  somewhat  less  for  the  slight  shocks  than  the  others  ;  and  (2)  in  the  case  of 
the  annual  period,  the  maximum  epoch  for  the  slight  shocks  agrees  nearly  with  the 
minimum  epoch  for  the  more  severe  ones. 

16.  In  nearly  every  case  examined  below,  in  which  we  have  two  or  more  records 
for  the  same  area,  it  will  be  seen  that  the  amplitude  increases  with  the  number  of 
registered  shocks  per  annum.  Now,  two  records  can  only  differ  in  this  respect  by  the 
omission  or  inclusion  of  slight  shocks,  for  severe  ones  are  almost  certain  to  find  a  place 
in  every  list.  Thus,  in  these  cases,  the  slighter  the  earthquakes  the  greater  is  the' 
amplitude  of  each  period. 

This  is  especially  evident  when,  with  the  same  catalogue,  we  use  different  defini¬ 
tions  of  the  unit  earthquake.  This  has  been  done  in  three  cases,  namely,  Zante 
(§§  45,  46),  California,  &c.,  (§§  59,  60),  and  New  Zealand  (§§  76,  77). 

Again,  for  Zante,  the  somewhat  scanty  list  compiled  from  the  catalogues  of 
Schmidt  and  Fuchs  (§47)  gives  the  maximum  of  the  annual  period  in  December, 
and  the  amplitude  '29  ;  the  much  fuller  catalogue  of  Barbiani  (§§  45,  46)  gives  the 
maximum  in  August,  and  the  amplitude  '10,  or,  using  Barbiani’s  definition  of  the 
unit  earthquake,  the  maximum  in  August,  and  the  amplitude  '29.  Thus,  the  effect 
of  the  first  inclusion  of  slight  shocks  is  to  reverse  approximately  the  maximum  and 
minimum  epochs,  but  to  reduce  the  amplitude  ;  the  effect  of  including  a  larger 
number  of  still  slighter  shocks  is  to  maintain  the  reversal  of  epoch  and  to  again 
increase  the  amplitude. 

17.  Summary  of  Results. — (l)  There  appear  to  be  two  distinct  classes  of  slight 
shocks,  one  having  the  maximum  of  its  annual  period  in  winter,  the  other  in  summer. 
Of  the  two  classes,  the  former  probably  contains  the  stronger  shocks,  for  their  effect 
is  evident  in  the  results  obtained  from  the  less  incomplete  of  two  imperfect 
catalogues ;  while  the  effect  of  the  latter  is  only  visible  in  the  results  obtained  from 
the  fullest  records,  for  example,  those  of  the  Imperial  Meteorological  Bureau  for 
Japan,  and  of  M.  Barbiani  for  Zante,  or  from  the  list  drawn  up  from  Mallet’s 
catalogue  in  which  only  very  slight  shocks  are  included.  (2)  In  both  classes  of  slight 
shocks  the  annual  period  is  more  marked  than  for  strong  shocks,  for  the  effect  of 
including  the  first  class  of  slight  shocks  is  to  keep  the  winter  maximum  epoch 
unaltered  and  to  increase  the  amplitude  ;  that  of  including  some  only  of  the  second 
class  is  to  interchange  the  maximum  and  minimum  epochs  approximately,  the 
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amplitude  of  the  period  being  diminislied ;  while  the  effect  of  including  a  large 
number  of  slight  shocks  of  the  second  class  is  to  keep  the  epochs  interchanged  and  to 
increase  the  amplitude,  (3)  With  regard  to  the  semi-annual  period,  the  results,  as  a 
rule,  show  that  strong  shocks  and  slight  shocks  have  the  same  maximum  epochs,  but 
that  the  amplitude  for  the  latter  is  somewhat  greater  than  for  the  former. 


Seismic  Periodicity  in  the  Northern  Hemisphere. 

Northern  Hemis'pliere. 

18.  Pv.  Mallet,  “  Catalogue  of  Recorded  Earthquakes  from  ,1606  b.c.  to  a.d.  1850,” 
‘Brit.  Assoc.  Rep,,’  1852,  pp.  1-176;  1853,  pp,  118-212;  1854,  pp,  1-326;  1858, 
pp.  46  and  57. 

Duration  of  record,  a.d.  223-1850.  Number  of  earthquakes,  5879. 

Mallet’s  great  catalogue  includes  several  earthquakes  which  occurred  before  the 
Christian  era,  but  the  first  in  which  the  month  is  stated  was  felt  in  the  year  a.d.  223. 
It  closes  with  the  end  of  the  year  1842,  though  he  originally  intended  to  bring  it 
down  to  the  end  of  1850.  M.  Perrey’s  catalogues,  which  rendered  the  continuation 
unnecessary,  were,  however,  used  by  Mallet  in  his  final  discussion  in  his  “Fourth 
Pteport.”  It  was  found  necessary  to  make  some  convention  with  regard  to  the  long- 
continued  series  of  slight  shocks  or  tremors  felt  at  several  places  (Pignerol,  Comrie, 
&c.),  and  in  these  cases  “  the  slight  shocks  recorded  for  each  month  of  the  disturbed 
period  are  grouped  as  forming  one  earthquake  at  the  locality.”  It  will  be  seen  from 
Table  II.  that  the  six-monthly  means  for  November,  December  and  January  are  the 
same.  I  have  taken  the  intermediate  month  as  the  date  of  the  annual  maximum. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  h 

T1 

Semi-annual  .  ... 

r  Febrnarj,  a  1 

•07 

t  Augu.st,  a  j 

19,  *'C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  13-286,  315-321,  357-408. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  8133  (fig.  5). 

This  number  includes  all  the  earthquakes  recorded  by  Fuchs  as  occurriug  in  the 
northern  hemisphere,  with  tlie  exception  of  those  felt  in  the  northern  part  of  the 
Malay  Archipelago.  I  have  also  omitted  a  few  shocks  in  places  which  I  am  unable 
to  identify,  but  the  number  of  these  is  so  small  that  it  cannot  possibly  affect  the 
result.  The  same  remark  applies  to  the  discussion  for  Fuchs’  catalogues  for  the 
southern  hemisphere. 
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Fig.  5. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  h 

•29 

Semi-annual . 

f  April,  b  \ 

\  October,  b  j 

•11 

Annual  barometric  . 

November,  b,  or  December,  b 

Europe. 


20.  *C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  13-254  (fig.  6). 
Duration  of  record,  1865-1884.  Number  of  earthquakes,  5499. 


Fig.  6. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  b 

•35 

Semi-annual . 

J  April,  a — April,  b 
\  October,  a — October,  b  j 

•11 

Annual  barometric .  .  . 

November,  h 

7  D 
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21.  A.  Pere-ey,  ‘Brit.  Assoc.  Rep./  1858,  p.  28. 

Duration  of  record,  306-1843.  Number  of  earthquakes,  1961. 

This  is  the  table  used  in  Dr.  Knott’s  Memoir  on  “  Earthquake  Frequency,” 
referred  to  at  the  beginning  of  this  paper.  The  district  includes  also  the  adjacent 
parts  of  Asia  and  Africa. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  h 

•22 

Semi-annual . 

f  January,  a  1 

•12 

[  July,  a  J 

Scandinavia  and  Iceland. 

22.  A.  Perrey,  ‘Brit.  Assoc.  Rep.,’  1858,  p.  3. 

Duration  of  record,  12th  to  19th  centuries.  Number  of  earthquakes,  214. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  b 

•30 

Semi-annual . 

f  February,  a  1 

•22 

1  August,  a  J 

The  maximum  epoch  of  the  annual  barometric  period  occurs  in  June,  6,  in  the 
greater  part  of  Norway,  and  in  March,  h,  in  the  south  of  Norway,  and  nearly  all  over 
Sweden. 


Great  Bidtain. 

23.  A.  Peerey,  ‘  Brit.  Assoc.  Rep.,’  1858,  p.  5. 

Duration  of  record,  11th  to  19th  centuries.  Number  of  earthquakes,  217. 

The  results  deduced  from  this  table  are  of  less  value  than  those  given  below, 
especially  those  obtained  from  Mr.  Roper’s  list.  Perrey’s  district  is  more  extensive 
than  the  others,  being  the  “  British  Islands  and  Northern  Isles.” 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

October,  b 

f  April,  a  | 

1_  October,  a  j 

•32 

•08 
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24,  D.  Milne,  “  Notices  of  Earthquake-shocks  felt  in  Great  Britain,  and  especially 
in  Scotland,”  &c.  ‘Edinburgh  New  Phil.  Journ.,’  1841,  vol.  31,  pp.  95-122. 

Duration  of  record,  1608-1838,  Number  of  earthquakes,  205. 

The  figures  for  this  district  in  Table  I,  differ  somewhat  from  those  given  by  Mr. 
Milne  on  p.  289  of  his  paper.  Some  of  the  shocks  counted  by  him  are  omitted  on 
account  of  the  rules  laid  down  in  §  11,  others,  because  they  were  felt  in  Jersey  and 
Guernsey. 


Period. 

Maximum. 

Amplitude. 

Annual . 

November,  h 

•49 

Semi-annual . 

f  March,  a  1 

t  September,  a  J 

•16 

25.  W.  Roper,  “  A  List  of  the  more  Remarkable  Earthquakes  in  Great  Britaim 
and  Ireland  during  the  Christian  Era,”  1889.  (Published  by  T.  Bell,  “Observer” 
Office,  Lancaster.) 

Duration  of  record,  1739-1888.  Number  of  earthquakes,  297. 

This  list  is  compiled  from  Perrey’s  and  Mallet’s  catalogues  and  various  other 
sources.  Before  the  year  1739  the  exact  day  of  occurrence  is  often  imperfectly  given. 
Slight  shocks,  like  those  felt  at  Comrie,  are  omitted  from  the  list,  and  this  deprives  it 
of  much  of  its  value  for  statistical  purposes.  I  have  excluded  all  earthquakes  whose 
origin  probably  lay  outside  the  area  of  Great  Britain. 


Period. 

Maximum. 

Amplitude. 

Annual . 

January,  b 

•29 

1  Semi-annual . 

j  March,  a  \ 

1  September,  a  j 

•11 

The  maximum  epoch  of  the  annual  barometric  period  occurs  in  June,  6,  in  the  north 
of  Scotland  ;  May,  5,  in  the  south  of  Scotland ;  and  Marcli,  5,  over  most  of  England. 


France,  etc, 

26.  C.  W.  C,  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp,  117-127. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  193. 

The  number  of  earthquakes  is  small,  and,  during  November  26-29,  1873,  there  was 
a  series  of  twenty-four  shocks  at  Bagneres  de  Bigorre.  On  these  accounts  tlie  lesults 
obtained  are  hardly  satisfactory. 


7  D  2 


1124 


MR.  C.  DAVISON  ON  THE  ANNUAL 


Period. 

]\Iaximnm. 

Amplitude. 

AnnHal . 

Semi-annual . 

December,  h 

None 

•41 

27.  A.  Perrey,  ‘Brit.  Assoc.  Eep./  1858,  p.  11. 

Duration  of  record,  5th  to  19th  centuries.  Number  of  earthquakes,  656. 

Perrey’s  region  includes  France,  Belgium,  and  Holland,  the  limits  of  which. 
Mallet  remarks,  are  fixed  somewhat  arbitrarily. 


Period. 

Maximum. 

Amplitude. 

Annual . 

January,  h 

•33 

Semi-annual . 

{  January,  a  1 

•10 

t  July,  a  j 

The  maximum  epoch  of  the  annual  barometric  period  generally  occurs  in  Novem¬ 
ber,  h,  in  France,  and  in  March,  h,  in  Belgium  and  Holland.  Over  a  large  part  of 
France,  however,  the  six-monthly  means  are  irregular. 


Spain  and  Portugal. 

28.  A.  Perrey,  ‘  Brit.  Assoc.  Rep.,’  1858,  p.  8. 

Duration  of  record,  12th  to  19th  centuries.  Number  of  earthquakes,  201. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual 

Annual  barometric  . 

December,  b 

Probably  none 
November,  h 

•21 

Austria. 

29.  *C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  13-37. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  461  (fig.  7). 
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Fig.  7. 


Period. 

Maximum. 

Amplitude. 

Annual ....... 

Semi-annual  .  .  .  .  | 

Annual  barometric  . 

January,  6 

May,  June,  a 

November,  h — December,  a 

November,  h 

•37 

}  -22 

Hungary,  Croatia,  and  Transylvania. 

30.  *C.  W.  C.  Fucns,  ‘  Statistik  der  Erdbeben,’  pp.  47-65. 

Duration  of  record,  1865-1884.  Number  of  earthcpiakes,  384  (fig.  8). 


Fig.  8. 


Period. 

Maximum. 

Amjditude. 

Annual . 

Semi-annual . 

Annaal  barometric 

December,  h 

f  June,  a  1 

\  December,  a  f 

November,  b 

•31 

•30 

1126 


MR.  C.  DAVISON  ON  THE  ANNUAL 


Switzerland  and  the  Tyrol. 

31.  *0.  W.  C.  Fuchs,  ‘Staiistik  der  Erdbeben,’  pp.  37-44,  99-117. 

Duration  of  record  :  Switzerland,  1865-1884  ;  Tyrol,  1865-1882.  Number  of 
earthquakes:  Switzerland,  411  ;  Tyrol,  113;  total,  524  (fig.  9). 


Fig.  9. 


Switzerland  and  the  Tyrol  (Fuchs). 


Period. 

Maximum. 

Amnlitude. 

X 

Annual . 

January,  h 

■56 

Semi-annual . 

/  June,  h  1 

t  December,  h  j 

•37 

Annual  barometric  . 

November,  b 

Basin  of  the  Rhone. 


32.  A.  Peerey,  ‘  Brit.  Assoc.  Bep.,’  1848,  p.  12. 

Duration  of  record,  16th  to  19th  centuries.  Number  of  earthquakes,  184. 


Period. 

Maximum. 

Annual . 

Semi-annual  .  .  .  .  | 

November,  b 

Januai'y,  a — February,  a 
July,  a — August,  a 

Am^Dlitude. 

•4G 

•13 
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Basin  of  the  Rhine  and  Sivitzerland. 

33.  A.  Peerey,  ‘  Brit.  Assoc.  Eep.,’  1858,  p.  13. 

Duration  of  record,  9th  to  19th  centuries.  Number  of  earthquakes,  529. 


Period. 

Maximum. 

Amplitude. 

Annual . 

January,  h 

•38 

Semi-annual . 

f  June,  a  1 

t  December,  a  j 

•15 

Basin  of  the  Danube. 

34.  A.  Peerey,  ‘  Brit.  Assoc.  Bep.,’  1858,  p.  14. 

Duration  of  record,  5th  to  19th  centuries.  Number  of  earthquakes,  268. 


Period. 

Maximum. 

Amplitude. 

Annual . 

November,  h 

•14 

Semi-annual . 

f  January,  a  1 

•30 

1  July,  a  / 

Italy. 

35.  A.  Peerey,  ‘Brit.  Assoc.  Rep.,’  1858,  p.  16. 

Duration  of  record,  5bh  to  19th  centuries.  Number  of  earthquakes,  984. 

Perrey’s  district  includes  the  whole  of  Italy,  Sicily,  Malta,  and  Sardinia,  as  well 
as  the  part  of  the  Alpine  region  not  included  in  Savoy  or  the  basins  of  the  Rhine, 
Rhone,  and  Danube. 


Period. 

Maximum. 

Amplitude. 

Annual . 

March,  h 

•19 

emi-annual . 

J  March,  a  1 

I  Septemher,  a  j 

•08 

36.  C.  W.  C.  Fuchs,  ‘  Statistikder  Erdbeben,’  pp.  144-225. 

Duration  of  record,  1865-1883.  Number  of  earthquakes,  2350. 

Fuchs  classifies  the  Italian  earthquakes  under  three  headings  :  Italy  without  the 
district  round  Vesuvius,  the  district  round  Vesuvius,  and  Sicily.  The  results  for  the 
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three  separate  regions  are  given  below.  The  region  here  considered  includes  all  three. 
The  value  of  the  result  is  affected  by  the  large  number  of  earthquakes  felt  in  Sicily 
during  March,  1883. 


Period. 

Maximum. 

Amplitude. 

Annual . 

September,  h  and  December,  h 

•14 

Semi-annual . 

/  April,  b  1 

\  October,  h  / 

•14 

Annual  barometric. 

November,  h 

37.  Italy,  excluding  Sicily  and  the  district  round  Vesuvius. — C.  W.  C.  Fuchs, 
‘  Statistik  der  Erdbeben,’  pp.  144-197. 

Duration  of  record,  1865-1883.  Number  of  earthquakes,  1513. 


Period, 

Maximum. 

Amplitude. 

Annual . 

September,  h  and  November,  b 

•21 

Semi-annual . 

{  April,  a — April,  h  1 

\  October,  a — October,  b  J 

•17 

38.  *  District  round  Vesuvius. — C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’ 
pp.  198-213. 

Duration  of  record,  1865-1883.  Number  of  earthquakes,  513. 

Eig.  10. 


District  round  Vesuvius  (Fuchs). 


Period. 

Maximum. 

Amplitude. 

Annual . 

August,  b 

•25 

Semi-annual . 

J  June,  a  1 

\  December,  a  j 

•25 

Annual  barometric  (Naples) 

November,  b 

AND  SEMI-ANNUAL  SEISMIC  PERIODS. 


1129 


39.  Sicily. — C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp,  213-224. 

Duration  of  record,  1865-1883.  Number  of  earthquakes,  324. 

The  results,  as  pointed  out  above  (§  36),  are  not  of  great  value,  owing  to  the  large 
number  of  shocks  felt  during  Mai’ch,  1883.* 


Period. 

Maximum. 

Amplitude. 

Annual . 

May,  h 

•67 

Semi-annual  ...... 

J  February,  b  1 

\  August,  b  j 

•46 

Annual  barometric .  .  . 

November,  b 

40.  It  may  be  interesting  to  compare  with  these  results  the  observations  made  by 
P.  T.  Bertelli  on  the  relative  microseismic  intensity  at  Florence.  These  are  sum¬ 
marized  for  the  interval  December,  1872,  to  November,  1887,  in  his  paper,  “  Delle 
variazioni  dei  valori  dTntensita  Tromometrica  relativa  osservata  nel  Collegio  alia  Querce 
di  Firenze  dell’  anno  meteorico  1872-73  al  1886-87.”  Observations  were  made  with 
two  tromometei'S  which  are  termed  the  “old  tromometer”  and  the  “normal  tromo¬ 
meter  ” ;  with  the  first  for  the  whole  period  of  1 5  years,  and  with  the  second  for  the 
last  1 1  years. 

(l.)  Old  tromometer,  December,  1872-November,  1887.  61,732  observations. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  h 

•49 

Semi-annual  .  .  .  .  | 

May,  a — June,  a 

November,  a— December,  a 

00 

p 

*  If  we  omit  this  year  we  get  the  following  results,  which  agree  more  closely  with  those  obtained  f]'om 
the  Yesuvian  district  (the  number  of  earthquakes  being  242). 


Period. 

Maximum. 

Amplitude. 

Annual . 

.luly,  b- 

•50 

Semi-annual . 

J  June,  0  1 

\  December,  b  j 

•19 

7  E 
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(2.)  Old  tromometer,  December,  1 876-1^0 vember,  1887.  38,546  observations. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  h 

•46 

Semi-annual . 

{ 

May,  a  I 

November,  a  J 

•04 

(3.)  Normal  tromometer,  December,  1876-November,  1887.  38,546  observations. 


Period. 

Maximum. 

Amplitude. 

Annual ...... 

December,  b 

•49 

Semi-annual . 

f  May,  a  1 

1  November,  a  ] 

•03 

41.  The  results  obtained  above  for  Italy  are  somewhat  discordant.  We  may 
conclude,  however  :  (1)  that  the  maximum  of  the  annual  seismic  period  occurs  some 
time  during  the  last  three  months  of  the  year,  and  the  maxima  of  the  semi-annual 
period  in  April  and  October ;  the  amplitudes  of  both  periods  being  approximately 
equal ;  (2)  that  the  maximum  of  the  annual  period  in  the  two  volcanic  districts 
occurs  during  the  summer  months  ;  and  (3)  that  there  is  a  marked  annual  micro- 
seismic  period,  with  its  maximum  occurring  at  the  end  of  December,  the  semi-annual 
microseismic  period  being  comparatively  very  slight. 


South-east  of  Euroj^e,  dc. 

42.  A.  Perrey,  ‘Brit.  Assoc.  Rep.,’  1858,  p.  18. 

Duration  of  record,  4th  to  19th  centuries.  Number  of  earthquakes,  423. 

Perrey’s  district  includes  the  whole  of  the  Balkan  peninsula,  Syria,  the  ..^Bgean 
Islands,  and  the  Levant.  The  seismic  record  is  admittedly  incomplete. 


Period. 

Maximum. 

Amplitude. 

Anuual . 

Semi-annual . 

Irregular 

r  February,  a  1 

\  August,  a  J 

•08 
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43.  F.  J.  Schmidt,  ‘  Studien  liber  Erdbeben’  (Leipzig,  1879),  pp.  183-355. 
Duration  of  record,  1859-1877.  Number  of  earthquakes,  3470  (fig.  11). 

This  district  is  also  a  wide  one,  including  the  Balkan  peninsula  and  adjacent 
islands,  and  parts  of  Turkey  in  Asia. 


Fig.  11. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  b 

•21 

Semi-annual . 

f  March,  a  I 

1  September,  a  J 

•25 

Annual  barometric . 

November,  b  and  December,  b 

44.  *  Balkan  Peninsula  and  adjacent  Islands. — C.  W.  C.  Fuchs,  ‘  Statistik  der 
Erdbeben,’  pp.  44-47,  225-251. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  624  (fig.  12). 

This  region  contains  Dalmatia  as  well  as  that  included  by  Fuchs  under  the  above 
heading. 


Fig.  12. 
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Period. 

Maximum. 

Amplitude. 

Annual . 

December,  h 

■27 

Semi-annual . 

{  February,  6  1 

\  August,  b  j 

■37 

Annual  barometric  . 

November,  h 

45.  *Zante. — D.  G.  and  B,  A.  Barbtani,  “  Meinoire  sur  les  tremblements  de  terre 
dans  Tile  de  Zante ‘Mem.  de  I’Academie  de  Dijon,’  vol.  11,  1863,  pp.  1-112. 

Duration  of  record,  1825-1863.  Number  of  earthquakes,  1326  (fig.  13). 

These  figures  show  that,  on  an  average,  at  least  34  earthquakes  were  felt  every 
year.  This  number  is,  however,  too  small,  for  the  number  of  shocks  following  the 
disastrous  earthquake  of  October  30,  1840,  was  so  great  that  M.  Barbiani  found 
it  impossible  to  record  them  all.  According  to  the  report  issued  by  the  Lord  High 
Commissioner,  Sir  Howard  Douglas,  95  shocks,  some  very  severe,  were  felt  beWeen 
October  30  and  November  4.  M.  Barbtani  gives  an  estimate  of  the  total  number  of 
shocks  (p.  103),  and  in  the  next  paragraph  I  have  discussed  the  figures  given  by  him. 


Fig.  13. 


Zante  (Baebiani). 


Period. 

Maximum. 

Amplitude. 

Annual . 

August,  b 

•10 

Semi-annual . 

f  June,  a  1 

1  December,  a  J 

•19 

46.  D.  G.  Barbiani,  p.  103. 

Number  of  earthquakes,  1663. 

M.  Barbiani’s  estimate  of  the  monthly  number  oD  shocks  differs  from  the  pre¬ 
ceding,  owing  to  his  including  several  slight  shocks  which  he  counted,  without  giving 
the  time  of  occurrence  of  each,  as  well  as  to  his  estimate  of  the  number  of  shocks  in 
the  early  part  of  November,  1840. 
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Period. 

Maximum. 

Amplitude. 

Afinual . 

Semi-annual . 

August,  h 

f  May,  a  1 

[  November,  a  J 

•29 

•35 

Thus,  the  effect  of  including  these  slighter  shocks  is  to  increase  the  amplitude  of 
both  periods,  and  to  place  the  maximum  epoch  of  the  semi-annual  period  a  month 
earlier. 

47.  Zante. — Schmidt  and  Fuchs. 

Duration  of  record,  1859-1878.  Number  of  earthquakes,  246. 

The  list  on  which  this  discussion  is  founded  is  compiled  from  those  given  by 
Schmidt  and  Fuchs  for  the  south-east  of  Europe.  The  former  extending  from  1859 
to  1878,  the  latter  from  1865  to  1884,  though  not  recording  any  shocks  later  than- 
1874.  For  the  years  1859  to  1863,  Schmidt’s  records,  with  only  seven  exceptions, 
are  all  taken  from  Baubiani’s  catalogue.  For  the  remainder  of  the  time,  Schmidt 
and  Fuchs  do  not  seem  to  have  made  use  of  the  same  authorities,  for  their  dates 
agree  in  only  a  comparatively  small  number  of  cases. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

December,  b 

j  March,  a  1 

\  September,  a  j 

•29 

•33 

Now,  the  average  number  of  earthquakes  felt  in  Zante  every  year  is  34 ‘8  or  4 3 ‘8 
according  to  Barbiaisii,  and  8 ’2  according  to  the  list  compiled  from  Schmidt’s  and 
Fuchs’  catalogues.  M.  Barbiani’s  catalogue  may  perhaps  relate  to  a  more  than 
usually  disturbed  interval,  but  it  was  compiled  by  a  resident  in  the  island,  and 
therefore  probably  includes  a  much  greater  number  of  slight  shocks  than  the  other 
list.  This  may  account  for  the  difference  in  the  maximum  epoch  of  the  annual  period 
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A  Igeria. 

48.  C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  317-321. 
Duration  of  record,  1865-1883.  Number  of  earthquakes,  135, 


Period. 

Maximum, 

Amplitude. 

Annual . 

December,  6 

•67 

Semi-annual  .  .  .  .  | 

June,  a — June,  h 

December,  a — December,  h 

j  -30 

Annual  barometric  .  . 

November,  &,  and  December,  h 

Asia. 

49.  0.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  254-276. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  458. 

The  region  considered  includes  Caucasia,  which  is  treated  separately  (§  50),  and 
India,  but  excludes  Japan,  Formosa,  and  the  Malay  Archipelago,  The  record  is 
probably  incomplete. 


Period. 

Maximum. 

Amplitude. 

Annual . 

February,  5 

•33 

Semi-annual  .... 

/  February,  a 

[  August,  a 

} 

•14 

Annual  barometric  . 

December,  & 

Caucasia. 

50.  C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  257-263. 
Duration  of  record,  1865-1884.  Number  of  earthquakes,  152. 


Period. 

Maximum. 

Amplitude. 

1 

1 

Annual . 

January,  h 

1 

•56 

Semi-annual  .... 

/  February,  a  1 

1_  August,  a  J 

•38 

Annual  barometric  . 

December,  h 

1 

1 
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J apan. 

51.  ‘Trans,  of  Seismol.  Soc.  of  Japan/  vol.  10,  1887,  p.  61  ;  vol.  13,  Part  1,  1889, 
p.  93;  vol.  15,  1890,  p.  101  ;  vol.  16,  1892,  pp.  56  and  83. 

Duration  of  record,  1885-1889.  Number  of  earthquakes,  2997. 

This  record  has  already  been  discussed  in  §  17,  with  reference  to  seismic  intensity. 
The  early  epoch  of  the  annual  period  is  due  to  the  very  large  number  of  shocks 
disturbing  an  area  less  than  100  square  ri. 


Period. 

Maximum. 

Amplitude. 

1 

i  Annual . 

1 

1 

!  Semi-annual  .... 

i 

Annual  barometric  . 

October,  h 

r  March,  a  1 

\  September,  a  J 

December,  b 

•08 

•07 

52.  '"'Tokio. — Professor  J.  Milne,  ‘Trans,  of  Seismol.  Soc.  of  Japan,’  vol.  2,  1880, 
pp.  4-14,  39;  vol.  6,  1883,  pp.  32-35;  vol.  8,  1885,  pp.  100-108;  vol.  10,  1887, 
pp.  97-99  ;  vol.  15,  1890,  pp.  127-134.  Also  (for  the  earthquakes  recorded  by  the 
Gray-Milne  seismograph)  ‘Brit.  Assoc.  Pep.,’  1886,  pp.  414-415  ;  1887,  pp.  212-213  ; 
1888,  pp.  435-437;  1889,  pp.  295-296  ;  1890,  pp.  160-162;  1891,  pp.  123-124; 
1892,  pp.  93-95. 

Duration  of  record,  1876-1881  and  1883-1891.  Number  of  earthquakes,  1104 
(fig.  14). 

Professor  Milne’s  record  of  earthquakes  felt  in  Tokio,  begins  in  September,  1872. 
From  the  end  of  1875  until  the  present  time,  the  earthquakes  were  all  registered  by 
instrumental  means.  Palmebi’s  seismograph  was  used  until  April,  1885,  and  the 
Gray-Milne  seismograph  after  that  date.  At  the  end  of  the  year  1882,  observations 
were  suspended  during  the  removal  of  the  instrument ;  this  year  is  accordingly 
omitted. 


Fig.  14. 


Tokio  (Milne). 
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Period. 

Maximum 

Amplitude. 

Annual . 

February,  h 

•19 

Semi-annual . 

L 

May,  a  1 

November,  a  j 

•21 

Annual  barometric  (Tokio) 

December,  b 

Omitting  the  year  1885,  during  which  the  change  of  seismographs  was  made,  we 
have  the  following  results,  differing  but  slightly  from  the  preceding,  (Number  of 
earthquakes,  1039.) 


Period. 

Maximum. 

Amplitude. 

Annual . 

February,  b 

•19 

Semi-annual . 

f  May,  a  \ 

\  November,  a  j 

•2-2 

53.  Tokio. — Professor  J.  Milne,  ‘Trans,  of  Seismol.  Soc.  ol  Japan,’  vol.  2,  1880, 
pp.  7-14,  39. 

Duration  of  record,  1878-1881.  Number  of  earthquakes,  246. 

The  results  for  this  shorter  interval  are  given  for  comparison  with  those  from  the 
next  district. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

December,  b 

1  Jannary,  b  1 

1  July,  b  j 

•46 

•19 

54.  Yokohama. — T.  H.  Streets,  M.D.  (U.S.  Navy),  “A  Four  Years’  Record  of 
Earthquakes  in  Japan,  studied  in  their  Relation  to  the  Weather  and  Seasons”: 
‘  Amer.  Journ.  of  Science’,  3rd  ser.,  vol.  25,  1883,  pp.  361-367. 

Duration  of  record,  1878-1881.  Number  of  earthquakes,  130. 

Dr.  Streets’  list  is  compiled  from  the  weather  statistics  kept  at  the  United  States 
Naval  Hospital  at  Yokohama,  a  station  for  taking  international  meteorological  obser¬ 
vations.  It  “  includes  every  shock  that  could  be  appreciated  without  the  aid  of  a 
seismometer.”  The  results  are  interesting  as  showing  the  fairly  close  agreement  in 
lists  kept  at  places  separated  by  a  few  miles,  one  with,  and  the  other  without,  the  aid 
of  a  seismograjDh  ;  but  they  possess  little  value  otherwise 
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Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual  .... 

December,  5  and  March,  h 

/  January,  h  1 

1  July,  b  J 

•41  1 

1 

•29  ! 

India. 

55.  Oldham,  ‘‘  A  Catalogue  of  Indian  Earthquakes  from  the  Earliest  Time  to 
the  End  of  a.d.  1859  ”  ;  ‘India  Geol.  Survey  Mem.,’  vol.  19,  part  3,  pp.  1-48. 
Duration  of  record,  1803-1869.  Number  of  earthquakes,  320  (fig.  15.) 

Fig.  15. 


Period. 

Ma.xinium. 

Amplitude. 

Annual . 

October,  b 

•2.5 

Semi-annual  .... 

/  Januaiy,  a  1 

•38 

3 

“5 

North  America. 

56.  '''C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  377-401. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  552  (fig.  16). 
This  district  includes  the  whole  of  the  continent  north  of  Mexico. 


Period. 

Maximum. 

Amplitude. 

Annual . 

November,  b 

•35 

Semi-annual  .... 

r  April,  a  I 

I  October,  a  j 

•14 

Annual  barometric  . 

November,  b  and  December,  b 

7  F 
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Fig.  16. 


United  States  and  Canada. 

57.  A.  Perrev,  ‘Brit.  Assoc.  Pep.,’  1858,  p.  23. 

Daration  of  record,  17th  to  19th  centuries.  Number  of  earthquakes,  134. 


Period. 

Maximum. 

Amplitude. 

AnTiual . 

December,  h 

1 

•46 

Semi-annnal . 

f  January,  a  I 

1  a  J 

•15 

Annual  barometric  . 

November,  b  and  December,  b 

1 

New  England. 

58.  W.  T.  Brigham,  “Volcanic  Manifestations  in  New  England,  beiiig  an  Enu¬ 
meration  of  the  Principal  Earthquakes  from  1G38  to  1869”;  ‘Boston  Soc.  Nat.  Hist. 
Mem.,’  vol.  2,  1873,  pp.  1-28. 

Duration  of  record,  1638-1869.  Number  of  earthquakes,  212. 


Period. 

Maximum. 

Amplitude. 

Annual . 

December,  b 

•51 

Semi-annual . 

r 

1 

June,  b 
December,  b 

] 

J 

"25 

Annual  barometric  . 

November,  b 

1 
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California,  &c. 

59.  *E.  S.  Holden,  “  List  of  Recorded  Earthquakes  in  California,  Lower  California, 
Oregon,  and  Washington  Territory”  (Sacramento,  1887). 

Duration  of  record,  1850-1886.  Number  of  earthquakes,  949  (fig.  17). 

The  six-monthly  means  for  October,  November,  and  December  being  very  nearly 
equal,  it  is  possible  that  the  epoch  of  the  maximum  of  the  annual  period  may  be 
placed  too  early. 


Fig.  17. 


Period. 

Maximum. 

Amplitude. 

Annual . 

October,  h 

•30 

Semi-annual . 

r  April,  1  1 

\  October,  a  J 

•16 

Annual  barometric  . 

December,  b  and  January,  b 

60.  In  Table  A.  of  his  memoir  (p.  11)  Professor  Holden  has  given  the  number  of 
earthquakes  for  each  year  groujDed  in  monthly  intervals.  Using  these  figures,  we 
have  the  following  results  (the  number  of  earthquakes  being  768)  : — 


Period. 

Maximum. 

Amplitude. 

Annual . 

October,  b 

•19 

Semi-annual . 

f  April,  a  1 

\  October,  a  J 

•16 

Thus,  while  the  maximum  e230chs  are  practically  the  same,  as  also  the  amplitude  of 
the  semi-annual  period,  the  amplitude  of  the  annual  period  increases  with  the  number 
of  earthquakes,  that  is,  by  including  a  greater  number  of  slight  shocks. 

7  F  2 
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01.  San  Francisco. — E.  S.  Holden,  p.  13,  Table  B, 

Duration  of  record,  1850-1886.  Number  of  earthquakes,  254. 


1 

1  Period. 

Maximum. 

Amplitude. 

Annual . 

December,  h 

i 

•41  i 

Semi-annual . 

{  April,  a  1 

1  October,  a  J 

1 

•21  I 

Annual  barometric  (San  Francisco) 

January,  b 

1 

1 

62.  San  Jose  and  Santa  Clara. — E.  S.  Holden,  p.  15,  Table  C. 

Duration  of  record,  1850-1886.  Number  of  earthquakes,  54. 

Professor  Holden  remarks  that  the  record  for  these  two  places  is  very  incomplete ; 
he  thinks  that  probably,  if  the  record  had  been  well  kept,  the  number  would  have 
been  as  great  as  at  San  Francisco.  As  it  is,  it  is  too  small  to  vield  reliable  results. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

December,  h 

{  March,  a  1 

1  September,  a  j 

••5t5 

•33 

Mexico. 

63.  C.  W.  C.  Fuchs,  ‘Statistik  der  Erdbeben,’  pp.  372-376. 
Duration  of  record,  1865-1882  Number  of  earthquakes,  86. 
The  annual  period,  if  one  exists,  is  very  irregular. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

December,  h 

j  April,  a  1 

\  October,  a  J 

•43 

■79 

The  maximum  of  the  annual  barometric  period  occurs  in  January  at  places  near 
the  sea-level,  and  in  September  and  October  on  the  high  ground  which  occupies  so 
large  a  part  of  the  country. 
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Central  America. 

64,  C.  W,  C.  Fuchs,  ‘Sfcatistik  der  Erdbeben,’  pp.  357-363. 
Duration  of  record,  1865-1884.  Number  of  earthquakes,  190. 


Period. 

Maximum. 

Amplitude. 

Annual  .... 

April,  h 

■32 

Semi-annual  . 

•  • 

f  April,  a  1 

\  October,  a  J 

•25 

Annual  bai’ometric  . 

•  • 

January,  h — April,  h 

West  Indies. 

65.  C.  W.  C.  Fuchs,  ‘Statistik  der  Erdbeben,’  pp.  364-371. 

Duration  of  record,  1865-1883.  Number  of  earthquakes,  205. 

In  November,  1867,  a  large  number  of  earthquakes  were  felt  at  St.  Thomas,  more 
than  four  hundred  between  the  19th  and  28th  insts.  Except  in  the  few  cases  where 
the  exact  times  are  given,  the  shocks  of  each  day  are  counted  as  a  single  earthquake. 


Period. 

Maximum. 

Amplitude. 

Annual . 

October,  h 

■59 

Semi-annual . 

J  June,  h  1 

1  December,  h  / 

■59 

Annual  barometric  . 

January,  h — April,  h 

66.  A.  Perrey,  ‘  Brit.  Assoc.  Rep.,’  1858,  pp.  24,  25. 

Duration  of  record,  16th  to  19th  centuries.  Number  of  earthquakes,  221. 

Mallet  remarks  that  Perrey  was  obliged  to  adopt  some  convention  with  regard 
to  some  of  the  prolonged  earthquake-series.  He  reckoned  “each  month  of  such 
shocks  as  equivalent  to  one  great  earthquake.” 


Period. 

Maximum. 

Amplitude. 

i 

Annual . 

August,  b 

•11 

Semi-annual . 

f  March,  a  1 

t  September,  a  J 

■16 
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Sandwich  Islands. 

C)7.  C.  W,  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  404-408. 
Duration  of  record,  1865-1882.  Number  of  earthquakes,  245. 


Period. 

Maximum. 

! 

Amplitude. 

Annual . 

June,  h 

•3.3 

Semi-annual  .... 

f  February,  h  1 

\  August,  h  J 

•2.5 

Buchan  gives  the  results  of  two  series  of  barometric  observations  at  Honolulu. 
The  first  series  gives  the  maximum  epoch  of  the  annual  period  in  May,  h ;  the  second 
in  April,  h ;  the  amplitudes,  or  semi-ranges,  being  '025  and  ‘OSS  inch,  respectively. 

Seismic  Periodicity  in  Countries  near  the  Equator, 

Malay  Archipelago. 

68.  '“C.  W.  C.  Fuchs,  ‘Statistik  der  Erdbeben,’  pp.  286-308. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  598. 


Fig.  18. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual  .... 

May,  h 

f  JanuaiT)  ci  1 

l  July,  0.  / 

•19 

•25 

The  maximum  of  the  annual  barometric  period  occurs  in  March,  h,  at  Buitenzorg ; 
in  August,  h,  at  Batavia ;  and  in  September,  5,  at  Padang. 
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69.  C.  G.  Knott,  ‘Trans,  of  Seismol.  Soc.  of  Japan,’  vol.  9,  pfc.  1,  1886,  Table  A."”' 
Duration  of  record,  1873-1881.  Number  of  earthquakes,  515. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual  .... 

Irregular 

r  March,  a  1 

\  September,  a  J 

•11 

but  irregular 

New  Granada  and  Venezuela. 

70.  C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  347-356. 
Duration  of  record,  1865-1884.  Number  of  earthquakes,  272. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual  .  .  .  .  | 

February,  b 

March,  a — March,  b 
September,  a — September,  b 

•64 

}  - 

The  maximum  epoch  of  the  annual  barometric  period  is  very  variable  in  different 
parts  of  the  district,  occurring  as  early  as  April  in  some  parts  and  as  late  as 
September  in  others.  The  range  is,  however,  very  small. 

Seismic  Periodicity  in  the  Southern  Hemisphere. 

Southern  Hemisphere. 

71.  R.  Mallet,  ‘Brit.  Assoc.  Rep.,’  1858,  p.  57.  (See  also  reference  and  note 
given  in  §  18.) 

Duration  of  record,  1578-1850.  Number  of  earthquakes,  223. 


Pei’iod. 

Maximum. 

Amplitude. 

Annual . 

November,  b 

•24 

Semi-annual . 

r  May,  a  1 

\  November,  a  J 

•33 

*  Dr.  Knott  quotes  from  a  list  by  Bergsma.  Tbe  reference  he  gives  is  ‘  Natuurkundig  Tijdschrift 
voor  Nederlandsch-Indie.’  I  have  not  had  an  opportunity  of  seeing  this  work. 
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72.  C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben/  pp.  312-317,  322-347,  356-357, 
401-404. 

Duration  of  record,  1865-1884.  Number  of  earthquakes,  751. 

The  semi-annual  period  is  not  well-defined. 


Period. 

[ 

Maximum. 

Amplitude. 

Annual . 

August,  h 

•37 

• 

Semi-annual . 

f  January,  a — March,  a  1 
\  July,  Cl— September,  a  j 

•06 

Annual  barometric  .  . 

April,  h — July,  h 

New  South  Wales,  Victoria,  and  South  Australia. 

73.  G.  Hogben,  ”  RejDort  of  the  Committee  .  .  .  appointed  to  investigate  and  report 
upon  Seismological  Phenomena  in  Australasia,”  ‘  Trans.  Austral.  Assoc,  for  the  Adv. 
of  Science,’  vol.  4,  1892,  pp.  8-27. 

Duration  of  records  :  New  South  Wales,  1880-1891  ;  Victoria,  1884-1891  ;  South 
Australia,  1882-1891.  Number  of  earthquakes:  New  South  Wales,  24;  Victoria, 
60;  South  Australia,  75;  total,  159. 


Period. 

Maximum. 

Amplitude. 

Annual . 

May,  h 

•48 

Semi-annual . 

f  February,  u  I 

t  August,  a  J 

•43 

Annual  barometric  . 

May,  b  and  June,  b 

Neiv  Zealand. 

74.  ^Sir  J.  Hector,  “Report  of  the  Committee  .  .  .  appointed  to  investigate  and 
report  upon  Seismological  Phenomena  in  Australasia,”  ‘  Trans.  Austral.  Assoc,  for  the 
Adv.  of  Science,’  voi.  3,  1891,  pp.  505-532. 

Duration  of  record,  1868-1890.  Number  of  earthquakes,  641  (fig.  19). 


Fig.  19. 


New  Zealand  (Hector). 
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Period. 

Maximum. 

Amplitude. 

Annual . 

March,  h — May,  h 

•05 

Semi-annual . 

f  February,  a 

1  August,  a 

1 

J 

■13 

Annual  barometric .  . 

April,  b 

75.  In  discussing  the  geographical  distribution  of  the  New  Zealand  earthquakes, 
Sir  J,  Hector  has  classified  the  earthquakes  in  monthly  groups  in  six  districts.  The 
following  are  the  results  obtained  from  the  numbers  given  by  him  : — 

District  I.  North  part  of  the  North  Island,  including  Hokianga,  Kaipara,  and 
Cambridge.  Number  of  earthquakes,  2. 

District  II.  Central  part  of  the  North  Island,  including  Tauranga,  Taupo,  Taranaki, 
and  Manawatu.  Number  of  earthquakes,  184. 


Period. 

Maximum. 

Amplitude. 

Annual . 

April,  b 

•22 

Semi-annual . 

f  Marcb,  a  1 

t  September,  a  j 

•30 

District  III.  East  Coast  of  the  North  Island,  including  Gisborne,  Napier,  and 
Wellington.  Number  of  earthquakes,  188. 


Period. 

Maximum. 

Amplitude. 

Annual . 

May,  b 

•11 

Semi-annual . 

f  February,  a  I 

•26 

1  August,  a  j 

District  IV.  West  Coast  of  the  South  Island,  including  Marlborough,  Nelson,  and 
Grey.  Number  of  earthquakes,  88. 


Period. 

Maximum. 

Amplitude. 

! 

:  Annual . 

July,  b 

•32 

Semi-annual . 

J  Marcb,  a  1 

\  September,  a  j 

•20 

7  G 
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District  V.  East  Coast  of  the  South  Island,  including  Bealey,  Christchurch,  South 
Canterbury,  Dunedin,  and  Southland.  Number  of  earthquakes,  98. 


Period. 

Maximum. 

Amplitude. 

Annual .  . . 

Semi-annual . 

Irregular 

f  March,  a  I 

\  September,  a  J 

•28 

District  VI.  South  part  of  the  South  Island,  including  Central  Otago.  Number  of 
earthquakes,  30. 

The  number  of  earthquakes  is  far  too  small  to  yield  trustworthy  results. 


Period. 

Maximum. 

Amplitade. 

Annual . 

Semi-annual . 

Irregirlar 

r  May,  a  I 

I  November,  a  j 

■56 

76.  Hogben,  “The  Earthquakes  of  New  Zealand.”  ‘Trans,  of  the  Austral. 
Assoc,  for  the  Adv.  of  Science,’  vol.  3,  1891,  pp.  37-57  ;  also,  “Report  of  the  Com¬ 
mittee  .  .  .  appointed  to  investigate  and  report  upon  Seismological  Phenomena  in 
Australasia,”  vol.  4,  1892,  pp.  28-33. 

Duration  of  record,  1848-1891.  Number  of  earthquakes,  737  (fig.  20). 


l-IO 

1-00 

0-90 

0-80- 


A. 


Fig.  20. 


New  Zealand  (Hogben). 


Period. 

Maximum. 

Amplitude. 

Annvial . 

Semi-annual . 

Between  June,  b  and  October,  b 

(  February,  a  1 

1  August,  a  J 

•06 

•21 
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77.  G.  Hogben,  ihid.,  vol.  3,  1891,  p.  44. 

Duration  of  record,  1848-1890.  Number  of  earthquakes,  745. 

Counting  slighter  shocks,  which  would  be  reckoned  together  with  the  definition  of 
tlie  unit  earthquake  adopted  in  this  paper,  Mr.  Hogben  has  given  a  table  of  the 
number  of  shocks  felt  in  each  month.  The  total  number  for  the  same  years,  obtained 
by  myself,  is  695.  The  result  is  to  increase  the  amplitudes  of  both  periods. 


Period. 

Maximum. 

Amplitude. 

Annnal . 

Semi-annTial . 

July,  h 

f  February,  a  1 

\  August,  a  ] 

•14 

■23 

Chili. 

78.  A.  Peerey,  ‘  Brit.  Assoc,  Pep.’,  1858,  p.  27. 

Duration  of  record,  16th  to  19th  centuries.  Number  of  earthquakes,  178. 

Peerey’s  district  consists  of  Chili  and  La  Plata,  or,  in  Mallet’s  words,  “  the 
region  lying  between  the  western  slo23e  of  the  Andes  and  the  sea,  from  the  24°  to  the 
45°  south  latitude,  between  the  Desert  of  Atacama  on  the  north,  and  the  Archipelago 
of  Chonos  on  the  south.”  The  number  of  earthquakes  recorded  by  Peerey  is  small, 
considering  that,  as  Mallet  remarks,  the  region  is  one  “  in  which  shocks  of  greater 
or  less  intensity  are  almost  of  daily  occurrence.” 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual . 

August,  6 
Irregular 

•14 

79.  C.  W.  C.  Fuchs,  ‘  Staiistik  der  Erdbeben,’  pp,  322-331, 

Duration  of  record,  1865-1883.  Number  of  earthquakes,  316. 

For  the  first  seven  years  (1865-1871)  Fuchs’  record  is  a  full  one.  During  the 
remainder  of  the  time  it  is  evidently  very  incomplete,  there  being  five  years  (1875, 
1877,  1878,  1881,  1882),  without  any  disturbance  recorded.  This  deprives  the  list  of 
much  of  its  value  for  statistical  purposes. 

The  figures  for  both  periods  are  very  irregular.  The  maximum  six-monthly  mean 
(1'27)  occurs  at  the  end  of  August,  but  at  the  end  of  December  it  is  1*25,  with  much 
smaller  values  intervening.  In  like  manner  for  the  semi-annual  period,  the  maximum 
six-half-monthly  mean  (I'll)  occurs  in  the  middle  of  April  and  October,  but  at  the 
end  of  May  and  November  it  is  ITO. 
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80.  C.  G.  Knott,  ‘  Trans,  of  Seismol.  Soc.  of  Japan,’  vol.  9,  pt.  1,  1886,  Table  A.'"' 
Duration  of  record,  1873-1881.  Number  of  earthquakes,  212. 


Period. 

Maximum. 

Amplitude. 

Annual . 

August,  h 

•48 

Semi-annual . 

r  June,  a  1 

1  December,  a  / 

■17 

Annual  barometric 

July,  h 

Peru,  Bolivia,  and  Quito. 

81.  C.  W.  C.  Fuchs,  ‘  Statistik  der  Erdbeben,’  pp.  331-347. 
Duration  of  record,  1865-1884.  Number  of  earthquakes,  350. 


Period. 

Maximum. 

Amplitude. 

Annual . 

Semi-annual  ..... 

Annual  barometric 

July,  h 

j  January,  a  > 

1  July,  a 

July,  h 

•48 

•24 

^  Dr.  Knott  quotes  Vergaea  as  his  authority,  and  gives  as  the  reference  ‘  Obsei’vaciones  Meteoro- 
logicas’  (Santiago),  1884  I  have  not  been  able  to  cousult  this  -work. 


Table  I. — Number  of  Earthquakes. 
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Summary  of  Results. 

82.  Annual  Period. — The  number  of  seismic  records  examined  is  62,  45  belonging 
to  the  northern  hemisphere,  14  to  the  southern,  and  3  to  equatorial  countries.  Only 
five  fail  to  indicate  a  fairly  well-marked  annual  period,  namely.  South-east  Europe 
(Perrey),  East  Indies  (Bergsma),  New  Zealand,  Districts  V.  and  VI.  (Hector),  and 
Chili  (Fuchs)  ;  and  in  all  these  cases  the  failure  may,  I  think,  be  attributed  to  incom¬ 
pleteness  in  the  seismic  record.  Different  lists  for  the  same  district  do  not  always 
give  the  same  date  for  the  maximum  epoch,  though  in  most  cases  they  agree  closely 
enough.  The  principal  exceptions  are  Italy,  Zante,  Japan,  West  Indies,  and  the 
Southern  Hemisphere  ;  and  in  the  three  first  of  these  districts  the  discrepancy  may, 
perhaps,  be  explained.  Excluding  these  somewhat  doubtful  cases,  the  distribution  in 
time  of  the  maximum  epochs  is  given  in  the  following  table  :  — 


Northern 

hemisphere. 

Equatorial 

countries. 

Southern 

hemisjjhere. 

January  .... 

6 

0 

0 

Februaiy  .... 

1 

I 

0 

March . 

0 

0 

0 

April . 

I 

0 

2 

May . 

I 

I 

2 

J  line . 

I 

0 

0 

July . 

0 

0 

3 

August . 

1 

0 

2 

September 

0 

0 

0 

October  .... 

3 

0 

0 

November. 

4 

0 

0 

December  .... 

16 

0 

0 

These  figures  strongly  support  the  view  that  the  maximum  of  the  annual  period 
ocmrs  during  the  local  ivinter  in  each  hemisphere.  The  evidence  for  equatorial 
countries  is  somewhat  scanty,  but  it  shows  that  in  them,  also,  there  is  a  well-marked 
annual  period.  If  we  were  to  include  the  two  districts  of  India  and  Peru,  Bolivia  and 
Quito  as  equatorial,  this  conclusion  will  be  further  strengthened,  the  date  of  the 
maximum  epoch  being  variable. 

83.  In  amplitude,  the  results  given  by  different  lists  for  the  same  districts  are 
more  variable;  and  this  is  due  in  a  great  measure,  I  believe,  to  different  definitions 
of  the  unit  earthquake.  This  is  esj^ecially  shown  in  three  cases  in  which  the 
periodicity  has  been  investigated  both  with  my  own  definition  and  with  that  adopted 
by  the  cataloguer  (§§  45,  46,  59,  60,  76,  77). 

The  amplitude  of  the  annual  period  ranges  from  '05  (New  Zealand)  to  ’67  (Sicily 
and  Algeria).  The  average  amplitude  obtained  from  57  records  is  ‘33  ;  the  corre¬ 
sponding  ratio  of  the  number  of  shocks  in  the  maximum  and  mininum  halves  of  the 
year  is  1‘53,  or,  roughly,  3  :  2. 
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84.  It  will  be  seen,  on  examining  the  above  tables,  that  the  amplitude  of  the 
annual  period  is  small  in  several  countries  which  are  g’enerally  regarded  as  earth¬ 
quake  countries.  In  some  cases,  this  is  no  doubt  due  to  the  definition  of  the  unit 
earthquake.  Again,  when  the  area  is  a  wide  one,  the  amplitude  may  be  small, 
owing  to  the  maximum  ej)Och  for  different  districts  occurring  at  different  dates. 
Partly  to  this,  perhaps,  is  due  the  apparently  small  amplitude  in  the  Northern 
Hemisphere  (Mallet),  Italy  (Fuchs),  and  New  Zealand  (Hector  and  Hogben). 
Lastly,  the  amplitude  is  small  in  some  insular  districts,  for  example,  Japan  (’08)  and 
New  Zealand  (’05  or  ’06). 

85.  Semi-Annual  Period. — Of  the  62  records  examined,  only  three  fail  to  show  a 
fairly  well-marked  semi-annual  period,  namely,  France  (Fuchs),  Spain  and  Portugal 
(Perrey),  and  Chili  (Fuchs)  ;  these  failures  also  being  probably  due  to  incomplete¬ 
ness  in  the  seismic  record.  Different  records  for  the  same  district  do  not  always 
agree  in  giving  the  same  epoch  for  the  maximum  of  the  semi-annual  period ;  for 
example,  those  of  the  Northern  and  Southern  Hemis23heres,  Europe  and  the  West 
Indies,  As  a  rule,  however,  the  agreement  is  fairly  close.  And  this  is  also  especially 
true  in  the  case  of  districts  adjoining  and  overlapping  one  another ;  for  example, 
Austria,  Hungary,  and  Switzerland  and  the  Tyrol  (Fuchs)  ;  South-east  Europe 
(Perrey,  Schmidt)  and  the  Balkan  Peninsula  (Fuchs)  ;  CalifoiTiia,  San  Francisco, 
and  San  Jose  and  Santa  Clara  (Holden);  India  (Oldham)  and  the  Malay  Archi¬ 
pelago  (Fuchs)  ;  the  different  districts  of  New  Zealand  (Hector)  ;  and  also  Tokio 
(Milne)  and  Yokohama  (Streets),  for  the  short  period  1878-1881.  Excluding 
doubtful  cases,  the  distribution  in  time  of  the  maximum  epochs  is  given  in  the 
following  table : — 


Northern 

hemisphere. 

Equatorial 

countries. 

Southern 

hemisphere. 

January,  a,  and  July,  a  ..  . 

4 

1 

1 

Januaiy,  h,  and  July,  h  .  .  . 

0 

0 

0 

February,  a,  and  August,  a  . 

4 

LI 

-i 

February,  b,  and  August  b  . 

d 

0 

0 

March,  a,  and  September,  a  . 

.5 

1  1  / 

3 

March,  h,  and  September,  h  . 

0 

0 

April,  a,  and  October,  a  ..  . 

5 

0 

0 

April,  h,  and  October,  b  .  .  . 

2 

0 

0 

May,  a,  and  November,  a  ..  . 

0 

0 

1 

May,  b,  and  November,  b  . 

0 

0 

0 

June,  a,  and  December,  a 

8 

0 

1 

June,  b,  and  December  b  .  .  . 

o 

w 

0 

0 

In  New  Zealand  and  the  south-east  of  Australia,  the  maximum  epoch  falls  most 
frequently  in  February  or  March,  and  August  or  September  ;  in  Noi'th  America  it 
usually  occurs  in  March  or  April  and  September  or  October.  I  have  not  been  able 
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to  find  any  general  rule  in  other  cases,  and  it  is  possible  that  the  materials  are  too 
imperfect  to  allow  any  law  to  be  deduced. 

86.  The  amplitude  of  the  semi-annual  period  ranges  from  '06  (Southern  Hemisphere, 
Fuchs)  to  '79  (Mexico),  the  average  value  being  '24. 

In  fifteen  cases  the  amplitude  of  the  semi-annual  period  is  greater  than  that  of  the 
annual  period,  and  in  three  others  the  amplitudes  are  equal ;  the  amplitude  of  the 
annual  period  in  the  former  cases  ranging  from  '05  to  '43,  on  an  average  being  '19. 
It  is  worthy  of  notice  that  different  catalogues  for  the  same  district  generally  agree 
in  this  respect ;  especially  is  this  the  case  with  the  Balkan  Peninsula,  Zante,  and  the 
south-east  of  Europe,  and  in  New  Zealand. 

Moreover,  eleven  of  these  fifteen  records  include  the  following  insular  districts, 
which  are  among  the  most  well-marked  seismic  regions  in  the  world,  namely,  the 
Grecian  Archipelago,  Japan,  the  Malay  Archipelago,  New  Zealand,  and  the  West 
Indies.  The  average  amplitude  of^the  annual  period  in  these  cases  is  '16,  and  that 
of  the  semi-annual  period  '24  ;  that  is,  the  average  amplitude  of  the  annual  period  is 
just  half  that  of  all  the  districts  examined,  while,  in  the  case  of  the  semi-annual 
period,  the  two  average  amplitudes  are  exactly  the  same."^ 


Origin  of  the  Annual  Seismic  Period. 


87.  The  most  probable  theory  of  the  origin  of  the  majority  of  non-volcanic  earth¬ 
quakes  is  that  they  are  due  to  the  impulsive  friction  occasioned  by  the  slips  which 
are  the  elements  in  the  growth  of  faults.  These  slips  are  due,  in  the  first  instance, 
to  endogenic  causes,  and,  were  there  no  external  phenomena  of  a  periodic  nature  to 
affect  them,  would  take  place  equally  at  all  times  of  the  year. 

In  nearly  every  part  of  the  world,  however,  there  is  a  well-marked  annual 
barometric  period,  the  maximum  epoch  over  the  land-areas  being  somewhat  variable, 
but  occurring  as  a  rule  during  winter.  The  range,  or  double  amplitude,  is  small,  the 
maximum  being  about  one  inch,  and  in  some  districts  less  than  one-tenth  of  an  inch. 

The  distortion  of  the  earth’s  surface  by  parallel  waves  of  barometric  elevation  and 
depression  has  been  investigated  by  Professor  G.  H.  DARWiN.t  The  vertical  displace¬ 
ment  is 


gwli 


e  cos  T 


where  the  axis  of  x  is  vertically  downwards  and  the  axis  of  s  horizontal  and  perpendi¬ 
cular  to  the  barometric  undulations,  g  gravity,  v  the  modulus  of  rigidity,  lo  the 


*  This  phenomenon  shows  that  the  annual  and  semi-annual  periods  must  have  entii-elj  different 
origins. 

t  “  On  Variations  in  the  Vertical  due  to  Elasticity  of  the  Earth’s  Surface,”  ‘  Brit.  Assoc.  Report,’ 
1882,  pp.  106-119;  ‘Phil,  Mag.,’  vol.  14,  1882,  pp.  409-427. 
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specific  gravity  of  mercury,  li  the  maximum  range  of  the  barometer,  and  2rrh  the 
wave-length  of  tiie  barometric  undulation.  To  obtain  an  estimate  of  the  maximum 
displacement  ad  tlie  surface,  namely,  gwhhj^v,  Professor  Darwin  takes  iv  =  13‘6, 
h  =  5  centims.,  =  5000  miles  =  4'8  X  10®  centhns.,  nearly,  and  vjg  =  3  X  10®, 

which  is  equivalent  to  assuming  that  the  superficial  layers  of  the  earth  are  more 
rigid  than  the  most  rigid  glass.  With  these  data  he  finds  the  maximum  displace¬ 
ment  of  the  surface  to  be  4'5  centims.,  so  that  the  ground  is  9  centims.  higher  under 
the  barometric  depression  than  under  the  elevation. 

The  ratio  of  the  vertical  displacement  at  depth  x  to  that  at  the  surface  is 

( 1  -f  xjh)  e  “  , 

or 

1  —  .t^/2/P  fi-  x^/Sh^. 

Thus,  the  displacement  at  first  diminishes  very  slowly  as  the  depth  increases,  and  is 
independent  of  the  modulus  of  rigidity  and  the  barometric  range ;  being,  with  the 
above  value  of  h,  only  one-fifth  per  cent,  less  at  a  depth  of  fifty  miles  than  it  is 
at  the  surface. 

Now,  since  most  or  all  earthquakes  probably  originate  at  a  depth  much  less  than 
this,  and  since  the  fault-slip  which  produces  even  a  moderately  strong  shock  must  be 
very  small,  for  even  in  the  most  violent  earthquakes  it  is  rarely  perceptible  at  the 
surface ;  also,  since  the  work  to  be  done  is,  not  the  compression  of  solid  rock,  but  the 
slight  depression  of  a  fractured  mass  of  rock  whose  support  is  very  nearly,  but  not 
quite,  withdrawn  ;  on  these  accounts  it  seems  possible  that  the  annual  variation  in 
barometric  pressure  may  be  comjDetent  to  produce  the  annual  variation  in  seismic 
frequency. 

It  is  not  to  be  expected  that  the  amplitude  of  the  annual  seismic  period  in  different 
districts  should  be  proportional  to  that  of  the  annual  barometric  period ;  but  if  there 
is  a  connection  between  the  two  periods  the  epoch  of  the  seismic  maximum  should 
coincide  with,  or  follow  closely  after,  that  of  the  barometric  maximum. 

88.  Over  the  greater  part  of  the  northern  hemisphere,  the  annual  barometric 
maximum  occurs  as  a  rule  either  in  November  or  December,  except  at  loft}^  stations 
or  in  high  latitudes.  In  Europe  the  maximum  occurs  nearly  everywhere  in  November^ 
except  along  the  western  border  in  latitudes  north  of  about  45°,  over  which  the 
Atlantic  conditions  prevail  for  some  distance  inland.  In  Asia  the  maximum  is  nearly 
always  in  December.  In  North  America  it  occurs  in  November  and  December,  and 
along  part  of  the  western  coast  in  January. 

In  the  seismic  districts  of  the  Southern  Hemisphere,  the  maximutn  occurs  as  a  rule 
in  the  corresponding  months  : — in  New  Zealand  in  April,  in  the  south-east  of 
Australia  in  May  or  June,  in  South  America  in  June  or  July,  with  some  few 
exceptions  in  each  case,  depending  either  on  the  altitude  or  neighbourhood  to  the 
coast. 


AND  SEMI-ANNUAL  SEISMIC  PERIODS. 


1169 


89.  Comparisons  between  the  dates  of  the  maximum  epochs  of  the  seismic  and 
barometric  annual  periods  can  be  made  in  thirty-one  of  the  districts  treated  in  this 
paper.  The  epoch  of  the  seismic  maximum  approximately  coincides  with  that  of  the 
barometric  maximum  in  ten  districts,  and  follows  it  by  about  one  month  in  niue,  and 
by  about  two  months  in  four  districts.  In  four  others  (Japan,  Tokio,  India,  Cali¬ 
fornia),  the  seismic  epoch  precedes  the  barometric  by  about  two  months  ;  but,  in  the 
first  two  of  these  at  least,  this  may  be  due  to  the  inclusion  of  slight  shocks  having 
their  maximum  in  summer.  To  the  same  cause,  perhaps,  may  be  due  the  four 
exceptional  cases  (Scandinavia  and  Iceland,  Great  Britain,  the  district  round  and 
including  Vesuvius,  and  Sicily),  though  many  of  the  Vesuvian  and  Sicilian  earthquakes 
are  obviously  of  volcanic  origin,  and  are  probably  more  frequent  with  a  low  barometric 
pressure.  Thus,  as  a  general  rule,  the  epoch  of  the  seismic  maximum  either  coincides 
with  that  of  the  barometric  maximum,  or  follow  it  by  a  month  or  two. 

If  the  epoch  of  the  barometric  or  seismic  maximum  were  constant  in  either  hemi¬ 
sphere,  this  general  agreement  might  not  possess  much  significance,  but  it  continues 
when  the  epochs  vary.  For  example,  in  the  southern  hemisphere,  we  have  the 
following  dates  : — 


District. 

Barometric  maximum. 

Seismic  maximum. 

South-east  Australia  . 
New  Zealand  .... 

Chili . 

Peru,  Bolivia,  and  Quito . 

hlay  aud  J  une 
April 

July 

July 

May 

March-May 

August 

July 

Again,  while  in  both  North  and  South  America  the  maximum  epochs  of  both 
periods  fall  in  the  winter  months,  in  the  Sandwich  Islands  (lat.  20°  N)  the  epoch  of 
the  seismic  maximum  occurs  in  June,  and  that  of  the  barometric  maximum  at 
Honolulu  in  April  or  May. 

90.  Lastly,  supposing  the  view  here  suggested  to  be  correct,  the  annual  variation  in 
barometric  pressure  cannot  have  any  influence  on  seismic  frequency  when  the  earth¬ 
quakes  originate  entirely  beneath  the  sea  ;  for,  as  the  barometric  pressure  changes,  the 
sea  will  have  time  to  take  up  its  equilibrium  position,  and  the  total  pressure  on  the 
sea-bottom  will  be  unaltered.  Hence,  if  some  of  the  earthquakes  felt  in  a  district 
originate  beneath  the  sea  and  some  beneath  the  land,  the  amplitude  of  the  annual 
period  will  be  less  than  it  would  be  if  all  were  to  originate  underneath  the  land. 
Since  some  of  the  foci  of  the  earthquakes  felt  in  Japan  and  New  Zealand  are  known 
to  lie  beneath  the  ocean,  it  seems  not  improbable  that  the  small  amplitude  of  the 
annual  period  in  these  two,  as  well  as  in  other,  insular  districts  may  be  thus 
accounted  for. 
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The  subject  of  the  earlier  parts  of  this  paper  is  immediately  allied  with  the  late 
M.  Halphen’s  investigations  in  his  Thesis,  “  Snr  les  Invariants  Dilferentiels,” 
(Gauthier-Villars,  Paris,  1878),  and  in  his  Memoir,  “Snr  les  Invariants  Difteren- 
tiels  des  courbes  gauches”  (‘Journal  de  I’Ecole  Polytechnique,’  vol.  28,  cahier  47,  1880), 
and  in  the  latter  paper  the  word  covariant  is  applied  to  a  function  having  the 
character  of  the  functions  which  are  generally  treated  of  in  this  paper. 

The  connection  is  perhaps  greater  with  a  previous,  and,  I  think,  less  familiar 
paper  of  the  same  author,  “  Sur  la  recherche  des  points  d’une  courbe  algebrique 
plane,  qui  satisfont  a  une  condition  exprlmee  par  une  equation  differentielle 
algebrique,  et  sur  les  questions  analogues  dans  I’espace  ”  (‘  Journal  de  Math.,’  3rd 
series,  vol.  2,  1876).  I  am  not  able  to  point  out  any  paper  which  touches  upon 
the  actual  investigation  attempted  in  this  paper,  and  the  mode  of  investigation  can 
not  claim  any  resemblance  to  any  of  Halphen’s  work,  and  does  not  offer  in  itself  any 
element  of  novelty. 

The  subject  of  Differential  Invariants  has  been  further  treated  by  Sophus  Lie, 
“  Uber  Differentialinvarianten  ”  (‘ Mathem.  Annalen,’  vol.  24,  p.  564,  1884),  and  by 
Sylvester,  in  his  lectures  “On  the  Theory  of  Reciprocants  ”  (‘Amer.  Journ.  Math.,’ 
vols.  8,  9,  and  10,  1886  and  1887). 

The  literature  on  the  cognate  subject  of  Reciprocants  has  become  extensive,  several 
papers  by  Elliott,  Forsyth,  Hammond,  Leudesdorf,  and  Rogers  have  appeared  in 
the  ‘Proceedings  of  the  Mathematical  Society’  (vols.  17,  18,  and  19),  and  in  the 
‘Messenger  of  Mathematics’  (vols.  17,  18,  and  19).  Of  these  papers,  those  of 
which  the  analytical  method  is  most  similar  to  mine  are  by  Mr.  Forsyth,  “Homo¬ 
graphic  Invariants  and  Quotient  Derivatives”  (‘Mess,  of  Maths.,’  vol.  17,  No.  10, 
p.  154,  1888);  “On  a  class  of  Functional  Invariants”  (‘Phil.  Trans.,’  A,  1889, 
p.  71).  I  may  also  mention,  as  cognate  matter,  papers  by  Mr.  Elliott  “  On  the 
Interchange  of  Variables  in  Certain  Linear  Differential  Operators”  (‘Phil.  Trans.,’ 
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A,  1890,  2?.  19),  by  Professor  L.  J.  Rogers,  “  Conjugate  Annihilators  ”  Mess,  of 
Maths.,’  vol.  18,  p.  153-158,  1889),  and  by  Major  MacMahox,  “  On  Multilinear 
Partial  Differential  Operators  ”  (‘  Lond.  Math.  Soc.  Proc.,’  vols.  18  and  19,  1887 
and  1888). 

Starting  with  the  mode  of  formation  of  Differential  Co  variants,  I  attempt  to  give 
greater  j^rominence  to  the  geometrical  character  of  the  j^roblem  of  invariancy,  which 
seems  to  have  been  j^rominent  in  Halphen’s  view  of  the  subject,  and  hope  that  while 
tlie  results  are  jaartly  coextensive  with  the  work  of  Professor  Sylvester  and  others, 
they  may  still  be  complementary,  and  may  be  found  applicable  in  investigating  the 
characteristics  of  higher  jdane  curves. 

§  1.  General  Statement  of  the  Frohlem  Considered,  as  far  as  relates  to 

Plane  Curves. 

If  a  plane  curve  is  transformed  by  the  general  homographic  transformation,  the 
transformed  curve  remains  of  the  same  order  and  possesses  the  same  perspective 
singularities.  If  we  introduce  no  other  complications  we  may  say  that  Hxlphex’s 
Differential  Invariants  indicate  projoerties  which,  if  they  exist  at  any  2)oint  of  the 
original  curve,  exist  at  the  same  point  of  the  transformed  curve.  Any  function  of 
the  differential  coefficients  at  any  jioint  of  the  curve  which,  a  definite  factor 
retains  its  form  under  the  general  homograjihic  transformation  is  a  differential 
invariant.  I  shall  write  these  differential  coefficients  y-^,  y^,  1/3  ...  .  In  this  |)aper  I 
introduce  a  curve,  the  current  coordinates  of  which  I  write  rj,  and  of  which  the 
equation  consists  of  an  algebraic  relation  between  rj  and  y  ,y\,  y^,  y^,  •  •  •  •  {x,  y 
being  the  coordinates  of  a  point  on  the  curve  which  I  shall  call  the  standard  curve). 
Then,  if  this  equation  is  such  that,  a  definite  factor  'pres,  its  form  is  unaltered  under 
the  general  homograjihic  transformation,  I  call  it  a  differential  covariant  of  the 
standard  curve. 

Besides  the  sense  in  which  a  differential  invariant  has  here  been  spoken  of  as 
indicating  a  jiersjiective  singularity  at  a  point  in  a  curve,  it  may,  equated  to  zero,  be 
the  differential  equation  to  a  curve,  each  point  of  which  has  that  singularity.  (I  here 
consider  a  sextactic  point  and  other  points  of  similar  characteristics,  as  singular 
jioints  for  homographic  projection.) 

A  conic  is  one  of  the  curves  which,  by  a  general  homographic  transformation,  can 
be  transformed  into  itself,  so  that  any  one  arbitrary  point  can  be  replaced  by  any  other. 
Hence,  if  V  =  0  is  the  differential  condition  for  a  sextactic  jjoint,  it  is  the  differential 
invariant  equation  of  conics,  and  if  f[^,  y,  y^,  y^,  y^,  yj  =  0  is  a  covariant  equa¬ 
tion  of  the  second  degree,  such  that  when  ^  =  x  and  7^  —  y  we  have  =  yg, 

yg  =  yg,  y^  =  y^,  it  is  the  equation  to  the  conic  osculating  the  standard  curve  at 
(a;,  y).  Also  regarding  y  as  the  variables  and  x,  y,  yi  .  .  .  as  arbitrary  constants, 
it  is  the  complete  integral  of  V  =  0.  Generally  the  differential  covariants  will 
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include  tlie  integrals  of  the  differential-invariantal  equations,  provided  these  integrals 
are  rational,  integral,  algebraic  functions. 

Having  found  a  covariant  curve,  its  polars,  as  well  as  its  ordinary  covariants,  will 
be  included  among  the  differential-covariant  curves. 

To  find  the  degree  of  contact  with  the  standard  curve,  we  substitute  for  the 
covariant  ^  —  x  =  h,  rj  —  y  =  y-Ji  +  !  +  &c.,  if  the  equation  is  identically 

satisfied  by  yi  =  y^,  —Vo,  •  •  •  ,  as  far  as  the  coefficient  of  the  contact  is  of  the 
order.  Equating  to  zero  the  coefficient  of  we  obtain  the  condition  for  contact 
of  the  n  order.  Since  this  condition  is  generally  capable  of  being  satisfied,  and 

since  the  relation  is  unaltered  by  homographic  transformation,  the  coefficient  of  /i”  ^  is 
a  differential  invariant. 

The  first  section  of  this  paper  investigates  the  conditions  which  must  be  satisfied  in 
order  that  (except  as  concerns  a  factor),  the  form  of  a  function  may  be  unaltered  in 
consequence  of  any  homographic  transformation  whatever,  and  finds  the  form  of  the 
factor. 

The  results  are  given  in  the  equations  (15). 

In  the  second  section,  the  relations  of  certain  partial  differential  operators  fitg, 
and  fig  with  one  another,  and  djdx  are  considered.  A  method  of  eduction  of 
covariants  is  established,  and  a  method  of  development  of  a  covariant  from  a  source 
or  matrix,  as  well  as  a  process  of  eduction  of  matrices.  The  matrices  are  shown  to  be 
dependent  upon  differential  invariants  and  two  fundamental  matrices  and  Lg,  and 
from  the  mode  in  which  these  enter,  the  order  of  the  covariant  can  be  predicted. 

This  section  prepares  the  way  for  the  application  of  the  theory  in  the  two  last 
sections. 

The  third  section  deals  with  the  dual  reciprocal  relationship)  between  the  operators, 
and  the  deduction  of  reciprocal  and  contra  variant  functions. 

The  fourth  section  contains  applications  to  the  cubic  of  the  methods  which  have 
been  considered.  The  equation  to  the  osculating  cubic  is  determined  when  the  cubic 
is  non-singular,  nodal,  and  cuspidal,  and  the  differential  equation  in  each  case  found. 

The  fifth  section  takes  a  new  view  of  the  subject.  It  is  shown  that  the  ])osition  of 
any  point  which  is  “  homographically  persistent  ”  with  regard  to  the  standard  curve 
(which,  for  example,  is  a  point  of  intersection  of  two  curves  which  are  each 
covariant)  is  determined  by  the  ratios  of  three  differential -invariant  functions. 
These  can  therefore  be  considered  as  invariantal  coordinates  of  the  point.  It  is  also 
shown  that  there  are  similarly  invariantal  coordinates  of  a  line,  and  the  relations  of 
these  line  and  point  coordinates  are  investigated,  showing  that  the  general  methods  of 
higher  geometry  are  applicable  to  the  novel  system  of  coordinates. 

The  condition  that  the  p)oint  should  lie  on  a  covariant  curve  is  now  given  in  terms 
of  the  invariantal  coordinates  by  an  equation  in  which  the  coefficients  are  the 
differential  invariants  which  determine  the  character  of  the  curve.  For  this  reason  I 
call  it  the  intrinsic  invariantal  equation  to  the  curve. 
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Also  the  invarlantal  coordinates  are  connected  with  the  ordinary  coordinates  by 
relations  having  the  form  distinctive  of  a  homographic  transformation.  And  there¬ 
fore,  regarding  the  invariantal  coordinates  as  ordinary  coordinates,  the  curve 
represented  by  the  intrinsic  invariantal  equation  has  all  the  perspective  singularities 
of  the  original  curve.  No  attempt  is  made  to  show  the  application  of  this  method  to 
the  difficult  case  of  the  cjuartic,  but  several  well  known  theorems  regarding  the 
cubic  are  shown  to  be  arrived  at  without  difficulty. 


1.  In  general,  the  complete  curve  of  the  algebraic  degree  is  completely  deter¬ 
mined  by  (cZ  +  3)/2  {=r)  points,  and  if  the  coordinates  of  these  points  are  known, 
the  equation  to  the  curve  can  be  written  down  in  the  form  of  a  determinant,  thus 


f{x,  y,  .  .  .)  = 


...  1 

x'^~hj,  ...  1 

/yi  (I  /yt  (1“"  ],■)  I  f 

yi?  •  •  • 


=  0 


If  a  general  homographic  transformation  of  the  coordinates  be  now  made,  the  form 
of  the  function  will  be  unaltered,  except  by  the  introduction  of  a  factor. 

Denote  the  trajisformation  by 


?/ 


AjX  +  BiY  +  C'l  AoX  +  iqY  -h  C3  AX  +  BY  +  C 


with  similar  relations  for  ^  and  rj,  except  that  we  may  retain  the  letters  t],  in  the 
transformed  equation  without  causing  inconvenience. 

Thus 


f(x,  y,  .  .  .)  =  D  +  (Af  +  B,  +  C)-"  (AX,  +  BY,  +  C)-'' 


X/(X,  Y,  ...). 


We  may  also  write 


f{x,  y,  .  .  .)  = 


-  ocY,  -  xY  1  {rj  -  y), 

—  xY,  {xj  -  xY~^  {yi  —  y), 


^  —  sc,  y  —  y, 
Vi  — 


Imagine  the  r  points  now  moved  up  into  coincidence  at  x,  y,  subject  to  some 
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geometrical  condition,  such  as  that  of  moving  along  an  arc,  free  from  singularities,  of 
a  curve  of  degree  not  lower  than  the 

The  equation  to  the  resulting  curve,  which  will  osculate  the  assumed  curve  at  the 
chosen  point  may  now  be  deduced.  Most  easily,  write 

x  =  h,  y]i-y  =  • 

For  further  simj)llcity,  write  tt  —  y)  for  17  —  y  —  (£  —  a:),  so  that 


y% 


and  transform  the  determinant  so  that,  in  the  first  row  y  —  y  may  be  replaced  by  tt  —  p. 

To  fill  up  the  several  columns  in  the  determinant  we  write  under  —  xY  (tt  -pY 
the  coefficients  of  1?,  ,  .  .  in  the  expansion  of  /i"  (tt  — We  thus  obtain 


/(a;,y, .  .  .)  = 


{^—xY,  (I  —  xY  1  (tt  —p), 

0,  0, 


{^—x){tt—p),  tt  —  p 

0, 


h 

2! 


0, 


0, 


2/3 

2  t 


Is 
2  ! 


X  h 


d  {d  +  1)  {d  +  2)  (d  +  3)  d  (d  +  3) 
8  2 


The  transformed  equation  is  affected  in  the  same  way,  so  that 

f{x,  y, .  .  =  +  {M+  By  +  C)-''(AX  +  BY  +  + 

^  JJd(d  +  l)(d  +  2)W  +  3)/8-cnrf  +  3)/2  — X)'^,  (|— Xy^~^  (77  — P), 

0,  0, 

0,  0, 

Now  write  the  determinants  shortly 

/(I  —  X,  TT  —p,yz  .  .  .)  and  /(^  -  X,  tt  -  P,  Yg  .  .  .). 

Bjh  zzr  dX/c/x  = 


TT  —  P 

0, 

21 

111 

2  !  ’ 

2 ! 

Also 

where 


AX  +  BY  +  C  =  )a.  1 

(AX  +  BY  +  C)  (Ai  +  BJY  -  (A,X  +  B,Y  +  C^)  (A  +  BY^)  =  X  ' 

Also  write  ^ 

A.^  -f-  By  -[-  C  =  J 


I-  (2)- 
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Then 

/(^  —  X,  TT  —  p,  y.2,  .  .  ) 

_  Jyd{d+l){d+Z)IZ'.  ^-A'^+l)(f/+2)(^^+3)/8+^f(rf+3)/3  ^d{d^■\){d+^){d+Z)!i^-d{d+i)-d%d+Z)|Z  ^-d 

X  /(f  -  X,  ,7  -  P,  Y, .  .  .) . (3a). 


To  put  the  multiplying  factor  in  a  more  concise  form,  we  will  use  Halphen’s 
nomenclature.  If  a  term  contains  the  differential  coefficients  y^,  y^,  .  . we  will  call 
the  number  of  differential  coefficients  in  the  term  its  degree,  and  write  it  dx,  and  the 
sum  of  the  indices  of  differentiation  its  weight,  and  write  it  w. 

Considering  the  transformation  to  be  made  in  the  ultimate  form  of  the  equation, 
we  see  that 

7r  —  p  =  DX“^j'“^('7r  —  P) 

y-2  .  * .  .  - 

2/3  ~  ff-  &c. 

yj.  =  +  &c. 


From  the  mode  of  formation  of  the  determinant,  the  degree  of  the  terms  in  each 
coefficient  of  ^  —  x  and  tt  —  y)  is  uniform,  and  their  weight  is  uniform,  so  that  we 
may  consider  the  weight  and  degree  of  each  coefficient. 

Let  dx  and  iv  denote  the  degree  and  weight  of  the  coefficient  of  the  highest  power 
of  77  —  p  in  the  expanded  determinant. 

We  thus  determine  the  multiplying  factor  to  be 


From  this  we  conclude  that 


d  ~h  dx  — 


IV  — 


d  {cl  +  1)  ((^  +  2) 

3! 

cl  (cl  +  1)  (d  +  2)  (3d  +  5)  d  (d  +  3) 
4!  2 


results  which  can  be  verified  by  arranging  the  terms  in  the  determinant  in  descend¬ 
ing  order  and  summing  the  quantities  required. 

It  is  also  easy  to  see  that  if  dx  ( m,  n)  and  iv  (m,  n)  are  the  degree  and  w^eight  of 
the  coefficient  of  (77  —  pY~’^  —  x)” 

dx  {m.  n)  =  dx  m 
IV  (yn,  n)  =  tv  —  n, 

or  the  determinant  is  a  homogeneous  function  of  tt  —p  and  of  the  differential 
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coefficients  (independent  of  their  order),  and  that  the  difference  of  the  weight  of  the 
coefficient  of  a  term  and  the  index  of  the  power  of  ^  —  x  which  it  contains  is  uniform 
throughout. 

These  determine  the  character  of  the  general  equation  of  a  curve  of  the  cP  degree, 
osculating  a  given  curve,  the  order  of  the  highest  differential  coefficient  being 
d{d-f-  3)/2  —  1. 

In  its  differential  equation  the  degree  is  greater  than  this  value  by  d,  the  weight 
by  ^d  (c?  +  3),  and  the  order  by  1. 

If  the  curve  has  any  imposed  condition,  such  as  the  possession  of  a  double  point, 
these  criteria  are  altered, 

2.  Determination  of  Differential  Covariants  of  Plane  Curves. 

Abandoning  the  condition,  as  yet  imposed,  of  considering  the  equation  to  an  oscu¬ 
lating  curve,  the  question  proposed  is  to  examine  the  conditions,  both  simple  and 
in  the  form  of  linear  partial  differential  equations,  which  fff  —  x,  rj  —  y,  y^,  y^, .  .  .) 
must  satisfy  in  order  that  it  may  become 

^-cl  _x,7]-Y,  Y„  Y„...)  .  .  .  (36) 

under  the  general  linear  homographic  transformation  stated  above. 

The  condition  that  dj.  and  lu  are  necessarily  connected  with  d,  by  the  relations 
just  found,  will  not  be  required,  but  they  wiU  serve  as  criteria  for  recognising 
general  cases. 

The  simple  conditions  are  exactly  analogous  to  those  found  by  Halphen  for 
Differential  Invariants  (‘These,’  p.  21),  and  result  from  the  same  simple  transfor¬ 
mations. 

1.  From  putting  x  =  Y,  ^  y  =  BgY,  rj  =  we  conclude,  as  before,  that  the 
function  is  homogeneous  in  y  —  y  and  the  several  differential  coefficients  of  y. 

2.  From  putting  x  =  A^X,  ^  =  A;^^,  y  =  Y,  y  =  y,  we  conclude  that  the  weight 
of  the  coefficient  of  each  power  of  ^  —  x  is  uniform,  and  that  this  weight  diminished 
by  the  index  of  the  power  of  ^  —  a?  is  uniform  throughout  the  function. 

3.  We  have  chosen  the  form  of  the  expression,  so  that  we  draw  no  further 
conclusion  from  a  mere  change  of  origin  of  coordinates.  The  form  of  the  multiplying 
factor  as  well  as  that  of  the  function  might  have  been  found  from  the  method  which 
follows,  and  its  correctness  is  established  from  it.  " 

To  obtain  the  linear  partial  differential  equations  which  the  functions  must  satisfy, 
we  consider  infinitesimal  transformations.  Being  infinitesimal  we  may  consider 
them  separately.  The  transformations  are  four  in  number.  The  first  two  would 
apply  to  a  general  infinitesimal  Cartesian  transformation,  and  so  the  results  are 
the  partial  differential  equations  suitable  to  that  case.  The  other  two  only  concern 
our  more  general  transformation,  and,  as  we  shall  see,  the  results  have  a  different 
character  from  those  of  the  first  two. 
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Write 


x  =  X,  ^  t  y  =  Y  eX,  rj  =  7)  +  e^, 


where,  e  being  infinitesimal,  we  shall  only  retain  its  first  power. 

Then,  by  hypothesis, 

/(^  -X,  V  -y,  Vi,  Vi, .  .  .)  -X,  rj-Y,  Yi,  Yg, .  .  .). 


Also  expanding  by  Taylor’s  theorem 
/(^  -X,  rj  —  y,  y^,  y^, .  .  .) 

=  f{^-X,y-Y,  Y„  Y^,. 


..)  +  €{(f-X) 


3(,-Y) 


Therefore 


(4)- 


Hence  we  come  .to  the  conclusion  we  arrived  at  before,  that 

7]  —  Y  and  Y^  only  enter  in  the  form  rj  —  Y  —  Y-^  —  X),  or  tt  —  P. 

We  shall  now  reintroduce  tt  —  p,  and  write  the  functions 

—  X,  TT  —p,  yz,  2/3, .  .  .),  &c. 

The  method  we  have  used  here  we  shall  use  in  the  other  cases.  We  evaluate  the 
multiplying  factor  to  obtain  one  expression  for  —  x,  tt  —  p,  ..  .),  and  obtain  a 
second  by  expanding  the  function  in  accordance  with  the  transformation  considered. 

3.  Having  now  introduced  tt  —  p,  we  shall  treat  the  other  infinitesimal  trans¬ 
formations  by  a  more  general  method. 

Consider  the  homographic  transformation 


X 


y 

Y 


1 


X  +  BjY 


AX  -f  BY  +  1 


where  B^,  A  and  B  are  indefinitely  small  quantities  whose  squares  and  products  will 
be  neglected. 


Thus 


X  =  1  +  B^Yi  +  B  (Y  -  XY,) 
=  1  -f  AX  +  BY 
V  ^  A^  -j-  Bi^ 
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SO  that  the  multiplying  factor 

=  1  +  +  + 

+  {‘^iv  -  d,)  (AX  +  BY) 

—  d  (A^  +  Bt]). 

4.  Determination  ofY,^. 

The  dependent  variable  is  supposed  to  be  connected  with  the  independent  by  some 
relation,  say 

2/  =  ^  (x), 

so  that  ynjn !  is  the  coefficient  of  /t”  in  the  expansion  of  (/>  (cc  -j-  h). 

The  homographic  relations  may  for  our  present  purpose  be  written 

ir  =  X  +  BiY  -  X  (AX  +  BY) 

2/  =  Y  -  Y  (AX  +  BY), 

whence 

Y  =  (^  {X  +  BiY  -  X  (AX  +  BY)}  +  Y  (AX  +  BY) . . . 

where  on  the  right-hand  side  Y  never  appears  except  when  affected  by  a  small 
coefficient. 

Now  write  X  +  /i  in  place  of  X,  and  consequently 

Y  +  Y^h  +  &c.  +  -f  &c.  (=  Y  +  t//)  for  Y, 

the  coefficient  of  /i”  in  the  resulting  expression  on  the  right  is  then 

Y„/w !. 

But  this  expression  may  be  written 

(f)  [x  h^-\-  B^xjj  —  (2AX  +  BY)  h  —  BXi/;  —  Aid  —  Bh\p} 

+  Y  (AX  -f  BY)  +  A  (Xi//  +  Y/^  +  hxfj)  +  B  (2Yi//  +  t//”). 

Hence 

Y,  =  y,{l+  BiYi  -  BXYi  -  2AX  -  BY}  +  A  (XY^  +  Y)  -f  2BYYi, 

and  generally  Y„/w  1  =  the  coefficient  of  from 
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2  yph^  ^  \]i  p  {B]\p  —  (2AX  +  BY)  h  —  BXi/;  —  Ah^  —  Bhxp]  ]lp  ! 


+  A  j 

+  b{ 


rxY„ 


n\ 

2YY„ 

nl 


+ 


71  —  1 ! 

Y  Y 

J-p  -L  )i—p 


+  s 


2}\n  —  p\ 


=  2/„{1-7i(2AX  +  BY)}/^! 

+  Bi  S  ypY,,_p+Jp  —  l\n—p  A-  1 ! 


+  A 
+  B 


XY„ 

71 ! 

2YY 


+ 


Y 


n-\ 


Y„i 


71  —  1\ 


n 


2' 


--(p-i)sYAfL-x2 


y^n— 


p+l 


7l\  '  'p  \  71  —  p\  —  1\  71  —  27  +  l.'J  ’ 

In  the  small  terms  we  may  substitute  Y  for  y,  and  thus  obtain 


y>i  —  ^11  '  1^1  —<  n—p+l 

+  A  { (2n  —  1)  XY„  +  n  {n  —  2)  Y,„_i} 

-|-  B  [(?!  —  2)  YYa  +  S  [^p  —  l)  «CjuY^Y„_^  “b  X  S  n^p-iY n-p+i]  •  •  (5), 
where  by  S  we  denote  that  all  possible  values  of  y)  are  to  be  taken  from  1  upwards. 


5.  Determinatio7i  of  tt  —  p  and  ^  —  x. 

TT — p)  stands  in  place  of  y—y  —  —  x),  and,  upon  transformation,  y  —  y 

nPPOTTl 

^  _  Y  -  A  X)  (r;  -  Y)  +  X(.7  -  Y)  +  Y(£-  X)} 

-B{(77-Y)2+2Y(.y-Y)] . (6), 

f  —  X  becomes 

^-X  +  B,  (^-Y) 

-A{(^-X)^^  +  2X(^-X)} 

-B{(^-X)(^-Y)  +  X(^-Y)  +  Y(^-X)}  .  .  .  (7), 

and  y-^  becomes 

Yi  -  +  A  (XY,  -  Y)  +  BYi  (XY^  -  Y) . (8), 

therefore  tt  —  p  becomes 

^  _  p  _  BYi  {rr-B)-  A  {(I  _  X)  (tt  -  P)  +  X  (tt  -  P)} 

~B{(7r-P)^  +  Y,(7r-P)(|-X)  +  (2Y-XY,)(7r-P)]  .  (9), 

and  ^  —  X  becomes 

^-X  +  B,{(7r-P)  +  T(^-X)} 

-A{(^-X)2+  2X(^-X)} 

-B[(^-X)(7r-  P)  +  Y,(^-X)"^+X(7r-P)  +  (Y  +  XY,)(^-X)]  .  (10). 
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6,  Deduction  of  the  conditions  in  the  form  of  linear  'partial  differential  equations. 
For  this  purpose,  it  will  be  convenient  to  consider  the  independent  parts  of  the 
conditions  separately,  and  the  headings  of  the  paragraphs  indicate  the  portions 
considered. 

only. 


Multiplying  factor  =  1  —  (d  d^  w  )B,Y, 


Therefore 


77  —  p  becomes  77  —  P  —  B^Y^  (tt  —  P) ; 

^  —  X  becomes  ^  —  X  +  B^  {tt  —  P  +  Y^^  (^  —  X)]. 


of 


=  S2.C,.iY^Y, 


+  {:r-P  +  Y,(f-X)ig^^j 

-J  +  1  ^  ~  +  <^2  +  OU/ • 


Since  Yj  does  not  occur  explicitly  in  the  function,  we  must  equate  separately  the 
parts  which  contain  Y^  and  those  which  do  not  contain  it.  The  symbol  S  will  now 
be  used  instead  of  %  to  denote  that  Y^  does  not  occur  within  the  summation. 

Thus 


a/ 


a/ 


~  B)  0  _  p)  “  ~  0  (^1  _  X)  ~  —  S  (n  +  1)  Y„ 


aY„ 


(11). 


Since  f  is  homogeneous  of  degree  of  in  tt  —  P  and  the  differential  coefficients, 
we  may  write  the  first  of  these  equations 

=  .  (12), 

which  expresses  analytically  a  condition  already  found. 

There  is  no  other  condition  necessary  in  order  that  a  function  may  be  a  covariant 
for  the  ordinary  Cartesian  transformation,  which  leaves  the  relations  of  a  curve  with 
infinity  unaltered,  that  is  for  a  change  of  coordinates. 

To  proceed,  we  have 
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Multiplying  factor 


A  only. 

=  1  +  —  d  —  cZ;r)  AX  —  dA  —  X), 


Vn  =  Y,,  +  A  {{2n  —  1)  XY„  +  n  {n  —  2)  Y„_i}, 

^  ^  =  I  _  X  -  A  -  X)2  +  2X  (^  -  X)}, 

=  77  -  P  -  A  -  X)  (tT  -  P)  +  X  (tT  -  P)]. 

Hence 

{(^-X)^+2X(^-X)}3^^^+  {(^-X)  (77-P)  +  X(.-P)}g^^ 

—  S  {{2n  —  1)  XY„  +  n  (w  —  2)  Y„_i} 

=  {d  (I  -  X)  -  {2iu  -d-  cZ,)  X}/ 

The  only  new  condition  arising  from  these  terms  is 


(f-X){(f-X)g^  +  (.-P)3^-c?/}=S»(..-2)y._,|_  .  (13). 

Lastly, 

B  only. 

Multiplying  factor 

=  1  +  B{(i^;  —  2cZ  —  2cZ;y)  Y  +  (w  +  cZ  +  XY^  —  d  [t]  —  Y)} 

yn  =  Y,j  +  B  {{n  —  2)  YY,,  +  S(y>  —  1)  «C^YpY;i_^  +  XS„C^_iYpY.„_jB+i} 

^_^  =  f_X-B{(^-X)(7r-P)  +  Yi(^-Xr+(Y  +  XYi)(|-X)  +  X(7r-P)] 

^  ^  _  P  _  B  {(tt  -  P)2  +  Yi(7r  -  P)  (^-  X)  +  (2Y  -  XYi)(7r  -  P)} 

therefore 

{(f -  X)  (tt  -  P)  +  Y,  (f  -  X)^  +  (Y  +  XYi)  (f  -  X)  +  X  (vr  P) j 

+  {{n  -  P)=  +  Y,  (^  -  P)  (f  -  X)  +  (2Y  -  XY,)  (^  -  P)} 

-  2  {(h  -  2)  YY,  +  2(j.>  -  1)  .C^Y,,.^  +  X2„C,-iY,Y„.„i}  ^ 

=  {(Z  (17  —  Y)  +  {2d  +  2cZ,:  —  ?(;)  Y  —  (2t;  +  cZ  +  d^)  XYJ  f. 

We  have  again  repetitions  of  previous  conditions  with  the  sole  ne^v  condition 
(^_P)  |(,  _  p)^^  +  (f_x)g^-c(/-|=  SS(p-l)„C,Y,Y„.,|-  (14). 
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The  capital  letters  may  now  be  conveniently  replaced  by  the  smaller  type,  and  the 
equations  of  condition  written 


(A) 


(”•  -p)  {(f  -  +  \-"-p)sj^)-  ‘I 

=  SS  [p  i)  7f^py/yH-p'^ 

also 

”’-^+  a(|^  = 


9y« 


and 


S/ 


{d  +d.)/=(^-  p)  +  Sy,  A  E5  (>r  -  P)  g 


+  H/ 


(C) 

(ot) 

(^) 


K15), 


of  which  equations  the  last  two  will  be  identically  satisfied  by  any  functions  which 
follow  the  laws  of  weight  and  degree  which  the  simple  conditions  impose  upon  a 
covariant. 

We  may  call  these  the  form,  weight,  and  degree  conditions,  respectively. 

[A  precisely  analogous  process  may  be  applied  to  the  co variants  of  surfaces,  as  is  in 
this  paper  used  for  plane  curves. 

If  we,  in  this  case,  write  77  —  to  stand  for 


^ - y)’ 


and  Cm  n  for 


^»i  +  nzldx”'dy'‘  ml  n  \ , 

the  set  of  conditions  corresponding  to  (15)  are 

5/ 


iv 

(tt 

(tt 


•  y) 

x) 

p) 

■p) 


d(^  - 

x) 

5/ 

S(v  - 

y) 

3/ 

3(^  - 

x)  ~ 

3/ 

s/ 


-  S;«S/{  (w  “f"  1)  +  «  —  _  ’ 

COjfi  ji 


0/ 


d(r^-  y) 


—  {1%  “J~  1)  Cm  —  \^7i+\  Pi  ^  ’ 

— p  1  n  —  q  ’ 


-  ^Cp^q  Cf}i — p^)i  —  q-\-\ 


S^/H.  n 


1184 


MR.  R.  F.  GWYTHER  ON  THE  DIFFERENTIAL 


(I  -  X)  {(f  -  *)  3^-  +  (ri-y)  3^  +  (^-p) 


-df 


0/7 

=  {ftl  -^71  -  2)  ^  5 


{i-y)\{^-  +  {i-~y)  +  (^-p)  e7^'_iA  “ 


s/ 


3(1-  .'c) 


{v  —  y) 


{TT-f) 


9/ 

—  S/«S;;  {tYI  1  Tl  ~~  2^  —  \  ^  ’ 


S/ 


S/ 


3/ 


(^  _  p)  j  (f  _  .X)  3- —  +  (,-;/)  3^^^  +  (^  -  j.)  -  rf/ 


(v  —  y) 


(tt  — _p) 


-  Sj,;;S;;  SyjS^  (  “j“  (/  l)  ^ ^  —  P 1  ’ 

0('m.  11 


and 


(tt 


i^) 

cc) 

•  y) 


3/ 


3  (tt  —  p) 

3/ 

d(^  -x) 

3/ 

d{rj  -  y) 


{d  +  c4)/—  S;„S„  ^  > 

3/ 


—  f  ~\~  7Yl 


—  “1“  ^  ^/«,  n 


3c  ’ 
3c 

n 


The  coefficient  of  the  highest  power  of  n  —  j)  is  not  only  isobaric  in  x  and  in  y,  but 
is  homoiobaric,  of  weight  to,  in  x  and  y.  Also  d.  denotes  the  degree  of  that  coeffi¬ 
cient,  d  denoting  the  algebraic  degree  of  f. 

We  have,  as  in  the  case  of  plane  curves,  a  theory  of  deduction  from  a  matrix,  and 
a  theory  of  eduction  (in  the  form  of  a  Jacobian  function)  of  both  matrices  and 
invariants. 

The  subject  is  quite  similar  at  all  steps  to  the  investigation  for  plane  curves  in  this 
paper,  and  offers  little  additional  interest  except  in  the  solution  of  the  differential 
equations  which  the  matrices  and  invariants  satisfy.  By  solution  wm  can  verify 
Halphen’s  statement  in  the  last  j)aragraph  of  his  thesis  (p.  60). 

There  is  an  invariant  of  the  second  and  of  the  third  order,  two  of  the  fourth  and 
six  of  the  fifth.  There  are  three  matrices,  not  invariants,  of  the  fourth  order,  and  a 
system  of  invariantal  coordinates  (§  5  below)  can  be  formed. 

The  theory  of  covariants  of  twisted  curves  is  sufficiently  different  to  merit  a 
separate  investigation,  but  the  germ  of  it  already  exists  in  Halphen’s  paper  (quoted 
above)  “  On  the  Invariants  of  Twisted  Curves.” 

The  conditions  for  covariants  of  surfaces  given  above,  include  those  previously 
obtained  by  Mr.  E.  B.  Elliott,  “  On  Ternary  and  ?i-ary  Reciprocants,”  ‘  Proc, 
Math.  Soc.,’  No.  262,  1886. — August  2,  1893.] 
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§  2.  On  the  Conditions  of  a  Covariant  Function,  and  on  the  modes  of  Eduction 

and  Development. 

7.  The  Form  Conditions. 

The  equations  (A)  (B)  and  (C)  determine  the  form  of  the  covariant  functions ;  we 
will  write  them  respectively 

(Oi-O,)/=0  (A) 

(O3  '^2)/  —  ^  (®) 

(O3  —  Q.^f—  0  (C), 

where 

0  0 

Oi  —  (tt  ]d)  0  ^ ^  111  =  ,iCp_iy pU &c. 


Expanding  the  expressions  for  and  Oo,  we  obtain 


*  = 


O.,  = 


Ho  = 


0  0  0  0 

^yi  0“  +  lOi/22/3  ^  +  (15yoy^  +  10^3^)  ^  4-  (21y,y5  +  2>by.,y^)  0— 

+  (282/3^0  +  56.%y5  +  +  &c. 

0  0  0  0  0 
%2^  +  +  15?/^^+  243/5^  +  353/8^  +  &C. 


8^5 


8^/7 


%2%|^  +  30yo3/3  ^  4  (603/23/^  +  40^32)  ^  4-  (105yo3/5  4-  175^3^^  ~ 


+  42  4-  §^3^5  +  5y/)  4-  &c. 


Relations  hetiveen  the  Operators  in  the  Form  Conditions. 
It  is  easy  to  prove  that  we  have  the  relations 


(Oi  111)  (^2  (^2  112)  (^1  Hi)  —  O3  H 

(O3  Hj)  (O3  113)  (O3  123)  (Oj  122)  =  0 


(O3  -  03)  (0,  -  n,)  -  (Oi  -  nj  (O3  -  123)  =  0 


(16). 


*  The  operators  Qj  and  Cj  are  considered  most  conveniently  in  the  form  (25). 

Qj  =  0  is  the  partial  differential  equation  which  is  satisfied  by  invariants  in  the  theory  of  forms,  and 
=  0  was  established  for  reciprocants  by  Professor  Sylvester,  in  his  lectures  “  On  the  Theory  of 
Reciprocants  ”  (‘  Amer.  Jour.  Math.,’  vol.  8,  p.  238). 

I  have  not  been  able  to  consult  a  paper  by  Sophus  Lie  (‘  Mathem.  Annalen.,’  vol.  32),  in  which  I  am 
informed  that  this  operator  is  applied  to  kindred  pui’poses. — August  2,  1893. 

MDCCCXCIII. — A.  7  M 
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8.  Relation  between  the  operator  and  djdx. 

In  the  functions  under  consideration,  x  and  y  only  appear  in  ^  —  x,  tt  —  p,  and  the 
differential  coefficients. 

Hence 


where 


and 


d 

dx 


D. 


9  /dr  X  9  I  a  9 

D^.  +  9.^,  say, 

9  •  V  9 


bljn 


•  (17)- 


None  of  the  operators  O^,  Og,  Og,  contain  9/9^%.  Also  we  have  to  bear  in  mind  that 
the  functions  do  not  contain  y  (except  so  far  as  it  enters  through  tt  — pb),  and  there¬ 
fore,  in  dealing  with  general  terms,  we  must  exclude  y.^  when  it  makes  its  appearance 
as  if  a  derivative  of  y^ 

The  division  of  djdx  into  two  parts  makes  the  steps  somewhat  easier,  and  the  final 
results  are 

(Oi  -  til)  £  -  £  (Oi  -  ^i)  =  2/2  +  d.)  ■ 

Gs  -  «i)  I  -  £  (O2  -  a)  =  -  (2i0  -d.)  'f  ■  ■  ■  (18). 

(O3  -  fla)  £  -  £  (O3  -  n,)  =  (Oi  -  a,)  +  y,  (0,  -  n,) 


Hence  if  be  a  covariant,  satisfying  the  necessary  conditions,  and  if  f'  stand 
for  dfjdx,  it  follows  that 


(Oi  -  fit)/'  =  —  2/3 (w  +  c*  +  4)/' 

(O2  —  flo)/'  =  -  (2ii)  —  d,)f 

(O3  -  fla)/'  =  0 


(19). 


Now  f'  satisfies  the  condition  as  to  weight  and  degree  necessary  for  being  a 
covariant,  simply  d  and  d,c  remain  unaltered,  while  w  is  increased  by  unity. 

Hence  if  the  weight  and  degree  of  f  are  such  that 


then  f  will  also  be  a  co variant. 
AYe  are  tlius  led  to  the 


w  -]-  d  -|“  dx  —  0 
2w  —  dx  =  0, 
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9.  Theory  of  eduction  of  covariants. 

This  theory  is  clear  from  what  has  preceded,  but,  to  give  it  its  simplest  form,  it  is 
best  to  return  to  the  preliminary  conditions  for  a  covariant. 

If  is  a  covariant,  such  that  iv  f  d  dx  =  0  and  Tw  —  dx  =  0,  the  multiplying 
factor  is  v~‘^,  and  we  may  write  the  relation 


Then 


dX.  d(f) 
dx  dx  d'K. 


Y)d+cL  y  1  ^2  ^ 


d^ 
dX  ■ 


Hence  d^jdx  is  a  covariant  in  which  d  and  dx  are  unaltered  and  lo  is  increased  by 
unity  (3). 

Before  making  use  of  this  theory  of  eduction  it  is  necessary  to  find  a  method  of 
finding  some  covariant  functions  from  which  the  eduction  must  be  made,  and  the 
method  now  to  be  explained  will  in  general  supersede  this  mode  of  eduction. 

10.  Method  of  development  from  a  matrix. 

We  have,  however,  another  method  for  the  formation  of  a  covariant,  namely, 
directly  from  the  differential  equations. 

Let  d-m^  stand  for  the  collection  of  terms  algebraically  homogeneous,  and  of  degree 
d  —  m,  and  let  d-m<f>0’  d-mi>i,  d-m^l^-z  stand  for  the  coefficients  of  terms  containing 

— x)^,  ^  —  X,  —  xY  among  these  homogeneous  terms.  Then,  amongst  these 
terms  (15a)  gives  the  law  of  derivation,  namely, 

(7  +  4*7+1  —  . (^^)’ 

a  law  which  is  independent  of  d  —  m,  and  for  all  values  of  d  —  m,  12^  d-yfpd-m  —  0. 

Hence,  if  we  know  ^4*0’  coefficient  of  the  highest  power  of  tt  — p>,  we  find  all 
the  terms  of  the  cZ*  desfree. 

11.  Modes  of  derivation  of  homogeneous  terms  from  those  of  a  higher  degree. 

The  conditions  (15b)  and  (15c)  give  us  two  modes  of  derivation,  which  imply  the 
existence  of  certain  relations  and  conditions. 

We  have  from  (15b)  and  (15c)  respectively, 


—  x)  +  2  +  .  .  . 

+  +  .  .  . 

(tt  —  p)  +  2  d-T^  +  •  •  • 

+  Hg  +  .  .  . 


+  ('^’^  +  1)  d-m-f^  +  •  •  •} 

+  d-m^  +  .  .  .j  =  0  . 

+  (m  -f-  1)  d-m-f^  +  •  •  ■  ] 

+  d-m^  +  .  .  .  j  =  0  . 

7  M  2 


(21), 


(22). 
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Or, 

[m  -|-  l)  —  x)  +  ^2(1-711^  =  0, 

(m  +  1)  (tt  — p)  +  ^^3  d-m^  —  Oj 

and  from  these  we  again  conclude 

{iR  -f"  (I —  “h  ^2  {d —  TTi^q  +  ]}  ^ 

(w  “j“  l)  d  —  “1~  113  id  —  -  0 

From  (20)  we  deduce  that 

-  {q  +  1)  n,}  cl>,  =  0 . (24). 


That  this  is  an  identical  relation  among  the  coefficients  appears  from  considering 
the  operator. 

-  0  +  1)  «3i 

which 


=  [HjOj  —  S'  flF 
=  (niajPi  —  sOgOj]  np-i 
=  —  q  Hg] 

=  Hj  —  (s  ~  1)  ^3} 


and  ultimately 
But 


&c., 

=  ay+^a^. 


^2^0 ' — 

nence 

{BjOi  —  ((2  +  1)  ag}  (j)q  —  0. 


There  is  then  no  further  condition  to  be  satisfied  among  the  coefficients  in  the 
expansion.  The  importance  of  this  will  be  seen  later  in  the  development  of 
CO  variants. 


12.  The  order  of  derivation  is  symbolised  by  a  chart  of  the  coefficients,  wfith  arrows 
showino-  the  direction  of  derivation.  Thus  : — 

O 

d^O  - ^  d^f  - ^  ^  •  •  • 


- >■  0-1^/  - >  d~i^  2 


^  d-2*Pl 


d-2^. 


d-29  0 
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where 


^  denotes  deduction  by  the  operator 


\ 


?5 


)  J 


J  ) 


^3j 


in  which  we  can  easily  trace  the  relations  (16) 


—  X2'g£^.')j 


According  to  this  mode  of  procedure  is  the  matrix  from  which  the  other 
coefficients  in  the  covariant  are  develo23ed.  It  is  necessary  that  should  be 
a  homogeneous  isobaric  function  of  the  differential  coefficients  satisfying  the  differential 
equation  Ilj/’  =  0.  It  is  also  essential  that  it  shall  not  be  an  invariant  as  then  no 
development  ensues.  Taking  the  solution  of  =  0,  including  only  differential 
coefficients  up  to  the  fourth  order,  we  obtain  ~  from  it  the 

general  covariant  of  conics  may  be  developed. 


13.  General  solution  of  —  0,  and  theory  of  eduction  of  matrices. 

Confining  ourselves  to  the  coefficients  in  the  covariant  functions,  the  equations  (18) 
may  be  written 

-  A  -  2/3  +  d-) 


dx  dx 

_d  _f 

dx  dx 

d  d 

do:  dx 


d  d 

X,  ^  ^3  ~  2/2^3 


ff 


.  .  .  .  (18  a). 


Hence,  if  is  a  homogeneous  isobaric  function  of  the  differential  coefficients  such 
that  =  0,  then 

^2  -  cG)  </>, 


and  if  the  weight  and  degree  of  (f)  are  such  that  2w  =  cC,  then  dcfiflx  also  satisfies 
the  same  differential  equation,  and  it  is  homogeneous  and  isobaric. 

The  solutions  of  fig  /=  0  up  to  the  fourth  order  are 


2/2  and  By^y^  -  Ayf  ■ 

from  these  we  form,  so  as  to  satisfy  2w  —  d^  —  0, 


^  =  {32/j2/r  -  ^y-if  2/2 
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and  obtain  from  it  by  differentiation  the  educt  of  the  fifth  order 

^yiy-o  -  ^^yyjyyi-  +  ^^yi> 

wliich  is  the  difierential  invariant  of  conics,  and  does  not  produce  any  covariant  by 
development. 

By  this  process  of  eduction,  a  solution  can  be  found  for  each  order,  but  it  is 
possible  to  find  a  simpler  series  of  solutions  of  =  0  than  those  thus  obtained. 


14.  Extei'ision  of  the  theory  of  eduction  of  matrices. 

Tf  (j!)  is  a  matrix,  and  if  wm  write  &c.  for  dfjdx,  d^^jdx"^  &c.,  it  is  easily  seen 

that 

^2^3  =  (^^2  —  dx  +  2) 


Similarly, 


—  2  {2tv  —  +  1)  (f)i. 

no</)3  =  3  (fiv  —  +  2)  ^0,  &c., 

n2</)„  =  n  {2iu  —  d^  +  n  —  1) 


where  lu  and  d^  are  tlie  order  and  degree  of  cf). 

Hence 

{2w  —  d^)  —  {2w  —  d,,.  +  1) 

and 


{2iv  —  dff  —  S  {2iv  —  df  {2w—  d;:^-  2)  2  {2u'  —  d^-fi  1)  (2ir  —  d^fi-  2)  <f)^^ 


are  matrices,  and  are  of  the  form  of  the  matrix  and  differential  invariant  of  conics. 

Generally,  if  cf)  and  i//  are  twm  matrices,  and  if  a  and  ^  are  the  respective  values  of 
2w  —  dr  for  each, 

is  a  matrix. 

Convenient  forms  of  the  differential  equations  and  of  the  irreducible  matrices. 

In  obtaining  the  difierential  equations  of  condition  (15),  and  in  considering  the 
method  of  eduction  by  differentiation,  there  has  been  a  convenience  in  retaining  the 
dijferential  coefficients  y^,  &c.,  but  the  forms  of  the  ecjuations  0,  and  of  their 

solutions,  are  simplified  by  rejalacing  them  by  a^,  a^,  &c.,  where 

=  yffn !. 


We  thus  obtain  (15) 
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0  0  0  0 
=  2a/  ^  +  Sa^ag  ^  +  (Ga^a^  +  Sag^)  +  {7a^a^  +  Icua^)  ^ 


da. 


da- 


da. 


d 


+  (Sa^ae  +  Sa-gag  +  4a/)  ^  +  &c 


0  0  0 

—  a.^  5 —  -}-  2ag  g“  -}-  da^  ~  -f-  &c. 


ca„ 


da- 


y 


d  d  d  d 

^-3  =  +  Saaagp-;  +  (4a.^a^  +  2^32)  +  (5a., +  5aga/ 


ca- 


0ff, 


0 


-f-  (ba^ttg  -j-  Qa^a-  3a^“)  ^  -I-  &c. 

oa.g 

The  irreducible  matrices  of  even  order  are  easily  seen  to  be 

1 


'tin  —  CCn 


=  «#6  ~  ^ttgCig  +  3av  ' 

=  a^ag  —  Gctga^  +  ISa^ag  —  lOcig^  j 


i- 


(2S). 


(26), 


and,  generally,  when  n  is  even, 

/  I  —  2)  (n  —  3) 

=  a,a,i  —  (n  —  2)  a^a,i_i  + - j— ^ ^  a.^an_^  —  &c., 

the  last  coefficient  being  half  of  the  value  as  appearing  from  this  series. 

The  matrices  of  odd  orders  are  found  from  these  by  the  last  form  of  the  process  of 
eduction  and  are 


u.  =z  a./a-^  —  da.,a^a^  +  2a/ 

Urj  —  a/a,j  —  da^a^a^  +  2a,a^a^  +  8a/a^  —  Gaga/ 

Uq  =  a./a^  —  7a,a^a^  +  —  5a,a^af^  +  12a3^a7  —  SOaga^ag  +  20a3a5^ 


■  (27). 


From  these  it  follows  that 


Xlglig 
OgMg 
flgWy 

fig  Mg 

&C. 


u, 

0 

1  Ou^u^ 

7u,u^ 

2\u,v^ 

lbU,Urj 


■  (28), 
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and 


Cl^u,  =  0 

=  u.^a^ 

=  0 

1 

=  —  Wg  10i^4«3  f*  •  •  (29). 

Ct^Urj  —  —  2u^Uq  +  lOi^/  +  7u.a^ 

=  —  3^7  +  21wga3 

=  —  4w3%8  +  52^^3®^^4'^<g  —  30  {u-^  +  4«/)  + 


15.  Reduction  of  the  matrices  to  functions  of  differenticd  invariants,  amd  two 
fundamental  matrices  of  orders  4  and  6. 

On  the  reduction  which  is  now  introduced  depends  the  possibility  of  making  the 
subject  of  this  paper  an  instrument  of  research  into  the  character  of  the  higher 
curves. 

For  every  order  higher  than  the  third,  there  is  either  a  possible  matrix  or  a 
differential  invariant,  and  for  every  order  higher  than  the  sixth  there  is  a  differential 
invariant.  Of  the  third  order  there  is  neither,  and  of  the  fourth  and  sixth  orders 
there  is  no  differential  invariant.  Every  function  of  differential  coefficients  can  be 
expressed  as  a  function  of  a^,  matrices  of  orders  4  and  6,  and  differential  invariants, 
and  if  the  function  is  itself  a  matrix  it  will  not  contain  0^3. 

As  a  first  step,  I  replace  the  irreducible  matrices  of  the  sixth  and  higher  orders,  by 
matrices  of  homogeneous  co variants,  that  is,  by  functions  of  the  irreducible  matrices 
which  satisfy  £l^f  ~  0. 

As  far  as  the  9^'^  order  these  are  the  irreducible  solutions  of 


and  are 


du^  du^  die-  dUf.  dur,  du^  dii^ 
0  uf  0  7n^  21u^ 


Lg  =  ufuQ  —  buf 
E7  —  ““  7  U^^U/^ 

Lg  =  ufu^  —  2\ufu^Uf^  +  70uf 


Lg  =  vfu^  —  IQufu^Ur;  —  2>Qufu-^UQ  +  20Qufu^ 


(30). 


From  these  again  we  find 

n^L^  =  —  2ufLQ 
fl^Lg  =:  —  ‘^ufLr.^ 
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From  which  we  find  the  differential  invariants  of  orders  7  and  8  conveniently  in 
the  forms 

Us  =  ~  SzigLgLy  +  2L(3®  . (31)5 

Ug  =  ^^5^9  ^LgLg  -j-  3L.j,"  J 

which  present’the  same  forms  as  the  irreducible  matrices  of  order  4,  5,  and  6. 


16.  The  differential  coefficients  of  the  irreducible  matrices,  and  of  the  quantities 
by  which  they  are  replaced. 

In  this  section  of  the  paper  the  relations  between  the  matrices,  &c.,  are  being 
investigated  for  the  purpose  of  use  in  the  next  section. 

The  differential  coefficients  of  the  irreducible  matrices  of  even  order  are  readily 
written  down,  and  those  of  the  matrices  of  odd  orders  with  rather  more  difficulty. 
Thus 


du^ 
dx  ~ 

d%n 

Uo  -f  = 


and 


dx 
dug, 

%  = 
^  dx 

du 


5u^  +  lOu^ag 
7Uq  +  147^QCt3 


Q  d'tbrt 

ICcT  —  = 


—  =  SLg  +  AOufjQ  +  907^5^  +  l^u.^Uqa 


(32). 


Hence 


UM 


dLg 

dx 


"  dx 

d\]g 

If 


■2^5 


UoU, 


—  7U7  +  7Lq^  —  upi^  +  ‘ZOufi^^a^ 

—  8Ug  +  I6U7L0  +  55%^  +  iQu-fJqa^, 

=  9^58^9  -  21U/  -  I2U8L9  -  54U7L93 


9L94  +  eOWglTgag 


17.  Expressions  for  dg,  a^,  &c.,  in  terms  of  u^,  Lg,  differential  invariants  and  a^. 
These  expressions  are  found  consecutively  by  the  aid  of  the  forrouiee  which  have 
just  been  established.  Thus, 
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Clc) 


Cto  — 


a,  = 


05 


«6  ■-= 


W3 

«3 

«g  +  3«4«3  +  a.^ 

L3  -j-  4”  “1“  cu^ 


a.  = 


_  Uy  +  L/  +  5u^it.-  +  Swg  (Lg  +  2?f/)  ^3  +  +  10 +  a^ 


(33). 


Oq  = 


Ug  +  -f-  3UyLg  +  L^g  +  6t^^?(j''Lg  +  (U^  +  Lg^  +  ci,^  +  &c. 


( lc\  — 


-  3U  2  +  &c. 


In  these  formulse,  and  in  their  applications,  it  must  be  remembered  that  they  imply 
that  U.2  and  are  not  zero  at  the  point  to  which  they  refer. 


§  3.  Correlative  Forms. 

18.  IVie  deduction  of  the  equation  to  the  reciprocal  of  a  covariant  from  the  equation 
to  the  original  covariant, 

[The  jDrinciple  of  duality,  as  applied  to  differential  invariants,  is  explained  by 
Halphen  (p.  56)  in  his  thesis.  In  the  case  of  covariants,  the  relation  is  still  more 
interesting. 

The  general  investigation  will  come  later,  but  let  us  begin  by  considering  the 
connection  in  its  most  elementary  form.  Let  a?,  y,  be  the  coordinates  on  a  covariant 
in  either  point-  or  line-coordinates,  and  X,  Y,  the  corresponding  coordinates  on 
the  reciprocal  in  line-  or  point-coordinates.  We  express  the  correlative  transforma¬ 
tion  by 

X  =  2/i  1  Ja;  =  Yi 

Y  =  mj,-y\  ^  ly  =  XY,-Y 

yi  and  Y^  being  understood  to  stand  for  dyjdx  and  dYjdY.  Then  we  easily  find 


Y,  =  -,  Y3  = 

2/3 


*3 


y; 


3  ’ 


 J 


vdth  the  inverse  relationships. 

These  equations  enable  us  to  express  any  function  of  Yg,  Yg,  Y4,  &c.,  as  an  equi- 
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valent  function  of  2/3,  y^,  kc.,  and  Halphen  has  shown  the  relationshij)  between 
invariant  functions. 

Our  concern  now  is  with  co variants  and  especially  with  matrices. 

Obviously,  the  conditions  to  which  a  function  is  subject,  in  order  that  it  may  be  a 
covariant  function,  are  of  the  same  form,  whether  the  coordinates  are  point-  or  line- 
coordinates,  and  therefore  the  matrix  of  the  reciprocal  of  a  covariant,  rega,rded  as  a 
function  of  Yg,  Yg,  &c.,  is  a  solution  of  XlgF  =  0.  It  is  proposed,  in  the  first  place,  to 
deduce  the  equation  to  the  reciprocal  from  the  equation  to  the  original  covariant, 
and,  found  in  this  way,  the  coefficient  which  we  have  called  the  matrix  will  be  a 
function  of  y^,  &c.,  and  as  a  function  of  these  quantities  it  will  not  be  a  solution  of 
£lj=  0. 

To  find  the  equation  which  it  does  satisfy,  we  will  simplify  the  writing  by  taking 
the  point  x,  y  as  origin,  so  that  we  may  write  tt  for  tt  —  p  and  ^  for  ^  —  x.  The 
equation  to  the  covariant  is  a  rational  integral  function  in  tt  and 

Let  y  and  a  be  the  corresponding  coordinates  on  the  reciprocal  curve  with  the 
relation 

a.^  —  TT  —  y=0 . 

where  the  third  letters  which  are  usually  inserted  to  make  the  equation  homogeneous 
are  omitted  as  unnecessary  and,  for  the  purpose,  undesirable. 

Following  the  usual  course  (Salmon,  ‘Higher  Plane  Curves,’  2nd  ed.,  p.  73),  the 
equation  to  the  covariaut  is  now  made  homogeneous  by  using  this  equation,  and  the 
discriminant  of  the  resulting  equation,  considered  as  a  binary  quantic  in  tt  and  f, 
equated  to  zero,  is  the  required  equation  to  the  reciprocal. 

It  is  not  necessary  that  the  whole  of  this  process  should  be  performed,  for  all  that 
is  necessary  is  to  obtain  the  coefficient  of  the  highest  power  of  y  in  the  resulting 
equation.  We  obtain  it  by  putting  a  =  0,  and  hence  the  coefficient  of  the  highest 
power  of  y  is  the  discriminant  of  the  highest  grovp  of  homogeneous  term  in  the 
original  ecpiation  in  tt  and  treated  as  a  binary  quantic. 

This  coefficient  is,  of  course,  found  as  a  function  of  y^,  y^,  ,  and  when  replaced 

by  the  corresponding  value  in  terms  of  Yg,  Yg,  it  will  he  the  matrix  of  the  reciprocal 
and  a  solution  of  XlgF  =  0. 

From  the  mode  of  formation  of  the  coefficient  of  the  highest  power  of  y,  it  appears 
that,  as  a  function  of  y^,  ^3,  •  •  •  >  it  is  an  invariant  for  changes  of  Cartesian  coordi¬ 
nates,  and  therefore,  as  has  been  remarked  in  finding  the  condition  resulting  from 
the  coefficient  in  the  original  homographic  transformation  (12),  it  will  satisfy  the 
equation  giffi=  0. 

Before  continuing  the  more  general  consideration  of  this  relation  we  will  illustrate 
this  on  the  general  osculating  conic  and  its  reciprocal. 

The  terms  of  the  highest  order  in  the  covariant  conic  are 


—  ag^)  tt®  fi-  aia^n^  + 
7  N  2 
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and,  therefore,  the  coefficient  of  y“  in  the  reciprocal  will  be,  omitting  a  power  of  Wj) 

4«2«4  — 

and  this  is  seen  to  satisfy  =  0  (25). 

On  introduction  of  Ag,  Ag,  A^  to  replace  Yg,  Yg,  Y^,  as  a.2,  rej^lace  y^,  and 

and  omitting  a  power  of  Ag,  we  obtain 

A2A4  —  Ag^ 

for  the  matrix  of  the  reciprocal  conic  as  a  function  of  Ag,  Ag,  A^,  in  which  form  it  is, 
of  course,  a  solution  of  XlgF  =  0. — Rewritten  August  2,  1893.] 

].9.  Dual  relation  between  the  o'perators  and  fl,- 

The  methods  of  solution  of  =  0  and  alike,  inasmuch  as  each 

depends  upon  a  method  of  eduction  starting  from  the  solutions  of  the  second  and 
fourth  orders.  The  general  proposition  is  now  stated,  that  if  u  be  a  solution  of  either 
yiyf=  0  or  £1.2/=  0,  in  which  y.2,  y^,  &c.,  or,  what  is  the  same  thing,  a^,  %,  &c.,  are 
the  arguments,  and  if  in  consequence  of  the  substitution  for  these  cjuantities  of  Yg,  Yg, 
&c.,  or  of  Ag,  Ag,  &c.,  u  becomes  U,  then  U  is  a  solution  of  the  other  corresponding 
equation,  that  is,  of  flgF  =  0  or  fl^F  =  0. 

As  far  as  the  first  three  solutions  of  0,yf  =  0  are  concerned,  it  is  readily  verified 
that 

Wg,  W4,  and  u^, 

become 

Ug,  dAgA^  —  5Ag^,  and  U5, 

divided  respectively  by  Ug^,  —  Ug®,  and  —  Ug®  and  numerical  factors,  where  the  index 
of  the  power  of  Ug  is  the  weight  of  the  function  which  it  affects. 

If  ^  be  a  function  of  Ug,  ftg,  &c.,  of  weight  iv  and  degree  on  substitution  it  will 
become  ©/Ug®,  where  @  has  the  weight  and  degree  of  6.  Writing  W  and  for  the 
weight  and  degree  of  @/Ug®  we  obtain 

W  =  —  tv,  =  c4  —  w, 

so  that 

W  +  =  —  {2iv  —  d,^)  and  —  (2W  —  D.^)  =  w  •  •  *  (^5). 

Bearing  in  mind  the  conditions  (18a)  for  the  eduction  of  solutions  of  Hyf  =  0  and 
Xlg/'  =  0,  it  fellows  that  processes  which  educe  solutions  of  Og/  =  0  from  functions  of 
the  character  of  6,  will  educe  solutions  of  n^F  =  0  from  functions  of  the  character  of 
©/Ug®,  and  vice  versa. 

As  a  consequence,  in  making  a  change  from  point-coordinates  to  the  correlated 
line  coordinates,  or  vice  versa,  the  operators  Xli  and  fig  are  interchanged.  Or  expressed 
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in  terms  of  (Xg,  &c.,  the  coefficient  of  the  highest  power  of  y  in  a  contra  variant  is 
a  solution  of  =  0. 

The  proof  just  given  is  connected  with  the  theory  of  eduction,  but  it  is  perhaps 
more  simple  to  notice  that  the  relation 

—  77  —  y  —  0 

must  hold  not  only  for  the  original  coordinates,  but  also  for  the  coordinates  in  the 
general  homographic  transformations,  and  hence  to  deduce  the  dual  relationship  from 
the  essential  principles  of  this  paper. 

That  is,  if  we  make  infinitesimal  homographic  transformation  for  both  tt,  and 
a,  y,  indicated  by 

^  IT  1 

f  +  B^tt'  ~  tt'  “  A|'  +  Btt'  +  1  ’ 

«  7  1 

«'  +  Di7'  Gu  +  Dy'  +  1  ’ 

as  in  Art.  2, 

then,  in  consequence  of 

—  TT  —  y  =  0, 

Bj^Tr'ci'  +  Di^'y'  =  tt'  (Ca  +  Dy')  fi-  y'  (A^'  +  Btt'). 

and 

=  C,  A  =  Di,  D  +  B  =  0. 

Or  A  is  replaced  by  (C  or  by)  B^,  and  B^  by  (D^  or  by)  A,  while  B  is  replaced  by  (D  or 
by)  -  B. 

Hence  the  conditions  derived  from  A  and  B^  are  interchanged,  while  those  derived 
from  B  remain  unaltered  (Art.  G).  That  is  and  £1^  are  interchanged,  and  fig  is 
unaltered. 

20.  Relations  of  the  differential  invariants,  and  the  solutions  of  GL-^f  =  0  and 
Gl^f=Qto  the  ordinary  invariants  of  a  curve. 

Differential  invariants  appear  in  the  processes  of  eduction,  that  is  ultimately  as  the 
result  of  differentiation,  in  three  ways.  Firstly,  in  a  series  of  differential  invariants 
only ;  secondly,  from  a  series  of  solutions  of  Gl-^f  =  0,  i.e.,  a  series  of  differential 
invariants  for  change  of  coordinates  or  semi-invariants  ;  and  thirdly,  from  the  series 
which  we  have  called  matrices,  which  are  semi-invariants  in  the  correlated  system  of 
coordinates. 

The  differential  equation  to  a  curve  involves  differential  invariants  only.  If  we 
find  the  series  of  first  integrals  (in  the  next  section  I  illustrate,  on  the  cubic,  the 
general  method  of  finding  this  series),  we  may  form  from  among  them  the  functions 
of  differential  invariants,  of  semi-invariants,  and  of  matrices  which  are  constant  along 
the  curve.  These  functions  may  be  properly  called  (each  in  its  proper  sphere,  as 
homographic  or  Cartesian)  differential  expressions  for  the  invariants  of  the  curve. 

It  is  perhaps  worthy  of  remark  that  in  showing  the  mode  of  integrating  the 
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differential  equation  of  conics,  Mr.  Elliott  does,  in  fact,  illustrate  these  methods  of 
procedure. 

§  4.  AiDplication  of  Results  to  the  Cubic. 


21.  The  differential  equation  of  the  general  cubic. 

It  has  been  previously  shovm  that  the  order  of  this  differential  equation  will  be  9, 
the  degree  10,  and  the  weight  35.  It  is  also  a  function  of  u^,  U^,  Ug,  and  Ug,  since 
it  is  easily  seen  that  u^  cannot  explicitly  enter  the  equation. 

Written  as  a  determinant,  the  equation  is 


CIq, 

2a3a6+2aj,a5, 

af-f^a^a.-f^a^a 

ag, 

arj, 

(Xg, 

a/ +  20^3%, 

2a^a^  + 

a^, 

(Xg, 

Srqfq, 

af  +  2a3fq, 

a^, 

«5> 

«3b 

cqng. 

«5> 

«3. 

0, 

a  ^ 

— 

0 

a^ 

3a/cq  +  da.g:if 

0 

0 


=  0. 


From  this  we  see  that  «§  and  ttg  enter  only  in  the  form  —  af 
Hence  we  have  the  terms  —  Ug^  +  ■  •  •  Since  the  degree  of  these  terms 

is  24,  and  weight  72,  the  differential  invariant  when  complete  must  be  divisible 
by  u,Hf 

The  differential  equation  therefore  takes  the  form 

n/U,Ug  -  (Ug^  +  4U/)  +  EF,^Ug  -h  =  0. 

Determining  E  and  T,  either  by  the  condition  of  containing  u^  as  further  factors 
or  by  comparison  with  the  determinant,  we  obtain 

u-^VrfJ,  -  Ug^  -  4U73  -  ISUgMTg  -  56U58  =  0, 

or 

u/U,Ug  -  Vg2  -  4U,3  +  u,Wg  -  0 . (36), 

where 

Vg  =  Ug  +  Swgh 


22.  The  first  integrals  of  the  differential  equation  of  the  general  cubic. 

From  the  equation  to  the  general  cubic,  found  as  a  differential  covariant,  it  is 
possible  to  find  a  complete  set  of  the  first  integrals  of  the  differential  equation. 

For  the  equation  to  the  cubic  being  written  in  the  form 

^  iv  -  -  y  +  -f  -  y  f-  yd^f  -  x) 

+  {1  —  y\^  —  y  -f  yn)  +  « (^  — 

+  3Z>3  (77  -  ^  -  y  +  yfff  +  6m  (v  -  yi  i  -  y  yi^)  -  x) 

+  3^3  a  —  xf  +  Scfi7]  —  ijff  —  y-\-  y^x)  =  0, 

*  ‘  Messenger  of  Mathematics,’  vol.  19,  p.  5,  1889, 
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and  expressing  it  in  terms  of  powers  of  ^  and  y],  we  get 


Irf 

-  3  {hij^  -  b,)  rf^ 

+  3  —  ilhVi  +  ttg) 

—  ^  {h{y  —  y^x)  +  h^x  —  h^]  yf  kc.  =  0  \ 

the  coefficients  being  easily  written  down. 

Now,  whatever  be  the  point  {x.y)  taken  upon  the  curve,  we  obtain  the  equation  to 
the  curve  in  an  identical  form,  and  therefore  the  ratios  of  corresponding  coefficients 
in  any  two  such  equations  are  equivalent. 

This  being  the  case,  we  obtain  nine  first  integrals  of  the  differential  equation  to  the 
cubic,  to  which  we  may  give  the  forms 


K 

=  constant, 


h 


2/1  —  2  -  +  y  =  constant, 

y  —  y^x  X  —  =  constant, 

&c. 


On  account  of  the  obvious  character  of  these  expressions,  I  do  not  write  them 
down,  nor  shall  I  perform  the  simple  processes  whereby  they  are  simplified,  but 
merely  write  down  the  final  forms  in  which  I  propose  to  deal  with  them. 

For  this  purpose,  write 


~b 

m 

1) 


^1. 

¥  ■ 

¥ 


■  ^2 


a 

b 

b 


3  JO  +  ^  j:3 


O  W  _  7. 
¥  ^  ¥  ¥  “^3 


(37). 
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Then  the  nine  integrals  take  the  form 


2/^  —  ^  =  constant 

y  —  y^x  +  ^  a:  —  =  constant 

li^x  —  —  constant. 


]i^  —  constant 
=  constant 
=  constant 
=  constant 
+  h.^  =  constant 
Ti-^k^  —  Sk-^k„k^  —  2k^^  =  constant 


(38), 


(39), 


of  which  the  last  six  do  not  contain  x,  y,  or  y^. 

To  select  from  among  these  six  first  integrals  those  which  are  functions  of  the 
matrices  only. 

It  is  readily  proved  that 


'^3^3  “  ^3j 


Ho^'1  —  3^05 


f^3^3  — 
■^3^3  — 


2^3, 

k^ 

0, 


and  forming  the  functional  solutions  of 


we  get 


dl^ 

2/i. 


d]i„  dh^  dk^ 


dh 


die. 


dh. 


3yfco 


-  2A 


h 

kjjc^  “h 

k^k^  ~~  Sk^k^kj^ 


2L2 


.  (40) 


(41), 


forms  which  are  at  once  recognized  as  being  obtained  from  those  of  the  last  six  inte¬ 
grals  (39),  by  interchange  of  the  subscripts  1  and  3  of  h,  and  of  1  and  4,  2  and  3  of  k. 
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Hence  the  functions  involved  in  the  first  integrals  are  the  solutions  of  a  set  of 
differential  equations  analogous  to  (40),  and  it  is  the  common  solutions  of  these  two 
sets  of  equations  treated  as  simultaneous  that  we  are  seeking.  It  is  easy  to  prove 
that  the  number  of  such  simultaneous  solutions  is  four,  and  they  can  easily  be 
constructed  as  follows  : — 


Pg  —  (^3^4  d"  “h  h.2  {kJiz  —  d"  (^1^3  d“ 

Pg  = 

P^  — ^  ^3^3)^  *d”  ^^2  ^^2^3  ^^3^3^  (^^3^1  ^^^3^3 

d“  Ag  (AgA|  —  ~~  ^^1^3)*^ 


H42). 


!hh) 


Of  these  P^  can  be  shown  to  be  Matrix  of  Hessian /(Matrix  of  General  Cublc)^. 

23.  To  find  the  first  integral  of  the  differential  equation  to  the  general  cubic  ivhich 
is  a  differential  invariant. 

For  this  purpose  we  are  to  find  a  function  of  the  P’s  which  is  a  solution  of  kLff=  0. 
With  rather  more  difficulty  than  in  the  case  of  fig,  we  find 


Clfi^  =  Aq  —  4 

=  Aq  _  3  ^  ^ 

HiAg  =  Ag  2  —  Ag  2  —  Ao, 

HiAq  =  —  6 A/  —  6  ^  Aq, 

•  J)  J) 

nff  =  -  ^  1 

HiAg  =  2hfi^  +  Ahf  —  4  ^  Ag  +  2  Aq, 
P^A^  =  GAgAg  ~  3  ^  Aq  —  3  Aq . 


The  problem  is  now  to  find  functions  of  the  P’s,  which  satisfy  simultaneously 


and 


dh^  dli^  dJi^  dk-^  dk^  cWq  dk^ 

Aj  Aq  —  Ag  —  6/q2  —  G/qA^  ^/qA^  +  4:hf  GA^Ag 


f?A|  dlv^  dk-^  dk^  dA'g  dk^ 

4/q  SAj  2A3  GA],  5Aq  4Aq  3Aj. 


the  third  equation  being  satisfied  by  each  of  the  six  first  integrals. 
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The  first  of  these  equations  is  satisfied  by 

Pr-A  1  .  .  .  , 

2P,  +  3P3-10PiP3+14P,=  J 

(P.^  -  P^MaPi  +  8P3  -  lOPiP^  +  14PiV . (44), 


and 

Hence 


(43). 


is  the  function  of  differential  invariants  which  gives  a  first  integral  of  the  differential 
equation,  or  in  other  words,  is  the  absolute  invariant  of  the  cubic. 

24.  The  general  form  of  the  matrix  of  a  cubic. 

In  all  cases  the  matrix  is  a  function  of  iq,  Lq,  and  the  differential  invariants.  In 
the  most  general  case  the  matrix  of  the  cubic  will  contain  uf  but  if  we  take  the 
cubic  to  touch  the  standard  curve  (which  is  actually  to  be  the  curve  itself),  the 
matrix  would  contain  only  uf. 

The  coefficient  of  if  will  also  be  simply  a  differential  invariant,  and,  from  the 
nature  of  the  operators  and  Xlg,  the  complete  form  is  found  to  be 

xfj  +  xjjfjQ  -j-  “h  (^  +  ^1^6  +  ^3 1^6^) 

with  the  condition  which  will  be  presently  seen 

f  +  “1" 

Taking  the  point  of  contact  with  the  standard  curve  as  temporary  origin,  and 
vniting  the  equation 

hiT^  +  +  Sa.^Trf  -j-  +  tomir^  +  3ag^“  +  Sc^tt  =  0, 

we  shall  have 

h  =  matrix,  as  above 

361  =  —  w/w.g  -f-  4i//^Lg®  4-  {(f)^  +  243Lg)%,} 

+  [^  +  +  2/^4]  Cfcg 

Sug  =  11-2^11-^  "h  d“ 

+  'if  (<^  +  4*1^6  +  4*2J-‘g^  +  2/%)  —  'if'iiG  {4^1  +  2<^3Lg)  cfg  +  uffa^~ 
a  =  —  u.hf  (i/ig  +  4i//4Lq)  —  ufu-^  ((/)i  +  243Lg)  +  'if  (2/  +  «3 

with  the  condition 

/+  'a  5^  4*  2  +  if  4^4:  =  0- 

363  =  Wg®  ((/)  +  </>iLg  4"  <^oLg^  4"  2jdq) 

(hn  =  ifu^  {(f)^  +  2(/)gLe)  -  2iffa.^ 

Sttg  =  —  Uff(f)2  —  luff 
,Sc,  —  ?rd/‘ 


(45). 


Also 
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We  may  noAv  form  the  coefficient  of  the  highest  power  of  y  in  the  equation  to 
the  reciprocal  curve.  This  coefficient  is  to  be  found,  as  has  been  shown,  from  the 
discriminant  of  the  terms  of  the  highest  degree  in  this  cubic,  regarded  as  a  binary 
cubic,  and  is  therefore 

+  4  ha.^  +  4  h-^a  —  Gab  h^a2  —  3 

From  this  the  equation  to  the  reciprocal  curve  would  be  developed  according  to  the 
previous  rules  but  with  an  interchange  of  the  operators  14^  and  fia-  the  quantities 
in  the  expanded  coefficient  are,  however,  solutions  of  =  0,  except  tto,  and  hence 
the  degree  of  the  reciprocal  curve  is  indicated  by  the  power  of  %  in  the  expanded 
expression. 

25.  The  matrix  of  the  non-singular  cubic,  and  its  differential  equation. 

The  condition  of  intersecting  the  standard  curve  at  a  number  of  points  coincident 
with  the  temporary  origin  is  an  invariantal  relation,  and  in  finding  the  condition 
may  treat  the  expressions  as  if  they  contained  only  differential  invariants  in  their 
coefficients. 

Thus  we  write  the  equation  to  the  cubic 

t/zTr^  —  {(f)  +  u-^xp^)  —  ufu^  {(f)^  +  %%) 

—  u^^TT^  +  (2/  +  =  0, 

and,  for  the  consecutive  points  on  the  standard  curve,  putting 


we  have  (33) 


$=h, 


hi  +  hs  q_  'b'Fg 


3LL 


h^  “b  &c. 


Equating  to  zero  the  coefficients  of  the  several  powers  of  h,  on  substitution  for  tt 
and  f  in  the  equation  to  the  cubic,  we  get 


from  tbe  coefficient  of  h^, 

—  0  and 

/+  =  0 

?? 

55 

II 

o 

?? 

55 

o 

11 

?) 

55 

II 

?  J 

55 

h\ 

l/,  =  — 

?? 

5  5 

h\ 

u,^  =  Uff 

55 

55 

h\ 

Vs/ 

7  0  2 

(46). 
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These  are  sufficient  to  determine  uniquely  the  coefficients  in  the  matrix,  and  from 
the  coefficient  of  we  derive  the  differential  equation  to  the  non-singular  cubic 


-/  + 


u- 


4>i  —  —  ^  +  =  0, 


u- 


which  becomes 


«/U,U5  -  V,=  -  4U/  +  u*V,  =  0, 


and  is  identical  with  that  previously  found  in  (36). 
And  the  matrix  of  the  non-singular  cubic  is 


TT  2  _  V  T,  _  FT  T  2 

- -A  -  +  Vs  -f  U,L,. 

26.  The  matrix  of  the  equation  to  the  tangents  to  the  cubic  from  the  temporary 
origin. 

To  find  this  equation,  put  tt  =  and  form  the  discriminant  of  the  resulting 
expression  in  ^  as  a  binary  quantic.  Equating  this  to  zero,  replace  m  by  tt/^. 
Since  we  need  only  the  coefficient  of  the  highest  power  of  tt,  the  simplest  method  of 
finding  it  is  to  put  ^  =  0  in  the  matrix  of  the  cubic,  and  form  the  discriminant  of  the 
resulting  expression  in  tt. 

The  matrix  required  is 

963^  —  I26C3, 
or 

~  +  V'iW)  •  • 

and  the  degree  of  this  in  Lg  denotes  the  number  of  tangents  which  can  be  drawn. 

The  conditions  that  the  cubic  may  be  nodal  or  cuspidal  are  that  this  matrix,  as  a 
function  of  Lg,  may  have  a  linear  factor  twice  or  three  times  repeated. 

27.  Case  of  nodal  cubic. 

In  this  case  we  still  determine  uniquely  all  the  ratios  of  the  coefficients,  except 
xp/f  by  the  condition  that  the  coefficients  of  h  up  to  the  seventh  vanish  identically, 
while  the  differential  equation  is  found  by  equating  the  coefficient  of  to  zero. 

The  further  condition,  to  determine  xp/f  is  (47)  that  the  discriminant  of 

ifW  +  V'Lo  -  Aff  -  4%Y  (/Lo  +  rp) 

may  vanish. 

Writing  k  or  xpj2f  and  x  for  Lg  +  h,  this  equation  becomes 


_  2  (F  -f  U7)  .^2  -  4ifx  -f  (F  U^)^  -  Aufk  =  0  .  .  .  (48). 


COVARTAN'TS  OF  PLANE  CURVES. 


1205 


With  the  usual  notation  (I  and  J)  of  theory  of  equations 

{¥  + 

(F  +  U,)3  -  f  (F  +  U,)  +  ^3^ 
and  the  equation  giving  h  is 

((P  +  u,)2  -  ^u.^hY  -  {(F  +  U,)3  -  I  {Jc^  +  U7)  +  ¥  =  0, 

a  biquadratic  for  k. 

To  find  the  differential  equation  we  have 

U7^  =  Vs/ 

and  therefore 


31 

4 

8 


{(Vg^  +  -  24?^,W3U,3]3 

-■[W+4Wf-3DU,WsU/(Y82+4U73)  +  216w,sU/}2  =  0  .  (49), 

which  contains  the  factor 

The  biquadratic  from  which  k  is  to  be  found  is 


+  +  .  .  .  ( 5  0 ). 

The  discriminant  of  this  is  found  to  be 

161/58  {256U/  —  27%8]8. 

And  if  256Uy8  —  27//58  >  0,  all  the  roots  are  real. 

In  this  case,  four  real  nodal  cubics  can  be  drawn  to  have  contact  of  the  seventh  order 
with  the  standard  curve.  If  256U78  —  27^8  <  0  only  two.  If  256U78  —  27u^  =  0, 
there  will  be  two  nodal  cubics,  the  third  being  cuspidal,  as  will  appear  in  the  next 
section. 

Equiharmonic  and  harmonic  cubics  can  also  be  drawn  to  have  contact  of  the 
seventh  order,  aad  it  is  readily  seen  from  the  Theory  of  Forms  that  k  will  in  these 
cases  be  determined  by 

(P  +  -  I  u,^k  (P  +  U7)  +  =  0 

and 

{k^  +  =  0  .  .  . 


respectively. 


(51) 

(52) 
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the  roots  in  the  latter  case  being  all  real,  provided 

256U73  -  243%®  >  0. 


28.  Case  of  cuspidal  cubic. 

The  ratio  (p/f  is  now  to  be  determined  from  the  equations  of  condition,  as  well 
as  xjj/f 

Writing  u^^(f)lf  =  q,  we  may  write  down  the  conditions  from  that  obtained  for  the 
nodal  cubic,  viz., 

(P  +  qf  —  Su^Jc  =  0. 

(F-  +  ^)^  —  I  {F  +  g)  +  ^8-  ^^5®  =  0. 

Whence, 

256q^= 

IGF  =  27ig^  I 

^  j 

and  the  differential  equation  becomes 

256U7®  -27%®  =  0 . .  (54). 

29.  To  exemplify  the  use  of  the  general  forms  of  the  equation  to  the  cubic  and  of 
the  matrix. 

The  coordinates  of  the  tangential  of  the  origin  are 


TT 


=  0,  ^=- 


a 


and  the  matrix  of  the  polar  conic  of  the  tangential  becomes 


{4>i  +  2^2Lq)  [/?q  +{(()  +  +  (/)3Lg2)]  —fxfj^. 


Taking  the  general  cubic  this  becomes 


(W+  2Vf,) 


^7%  + 


-  ¥3%  -  jjf/y 


+  u 


65 


and  the  matrix(and  conic)breaks  ujd  into  factorSjj^rovided  %=  0,sinceU7^  — VgLg  — U7Lg" 
contains  the  factor 

That  is,  as  is  known,  the  tangent  at  a  sextactic  point  passes  through  a  point  of 
inflexion. 

The  matrix  of  the  nodal  cubic  is  given  by 

+  L„  +  H-  ^ 

% 
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The  biquadratic  for  k  may  be  written 


U,  {k^  +  U,)^  = 


(k^ 


3  I 


and  ¥  +  U7  contains  the  factor  u-^. 

Hence,  from  the  equation  (48)  for  x,  x  or  Z;  +  Lg  contains  the  factor  u-,  and 
U7  —  2^Lg  —  Lg^  or  U7  +  ^^  —  (^  +  Lg)^  contains  the  factor  it-^,  so  that  u-^  is  a  factor 
of  the  matrix  h. 

The  matrix  of  the  polar  conic  of  the  tangential  of  the  temporary  origin  is  therefore 


k  +  Lo 


u- 


U, 


-  Lg^-, 

"T  »55 


and  the  tangent  at  a  sextactic  point  wall  pass  through  the  point  of  inflexion. 
Evidently  there  can  not  exist  any  sextactic  point  on  the  cuspidal  cubic. 


§  5.  Invariant  Coordinates  and  Invariantal  Equations. 

To  make  it  possible  to  use  the  methods  of  this  paper  to  investigate  the  properties 
of  the  higher  plane  curves,  it  is  desirable  to  effect  some  gain  in  brevity  and  lucidity 
without  any  sacrifice  in  generality.  This  is  the  object  of  the  system  of  invariant 
coordinates,  which  are  introduced  in  this  last  section. 

The  matrix  from  which  the  equation  to  a  covariant  curve  is  developed  contains 
u^,  Lg,  and  invariant  functions.  The  order  of  the  curve,  in  general,  depends  upon  the 
mode  in  which  W4  and  Lg  enter  the  matrix,  and  its  characteristics  upon  the  ratios 
between  the  invariant  functions.  These  ratios  have  the  properties  which  entitle  them 
to  be  regarded  as  the  invariantal  coordinates  of  the  curve  whose  equation  is  developed 
from  the  matrix.  In  especial,  I  shall  show  that  this  is  the  case  in  the  equation  to  a 
covariant  straight  line,  or  line  of  homographic  persistence,  and,  from  the  consideration 
of  such  lines,  arrive  at  a  definition  of  invariant  coordinates  of  a  jDoint  of  homographic 
persistence.  After  showing  that  we  obtain  a  dual  invariant  system  of  point  and  line 
coordinates,  I,  ultimately  develop  a  mode  of  representing  a  curve  by  an  invariant 
equation,  which  will  be  much  shorter  than  the  covariant  form  of  the  equation  which 
we  have  as  yet  considered.  The  coordinates  to  the  curve  will  be  the  characteristic 
invariants  of  the  curve,  and  none  of  the  homographic  peculiarities  will  be  sacrificed  by 
the  abbreviation. 


30.  Introduction  of  invariant  coordinates  of  a  homographically  persistent  point  or 
curve^  and  of  an  intrinsic  invariant  equation  to  such  a  curve. 

The  general  equation  to  a  covariant  line  takes  the  form 
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*^2^6  4’3^6^)  {(^2  ^(^sLg)  U-^  ^  —  0  .  .  . 

where  all  the  functions  (p  contain  differential  invariants  only.  Such  a  line  may  be 
called  homographically  persistent  with  regard  to  the  standard  curve. 

Indicating  a  second  homographically  persistent  line  by  a  similar  notation,  but  using 
dashed  functions,  we  may  find  the  coordinates  of  the  point  of  intersection  in  the  form 


where 


77  =  u^Kju^k.  +  C  +  Bctg 

^  =  u^ju^A.  +  C  +  Bag 


A  =  —  —  (pzh) 

B  =  7^5  {{(ps<Pi  —  (p3(pi)  —  {(p-zh'  — 

c  =  {(pi<p.2  —  (pii>2)  +  2  {(p^(pi  —  fp3<Pi)  Le  —  —  ^2^z)  W .. 


>3 


or,  more  shortly. 


A  =  — 

B  =  u.^  {ix  —  XLg) 


C  —  V  fi-  2p-Lg  —  XLg*' 


(56). 


We  may  call  such  a  point  a  point  of  homographic  persistence  with  regard  to  the 
standard  curve. 

Treating  {XijjLw)  as  determining  the  position  of  a  point,  and  {(pi  ■  (p-z  '  ^3) 
position  of  a  line,  the  condition  that  (X  :  p.  :  v)  may  lie  on  {(p^ :  (pn  :  (p^)  is 


X(/)i  +  fX(p.2  +  V(p.^  =  0. 


Hence  these  form  correlative  systems  of  point-  and  line-coordinates. 
If  two  lines  {(p^  :  (p^ :  ^g),  {(p\  :  (p'^  ‘  <p'z)  meet  in  (X  :  p,  :  v) 


X  /X  V 


P'2^ 

Pz 

\  P3, 

Pi 

\  Pv 

p2 

P'2> 

p's 

1  J  / 

i  935 

p'l 

1  P'v 

P'2 

and  if  two  points  (X  :  p,  :  v),  (X'  :  /a'  :  v')  lie  on  {(p^  :  (p^ :  (p^) 


Pi  Pz 


1  V,  X 

X, 

1  f  ' 

1/^3  V 

v',  X' 

1  ’ 

V, 

A  : 
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If  three  points  (X  :  p, :  v),  (X' :  /r' :  v'),  (X"  :  fx"  :  v')  lie  on  a  straight  line 


X,  IX,  V 

K,  IX,  IX 


// 

V 


a,nd  so  on. 

I  define  :  [x  w)  as  the  invariantal  coordinates  of  the  point,,  and  {(j)i  :  </>2  :  <^>3)  as  the 
invariantal  coordinates  of  the  line. 

The  condition  that  {x  :v)  may  lie  upon  a  co variant  curve  of  the  order  v^ill  be 
an  invariantal  relation  between  X,  fx,  v  and  the  coordinates  of  the  curve,  homo¬ 
geneous  of  the  degree  in  X,  [x,  v. 

It  follows  that  if  /"(X,  jx,  v)  =  0  expresses  this  relation,  it  is,  in  this  system  of 
coordinates,  the  equation  of  the  curve.  I  shall  call  it  the  intrinsic  invariant  equation 
to  the  curve. 

The  coordinates  of  the  tangent  to  the  curve  at  {k:  jx  :v)  are 


0/  _  a/  . 

d\  '  dfx  '  dv  ' 


If  (X'  :  p,'  :  v')  lies  on  the  tangent  to  the  curve  at  jx  :v)  then 


w3/  ,0/  '^/_n 

^  3,.  + "  a.  - 


Taken  with  f  (X,  fx,  v)  =  0,  this  gives  the  coordinates  of  the  points  of  contact  of 
tangents  from  (X' :  fx'  :  v),  and,  being  of  the  n  —  1“"  degree,  it  represents  the  first 
polar  of  f  (X,  [X,  v)  =  0  at  (X'  :  [x' ;  v'). 

Finding  the  first  polar  of  this  again,  the  second  polar  of  /(X,  [x,  v)  =  0  has  the 
equation 


+ 


IfX 


0 


It  is  unnecessary  to  carry  this  further  to  determine  how  far  the  ordinary  methods 
of  geometry  apply  to  this  novel  system  of  coordinates,  since  the  character  of  the 
analogy  is  obvious. 


31.  The  values  of  the  di  fferential  invariants  at  different  points  on  the  curve. 

The  coordinates  of  any  jjoint  on  a  covariant  curve  were,  (55)  and  (56),  given  in  the 
form 

TT  =  —  ufufY  j  —  {u^uf  Ijf  -b  u-ffpifj  Y  +  (Lg  -f  upifj  X  -|-  1 , 

^  —  WgWg  (LgY  —  X)  /  —  {u^uf  +  Lg^  -j-  u-fjpt^  Y  -b  (Lg  +  upi^  X  -f-  1, 

MDCCCXCIII. — A.  7  p 
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where  X  and  Y  have  been  written  for  [xjv  and  \lv  respectively.  Here  X  and  Y  are  the 
variables  as  we  pass  along  a  curve,  and  cPYjclX.^,  &c.,  are  to  be  found  from  the  intrinsic 
invariant  equation  to  the  curve  which  we  may  write  f  (X,  Y)  =  0. 

The  relations  between  tt  and  X,  Y  are  of  the  form  of  a  homographic  transformation, 
and  therefore  any  of  the  functions  of  &c.,  which  we  know  to  be  differential 

invariants,  will  only  differ  from  the  similar  functions  of  cV'Yjd'X},  &c.,  by  a  factor,  of 
Avhich  we  know  the  form,  which  will  contain  u^,  Lq,  and  ctg. 

It  will  not  be  possible  to  express  the  value  of  a  differential  invariant  at  (X,  Y)  in 
terms  of  X,  Y  and  differential  invariants  at  the  origin  only,  unless  the  said  differential 
invariant  is  absolute,  but  the  invariantal  coordinates  of  a  point  of  homographic 
singularity  will  be  found  by  applying  the  condition  immediately  to  f  {Y,  Y)  =  0. 

Obviously,  if  the  intrinsic  invariantal  equation  is  regarded  as  the  equation  to  a 
curve  in  the  ordinary  sense,  that  curve  will  have  the  same  homographic  singularities 
as  the  covariant  from  which  it  is  derived,  and  the  coefficients  in  the  equation  are 
differential  invariants.  Hence  we  are  led  to  the  simpler  method  of  finding  the 
conditions  for  the  existence  of  homographic  singularities  in  terms  of  differential 
invariants,  namely,  the  immediate  application  of  the  ordinary  theory  of  forms  to  the 
intrinsic  invariantal  equation  treated  as  a  ternary  quantic.  For  this  reason,  the  equation 
in  this  form  may  be  regarded  as  the  canonical  form  of  the  equation  to  the  curve, 
since  the  coefiScients  are  the  differential  invariants  which  characterise  the  curve. 

I  proceed  to  illustrate  this  upon  the  conic  and  cubic. 

To  obtain  the  intrinsic  invariant  equation,  we  may  omit  all  terms  which  are  not 
purely  invariant  from  the  coefficients  in  the  covariant  form  of  the  equation  and 
substitute  —  u^u-^Xjv  or  —  u^u~^Y  for  tt,  and  u^u-ixlv  or  for  f.  I  shall  retain 

X,  fl,  V. 

Thus,  the  intrinsic  invariant  equation  to  the  osculating  conic  is 


Xv  [jd'  =  0 


(57). 


32.  Illustrations  in  the  case  of  the  cubic. 

The  intrinsic  invariantal  equation  to  the  general  non-singular  cubic  is  (omitting  a 
factor  containing 

u-^X^  (VgX  +  U^p.)  +  (Uy^X  —  Vg/x  +  Uot')  (Xr-  -f-  f)  =  0  .  .  .  (58), 

and  that  of  its  Hessian  is  consequently 

Q>ufY  f-\-2uf\]  2ufUqX-\-2\Jq^ix — VgV,  2Ur-^X  —  Vg/x-|-2Uyr' 

2uf\J q^X-\-2\] — Ygv,  2Uy^X  —  6YgjU-  +  2X1^^’,  —  VgX  -|-  2Uy/x 

2U/X  —  Yg/x  -f  2'\Jqv,  —  VgX  +  2U7/X,  2U7X 


=  0. 
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If  (Xj  :  /Xj  :  v-^  lies  on  the  tangent  at  the  origin,  =  0,  and  for  the  tangential  of 
the  origin  X^  =  0,  /x^  ;  =  Uy  :  Vg. 

Hence,  on  a  non-singnlar  cubic  we  can  have  neither  Uy  =  0  nor  Vg  =  0. 

Also,  on  substitution  in  the  equation  to  the  Hessian,  we  obtain  =  0,  or,  if  the 
tangential  is  a  point  of  inflexion,  the  origin  must  be  a  sextactic  point,  as  is  well 
known. 

The  equation  to  the  conic  of  closest  contact  at  the  origin  is 

Xv  +  —  0) 

and  to  the  polar  conic  of  the  origin  is 


So  that 


U^^X^  —  Y gkfjL  “h  2U;^Xi^  +  U^/x^  =  0. 


Uy^X  —  Vg/x  -{-  \J,~v  =  0 


is  the  equation  to  the  common  chord  of  these  two  conics,  and  it  is  the  tangent  at  the 
tangential  of  the  origin. 

The  second  tangential  of  the  origin  lies  on 


VgX  +  U^/x  —  0, 

that  is,  lies  on  the  common  chord  of  the  cubic  and  the  conic  of  the  closest  contact. 

The  coordinates  of  the  point  at  which  this  chord  meets  the  cubic  again,  or  the  sixth 
point  in  which  the  osculating  conic  meets  the  cubic,  are  given  by 

\  fJb  V 

TI  2  _  TJ  V  _  vl  ’ 


and,  therefore,  =  0  is  the  equation  to  the  line  joining  this  point  to  the 

tangential  of  the  origin. 

The  cordinates  of  the  third  tangential  of  the  origin  are  given  by 

X  /X  V 

1^  =  _  -  (U/  +  «,«)  ’ 

and  are  independent  of  Vg.  This  jDoint  is  the  corresidual  of  the  eight  consecutive  points 
on  each  of  the  several  cubics  in  which  Vg  is  arbitrary.  This  is  also  a  known  property, 
but  the  method  allows  us,  with  little  difficulty,  to  prove  properties  of  which  other 
analytical  proofs  are  laborious. 
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33.  General  method  of  finding  the  form  of  the  intrinsic  invariant  equation  to  a 
curve  of  any  order. 

It  will  not  be  necessary  to  pass  through  all  the  steps  which  I  have  taken  in 
developing  this  theory  of  intrinsic  invariant  equations. 

If  we  have  an  ecj^uation  to  a  co variant  curve,  say  f  {rr,  =  0,  and  if  F  (X:p,:v)  =  0, 
or  F  (X,  Y)  =  0,  is  the  corresponding  intrinsic  invariant  equation  where  X  and  Y  stand 
for  gjv  and  \jv  respectively,  then  the  relations  between  tt,  ^  and  X,  Y  are  essentially 
of  the  character  of  a  homographic  transformation.  Hence,  if  for  points  near  the 
origin  in  the  covariant  curve  tt  is  written  afd  +  +  •  •  •  j  and  h  is  put 

for  f,  while  in  the  intrinsic  invariant  equation  Y  is  written  A3/F  +  +  A^/d  +  .  .  . , 

where  h  is  put  for  X,  and  if  aj,  ag,  a^,  &c.,  are  written  for  the  invariantive  portions  of 
a.2,  ttg,  ofy,  &c.,  then  A3,  Ag,  A^  differ  from  the  values  of  a3,  ag,  a,~,  &c.,  by  factors  of 
the  character  which  we  have  considered  in  the  earlier  part  of  this  paper. 

Thus  a,j  =  where  and  q  stand  for  the  expressions  corresponding  to 

those  written  g  and  X  in  (2). 

In  general  D  =  —  ufufi  and  at  the  origin 


Therefore, 

therefore 


a«  =  —  W3%5®  k,„  or  A,,  = 

A3  =  —  1 

A5  =  -  yfi 

A7  =  - 

As  =  -  where  Wg  =  Vg  +  2^^5^ 


and,  comparing  with  (33),  generally 


K,^  =  —  ufiWn. 


Hence  the  value  which,  near  the  origin,  is  to  replace  Y  is 


_  43  _  uf  {Id  +  JJfd  +  Wg/^s  +  .  .  .  ) . (59). 

Taking  the  general  equation  of  the  intrinsic  invariant  of  conics  as 

Ofd  -f-  dfiii  +  (^3  +  ^3)  "k  +  0]^[xv  Ov"  =0, 

and  substituting  for  X/v  and  /x/v,  the  values  shown  above,  we  find  all  the  Invariant 
coefficients  vanish  except  6^,  and  thus 
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\p-\-  fji^  =  0 


is,  as  before,  the  intrinsic  invariant  equation  of  osculating  conics. 

So  we  may,  without  further  investigation,  find  the  similar  equation  for  osculating 
cubics  as  we  have  found  it  above. 

The  equation  to  the  osculating  curve  of  each  order  will  aid  us  in  finding  that  of 
the  next ;  thus,  the  general  form  of  a  non-singular  osculating  quartic  will  be 

diX  —  XfJLP  —  /r®)  +  (Xv  +  /x^)  ^3  (Xv  -f-  [jb^Y 

+  (^8^  +  U'tM')  +  (Uy^X  —  V3/X  +  U^v)  (Xv  +  [X^)]  =  0. 

The  forms  of  the  functions  0  can  be  found,  but  they  depend  upon  differential 
invariants  of  a  higher  order  than  those  of  which  the  values  have  been  investigated. 


INDEX 


TO  THE 

e 

PHILOSOPHICAL  TEANSACTIONS  (A) 


FOR  THE  YEAR  1893. 


A. 

Aberration  'problems,  727  (see  Lodge). 

Abney  (W.  de  W.).  Transmission  of  Snnliglit  tlirough  the  Earth’s  Atmosphere. — Part  II.,  1. 

Air  temperature  and  pressure  at  British  Observatories,  harmonic  analysis  of  hourly  observations  of. 

Part  I.,  Temperature,  617  (see  Steachet). 

Anchor  ring,  the  potential  of  an,  43. — Part  II.,  1041  (see  Dyson). 

Atmosphere,  transmission  of  sunlight  through  the  earth’s. — Part  II.,  I  (see  Abney). 


B. 

Bakerian  Lectttee. — The  Rate  of  Explosion  in  Gases,  97  (see  Dixon). 

Bennett  (G.  T.).  On  the  Residues  of  Powers  of  Numbers  for  any  Composite  Modulus,  Real 
Complex,  189. 

Bottomley  (J.  T.).  On  Thermal  Radiation  in  Absolute  Measure,  591. 


C. 


Copper  and  iron,  the  absolute  thermal  conductivities  of,  569  (see  Stewart). 


1216 


INDEX. 


Davison  (C.).  On  the  Annual  and  Semi- Annual  Seismic  Periods,  1107. 

Differential  covariants  of  plane  cui'ves,  on  the,  and  the  operators  employed  in  theii’  development,  1171 
(see  Gwtther). 

Dixon  (H.  B.).  The  Rate  of  Explosion  in  Gases. — Bakerian  Lecture,  97. 

Dyson  (P.  W.).  The  Potential  of  an  Anchor  Ring,  43. — Part  II.,  1041. 


B. 

Electrical  and  mechanical  units,  the  value  of  the  mechanical  equivalent  of  heat,  deduced  from  some 
experiments  performed  with  the  view  of  establishing  the  relation  between  the,  361  (see  Griefiths). 
Electrical  resistance  of  thin  liquid  films,  on  the  thickness  and,  505  (see  Reinold  and  Rucker). 

Ether  near  the  earth,  a  discussion  concerning  the  motion  of  the,  and  concerning  the  connection  between 
ether  and  gross  matter,  727  (see  Lodge). 

Ewing  (J.  A.)  and  Klaassen  (Helen  G.).  Magnetic  Qualities  of  Iron,  985. 

Explosion  in  gases,  the  rate  of. — Bakerian  Lecture,  97  (see  Dixon). 


F. 

Films,  on  the  thickness  and  electrical  resistance  of  thin  liquid,  505  (sec  Reinold  and  Rucker). 


G. 

Gases,  the  rate  of  exjdosion  in. — Bakerian  Lecture,  97  (see  Dixon). 

Glacial  or  so-called  post-glacial  period,  on  the  evidences  of  a  submergence  of  Western  Europe,  and  of  the 
Mediterranean  Coasts  at  the  close  of  the,  and  immediately  preceding  the  neolithic  or  recent  period, 
903  (see  Prestwich). 

Gray  (T.).  On  the  Measurement  of  the  Magnetic  Properties  of  Iron,  531. 

Gi-eeh  temples,  on  the  results  of  an  examination  of  the  orientations  of  a  number  of,  with  a  view  to 
connect  these  angles  with  the  amplitudes  of  certain  stars  at  the  time  the  temples  were  founded, 
805  (see  Penrose). 

Griffiths  (E.  H.).  The  Value  of  the  Mechanical  Equivalent  of  Heat,  deduced  from  some  Experiments 
performed  with  the  view  of  Establishing  the  Relation  between  the  Electrical  and  Mechanical 
Units;  together  with  an  Investigation  into  the  Capacity  for  Heat  of  Water  at  different  Tempera¬ 
tures,  361. 

Gwyther  (R.  F.).  On  the  Differential  Covariants  of  Plane  Curves,  and  the  Operators  employed  in  their 
Development,  1171. 


H. 

Earmonic  analysis  of  hourly  observations  of  air  temperature  and  pressure  at  British  Observatories. — 
Part  I.,  Temperature,  617  (see  Strachey). 

Heat,  the  value  of  the  mechanical  equivalent  Of,  together  with  an  investigation  into  the  capacity  for  heat 
of  water  at  different  temperatures,  361  (see  Griffiths). 


INDEX. 


1217 


I. 

Ionic  velocities,  337  (see  Whetham). 

Iron,  magnetic  qualities  of,  985  (see  Ewing  and  Klaassen). 

Iron,  on  the  measurement  of  the  magnetic  properties  of,  531  (see  Gray). 
Iron  and  copper,  the  absolute  thermal  conductivities  of,  569  (see  Stewart). 

K. 


Klaassen  (Helen  G.)  (see  Ewing  and  Klaassen). 


L. 

Lockter  (J.  N.).  On  the  Photographic  Spectra  of  some  of  the  Brighter  Stars,  675. 

Lodge  (0.  J.).  Aberration  Problems. — A  Discussion  concerning  the  Motion  of  the  Ether  near  the 
Earth,  and  concerning  the  Connexion  between  Ether  and  Gross  Matter;  with  some  new  Experi¬ 
ments,  727. 

M. 

MacMahon  (P.  a.).  Memoir  on  the  Theory  of  the  Compositions  of  Numbers,  835. 

Magnetic  properties  of  iron,  on  the  measurement  of  the,  531  (see  Gray). 

Magnetic  qualities  of  iron,  985  (see  EmNG  and  Klaassen). 

Mechanical  equivalent  of  heat,  the  value  of  the,  361  (see  Griffiths). 

Molecular  surface-energxj,  the  variation  of,  with  temperature,  647  (see  Ramsay  and  Shields). 

N. 

Mumbers,  memoir  on  the  theory  of  the  compositions  of,  835  (see  MacMahon). 

numbers,  on  the  residues  of  powers  of,  for  any  composite  modulus,  real  or  comjilex,  189  (see  Bennett). 

P. 

Penrose  (E.  C.).  On  the  Results  of  an  Examination  of  the  Orientations  of  a  number  of  Greek  Temples 
with  a  view  to  connect  these  Angles  with  the  Amplitudes  of  certain  Stars  at  the  time  the  Temples 
were  founded,  and  an  endeavour  to  derive  therefrom  the  Dates  of  their  Foundation  by  considera¬ 
tion  of  the  Changes  produced  upon  the  Right  Ascension  and  Declination  of  the  Stars  by  the 
Precession  of  the  Equinoxes,  805. 

P/aue  cwrres,  on  the  diiferential  CO  variants  of,  and  the  operators  employed  in  their  development,  1171 
(see  Gwyther). 

Prestwich  (J.).  On  the  Evidences  of  a  Submergence  of  Western  Europe,  and  of  the  Mediterranean 
Coasts,  at  the  Close  of  the  Glacial  or  so-called  Post-glacial  Period,  and  immediately  preceding  the 
Neolithic  or  Recent  Period,  903. 


R. 

Radiation  in  absolute  measure,  on  thermal,  591  (see  Bottomley). 

Ramsay  (W.)  and  Shields  (J.).  The  Variation  of  Molecular  Surface-energy  with  Temperature,  647. 
MDCCCXCIII. — A.  7  Q 


1218 


INDEX, 


Reinold  (A.  W.)  and  Rucker  (A.  W.).  On  tlie  Thickness  and  Electrical  Resistance  of  Thin  Liquid 
Films,  505. 

Residues  of  powers  of  numbers  for  any  composite  modulus,  real  or  complex,  on  the,  189  (see  Bennett)  . 
Rucker  (A.  W.)  (see  Reinold  and  Rucker). 


S. 

Scott  (A.).  On  the  Composition  of  Water  by  Volume,  543. 

Seismic  periods,  on  the  annual  and  semi-annual,  1107  (see  Davison). 

Shields  (J.)  (see  Ramsay  and  Shields). 

Spectra  of  some  of  the  brighter  stars,  on  the  photographic,  675  (see  Lockyer). 

Stars,  on  the  photographic  spectra  of  some  of  the  brighter,  675  (see  Lockyer). 

Ste'WART  (R.  W.).  The  Absolute  Thermal  Conductivities  of  Iron  and  Copper,  569. 

Steachey  (R.).  Harmonic  Analysis  of  Hourly  Observations  of  Air  Temperature  and  Pressure  at  Briti.sh 
Observatories. — Part  I.,  Temperature,  617. 

Submergence  of  Western  Europe,  and  of  the  Mediterranean  Coasts,  at  the  close  of  the  glacial  or  so-called 
post-glacial  peiuod,  and  immediately  preceding  the  neolithic  or  recent  period,  on  the  evidences  of  a, 
903  (see  Prestwich). 

Sunlight,  transmission  of,  through  the  earth’s  atmosphere. — Part  II.,  1  (see  Abney). 


T. 

Thermal  conductivities  of  iron  and  copper,  the  absolute,  569  (see  Stewart). 
Thermal  radiation  in  absolute  measure,  on,  591  (see  Bottomlet). 


W. 

Water,  on  the  composition  of,  by  volume,  543  (see  Scott). 

Water  at  different  temperatures,  the  capacity  for  heat  of,  361  (see  Griffiths). 
Whetham  (W.  C.  D.).  Ionic  Velocities,  337. 


HARRISON  AND  SONS,  PRINTERS  IN  ORDINARY  TO  HER  MAJESTY,  ST.  MARTIN’S  LANE,  LONDON,  W.C. 


Demy  4to,  pp.  xxxii. — 1016  ;  cloth,  25s.  net;  half  morocco,  32s.  net. 

(A  reduction  of  price  to  Fellows  of  the  Royal  Society.) 

CATALOGUE  OF  SCIENTIFIC  PAPERS. 

1874^1883. 

COMPILED  BY  THE  ROYAL  SOCIETY  OF  LONDOK 

VoL.  IX.  (ABA-GIS.) 

Vols.  1-6  for  the  years  1800-63,  cloth  (Vol.  1  in  half  morocco)  £4  net ;  half-morocco,  £5  5s.  net.  Vols.  7, 
8  for  the  years  1864-73,  cloth,  £1  11s.  Qd.  net ;  half  morocco,  £2  5s.  net.  Single  volumes,  cloth,  20s. ;  or 
half  morocco,  28s.  net.  Vols.  10  and  11  preparing. 

Published  and  Sold  bt  C.  J.  Clay  and  Sons,  Cambridge  University  Press  Warehouse,  Ave  Maria  Lane. 


Published  by  Kegan  Paul,  Trench,  Trubner,  and  Co. 

Royal  4to,  pp.  xiv. — 326,  cloth.  Price  21s. 

OBSERVATIONS  OF  THE  INTERNATIONAL  POLAR  EXPEDITIONS. 

1882-1883. 

FORT  RAE. 

With  32  Lithographic  Folding  Plates. 

A  reduction  of  price  to  Fellows  of  the  Royal  Society. 


'  s.  d. 

'  17  G 

'  17  6 

'  11  C 

'  17  e 

'  12  6 

I  13  6 

'  10  6 

12  6 

10  0 

11  6 

13  6 

17  6 

10  0 

15  6 

9  6 

14  6 

14  6 

0  6 

10  6 

12  0 

15  0 

]5  0 

17  6 

17  6 

14  0 

18  0 

18  0 

2  0 

17  6 

10  0 

8  0 

12  6 

0  0 

4  0 

4  0 

0  0 

2  6 

12  6 

0  0 

2  6 

18  0 

18  0 

1  0 

10  0 

16  0 

14  0 

10  0 


3ICAL  TRANSACTIONS  OF  THE  ROYAL  SOCIETY. 


Part  II. . . 
Part  III. . . 
Part  IV. . . 


1  12  0 

1  12  0 

1  12  0 

1847.  Part  I. . .  0  14  0 

Part  II. . .  0  16  0 

1848.  Part  I. . .  1  0  0 

Part  II. . .  0  14  0 

1849.  Part  I. . .  1  0  0 

Part  II...  2  5  0 

1850.  Part  I. . .  1  10  0 

1850.  Part  II...  3  5  0 

1851.  Part  I. . .  2  10  0 

Part  II ...  2  10  0 

1852.  Part  I. . .  1  0  0 

Part  II. . .  2  5  0 


£ 

s. 

d. 

£ 

s. 

d. 

£ 

s. 

d. 

1830.  Part 

II... 

1 

1 

0 

1853.  Part 

I... 

0 

18 

0 

1874.  Part  I. . . 

2 

8 

0 

1831.  Part 

I... 

1 

10 

0 

-  Part 

II... 

0 

12 

0 

-  Part  II. . . 

3 

0 

0 

-  Part 

II... 

1 

12 

0 

-  Part  III. . . 

1 

2 

0 

1875.  Part  I. . . 

3 

0 

0 

1832.  Part 

I... 

1 

1 

0 

1854.  Part 

I... 

0 

12 

0 

-  Part  11. , . 

3 

0 

0 

-  Part 

II... 

2 

0 

0 

-  Part 

II... 

0 

16 

0 

1876.  Part  I. . . 

2 

8 

0 

1833.  Part 

I... 

1 

1 

0 

1855.  Part 

I... 

0  16 

0 

-  Part  II. . . 

2 

8 

0 

-  Part 

II... 

2 

18 

0 

-  Part 

II... 

1 

6 

0 

1877.  Part  I. . . 

1 

16 

0 

1834.  Part 

I... 

0  17 

0 

1856.  Part 

1... 

2 

0 

0 

-  Part  II. . . 

2 

5 

0 

-  Part 

II... 

2 

2 

0 

-  Part 

II... 

1 

4 

0 

Vol.  168  (extra)  3 

0 

0 

1835.  Part 

I... 

1 

2 

0 

-  Part  III. . . 

1 

4 

0 

1878.  Part  I. . . 

1 

16 

0 

- -  Part 

II... 

0 

14 

0 

1857.  Part 

I... 

1 

8 

0 

-  Part  II. . . 

3 

0 

0 

1836.  Part 

I... 

1 

10 

0 

-  Part 

II... 

1 

4 

0 

1879.  Part  I. . . 

2 

0 

0 

-  Part 

11... 

2 

0 

0 

-  Part  III. . . 

1 

2 

0 

-  Part  II. . . 

1 

12 

0 

1837.  Part 

I... 

1 

8 

0 

1858.  Part 

I... 

1 

8 

0 

1880.  Part  I. . . 

2 

5 

0 

-  Part 

II... 

1 

8 

0 

-  Part 

II... 

3 

0 

0 

-  Part  II. . . 

2 

0 

0 

1838.  Part 

I... 

0  13 

0 

1859.  Part 

I... 

2 

10 

0 

-  Part  III. . . 

1 

1 

0 

-  Part 

II... 

1 

8 

0 

-  Part 

II... 

2 

5 

0 

1881.  Part  I. . . 

2 

10 

0 

1839.  Part 

I... 

0 

18 

0 

1860.  Part 

1... 

0 

16 

0 

-  Part  II. . . 

1 

10 

0 

-  Part 

II... 

1 

1 

6 

-  Part 

II... 

2 

1 

6 

-  Part  III. . . 

2 

2 

0 

1840.  Part 

I... 

0  18 

0 

1861.  Part 

1... 

1 

3 

0 

1882.  Part  I. . . 

1 

14 

0 

-  Part 

II... 

2 

5 

0 

-  Part 

II... 

1 

5 

0 

-  Part  II. . . 

O 

id 

0 

0 

1841.  Part 

I... 

0 

10 

0 

-  Part  III. . . 

1 

7 

6 

-  Part  III. . . 

2  10 

0 

-  Part 

II... 

1 

10 

0 

1862.  Part 

I... 

2 

14 

0 

-  Part  rV. . . 

1 

0 

0 

1842.  Part 

1... 

0 

16 

0 

-  Part 

II... 

3 

0 

0 

1883.  Part  I. . . 

1 

10 

0 

-  Part 

II... 

1 

2 

0 

1863.  Part 

I... 

1 

14 

0 

-  Part  II. . . 

2 

10 

0 

1843.  Part 

1... 

0  10 

0 

-  Part 

II... 

1 

7 

6 

-  Partin... 

1 

12 

0 

-  Part 

II... 

1 

10 

0 

1864.  Part 

1... 

0 

11 

0 

1884.  Part  I. . . 

1 

8 

0 

1844.  Part 

I... 

0 

10 

0 

-  Part 

II... 

1 

7 

6 

-  Part  II. . . 

1 

16 

0 

-  Part 

II... 

1 

10 

0 

-  Part  HI. . . 

1  10 

0 

1885.  Part  I. . . 

2 

10 

0 

1845.  Part 

I... 

0 

16 

0 

1865.  Part 

I... 

2 

2 

0 

-  Part  II. . . 

2 

5 

0 

-  Part 

11... 

1 

0 

0 

-  Part 

II... 

1 

5 

0 

1886.  Part  I. . . 

1 

8 

0 

-  Part  II. . . 

1867.  Part  I. . . 
-  Part  II. . . 

1868.  Part  I. . . 
-  Part  II. . . 

1869.  Part  I. . . 
-  Part  II. . . 

1870.  Part  I. . . 
-  Part  II. . . 

1871.  Part  I. . . 
-  Part  II. . . 

1872.  Part  I. . . 
-  Part  II. . . 

1873.  Part  I. . . 
-  Part  II. . . 


7  6 
3  0 


2 
1 

1  15  0 

2  5  0 
2  0  0 
2  10  0 

3  3  0 
1  10  0 
1  18  0 
1  10  0 
2  5  0 
1  12  0 
2  8  0 
2  10  0 
15  0 


1887.  (A  ) 

....  1 

3 

0 

-  (B.) 

•  •  •  •  1 

16 

0 

1888.  (A.) 

•  •  •  •  X 

10 

0 

-  (B.) 

....  2  17 

6 

1889.  (A.) 

....  1 

18 

0 

-  (B.) 

....  1 

14 

0 

1890.  (A.) 

•  •  •  •  1 

16 

6 

-  (B.) 

•  •  •  •  X 

5 

0 

1891.  (A.) 

....  2 

2 

0 

-  (B.) 

....  3 

3 

0 

1892.  (A.) 

....  2 

1 

0 

-  (B.) 

....  2 

2 

0 

1893.  (A.) 

....  3 

14 

0 

-  (B.) 

....  2 

13 

0 

hand  exceeds  One  Hundred  Copies,  the  volumes  preceding  the  last  Five 
ly  Fellows  at  One-Third  of  the  Price  above  stated. 


BY  HAERISON  AND  SONS,  ST.  MAETIN’S  LANE, 


AND  ALL  BOOKSELLEES. 
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